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Abstract
This thesis studies radio-frequency spectroscopy of superfluid alkali Fermi gases.
Radio-frequency and laser fields provide a coherent and well understood tool for
manipulating atomic gases. However, new phenomena are expected and have already been seen experimentally when the alkali atoms become strongly interacting.
Here we use a simple perturbative treatment of the atom-rf-field coupling for
studying the spectroscopy of a strongly interacting gas. At ultracold temperatures
fermionic atoms become paired in analogy to electrons in superconductors. The resulting binding energy, or the pairing gap, can be observed as a shift in the radiofrequency spectrum. With strong interactions, the fermions begin pairing already
above the critical superfluid transition temperature. The radio-frequency spectroscopy grants a way to study these fluctuation effects quantitatively.
The inhomogeneous trapping potential of the atom cloud also adds its own
flavour, resulting in distinct mesoscopic effects in the radio-frequency spectra. Our
theoretical models are in very good agreement with the experimental results. First
order perturbation theory provides qualitatively correct lineshapes, and our generalised perturbative approach gives quantitatively correct magnitudes for the transfer rates.
The inhomogeneity plays an important part also in more exotic systems in
which the simple BCS-type pairing of atoms is prevented by polarising the gas. Superfluidity and phase separation in such spin-imbalanced gases has been experimentally observed. We have suggested the use of radio-frequency spectroscopy for
observing exotic polarised superfluid states, present at the edges of the atom cloud.
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1 Introduction
Radio-frequency (RF) spectroscopy provides the standard of time [54, 32]. The caesium standard uses ultracold 133 Cs atoms trapped in a laser trap, and a microwave
field inducing transitions between two hyperfine states of the atoms. The excellent precision of the laser- and rf-spectroscopies make these ideal tools for studying
atomic gases.
Weakly interacting fermionic particles (such as electrons or atoms with odd
number of neutrons) will form pairs at low enough temperatures. This phenomenon
is underlying the superconductivity of metals [83] and it is well described by the
microscopic theory due to Bardeen, Cooper and Schrieffer (BCS) [6]. On the other
hand, if the particles are strongly interacting, the assumptions of the BCS theory are
broken. For example, high temperature superconductors are in this strongly interacting regime and they still lack a proper microscopic theory. Strongly interacting
systems are also found in 3 He [50] and nuclear matter [5], and related problems are
also encountered in QCD [72], which are very difficult to study experimentally.
The interactions in dilute atom gases are well described by only a single parameter, the scattering length a, making the theory simple. This, the purity of the
system, and the possibility of tuning almost all relevant parameters make these systems ideal for studying the effects and phenomena of strong interactions. In this
thesis, I will study the effects of strong interactions on the rf-spectroscopy of atom
gases [84, 32, 74, 89, 19, 44, 46] (the last two are Publications II and III of this thesis).

1.1

Superfluid atom gas

The Bose-Einstein condensation (BEC) of atoms was predicted by Satyendra Nath
Bose and Albert Einstein in 1920’s [69]. Einstein speculated that cooling bosonic
atoms (atoms with even number of neutrons) to low enough temperatures would
cause them to condense into the lowest accessible quantum state. This would lead
into a new form of matter, a bosonic superfluid.
The Bose-Einstein condensation in an alkali gas was first observed in 1995 by
Eric Cornell and Carl Wieman [2], and Wolfgang Ketterle [23]. Subsequently it has
been realised in several places around the world. In principle, the BEC is formed
by simply cooling down the atoms. When the temperature drops below a certain
critical level, the bosons start to condense into the ground state. Because the atoms
9

10

1. INTRODUCTION

F IGURE 1.1 The magneto-optical trap (MOT) consists of three perpendicular pairs of
laser beams and an inhomogeneous magnetic field. The cloud of atoms is trapped in
the intersection of the laser beams and cooled down. Typical process produces 105 −
107 atoms in the temperature range 10 − 100 nK. Picture by Jan Krieger (in public
domain).

are indistinguishable, their phases become locked and they ’behave as one’ [69]. In
contrast, superfluidity of fermionic atoms is a complicated product of interactions
between the atoms. The first results on condensed alkali Fermi gases are from 2003,
in which the atoms paired into bosonic molecules that formed a BEC [39, 30]. These
were followed by observations of condensates of fermion pairs in the strongly interacting regime [73, 93], cross-over behaviour [9, 11], and other studies on strongly
interacting fermions, such as studies on collective excitations [7,41], pairing gap [19],
heat capacity [42], molecular fraction [68], and vortices [88].

1.2

Experimental setup

The typical experimental setup of these superfluid atom gas experiments consists of
a magneto-optical trap (MOT) formed by six lasers in three perpendicular directions
and a magnetic field produced by coils. The intersection of the laser beams forms a
potential well in which the atoms become trapped, see Fig. 1.1.
The atoms are produced by heating a piece of metal (for example 6 Li) and the
vapour is directed into the MOT. The six lasers and the inhomogeneous magnetic
field slow and cool down the atoms by radiation pressure and by taking advantage
of the Doppler shift. The idea of the Doppler cooling is that the atoms interact only
with lasers of correct colour. However, the Doppler shift will change the colour seen
by the atom, so that an atom moving towards the laser will see the colour as ’bluer’
and an atom moving away from the laser will see the colour as ’redder’. The interaction consists of an absorption of a (colour-shifted) photon from the laser beam
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and subsequent emission of a photon of proper colour into arbitrary direction. If the
absorbed photon is of lower energy than the emitted one, the energy of the atom
is reduced (and hence it is cooled). By using slightly red-detuned lasers, the atoms
will be slowed down whenever moving towards any of the six lasers (and the lasers
are shining from all directions!).
The Doppler cooling is sufficient for reaching temperatures in the range of 10 100 µK. At this point the atom cloud becomes too dense and opaque to the lasers and
the cooling stops. In order to reach even lower temperatures (such as needed for superfluidity) the atoms are further cooled by using evaporative cooling, in which the
most energetic atoms are expelled from the trap by changing their hyperfine states
to untrapped ones using a simple laser or radio-frequency field. While depleting the
number of atoms in the trap, it will also cool them as the average energy is reduced.
The remaining kinetic energy is then distributed among the remaining atoms by
two-body collisions. This cooling process can produce temperatures in the range of
nK, sufficient for the emergence of superfluidity.
At these temperatures, the stable state of (most) atoms would be a solid. However, the time scale of the condensation (solidification) is long enough to allow the
cooling, operation, and measurement of the gas. The crucial point is that the thermalisation required in the cooling depends on two-particle interactions while the
solidification requires three-body correlations. In dilute systems, the two-body interactions are much more probable than the three-body interactions. Thus, the ultracold atom gas is in a metastable state, with a sufficiently long lifetime for the
experiments.

1.3

Tunable parameters

Almost all of the experimental parameters in the ultracold atom gases can be varied,
allowing the study of various and even exotic systems. By choosing different atoms,
the masses and the interaction characteristics can be changed and even mixed statistics can be studied by using mixtures of bosons and fermions. Interaction strengths
can be varied by the external magnetic field using Feshbach resonances [82] (see
Fig. 1.2), allowing the study of the crossover from the BCS-like superfluidity of
fermions to the BEC-superfluidity of bosonic molecules [37, 58, 64, 18]. The external trapping potential can be deformed by adding or modifying the lasers and the
magnetic field, allowing the study of dimensional crossover from highly elongated
1D cigar-like traps to 2D pancakes [70], but also optical lattices in various geometries [20].
The flexibility of the atomic gases allows connections to several branches of
physics. On the other hand, the diluteness and the purity allow avoiding several
complicating factors that make similar phenomena hard to observe in other settings.
A simple example is the BCS-BEC crossover in high temperature superconductors,

12
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F IGURE 1.2 A Feshbach resonance in a 6 Li gas [8]. The interaction strength between
the atoms can be tuned by a magnetic field. On resonance (B0 = 83.4191 mT), the interaction strength diverges. Below the resonance the atoms pair into bound molecules
that can undergo Bose-Einstein condensation. Above the resonance the atoms are described by the BCS theory. Close to the resonance, the atoms are unitary, or strongly
interacting.

where the anisotropy of the cuprate sheets and the interactions between the electrons and the ions can hardly be neglected. While these differences make the direct
comparison between the atomic gases and the high temperature superconductors
difficult, it does allow the study of underlying assumptions about the pair formation, fluctuations, and superfluidity [18].
Fermionic superfluidity in a strongly interacting ultracold Fermi gas was finally observed directly in 2005 by Wolfgang Ketterle’s group in MIT [88]. The signature of the superfluidity was a stable hexagonal lattice of quantised vortices in
a rotating Fermi gas. With the advent of fermionic superfluidity, the progress for
deeper understanding of strongly interacting systems has already begun [91, 65, 90,
66, 92, 76, 20, 75, 67, 1].

2 Atom gases
All elementary particles (neutrons, protons, electrons, photons, etc.) can be divided
into two families, fermions and bosons, depending on the symmetry properties of
the many-body wavefunctions. These properties are carried onto the composite objects like atoms, allowing us to speak about fermionic or bosonic atoms.

2.1

The two families of particles

The many-body state of identical particles has to satisfy certain symmetry requirements. Being identical means that exchange of any two particles cannot alter the
results obtained from a measurement (observables), which is loosely speaking determined by the modulus of a wavefunction |Ψ|2 . However, the exchange of the
identical particles may affect the phase of the many-body wavefunction that is not
directly observable. Fermions are defined as particles that give a phase change of π
(that is, the wavefunction Ψ is multiplied by −1) when two fermions are exchanged,
whereas exchange of bosons does not affect the phase.
The symmetry properties are taken care of by defining (anti-)commutation relations
h
i
Ψ̂σ (~r), Ψ̂σ0 (~r0 )† ≡ Ψ̂σ (~r)Ψ̂σ0 (~r0 )† ± Ψ̂σ0 (~r0 )† Ψ̂σ (~r) = δσσ0 δ 3 (~r − ~r0 )
±
h
i
†
0 †
Ψ̂σ (~r) , Ψ̂σ0 (~r )
=0
h
i ±
Ψ̂σ (~r), Ψ̂σ0 (~r0 ) = 0,
(2.1)
±

where δσσ0 is the Kronecker’s delta, δ 3 (~r) is the three-dimensional Dirac’s delta function and the field operators Ψ̂σ (~r)† and Ψ̂σ (~r) create and annihilate a particle with
spin σ at position ~r. Fermionic anticommutation relations are obtained with the plus
sign + and the bosonic commutation relations with the minus sign −.
In practice the field operators are usually expanded in some basis of mutually
orthonormal functions {ψk (~r)}k
X
Ψ̂σ (~r) =
ψk (~r)ĉkσ ,
(2.2)
k

where the operator ĉ~kσ annihilates a particle with spin σ from state with the quantum
13
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F IGURE 2.1 Several bosons (left picture) can occupy the same state (states shown as
the horizontal lines). When the number of particles in any state becomes very large,
the system is said to have Bose(-Einstein)-condensed. In contrast, the Pauli exclusion
principle forbids two identical fermions from occupying the same state (right picture).
The picture shows two-component gas, with each level filled by two fermions of different internal states (and hence not identical), up to the Fermi level.

number ~k. For fermions (bosons) the anticommutation (commutation) properties of
the field operators are carried onto the ĉ-operators, and we obtain
h

ĉ~kσ , ĉ~†k0 σ0

i
±

= δσσ0 δ~k,~k0 ,

(2.3)

h
i


and ĉ~†kσ , ĉ~†k0 σ0 = ĉ~kσ , ĉ~k0 σ0 ± = 0.
±

Trying to create two identical fermions (σ = σ 0 ) in the same state (~k = ~k 0 )
gives ĉ~†kσ ĉ~†kσ = 0. This means that it is forbidden to place two identical fermions
in the same state, a property known as the Pauli exclusion principle. On the other
hand bosons do not obey this kind of restriction and hence any number of bosons
can be in the same state, see Fig. 2.1. These properties are also reflected as different
statistics for the particles, the Fermi-Dirac and Bose-Einstein statistics. This means
that the expectation value for the number of bosons in a state with energy Ek in an
equilibrium (at a given temperature T ) is given by the Bose-Einstein distribution
nB (E) =

1
eβ(E−µ)

−1

,

(2.4)

where β = kB1T , kB is the Boltzmann constant, and µ is the chemical potential. In
contrast, fermions follow the Fermi-Dirac distribution
nF (E) =

1
eβ(E−µ)

+1

.

(2.5)

These equations can be derived from the quantum statistical partition function describing a thermal equilibrium. As expected, the expectation value for the number
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of identical fermions found at any state is at most one whereas the number of bosons
is not limited. In particular, the Bose distribution diverges at E − µ = 0. This corresponds to the appearance of a Bose-Einstein condensate.
Whether a particle belongs to the class of fermions or bosons depends on its
spin angular momentum. Fermions have half-number spin angular momenta 12 , 32 ,
5
, etc. and bosons have integer spin angular momenta 0, 1, 2, etc. Neutrons, protons
2
and electrons are spin one-half particles while photons have spin one.

2.2

Atom gases

The elementary particles that form the atoms (neutrons, protons and electrons) are
all fermions. Now one can ask what kind of symmetry properties do identical atoms
have? A hydrogen atom consists of a proton-electron pair. Exchange of two hydrogen atoms would therefore correspond to exchange of two protons and two electrons, each exchange yielding a change in the sign of the many-body wavefunction.
The sign of the total wavefunction is therefore unchanged, and the hydrogen atom
has bosonic characteristics. Moreover, the spins of these two fermions can be combined to form a composite particle with the total spin of 0 or 1. On the other hand, a
deuteron atom consists of a proton, neutron and one electron, and the exchange of
two deuteron atoms would yield a total sign change of −1. Thus, deuteron atom has
fermionic characteristics.
More generally, a group of even number of fermions combines as an integer
spin particle and therefore has bosonic properties and a group of odd number of
fermions looks like a fermion. Since (neutral) atoms have equal numbers of protons
and electrons, the number of neutrons in the atom core (isotope) determines whether
the atom should be treated as a boson or a fermion. If the distance between two
atoms is very long compared to the size of a typical wavepacket (like in a dilute gas),
the atoms do not ’see’ the composite nature of each other, and the fermionic/bosonic
description is adequate.
Since the atoms consist of several elementary particles, there are lot of internal degrees of freedom, and hence a multitude of internal states. This corresponds
to having several different pseudospin states σ in Eq. (2.1). In the Fermi gas experiments so far, one is usually interested in mixtures of atoms in two different hyperfine
states, effectively forming a two-component system analogous to the two spin states
of the electrons in metals and superconductors. The hyperfine energy splitting of an
atom arises from the spin-orbit interaction between the spin of the atom nucleus and
the orbital motion of the electrons and the spin-spin interaction between the nucleus
and the electrons’ spins.
As an example, a hydrogen atom consists of an electron and a proton, each
having a spin of 1/2. These combine either into a total spin of F = 0 when the proton and the electron have opposite spins, or F = 1 when the spins are aligned. These

16
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F IGURE 2.2 The energies of different hyperfine states of 6 Li in the presence of a magnetic field B. In this work, I will consider only the three high field seeking states denoted as |1i, |2i, and |3i.

total spin states are (2F + 1)-fold degenerate, and the different degenerate states are
defined by the magnetic moment mf = −F, −F +1, . . . , F −1, F . These are the hyperfine states usually used in atomic gas experiments and they are denoted as |F, mf i.
The presence of an external magnetic field lifts the degeneracy and the typical energy splittings between the different hyperfine states are of the order of 10−100 MHz,
see Fig. 2.2. Notice that the presence of the external magnetic field is required not
only to trap the atoms but also to create the energy splitting between the hyperfine
states, thus suppressing the spontaneous transitions of the atoms between the different internal states. As the typical energy and temperature scales studied in the
experiments are of the order of 1 − 100 kHz, these transitions can be safely neglected.
A dilute atomic gas is a weakly interacting gas, in which the interatomic scattering length a is much smaller than the average interatomic distance R, i.e. |a/R| 
1. For strongly interacting gases, this requirement is not usually met. However, the
simple description of the atom-atom interactions using only the scattering length
has turned out to be sufficient in many cases. The reason is that bound states that
are connected with strong interactions are very short lived close to the resonance because of a very strong coupling between the molecular state and the state with free
(unbound) atoms [82]. Neglecting these bound states recovers the simple theory also
for the strongly interacting atoms.

3 Paired atoms and superfluidity
Superconductivity in metals and superfluidity in Fermi gases require attractive interactions between fermions (electrons in superconductors, fermionic atoms in Fermi
gases). The BCS-theory explains that even a weak attractive interaction is sufficient
for the fermions to start pairing at low enough temperatures. These pairs, called
Cooper pairs, undergo a Bose-Einstein condensation.
Nowadays one has several possible approaches for microscopic description of
the superconductivity and superfluidity: the original variational principle was used
by Bardeen, Cooper and Schrieffer [6], canonical transformation yields an easy, but
not so transparent path to superconductivity [27], and Green’s function techniques
are used in many modern extensions of the BCS theory [53]. Here I will start with the
first approach, since there the underlying phenomena are most easily understood.
I will also describe briefly the second approach, as I will use a similar technique
for solving the Bogoliubov-deGennes equations in a harmonic trap. Finally, I will
apply the Green’s function techniques in order to explain some of the extensions of
the BCS theory but also to get acquinted with the techniques as they will be useful
when discussing the radio-frequency spectroscopy of atomic gases.

3.1

Interacting fermions

I start the description of the interacting many-body fermion system with the definition of the (grand canonical) Hamiltonian
XZ
Ĥ =
d3~r Ψ̂†σ (~r)K̂(~r)Ψ̂σ (~r)
σ=↓,↑

Z
+

3

d ~r

Z

(3.1)
3 0

d ~r

Ψ̂†↑ (~r)Ψ̂†↓ (~r0 )U (|~r0

0

− ~r|)Ψ̂↓ (~r )Ψ̂↑ (~r).

The field operator Ψ̂σ (~r) destroys a particle with spin σ at position ~r and U (~r − ~r0 )
2 ∇2
describes the particle-particle interaction. The operator K̂(~r) = − ~2m
+ Vext (~r) − µ
describes the kinetic energy of the particles and the external trapping potential, and
µ is the chemical potential. Notice that we have neglected here any three-body correlations. In metallic superconductors this is well grounded due to weak interactions
and in ultracold atom gases because the gas is very dilute, so that the probability of
17

18

3. PAIRED ATOMS AND SUPERFLUIDITY
p

p
V

V
−p

−p’

−p

p

p’

k

p’

V

k
V

−p’

−k

p’
V
−p’

−p
−k

F IGURE 3.1 The first (left) and second (middle and right) Born approximations for the
scattering of two particles from state p~,−~
p to state p~0 ,−~
p0 . In the second order process,
the scattering takes place through an intermediate state ~k, −~k, the middle diagram
describing scattering through an empty intermediate state and the right diagram describing an intermediate state that is initially occupied.

having three or more atoms at the same place is small. In addition, we have assumed
that the interactions do not flip the (hyperfine) spin states of the particles.
Hamiltonian in Eq. (3.1) will be encountered again later, but here I will restrict
the discussion to a box-like external potential
Vext (~r) =

(
0

if |x|, |y|, |z| < L

∞ elsewhere,

(3.2)

where the size of the box L3 is eventually made infinite. The eigenstates of the noninteracting fermions in the box potential are plane waves. Expanding the field operators in this basis gives
Ĥbox =

X

εp ĉ†p~σ ĉp~σ +

p
~σ=↑,↓

1 X
U~k−~p ĉ~†k,↑ ĉ†−~k+~q,↓ ĉ−~p+~q,↓ ĉp~,↑ ,
3
L

(3.3)

~k~
pq~

R
2 2
~
where U~k−~p = d3~r U (r)ei(k−~p) · ~r and εp = ~2mp , and p~ = 2π
(nx , ny , nz ) with nx , ny , nz ∈
L
Z.
Short-range interaction potentials U (r) (such as in dilute atom gases) give
U~k−~p ≈ U , that is, a constant interaction. This approximation does not describe correctly the scatterings of high momentum states, resulting in ultraviolet divergences
in various integrals, as will be seen later. For the discussions below, I will assume an
attractive (U < 0) delta function (zero range) interaction.

3.2

Cooper instability

As a prelude to the microscopic theory of superconductivity, Cooper [22] showed
that at zero temperature the Fermi sea is unstable to an attractive interaction between the fermions. Even if the interaction is arbitrarily weak, at low enough temperatures the fermions near the Fermi surface will form stable pairs.
The first Born approximation describes a single scattering event between the
particles. Fig. 3.1 shows also the second Born approximation, that corresponds to
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a double scattering. The diagrams describe the scattering of two particles with opposite momenta p~ and −~p into the final state with momenta p~0 and −~p0 . The second
order process occurs through an intermediate state with momenta ~k and −~k (with
energy ). The effective scattering can now be written as an integral equation
Ueff (~p, p~0 ) = U + U 2

Z

~ωc

−µ

#
nF ()2
(1 − nF ())2
,
+
d N ()
2εp − 2
2 − 2εp
"

(3.4)

2 2

where N () is the density of (intermediate) states, εp = ~2mp − µ, µ is the chemical potential, nF () is the Fermi distribution, and ωc is some cutoff that removes the
ultraviolet divergence of the integral. For the weakly interacting gas at zero temperature the chemical potential µ equals the Fermi energy EF . The integration variable 
is the energy of the intermediate state. The first term is the first Born approximation
and the second term contributes if the intermediate state (~k, −~k) is unoccupied. In
this case the two atoms (~p, −~p) scatter to this empty state and then scatter to the final
state (~p0 , −~p0 ). The last term describes a process, in which atoms in state (~k, −~k) scatter to (~p0 , −~p0 ) and then the atoms in the initial state (p, −p) scatter to state (~k, −~k).
The last two terms correspond to the second Born approximation.
For the sake of simplicity, I will assume that the density of states is constant
N () = N0 . This assumption is usually done in BCS theory but it does not hold for
strong interactions. However, the essential physics that follow will be unchanged
(a sufficient condition is that the density of states does not have ’too many’ zeroes
around the Fermi surface).
At zero temperature and for a large cutoff ~ωc  µ, the integral in Eq. (3.4)
yields
!
−ε
p
.
(3.5)
U 2 N0 ln p
(εp + µ) ~ωc
For particles close to the Fermi surface, we can approximate εp + µ ≈ µ. Going
to higher orders in the Born approximation gives a geometric series
Ueff


n
∞ 
X
−εp
U

.
=U
U N0 ln √
=
−εp
µ~ω
c
√
1
−
U
N
ln
n=0
0
µ~ωc

(3.6)

This corresponds to the ladder approximation, shown in the Fig. 3.2, and it will be
encountered again later.
The effective interaction Ueff has a pole when the denominator becomes zero,
i.e.
εp = ε0 ≡

p

µ~ωc e1/N0 U .

(3.7)

Because of the exponential factor e1/N0 U , where U is small and negative, the pole
is located very close to the Fermi surface εp ≈ 0. This means that fermions close
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F IGURE 3.2 The ladder approximation corresponds to a series of higher and higher
ordered scattering events.

F IGURE 3.3 The Cooper instability occurs in the scattering of two fermions on the
Fermi surface with equal but opposite momenta. The system avoids the instability by
forming an energy gap at the Fermi energy. This signals the phase transition to the
superfluid phase.

to the Fermi surface will interact resonantly with their pair on the opposite side
of the Fermi sphere. The many-body system reacts to the divergence by forming
zero-momentum pairs from fermions on the Fermi surface, see Fig. 3.3. The pair
formation lowers the energies of the fermions, leaving a gap in the density of states
around the Fermi energy. This is the Cooper instability, showing that even a weak
attractive interaction is sufficient for breaking the normal Fermi sea. The energy
gap or the binding energy ∆ of the Cooper pairs can be measured, and it will be
encountered below frequently.
Notice that the appearance of the Cooper instability depends on the fact of
having a filled Fermi sea as the resonance vanishes for µ = 0. Indeed, the energy of
the Cooper pair can be shown to be positive but less than the Fermi energy. Therefore only atoms close to the Fermi surface will find the bound state as really ’bound’,
allowing them to reduce their energy by binding. This is in contrast to stable molecular states that correspond to negative energy pairs, and therefore do not require the
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presence of a many-body system.

3.3

BCS theory

The microscopic theory of superconductivity was formulated by Bardeen, Cooper
and Schrieffer [6]. The BCS theory starts with the assumption that fermions (for
example electrons in a superconducting metal) feel an attractive interaction and they
can form pairs. As the previous section on Cooper instability hinted, the pairing
occurs mostly between atoms of equal (but opposite) momenta.
The theory starts with an ansatz for the ground state wavefunction
|ΨBCS i =

Y

uk +

vk ĉ~†k↑ ĉ†−~k↓



|0i,

(3.8)

~k

where uk and vk are variational parameters (Bogoliubov coefficients), and each pair
of the creation operators ĉ~†k↑ ĉ†−~k↓ creates a zero-momentum pair (Cooper pair) into
the vacuum state |0i. Notice that the number of atoms (or pairs) in the BCS ground
state is not fixed, as the trial wavefunction is not an eigenstate of the number operator.
The variational parameters uk and vk are determined by minimizing the energy
of the system and by the normalisation u2k + vk2 = 1. The energy is given by the BCS
Hamiltonian operator
ĤBCS =

X

k ĉ~†kσ ĉ~kσ + U

~kσ

X

ĉ~†k↑ ĉ†−~k↓ ĉ−~k−~q↓ ĉ~k+~q↑ ,

(3.9)

~k,~
q

2 2

where k = ~2mk − µ is the single particle energy of a non-interacting fermion, µ is the
chemical potential, and U is the interaction energy (attractive, hence U is negative)
between the fermions of different spins. This is the same Hamiltonian as in Eq. (3.3)
but for zero-momentum Cooper pairs.
The energy of the trial wavefunction (3.8) is now

E = hΨBCS |ĤBCS |ΨBCS i =

X
~k

2k vk2 + U uk vk


X

u~k+~qv~k+~q .

(3.10)

q~

The q-sum on the right hand side does not depend on ~k for periodic boundary conP
ditions or an infinite system, and we can define ∆ = −U q~ uq vq . Minimizing the
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energy yields

1
=
1+
2

1
2
1−
vk =
2

u2k

and
uk v k =


k
Ek

k
,
Ek

∆
,
2Ek

(3.11)

(3.12)

p
where Ek = 2k + ∆2 is a quasiparticle energy. These equations will be encountered also later, but now it is important to understand that these equations follow
from the assumptions on the two-body scattering process and the presence of the
Fermi sea. The ∆ turns out to be the superfluid order parameter that vanishes above
some critical temperature Tc . The order parameter ∆ has also the role of an energy
gap, producing a region with a zero density of states around the Fermi energy. This
gap allows the system to avoid the Cooper instability, and it can be solved from
its definition as an implicit integral equation. Generalised to finite temperatures, it
reads
Z
1 − 2nF (Ek )
1 = −U d3~kN (k)
,
(3.13)
2Ek
where nF (x) = 1+e1 βx is the Fermi-Dirac distribution and N (k) is the density of momentum states [3]. Notice that the integral is ultra-violet divergent. This is an artifact
from the assumption of delta function interaction. The integral is often regularised
by simply removing the divergent part [51] or by introducing a high energy cutoff [47].
For a deeper understanding of the superfluidity, it is useful to derive it also
using the canonical transformation (and later also diagrammatically with Green’s
functions). However, I will only list the results here and discuss a few points.

3.3.1

Canonical transformation

The objective of the canonical transformation [27] is to diagonalise the BCS Hamiltonian (3.9). This is done in the mean-field approximation, where the four-operator
product in the interaction term is replaced by two operators and an expectation
value. This decomposition can be written as
ĉ~k↑ ĉ−~k↓




= hĉ~k↑ ĉ−~k↓ i + ĉ~k↑ ĉ−~k↓ − hĉ~k↑ ĉ−~k↓ i ,

(3.14)

where the latter term on the right hand side is the fluctuations around the mean
field. Keeping the fluctuations only to the first order results in the following mean-
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F IGURE 3.4 The superfluid order parameter (the pairing gap) as a function of temperature for several interaction strengths (kF a)−1 . The temperature dependence shows
the second-order phase transition at the critical temperature Tc where the order parameter vanishes. The curves have been obtained using simple BCS theory that does
not describe properly strongly interacting systems. Thus the plots must be considered
only at a qualitative level.

field Hamiltonian



ĤHF =

X
~kσ

k ĉ~†kσ ĉ~kσ +

X
~k

U

X

hĉ†q~↑ ĉ†−~q↓ iĉ−~k↓ ĉ~k↑ + h.c. ,

(3.15)

q~

where the subscript HF stands for Hartree-Fock approximation. Here we denote
P
−U q~hĉ†q~↑ ĉ†−~q↓ i = ∆, which is the same order parameter ∆ obtained above. This
allows the interpretation of the order parameter as the strength of the Cooper pair
condensate field. This is an analogy to the Bose-Einstein condensate order parameter
hb̂i, where b̂ is the annihilation operator of a boson. In this mean-field approximation,
the ground state is not an eigenstate of the number operator.
The diagonalisation of the above Hamiltonian operator is a straightforward
task, as it separates into mutually commuting operators for each ~k-state. This is performed by the Bogoliubov transformation [27]
ĉ~k↑ = uk γ̂~k↑ + vk γ̂−† ~k↓
ĉ†−~k↓ = uk γ̂−† ~k↓ − vk γ̂~k↑ ,

(3.16)

where γ̂~kσ are (fermionic) quasiparticle operators and the Bogoliubov coefficients
(the same as the variational parameters above) are to be determined from the diag-
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F IGURE 3.5 The density of states (left picture) of a fermionic superfluid shows the
appearance of a gap at the Fermi energy (here ∆ = 0.1 EF . The increase of the gap
is reflected as broadening of the Fermi surface (right picture). For noninteracting gas
(∆ = 0) the Fermi surface is sharp.

onalisation and from the normalisation u2k + vk2 = 1. The result is
X
†
ĤHF = C +
Ek γ̂~kσ
γ̂~kσ ,

(3.17)

~kσ

p
where Ek = 2k + ∆2 and C is a real number. The operator γ̂~kσ destroys a quasiparticle with momentum ~k. However, the spin index σ should not be mixed with the
spin of the real particles, as the quasiparticle operators are combinations of the both
(real) spin states.
The canonical transformation allows the study of single particle excitations of
the superfluid. The quasiparticle energies Ek are the eigenenergies of the system,
and the excitations correspond to creation of these quasiparticles. Notice that while
the number of real particles is not fixed in the system, the number of quasiparticles
is fixed as the quasiparticle number operator commutes with the Hamiltonian. The
quasiparticle spectrum, or the density of states, can be experimentally determined
by measuring the I-V curve across a normal metal - superconductor tunnel junction
(for a metallic superconductor), or by using radio-frequency spectroscopy [84] (for
atomic Fermi gas).
Both the variational approach and the canonical transformation are more or
less limited to the BCS region, meaning weakly interacting fermions. In order to be
able to describe strong interactions, the BCS theory needs to be extended to include
also the fluctuations of the Cooper pair field. This is the region where most of the
experiments with superfluid Fermi gases have been done, and therefore we need to
consider also the Green’s function approach.
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Green’s function

The Green’s function tells the probability that a particle initially (at time t0 ) in a state
i will end up in state f after a time t − t0 . That is,
G(i, t0 ; f, t) = hΨ|T ĉf (t)ĉ†i (t0 )|Ψi,

(3.18)

where T is the time ordering operator and the expectation value is calculated in
some given state |Ψi of the total system. The state |Ψi can be some specific state
(often a ground state) if one knows it, but often one does not know the state of the
system beforehand and the point of the Green’s function technique is to find it. This
kind of solution where the Green’s function also determines the state |Ψi is called
self-consistent.
I will now introduce a diagrammatic representation as the underlying physics
is often easier to explain in this representation. The starting point is the interaction
picture presentation of the Green’s function. Starting with the mean-field HamiltoP
nian in Eq. (3.15), we write it in the form Ĥ = Ĥ0 + V̂ , where Ĥ0 = ~kσ k ĉ~†kσ ĉ~kσ and


X
X † †
U
V̂ =
hĉq~↑ ĉ−~q↓ iĉ−~k↓ ĉ~k↑ + h.c. .
(3.19)
~k

q~

The Green’s function in Eq. (3.18) was written in the Heisenberg picture, where the
states do not depend on time. In the interaction picture the same Green’s function is
G(i, t0 ; f, t) = hφ|Ŝ(t, −∞)† ĉf (t)Ŝ(t, t0 )ĉ†i (t0 )Ŝ(t0 , −∞)|φi,

(3.20)

where the time evolution is treated using the scattering S-matrix


−i
Ŝ(t, t ) = T exp
~
0

Z

t


dt1 V̂ (t1 ) .

(3.21)

t0

In the interaction picture, the state is |Ψi = Ŝ(0, −∞)|φi and the time dependence
of the operators is Ô(t) = eiĤ0 t/~ Ô(0)e−iĤ0 t/~ . The purpose of the scattering matrices Ŝ(t, −∞) is to make sure that the system is in the ground state when Green’s
function is evaluated. If the state |φi is the ground state of the Hamiltonian Ĥ0 , the
adiabatic switching on of the perturbation V̂ will bring the system into the ground
state of the full Hamiltonian Ĥ [27]. In principle one would like to have also an adiabatic switching factor e−ν|t|/~ in the perturbation V (t). On the other hand, if the state
at t0 = 0 is known, then parts from the t = −∞ to t = t0 can be neglected. This is the
case of radio-frequency spectroscopy, where the pulse begins at some time t0 = 0,
lasting for time T . At the beginning of the pulse, the state is given by the equilibrium BCS-type calculation and the effect of the rf-pulse is to drive the system out of
equilibrium.
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F IGURE 3.6 The expanded S-matrix describes paths where the perturbation V̂ operates at a set of discrete times t1 , t2 , . . . , tn . Rest of the time the system propagates as
governed by the unperturbed Hamiltonian H0 , giving a simple phase factor when in
the basis of H0 .

The S-matrix can be expanded as a time ordered series
0

Ŝ(t, t ) =

n Z
∞ 
X
−i
n=0

~

t

t0

Z

tn

Z
dtn−1 . . .

dtn
t

t2

dt1 V̂ (tn ) . . . V̂ (t1 ).

(3.22)

t

This can be interpreted as follows: the S-matrix operates on a state |Ψ0 i at time
t0 and takes it into a new state by the time t. From time t0 to time t1 the system
does the trivial time-evolution as governed by the Hamiltonian Ĥ0 . This is a simple
process, as the operator Ĥ0 is diagonal. Then at time t1 the system is perturbed by
the interaction operator V̂ and we get to a new state |Ψ1 i. This state is again easy to
evolve for a time t2 − t1 and the process is then repeated until in the end the state
has propagated to time t0 . As one already sees, this simple process (or a path) is
hard to describe by words, so it is easier to make a picture of it. This leads us to the
diagrammatic representation as shown in Fig. 3.6.
The perturbative approach alone is not sufficient for explaining superfluidity,
as even the simple BCS theory requires terms of arbitrary high order. This problem
is overcome by doing resummations of sets of diagrams. The starting point is the
Dyson’s equation, which can be formally written as
G = G0 + G0 ΣG.

(3.23)

Here G0 is called bare Green’s function (or propagator), and it describes the propagation of a particle in the absence of any interactions, G is the full (often called
dressed) Green’s function from Eq. (3.20), and the self-energy Σ describes interactions. The Dyson’s equation can be drawn diagrammatically as shown in Fig. 3.7.
As is evident from Eq. (3.23), even a simple form for the self-energy generates an
infinite series of terms to the full Green’s function. In order to avoid counting same
terms twice, we assume that the self-energy is connected, meaning that what ever
diagrams are included in the bubble, they cannot be split in two by cutting a single
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F IGURE 3.7 The Dyson’s equation in real-time Green’s functions. The full Green’s
function is depicted as a bold arrow and the free propagation (in the absence of any
interactions) is drawn as a thin arrow. The interactions are described by the bubbles
called self-energy Σ. The equation generates an infinite series of terms as shown in the
right hand side of the diagrammatic equation.

particle line, see Fig. 3.8.
The full diagrammatic representation of the BCS-theory is shown in Fig. 3.9 [53].
It is not explicitly in the form of the Dyson’s equation, but it can be written in that
form by using Nambu formalism which replaces the Green’s functions by 2x2 matrices. The diagonal elements describe the single particle propagators and the offdiagonal parts are called anomalous propagators. In the BCS limit, the anomalous
propagator is F (t0 , t) = hĉ†↑ (t)ĉ†↓ (t0 )i, and it is denoted in the BCS diagrams in Fig. 3.9
by double headed arrow. It describes the Cooper pair field and how the interactions
bind or break pairs from/to two particles.
The simple mean-field BCS theory that has now been discussed from three different points of view (using variational approach, canonical transformation, and the
Green’s function technique) can now be extended for strongly interacting systems
by choosing different forms for the self-energy.

3.4.1

Beyond the mean-field approximation

An alternative approach to the Dyson’s equation is to calculate equations of motion
for the annihilation and creation operators, c~kσ and c~†kσ . The interaction term in the
Hamiltonian couples these to the single-particle Green’s functions, and these in turn
are coupled to two-particle Green’s functions [40]. This produces an infinite series
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F IGURE 3.8 In order to avoid counting same terms twice, the self-energy needs to
be connected (or proper). A connected self energy (left) cannot be split into two by
simply cutting a single particle line. The self-energy on the right is not connected.

F IGURE 3.9 The diagrammatic representation of the BCS theory consists of two coupled equations for the two Green’s functions: dressed single-particle Green’s function
and the anomalous Cooper pair field.

that needs to be cut or truncated at some point. The two-particle Green’s function is
0 0

Gα2 β ;αβ (t01 , t02 ; t1 , t2 ) = hΨ|Tt ĉα (t1 )ĉβ (t2 )ĉ†β 0 (t02 )ĉ†α0 (t1 )0 |Ψi

(3.24)

where Tt is a time-ordering operator and the states α, β, α0 , and β 0 correspond to the
spin and momentum indices. This has actually been met before in conjunction with
the Born approximation in the two-particle scattering although without the Green’s
function language. However, the connection becomes clear when doing the ladder
approximation to the two-particle propagator as shown in Fig. 3.10. The effective
scattering of two particles in state p + q,−p + q into state p0 + q,−p0 + q is given by the
T-matrix that satisfies the relation [57, 59]
X
T (Q) = U − U
G(P + Q)G(−P + Q)T (Q),
(3.25)
P
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F IGURE 3.10 The two-particle Green’s function in the ladder approximation. The
T-matrix functions as an effective interaction between the particles.

where the variables P and Q contain both momenta p~, ~q and fermionic and bosonic
Matsubara frequencies iωn , iΩm , respectively (in order to keep discussion simple
here, I am not going to any details of Matsubara technique). The T-matrix can be
solved to give
U
T (Q) =
,
(3.26)
1 + χ(Q)
P
where χ(Q) = U P G(P + Q)G(−P + Q) is called the pair susceptibility. Using the
T-matrix, the self-energy of the single-particle Green’s function can be written as
Σ(P ) =

X

T (Q)G(Q − P ),

(3.27)

P

and the single-particle Green’s function is now
G(P ) = G0 (P ) + G0 (P )

X

T (Q)G(Q − P )G(P ).

(3.28)

Q

Upon writing the self-energy Eq. (3.27), the two Green’s function approaches
are connected. Different approximations for the Green’s functions in the pair susceptibility χ(Q) and the self-energy produce different generalisations of the BCS
theory [77, 18]. In addition, the above discussion can be repeated using the Nambu
formalism and the 2x2-matrix Green’s functions, leading into a different set of theories [57, 71, 33, 58].
According to the Kosterlitz-Thouless criterion, the superfluid phase transition
takes place when the T-matrix generates a pole at zero momentum (and Matsubara
energy) T (0)−1 = 0 in analogy to the Cooper instability discussed earlier. Neglecting
the uncorrelated parts of the two-particle propagator, the T-matrix has the form of a
boson propagator. The appearance of the pole at zero momentum corresponds to a
zero chemical potential in a Bose gas and hence the creation of a BEC. The fermionic
superfluidity can now be understood as a Bose-Einstein condensation of fermion
pairs [26, 51].
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4 Trapped Fermi gases
A trapped Fermi gas does not feel a box-like confinement but an approximatively
harmonic potential. Therefore the external potential in the Hamiltonian in Eq. (3.1)
is replaced by
1
Vext (~r) = mω 2 r2 ,
(4.1)
2
where ω is the trapping frequency of the (spherically symmetric) trap. Expanding the field operators in the eigenstates of the potential leads to the BogoliubovdeGennes (BdG) equations [24] in the harmonic oscillator basis. Another option is
to treat the system in local density approximation (LDA), where the system is treated
locally as a uniform system but the chemical potential becomes position dependent
µ → µ − Vext (~r). This approach will be described first.

4.1

Local density approximation

In the local density approximation, the spatially inhomogeneous system is locally
approximated as a homogeneous system. Assuming a grid of M points in the position space, the variables to be solved are the chemical potential µ and the gap for
each M points ∆(r). However, the gap equations for different points do not explicitly depend on each other, but only through the chemical potential. This simplifies
the problem significantly, as fixing the chemical potential separates the solutions for
the gaps.
How the gap equation and the densities are solved, depends on the given theory. LDA allows an easy way to implement different generalisations of the BCS theory on trapped gases as it is sufficient to solve the problem for a uniform system.
The validity of the approximation depends on the different length scales of the system, such as the extent of the atom wavefunctions 1/kF , the interaction range, and
the pair size. All these length scales tell the range at which atoms are correlated. If
the length scale of the external potential is much larger than these correlation length
scales, it is reasonable to assume that atoms do not feel the gradient of the trapping
potential. Hence they can be treated as in a uniform system. Often all these length
scales boil down
p to the Fermi scale, giving for the region of validity kF rosc  1,
where rosc = ~/mω is the oscillator length of the trapping potential of frequency
ω.
31

32

4. TRAPPED FERMI GASES

Potential energy

Trapping potential
Chemical potential
LDA trapping potential
LDA effective chemical potential

−R_TF

0
Distance from the center

R_{TF}

F IGURE 4.1 In local density approximation, the atom cloud is divided into a set of
’bins’. In each bin the system is assumed to be locally uniform, with the effective
chemical potential µ(r) = µ − V (r) varying as a function of position, where V (r) is the
external trapping potential. The number of bins is then increased to get continuous
density and gap profiles. RTF is the radius of the atom cloud.

For systems with large numbers of atoms, this condition is usually satisfied.
In the limit of small numbers of atoms, the local density approximation is unable
to describe the nonlocal nature of atomic wavefunctions. A similar problem arises
at the edges of the traps, where the density of the gas is very low. Here the effective kinetic energy of the atoms is low (or the effective local Fermi energy is small)
so that the wavefunctions are spread over large distances. However, the local density approximation calculations are very useful because of the simplicity but also as
a benchmark for other approaches. For example, the Bogoliubov-deGennes (BdG)
approach discussed below is good in the limit of small atom numbers. Comparisons with the local density approximation can be used to find out how strongly
the BdG results depend on finite size effects that should vanish in the limit of large
systems [12, 29].

4.2

Bogoliubov-deGennes equations

If one does not want to resort to the local density approximation, one ends up with
the Bogoliubov-deGennes equations in some basis. The main difference is that now
the values of the gap or the order parameter at different points explicitly depend on
each other.
Analogously to the canonical transformation for the ordinary BCS-theory, I
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start by doing the mean-field approximation for the order parameter [61, 62]
∆(~r) := −U hΨ̂↑ (~r)Ψ̂↓ (~r)i

(4.2)

nσ (~r) := hΨ̂†σ (~r)Ψ̂σ (r)i.

(4.3)

and the density
This gives the following mean-field Hamiltonian
Z
XZ
3
†
ĤMF =
d ~r Ψ̂σ (~r) Kσ (~r)Ψ̂σ (~r) + d3~r ∆(~r)Ψ̂†↑ (~r)Ψ̂†↓ (~r) + h.c.
σ

+U

XZ

3

d

~r nσ (~r)Ψ̂†σ̄ (~r)Ψ̂σ̄ (~r)

Z
−

σ

|∆(~r)|2
,
d ~r
U

(4.4)

3

where the third term describes the Hartree interaction between atoms of opposing
spins σ and σ̄. Here I have added spin-dependence to the Kσ (~r) operator by replacing the chemical potential µ by the chemical potential of the different spin states µσ .
The purpose is to be able to describe also polarised gases with different numbers of
atoms in the two components.

Still following the path of the canonical transformation, I expand the field operators in the basis of the eigenstates of the symmetric 3D-harmonic oscillator (compare with the plane wave expansion in the uniform case)
Ψ̂σ (~r) =

X

Rnl (r)Ylm (Θ)ĉnlmσ ,

(4.5)

nlm

where
Rnl (r) =

√

s
2 (mω)3/4

r2
n!
l+ 1
e− 2 rl Ln 2 (r2 ),
(n + l + 1/2)!

(4.6)

l+1/2

where Ln (r2 ) is the Laguerre polynomial, Ylm (Θ) are the spherical harmonics,
and the operator ĉnlmσ destroys an atom with the spin σ from the state nlm. Inserting
these into the Hamiltonian gives
ĤMF =

XX
σ

+

(2l + 1)nlσ ĉ†nlσ ĉnlσ +

nn0 l

†
l
Jnn
0 σ̄ ĉnlσ ĉn0 lσ

nn0 lσ

nl

X

X

†
†
l
Fnn
0 ĉnl↑ ĉn0 l↓

Z
+ h.c −

|∆(~r)|2
.
d ~r
U

(4.7)

3

where I have used the spherical symmetry of the trap to get rid of the spherical
harmonics Ylm (Θ) and the angular m quantum numbers. The single particle energies
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F IGURE 4.2 The field operators, and hence all spatial profiles (such as density and
gap profiles) are expanded in the basis of the eigenstates of the harmonic potential.
Here are shown the radial parts Rnl (r).

are nlσ = ~ω(2n + l + 3/2) − µσ , the condensate interaction factor
Z ∞
l
Fnn0 =
dr r2 Rnl (r)∆(r)Rn0 l (r),

(4.8)

0

and the Hartree interaction factor
Z
Jnn0 lσ = U

∞

dr r2 Rnl nσ (r)Rn0 l (r).

(4.9)

0

As in the usual BCS theory, the gap equation has an ultra-violet divergence
that can be regularised by using a cutoff energy ~ωc . Thus, we truncate the Hilbert
space by keeping only the single-particle states with the energy nl ≤ ~ωc . However,
introduction of the cutoff requires also a renormalisation of the interaction parameter. In Ref. [12] the regularisation was taken care of by using pseudopotentials. Here
I will use the regularisation procedure proposed in Ref. [16], see also [29].
The resulting finite dimensional Hamiltonian can now be diagonalised, by notP
ing that it separates for different l-quantum numbers. Thus, I write Ĥ = C + l Ĥl ,
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where





Ĥl = 
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(4.10)

where N is the highest n-quantum number satisfying nl ≤ ~ωc (notice that it does
depend on the value of l) and the constant
C=

X

(2l + 1)nl↓ +

l
Jnn

Z

d3~r

−

nl

|∆(~r)|2
.
U

(4.11)

Each Ĥl can now be diagonalised separately, giving the eigenvalues Ejl , where

l
j = 1, . . . , 2N , and the corresponding eigenstates Wn,j
. Now we can derive
n=1,...,2N
the following self-consistent equations for the order parameter
∆(r) = U

X 2l + 1
nn0 l

4π

Rnl (r)Rn0 l (r)

N
X

WNl +n,N +j Wnl 0 ,N +j

(4.12)

j=0

and the densities
n↑ (r) =

X 2l + 1
nn0 l

4π

Rnl (r)Rn0 l (r)

n↓ (r) =

nn0 l

4π

l
l
Wn,N
+j Wn0 ,N +j

(4.13)

WNl +n,j WNl +n0 ,j .

(4.14)

j=0

and
X 2l + 1

N
X

Rnl (r)R (r)
n0 l

N
X
j=0

These equations are solved iteratively and the chemical potentials µσ are varied in order to keep the numbers of atoms fixed. The density and gap profiles for
a unitary Fermi gas at zero temperature obtained using both local density approximation and Bogoliubov-deGennes approach are shown in Fig. 4.3. The excellent
agreement between the LDA and BdG results shows that the finite size effects of
the BdG approach do not play a major role. On the other hand, the BdG results can
be used as a benchmark for the LDA calculations in more complicated systems, for
example in polarised gases [43, 38] (Publications IV and V).
Now we can solve the ground state of the system, and at least in the local density approximation we can even calculate the critical temperature of the superfluid
phase transition. In the perturbative approach discussed in this thesis, this equilibrium state is the basis for all further studies. What we need is tools to study the
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F IGURE 4.3 The density and gap profiles obtained from the LDA (left) and BdG (right)
calculations for a resonantly interacting (unpolarised) Fermi gas ((kF a)−1 = 0.0). BdG
calculations were done for 18000 atoms.

various properties of the superfluid Fermi gas experimentally, thus confirming or
rejecting our underlying assumptions on superfluidity. Lasers and radio-frequency
fields are ideal tools for pinching, poking, drilling, and banging the atom cloud,
and even for simply taking a picture of it. In the next chapter, I will describe the
interactions between atoms and electromagnetic radiation.

5 Radio-frequency spectroscopy
5.1

The nature of atom-light interaction

Lasers and radio-frequency fields are used extensively in the atom gas experiments.
They are essential for trapping, cooling, and imaging the atoms, but they are also
used in many ways for perturbing the cloud in order to see dynamic as well as static
properties. I will first study a single atom in an electromagnetic field.

5.1.1

Atom in an electromagnetic field – the dipole approximation

To start with, a system of charged particles (the nucleus and the electrons that compose the atom) in an electromagnetic field is described by the Hamiltonian [21]

 i2 X 
X 1 h
q
ˆ
α
~ ~rˆα
~ˆ ~rˆα ) + V̂atoms + Ĥlight , (5.1)
Ĥ =
p~ˆα − qα A
+
Sα · B(
−gα
2mα
2mα
α
α
where the first term describes the kinetic energy of a particle α with charge qα in
~ˆ ~rˆ). The second term represents the interacthe presence of the vector potential A(
~ˆ ~rˆ). This term
tion energy of the spin magnetic moments in the magnetic field B(
is often (for low-energy photons or long wavelength electromagnetic field) much
smaller than rest of the terms and therefore neglected. The last two terms describe
the particle-particle interactions (for example the interactions between the electron
and the nucleus) and the energy of the electromagnetic (light) field in the absence of
any particles.
Assuming a cubic box (of size L3 ) with periodic boundary conditions, the possible states of the electromagnetic field become discrete modes characterised by
wave vectors 2π
(nx , ny , nz ). Denoting the different modes and polarizations by j,
L
~ˆ can be written as (and we take it here as a definition, for a
the vector potential A
more thorough discussion, see Ref. [21])
~ˆ ~rˆ) =
A(

s
X
j



~2
† −i~kj · ~
i~kj · ~
rˆ
rˆ
~

â
e
+
â
e
j
j
j
2ε0 ~ωj L3

(5.2)

where ε0 is the permittivity of free space, ~ωj is the energy of the mode j, ~j is the
37
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F IGURE 5.1 If the wavelength of the light is much longer than the size of an atom, the
atom behaves as if it were a single large dipole. This is the dipole approximation.

polarization, and the operators aj and a†j annihilate and create photons in the state
j. In the same way we can write the electric field (will be needed later)
X
~ˆ ~rˆ) =
i
E(
j

r



~ωj
† −i~kj · ~
i~kj · ~
rˆ
rˆ
~j âj e
− âj e
.
2ε0 L3

(5.3)

If the wavelength of the light field is much longer than the typical size of an
atom (already true for ultraviolet light), all particles inside the atom will feel the
~ is the position of the
same field justifying approximation Â⊥ (~rˆα ) = Â⊥ (R), where R
atom (chosen to be the origin). Defining the electric dipole moment operator [21]
ˆ X ˆ
d~ =
qα~rα ,

(5.4)

α

the above Hamiltonian can be written in the form (here I have neglected the spin
magnetic moments)


X p~2
X
†
α
~
Ĥ =
+ dip + d ·
Eωj i~j âj − âj
2mα
α
j


X
1
†
+
~ωj âj âj +
+ V̂atoms + Ĥlight ,
2
j
0

where the constant
dip =


2
X ~j · d~
j

and Eωj

2ε0 L3

,

(5.5)

(5.6)

p
= ~ωj /2ε0 L3 . The interaction between the atoms and the light field is now
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described by
Ĥa−l



ˆ X
ˆ ~ˆ ~
†
~
:= d ·
Eω| i~j âj − âj = −d~ · E(
0),

(5.7)

j

where a-l subscript is short for ’atom-light’. This can be generalised to any num~ˆ
~ˆ R
~ n ), where R
~ n is the position of atom n, and
ber of atoms, by replacing E(0)
→ E(
summing over all atoms n.

5.1.2

A two-level atom

Let us consider a single atom for a moment longer. Assume a two-level atom with
the ground state |gi and an excited state |ei coupled by a monochromatic (meaning
that only one mode j is present) electromagnetic field with energy ~ωj = ~ωEM , i.e.
~ˆ r) =
E(~

r


~ωEM  i~k · ~r
† −i~k · ~
r
~

âe
−
â
e
.
20 L3

(5.8)

Writing then the electric dipole operator in the form [21]
ˆ
d~ = d~ge (|gihe| + h.c.) ,

(5.9)

the atom-light interaction Hamiltonian becomes (assuming the atom is at the origin)

Ĥa−l = −Ω â|eihg| + â† |gihe| + â|gihe| + â† |eihg| ,
q
EM ~
d · .
where the constant Ω = ~ω
20 L3 ge

(5.10)

The first two terms on the right describe processes in which the atom absorbs
a photon and becomes excited or vice versa. The last two terms describe processes
in which either the atom absorbs a photon and drops from the excited state to the
ground state or emits a photon and gets excited. When considering resonant processes (that is, processes in which the energy is conserved) the latter two events are
very improbable. Neglecting the last two terms is called the rotating wave approximation (reason for the name will become clear below). If the number of photons
is large, adding or removing one does not affect the electromagnetic field but simply gives (or takes) an energy ~ωEM from the atom. Therefore we can remove the
photon operators â and â† (a semiclassical approximation) but in order to get the energies correct, we will add factors N eiωEM t and N e−iωEM t . The exponential functions
guarantee the correct phase (the additional phase shift comes from the energy shift
of ±~ωEM caused by the creation/annihilation of one photon) and N is the photon
density, determined by the intensity of the field. Often the absolute value of N is not
known.
The total time-dependent Hamiltonian Ĥ(t) = Ĥ0 + Ĥa−l (t) describing the two-
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F IGURE 5.2 The two-level atom can a) excite to state |ei (the dashed arrow) by absorbing a photon (the wiggly line), b) drop to the ground state |gi by emitting a photon,
c) excite while emitting a photon, or d) drop to ground state while absorbing a photon. The last two processes violate the energy conservation and are neglected in the
rotating wave approximation.

state atom is now

Ĥ(t) = g |gihg| + e |eihe| − Ω eiωEM t |eihg| + e−iωEM t |gihe|


g
ΩeiωEM t
=
,
Ωe−iωEM t
e

(5.11)

where we have included the photon density N in the atom-field coupling Ω that
is now proportional to the intensity of the electromagnetic field. This equation can
also be derived by starting from a classical electromagnetic field. In that picture,
the rotating wave approximation corresponds to taking time average of the field.
Terms that wildly violate the energy conservation will be very rapidly oscillating
and therefore average out.
The time-dependent Hamiltonian can be written in a time independent form
by rotating the coordinate system at the frequency ωEM . Writing the Hamiltonian in
the basis of Pauli spin matrices Ŝi
Ĥ =

g + e
g − e
Î +
Ŝz + cos(ωEM t)Ŝx + sin(ωEM t)Ŝy ,
2
2

(5.12)

the x,y and z components can be interpreted as components of a magnetic field,
around which the dipole rotates. The rotating wave approximation corresponded to
neglecting the component of the ’magnetic field’ that rotated in the opposite direction to the dipole.
In the rotating coordinate system the rotation of the dipole around the z axis is
slower. Therefore the z-component of the magnetic field is lower, see Fig 5.3, meaning that the energy difference between the two spin states is reduced. This means
that the field can supply the atom with energy for inducing transitions between the
two states. Simple algebra leads to the time independent Hamiltonian (up to a constant)
 δ

−2 Ω
Ĥ =
,
(5.13)
Ω 2δ

5.1. THE NATURE OF ATOM-LIGHT INTERACTION

41

F IGURE 5.3 A dipole Φ in a magnetic field B rotates around the magnetic field
axis (left figure). The dipole rotates slower in a rotating coordinate system, meaning
that effectively it feels a weaker magnetic field B 0 (right figure). In addition, the xycomponent of the magnetic field tilts the rotation axis. These effects induce transitions
between the different spin-states.

e
where δ = g −
−~ωEM is the detuning energy of the field. The detuning energy δ can
2
be varied by changing the frequency of the field ωEM , and the coupling strength Ω
is determined by the intensity of the field. This Hamiltonian describes the simplest
possible (nontrivial) quantum mechanical system, the two-state system. Solving the
time evolution, the probability for an atom initially (at t = 0) in state |gi to be found
after a time t in state |ei is

Ω
Pe (t) = √
sin
δ 2 + Ω2

√

δ 2 + Ω2 t
2~

!

2

,

(5.14)

This describes coherent Rabi oscillations [21] between the two states at the Rabi
√
frequency ωR = δ 2 + Ω2 /~, see Fig. 5.4. The amplitude of the oscillations follows
Γ
the Lorentzian form L(x) = π1 x2 +Γ
2 , where the linewidth Γ is given by the coupling
strength Ω.
To summarise, the external electromagnetic field induces transitions between
different states of the atom. The field provides both the coupling Ω and the required
energy δ that can be varied by controlling the intensity and the frequency of the
field. This simple model can be used to create more elaborate models.
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F IGURE 5.4 The probability of finding the atom in the excited state |ei as a function
of time shows Rabi oscillations. The amplitude and the frequency of the oscillations
changes with the detuning δ.

5.1.3

Decoherence

The effect of decoherence [85] can be introduced to our simple model by measuring the state at random moments. This dampens the coherent Rabi oscillations, see
Fig. 5.5. In general, decoherence arises from interactions with a continuum of states
(or at least a very large number of states). This can be described by a density matrix
ρ, that for a two-level atom is a 2x2-matrix

ρ=

pg C
C ∗ pe


.

(5.15)

The diagonal elements pg and pe give the probabilities that the state of the atom,
if measured, would yield eigenstate |gi or |ei. The off-diagonal elements are called
coherences, and they tell the amount of coherence left in the state of the atom. Maximally coherent states are called pure states and they satisfy |C|2 = pg pe . In contrast,
a completely decoherent sample (i.e. C = 0) corresponds to a statistical mixture of
the two states. When the state of the system is measured, it loses its coherence and
the off-diagonal terms vanish. However, since the density matrix formalism is used
in context of ensembles of quantum systems, the diagonal elements are in principle
unchanged.
If the two-level atom is interacting with a large number of degrees of free-
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F IGURE 5.5 Introducing decoherence by measuring the state on average at every
t = tdec = tcoh dampens the Rabi oscillations. The curves are obtained by averaging
over a large number of simulations. A single simulation would produce a curve that
would be jumping between the two states, as a measurement necessarily collapses the
state of the atom into either of the two eigenstates.

dom (the continuum), the system is in principle described by a huge density matrix, spanned by the whole Hilbert space of the total system. However, the density matrix of the single atom can be obtained by tracing over the continuum of
states. However, for most kinds of interactions, this will cause a decay of the offdiagonal elements of the density matrix in Eq. (5.15). Often the decay is exponential,
i.e. C(t) = C(0)e−t/tdec [21], where the decoherence time tdec gives the characteristic
timescale in which the quantum state of the atom will collapse. This decay can be
interpreted as a measurement, with the ’observer’ being the continuum of states.
Reversing this, the effect of decoherence can be described by randomly measuring
the state of the system (in an ensemble of systems) with the expectation value for the
time between the measurements given by tdec (this too gives an exponential damping to coherences C).
Usually, atom gas experiments boast very long coherence times, giving raise
to phenomena such as Rabi oscillations and other interference effects. By using coherent light or radio-frequency field, the atoms are coupled to only a few degrees of
freedom, helping to conserve the coherence of the atom states. On the other hand,
atom-atom interactions themselves are a source of decoherence as each atom is coupled to all other atoms. However, for degenerate fermionic gases, meaning gases at
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very low temperatures, the Pauli blocking helps to conserve coherence even with
very strongly interacting gases, by forbidding most of the possible scattering processes.
However, interactions between the atoms produce important correlations that
cannot be described with the simple picture used above. As the time evolution becomes more complicated, we will need better tools for describing it. Describing the
atom-light interaction perturbatively allows us to include the atom-atom interactions in more detail. Thus, in the following, I will discuss the simple time-dependent
perturbation theory.

5.2

Perturbative approach to rf-spectroscopy

In the perturbative approach, the time evolution of the system is expanded in terms
of some perturbing potential V . Here we choose as the perturbation the off-diagonal
elements of the Hamiltonian (5.13) that describe the coupling between the two atomic
states, generated by the surrounding electromagnetic field.

5.2.1

First-order perturbation theory

Usually, the perturbative approach is valid when the ’effect of the perturbation’ is
small. That is, when the perturbation V is weak as compared to other energy scales
in the system H0 and the state of the system does not change significantly due to the
perturbation. In the present context this basically means that ΩT /~  1. With these
assumptions, the lowest order terms dominate and the higher order terms can be
neglected. These requirements are met by short and weak rf-pulses. However, later
we will extend this simple treatment to account for longer and stronger pulses.
Assume that the rf-pulse lasts for time T , i.e. the coupling Ω is turned on at
t = 0 and off at t = T

Ω, for 0 ≤ t ≤ T
.
(5.16)
Ω(t) =
0, otherwise
In the lowest (or the first) order, the time evolution of the system is governed by the
unperturbed Hamiltonian H0 and a single operation of the perturbation V at some
time t ∈ [0, T ]. The probability amplitude for the transition |gi → |ei is now
A1e (T )

1
=
~

Z

T

dt he|eiH0 (T −t)/~ V eiH0 t/~ |gi,

(5.17)

0

where perturbation V transfers the atom from |gi to state |ei at time t. Assuming the
energies of the two hyperfine states are Eg and Ee , we obtain
A1e (T )

Ω
= eiEe T /~
~

Z
0

T

dt ei(Eg −Ee )t/~ .

(5.18)
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F IGURE 5.6 The probability of finding the atom in the excited state as a function of
time, calculated using the first order perturbation theory. For δ = Eg − Ee  Ω, the
first order perturbation theory regains the correct Rabi oscillations. For on-resonant
atoms, it is valid only in the beginning of the pulse T  Ω/π.

The energies Eg and Ee are assumed to include also the rf-field energy δ. Doing the
integration, the probability of finding the atom (initially in the ground state |gi) in
the excited state |ei after the pulse is obtained as
Pe1 (T ) = |A1e (T )|2 =

4Ω2 sin2



(Eg −Ee )T
2~

(Eg − Ee )2


,

(5.19)

which resembles the exact result in Eq. (5.14), the only thing lacking is the linewidth.
Clearly, the first-order perturbation theory is valid in the limit of small Ω (as compared to the energy difference Eg − Ee ), see Fig. 5.6.
In the limit of a very long and weak pulse, a cutoff e−ηt can be introduced in
the perturbing potential V (t) to guarantee a converging solution. In this limit, the
diffraction function sin2 (x/2)/x2 is replaced by the delta function δ(x), showing that
the energy of the atom must be conserved and yielding the Fermi Golden Rule for
the transition probability.
A few remarks can be made here that clarify the underlying physics. Firstly,
it is interesting that the first-order perturbation theory already gives the Rabi-like
oscillations, albeit with the wrong frequency when the coupling Ω is not negligible,
see Fig. 5.6. For time T1 = Egπ~
, the probability of finding the atom in the excited
−Ee
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state is maximal. However, a moment later the probability decreases, until at time
T2 = Eg2π~
it is zero. On the other hand, the first-order perturbation theory does
−Ee
not include a process where the atom would be able to excite and then come back
to the ground state, since that would be of the second order in the coupling V ! The
oscillatory behaviour arises from interference of different paths. In the first-order
perturbation theory, the different paths (leading to state |ei) amount to different
times t < T1 and t0 > T1 when the atom is transferred to the excited state. If the
field is off-resonant, the two states |ei and |gi have different energies Ee and Eg , and
hence the different paths will have different phases at the end of the pulse at time T .
For T = T2 , all paths that describe a transfer of the atom to the state |ei will sum up
to zero, meaning that the atom is not transferred. The oscillations seen in the firstorder perturbation theory follows from the destructive interference between these
paths.
The second important point is that on-resonance (Eg = Ee ), the oscillatory
2
nature vanishes and the probability is simply Pe1 = ΩT
. This is related to the limi~
tation of the perturbative approach, as it does not include the broadening caused by
the coupling (the Ω2 term in the square root in the Rabi oscillation frequency). This
broadening originates from the back and forth oscillations between the states |ei and
|gi, and is therefore of higher order in Ω. Furthermore, there is no destructive interference between different paths since both states |ei and |gi have the same energy.
On the other hand, the first-order perturbation theory is valid even on-resonance
if the pulse is simply short enough (basically ΩT /~  1). This is because in short
timescales high order processes are exponentially suppressed, and thus there is no
destructive interference from paths describing oscillations between the states |ei and
|gi. The first-order perturbation theory treatment of the rf-spectrum holds therefore
in the whole spectrum: away from the resonance the description is adequate already
for long times and in the beginning of the rf-pulse it is valid also on resonance.

5.2.2

Regime of validity of perturbative approach

This is a good point to discuss the regime of validity of the perturbative approach in
a more general setting. As discussed above, the perturbative approach is expected
to be valid in short timescales. Under certain conditions, the method is valid in any
timescale.
If the decoherence time of the system is very long, the atoms will conduct Rabi
oscillations, requiring terms of high order in the perturbative expansion. However,
if the decoherence time tdec is much shorter than the Rabi oscillation timescale, given
by tRabi = Ω/~, the Rabi oscillations become strongly suppressed as seen in Fig. 5.5.
In this case, the system begins the Rabi oscillations but these are interrupted by
the effective measurement due to the decoherence. This measurement collapses the
state of the atom into either of the two eigenstates (|ei or |gi), the probability given
by the corresponding probability amplitudes of the superposition state prior to the
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measurement. After the measurement, the atom will restart the Rabi oscillations,
beginning from either of the eigenstates.
If the decoherence time is short tdec  tRabi , the perturbative approach provides correct transition probabilities for this short interval (although rigorous description of the decoherence may be difficult). By dividing the whole pulse into
time intervals of the size tdec , and applying the perturbative approach to each interval separately (sequentially), the validity of the approach can be extended to the
whole pulse.

5.2.3

Higher-order perturbation theory

The first-order perturbation theory can be improved by including terms of higher
order. Resummation of the perturbative expansion will eventually give the exact
time evolution. This can be easily seen for on-resonant Rabi oscillations.
The second order term in the perturbative expansion necessarily vanishes,
since two operations of the coupling V necessarily return the atom back to the
ground state. However, the third order term gives as the (complex) probability amplitude
A3e

Ω3
=− 3
~

Z

T

Z

T

dt1
0

Z

T

dt3 e−iEg t1 /~ e−iEe (t2 −t1 )/~ e−iEg (t3 −t2 )/~ e−iEe (T −t3 )/~ .

dt2
t1

t2

On resonance Ee = Eg , this gives
term, we get
Pe3

A3e

=

3 3
−eiEe T /~ Ω3!~T3 .

Ω3 T 3
ΩT
−
=
~
3!~3

(5.20)
Together with the first order

2

(5.21)

,


which is the beginning of the Taylor series of sin2 ΩT
, in agreement with the (on~
resonant) Rabi oscillations obtained from the exact solution in Eq. (5.14).
Even higher order terms can be obtained from the recursive relation
Ane (t, T )

1
=
~

Z

Z

T

where
A1e (t, T )

1
=
~

T

dt0 An−2
(t, t0 )ΩA1e (t0 , T ),
e

(5.22)

t

0

0

dt0 e−iEe (T −t )/~ Ωe−iEg (t −t)/~ .

(5.23)

t

Now the probability of the transition g → e in (2N + 1)-order perturbation theory is
PeN

=

N
X

2

A

2n+1

(0, T ) ,

(5.24)

n=0

and, indeed, this recursive relation does reproduce the Taylor expansion of the Rabi
oscillations. Fig. 5.7 shows the transition probabilities up to the fifth order.
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F IGURE 5.7 The probabilities of finding the atom in the excited state as a function of
time, calculated using the first, third, and fifth order perturbation theories. High-order
terms regain the on-resonant Rabi oscillations.

Now it is time to generalise our model to a many-body system. The full coupling term can be written using the creation and annihilation operators as
Ĥa−l =

X


Ωĉ†ke ĉkg + Ωĉ†kg ĉke ,

(5.25)

k

where I have assumed a pulse with a long wavelength (radio-frequency pulse) that
conserves the momentum of each atom state. In the absence of atom-atom interactions, the full Hamiltonian (Ĥ = Ĥ0 + V̂ , where Ĥ0 is the kinetic energy of the atoms)
separates into mutually commuting parts for different momentum states k, and the
time evolution of the total system is therefore a simple product of the time evoluQ
tions of each state, i.e. eiĤt = k eiĤk t . Diagonalising each Ĥk = Ĥ0k + V̂k separately, it
becomes evident that all atoms undergo Rabi oscillations independent of each other.
Notice that there is no Pauli blocking since the momentum of atoms is conserved.
In this trivial case, the perturbative approach is unnecessary but in principle applicable. When interactions are switched on, the picture changes.

5.2.4

Experiment 1, absence of the mean-field shift

The first nontrivial complication is the introduction of a mean-field energy shift (or
Hartree shift). Assuming a two-component Fermi gas populating both the states
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F IGURE 5.8 The absence of the mean-field shift in a rf-transition of a binary Fermi
system [89]. Mean-field theory predicts a shift of 20 kHz in the position of the peak
relative to the dip.

|gi and |ei, the interactions between the atoms produce a shift in the energy levels of the atoms. If the densities of the two species are ng and ne , with the inter2a
action parameter U = 4π~
, the energy levels of |gi-atoms are shifted by U ne and
m
the energy levels of |ei-atoms are shifted by U ng . Trivially, one would now assume
that the detuning energy would be shifted by the difference in the Hartree energies
U ne −U ng = U (ne −ng ). However, this is not the case, as shown both experimentally
and theoretically in Ref. [89], see Fig. 5.8. Instead, there is no mean-field energy shift
what so ever. The experiment will be discussed in more detail later.
The problem is that the simple perturbative approach above is misleading as it
misses the correlations between the atoms. The interpretation given in [89] is that the
atoms undergo coherent rotations between the two states. Coherent means here that
the states of all atoms are rotated at the same rate (hence they are strongly correlated
by the field). In the semiclassical picture this is called the rotation of a Bloch vector.
The rotation is described by a unitary operator Û(t). Now the interaction energy of
the system at any moment t is
Eint (t) = hΨ|Û(t)† Ĥint Û(t)|Ψi.

(5.26)

However, it can be shown that the rotation Û(t) commutes with the Hamiltonian Ĥint
so that the total interaction energy is necessarily time independent, and therefore the
resonant detuning energy is unaffected by the mean-field energy shift.
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However, we already understood from the discussion above, that the perturbative approach should produce correct results if one simply includes terms of high
enough order. On the other hand, the mean-field interaction Hamiltonian
MF
Ĥint

=U

X

ne ĉ†kg ĉkg

+

ng ĉ†ke ĉke



(5.27)

k

separates, just like the noninteracting Hamiltonian Ĥ0 , into mutually commuting
parts Ĥk . Now the perturbative treatment can be done to each atom separately, with
the energy difference for the |gi → |ei-transition
∆E = Eg + U Ne − Ee − U Ng ,

(5.28)

where Eg and Ee are the single-particle energies of the atoms (neglecting hyperfine
2 2
energy splitting, Eg = Ee = ~2mk , where k is the momentum of the atom).
However, this produces the wrong resonant detuning energy δ. The problem
is that the mean-field approximation does not describe coherence effects properly.
As pointed out in Ref. [89], the Bloch rotation does not add entropy to the system
as the atoms remain in identical states. The build up of the mean-field energy requires that this symmetry is broken due to effect of decoherence. Measurement of
the system will collapse the superposition states of the atoms, some ending up in
the |ei state and some in |gi, according to the corresponding probability amplitudes.
The mean-field approximation for the |gi − |ei interaction is not valid for a sample
where the atoms are in a superposition of the these states. The resonant frequency is
determined by the energy change in the coherent sample, which is beyond the reach
of the mean-field approximation. These issues underline the importance of describing the atom-atom interactions and atom-light interactions properly using the full
interaction Hamiltonian Ĥint .

5.2.5

Experiment 2, probing of the pairing gap

Radio-frequency or laser spectroscopies have been suggested to be used for detecting the pairing gap in a superfluid Fermi gas [84] and the theory has been generalised to a strongly interacting gas in Ref. [45] (Publication I). The scheme was
applied in the experiment in Ref. [19]. In the experiment, a two-component Fermi
gas (populating states |gi and |g 0 i) was cooled down to low enough temperatures for
the atoms to form pairs. A radio-frequency field was used to transfer atoms from the
state |gi to an excited state |ei (the terminology of an excited state can be somewhat
misleading. The |gi, |g 0 i, and |ei states are simply different hyperfine states.) The
transfer of an atom required breaking of a |gi-|g 0 i pair and in this way the rf-field
was used to probe the binding energy of these pairs.
The experimental spectra are shown in Figs. 5.9 and 5.10. The spectra show a
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F IGURE 5.9 The measured radio-frequency spectra of a superfluid 6 Li Fermi gas [19]
at several magnetic field values. The figures in the left are in the BEC regime while rest
of the figures are in the strongly interacting regime. The Feshbach resonance is located
at 834 G = 83.4 mT. Lower figures are for very low temperatures while the upper
figures are for higher temperature. The spectra exhibit a broad peak shifted from the
zero detuning (RF offset) corresponding to the paired atoms. The figures show the
increase in the pairing gap when the interactions become stronger and temperature
lower (however, the Fermi energy scale decreases for lower temperatures, yielding
smaller pairing gap in absolute units). At higher temperatures, a narrow peak appears
at zero detuning, originating from weakly bound atoms at the edge of the trap.

broad shifted peak at very low temperatures, with a narrow peak appearing at the
zero detuning at higher temperatures. In addition, increasing temperature (or decreasing interaction strength by tuning the atoms away from the Feshbach resonance
into the BCS side) moves the broad peak closer to zero detuning, finally merging the
two peaks into a single narrow peak. The experimental setup was studied theoretically in Ref. [44] (Publication II), and Fig. 5.11 shows the rf-spectra obtained using
the first order perturbation theory. In the theory, the effects of the inhomogeneous
trapping potential were incorporated through the use of local density approximation. The results were in qualitative agreement, the theory producing a similar structure of a single shifted broad peak at very low temperatures and the appearance of
an additional narrow peak at higher temperatures. The shifted peak corresponds to
the paired atoms and the narrow peak corresponds to atoms at the edge of the trap
in Andreev in-gap states that are only weakly bound. At finite temperatures, these
weakly bound atoms become thermally excited and in addition the pairing gap decreases at these low density regions. These two factors contribute in producing the
narrow finite temperature peak at the zero detuning.
The experimental spectra did not show any mean-field shifts, as can be deduced from the spectra at high temperatures (where pairing effects were absent).
Due to the limitations of the perturbative approach discussed above, the theory was
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F IGURE 5.10 The radio-frequency spectra at various temperatures T 0 show the emergence of the narrow peak when the temperature is increased [19]. In addition, the
shifted peak becomes narrower and approaches the zero detuning as the pairing gap
decreases with increasing temperature. The temperatures shown in the figure are measured after a sweep to the BEC side of the resonance and are not directly related to the
temperature of the superfluid on (Feshbach) resonance. The Fermi energy is roughly
52 kHz.

unable to explain the absence of these shifts. However, neglecting these Hartree-type
interactions, the experimental and theoretical spectra are in good agreement.
The theoretical calculations assumed the excited state |ei to be non-interacting.
However, this was not the case in the experiment, and the possible pair formation
between the |ei and |gi, or |ei and |g 0 i atoms could not be ruled out, especially in
a rapidly decohering sample. Including these interactions would move the broad
pairing peak towards lower detuning energies. This is because the energy levels of
the final state |ei would also be shifted down due to appearance of a pairing gap. The
interactions of the state |ei can in principle be incorporated (at least in a qualitative
level) in the perturbative theory by calculating the energy spectrum of the excited
state and calculating the transfer into these states. In the following, I will describe
how the perturbative approach can be improved to include the coherence effects
and the absence of the mean-field shift.
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F IGURE 5.11 The rf-spectra of a trapped superfluid at several temperatures obtained
using the first-order perturbation theory [44] (Publication II). The spectra were in
qualitative agreement with the experimental spectra, confirming the interpretations
presented in figure captions in Figs. 5.9 and 5.10. The parameters used here correspond to Fig. 5.10, but the linewidths are too small. Compare with Fig. 5.14 where the
linewidths correspond to the experimental values.

5.2.6

Coherent radio-frequency spectroscopy

The absence of the mean-field shift in the radio-frequency spectroscopy of the ultracold Fermi gas follows from the coherent transitions of the atoms. The simple picture of the rotation of the Bloch vector becomes insufficient when the atoms become
paired. As seen also from the rf-spectra, different atoms are resonant with the field
at different detuning energies, meaning that for a given detuning energy, only part
of the atoms are affected. The idea of the coherent rotations of the atom states can
be generalised to these asymmetric systems by defining different rotation operators
Ûk (t) for different atoms, with the rotation frequency and the amplitude given by
the common rf-coupling Ω but different energy differences ∆Ek . Now the question
is, how to determine the energy difference ∆Ek ?
The effect of the rf-field is to transfer atoms in the hyperfine state |gi to the
hyperfine state |ei. We define the rotation operator for an atom with momentum k
as
Ûk (t) = αk (t)ĉ†kg ĉkg + αk (t)ĉ†ke ĉke + βk (t)ĉ†kg ĉke − βk (t)ĉ†ke ĉkg .
(5.29)
Here αk (t)2 + βk (t)2 = 1 for all times t. The simple Bloch rotation (meaning that all
atoms are rotating symmetrically) would be obtained with the choice αk (t) = cos(ωt)
and βk (t) = sin(ωt).
Assume that the state of the system before the rf-pulse (and the rotation) is
given by the BCS ground state
|Ψ(t = 0)i =

Y

uk +

vk ĉ†kg ĉ†−kg0



|0i.

(5.30)

k

Operating on all atoms in the hyperfine state |gi with the corresponding rotation

54

5. RADIO-FREQUENCY SPECTROSCOPY

operators would produce the state
Y

|Ψ(t)i =

uk +

vk Ûk (t)ĉ†kg ĉ†−kg0



|0i

k

Yh

=



i
uk + vk αk (t)ĉ†kg − βk (t)ĉ†ke ĉ†−kg0 |0i.

(5.31)

k

In general, the energy of the system is given by the Hamiltonian Ĥ = Ĥ0 + Ĥint ,
P
where Ĥ0 = kσ k ĉ†kσ ĉkσ and
Ĥint =

X

Uσσ0

σ.σ 0

X

ĉ†kσ ĉ†q−kσ0 ĉq−k0 σ0 ĉk0 σ .

(5.32)

kk0 q

This is the same Hamiltonian as in Eq. (3.3) but now generalised to several interacting components. Neglecting the single particle energies, the interaction energy of
the initial state is now
X
X
vk2
Ei = hΨ(0)|Ĥint |Ψ(0)i = Ugg0
uk vk uk0 vk0 + Ugg0
k6=k0

k

!2
X

= Ugg0

uk v k

+ Ugg0

X

vk4

(5.33)

k

k

X
∆2
=
+ Ugg0
vk4
Ugg0
k
Likewise, the energy after the rotation is
Ef (t) = hΨ(t)|Ĥint |Ψ(t)i =

X

(αk (t)αk0 (t)Ugg0 + βk (t)βk0 (t)Ueg0 ) uk vk uk0 vk0

k6=k0

+

X


αk (t)2 Ugg0 + βk (t)2 Ueg0 vk2 .

(5.34)

k

The Ueg -interaction term is invariant in the rotation, in harmony with the absence of
the mean-field shift, although now generalised to an asymmetric setting in which
different atoms are rotated at different rates and amplitudes (the mean-field shift is
absent here because the |ei-states are initially empty, but the result is more general).

The energy difference is now
∆E = Ef − Ei =

X

[αk (t)αk0 (t)Ugg0 + βk (t)βk0 (t)Ueg0 − Ugg0 ] uk vk uk0 vk0

k6=k0

+

X
k

βk (t)2 (Ueg0 − Ugg0 ) vk2 ,

(5.35)
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in particular the energy change of an atom with momentum p is
∆Ep =

X

[αp (t)αk0 (t)Ugg0 + βp (t)βk0 (t)Ueg0 − Ugg0 ] up vp uk0 vk0
(5.36)

k0 6=p
2

+ βp (t) (Ueg0 −

Ugg0 ) vp2 .

If the elements α and β of the rotation matrix would be independent of k (this
is the Bloch rotation), the energy difference would become
∆E = β 2

X
Ueg0 − Ugg0 ∆2
+ β 2 (Ueg0 − Ugg0 )
vk4 ,
Ugg0
Ugg0
k

(5.37)

For weakly interacting gas, the first term on the right dominates. The energy difference depends on the rotation angle β, describing how the pairing is gradually
broken (if Ueg0 = 0), or at least altered (for a finite Ueg0 6= 0). This is in stark contrast
to the Bloch rotation of an unpaired system, where the rf-transition does not require
any additional energy. We define the resonance detuning energy δmax as the energy
difference of the π/2-pulse (meaning β = 1)
δmax =

Ueg0 − Ugg0 ∆2
.
Ugg0
Ugg0

(5.38)

This same result has been obtained also in Ref. [87] for a weakly interacting gas
using a completely different approach. For a strongly interacting gas, the excitation
spectrum is much broader and we expect the Bloch rotation picture to break down
as the atoms will be rotated at different frequencies.
This simple calculation suggests us how to include the interactions of the |eistate in the perturbative calculation, at least in a qualitative level. The initial and
the target state have the same form, meaning that the target state of the atom exhibits the same energy gap as the initial state (i.e. only the hyperfine state of the
atom is changed, not the spatial shape of its state). However, because the interaction
strengths Ueg0 and Ugg0 are different, these states correspond to different energies.
The problem is how to determine the energy difference ∆E, or especially the final
energy Ef , as this is the energy that the rf-field needs to supply. The energy of the
final state for a fully rotated system (β = 1) is
!2
Ef (t) = Ueg0

X

uk v k

+ Ueg0

X

k

=

(Ueg0

P

k

(5.39)

2

k uk v k )

Ueg0

vk4

+ Ueg0

X

vk4

k

˜ 2 /Ueg0 , where ∆
˜ is the BCS gap equation for
The first term has almost the form ∆
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interaction Ueg0 . The only difference is that the Bogoliubov coefficients do not cor˜ but to the gap ∆. However, the coefficients uk and vk vary as
respond to the gap ∆
∆2 , so that for a weakly interacting gas these coefficients are affected only slightly.
Thus we can calculate the energies and the spectrum of the target states by using
the simple equilibrium BCS (or some extension of BCS) theory. The transfer rates
between these initial and target states are then calculated perturbatively.
Notice that the discussion above applies only in the limit of weak interactions.
However, below we apply these ideas also to strongly interacting gases and therefore the effects must be considered on a qualitative level. On the other hand, in the
unitarity regime (close to resonance) the pairing gap is insensitive to small changes
in the interaction strength U , and therefore the assumptions above may be valid also
in the strongly interacting regime.

5.2.7

The collective transition picture

The perturbative approach is by design best suited for describing single particle
effects. However, with certain modifications the perturbative approach can be used
to obtain qualitative results and insight on collective transitions (collective referring
to the coherent transition of a large number of atoms, as for example in the rotation
of the Bloch vector).
A collective transition of N atoms during the rf-pulse is at least of order N in
the perturbative expansion (of the time evolution of the whole many-body state).
Thus we need to consider the perturbative approach in a more general setting. The
expectation value for the number of transferred atoms (measured at time T ) is in the
(real) S-time loop picture
Ntrans = hŜint (T, 0)† N̂e Ŝint (T, 0)i,

(5.40)

where the Ŝint (T, 0) is the scattering matrix using the full many-body Hamiltonian
as the operator Ĥ0 and the light-atom coupling Ĥa−l in Eq. (5.25) as the perturbation.
The operator N̂e describes the measurement by calculating the number of atoms in
the excited state |ei. And finally, the whole expectation value is calculated for the
ground state (or some other initial state) in the absence of the rf-field.
P
Writing the number operator as N̂e = k ĉ†ke ĉke yields (dropping the time arguments)
X † †
hŜint ĉke ĉke Ŝint i.
(5.41)
Ntrans =
k

Each term in the sum on the right hand side describes the transition probability for
the transfer of a single atom of momentum k, regardless of what is happening to the
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rest of the atoms. The same thing can also be written in the form
Ntrans =

X

n
nPtrans
,

(5.42)

n
n
where each Ptrans
is the probability that exactly n atoms are transferred. Notice that
now we are looking at the system globally, not each atom separately. Eq. (5.41) is
the form usually used, but the nonstandard form in Eq. (5.42) can be shown to be
equal, and it is more useful in the present context. While in Eq. (5.41) the transfer
probability is calculated for each single atom without considering the rest of the
system, the probability that rest of the atoms are not transferred must be included in
Eq. (5.42). This point is clarified by writing

X

n
Ptrans
=

Ptrans ({k1 , . . . , kn })

(5.43)

(ki )i=1,...,n

where the summation is over all sets {k1 , . . . , kn } = {kn } of n available atoms, and
the probability Ptrans ({kn }) is the probability that all the atoms with momentum
k ∈ {kn } are transferred but all other atoms remain untouched. For uncorrelated
atoms, this can be written as
Y
Y
Ptrans ({kn }) =
pk
(1 − pk ),
(5.44)
k∈{kn }

k∈{kn }c

where pk is the probability that atom k is transferred.
If the transfer probability of all of the atoms would be the same, p, the transfer
probability of (any) set of n atoms would follow a binomial distribution
n
Ptrans

 
N n
=
p (1 − p)N −n ,
n

(5.45)

where N is the number of atoms in the |gi-state. This can be easily derived from
Eq. 5.44. The expectation value for the number of transferred atoms is now
binomial
Ntrans

X N 
=
n
pn (1 − p)N −n = pN,
n
n

(5.46)

for large N ( 1). In this limit, the distribution forms a very narrow peak centered
at the expectation value, as shown in Fig. 5.12.
The advantage of this alternative view is that it gives an idea of the manybody state after the rf-pulse. Especially the energy difference due to the rf-pulse as
calculated in Eq. (5.35) depends on how many and how much the atoms are ’rotated’
by the pulse, i.e. what are the actual rotation angles αk (t) and βk (t). Only when all
atoms behave identically in the presence of the field, i.e. when the rotation angles
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F IGURE 5.12 The binomial distribution becomes a narrow peak when the number of
repetitions N (or the number of atoms) becomes large. Here the probability for each
trial is p = 0.50 and Navg = pN .

are k-independent, the final many-body state can be easily deduced from the singleparticle transition (the two pictures are of course equal, but the determination of
the final many-body state is more straightforward in the many-body picture). Next
I will formulate the perturbative theory in this many-body framework.

5.2.8

Coherent rf-spectroscopy using perturbative approach, simple and generalised first order theories

Here I will start by assuming that all the rotation angles βk (t) are either 0 or 1, meaning that all atoms that are on resonance with the field, will be transferred but all the
other atoms remain in their initial state. I denote the set of atoms with βk (t) = 1 by
S = {k1 , . . . , kN }.
Assuming that the atoms are noncorrelated, the probability that one of the
atoms (of momentum k1 ) is transferred by a pulse of length T is (in the first-order
perturbation theory)
1
Ptrans ({k1 }) = 2
~

Z

T

Z
dt1

0

T

0

0

dt01 heiĤ0 t1 /~ V̂ (k1 )e−iĤ0 (t1 −t1 )/~ V̂ (k1 )e−iĤ0 t1 /~ i,

(5.47)

0

where V (k) = Ωc†ek cgk + h.c.. Likewise, the probability that the whole set S will be
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transferred is

Ptrans (S) =

1
~2

N Y
N Z

T

Z
dtn

0

n=1

T

dt0n

iĤ0 t0n /~

he

−iĤ0 (t0n −tn )/~

V̂ (kn )e

−iĤ0 tn /~

V̂ (kn )e


i ,

0

(5.48)
which is of order N in V in the many-body picture but of the first-order in the single
particle picture of each atom.
2

In analogy to the Bloch rotation, all the atoms in set S should behave symmetrically. Therefore, we assume that all transfer events V (kn ) will take place at the
same moment t0 , i.e. all tn → t and all t0n → t0 . This yields
1
Ptrans (S) = 2
~



T2
~2

N −1 Z

T

Z

T

iĤ0 t0 /~

dt he

dt
0

0

0

N
Y

−iĤ0 (t0 −t)/~

V̂ (kn )e

n=1

N
Y

V̂ (kn )e−iĤ0 t/~ i.

n=1

(5.49)
Operating with the unperturbed time evolution operators e
will give a phase faci∆Et
tor of the type e
, where ∆E = Ef − Ei is the energy difference for the transfer of
all atoms in S. If the operators H0 include interactions between the atoms, and especially the interactions of the state |ei, the energy difference will be given by equation
similar to Eq. (5.35). The time integrals will now give the total energy conservation
of the many-body rf-transition. For a pulse of finite length T , the transition probability for a π/2-pulse (ΩT /~ = π/2) is
iH0 t


2 ∆ET
sin
2~
.
Ptrans (S) = 4Ω2
∆E 2

(5.50)

Analogously to the Rabi oscillations of a single atom, higher order theory would
introduce the linewidth Ω.
The transition probability in Eq. (5.49) can be formally obtained using coherent
coupling Hamiltonian Hcoh , that explicitly transfers several atoms at the same time
Ĥcoh = Ω

∞
X
X
n=1

!n
ĉ†ke ĉkg

+ h.c.

.

(5.51)

k

This Hamiltonian has been introduced, and the corresponding linear response theory has been studied in Ref. [46] (Publication III). The main point in those studies was the relaxation of the single-particle energy conservation. In the Bloch rotation picture the energy difference in Eq. (5.35) does not uniquely specify the manybody rf-transition. By imposing single-particle energy conservation (through equation similar to Eq. (5.36)), we regain the results from the first-order perturbation theory. However, higher order processes allow transfers through virtual states, relaxing
the single-particle energy conservation by allowing energy exchange between the
atoms. We expect these effects to be important in the limit of long and weak pulses
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where the linewidth of the rf-transition is very small. For a strongly interacting gas
with a broad excitation spectrum, the small linewidth will suppress the uncorrelated single-particle transfer processes. In such case, the higher order processes will
be dominating.
The role of different higher order theories needs to be clarified here. The theory described by Hamiltonian (5.51), describing a many-body system, is different
from the higher order theory discussed in Section 5.2.3 that considers the perturbative expansion of the time evolution of a single atom. Eq. (5.50) describes the timeevolution of the many-body state in which the time evolution of each single atom is
treated in the first-order. Therefore the theory is (formally) of the first order in the
coherent coupling Hamiltonian (5.51) but of higher order in the atom-light coupling
Hamiltonian (5.25). Below I will refer by generalised (first order) theory to the first
order theory in the many-body picture, allowing the energy transfer between the
atoms and relaxing the single-particle energy conservation.
As an example of the generalised first order theory, assume that the system has
6 atoms with the excitation energies ig − ie as shown in the Fig. 5.13. If the rf-field
detuning energy is δ = 0, the possible combinations of atoms that can be transferred
while conserving (only) the total energy are:
B, D
B, E
B, C, F
A, D, F

(5.52)

A, E, F
A, B, D, E, F
In contrast, if the linewidth of the rf-transition is sufficiently small, none of the atoms
can be transferred in the single-particle picture as they are all off-resonant (simple
first-order theory). Notice, that except for the third line, all other sets are subsets of
the last line, which corresponds to the transfer of all atoms except for the C-atom.
Because the transfer probability of a given set S includes the probability that rest
of the atoms are not transferred, only the maximally large sets will contribute (since
we are assuming that the transition probability of each atom is either 0 or 1). The
sets {B, C, F } and {A, B, D, E, F } are maximal sets and the probability of each is a
priori the same. The expectation value for the number of transferred atoms is then
5+3
= 4, using the generalised theory (5.51).
2
The transition probability in Eq. (5.49) requires only the total energy conservation for the many-body rf-transition (just like in the Bloch picture in Eq. (5.35)).
A process which conserves all single-particle energies trivially conserves also the
total energy. On the other hand, the single-particle energy conservation can be relaxed when the atoms are interacting. The interaction channel allows the atoms to
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F IGURE 5.13 A trial system of 6 atoms with different excitation energies. The two
maximal energy conserving sets are {A, B, D, E, F } and {B, C, F }.

redistribute the excess or missing excitation energies between themselves.
However, the mean-field effects such as studied in Ref. [89] can be explained
without such interaction channels (because the single-particle energy conservation
is enough). For an unpaired system in which the rf-excitation spectrum is very narrow, all atoms behave symmetrically, meaning that all atoms can be transferred at
the same time in the perturbative approach described above. This means that the
energy difference ∆E = Ef − Ei is calculated between the initial state and a state
into which all applicable atoms have been transferred. Indeed, this reproduces the
absence of the mean-field shift, as the mean-field energies of the two states are the
same.

5.2.9

Comparison with the experiments

Now we are ready to compare the different theoretical approaches we have developed to the experiments. The two key experimental results are the absence of the
mean-field shift [89] and the probing of the pairing gap [19].
In the first experiment [89], the system was composed of 6 Li atoms in two
hyperfine states |gi and |g 0 i in an 80%-20% mixture (meaning 80% in state |gi and
20% in state |g 0 i). The fermionic atoms were weakly interacting (with (kF a)−1 ≈
−5) through the s-wave interaction potential, and the external rf-field was used to
transfer atoms between the two states |gi and |g 0 i (notice that now the transfer is
between two populated states |gi and |g 0 i instead of an initially empty state |ei). For
a 50-50% mixture the atom transfer is blocked at low temperatures because of the
Pauli exclusion (but also because of cancelling particle currents for |gi → |g 0 i and
|g 0 i → |gi).
The experimental spectrum is shown in Fig. 5.8, showing a peak in the particle
transfer at frequency 74 159 MHz, matching exactly with the energy splitting of the
two hyperfine states. The figure shows also the data for an inverted system, in which
the population ratios have been reversed. The observed peak (or actually a dip, since
now atoms are transferred out from the state |g 0 i) coincides with the peak in the
original setting, showing that the resonance detuning is indeed immune to mean-
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field shifts.
As already discussed earlier, in the mean-field level the expected mean-field
energy shift for the particle transfer between the two hyperfine states would have
been
∆E = Eg + gNe − Ee − gNg = Eg − Ee + g(Ne − Ng ).
(5.53)
Because the rf-field does not provide any additional momentum to the atoms, the
single-particle energies of the two hyperfine states are the same (neglecting the
2 2
hyperfine splitting), i.e. Eg = Ee = ~2mk , where ~k is the momentum of the atom.
For the parameters used in the experiment [89], the energy shift should have been
∆E ≈ 20 kHz. Since the observed splitting was (34 ± 146) Hz, the mean-field level
treatment is completely inadequate (despite the weak interaction strength!).
Now, can our theoretical approach explain this phenomenon? Yes, it can. Since
(locally) all atoms are necessarily resonant with the rf-field at the same frequency
(in the absence of a pairing gap all atoms are symmetric as the energies Eg and Ee
are equal), only the term that transfers all atoms at the same time contributes from
the coherent coupling Hamiltonian (5.51). Therefore the energy difference ∆E in
Eq. (5.50) is determined by the initial state with (20/80)% mixture and the final state
with (80/20)% mixture. Since the total interaction energies for these two states are
the same, the energy difference is zero (neglecting the hyperfine energy splitting).
Hence, our generalised perturbation theory agrees with the absence of the meanfield shift observed in the experiment [89]. Note that ∆E in Eq. (5.50) contains the
final state energy of all atoms transferred (i.e. (20/80)% → (80/20)% mixture) also in
the case where the experiment transfers much less atoms due to a shorter or weaker
pulse (for example (20/80)% → (40/60)% for which the total mean-field energies
would be different). Therefore the absence of the mean-field shifts is independent of
the amount of the atoms transferred (or the length of the pulse), just like observed
in the experiment.
The next experiment [19] that we aim to explain studied a superfluid Fermi
gas in which the atoms in the two hyperfine states |gi and |g 0 i have formed pairs
(molecules or Cooper pairs). The rf-field couples the atoms in state |gi to a third
state |ei, and the transfer of the atoms requires breaking of the pairs. Thus, the rfspectrum measured the binding energy or the pairing gap of the pairs. The experimental spectra are shown in Fig. 5.9.
Indeed, the spectra show that the resonance peak is shifted from the zero detuning (that would correspond to the hyperfine energy splitting). In addition, at
higher temperatures an additional peak appears at the zero detuning. This has been
interpreted to originate from the edges of the trap where the density is low and the
local pairing gap is small [44] (Publication II). The atoms in this region can then be
transferred at very small detuning energies, producing a distinct peak. The central
region of the trap has a large pairing gap that is relatively insensitive to thermal
effects, and therefore the broad shifted peak is unaffected.
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F IGURE 5.14 The rf-spectra obtained from the simple first order theory for both zero
and finite temperatures. The data is for an on-resonant gas ((kF agg0 )−1 = 0.0) and
the excited state is assumed to be non-interacting ((kF aeg0 )−1 = −∞). Here, and in
the spectra below, the calculations are done using the BdG-approach in the harmonic
oscillator basis.

The relevant timescales in the experiment were tPulse = 1 s and tdec < 1 ms.
The decoherence has been interpreted to arise from three-body collisions, and the
decoherence rate is the rate at which the transferred atoms in state |ei vanish from
the trap [31]. The perturbative approach is expected to be valid due to the short
decoherence time, even though the Rabi oscillation timescales tRabi are not known.
The homogeneous linewidth of the narrow peak at the zero detuning would suggest tRabi < 1 ms, since the width of the peak comes mainly from the homogeneous
broadening due to the rf-coupling Ω (power broadening). In contrast, the broadness of the pairing peak is a result of an inhomogeneous broadening caused by the
pairing of the atoms, as different atoms have different resonant frequencies but also
because of the inhomogeneous trapping potential as atoms closer to the center will
feel a larger pairing gap.
The rf-spectroscopy of a superfluid Fermi gas has been studied by several
groups. First-order perturbation theory in a uniform gas has been used in [84,14,45]
(the last one is the Publication I). Trapped gases have been studied using both firstorder perturbation theory and the local density approximation in [44, 35, 61, 62, 34]
(the first one is the Publication II). The Bogoliubov-deGennes approach discussed
earlier has been used together with the first-order perturbation theory in [61, 62].
In addition, beyond linear response or non-perturbative theories have been done
in [46, 87] (first one is Publication III). Basically all theories are in good agreement
with the experimental results but only the last two theories agree with the absence
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F IGURE 5.15 The rf-spectra obtained from the generalised first order theory for both
zero and finite temperatures. The data is for an on-resonant gas ((kF agg0 )−1 = 0.0) and
the excited state is assumed to be non-interacting ((kF aeg0 )−1 = −∞).

of the mean-field effect.
Fig. 5.14 shows the rf-spectra obtained using the simple first-order perturbation theory together with the Bogoliubov-deGennes technique in the harmonic oscillator basis. The parameters correspond to a magnetic field value 83.4 mT (on resonance) and linewidth of Γ = 0.07 EF . Comparing this with the experimental spectra
in Fig. 5.9 for B = 83.7 mT shows qualitatively correct features such as a broad
shifted peak at low temperatures and the appearance of a narrow peak at the zero
detuning for higher temperatures. However, the lineshape does not have quite the
correct shape, showing a strong tail at high detuning energies.
Fig. 5.15 shows the rf-spectra obtained using the generalised theory that allows
the relaxation of the single-particle energy conservation through the use of virtual
states. Compared to the first-order perturbation theory, these spectra have higher
transfer rates and the strong tail is missing.
However, for both theories, the pairing peak is located at too high detuning
energies, at δ = 0.4 EF with first order theory and at δ = 0.5 EF with generalised
first order theory (compare with roughly 0.2 EF observed in the experiment). As the
atoms are excited into the state |ei, the system becomes polarised and the creation of
holes in the Fermi sea effectively increases the temperature of the gas. Since the pulse
is very long, the system has time to equilibrate making the pairing gap possibly
decrease in time, shifting the pairing peak to lower detunings. More importantly,
the calculation neglects the interactions between the excited state |ei and the states
|gi and |g 0 i. However, all these states are strongly interacting, and especially |ei and
|g 0 i states have a broad Feshbach resonance nearby (at 81.1 mT). Including these
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F IGURE 5.16 The rf-spectra obtained from the first order theory for both zero and
finite temperatures but now the excited state is also interacting. The data is for an
on-resonant gas with (kF agg0 )−1 = 0.0 and (kF aeg0 )−1 = −0.20.

interactions would shift the energy levels of the |ei-state down by creating a gap in
the excitation spectrum.
Based on the discussion in section 5.2.6, I have incorporated the effect of |ei −
|g 0 i pairing by calculating the energy spectrum of the |ei-state assuming a twocomponent gas in the |ei- and |g 0 i-states (I neglect the interactions between the |ei
and |gi-states based on the invariance of the |ei − |gi interaction in the Bloch rotation). The spectra for the |gi → |ei rf-transition obtained using the simple first order
theory is shown in Fig. 5.16. Comparing with Fig. 5.14, the effect of interactions in
the |ei − |g 0 i channel is to shift the pairing peak towards lower detunings as expected. Here the pairing peak is located at around δ = 0.25 EF , which is in good
agreement with the experimental spectra. However, the effect of including these interactions should be considered only in a qualitative level, as the interaction strength
(kF aeg0 )−1 = −0.20 is much stronger than the real experimental interaction strength
(for B = 83.7 mT we have (kF aeg0 )−1 ≈ −0.70 [8]). On the other hand, the excitation gap for the |ei-state, using experimental values, would be much smaller than
for the |gi state. This would mean that the approximations in section 5.2.6 (namely
that the pairing gap is the same for both states) fail. The choice of the interaction
strength (kF aeg0 )−1 = −0.20 is somewhat arbitrary here and the choice is based on
convenience rather than any approximations.
Fig. 5.17 shows the corresponding spectra for the generalised theory. As with
the simple first order theory, the pairing peak is shifted towards lower detuning
energies, located at around δ = 0.3 EF . Comparing the spectra from the two theories (simple and generalised first order theories) shows that the effect of interaction
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F IGURE 5.17 The rf-spectra obtained from the generalised first order theory for both
zero and finite temperatures with an interacting excited state. The data is for an onresonant gas with (kF agg0 )−1 = 0.0 and (kF aeg0 )−1 = −0.20.

channel between the atoms is to increase the number of transferred atoms. The first
order theory produces transfer fractions of roughly 0.25 at the peak value while the
generalised theory exceeds 0.60. This transfer fraction is a measure of fraction of
atoms that are on-resonant with the field. Neglecting any relaxation effects, extending the length of pulse does not allow any higher fractions as the on-resonant states
become depleted. On the other hand, increasing the rf-field power does increase
the fractions by enlarging the linewidth due to homogeneous power broadening.
The effect is seen most dramatically in the limit of very small linewidth (the earlier spectra were for Γ = 0.07 EF ). Fig. 5.18 shows spectra for both theories using a
smaller linewidth (Γ = 0.01 EF ). The first order theory gives tiny transfer fractions
due to the broad excitation spectrum of the |gi atoms. On the other hand, the generalised first order theory is not constrained by the small linewidth as the atoms
are allowed to exchange energy through collisions. Since these high order processes
require interactions between two atoms of the same hyperfine state (although mediated through atoms in different hyperfine states), they are expected to be important
only in strongly interacting gases.
The power of the rf-field in the experiment [19, 10] varied for different spectra, making the determination of the homogeneous linewidths and the rf-coupling
tricky. In addition, the power broadening is not the only source of broadening, with
the experimental setup, decoherence, and phenomena such as Doppler shifts providing other sources of broadening, although these effects are expected to be very
small. However, under certain approximations, the linewidths can be deduced from
the experimental spectra and from the knowledge of relative rf-powers [10], as dis-

5.3. PHYSICS OF THE GENERALISED FIRST ORDER THEORY

67

Noninteracting theory
Interacting theory

Fraction of transferred atoms

0.6

0.5

0.4

0.3

0.2

0.1

0
−0.4

−0.2

0

0.2

0.4
0.6
Detuning δ/EF

0.8

1

1.2

F IGURE 5.18 A small homogeneous linewidth gives very small transfer fractions in
the simple first order theory because only a few atoms are on-resonant with the field at
a given detuning. On the other hand, the spectrum from generalised first order theory
is relatively insensitive to linewidths as the atoms are able to transfer excess energy to
the environment (the other atoms). The parameters used in the plot are (kF agg0 )−1 =
0.0, (kF aeg0 )−1 = −0.20, and temperature T = 0.10 TF .

cussed in Appendix A.
Here the finite temperature spectra are obtained with a simple mean-field theory (the Bogoliubov-deGennes approach described above) neglecting any fluctuations of the order parameter. In contrast, the spectra in Refs. [45, 44] (Publications I
and II) and in Fig. 5.11 were based on an extended (BCS) theory that included the effect of pseudogap. The pseudogap in turn follows from the fluctuations of the order
parameter that are present already above the critical temperature when the average
value of the order parameter is zero.

5.3

Physics of the generalised first order theory

The implications of the generalised first order theory can be studied further. A better
insight can be attained by ’deriving’ the theory using simple arguments.
In the perturbative approach, the transfer of N atoms is necessarily of at least
order N in the coupling Ĥa−l . Neglecting the back and forth oscillations of the atoms
(in the spirit of the linear response theory), the transfer of the atoms is described by
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F IGURE 5.19 A simulation using three atoms. The atoms A and B are coupled by
the rf-field (coupling strength Ω) to excited states |eiA and |eiB , respectively. In addition, atom C interacts with the atoms A and B, conserving the total momentum but
allowing momentum exchange δk between the atoms. The coupling strength between
atoms in state |g 0 i and state |gi (states |g 0 i and |ei) is Vgg0 (Veg0 ).

the term
1
hN̂e (t)iN = 2N h
}

Z

t

tN −1

Z
dt1 . . .

0

Z

dtN Ĥa−l (tN ) . . . Ĥa−l (t1 )N̂e (t)
0

t

Z
dτN . . .

0

(5.54)

τ2

dτ1 Ĥa−l (τN ) . . . Ĥa−l (τ1 )i.
0

If the number of transferred atoms N is large (and the atoms are uncorrelated), the
transfer events occur at roughly even intervals. This means that each intermediate state lasts for the same time tinter = NT−1 , where T is the length of the rf-pulse.
The energy imprecision of the intermediate state is therefore ∆E ≈ hN/T . If a onesecond pulse (T = 1 s) transfers N = 105 atoms, the energy imprecision will be
∆E/h ≈ 105 Hz, which well exceeds the typical Fermi energies. Therefore, the energy cost of a single-particle excitation is irrelevant, as the energy imprecision is
enough to transfer any atom in the system. On the other hand, the energy imprecision of the total pulse is roughly 1 Hz, showing that the total energy of the system
must be conserved.
The pulse length T enters the picture only through the uncertainty relation, by
introducing an effective energy cutoff δc for the maximum energy cost of an atom
transferred through an intermediate state. This allows us to simplify Eq. (5.54) by
fixing the cutoff δc . Now the actual duration of the intermediate state tinter becomes
irrelevant for tinter ≤ δ~c and we can choose tinter → 0. This produces the coherent
coupling Hamiltonian Ĥcoh (5.51).
The relaxation of the single-particle energy conservation is now clear. How-
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F IGURE 5.20 Top: the spectrum of the three-body system. The narrow peak at the
zero detuning is described by the correlated two-atom transfer process. Bottom: the
spectrum of correlated two-atom transfer processes.

ever, as discussed earlier, without correlations (that is, interactions) between the
atoms, there is no channel for the atoms to share the excess energy. In order to study
this effect, I have made a simulation using three atoms: one atom in state |g 0 i and
two atoms in state |gi. The atoms A and B in the hyperfine state |gi are coupled by
the rf-field to an excited state |ei and the atom in state |g 0 i interacts with atoms in
all other states. The system with the interaction and rf-coupling channels is shown
schematically in Fig. 5.19. Each atom state is split into three different momentum
states k − δk, k, and k + δk. In addition, the energy differences between the ground
(|gi) and the excited state (|ei) for the two atoms have been chosen as ∆EA = 0.1
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F IGURE 5.21 The spectrum of two noninteracting atoms.

and ∆EB = −0.1. The goal is to see the coherent transfer process of the two atoms in
which the total energy is conserved (corresponding to the detuning ω = 0). The coupling parameters used below are Ω = 0.01, Vgg0 = 0.01, Veg0 = 0.005, and δk = 0.13,
and the momenta of the atoms are kA = kB = 0.5, and kC = 1.0 (and the kinetic
energy is k 2 ).
The time evolution of the system is solved exactly and Fig. 5.20 (top) shows
a typical spectrum with two large, broad peaks at energies ω = 1.0 and ω = −1.0
corresponding to the excitations of single particles into the state |ei. In addition, a
sharp peak appears at the zero detuning. This peak originates from two processes:
incoherent process in which atom B scatters from the atom in state |gi and is excited
by the rf-field (and the same for atom A), and a coherent process in which both atoms
A and B are scattered by the atom in state |gi and subsequently transferred to state
|ei. The incoherent contribution is given by the product of the transfer probabilities
of the two atoms Pa · Pb . Removing this from the spectrum, one obtains the spectrum
of correlated processes shown in Fig. 5.20 (bottom). Indeed, a sharp peak remains
at the zero detuning, corresponding to the total energy conserving process in which
the two atoms are transferred. For comparison, Fig. 5.21 shows the spectrum when
the interactions between the atoms have been removed. Now the two atoms are
genuinely uncorrelated, and the sharp coherence peak vanished.
For weak interactions, the sharp coherence peak is very sensitive to the momentum difference δk of the atom states. The Fig. 5.22 shows the height of the coherence peak as a function of δk. Increasing the interaction strength allows a larger
phase space for the correlated scattering process. Including more momentum states
would enhance the narrow central peak by allowing more interaction channels that

Correlated transfer P(A and B) − P(A)*P(B)
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F IGURE 5.22 The height of the correlated peak as a function of the momentum change
δk. Increasing the interaction strength makes the spectrum wider, creating correlations
between the atoms in a wider range of momenta.

create correlations between the atoms A and B. Moreover, by including more atoms,
the coherent peak becomes both broader (as different combinations of atoms are onresonance at different detuning energies δ) and higher (as even higher order processes become available and the phase space grows).
This simple calculation shows that indeed there is a coherent process that is
constrained only by the total energy conservation. The presence of an interaction
channel between the atoms is crucial but for a strongly interacting gas the energy
exchange processes should be strong.
An analogous idea of transport through virtual states is also encountered in
solid state applications. Cotunnelling in a single electron transistor is a second order process in which an electron tunnels through two tunnel junctions [4]. Between
the two tunnelling events, the system is in a virtual state in which the energy conservation is violated. If the tunnelling rate is sufficiently high, the energy imprecision
due to short lifetime of the virtual state allows the transport of the electron and the
current flow.
Transport through a virtual state is also used in Raman process, shown in
Fig. 5.23. In the process, two lasers Ω12 and Ω23 create couplings between states.
However, due to some conservation laws, the direct transition from state |1i to state
|2i may be forbidden. In this case, the transition between the two states must take
place through an additional state |3i. However, if the lasers are off-detuned with
respect to the transitions |1i → |3i and |3i → |2i, the intermediate state is virtual.
The generalised first order perturbation theory described in this thesis can be
understood as a many-body version of the Raman process, the two couplings pro-
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F IGURE 5.23 a) Raman transition from state |1i to state |2i applies an intermediate
virtual state |3i. The state |3i is a real state, but the two coupling lasers are off-detuned
with respect to transitions |1i → |3i and |3i → |2i. However, the combination of the
two lasers is in resonance with the transfer |1i → |2i, thus conserving the energy
in the total process. b) The two atom transfer process described by the generalised
perturbation theory also takes place through a virtual state. The first coupling between
the states |g1 , g2 i → |e01 , e02 i is created by the rf-field, and the coupling |e01 , e02 i → |e1 , e2 i
is provided by the atom-atom interactions U .

vided by the rf-field and the atom-atom interactions. Fig. 5.23 shows a two-atom
process, in which the probing rf-field couples two atoms in hyperfine state |gi to hyperfine state |ei. If this transition does not conserve energy, the target state is virtual.
The relaxation into a real physical state takes place through an atom-atom interaction channel.

5.4

RF-spectroscopy of a polarised Fermi gas

The Bogoliubov-deGennes calculation described in this thesis is applicable also to
polarised (or spin imbalanced) Fermi gases [91, 65], when the chemical potentials of
the two components are different, µg 6= µg0 . Fig. 5.24 shows the density and order
parameter profiles of a strongly interacting polarised Fermi gas at zero temperature [43] (Publication IV), revealing interesting oscillations of the order parameter at
the edge of the atom cloud of the minority component (the atom species with less
atoms). These oscillations are associated to FFLO-type pairing [28,49,56,86,17,52,43],
in which the Cooper pairs have nonvanishing momentum (or angular momentum
in the harmonic trap).
We have proposed the use of rf-spectroscopy to detect these oscillations [43]
(Publication IV). The theories predict radio-frequency spectra shown in Fig. 5.25.
At zero temperature, the spectrum of the majority component (the component with
more atoms) shows a broad pairing peak and a narrow peak at the zero detuning
energy. The narrow peak originates from the unpaired (excess) atoms at the edge of
the trap. However, the spectrum of the minority component shows also a narrow
peak at the zero detuning. This corresponds to a tail in the density distribution that
combines with the oscillations of the order parameter. Since the amplitude of these
oscillations is very small, these atoms are very weakly bound. Furthermore, the os-
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F IGURE 5.24 The densities of the two components |gi and |g 0 i and the order parameter profile ∆(r) of a polarised Fermi gas obtained using the Bogoliubov-deGennes approach. The data is for zero temperature and (kF a)−1 = −0.5. The numbers of atoms
in the two components are Ng = 14555 and Ng0 = 3790, yielding a total polarisation
Ng −N

0

P = Ng +Ng0 ≈ 0.59. The center of the trap exhibits ordinary BCS-type superfluidity
g
with equal densities, but the edge of the cloud of minority atoms shows a polarised superfluid phase with a finite order parameter coexisting with a density difference. The
oscillations of the order parameter are associated to FFLO-type pairing in a polarised
superfluid.

cillating order parameter reaches zero at the nodes, so there are even completely
unpaired atoms (in the local density approximation sense). The appearance of the
zero detuning peak in the spectrum of the minority component is therefore a signature of the long oscillating tail of the order parameter, and of the zeroes of the order
parameter.

5.5

Further experiments?

In order to confirm our predictions on the importance of the coherent transfer of
atoms in the pairing gap experiments, a new set of experiments is needed.
The higher order processes, in which the atoms can exchange energy, thus relaxing the single-particle energy conservation, become relatively more important in
the limit of narrow linewidth. Because of the broad excitation spectrum, the singleparticle processes will give a very small contribution because only a small number
of atoms can be on resonance with the field at a given frequency. On the other hand,
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5. RADIO-FREQUENCY SPECTROSCOPY
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F IGURE 5.25 The rf-spectrum of a polarised Fermi gas, using the same parameters
as in Fig. 5.24, and assuming the target state |ei to be noninteracting. The plot on the
left shows the spectrum of the majority component. The zero detuning peak at zero
temperature originates from the unpaired atom at the edge of the trap. The plot on the
right shows the spectrum of the minority component. Here the zero detuning peak
originates from atoms in the region with a small oscillating order parameter, signaling
the presence of FFLO-type oscillations. The higher order theory corresponds to the
generalised first order theory. The plain first order theory does not produce a visible
pairing peak because of small linewidth Γ = 0.005 EF . For larger linewidths the two
theories produce spectra similar to the solid lines here.

the higher order processes are not limited by the linewidth but rather by the interaction and decoherence timescales. The importance of these higher order processes
can thus be studied with strongly interacting gases using long weak pulses.
The theory outlined in this thesis should be applicable also to laser spectroscopy. The main difference between the use of radio-frequency and laser fields is the
wavelength of the probing field. The laser fields can have significantly shorter wavelengths, meaning that the photons carry a higher momentum. The energy ~ω and the
momentum δk given to the atoms in a two-photon process can be varied by changing the angle between two laser beams. This allows particle transfer between the
|gi and |g 0 i states even in the (50/50) % mixture (compare with the spin-flip experiment [89]), or even between different momentum states of the same hyperfine state.
This kind of Bragg spectroscopy has been applied in BEC experiments [80, 78, 79, 81]
for measuring the dynamic structure factor. The Bragg spectroscopy of superfluid
Fermi gases has been considered theoretically in the BCS regime [55, 63, 15], optical lattices [36, 48], and the BCS-BEC crossover [60, 25, 13]. Since the spectroscopy
can be performed between the |gi and |g 0 i states, there are no additional complications from the interactions with a third component. And finally, the laser beams can
be targeted into a small region, helping to mitigate the inhomogeneous broadening
effects from the trapping potential.

6 Conclusions
The spectroscopy of atom gases using radio-frequency or laser fields is well understood in the ideal case of noninteracting atoms. However, already in the case of weak
mean-field type interactions, the simplest approach, using the Fermi Golden Rule or
the first order perturbation theory, fails. This implies the need for a self-consistent
solution that can describe collective processes, such as the coherent rotation of the
states of all atoms.
The theory of rf-spectroscopy outlined in this thesis is a merge of the first order
perturbation theory and the idea of the coherent Bloch rotation. The resulting theory
is able to effectively describe all aspects in the two experiments in Refs. [89] and [19].
The introduction of the coherent coupling Hamiltonian (5.51) or the assumption of
simultaneous transfer in the many-body perturbation theory are consequences of
the inapplicability of the perturbative approach to collective phenomena. A rigorous
approach would be to apply self-consistent methods that are by design well suited
for collective effects.
A self-consistent theory for the rf-spectroscopy for a weakly interacting gas
was suggested in Ref. [87]. The theory was able to explain the absence of the meanfield shift, because the self-consistency for symmetric atoms implies that if one atom
is transferred, then all of them are, thus producing the correct spectrum. In addition,
it can elegantly explain the pairing gap experiment, giving good agreement in the
spectra. A future work would be to extend the self-consistent approach to strongly
interacting gases where the virtual energy exchanging processes should be present.
These effects can be included in a self-consistent theory by explicitly calculating the
many-body rf-transitions (in the spirit of Section 5.2.7), or by including in the single
particle picture such correlated effects that go beyond the mean-field theory.
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Appendixes
A. Determination of the linewidth
The linewidth due to homogeneous broadening can be deduced (under a few assumptions) from experimental data in Ref. [19] together with the knowledge of relative rf-field powers [10], shown in Table 1. The total linewidth and shape of the
spectra follows from many factors, but important for the present purposes is the
linewidth of the narrow peak at zero detuning observed at finite temperatures, see
Fig. 5.9.
The high temperature spectrum (T ≈ 6 TF , first row) for B = 83.7 mT has
linewidth of 640 Hz. Increase of the rf-field power by +11 dB (as in the intermediate
temperature spectrum for the same interaction strength) corresponds to increasing
the electric field intensity by factor 12.5. Increasing the field intensity increases the
linewidth due to power broadening, i.e. the linewidth Γ ∝ Ω, where Ω is the atomrf-field coupling as discussed in Section 5.1.2.
Factor of 12.5 would yield linewidths of 640 Hz · 12.5 ≈ 8 kHz which is much
more than observed in the spectra at intermediate temperatures. Thus, it is clear
that the linewidths at high temperatures have also other ingredients than the simple
homogeneous power broadening. On the other hand, assuming that all these other
broadening effects are independent of the rf-field power (and in principle all broadening effects that are directly proportional to the rf-field power can be dubbed as
power broadenings), the linewidth at the high field powers would be completely
dominated by the power broadening.
On the other hand, the width of the narrow peak at the zero detuning in the
spectrum in the first column and the middle row (72.0 mT and T 0 ≈ 0.5 TF ) is ap720G

822G

837G

875G

Top row (T 0 ≈ 6 TF )
+0 dB
Middle row (T 0 ≈ 0.5 TF )
+17 dB
Bottom row (T 0 < 0.22 TF ) +15.5 dB

+0 dB
+10 dB
+10.5 dB

+1 dB
+12 dB
+8 dB

+0 dB
+8.5 dB
+6 dB

TABLE 1 The relative powers of the rf-field, corresponding to the spectra shown in
Fig. 5.9. [10].
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proximately 6 kHz. The corresponding relative rf-power is +17 dB. Decreasing the
field power is now expected to reduce the linewidth linearly with the rf-field intensity, and for relative rf-power of +12 dB (83.7 mT and T 0 ≈ 0.5 TF ) this would yield
linewidth of less than 2 kHz. Since all other sources of broadening were assumed
to be smaller (on the grounds of the narrowness of the peak at high temperatures),
this gives the total homogeneous linewidth. Notice, that although the interaction
strength at the resonance is much stronger than in the BEC side, any additional
broadening due to simple mean-field interactions are already included in the high
temperature spectrum at the same magnetic field value.
However, the linewidth of the narrow peak at the zero detuning in the spectrum for 83.7 mT and T 0 ≈ 0.5 TF is roughly 5 − 6 kHz. The source of this additional
broadening is not clear. However, the generalised first order theory discussed in this
thesis effectively provides an additional broadening that originates from the pairing
of the atoms.
The Fermi energies at the intermediate temperatures were TF ≈ 3.4 µK, giving
as the linewidth in Fermi units Γ/EF ≈ 0.03. This is smaller than the linewidths
used in the calculations in this thesis by factor of 2. The effect of smaller linewidths
would be to reduce the fraction of transferred atoms in all simple first order spectra
by factor of 2. In contrast, the generalised first order spectra are insensitive to narrow
linewidths and therefore they remain unchanged.

