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Tamén Pro gradu -tutkielman aiheena ovat Navierin ja Stokesin yht&lot,
jotka ovat nesteiden ja kaasujen liikettd kuvaavia osittaisdifferentiaaliyht&aloi-
ta. Fysikaalisesti ne ovat liikkeessd olevan nesteen tai kaasun nopeuskentén
ja paineen viliset tasapainoyhtélot. Mielenkiintoista néisséd yhtaloisséa on se,
ettd vaikka ne voidaan muotoilla varsin yksinkertaisesti, niihin liittyy useita
ratkaisemattomia ongelmia. Navierin ja Stokesin yhtdlét on nimetty rans-
kalaisen insinodrin Claude-Louis Navierin ja irlantilaisen matemaatikon ja
fyysikon Sir George Gabriel Stokesin mukaan. Yhté&loilla on lukuisia sovel-
luksia. Niitd kaytetdan mm. ilmatieteessé, merentutkimuksessa ja ladketie-
teessd. Nesteiden ja kaasujen liikkeiden liséksi yhtéaloilla voidaan mallintaa
esimerkiksi lammon johtumista.

Téassé tutkielmassa keskitytddn puristumattomiin, viskooseihin nesteisiin
ja kaasuihin. Puristumattomuudella tarkoitetaan sité, ettd nesteen tai kaasun
tiheys ei muutu ajan tai paikan suhteen. Viskoosilla nesteelld tai kaasulla on
sisdisté kitkaa, joka syntyy siité, ettd aineen osaset liikkuvat toistensa suh-
teen. Myos viskoosittomia nesteité ja kaasuja tarkastellaan téssa tutkielmas-
sa. Viskoosittomassa tapauksessa Navierin ja Stokesin yhtélét saavat yksin-
kertaisemman muodon, jolloin yhtél6itd nimitetdén usein Eulerin yhtéloiksi.

Tutkielman ensimmaéisessé osassa johdetaan Eulerin liikeyhtélo, Navierin
ja Stokesin liikeyhtélo sekd néihin liikeyhtéloihin liitettdva massan sdilymi-
sen yhtélo. Mainitut liikeyhtélot seuraavat Newtonin toisesta laista. Myos
muutamia esimerkkejd virtauksista, jotka toteuttavat Eulerin tai Navierin ja
Stokesin yhtélot, annetaan. Eulerin yhtélostd johdetaan Bernoullin yhtélo,
joka on nopeuden ja paineen yhtalo tietylld virtaviivalla.

Tutkielman toisessa osassa tarkastellaan Stokesin yhtéloitéa, Navierin ja
Stokesin yhtéloiden staattista muotoa seké téaydellisidi Navierin ja Stokesin
yhtéloitd. Kutakin mainittua osittaisdifferentiaaliyhtéloryhméé vastaavalle
reunaehto-ongelmalle méaritelldan ns. heikko ratkaisu. Ajatuksena on, etté
kyseessé oleva yhtdlo kerrotaan puolittain sopivalla testifunktiolla, sen jil-
keen integroidaan yhtélon kummatkin puolet mééarittelyalueen yli ja suorite-



taan osittaisintegrointi termeille, jotka sisdltdvit tuntemattomien derivaat-
toja. Nain saadaan yhtalo, jossa derivaatat ovat niin ikédén siirtyneet tun-
temattomilta funktioilta testifunktiolle. N&din voidaan liséksi lieventad tun-
temattomien funktioiden sileysvaatimuksia. Ratkaisua, joka toteuttaa edelld
kaavaillun yhtélon, sanotaan alkuperdisen reunaechto-ongelman heikoksi rat-
kaisuksi.

Tutkielmassa esitetdén vaihtoehtoisia ns. heikkoja muotoiluja kullekin
reunaechto-ongelmalle. Liséksi ndytetdén, ettd ndméa muotoilut todella ovat
vaihtoehtoisia, eli jos jokin funktio ratkaisee néistd yhden, se ratkaisee myos
toisen, ja péinvastoin. Stokesin yhtéloiden sekd Navierin ja Stokesin yhté-
l6iden staattisen tapauksen reunaehto-ongelmille osoitetaan heikkojen rat-
kaisujen olemassaolo, kun reuna-arvona on nolla ja avaruuden dimensio on
korkeintaan nelja. Vahintd&n yhden ratkaisun olemassaolo staattiselle ongel-
malle todistetaan Galerkinin metodia kayttden. Myos joitakin yksikésittei-
syystuloksia osoitetaan mainituille olemassaoleville ratkaisuille. Taydellisten
Navierin ja Stokesin yhtdloiden tapauksessa heikoille ratkaisuille esitetdan
erds olemassaolotulos. Tamén olemassaolevan heikon ratkaisun yksikésittei-
syys on avoin ongelma. Yksikasitteisyys tunnetaan sen sijaan sellaisessa funk-
tioiden joukossa, jossa ratkaisun olemassaolosta ei tiedeté.
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1 Introduction

The Navier-Stokes equations, that are a system of partial differential equa-
tions describing the movement of liquids and gases, play a great part in
mathematical research of today. The interesting point is that despite their
simple formulation and the rich variety of their applications many problems
related to their solutions still remain open.

The Navier-Stokes equations have their history in fluid mechanics which
is a branch of physics exploring liquids and gases. Liquids and gases together
are called fluids. The history of fluid mechanics goes back to the ancient time
when Archimedes formulated the laws for floatage around 200 B.C. and the
Romans built long aquaeducti around 300 B.C. Not much research on the
topic were carried out until the Renaissance.

Leonardo da Vinci (1452-1519) derived the equation of conservation of
mass in the case of one-dimensional steady flow. Isaac Newton (1642-1727)
came up with the laws of motion and the law of viscosity of linear fluids. Then
problems with forces affecting on fluid or with velocity could be considered.
Newton’s work launched the research on ideal fluids without inner friction.
Many mathematicians of the 18th century derived beautiful results for this
ideal flow. Swiss mathematician and physicist Leonard Euler (1707-1783)
developed the differential equations of motion of fluid, known as the Euler
equations, in 1755. He also developed the integrated form of them that is now
called Bernoulli’s equation after Daniel Bernoulli (1700-1782). Meanwhile,
engineers developed their own, purely experimental field of hydraulics.

In the end of the 19th century, the theoretical and experimental researches
on the motion of fluids converged. Osborne Reynolds published an important
report on flow in a pipe in 1883. French engineer and physicist Claude-Louis
Navier (1785-1836) and Irish mathematician and physicist Sir George Gabriel
Stokes (1819-1903) successfully combined the Newtonian viscosity terms with
the equations of motion. During that time, these equations were not highly
valued because of their complicity for an arbitrary flow.

German engineer Ludwig Prandtl (1875-1953) observed that in flows with
small viscosity the fluid can be divided into two different parts which can be
examined separately. Near the boundary, there is a layer where the viscosity
is notable. In the other part of fluid, the effect of viscosity is negligible such
that the fluid can be considered as an ideal fluid. This so-called boundary
layer theory is one of the most important tools in the modern fluid mechanics.
It might also give some hints for mathematical approach to the unsolved



problems. We refer to [7] for the historical notes of fluid mechanics.

The Navier-Stokes equations have many applications related to fluid me-
chanics. They are applied for example in meteorology, hydrology, oceanog-
raphy, and medical research on breathing and blood circulation. They are
applied not only in the movement of fluids but also in other phenomena.
Heat conduction is often modelled by an incompressible flow. They are also
applied in magneto-hydrodynamics combined with the Maxwell equations.
The research of today is also focused on phenomena where domains have free
boundaries governed by surface tension, for example surface waves and the
shape of rising bubbles [4].

In this thesis, we are interested in the incompressible, viscous flow. The
Navier-Stokes equations for this flow are represented in the following form

1.1
divu=0 (1L.1)

{Dtu+u~Du—nAu: —Dp+ f
where wu is the velocity vector field, p the pressure, f the external force and
n the viscosity constant. The first equation in (1.1) comes from Newton'’s
second law and the second from the conservation law of mass. In the case of
inviscid flow, we have n = 0. In this case, equation (1.1) becomes the Euler
equations.

We call equation (1.1) the evolution Navier-Stokes equations, provided
that Dyu # 0. From the computational and analytical point of view, a
simpler system of equations, known as the Stokes equations, is important.
It is obtained when we set D;u = 0 and w - Du = 0 in equation (1.1). The
steady-state Navier-Stokes equations are obtained when we set D;u = 0 in
equation (1.1).

The preliminaries are given in the second section of this thesis. The pre-
liminaries include the notations, the definitions and the preliminary results.
In the third section, we represent the derivation for the law of conserva-
tion of mass, the Euler equations and the Navier-Stokes equations. We also
study the physical significance of the equations and give some examples of
the solutions.

The fourth section is divided into four subsections. In the first subsec-
tion, we give the preliminaries. We define the auxiliary spaces for the discus-
sion. In the remaining three subsections, we study the Stokes equations, the
steady-state Navier-Stokes equations and the evolution Navier-Stokes equa-
tions respectively. We only consider the case where the domain is bounded.



We define the weak solutions to the Stokes equations, the steady-state Navier-
Stokes equations and the evolution Navier-Stokes equations. We represent
alternative variational problems for these equations. We show the existense of
a weak solution to the Stokes equations and to the steady-state Navier-Stokes
equations in the case where we have zero boundary value and the dimension
of the space is less than or equal to four. The existence of at least one weak
solution to the steady-state equations is proved by Galerkin method. For
these existing weak solutions, we prove some uniqueness results. For the
evolution Navier-Stokes equations, we represent some existence results and
discuss the uniqueness.

2 Preliminaries

2.1 Notation

First we introduce some notations that will be used.

In the thesis, we denote by §2 an open, bounded set in R™. The boundary
of € is denoted by 0f).

Let u: Q2 — R, z € Q. The partial derivative of u is

0 ool hy o a) =@, T, T

We write D;u for %u. For higher derivatives, we use notation

dlely
D% () = ——————
(z) Ozt ... 0xon
where a = (aq, ag, ..., ) is the multi-index, |a| = a; + ... + a,. For the

gradient of u, we write
Du = (Dyu, ..., Dyu).

Throughout the thesis, Du = D,u denotes the gradient of u with respect
to the spatial variable x € R", and D;u denotes the partial derivative with
respect to the time variable £, £ > 0. We denote

i=1
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Let then u: Q — R3, u(z) = (ui(z), ua(x), uz(z)). The rotor (or curl) of
u 1s
rotu = (D2U3 — D3U2, D3u1 — Dl'LLg, D1u2 — DQ'LI,1>.

The divergence of u is
divu = Diuqy + Doug + D3ug.
The vector product of the two vectors & = (&1,...,& ) andn = (91, ..., 7,)
is
§xn = (&amz — &ama, E3m — §1m3, §172 — Eamn)-
We say that v : 2 — R is of class
ct(Q)

if all the derivatives D%u, |a| < k, exist and are continuous. The space
of functions that are infinite times differentiable is denoted by C>(£2). We
denote

CH(Q) = {u € C¥(Q) : D*u is uniformly continuous for all |o| < k}.

Thus if v € C*¥(Q), then D% continuously extends to Q for each multi index
a, |a| < k. We denote

C>(Q) = () CH(@).
k=0
The boundary 9 is C¥ if for each point zq € 9 there exist r > 0 and a
function v : R"! — R in C* such that we have
QN B(xg,r) ={x € B(xo,r) : xp > y(T1,...,Tpn-1)}

A domain  is of class C* if its boundary 9 is C*.
The support of a function ¢ is the set spt(¢) = {x € Q: ¢(x) # 0}. We
denote

D(Q) = {¢p € C*(Q) : spt(¢) is compact and in 2},
and B B
D(2) = {¢p € C=(9) : spt(¢) is compact and in Q}.
We denote the space of linear continuous functions from X to Y by
L(X,Y).

The dual space of vector space X is denoted by X’ unless we define a

special notation. We will write (-,-) to denote the duality pairing between
X’ and X.



2.2 Equations

A partial differential equation is an equation of a function and some of its
partial derivatives where the function is unknown. Let us give a precise
definition.

Definition 2.1. The presentation of the form
F(DFu(x), D" 'u(z), ..., Du(z),u(z),z) =0, z¢€Q (2.1)
is called a partial differential equation (PDE) of the order k where
FiR" xR x - xR'xRxQ—R

1S given and
u: Q) —R

s unknown and
DFu(z) = {D"u(x) : |a| = k}.
Definition 2.2. The presentation of the form
F(D*u(z), D" 'u(z),..., Du(z),u(z),z) =0, x€Q (2.2)
1s called a system of partial differential equations of the order k where
1

FR™ xR ... x R™ x R™ x Q) — R®

s given and
u:QCR"—=R™, wu=(u',...,u™)

18 unknown.

Definition 2.3. We say that u € C¥(Q) is a classical solution of equation
(2.1) if the equation holds for all x € Q.

Partial differential equations can be classified by their linearity as follows.
Definition 2.4. Given functions ¢, and f.

1. Partial differential equation (2.1) is called linear if it has the form

Y balz)Du = f(x).

la|<k

If f =0 the PDFE 1s said to be homogeneous.
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2. PDE (2.1) is called semilinear if it has the form

Z o DU+ ¢o(D¥ u, ..., Du,u,z) = 0.
|ae|l=k

3. PDFE (2.1) is quasilinear if it has the form

> 6a(D* ..., Du,u,2)D*u + ¢o(D¥ ', ., Du,u,x) = 0.

|a|=k

4. PDE (2.1) is called fully nonlinear if it depends nonlinearly upon the
highest order derivatives.

Example 2.1. Let us give some examples of systems of partial differential
equations.

1. Maxwell equations
D.E =rot B

DB = —rot &
divB =divE = 0.

2. FEuler equations

Do +w-Du=—Dp
divu = 0.

3. Navier-Stokes equations

Dww+u-Du—Au=—Dp
divu = 0.

The Mazwell equations are linear and the others nonlinear. The Euler equa-
tions are quasilinear and the Navier-Stokes equations semilinear systems of
partial differential equations.



2.3 Preliminary results

We recall some preliminary results. Let us begin with the Gauss-Green the-
orem.

Theorem 2.1 (Gauss-Green). Let Q C R3 be bounded. Suppose 9 is C*

and u € C*(Q). Then
/ uyidS:/Diudx
o9 Q

where v : 09 — R? is the unique outward unit.

Theorem 2.2 (Gauss). Let Q C R® be bounded. Suppose 0 is C* and
u: Q— R with u; € C1(Q). Then

/ u~de:/divudx.
a0 Q

Theorem 2.3. Suppose 9 is C'. Let u,v € C(Q). Then

/vDiuda::/ uvyidS—/uDivdx.
Q a0 Q

Theorem 2.4 (Stokes). Let S C R® be a bounded C* smooth surface with
the boundary OS that is C*. Let u: S — R® with u; € C*(S). Then

/ u-d§:/rotu'ud5
a8 s

[ o= | ur(6) 7 (0

and v : [0,1] — 0S is a closed contour.

where

2.4 Sobolev spaces

Let us start with the Lebesgue space LP.

Definition 2.5. Let 2 C R”™ be a bounded set. Let 1 < p < oo. We denote

LP(Q)) = {u: Q — R:u is Lebesgue measurable, ||u|| 1) < 0o}



and
L>(Q) = {u: Q — R:u is Lebesque measurable, ||ul|r-q) < co}.

The norms above are defined as

il = ( [ utor o) " (23)

[ull 2 (0) = esssup,eqlu(z)]. (2.4)

and

Theorem 2.5. The spaces LP(2) (1 < p < 00) equipped with norm (2.3) and
L>(Q) equipped with (2.4) are complete normed spaces (Banach spaces).

Theorem 2.6. The space L*(Q) with the scalar product

(u,v) :/Qu(x)v(a:) dx

15 a Hilbert space.

Theorem 2.7 (Minkowski). Let 1 < p < oo. Ifu € LP(QQ) and v € LP(Q),
then u +v € LP(2) and

lu+vllr@) < llullr@) + l0llzr@)-

Theorem 2.8 (Holder). Let 1 < p < oo and 1 < g < 0o such that i —|—% =1
(or p =1 and ¢ = oo or vice versa). If u € LP(Q) and v € L), then
uw € LY(Q) and

[wol[pro) < llullze@) [10]l o).

Definition 2.6. A function u, locally integrable on €1, is said to have a weak
derivative of order « if there exists a locally integrable function v such that

(u, D%¢) = (—1)"l(v,¢) V¢ € D(Q).

Definition 2.7. Let m be an integer, and 1 < p < oo. The Sobolev space,
denoted by W™P(Q), consists of all locally integrable functions u : Q — R
such that for each multi index o with |a] < m, D*u exists in the weak sense
and belongs to LP(S).



Theorem 2.9. W™P(Q) with the norm

1/p

lallwra@ = | D 1Dl 70

[k|<m
1s a Banach space.

Theorem 2.10. W™2(Q) = H™(Q) with the scalar product

((u7 U))HW(Q) - Z (Dkuv DkU)

|k|<m
1s a Hilbert space.

Definition 2.8. The closure of D(Q) in W™P(Q2) is

Wy (Q) = {u e W™P(Q) : 3 {u;}2, € D(Q)
such that ||u — wl|wmr) — 0 asi — oo}.

When p = 2 we denote W™(Q) = HJ(S).

Definition 2.9. We denote the dual space of H}(Q) by H~'(Q). The norm
in H=1(Q) is defined by

1llz-12) = sup{(f,u) : u € Hy(Q), [[ullmye) < 1}

We need also the product spaces of the spaces introduced above. We de-
note them in the usual way {LP(€2)}", {W™P(Q)}", {H™(2)}™ and {D(2) }".
The first three of them are equipped with product norm

sup||u;]| x
A

where u = (uq,...,u,) € X™. This norm is equivalent to norm

(D lhall3)*”. (25)

We will use norm (2.5) in our discussion.



If X is a scalar product space with scalar product (-,-)y then

n

> (ui vi)x, (2.6)

i=1
is a scalar product in X™. Then

n

(Z(Ui,uz‘)x)lﬂ,

i=1
gives norm (2.5).

D(Q) is not a normed space, and thus neither is {D(Q)}".
We now give a type of Poincaré inequality.

Theorem 2.11. Let Q C R" be a bounded domain. In the i direction we
have
ullz2(0) < () | Diullze) ¥V u € Hy (). (2.7)
For the proof of Theorem 2.11 we refer to the book of Foiag [3].
Remark 2.1. When Q2 C R"™ is a bounded domain, Poincaré inequality (2.7)
implies that
lullz2) < () | Dullr2) Y u € Hy(S2) (2.8)
because || Diul|r2(q) < ||Dul|r2q) always. Usually we use (2.8).
From inequality (2.8), it follows that we can define another norm equiv-
alent to ||-|| 1) in Hy(Q).

Proposition 2.1. Let Q C R" be a bounded domain. In H}(Q) the norm
defined by

n 1/2
[ull = (Z!IDM|!%2(Q)> (2.9)
i=1

and norm ||-|| g1 (o) are equivalent.

As a consequence of Proposition 2.1, H} () is a Hilbert space also with

scalar product
n

((u,v)) =Y _(Diu, D). (2.10)

i=1
In the thesis we denote the norm of Hj(2) by ||| and the scalar product by
((-)).

We have the following inequality.

10



Lemma 2.1. Let u,v € H}(Q)). Then

[((w, )| < e(n)[lulll[v]l
Proof. Let u,v € H3(Q2). Then

(w,w)] = (D D) < 3" |(Diu, Div)

< Dl 20y | Div 2o

=1

< (ZHDNHB(Q)) (ZHDWHL?(Q))
=1 1=1
n 1/2 n 1/2
<n (ZHDiuH%Q(Q)) n <Z|‘DiUH%2(Q))
=1 =1

= n*[lu][[o].

We now give the trace theorem.

Theorem 2.12 (Trace Theorem). Let 1 < p < co. Assume that € is bounded
with C* boundary 0). Then there exists a bounded linear operator

T : WHP(Q) — LP(0R2)
such that
1. Tu = u‘ag ifu € Wl’p(Q) N C(ﬁ),

2. | Tulltron) < cllullwie), for each uw € W'P(Q), with the constant ¢
depending only on p and ).

For the proof of Theorem 2.12, we refer to [2, p. 258]. The operator T is
often called the trace operator and Tu the trace of u on 0f2.

Theorem 2.13. Let 1 < p < co. Assume that Q is bounded and O is C*
smooth. Let u € WHP(Q). Then

u € WyP(Q) if and only if Tu =0 on OQ.

11



For the proof of Theorem 2.13, we refer to [2, p. 259]. Notice that Theorem
2.13 implies that the kernel of T equals to W™ (€):

ker T' = W, P(Q).
We use these theorems in the case when p = 2.

Theorem 2.14 (Riesz Representation Theorem). Let H be a real Hilbert
space with inner product (-,-), and let H' denote its dual space. Then for
each v’ € H' there exists a unique element u € H such that

(u',v) = (u,v) YoveH.
The mapping u' — wu is a linear isomorphism of H' onto H.

Definition 2.10. We say that a sequence {u,,}y_; C X converges weakly
tou € X, written
Uy — U,

if
<Ul, Um> - <U,, u>
for each bounded linear functional v’ € X'.
Theorem 2.15 (Weak Compactness). Let X be a reflexive Banach space

and suppose that the sequence {u,}5°_, C X is bounded. Then there ezists
a subsequence {Um; 52, C {tm}ro—; and u € X such that

Uy — U

3 Derivation of Equations

In this section, we derive the Euler equations, the Navier-Stokes equations,
and the equation of conservation of mass. We also derive the Bernoulli’s
equation and give some examples of solutions to the equations, and some
physical illustrations. We refer to [5] for the details of the derivation.

12



3.1 Euler equations

We are studying the motion of fluids. Fluids are considered to be continuous.
We are not interested in single molecules but in bigger elements with a great
amount of molecules. Then we may perceive the properties of fluid, such as
density and pressure, in a realistic way. We are not interested in the density
of one molecule and one point has no density because its volume is zero.
Considering the fluid as a continuum, we mean that a certain property is
defined at every point of the space considered. Then, for example, density in
a point x can be illustrated as follows. Consider small z-centered balls with
radius €, B(z,¢), and the average density of these balls, pp(s.), and define
the value of density of fluid in x as a limit of values pp(, ) as € tends to zero.

3.1.1 Conservation of mass

We derive the equation of conservation of mass in the case of an arbitrary
flow in three dimensions. In the end of the derivation we consider the case of
incompressible fluid which means that the density of the fluid does not vary
in time or place.

We consider the space 2 C R?® where the whole fluid is. We now fix a
bounded domain V' C €2 into which and out of which the fluid may flow
freely. We assume that the boundary 0V of V' is smooth.

We will give two separate representations for the loss of mass through the
boundary 9V.

Suppose that the density of the fluid in every point is given by the function
p:Qx[0,00) — (0,00), p(z,t) = p(x1,72,73,t), where V. C Q C R? and
p € CH(2 x [0,00)). We know that the mass of substance fragmented by a
density function p in V is

my (t) ::/Vp(x,t)dx

where my : [0,00) — R is the mass of fluid inside V' at the moment ¢.

The change of this mass is the time derivative %my. If the mass increases
in time, this change is positive and more substance flows into V. Likewise, if
the mass decreases in time, the change is negative, and some substance flows
out of V. Thus, the mass flowing out of V' in a unit time is —%mv.

Because p is supposed to be C' and V is compact, we obtain by the

13



following lemma that

_imv :_i x, xr = — tP\ T, Z. .
gmet) =4 [ otaydo == [ Diptatyd .

Lemma 3.1. Let V C R? be a bounded domain and let f € C1(V x [0, 00)).
Then for all t > 0,

%/Vf(x,t)dx:/thf(x,t)dx.

Proof. The proof is based on the definition of derivative. Let V' and f be as
in the lemma. We obtain

Tll(/vf(x,tJrh)dx—/vf(x,t)dx) :/Vﬁ(f(x,t+ﬁ)—f<x,t>) dz

=:gn(z,t)

where gp(x,t) — D, f(z,t) uniformly as h — 0. Thus D, f(x,t) is integrable
and

%/f(x,t)dx:hm/gh(:c,t)dx:/ limgh(x,t)dx:/th(a:,t)dx.
v h—0 Jy y h—0 1%

]

Consider now the mass flowing out of V' in another way. Suppose that
we know the velocity field at a point x at the moment ¢ as a function v :
R? x [0,00) — R?,

w(x,t) = u(xy, x2, w3, t) = (ur (21, 2, 23, 1), us(T1, T2, T3, 1), us(x1, T2, 23, 1))

where u is supposed to belong to C'(R? x [0, 00)). Now the product function
pu gives the flow field of the mass of the fluid. The overall mass flowing
through 0V in time t is the flux of vector field pu through oV,

/ pu-dS::/ (pu) - vdS.
av av

Using Gauss’ divergence theorem, Theorem 2.2, we obtain

/ pu - dS = / div(pu) dz. (3.2)
ov 1%
14



Thus, it follows from (3.1) and (3.2) that
—/ Dipdr = / div(pu) dz,
1% 1%

/V (Dup + div(pu)) dz = 0. (3.3)

that is

We obtain
Dyp + div(pu) = 0, (3.4)

by the following lemma. We call equation (3.4) the equation of conservation
of mass.

Lemma 3.2. Let f : QQ — R be continuous. If fA fdx =0 for all measurable
subsets A C 2, then

f=0o.

Proof. Assume that there exists a point zy € €2 such that

f(xo) # 0.

We may assume that f(xo) > 0. Then, by continuity of f, there exists ¢ > 0
such that f(z) > 3 f(zo) for all z € B(zo,£). We obtain that

/ fdx>/ 2 f(z0) dz > 0.
B(zo,e) B(z0,¢)

This contradicts with the assumption. Therefore, f = 0. O

In the case of incompressible fluid, the density function p is identically

a constant and thus its derivatives are zero. For the incompressible fluid,
equation (3.4) becomes

divu = 0. (3.5)

This is the equation of conservation of mass for the incompressible flow.
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3.1.2 Euler’s equation

Euler’s equation follows from Newton’s second law which says that the force
affecting on a body equals to its mass times its acceleration.

Suppose that pressure at a point x is given by the function p : Qx[0, 00) —
R, p(x,t) = p(x1, T, 23,1), where p € C1(Q x [0,00)). The force affecting on
the volume V' by the pressure is then given by

— / pvdS.
oV

Considering the i** direction, we obtain by integration by parts

—/ pl/Z-dS:—/Dipda::/—Dipdx, 1=1,2,3.
oV 1% v

Thus, in the " direction, the force affecting on one unit volume is amount
of —D;p.

We consider now one unit volume and the i** direction. According to
Newton’s second law (F' = ma), we have

piu; =—Dp, i =1,2,3 (3.6)

where %ui is the acceleration of one fluid particle moving about space. We
are now considering the incompressible fluid, thus we may assume the density
to be a constant. Let p = 1. Then the equation of motion is of the form
du;=—Dip, i =1,2,3. (3.7)
The velocity field u is now depending not only on time but also on how
the certain particle (point) moves in the space. Assume that the position
of the point in the set Q is given by the function ¢ : Q x [0,00) — Q,
Bz, t) = (p1(x,t), pa(,t), p3(x, ) in CH(Q x [0,00)) with ¢(z,0) = z. Then
the velocity in the " direction is the same as the rate of change of the
position in the same direction

ui(¢1($vt)7¢2(x7t)v ¢3($’t)7t) = %Qﬁ(ﬂf,t)

The acceleration of a particle is the total derivative of u:

16



Lui(o1(z, 1), ¢o(w, 1), d3(z, 1), 1)
= Djui(di(w,1), do(w, 1), ds(w, 1), 1) S, (, 1)

j=1

+ Dtui(¢1($vt)7¢2<w>t>v ¢3($’t)>t)
= ZDjui<¢l<x7t)7¢2($7t>7¢3<x7t)7t> Uj(¢1($,t>,¢2<x,t), ¢3($,t>,t)

+ Dtui<¢1(x7 t)? ¢2(£L‘, t)a ¢3($, t): t)
Thus, we obtain

3

j=1
Substituting this derivative to equation of motion (3.7), we obtain

3
Dyu; + Y u;Dju; = —Dip, i =1,2,3. (3.9)

J=1

If there are external forces acting on fluid, they are added to the right
hand side. Euler’s equation for the incompressible flow is then expressed in
the form

3
Dyu; + Y ujDju; = —Dip+ fi, i =1,2,3 (3.10)
j=1
where f = (f1, f2, f3) : © x [0,00) — R? denotes the overall external force
field acting on the fluid.
Consider the flow in the gravitational field. In the case of incompressible

fluid the density is a positive constant and we can simply divide equation
(3.6) by p to obtain

p
If the fluid is in the gravitational field, it is also affected by force pg where

g € R? is the gravitational constant. The force pg must be added to the right
hand side of the equation of motion. And since equation (3.11) is already

17



divided by p, we add only the constant g = (g1, g2, g3) componentwise. Thus,
in the gravitational field, Euler’s equation for the incompressible fluid is

3
Dtui —+ Zuijui = —D1<Z—p)) + gi, 1= 1, 2, 3.

Jj=1

We have derived above two types of equalities for the incompressible
inviscid flow in three dimensions: the equation of the conservation of mass
and Euler’s equation. We obtain the following equations, known as the Euler
equations:

3
Dtul + Z UijUl = —Dlp + fl, (312&)
j=1
3
DtUQ + Z Uij'LI,Q = —Dgp -+ f2, (312b)
j=1
3
Dyus + Z ujDjus = —Dsp + fs, (3.12¢)
j=1
divu =0, (3.12d)

which in the form of vector is

D+ w-Du=—Dp+ f, (3.13a)
divu = 0. (3.13b)

In the following, we give some examples of solutions to boundary value
problems of the Euler equations. Of course, u = constant and p = constant
are solutions to the equations (when boundary values are not set and f = 0).
Keeping in mind that in the derivation of the Euler equations we did not take
into account the inner friction in fluid, we may expect the easy examples not
to include such flows where the points (particles) move to each other. For
example, if the fluid rotates uniformly around a fixed axis the points do not
move to each other.

Example 3.1. Let u: R? — R? be defined as u(xy, z5) = (—wzo,wzy) where
w is a positive constant, and let p : R> - R, p = %w2|x|2 and f = 0. Then
{u,p} is a solution to the Euler equations (3.13).

18



Let us show this. Denote uy(x1,x2) = —wxe and us(xy,x2) = wry. All
the functions here are infinite times differentiable. We have

D =0, i=1,2,
Duy = (0, —w), Dus = (w,0),

Dp = (w?x1, wxs).

And thus,

u- Du = (—w?zy, —wry) = —Dp(x1, 19),

and
divu = D1U1 +D2U2 =04+0=0.

Thus, {u,p} is a (classical) solution to equation (3.13).

We could also restrict the problem to a ball with radius R, if we demand
that the velocity field is also defined on the boundary (u(xyi, z2) = (—wxa, wz1)
on 0B(0, R)).

Example 3.1 may be extended to a three-dimensional flow where the third
component is a constant or linearly increasing.

Example 3.2. Let v : R? x [0,7] — R3 be defined as u(xy,ra,x3) =

(—wmg, wry, ug+at) where w and a are positive constants and ug is a constant

velocity at the moment t = 0. Let p: R® — R, p = 2w?(2? + 23) — axs and

flxy,x9,23) = 0. Then, {u,p} is a solution to the Euler equations (3.13).
In this case,

Dwu; =0, 1=1,2, Dus = a,
Duy = (0,—w,0), Dus = (w,0,0), Duz = (0,0,0),

Dp = (w?x1, w* Ty, —a).

And because Dyug = a = —Dsp and u - Dug = 0, we see that {u,p} is a
(classical) solution.

To image the situation where the flow would happen as above, we may
think a vertically situated cylinder which is rotating uniformly and falling
down at the same time, the fluid being inside of it. The following picture
shows the path of a point at distance 1 from the rotating axis when the
acceleration a is zero.
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We now consider the adiabatic flow. Adiabatic flow is a process where
heat energy conserves. In practice there is no heat change between the differ-
ent parts of the fluid nor between the fluid and the surroundings. Considering
the rate of change in entropy in adiabatic flow, we have

ds=0

where s :  x [0,00) — R is the entropy and depends on how the particle
moves in the space. We have

Ls(1(x.1). 6. 1), bs(x. 1), 1)
= Z D;s(61 (. 1), bl 1), ba(, 1), 1) (1)
Do), (.8, (61,0
- Zg;Djswl(x, 1), 6, 1), (2, 0),0) (1 (2, 1), Dl 1), G (2, 1), )

+ Dys(¢1(x, 1), pa(x,t), d3(z,t),t).

20



Thus 5
%s = Dis + Zuijs.
j=1
We calculate the equation of continuation for the entropy.
Dy(ps) + div(psu) = Dysp + sDy + psdivu + v - D(ps)
= Disp+ sD; + psdivu + pu - Ds + su - Dp
= s(Dip + pdivu+u- Dp) + p(Dys +u - Ds)
-0 —0

=0.
In a usual case, the entropy is constant throughout the fluid and we have

s = constant.

3.1.3 Bernoulli’s equation

Let us change a little bit the expression of Euler’s equation. We start with
the following lemma.

Lemma 3.3. Let u € C'. Then
iDu|* = u x rotu +u - Du.
Proof. Let u € C'(Q) and let = € Q. Since
rot u(x) = (Doug(z) — D3us(x), Dsuq(x) — Dyug(x), Dyug(x) — Douq(z)).
we have

u X rotu = (ug(rot u)z — ug(rot u)s, uz(rot u); — uy(rot u)s,
uy(rot u)g — ug(rotu);)
= (ug(Dyug — Douy) — uz(Dsuy — Dyus),
ug(Dous — Dsug) — uy(Dyug — Dauy),
w1 (Dsuy — Dyug) — ug(Daus — D3us)).
Because u- Du; = uy Dyu; + s Do, +us Dsu;, we obtain for the i component
of the right hand side
(u x rot u); + u - Du; = uy(x)Djus (x) + ug(x) Diug(x) + ug(z) Dius(z)
= 1Dju?(z),

)
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because
sDiw(z) = 1D;(ui(z) + ui(x) + u3(z))

- 2(ui (z) Diuy () 4 uo(x) Diug(z) 4 us(z) Dius(z))
= uy(z)Dijus(x) + ug(x) Diug(x) + ug(x) Dyug(z).

O
Proposition 3.1. Ifu € C?, p € C? and f =0, we have
Dirot u — rot(u x rotu) = 0. (3.14)
If Dyu = 0, we have moreover
De,(5lul* +p) =0,
where the partial derivative is taken in the direction of vector u.
Proof. By Lemma 3.3 and from the vector form of Euler’s equation (3.9)
Dyu+u - Du= —Dp, (3.15)
we obtain
Dyu+ LD|u> — u x rot u = —Dp. (3.16)

For a C? smooth function f, rot(Df) = 0. Because u € C?> and p € C?, we
may take rot for the both sides of the equation to obtain

rot(Dsu + 3 Du|* — u x rot u) = rot(—Dp),

that is
rot(Dyu) + & rot(Dl]u|?) — rot(u x rot u) = — rot(Dp).
—0 —0

Thus, we have
Dyrotu — rot(u X rotu) = 0.

Next we consider a steady flow which means, that the velocity does not
change in time, that is, Dyu = 0. Equation (3.16) takes the form

1Du|* — u x rotu = —Dp.
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Denote a unit vector giving the direction of the velocity in a certain point
in the space by e,. Taking a scalar product the both sides of equation above
with this vector e,, we obtain

(3D]ul* — u x rotu) - e, = (—Dp) - e,
that is
L(Dlul?) - ey — (u x rotu) - e, = —Dp - e,

Because the vectors v x rot u and e, are perpendicular to each other, their
scalar product is zero. By the definition of partial derivative with respect to
€u, We have

1 (D|uf?) - e, — (u x rotu) - e, = — Dp - ey,
N ~~ ~~ d g
=D, [uf? =0 =Deur

and we finally obtain
%D€u|u|2 + Deup = 07

that is
De, (5|ul* +p) = 0.
O
Thus by Proposition 3.1, we have
|ul* 4+ p = constant (3.17)

along a line determined by the direction of the velocity. This line is called
the stream line. Equation (3.17) is called Bernoulli’s equation.

Remark 3.1. In Example 3.1, we introduced the function pair {u,p} mod-
elling an uniformly rotating flow where the stream lines are origin-centered
circles. We see that Bernoulli’s equation (3.17) holds in the case of uniform
rotation.

3.1.4 Momentum flux

We now consider the momentum of fluid. Consider again one unit volume.
The momentum is given by
pu. (3.18)

The change in the momentum in time ¢ is

Dy(pu;) = pDyu; + Dypug, i =1,2,3. (3.19)
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Substituting to (3.19) equation of conservation of mass (3.4) and Euler’s
equation (3.9), we obtain

3 3
Dt(pui) =—D;p — IOZ UijUz' - Z Dj(puj)ui
=1 j=1

3
= —Dip— Y _(pu; Dju; + u;Dj(puy))

j=1
3
=—D;p— Z D;(puiu;).
j=1

We now have the following system of equations

Dy(puy) = —D1p — D1 (puiuy) —Dy(puyug) — D3(puyus)
Dt(PU2) =—D (Puzul) —Dsp — D2(0U2U2) - D3(P“2U3)
Dy(pus) = — D1 (pusus) —Dy(puzuz) — Dsp — D3(puzus)

To use a more simplified notation, we observe that these equations form a
matrix-alike system with term —D;p only on the diagonal. Denote

Ti; = p oy + puuy,
Then
3 3 3
> DTy = Di(pdi; + pusw;) = Dip+ > Dj(pusu;),
j=1 j=1 Jj=1

and we may write
3
Dy(pu;) = — Z D;T;;.
j=1

By integrating over some volume V', we obtain

3 3
D/pui d:(::/D PU; dx:/— D-Ti-dx:—/ T;v;dS,
sz = [ Dipwyaz= [ =301, [ >t

using integration by parts.

From this, we may see that the left hand side of the equation gives the
amount of momentum flowing into the fixed volume V' in unit time, and the
integrand on the right hand side is the flux of the i component of momentum
through unit surface area.
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3.1.5 Conservation of circulation

Consider the integral

I= /u - ds :/0 u(y(s,t),t) - Lry(s,t)ds (3.20)

where 7 : [0,1] X [0,00) — R3? is a closed contour in C?. We assert that the
value of this integral does not depend on time.

Proposition 3.2. If p € C? and Euler’s equation (3.15) holds, then we have

jt/u ds = 0.
.

Proof. By Lemma 3.1, we obtain
1
i/“ ds_/ Di(u(y(s,1),t) - £(s, 1)) ds
vy 0
1 1
= [ (.0, frts s + [ ur(s,0.0) - ke,
0 0
1
= / %u . d§+/0 u(y(s,t),t) - %d%fy(s’t) ds
Y

By Euler’s equation (3.15) and by Stokes’s theorem, Theorem 2.4, we obtain
from the first integral on the right hand side that

/dtu ds-/(Dtu—i—u Du) -d
gl v
:/ / rot(—Dp) -dS., = 0.

25



Let us calculate the second integral in the equation above.

/o u(y(s,t),1) - %d%”Y(S:t) ds = Z/o wi(y(s,t),t) % %’y(s,t) ds

Thus, we conclude that

Thus the integral (3.20) does not depend on time, and it is constant:
/u - ds = constant. (3.21)
.

Equation (3.21) is the equation of conservation of circulation.

3.2 Navier-Stokes equations

In this subsection, we derive the Navier-Stokes equations for the incompress-
ible fluid.

In this case, we need to assume that u € C?. Using the same notation
as in previous subsection in the case of momentum flux, we express Euler
equations in the form

3
j=1

where
T = pdij + puiu;
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is the momentum flux density tensor. We did not take into account the effect
of viscosity in the case of the Euler equations. Now we need another term
describing the viscosity. This term is added to the momentum flux density
tensor. Denote this term first by —o;; and the new momentum flux density
tensor by

Ty = T — 0.

The tensor o;; is to be found out by seeking a suitable tensor. Because
of the fact that different particles move with different velocities, there occurs
friction between particles which is called viscosity. Viscous forces in a fluid
depend on the rate at which the fluid velocity is changing over small distance.
Consider the velocity at the moment ¢ at the distance e away from the viewing
point x. We may approximate it with a Taylor series

wi(z + e, t) =wui(z,t) + Du(x,t) e+ ....
Usually the approximation by the first derivatives is enough, and thus
ui(x + e, t) = u(x,t) + Du(x,t) - e.

The affecting term is Du;(x,t) - e because there is no friction when u is a
constant. Assuming that the properties are same in every direction we may
choose eq, s, e3. We have indeed

Du;(z,t) - e; = Dyu;(x,t)
In the uniform rotation (see Example 3.1) around the z3-axis, the velocity

field is of the form
u(z,t) = (—wze, wxy, 0).

We have
rot u(x) = (Doug(z) — Daus(x), Dyuy (x) — Dyug(x), Dyug(x) — Douy(z))
= (0,0,2w).
We obtain the same result in the rotation around any axis and thus the
second term is a constant for the uniform rotation. Since the particles do

not move to each other in the case of uniform rotation, there is no viscosity.
Thus, the second term does not affect. We have left the symmetrical term

5 (Djui(x,t) + Diuy(x,1)).
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Taking into account the possibility of compressibility, the most usual
tensor to satisfy our demand is of the form

Uij = adivuéij -+ b(D]ul + Dluj)

where a and b are real numbers. (The term div u d;; leads in a term Aw which
is zero in the case of uniform rotation.)
Generally, the constants a and b are replaced by 1 and ¢ such that

Uij = T](D]UZ + DZ"LL]' — %leUém) + CleU&U

The constants n and ( are called constants of viscosity, and they are both
positive (not be shown here). We refer to Landau [5, p. 48] for the details of
the constants of viscosity.

Replacing in Euler’s equation (3.22) tensor T;; with the tensor T7;, we
obtain

3 3
Di(pus) = = Y DT = =)  Di(Ty; — o3y)
i=1 =1
3 3
== Z DjTij + Z Djoi;
Jj=1 J=1
3

=—Dip— Z D;(puju;)
=1

3

j=1
3 3
= —Dip— Y Dj(puiw;) +ny_ D;Dju,
=1 =1
j j ~
3
+n ZD]'DZ'UJ' —%nDi divu + ¢(D;divu
=1
NI

=D; 3}, Dju;=D; divu
3

i=1
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In the case of incompressible flow, we have divu = 0. Thus

3

3 3
> Djilpusuy) = p(Y_wiDju; + Y u;Dju;)
p =1

j=1

3 3
= p(uz Z DjUj + Z uijui)
j=1 j=1

=divu=0

= pu - Du,.

We also have D,(pu;) = pDyu;. Combining these to the equation above we
finally obtain
pDyu; = —D;p — pu - Du; + nAu;.

Choosing p to be one and rearranging the terms, we obtain

Dyu; +u - Du; — nAu; = —D;p, i=1,2,3. (3.23)

Equation (3.23) is the Navier-Stokes equation for the viscous incompressible
flow. The external forces affecting on the fluid can be added on the right
hand side as in the case of Euler’s equation.

The pressure can be eliminated from the Navier-Stokes equation in the
same way as from Euler’s equation, assuming now that u € C3. We first write
the equation in the form of vector

Dyu+u- Du—nAu = —Dp. (3.24)
By Lemma 3.3, we obtain
Dy + $Dluf’ — u x rotu — nAu = —Dp. (3.25)
Taking rot on both sides of equation (3.25), we obtain
Dirot u — rot(u x rotu) — nArotu = 0.

Combining the Navier-Stokes equation with the equation of conservation
of mass, we obtain the following system of partial differential equations,
known as the Navier-Stokes equations:
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Diyuy +u - Duy — nAuy = —Dip+ f1 (3.26a)
Dy + u - Duy — nAug = —Dop + fo (3.26b)
Dyusg + u - Dus — nAuz = —Ds3p + f3 (3.26¢)
divu = 0. (3.26d)
that is
Dww+u-Du—nAu=—Dp+ f (3.27a)
divu = 0. (3.27Db)

Remark 3.2. We recall Example 3.1 with u(zy,22) = (—wze,wxy) (W > 0
constant), f =0 and p = sw*(z}+123). We took this case of uniform rotation
into account while deriving these equations. Observing that Au = (0,0), we
see that there is no affection of friction. In this case, the Navier-Stokes
equations (3.27) are reduced to Euler equations (3.13).

Similarly, Example 3.2 is an example of a solution to the Navier-Stokes
equations (3.27) in the three-dimensional Euclidean space.

Example 3.3. Let Q = R x (0,a) C R%  Let the velocity fields on the

boundaries be u(xy,a) = (up,0) and u(xy,0) = (0,0), and let f = 0. If

p = constant and u(xy, x2) = (“2x2,0) in R x (0,a), then {u,p} is a classical

solution to the boundary value problem of Navier-Stokes equations (3.27).
Clearly, u,p € C*(). We have

Uop

Du1(07 a )7 Du2 = (Oa O)7
Au = (0,0),
Dp = (0,0).

Clearly w- Du = 0. Thus (3.27a) is satisfied, divu = 0 and on the boundaries

u(z1,0) = (0,0),
u(zy,a) = (up,0).

Example 3.3 above illustrates a flow between two parallel planes (or lines)
from which the first one is stationary and the second one is moving at the
constant velocity ug to the direction of x-axis.
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Example 3.4. Let Q = R x (—a,a) C R? the velocity at the bound-
ary u(xy,+a) = (0,0) and f = 0. Then the function pair {u,p}, where
u(xy, z2) = (3(a® — 23),0) and p(x1,22) = (p1 — nx1, p2) with constants py
and py, is a classical solution to the the boundary value problem of Navier-
Stokes equations (3.27).

Clearly, u,p € C*(2). We have

Dyu = (0,0),

Duy = (0, —x3), Dus = (0,0),
Au = (—1,0),

Dp = (=n,0).

Clearly, w-Du = 0. Thus, (3.27a) is satisfied, divu = 0 and on the boundary
u(zy, £a) = (0,0).

Example 3.4 above models a flow between two parallel planes. The same
kind of solutions is obtained in three dimensions illustrating a flow in a pipe.

Example 3.5. Let Q = R x B(0,h) C R3, the velocity at the boundary
w(xy, 2, 23) = (0,0,0) for all 23 + 22 = a?, and f = 0. Then the function
pair {u,p} where u(x1, 2, 23) = (3(a® — 23 — 23),0,0) and p(x1,zs, x3) =
(p1 — nx1,p2,p3) (p1,p2,p3 constants) is a classical solution to the Navier-
Stokes equations (3.27).

u,p € C*(Q). We have

Dyu = (07070)’
Duy = (0, _%5@, —%:cg), Dusy = (0,0,0), Duz = (0,0,0)
Au = <_170a0)7

Clearly, w-Du = 0. Thus (3.27a) is satisfied, divu = 0 and on the boundary,
where z3 + 1% = a?, we have

u(zy, xe,x3) = (0,0,0).
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4 Existence of Weak Solutions

In this section, we discuss the solvability of the Navier-Stokes equations in
general. We define the weak solutions of the Stokes equations, the steady-
state Navier-Stokes equations and the full Navier-Stokes equations. We in-
troduce some results for the existence and smoothness of the solutions. For
the details, we refer to [6].

4.1 Preliminaries

First we build up the basic theory on the spaces that we work with.
Consider the following space

BE(Q) = {u e {LXQ)}" : divu € L}(Q)}. (4.1)

We set
(u, ) gy = (v,v) + (divy,dive) Yu,v e E(Q) (4.2)

where (u,v) = > 7" | (u;,v;). Here the derivatives of u are supposed to exist in
a weak sense. Our goal is to prove a theorem according to which, if u € E(Q),
then the value of the normal component -~ can be defined on the boundary
o0f).

The space E(2) is an auxiliary space needed in the proofs in this intro-
duction part. We give some elementary results for it. Some results are not
proved, but we refer to some references for the proofs.

We denote by Ey(€2) the closure of {D(2)}" in E(2).
Lemma 4.1. E(Q) equipped with (-,-) gy is a Hilbert space.

Proof. First, we show that (-,-)g@) : E(Q2) x E(©2) — R is a scalar product
on E(Q). It is clearly linear and symmetric. We have also defined E(£2) such
that (u,v)g@) < oo for all u,v € E(2) and thus (-, ) g is well-defined.

We need to show that E(£2) is a complete normed space with the associ-
ated norm

ull @) = ((U7U)E(Q))1/2- (4.3)
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Let (um)m be a Cauchy sequence in E(£2). Then

n

[t — un||2E(Q) = Z(U:n — Uy, Uy — ) + (A (U — ), iV (g — 1))
i=1

n
= ZHUfn - U;H%%Q) + [|div u, — diVUnH%%Q)-
=1

Thus, |Juf, — ! |lr2@) — 0 and [|divu, — divu,| 2@ — 0 as n,m — .
Therefore, {um,}, is a Cauchy sequence in {L*()}"and {div u,,},, is a
Cauchy sequence in L?(2). Because L?(f2) is a Banach space, there exists
functions u = (u!,...,u") € {L2(2)}" and g € L?(2) such that

ub, — u'|| 22y — 0 and  [|div um, — g2y — O,

as m — 0o.
We want to show that divu = g, that is

(u, D¢) = —(g9,¢) V¢ € D).

By Holder’s inequality in Theorem 2.8, we have

|(u, D§) = (tum, DO)| = [(u = um, DO)| < [[u = tmll 20 [ DOl £2(0) — 0,

as m — 0o. We obtain

(1, D9) = Tim (up, D) = Tim (—(div i, 6)) = (9, ).

m—00

Thus, we have divu = g € L*(Q2). Thus u € E(Q), and || wy—ul|pe) — 0
as m — oo. [

We state Theorem 4.1 below. We observe that the functions with compact
support in E(Q) are dense in F(2) and thus it may be assumed that u € E ()
has a compact support. The rest of proof of Theorem 4.1 is by regularization
for 2 = R", and for general set an additional result is needed, too. We refer
to [6, p. 6] for the complete proof.

Theorem 4.1. Let 2 be a_C1 smooth open set in R™. Then the set of vector
functions belonging to {D(Q)}" is dense in E(Q).

Now we state the trace theorem.
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Theorem 4.2. Let Q be an open bounded set that is C* smooth. Then there
exists a linear continuous operator vy, € L(E(Q), H~/2(0Q)) such that

Yu = the restriction of u-v todQ, ¥ u € {D(Q)}". (4.4)

In addition, the following formula is true for all w € E(Q) and for all w €
HY(Q):
(u, Dw) + (divu, w) = (y,u, yow) (4.5)

where vo € L(H'(Q), L*(0Q)) such that
yow = the restriction of w to 09, ¥ w € H'(Q) NC*(Q),

and HY2(082) := vo(HY(Q)) and H~Y2(02) = L(HY?(0Q),R) is the dual
space of HY/?(0Q).

Remark 4.1. The space o(H'(Q)) = HY?(09Q) is a subspace of L*(05)
(actually known to be a dense subspace [6, p. 9]), with the scalar product
(u,v) = [y u(x)v(z)dS. Theorem 4.2 gives us a functional y,u in the dual
space H=1/2(0Q)) for each suitable u such that

(uu,d) = [ wevods. Vo (09),
oN

Proof of Theorem 4.2. We follow the proof of Theorem 1.2 in [6]. Let ¢ €
H'Y2(0Q) and let then w € H'(Q) such that yow = ¢ where the function
Yo @ HY Q) — L*(99) is given by Theorem 2.12. We first show that there
exists a linear continuous functional of the dual H~/2(d2) that is defined

by formula (4.5). Then we check the properties of this functional.
Let u € E(Q), and define L, : H/?(0Q) — R,

L.(¢) := (u, Dw) + (div u, w).

The linearity of L, is clear. We will prove that this functional is independent
of the choice of w:

Let w; and wy be two functions in H'(Q) such that yow; = yws = ¢.
Define w = w; — wy. Then ypw = 0 and thus w € ker, that is the space
H}(Q) by Theorem 2.13. Thus there is a sequence of functions {w,,}5°_; C
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D(Q) converging to w in H*(2). We have
(divu, wy,) + (u, Dwy,) = | divu(z)w,(x) dx + Z / w;(x) Dywp, () dz
=179

div u(z)w,, (z) dx

I
C5— 5—

+

| /a ) Ui () wny () dS — /Q Diui(x)wp,(x) du]

—~
=0, wm D(Q)

- /Q div u(z)w,(z) do — /Q ilDiui(x) Wi () dx

Il
—

%

=div u(x)

=0.
Taking the limit, we obtain

|(div w, wy, — w)| < ||div || L20) ||wm — w20

< ||divu||L2(Q)||wm - wHHl(Q) -0,

as m — 0o, because u € E() and thus divu € L*(2). We also obtain by
equality (2.8) in Remark 2.1

| (wi, Diwm — Dyw)| < lugl| 220y | Di(wn — w)l| L2

< luill L2y lwm — wl[ 1) — 0,
as m — oo, because u; € L*(Q2). Thus
(divu, w) + (u, Dw) =0,
and we have
(divu, wy) + (u, Dwy) = (divu, we) + (u, Dwy).

We also know that there exists an operator o € L(HY2(0), H'(£2)) such
that 7o o o is the identity [6, p. 9], and we choose now w = o¢. Then o is a
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continuous linear operator for which [[o¢||g1() < 1|9l g1/2(90)- We have
|Lu(9)] = [(u, Dw) + (div u, w)]

<> J(us, Daw)| + |(div u, w)]

i=1

< Z||Uz‘|\L2(Q)||Dz’w||L2(Q) + [|div ul[ 2o [w] 22(0)
=1

< Nuillza@lwllz @ + 1div el 2wl o)
=1

= (ZHMHB(Q) + ||diVU||L2(m) w2 @)
i=1
< collull e lwl[ (@)

= cocrl[ull me) |0l m/2(00)-

The mapping ¢ + L, (¢) is linear and continuous from H'/2(9€2) to R. Thus
there exists a linear mapping g = g(u) in the dual space H~/2(9Q) for which

(g, ¢> = Lu(¢)

The linearity of mapping u — g¢(u) is clear, and by calculation above, we
have

”g”H*1/2(6Q) < cocrlull @),

and thus, g is also continuous.
Define v,u = g(u). Then equation (4.5) is satisfied. The conclusion (4.4)
in Theorem 4.2 follows from Lemma 4.2 below. O

Lemma 4.2. Let u € {D(Q)}". Then
Yu = the restriction of u - v to OS).

Proof. Let u € {D(Q)}" and w € C>®(Q). Then by Theorem 2.12 yow =
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wl|aq, and we have

Ly (vow) = (u, Dw) + (div u, w)

= / Z u; Dyw + Dyu;w dr = Z/ D;(uw) dx
Q=1 i=1 /9

n

= Zzl/ag w;wy; dS

:/ag(u-y)wdSZ/ (u-v)(yow) dS

o0

Thus for mapping u - v € H~/2(9Q) we have (u - v, ¢) = L,(¢) for all ¢ in
7(C=(2)). But we know that 4o(C*(2)) is a dense subset of H'/2(99)) =
Yo(H*(Q)). Thus there exists a sequence {¢,,}2°_; C 70(C=(2)) such that
¢ — b2 ) — 0, as m — oo for each ¢ € H'Y2(0Q). By continuity of
u-v and L, we have for all ¢ € H'/2(9Q)

L.(¢) = lim Ly(¢y) = lim (u-v,¢y) = (u-v,o).
Because on the other hand L, (¢) = (y,u, ¢), we obtain y,u = u - v|gg. O

Theorem 4.3. The kernel of 7, is equal to Ey(£2).

For the proof of Theorem 4.3, we refer to [6, p. 12].
Next, we introduce some auxiliary spaces. The basic auxiliary space is

V={ue{D(Q)}":divu = 0}.
The other spaces are the closures of V in {L*(Q)}" and in {HJ(92)}":
H={uec{l* ()} : I{u;}2, CV
such that ||u — w;||2() — 0 as i — oo}
V={ue{H; )} : I{w}2, CV
such that [[u — ul| 1) — 0 as i — oo}

Let 2 be an open set in R™, and let p € D'(Q2). For any v € V, we have

n n

<Dp,’U> = Z<sz7 Ui> = Z_<pa DZUZ> = _<psziUi> = _<pvgi\w> =0.

i=1 i=1 -0

We have now proved part of Theorem 4.4 below.
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Theorem 4.4. Let Q be an open set of R™ and f = (f1,...,fa), fi €
D'(Q),i=1,...,n. Then

f = Dp for some p € D'(Q)
i a weak sense, if and only if
(f,o)=0 Yovel.
Theorem 4.5. Let Q be a bounded C' smooth open set in R™.
1. If p € D'(Q) has all its first-order weak derivatives D;p, i = 1,....n
in L*(Q), then p € L*(Q) and
1Pl 220y < (D 1Dp]lL2(0)-

2. If p € D'(Q) has all its first-order weak derivatives D;p, i = 1,....n
in H-1(Q), then p € L*(Q) and

Il z2) < (D Dpll -1
where H=1(Q) is the dual space of H}(S2).

For the proofs of Theorems 4.4 and 4.5, we refer to [6, p. 14].

The inequalities in Theorem 4.5 are inequalities of Poincaré type in the
dual space D'(2). Here the dual space of L*(Q) is denoted by L*(f2) that
makes sense by Riesz representation theorem, Theorem 2.14.

Remark 4.2. 1. If f € {HY(Q)}" and (f,v) =0, for all v € V, then
f = Dp in a weak sense with p € L*(Q).

2. If f € {LA(Q)}" and (f,v) = 0, then f = Dp in a weak sense with
p e HY(Q).
Proof. Let f € {H*(Q)}". Then f € D'(Q). Because (f,v) = 0 for all
v € V, by Theorem 4.4 f = Dp for some p € D'(2) in a weak sense that is

(f,D¢) = —(p,¢) ¥V ¢eDQ).

Because Dp = f € {H 1(Q)}", p has all its first-order weak derivatives
Dip, i =1,...,nin H (), and thus by Theorem 4.5 p € L?(Q).

In the second case, (f,v) = 0 for all v € V, and thus by Theorem 4.4
f = Dp for some p € D'(2) in a weak sense. Because Dp = f € {L*(Q)}", p
has all its first-order weak derivatives D;p, i = 1,...,n in L*(2), and thus,
by Theorem 4.5, p € L*(Q2). Since Dp € {L*(Q)}", we have p € H'(Q). O
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We want to give useful characterizations for the spaces H and V we
introduced before. These characterizations actually show the reasons for
studying them.

Theorem 4.6. Let Q be a Ct smooth open bounded set.
H* ={ue {L*(Q)}":u=Dp, pc H(Q)}
H = {u € {L*(Q)}":divu =0, y,u =0}
where uw = Dp in the weak sense and divu = 0 in the weak sense.

Proof. Let u € H*, that is (u,v) = 0 for each v € H. Then (u,v) = 0 for
each v € V. By Theorem 4.4 there exists p € D’'(Q2) such that u = Dp in
the weak sense. But u € {L*(Q2)}", and thus, by Theorem 4.5, p belongs to
L*(Q2) and further into H*(Q).
Conversely, if p € H' (), u = Dp € {L*(2)}" weakly, we have for each
veV
(u,v) = —(p,dive) = 0.

Let then v € H. By the definition of space H, u € {L*(Q)}", and there
exists a sequence of functions {u,, }o_; C V such that |[u — wy|/12@) — 0 as
m — oo. This convergence implies that, as m — oo, we have

(tm; @) = (u,0) V¢ € {D(Q)}".

Because each u,, € V, we have divu,, = 0 and thus

0 = —(divupm, @) = (U, Dp) VYV ¢ € D(Q).
By Holder’s inequality we have

|(um — u, DP)| < [um — ullr2(0) Dol 22(0),
and thus, because D¢ € L*(Q), by letting m — oo, we obtain

(u,Dp) =0 VY ¢ € D).
Thus divu = 0 in the weak sense, and u € F(2). In addition
[ = [ By = [Ju = 2@,

and thus u,, converges to u in (). Thu,s u € Ey(2). Now for the function
v, given by trace theorem 4.2, we have by Theorem 4.3 that u € ker~y,.
Therefore, v,u = 0.

We refer to [6, p. 16] for the rest of the proof. O
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Remark 4.3. If Q) is any open set in R", then
L= {u e (L))" s u = Dp, p e LB}
Next, we characterize the space V.
Theorem 4.7. Let Q be an open bounded C* smooth set in R™. Then
V ={uec {H}(Q)}": divu = 0}
where divu = 0 in the weak sense.

Proof. Let u € V. Then, there exists a sequence {u;,}>_; C V such that
|w — wnll 3 — 0 as m — 0. Indeed, we have

|divu — div || 20) = HdiV(U = )| 120

= HZD m)ill )

< ZHD m)illL2(@)

= ZH(U - Um)z’HHg(Q)
=1

As in the proof of Theorem 4.6, we have convergence in the weak sense.
Finally, because div u,, = 0, divu = 0 in the weak sense.
We refer to [6, p. 18] for the rest of the proof. ]

Let us introduce some embedding theorems.

Proposition 4.1. Let Q be C* smooth and bounded, and let v € Hy ().

Then
1. ifn =2,
[ullza) < clg; Dullmy@) Va1 <q <o
2. if n > 3,

Jul, 25y g < (Dl
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Theorem 4.8. Let Q be a C' smooth bounded open set of R™, and let 1 <
p < n. Then, the embedding

wtr(Q) c LYQ),

1s compact for any q, for which 1 < q < p* = %. If p > n, this embedding
1s compact for any q, 1 < q < o0.

For the proof of Proposition 4.1, we refer to [2, p. 270] and for the proof
of Theorem 4.8 to [2, p. 272].

The space V' is contained in H, is dense in H and the injection is contin-
uous [6, p. 248]. We denote the dual spaces of H and V' by H' and V'. H’
can be identified with a dense subspace of V' [6], and by Riesz representation
theorem, we may identify H and H'.

VcH=H cV'

where each space is dense in the following one and the injections are contin-
uous.

As a consequence of previous identifications, the scalar product in H of
f € H and u € V is the same as the scalar product of f and u in the duality
between V' and V:

(f,uy=(f,u) YfeH YuelV. (4.6)

For each u € V| the mapping v — ((u,v)) is linear and continuous on V.
Thus there exists Au € V' such that

(Au,v) = ((u,v)) VoeW (4.7)

This mapping v — Awu is known to be linear, continuous, an isomorphism
from V onto V' (2 bounded) [6].

Let a,b be two extended real numbers, —oo < a,b < oo, X a Banach
space and 1 < p < oco. We denote

LP(a,b; X) = {u: [a,b] = X : [Jul|r(apx) < 00}

where the norm is defined by

b » 1/p
Julloay = [ Tl a) ™"
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And we write
L>(a,b; X) = {u: [a,b] = X : ||u|| Lo (apx) < 00},

with the norm
2] oo (a,b,x) = €88 SUDPsefq | (t)]] x-

We also have the space

C([a,b]; X) = {u: [a,b] — X : f continuous, sup ||u(t)||x < oo}.
t€la,b]

Lemma 4.3. Let X be a Banach space with its dual space X' and let u and
g be in L'(a,b; X). Then, the following are equivalent

1. w is almost everywhere equal to a primitive function of g
t

u(t) :§+/ g(s)ds, &e€X, ae te]ab].
0

2. for each test function ¢ € D(a,b),

where ¢/(t) = L¢.

3. for eachn € X'
ar(w.n) = (g,m)

in the weak sense on (a,b).

If the items above are satisfied for u and g, then w is a.e. equal to a
continuous function from |a,b] to X.

For the proof of Lemma 4.3, we refer to [6, p. 250].
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4.2 Stokes equations

The Stokes equations are the linearized stationary form of the full Navier-
Stokes equations. In this subsection we consider the variational problem
for the Stokes equations and sketch the proof for the existence of the weak
solution.

Let us give a formulation of the Stokes problem with boundary condition
u = 0.

Let f € L*(Q) be a vector-valued function in 2. We seek a vector-valued

function u = (ug, ..., u,) and a scalar function p, which are defined in 2 and
satisfy

—pAu+Dp=f inQ, (4.8a)

divu=0 1in €, (4.8b)

u=0 on 0f. (4.8¢)

Example 4.1. Let f =0. Let u =0 and p = constant. Then, u,p solve the
boundary value problem (4.8).

Remark 4.4. The examples of the uniform rotation (Examples 3.1 and 3.2)
do not give solutions to the Stokes problem. These examples show that there
are very simple flows to which the Stokes equations can not be applied.

Then we study the variational problem for the Stokes equations (4.8).
The definition includes the space V' we introduced in subsection 4.1.

Definition 4.1. Let f € {L*(Q)}". The problem to find a function u such
that

ueV and p((u,v)) = (f,v) YveV, (4.9)

is called the variational problem for equation (4.8).

In the following, we show that if there exists smooth functions f, v and
p satisfying (4.8), then f, u and p solve (4.9). We take a scalar product of
(4.8a) with a function v € V C {Hj(2)}". We obtain

(_/'LAU“ + Dpa”) - (f? U)a
that is

M(_AU’U) + (Dp; ’U) = (f,U).
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By integrating by parts, we have that

—Au,v) = i/ —Auv; dr = i/ —iDijuivi dx
i=1 79 =17 =1

= — Z Djui (o v; ds — / DjuiDjvi dx
N~~~ Q
t,j=1 =0 on 99

_Z/DuZD vzdx—zz Dju;, Djv;)

zgl i=1 j=1

= Z Ui, V;)) (u,v)),

and that

(Dp,v) Z / Dipv; dz
—Z / P Uz v;dS — /pDivz- dx
=1 Q

—[p Dividx:—/pdivv dr = 0.
/ z [ by

=0

Thus, we obtain
p((u,v)) = (f,v) Vve.

Recalling that V' is the closure of V in {H}(2)}" and observing that
both sides of the equation above depend linearly and continuously on v for
the {H}(2)}™ topology, we conclude that this equation is also valid for each
v € V' by continuity:

Let v € V. Then, there exists a sequence {v,,}5°_; C V such that ||[v —
Um|| — 0 as m — oo. Define L(v) = pu((u,v)) — (f,v). Then by Lemma 2.1,
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we obtain

|L(v) = L(vm)| = I((u,v)) (f;0) = u((w, vm)) + (f; 0m)]|
= [p((w, v = vm)) + (f, 0m = 0)|
< |((u, vm))\ﬂ(f,vm— v)]

<Yl )+ DI

n n
< py el vt = vl + DI ez lon, = v'lize)
i=1 i=1

Sv' =il

/\

< C”U - Um“ - 07

as m — 0.
If 2 is of class C?, then u € {H}(2)}" because of (4.8c). And because
divu = 0 in €, by (4.8b), we have by Theorem 4.7, that u € V. Thus, u

solves the variational problem (4.9).

Definition 4.2. The functionu € {H}(Q)}" satisfies (4.8) in the weak sense
if the following holds.

p e LX(Q) s.t. 1> (Dyui, Do) — (p.dive) = (f,6) V6 € (D)},

ij=1

: (4.10a)

(u, D) =0 for all ¢ € D(Q), (4.10b)
You = 0. (4.10c)

Then u is a weak solution to (4.8).

Lemma 4.4. Let Q be an open bounded set of class C*. Then the following
are equivalent:

1. w satisfies variational problem (4.9).

2. u belongs to {HI(V)}" and satisfies (4.8) in the weak sense, i.e. u
satisfies (4.10).
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Proof. First, assume that u € V satisfies (4.9). Because V' C {Hj(Q)}"
each u; € HY(Q) = kervy (by Theorem 2.13). Thus, you = 0 in H'?(99).
Because u € V' by Theorem 4.7 we have divu = 0 in the weak sense in (2.
In addition, we have —pu((u,v)) + (f,v) = 0 for all v € V where the left
hand side is linear and continuous for all v € H}(Q2). Thus, there exists
pAu+ f € H1(Q) € D'(Q) for which

(HAu+ f,v) =0 YoveVCV.
By Remark 4.2, there exists p € L?(£2) such that

pwAu + f = Dp in the weak sense in (2.

Thus, v € {H}(Q)}" and u satisfies (4.10).

Then, suppose that v € {H}(Q)}" satisfies (4.8) in the weak sense. By
Theorem 4.7 and by (4.10b) u € V. And (4.10a) implies by Theorem 4.4,
that

(Au+ f,o)y =0 Yoel.

We saw above that this implies that u satisfies (4.9). O

Remark 4.5. This variational problem (4.9) was introduced by Jean Leray.
Remarkable on it is that now we only have to find u, because the existence of
p follows by Theorem 4.4.

If Q) is not smooth, Theorem 4.7 might not hold.

Theorem 4.9. For any f € {L*(2)}", problem (4.9) has a unique solution u.
Moreover, there exists a function p € L2 (Q) such that (4.10a) and (4.10b)

are satisfied. If 2 is an open bounded set of class C?, then p € L*(Q) and
(4.10) is satisfied by u and p.

We prove Theorem 4.9 by the projection theorem, Theorem 4.10, below.
We refer to [6, p. 24] for the proof of Theorem 4.10.

Theorem 4.10 (Projection Theorem). Let W be a separable real Hilbert
space with norm ||-|lw and let a(u,v) be a bilinear continuous form on W xW ,
which 1s coercive i.e., there exists o > 0 such that

a(u,u) > allully, YueW.

Then, for each | in W', which is the dual space of W, there exists one and
only one u € W such that

a(u,v) =(l,v)y YveW.
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Proof of Theorem 4.9. V is a separable Hilbert space as a subspace of the
separable metric space { H}(2)}", u > 0 and

p((u,w)) = pllul* YueV

where p((+,-)) : V. x V. — R is a bilinear continuous form. f defines a
linear and continuous form on V' by (f,v) = (f,v). Thus, by the Projection
theorem, Theorem 4.10, there exists a unique u € V satisfying

p((u,v) = (f,v) YveV
The conclusion in Theorem 4.9 follows from Lemma 4.4. O

Remark 4.6. The linear operator v — a(u,v) is continuous on W. Hence,
there exists an element of W' depending on u, denoted by A(u), such that

a(u,v) = (A(u),v) YveW.
By projection theorem, a(u,v) = (l,v) forl € W', and thus, we have
(l,v) = (A(u),v) YoveW.

This is equivalent to
A(u) =11in W',

As a consequence of Theorem 4.9, we have the existence result for the
following Stokes problem. For the proof, we refer to [6, p. 31].

Theorem 4.11. Let Q be an open bounded set of class C*> in R". Given
f e {H YY" and ¢ € HY?(0S). Then, there evists u € H'(Q) and
p € L*(Q2) such that the problem

—pAu+Dp=f inQ, (4.11a)
divu =0 1n Q, (4.11Db)
u=¢ on . (4.11c)

1s solved in the weak sense and u is unique.
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4.3 Steady-state Navier-Stokes equations

We now represent the steady-state Navier-Stokes equations with the bound-
ary value problem.

Let Q be a C! smooth, bounded open set in R"™ with boundary 9. Let
f e {L*Q)}". We look for functions u = (uy,...,u,) and p, which are
defined in 2 and satisfy

—pAu~+u - Du+ Dp = f in §, (4.12a)
divu =0in 2 (4.12Db)
u =0 on 0f. (4.12¢)

As in the case of the Stokes equations, we will formulate the variational
problem for the equations (4.12). But now there is the nonlinear term u - Du
with which we have difficulties.

If f, u and p are smooth functions satisfying problem (4.12), then u € V'
and for each v € V,

M((u7v)) + b(u’ u,v) = (fa U)

b(u,v,w) = ii/ﬁuz D;v; w; dzx.

i=1 j=1

where

But for u and v in V, the expression b(u, u,v) does not necessarily make
sense. In the following, we study some properties of the form b.

Definition 4.3. Denote
V = the closure of V in {HL(Q)}" N {L"(Q)}",

with the norm
lull 20 + [lullnge)-
Remark 4.7. If Q) is bounded, we have by Proposition 4.1

HUHL?(Q) < C”“HH&(Q)

forn =2, and

lulln@) < Ellull, 2, < cllullmye

(@)
forn = 3,4, because % >n forn =3,4. Thus, V=V form =2,3,4.
The form b is trilinear, that is linear with respect to u, v and w, on V

and V.
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Lemma 4.5. The form b is defined and trilinear continuous on

{Hy ()} x {Hy(Q)}" x ({Hy ()} N {L"()}")
where 2 C R™ is any open set.
Proof. Let u,v € {H}(Q)}" and w € {HZ(Q)}" N {L"(2)}". Let n > 3. By
Proposition 4.1, we have u; € L%(Q) We also have D;v; € L*(2) and
w; € L™(Q), 1 <i,5 <n. By Holder’s inequality in Theorem 2.8,

|/ UiDin’lUdeU| S /‘U,ZDZ’UJUJ]CZ.T’
Q Q

1/2
S (/|DZU]|2dI)
Q
) "2—;2 1/n
(frulae) ™ ([lup )
Q Q

= || Divj|| 20| will

2 Wil

< C<Q)HUJ'HH(}(Q)HuiHH&(Q)”wj”Hé(Q)ﬂLn(Q)'
Thus,

|b(u, v, w)| = |Z/Uz D;v; w; dx|
Q

ij=1

< Z|/ u; Divj w; dx|
Q

2,7=1

< Z C(Q)ijHH(}(Q)HuiHHg(Q)ijHHg(Q)an(Q)
ij=1

< C(Q>n)H"UHHg(Q)||U||H5(Q)Hw”Hg(Q)an(Q)-

Thus, b is continuous, and well-defined. The linearity of b is trivial.
Let then n = 2. Now {H}(Q)}* N {L*(Q)}*> = {H}(Q)}*. In this case,
we have, by Proposition 4.1, u; € L; (Q), Dyv; € L*(Q) and w; € L} (Q),

1 <4,j < 2. By Holder’s inequality, we have u; D;v; w; in Lj,.(€2), and

loc
|/ U; Di’l}j W dl’| S /|’LLZ Dﬂ)j w; dlL"
Q Q

< | Dsvjl| 2oy llwill Ly lw;l Lo

< c(Q)[|vj g2 lwill 52 @) 1w ] 22 (0)-
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O

Corollary 4.1. The form b is defined, trilinear and continuous on V xV x v,
when Q C R™ is any open set. If Q) is bounded and n = 2,3,4, b is trilinear
continuous on 'V x V x V.

Lemma 4.6. For any open set €,
1. b(u,v,v) =0 forallueV, v e V.
2. b(u,v,w) = —=b(u,w,v) for allu € V, v,w € V.

Proof. By continuity, it suffices to show the first item for u € V and v € V,
because V is dense in V' and V is dense in V. For such u and v, we obtain
by integrating by parts

/uiDivjvjd:c:/ulDl(
Q Q

) dx
U
/Duz x,

and thus

b(u,v,v) /Dul
——%Z/ZDiuiv?dx
j=1 7 =1
:—%Z/divuv?dx:().
=172 o

The second claim follows from the first one. Let u € V, v,w € V. Then
v+w € V. We have

0="b(u,v+w,v+w)=blu,v,v+w) + b(u,w, v+ w)
= b(u,v,v) +b(u, v, w) + b(u, w,v) + b(u, w, w)
=0 =0
= b(u, v, w) + b(u, w,v),

and the claim follows. O
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Definition 4.4. Let f € {L*(Q)}". The problem to find a function u such
that
weV and p((u,v)) + blu,u,v) = (f,v) Vv eV, (4.13)

is the variational problem for equation (4.12).

If u, p and f are smooth functions that satisfy equation (4.12), then they
satisfy problem (4.13).
Conversely, if u € V satisfies (4.13), then

<—uAu+ZuiDiu—f,v> =0 VoveV
i=1
where Au € H™Y(Q), f e {L*(Q)}" and w;D;u € La1(R), since u; €
L%(Q) by 4.1 and D;u € L*(Q). In the case where n is arbitrary, we obtain
by Theorem 4.4 and a further regularization argument that p € L () [6,

loc
p. 163], such that (4.12a) is satisfied in the weak sense. u belonging to V/
implies that u satisfies (4.12b) and (4.12c¢) in the weak and the trace theorem

senses.

Definition 4.5. The function u € {Hj(Q)}" satisfies (4.12) in the weak
sense if

3P € Lie() st p((u,9)) + (u- Du,¢) — (p,divg) = (f,¢) V ¢ € {D(Q)}",

(4.14a)
(u, Dg) =0 for all ¢ € D(Q), (4.14b)
You = 0. (4.14¢)

Then u is a weak solution to (4.12).

Lemma 4.7. The following are equivalent.
1. w satisfies variational problem (4.13).
2. u satisfies problem (4.14).

Proof. Let us prove the case n < 4. In these cases, we may replace require-
ment p € L, () in (4.14a) with p € L*(Q).

Because (2 is supposed to be bounded and n < 4, we have by Remark
4.7, that V = V. Thus, problem (4.13) becomes

w eV and p((u,v)) + blu,u,v) = (f,v) Vv eV. (4.15)
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Thus, there exists pAu —u - Du+ f € {D'(2)}", such that
(WAu —u-Du+ fivy =0 YveVCW

In the case of the Stokes problem, we already observed that pAu € H=(Q)
and f € H~ (). Because the norms of { H}(Q2)}" and {H}(Q)}"*N{L"(Q)}"
are equivalent (now when €2 is bounded and n < 4), we have by Proposition
4.1, as in the proof of Lemma 4.5

|b(u, v, w)| < C(n)HUHH(%(Q)|’uHH5(Q)Hw||H3(Q)'

And thus, —u - Du is linear and continuous for HJ(€2) topology, and thus, it
belongs to H~1(2). By Remark 4.2, there exists p € L*(2) such that

wAu —u - Du+ f = Dp,
in the weak sense, that is

1((w, @) + (u- Du, ¢) — (p,dive) = (f,¢) Ve {DQ)}",
or
Mmzl/ﬁDjUiDj¢idx+iﬂzl/sZUijUi¢idx_/s)pdiV¢dx:m.zl/gfi@dx

V ¢ € {D(Q)}". Equations (4.14b) and (4.14c) follow as in the case of the
Stokes problem.
In the other direction, we obtain easily that

(WAu—u-Du+ f,v)y=0 Vove)l.

But this holds also for each v € V' by a similar continuity argument as in the
case of the Stokes problem. O

For the solution of the variational problem for the steady-state Navier-
Stokes equations (4.13), we have the following existence result.

Theorem 4.12. Let Q be a bounded set in R™ and let f be given in H~ ().
Problem (4.13) has at least one solution u € V' and there exists p € L;,.(Q)
such that (4.14) holds.
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Proof. We prove the case n < 4. In this case, we have V = V. The general
result is proved in Temam [6, p. 164].
V' is a separable Hilbert space as a subspace of the separable space

(@)} _

On the other hand, V' is the closure of V in { H;(2)}" topology, (V) = V.

There exists an independent set {wy }reny C V such that ({wy}ren) = V.
If every independent set {w;};cs of V with ({w;}ies) = V were uncountable,
it would contradict with the separability of V.

Define w, = Y 1", ¢imWi, Cim € R such that

“((umawk))+b(umyumawk) = <f,wk;>, k= 1,...,m.
Let X,, = {wy,...,wy}). Define P = P, by
(Pr(u),v)x,, = p((u,v)) +b(u,u,v) — (f,v) Yu,ve Xp.

P, is then continuous since everything on the right hand side is continuous
for u. Furthermore

(Pon(u) ) x,, = pillull® + b(u, w,w) ~(f, u)
=0
> pallull” = [l
— i (ullall = 111v).

Choosing k > when |[f]y» > 0 and any k£ > 0 when || f|ly» = 0, we

have

1
mllfllv

(Pp(uw),u)x,, > k(uk —||f|lv) > 0.

Thus, we may apply Lemma 4.8 below and we know that there exists u,, €
X, such that P, (u,,) = 0. This implies

M((um’ wk)) + b(uﬂw U, wk) - <f7 wk‘) - (Pm(um)7v)X - (O’U)X =0,

for each v in X,,,. Thus

Py WE)) + b(Wp, U, wi) = (fwg), k=1,...,m. (4.16)

Multiply (4.16) by ¢ and sum up the equations over k. Then, we have
> 1t WE)) 4 bt i, wi) = (f,wi)] = 0,
k=1

53



that is

((tm, E ChmWi)) + (W, U, E CkmWi) — (f, E Chm W)

We defined w,, =Y ;" cpmwy, and thus, we have

11|t 1P 4 Bty s ) = (). (4.17)

But b(t, U, um) = 0, because u,, € V, and (f,um) < || fllv/||tm]. Thus,
we have by (4.17)

1
[[umll < =[[f[lv-
1

{tp, }m 1s therefore a bounded sequence in V' which is reflexive as a Hilbert
space. In a reflexive Hilbert space, every bounded sequence has a subsequence
that converges weakly in the space concerned. Thus by Theorem 2.15, there
exists u in V' such that

(g, um) — (g,u) for each g € V".

By Theorem 4.8, the embedding V' C {L*(2)}" is compact, that is ||ul| 2(q) <
c||u|ly. Furthermore, for each bounded sequence {u,,}>_, C V, there exists
a subsequence {up,, }52, and u € {L*(Q)}" such that

|, — ul[2@) — 0,

as j — 00.
By the observations above and by Lemma 4.9 below, if we let j — oo
with the subsequence in (4.16), we find that

pl(u, we) =+ 0(u, u, wi) = (f, we), (4.18)

for any wy, k = 1,2,3,.... Equation (4.18) is also true for any v that is a
linear combination of wj. These linear combinations are dense in V' and the
terms in equation (4.18) are continuous on V' and thus (4.18) holds also for
each v € V. Then u is a solution of problem (4.13), and by Lemma 4.7, u
satisfies (4.14). O
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Remark 4.8. The procedure used in the proof of Theorem 4.12 in which
we find a proper approximate solution in increasing set of finite-dimensional
subspaces X,, of V and then be able to pass the limit, is called the Galerkin
method. The Galerkin method approximation is also used in finite element
analysis solving the equations numerically and is well adapted to finite ele-
ment applications [1].

Lemma 4.8. Let X be finite dimensional Hilbert space with scalar product
(,-)x and norm ||-||x. Let P be a continuous mapping from X to itself such
that

(P(£),&)x > 0 for every & with ||€]|x =k > 0.

Then there ezists & € X such that ||&]|x < k and

P(&) = 0.

Proof. The proof follows from the Brouwer fixed point theorem. Suppose
that P has no zero in the closed ball B of radius k£ and centered at origin.
Define the mapping S

P(¢)

I1P(E)]x

This S is continuous, since P is continuous, and it clearly maps B to itself,
and B is convex and compact as a closed subset of a finite dimensional
Banach space X. Thus, S satisfies the assumptions of the Brouwer fixed
point theorem, and S has a fixed point £, € B such that

S(€) = —k

P (&)
0 g
Pl ~
for which [|&||x = H—knplzggﬂx ||x =k, and on the other hand
P(&) (L(S0): §o)
2 _ — (—k — &
Jeolh = (o ol = g e ) = e
and thus,
J&oll3 PG = — k(P& &),
>0 >0 >0 >0

and we have a contradiction. Therefore, the proof of Lemma 4.8 is finished.

[]
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Lemma 4.9. If w; converges to u in {L*(Q)}" strongly, then
b(ug, u,v) — b(u,u,v) Yovel. (4.19)
Proof. By Lemma 4.6, b(u,u,v) = —b(u,v,u), u,v € V. Thus because
veV CVand u €V, we have
b(ug, up,v) = —b(ug, v, u;) = — Z w iy ;Div; de.
ij=1

Because ||u;; — ;]| 22(0) — 0 by assumption and D;v; € L>®(£2), we have

‘/ UZJUZJ‘D@"U]' dx — / UZ'U]‘DZ"U]' dl”
Q Q
= |/(ul7iul,j - uin)Di’Uj dl’|
Q
S ||Di'Uj||Loo(Q) /|ul,iul7]~ — uiuj| dx
— —
=:M<oo ¢

=M / [ iy j — wju; + wgu — ug| do
Q

< [ Juglhuns = ] + s = ] do
Q

= M/‘UIJ'H’LLM — UZ’ dﬂ? + /\uiHulJ — Uj‘ d.ﬁlﬁ
Q Q
< Mg || 2)llus — will L2) + Mlwgl| 2o [w; — w22 (o)

But u;; € L*(Q) and u; € L*(Q2), and thus, the expression above converges
to 0 as [ — oo. This implies (4.19) in Lemma 4.9. O

For the uniqueness of the solution of (4.13), we only have the following
result [6, p. 167].

Theorem 4.13. If n < 4 and p is sufficiently large or f sufficiently small
such that

p? > ()| fllv, (4.20)

then there exists a unique solution u of (4.13). c¢(n) is a constant from the
estimate for the form b in the proof of Lemma 4.5.
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Proof. In this case n < 4, we have V = V. Furthermore, if u satisfies (4.15),
it satisfies (4.13). Choosing v = u in (4.15), we have

(s, w)) + blu, u,u) = (f,u) < fllvelul-
T

Thus, for any solution u of problem (4.15), we have

1
[ull < = fllv-
i

Let then u; and uy be two solutions of (4.15). Define u = u; — uy. We
have

p((ug,v)) + blug, uy,v) = (f,vy Yvey,

and
1((u2,v)) + b(ug, ug,v) = (f,v) YoveV.
We obtain
pw((u,v)) + blug, ug, v) + (=b(uq, ug, v)
—b(us )
+ b(uy, us,v)) — b(ug, ug,v) =0 YveV,
—b(u,3,)
and thus

pw((u,v)) + b(ug, u,v) + b(u, ug,v) =0 VoveV.
Let us choose again v = u. We have b(uy,u,u) = 0 and obtain
pllull? + b(u, ug, u) = 0.
For b(u, us,u), we have the estimate
[b(u, ua, w)| < e(n)l|ual|||ull*.

From the observations above, we obtain (ug is a solution)

pllull® < e(m)[Juzl[Jul® < @llwaHuHQ-
And finally,
(= L2 el <0
But by assumption (4.20), we conclude that |ju|| = 0. And hence, u; = uy
a.e. [
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In the case of lower dimensions, we have a strong result for the regularity
of the solution. For the proof of Proposition 4.2 below, we refer to [6, p. 172].

Proposition 4.2. Let Q be an open set of class C* in R? or R3. Let f

be given in C®(S). Then any solution {u,p} of equation (4.12) belongs to

C>(Q) x C*(0).

4.4 Evolution Navier-Stokes equations

Let us first study the linear case of the evolution Navier-Stokes equations.
Let € be an open, bounded, C! smooth set in R”, let 7' > 0 be fixed. Denote
Q =Q x(0,7). Let us formulate the boundary value problem:

To find a vector function u : Q x [0,7] — R", a scalar function p :
2 x [0,7] — R such that

Dyu— pAu+ Dp = fin Q x (0,7, (4.21a)
divu=01in Q x (0,7), (4.21Db)

u=0on 00 x [0,T7, (4.21c)

u(z,0) = up(x) in Q. (4.21d)

Here, f: Q x [0,7] — R? and ug : Q — R? are given.

Suppose that v and p are classical solutions of (4.21), u € C?(Q) and
p € CYQ). Let v € V. As in the case of the Stokes equations, we obtain by
taking the scalar product of (4.21a) with v the following equality:

(Dyu,v) + p((u,v)) = (f,v) Yovel.

By continuity, this equation holds for each v € V' also.
By Lemma 3.1, we have

n n

L (u,v) = Z 4 /Q wv; dr = Z Dy(uv;) dz

i=1 i=1 Y
-y / (Dys)os da = (Dyu, ).
i=1 7

We define the following problem.
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Definition 4.6. For f and ug given, f € L*(0,T;V"), uop € H, to find u

satisfying
u € L*(0,T;V), (4.22a)
i (wo) + ul(w,0) = (fv) YveV, (4.22b)
u(0) = uo. (4.22¢)

Another alternative formulation of problem (4.21) is:
For f and ug given, f € L*(0,T;V’), ugp € H, to find u satisfying

u € L*(0,T;V), v € L*(0,T; V"), (4.23a)
v + pAu = f on (0,T) in the weak sense, (4.23b)
u(0) = up. (4.23c¢)

Lemma 4.10. The following are equivalent.
1. u satisfies problem (4.22).
2. u satisfies problem (4.23)

Proof. By representations (4.6) and (4.7), we may write (4.22b) as
Llu,v) = (f — pAu,v) Vv eV (4.24)

Since A is linear and continuous from V to V' and u € L*(0,T;V), the
function Au belongs to L*(0,T;V"). Thus, f—uAu € L*(0,T;V"). By (4.24)
and Lemma 4.3, the weak time derivative of u, u’, belongs to L*(0,T;V").
Furthermore, by Lemma 4.3, the equality (4.24) implies that

u = f— pAu

in the weak sense.
Conversely, if u satisfies (4.23), we see easily that u satisfies (4.22b) for
allveV. O

Remark 4.9. By Lemma 4.3, v € L*(0,T;V) solving the weak problems
is almost everywhere equal to an absolutely continuous function from [0,T]
to V'. Any function satisfying (4.22a) and (4.22b) is, after modification on
a set measure zero, a continuous function from [0,T] into V'. Therefore,
condition (4.22c) makes sense.
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For the existence of the weak solution of problem (4.23), we have the
following two theorems proved in [6].

Theorem 4.14. For given f and ugy, f € L*(0,T;V"), ug € H, there exists
a unique function u which satisfies (4.23). Moreover,

we C([0,T]; H).

The following theorem shows in which sense the solutions of equation
(4.23) given by Theorem 4.14 solve equation (4.21).

Theorem 4.15. Let the assumptions be as in Theorem 4.14. Then, there
exists functions u and p defined in () such that the function u defined by
Theorem 4.14, and p satisfy (4.21a) in the weak sense in Q). Furthermore,
(4.21b) is satisfied in the weak sense, and (4.21d) is satisfied in the sense
that

u(t) — ug in L*(Q) ast — 0.

Consider now the full Navier-Stokes equations and the case n < 4. In its
classical formulation, the initial boundary value problem of the full Navier-
Stokes equations is the following:

To find a vector function u : € x [0,7] — R™ and a scalar function
p:Qx[0,T] — R such that

Dy — pAu+u-Du+ Dp= fin Q x (0,7T), (4.25a)
divu =0in Q x (0,7, (4.25b)

u=0on 0 x (0,7), (4.25¢)

u(z,0) = ug(x), in Q. (4.25d)

Functions f and wg are given and defined on 2 x [0, 7] and 2 respectively.
We formulate the following problem (4.25), introduced by Jean Leray.

Definition 4.7. Let f € L*(0,T;V’) and uy € H be given. To find u
satisfying

u € L*0,T;V), (4.26a)
& (u,0) + p((w,0) + blu,u,0) = (fv) YoeV, (4.26b)
u(0) = uo. (4.26¢)
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In the following, we show that if u satisfies equation (4.25) then u solves
problem (4.26) of it. Assume that u and p are the classical solutions of (4.25),
u € C3(Q), p € CHQ). Then u € L*(0,T;V), and for each v € V, we obtain
similarly to the case above that

(s v) + p((u,0) + bu, u,v) = (f,v).
By continuity, this holds for each v € V.

Lemma 4.11. Assume that u belongs to L*(0,T;V) (n < 4). Then, the
function Bu defined by

(Bu(t),v) = b(u(t),u(t),v) VYoveV, ae tel0T],
belongs to L'(0,T;V").

We refer to [6] for the the proof.

Problem (4.26) is also stated as follows:

Let f and u be given with f € L?(0,7;V’) and uy € H. To find u
satisfying

u€ L*0,T;V), v € L'(0,T; V"), (4.27a)
u' + pAu+ Bu= f on (0,7T) in the weak sense, (4.27b)
u(0) = uo. (4.27c)

In the following, we show that if u satisfies problem (4.26) then it satisfies
problem (4.27), and vice versa. Let u satisfy (4.26a) and (4.26b). Then, by
(4.6) and (4.7), we may write (4.26b) as
4y, vy = (f — pAu — Bu,v) Vv eV.

dt

Since Au € L?(0,T;V’), as in the linear case, the function f — pAu — Bu
belongs to L'(0,T;V’) by Lemma 4.11. Lemma 4.3 implies that

u € L0, T; V"),
u' = f — pAu — Bu in the weak sense,
Then, u is almost everywhere equal to a continuous function from [0, 7] into
V’. Thus condition (4.26¢) makes sense.
The converse is seen easily.

For the full Navier-Stokes equations we have the following existence result.
For the proof we refer to [6].
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Theorem 4.16. Let n < 4. Let f and u be given with f € L*(0,T;V")
and uy € H. Then there ezists at least one function u satisfying (4.27).
Moreover,

uwe L*0,T;H)

and u is weakly continuous from [0,T] into H, that is, Vv € H, t — (u(t),v)
s a continuous scalar function.

Remark 4.10. Theorem 4.16 does not say anything about the existence of
.

In the two-dimensional case, the solution u of problems (4.26) and (4.27)
given by Theorem 4.16 is unique. Moreover u is almost everywhere equal to
a function continuous from [0,T] into H and ug(t) — ug in H ast — 0.

In the three-dimensional case, the uniqueness of the solution u given by
Theorem 4.16 is not known. The uniqueness has been shown in a class of
functions where the existence is not known.
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