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Abstract

Raiskinmäki, Pasi
Dynamics of multiphase flows: liquid-particle suspensions and droplet spreading
Jyväskylä: University of Jyväskylä, 2004, 152 p.
(Research report/Department of Physics, University of Jyväskylä,
ISSN 0075-465X; 7/2004)
ISBN 951-39-1967-6
diss.

Most fluids that appear in nature as well in numerous applications in industry are
multiphase fluids such as liquid-particle suspensions. This thesis considers two typ-
ical multiphase systems, a liquid-particle suspension in a (two-dimensional) shear
flow and a liquid droplet on a porous surface. These systems are analysed by ab
initio lattice-Boltzmann simulations.

We analysed the dependence of the viscosity of non-Brownian liquid-particle
suspensions on the concentration and shape of the suspended particles, and on
the shear rate. We found the viscosity to increase with increasing shear rate. This
phenomenon was related to enhanced solid-phase momentum transfer across the
system. At least two mechanisms were shown to contribute to the solid-phase mo-
mentum transfer: clustering of particles and inertial effects. In shear flow suspended
particles form dynamic linear clusters, whose size correlates with the viscosity of the
suspension for Reynolds numbers Reγ . 1. For high Reynolds numbers Reγ > 1,
when the cluster size remains almost constant, viscosity increases due to inertial
effects.

In the second system we were interested in the dynamic behaviour of liquid
droplet impact on a porous substrate. We could explain, at least qualitatively, how
the evolution of the wetted area is controlled by impact velocity, contact angle and
surface roughness. We also used in this work a tomographic image of a sample of
paper board as the substrate. We determined the volume penetrated by the droplet
as a function of time, and compared it with the corresponding result of an analytical
capillary model. Based on this comparison, it is evident that our simulations cap-
ture relevant mechanisms of the penetration process, and that this process can be
understood by a properly formulated capillary theory.

Keywords Multiphase flows, lattice Boltzmann, suspension, rheology, capillary
penetration, imbibition.

iii



iv

Author’s address Pasi Raiskinmäki
Department of Physics
University of Jyväskylä
Finland

Supervisors Professor Jussi Timonen
Department of Physics
University of Jyväskylä
Finland

Professor Markku Kataja
Department of Physics
University of Jyväskylä
Finland

Docent Antti Koponen
Department of Physics
University of Jyväskylä
Finland

Reviewers Professor Mark Martinez
Department of Chemical and Biological Engineering
University of British Columbia
Canada

Professor Risto Ritala
Measurement and Information Technology
Tampere University of Technology
Finland

Opponent Professor Alfons Hoekstra
Department of Mathematics and Computer Science
University of Amsterdam
The Netherlands



List of Publications

I P. RAISKINMÄKI, A. SHAKIB-MANESH, A. KOPONEN, A. JÄSBERG,
M. KATAJA, AND J. TIMONEN, Simulation of Non-spherical Particles Sus-
pended in a Shear Flow. Comput. Phys. Commun. 129 (2000) 185.

II A. SHAKIB-MANESH, P. RAISKINMÄKI, A. KOPONEN, M. KATAJA,
AND J. TIMONEN, Shear Stress in a Couette Flow of Liquid-Particle Sus-
pensions. J. Stat. Phys. 107 (2002) 67.

III P. RAISKINMÄKI, J. A. ÅSTRÖM, M. KATAJA, M. LATVA-KOKKO, A.
KOPONEN, A. JÄSBERG, A. SHAKIB-MANESH AND J. TIMONEN, Clus-
tering and Viscosity in a Shear Flow of a Particulate Suspension. Phys. Rev. E
68 (2003) 061403.

IV P. RAISKINMÄKI, A. KOPONEN, J. MERIKOSKI, AND J. TIMONEN,
Spreading Dynamics of Three-dimensional Droplets by the lattice-Boltzmann
Method. Comput. Mat. Sci. 18 (2000) 7.

V P. RAISKINMÄKI, A. SHAKIB-MANESH, A. KOPONEN, A. JÄSBERG, J.
MERIKOSKI, AND J. TIMONEN, Lattice-Bolzmann Simulation of Capillary
Rise Dynamics. J. Stat. Phys. 107 (2002) 143.

The author of this thesis has written the first draft of the articles [I, IV, V], and
also written selected parts of the article [III]. The author has participated in con-
struction of stress calculation algorithm, and analysis of the numerical results of the
article [II]. The author has performed all lattice-Boltzmann simulations of the arti-
cles [I, III, IV, V].

v



vi



Contents

Preface i

Abstract iii

List of Publications v

1 Introduction 1

2 Multiphase flows 3
2.1 Kinetic theory and transport phenomena . . . . . . . . . . . . . . . . 3
2.2 Equations of multiphase flow . . . . . . . . . . . . . . . . . . . . . . . 7

2.2.1 Averaged equations . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2.2 Liquid-particle suspensions . . . . . . . . . . . . . . . . . . . . 12
2.2.3 Mixture model . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3 Numerical approach to multiphase flows . . . . . . . . . . . . . . . . 18
2.3.1 The lattice-Boltzmann method . . . . . . . . . . . . . . . . . . 19
2.3.2 Suspension models . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.3.3 Multicomponent and multiphase models . . . . . . . . . . . . 27

3 Viscosity of liquid-particle suspensions in Couette flow 31
3.1 Validation of the implemented methods . . . . . . . . . . . . . . . . . 31
3.2 Some aspects of viscosity for non-Brownian liquid-particle suspensions 35

3.2.1 Effect of particle shape . . . . . . . . . . . . . . . . . . . . . . . 35
3.2.2 Effect of shear rate . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2.3 Cluster contribution to the viscosity of liquid-particle suspen-

sions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2.4 Momentum transfer . . . . . . . . . . . . . . . . . . . . . . . . 46
3.2.5 Solid phase stress . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4 Liquid droplet on a porous surface 53
4.1 Validation of the implemented method . . . . . . . . . . . . . . . . . . 53
4.2 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Conclusions 67

vii



viii



Chapter 1

Introduction

Most of the fluids that appear in e.g. numerous applications in industry and also
in nature are multiphase fluids such as liquid-particle suspensions. The term ’multi-
phase fluids’ stands for systems with different substances or different phases of mat-
ter (solid, liquid, or gas) in coexistence. Based on experiments and theoretical work,
dynamics of single-phase fluids are now quite well understood, excluding however
turbulence. This understanding does not extend to multiphase flows due to the com-
plex structures of phase interfaces and interactions between them. Even for a simple
case of spherical, homogeneous, solid particles added in a laminar single-fluid flow,
interaction terms between the phases (see Section 2.2 below) are complex. For this
reason existing theories of multiphase flows, which we briefly introduce in Section
2.2, are restricted to a rather general level. Formulation of specific multiphase equa-
tions for a system requires detailed information about the constitutive relations and
material parameters of the system. In order to control multiphase processes, un-
derstanding the basic mechanisms involved is also essential. To this end, studies of
multiphase flows are important.

This thesis considers two different multiphase systems: liquid-particle suspen-
sion in a shear flow and liquid droplet on a porous surface. Analysis of these systems
is based on mesoscopic lattice-Boltzmann fluid-dynamics simulations.

Viscosity is an important material parameter of liquid-particle suspensions. If
a liquid-particle suspension is described as a single-phase ’non-Newtonian’ fluid,
viscosity includes all its rheological information. In practice, viscosity is measured
by common viscometers, and is affected by several variables such as e.g. particle
concentration, shape of the particles and shear rate. As these parameters may vary
locally in the flow, the assumption of a single-phase flow may also break down.
An important factor related to this problem, although still quite poorly understood,
is thus the microstructure of the suspension, as well as inertial effects in the non-
Newtonian (dilatant) behaviour of the suspension. It is evident that one should un-
derstand much better the relevant momentum transfer mechanisms which lie be-
hind suspension rheology.

Understanding the behaviour of liquid droplets on porous surfaces is also a
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long-standing problem in many applications in industry. One should understand
how variations in variables such as contact angle, porosity and impact speed af-
fect the behaviour of the droplet. There is need for analytical models and detailed
numerical simulations by new realistic ab initio methods. A particularly interesting
relatively new method is the lattice-Boltzmann method which has already produced
many important results.

The first objective of this thesis is to analyze how such parameters as particle
concentration, particle shape and shear rate affect the viscosity of liquid-particle sus-
pensions in general, and in particular how the viscosity is affected by the microstruc-
ture of the suspension. These issues are dealt with in Chapter 3. The method of
choice for these analyses was ab initio numerical simulations by the lattice-Boltzmann
method, described in some detail in Chapter 2. The second objective of this thesis
is to analyze, with the same methods, how droplets impacted on a porous substrate
penetrate the substrate. This is another example of a complicated multiphase prob-
lem of fundamental as well as practical importance, and is dealt with in Chapter 4.
To begin with, we give, in the beginning of Chapter 2, a brief introduction to the
general theoretical background of multiphase flows.



Chapter 2

Multiphase flows

2.1 Kinetic theory and transport phenomena

Within classical kinetic theory of gases, the basic variable to be found is the distri-
bution function

f(r,p, t) =
dN

drdp
, (2.1)

where dN is the number of particles in volume element dr around point r and in the
momentum space element dp around momentum p. Thus, according to Eq. (2.1),
distribution function is the density of particles in the phase space. This distribution
function plays a crucial role in kinetic theory because from it all relevant statistical
quantities of the gas can be calculated.

Distribution function changes with time, because particles continuously enter
and leave phase space volume elements, and collide with each others: the time evo-
lution of the distribution function (of a dilute gas) is governed by the Boltzmann
equation [1]

(
∂

∂t
+

p

m
·∇r + F ·∇p)f(r,p, t) = (

∂f

∂t
)coll. (2.2)

The terms on the left-hand side indicate, respectively, the dependence of the distri-
bution function on time, space (also explicitly related to velocity), and momentum
(also explicitly related to external force F acting on the particles). Herem is the mass
of the particles, and the collision term (∂f

∂t
)coll on the right-hand side describes the

evolution of the distribution function due to collisions between particles.
The collision term, (∂f

∂t
)coll, depends on the form of inter-particle interactions.

For a dilute gas where the collisions can be considered to be binary collisions, the
collision term takes the form [1]

(
∂f

∂t
)coll =

∫
dΩ

∫
d3p2{dσ/(dΩ)}|v1 − v2|(f

′

1f
′

2 − f1f2), (2.3)

where a prime indicates a distribution function after the collision, and v is particle

3
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velocity. A differential scattering cross section {dσ/(dΩ)} is the probability per unit
angle that an incident particle is scattered into the angle dΩ, and it may be either
calculated or measured. The collision term has a very complicated form even in the
case of the simplest gases. Therefore, it is appropriate to replace it by a phenomeno-
logical term

(
∂f

∂t
)coll ≈ −f − f eq

ξ
, (2.4)

where ξ is a collision time or a relaxation time, and f eq indicates the (local) equilib-
rium distribution function towards which the distribution function is relaxed. This
approach is called the ’relaxation time approximation’ [2].

Based on Boltzmann’s H theorem it can be shown that, under arbitrary initial
conditions, the distribution function approaches monotonically the equilibrium dis-
tribution function f eq(r,p), which is the solution of the Boltzmann transport equa-
tion Eq. (2.2) with vanishing intermolecular collision term. Thus, the system will
stay at the equilibrium state once it has been reached. Maxwell was able to show
that the equilibrium distribution function for dilute gases without external forces is
given by

f eq(p) =
n

(2πmkBT )3/2
e−(p−p0)2/(2mkBT ), (2.5)

where n is the density of particles, p0 is the average particle momentum, and T is
temperature. If an external force F = −∇φ(r) would be present in this dilute gas
system, the equilibrium function would be [1]

f(r,p) = f eq(p)e−φ(r)/(kBT (r)), (2.6)

where f eq(p) is given by Eq. (2.5).
If the system is not in equilibrium its distribution function f(r,p, t) will de-

viate from the Maxwell-Boltzmann distribution Eq. (2.5). In this case transport of
conserved quantities takes place due to propagation and collisions of particles. Let
χ = χ(r,p) be any quantity of a particle such that

χ1 + χ2 = χ
′

1 + χ
′

2 (2.7)

holds true in any binary collision. Here χ1 = χ(r1,p1), etc. It can be shown that [1]∫
d3pχ(r,p)[

∂f(r,p, t)

∂t
]coll = 0. (2.8)

Thus, multiplying the Boltzmann transport equation (2.2) by χ and integrating over
p, one finds ∫

d3pχ(r,p)(
∂

∂t
+
pi

m

∂

∂xi

+ Fi
∂

∂vi

)f(r,p, t) = 0. (2.9)

The average of any property A of particles is defined by means of the distribution
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function f such that

〈A〉(r, t) ≡ 1

n

∫
d3pAf(r,p, t), (2.10)

where n(r, t) ≡
∫
d3pf(r,p, t). Thus, Eq. (2.9) can be finally written in the form

∂

∂t
〈nχ〉+

∂

∂xi

〈nviχ〉 − n〈vi
∂χ

∂xi

〉 − n

m
〈Fi

∂χ

∂vi

〉 = 0. (2.11)

By setting χ = m in Eq. (2.11) and introducing the mass density ρ(r, t) ≡ mn(r, t),
the equation for mass conservation with u(r, t) ≡ 〈v〉 can be expressed as

∂ρ

∂t
+∇ · (ρu) = 0. (2.12)

Equation (2.12) is also known as the continuity equation (for a hydrodynamical sys-
tem).

Setting χ = mvi in Eq. (2.11), it is possible to write the equation for momentum
conservation in the form

∂

∂t
(ρu) +∇ · (ρuu) =

ρ

m
F−∇ ·~σ. (2.13)

Here ~σ is the stress tensor defined by

σij ≡ ρ〈(vi − ui)(vj − uj)〉. (2.14)

By introducing the momentum density q = ρu (and δ = ∇ ·~σ + ρ
m
F), Eq. (2.13) can

also be expressed in the form

∂

∂t
q +∇ · (qu) = δ, (2.15)

where qu ≡ Π is the momentum flux (tensor). Equation (2.15) has the form of a con-
tinuity equation, with an additional source term due to external and internal forces
acting on the system. Similarly, one can derive an equation for the conservation of
energy ( see Ref. [1] for details).

If the system is at its equilibrium state f(r,p, t) = f eq(r,p), (∂feq

∂t
)coll = 0. The

stress tensor of Eq. (2.14) will now be [1]

σeq
ij = ρ(m/2πkBT )3/2

∫
d3v(vi − ui)(vj − uj)e

− m
2πkBT

|v−u|2
= δijP, (2.16)

where
P =

1

3
ρ(

m

2πkBT
)3/2

∫
d3UU2e

− m
2πkBT

U2

= nkBT (2.17)

is the local pressure. Here U = |v−u|. Using ~σ = ~σeq in the momentum conservation
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equation Eq. (2.15) gives

∂

∂t
(u) + u ·∇u +

1

ρ
∇P =

F

m
. (2.18)

This is the Euler equation for a nonviscous flow.

In many practical cases of a fluid flow the system is not in exact equilibrium
because the hydrodynamic fields vary locally. The distribution function can then
be written as a sum of the equilibrium and a non-equilibrium part, f = f eq + δf .
Here δf is of the order of λ << L, where λ is the the mean free path, and L is the
characteristic wavelength. Now, the stress tensor is given by (for details see Ref. [1])

σij =
ρ

n

∫
d3p(vi − ui)(vj − uj)(f

eq + δf) = δijP + τij, (2.19)

where the viscous stress tensor τij is given by

τij = − ξρm
4

kBTn
Λkl

∫
d3UUiUj(UkUl −

1

3
δklU

2)f eq. (2.20)

Here Λkl ≡ 1
2
(∂uk

∂xl
+ ∂ul

∂xk
). On the other hand, it is well known that in the hydrody-

namic regime, the viscous stress tensor for an isotropic fluid is

τij = −2µ(Λij −
1

3
δij∇ · u). (2.21)

For example, comparing the components τ12 of Eqs. (2.20) and (2.21), one finds for
the coefficient of Newtonian shear viscosity

µ = − ξm
5

kBT

∫
d3UU2

1U
2
2 f

eq = ξnkBT. (2.22)

Finally, the total stress tensor has now the form

σij = δijP − 2µ(Λij −
1

3
δij∇ · u), (2.23)

where the first term on the right-hand side contains the stresses due to pressure, and
the second term includes the viscous stresses produced by velocity gradients.

Substituting the stress tensor Eq. (2.23) into the momentum conservation equa-
tion Eq. (2.13) (and assuming constant µ), the second basic hydrodynamic equation,
the Navier-Stokes equation, can be written as

∂

∂t
(ρu) +∇ · (ρuu) =

ρ

m
F−∇(P − µ

3
∇ · u) + µ∇2u. (2.24)

For an incompressible fluid the continuity equation Eq. (2.12), and the Navier-Stokes
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equation are given by
∇ · u = 0, (2.25)

∂

∂t
u + (u ·∇)u =

F

m
− 1

ρ
∇P + ν∇2u, (2.26)

where ν = µ/ρ is the kinematic viscosity of the fluid. These basic hydrodynamic
equations can also be derived by considering a small element of fluid (i.e. an in-
finitesimal fixed control volume), and applying Newton’s second law to the motion
of this element [3].

Equations (2.12) and (2.24) comprise four nonlinear coupled partial differential
equations for four unknown variables (P, u1, u2 and u3), as density ρ is a constant
for incompressible flow. However, analytical solution of these equations is available
only in some special cases. Sometimes these equations can be simplified, as was
the case with the Euler equation Eq. (2.18) for a non-viscous flow. In the case of
stationary creeping flow, where the left-hand side of the Navier-Stokes equation
vanishes, the Stokes equation

∇P = µ∇2u (2.27)

is obtained (in the absence of an external force).

2.2 Equations of multiphase flow

The basic equations of fluid mechanics, the continuity equation Eq. (2.12) and the
Navier-Stokes equation Eq. (2.24), were introduced in the previous section for single-
phase flow. Evidently, for a multiphase fluid the situation is more complicated.
While it is rather straightforward to derive the equations for conservation of mass,
momentum and energy for an arbitrary mixture, no generally accepted counterpart
of the Navier-Stokes equation have been found for multiphase flows [4]. Using e.g.
a volume averaging procedure [4], it is however quite possible to derive a set of
equations for multiphase flows, which in principle correctly describe the dynam-
ics of any multiphase system. Macroscopically inhomogeneous and dissolved flows
such as stratified flow (immiscible fluids separated by identifiable interfaces) and
slug flow (large bubbles in a continuous fluid) are not considered here. There are
several alternative ways to derive averaged multiphase flow equations such as time
averaging and ensemble averaging [5]. The resulting generic form will be similar
independent of the method used (different methods may, however, offer slightly
different views into the physical interpretation of the various terms that appear in
the equations). In the following we consider a system comprised of liquid-particle
suspension, shown in Fig. 2.1, which includes a mixture of distinct phases.
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2.2.1 Averaged equations

We assume that there exists a characteristic dimension Lp of the individual phase
domain at the mesoscopic level such that (microscopic level λ)� (mesoscopic level
Lp)� (averaging volume level Lc)� (macroscopic level Ls). The averaging volume

FIGURE 2.1 Characteristic length scales and the control volume used in the contin-
uum approximation.

V ∼ L3
c contains distinct domains of each phase such that V = ΣkVk, where Vk is the

volume of phase k inside V (see Fig. 2.2).

FIGURE 2.2 Averaging volume V including several separated phases.

At any interior point of phase k it is assumed that the equations of mass and
momentum conservation are valid in the forms

∂ρk

∂t
+∇ · (ρkuk) = 0, (2.28)

∂ρkuk

∂t
+∇ · (ρkukuk) = ∇ ·~σk + Fk. (2.29)

Notice that these equations are valid irrespective of whether phase k is fluid or solid
material. For fluid, the total stress tensor can be divided into pressure and viscous
parts, ~σ = −P I + ~τ . While similar decomposition can be formally made also for
solids, it may not be very useful in that case. For solid particles e.g. moving in a
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fluid, the local velocity Uk is, of course, highly correlated inside each particle that
moves as a rigid body. (For a derivation of the energy equation for multiphase flows,
see e.g. Ref. [4]).

FIGURE 2.3 A position of the interface between phases k and f .

Mass and momentum conservation at an interface Akf between phases k and
f (see Fig. 2.3) require that

ρk(uk − us) · n̂k + ρf (uf − us) · n̂f = 0, (2.30)

and

ρkuk(uk −us) · n̂k + ρfuf (uf −us) · n̂f = (~σk) · n̂k + (~σf ) · n̂f −∇sγkf +
2γkf

Rs

n̂. (2.31)

Here, n̂k,f is the unit outward normal of phase k (f ), us the velocity of the inter-
face, Rs the radial interface curvature vector, n̂ = Rs/Rs (= ±n̂k; n̂k = −n̂f ), γkf the
surface tension at the interface, and ∇s = (∇ − n̂ ·∇) the surface gradient opera-
tor. These interface equations Eqs. (2.30) and (2.31) give boundary conditions for the
mesoscopic equations of motion Eqs. (2.28) and (2.29). (In addition, it is necessary to
apply boundary conditions for each phase separately at the boundary of the phys-
ical system.) In practice, the boundary conditions may be very complicated due to
the complex shapes of the interface which, in addition, may depend on time. There-
fore, it is not usually feasible to numerically solve the mesoscopic equations Eqs.
(2.28) and (2.29), with proper boundary conditions (see, however, Section 2.3.1).

For any mesoscopic quantity qk (scalar, vector or tensor) related to phase k in



10

the averaging volume V , we define the averaged quantities

〈qk〉 =
1

V

∫
Vk

qkdV (2.32)

q̃k =
1

Vk

∫
Vk

qkdV =
1

φk

〈qk〉 (2.33)

q̄k =

∫
Vk
ρkqkdV∫

Vk
ρkdV

=
〈ρkqk〉
φkρ̃k

, (2.34)

where φk = Vk/V is the volume ratio of phase k and
∑

k φk = 1. The quantities 〈qk〉,
q̃k and q̄k given by Eqs. (2.32), (2.33) and (2.34) are called the partial average, the
phase average and the mass weighted average of qk, respectively. We next turn to
deriving the governing equations (flow equations) for the various averaged quanti-
ties each defined as partial-, phase- or mass-weighted average of the corresponding
mesoscopic quantity. (It will become evident in the course of derivation, which av-
eraging is most appropriate for each of the relevant quantities.) The derivation can
be done by applying averaging to the phase equations Eqs. (2.28) and (2.29). To do
so we have to deal with averages of derivatives. It is straightforward to show that
partial averages of various derivatives of any quantity qk can be given as sums of
the corresponding derivatives of a partial average of qk and additional surface inte-
grals [4],

〈∇qk〉 = ∇〈qk〉+
1

V

∫
Ak

qkn̂kdA (2.35)

〈∇ · qk〉 = ∇ · 〈qk〉+
1

V

∫
Ak

qk · n̂kdA (2.36)

〈 ∂
∂t
qk〉 =

∂

∂t
〈qk〉 −

1

V

∫
Ak

qkus · n̂kdA. (2.37)

Taking partial average of both sides of Eqs. (2.28) and (2.29) and using Eqs. (2.35)-
(2.37), we obtain for the equations of motion

∂

∂t
〈ρk〉+∇ · 〈ρkuk〉 = Γk (2.38)

∂

∂t
〈ρkuk〉+∇ · 〈ρkukuk〉 = −∇〈Pk〉+∇ · 〈τk〉+ 〈Fk〉+ Mk. (2.39)

(For the averaged energy equation, see Ref. [4]). In the above equations Eqs. (2.38)
and (2.39), Γk and Mk are the so called ’transfer integrals’ given by

Γk = − 1

V

∫
Ak

ρk(uk − us) · n̂k (2.40)
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Mk =
1

V

∫
Ak

(~σk) · n̂kdA−
1

V

∫
Ak

ρkuk(uk − us) · n̂kdA. (2.41)

These transfer integrals describe the interfacial interactions, i.e. transfer of mass and
momentum from one phase to the others through phase surfaces. This transfer may
e.g. be due to chemical reactions, phase transitions or work done by the internal
stresses. Using Eqs. (2.30) and (2.31), it is easy to see that the transfer integrals Eqs.
(2.40) and (2.41) obey the constraints∑

k

Γk = 0 (2.42)

and ∑
k

Mk = − 1

2V

∑
k,f
k 6=f

∫
Akf

(−∇sγkf +
2γkf

Rs

n̂)dA. (2.43)

Equation (2.42) ensures conservation of the total mass of the mixture, while the
right-hand side of Eq. (2.43) gives rise to surface effects such as ’capillary’ pres-
sure differences between various phases. If the surface tension between the phases
is insignificant, the right-hand side of Eq. (2.43) vanishes.

Transfer integrals are still given as surface integrals of the original microscopic
quantities over the unknown phase boundaries, and cannot be used in this form.
Therefore, transfer integrals must ultimately be replaced by new terms which have
the same physical content, but which are given in closed form in terms of the basic
averaged quantities. Derivation of such constitutive relations for the transfer inte-
grals is one of the basic problems of multiphase-flow dynamics. No general method
to solve that problem exists, because the solution is particular to each system [6].
However, by making a simplified model of the system or with suitable assumptions,
it may be possible to estimate these relations. Dimensional analysis and experiments
can also be used to find the relevant parameters of the constitutive relations.

As stated above, our goal here is to derive equations that contain averages of
phase quantities such as e.g. ρk and uk. Equations (2.38) and (2.39) contain, however,
averages of products of such quantities, and in general these differ from products of
averages of the corresponding variables. Therefore, even in the case that the terms
〈Fk〉, 〈~σk〉, Γk and Mk were known, there would still be more independent variables
than equations for each phase in the system, i.e. the set of equations is not closed.
Therefore it is necessary to reduce the number of independent variables by replacing
the averages of products by products of suitable averages. To do this we first define
the velocity fluctuation δuk as

δuk ≡ uk −Vk, (2.44)

where Vk(≡ 〈ρkuk〉
〈ρk〉

) is the mass averaged velocity (Eq. (2.34)). The following closure
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relations can then be easily obtained:

〈ρkuk〉 = 〈ρk〉Vk = φkρ̃kVk, (2.45)

〈ρkukuk〉 = 〈ρk〉VkVk + ~τδk = φkρ̃kVkVk + ~τδk. (2.46)

Here ~τδk = −〈ρkδukδuk〉. Note that ~τδk has the same form as Reynold’s stress tensor
in the momentum conservation equation for turbulent single-phase flow. (The stan-
dard definition of Reynolds stress involves, however, time averaging rather than
volume averaging.) The ’final’ equations of motion can be finally expressed in the
form

∂

∂t
(φkρ̃k) +∇ · (φkρ̃kVk) = Γk (2.47)

for conservation of mass, and

∂

∂t
(φkρ̃kVk) +∇ · (φkρ̃kVkVk) = ∇ · 〈~σk〉+ 〈Fk〉+ Mk +∇ ·~τδk (2.48)

for conservation of momentum. In the same way one could derive the equations for
energy and entropy. In the following, a dense liquid-particle suspension is consid-
ered as an example where all hydrodynamic quantities are expressed as functions
of ρk and Vk.

2.2.2 Liquid-particle suspensions

Consider a binary system of particles suspended in a Newtonian liquid. The liquid
phase and the solid phase are denoted by subscript f and s, respectively. We as-
sume that there is no mass transfer between the phases and also neglect the surface
tension, and hence find that

Γf = Γs = 0, (2.49)

Mk =
1

V

∫
Ak

~σk · n̂kdA; k = f, s, (2.50)

M ≡ Mf = −Ms. (2.51)

For dense systems where both phases are incompressible, interactions between sus-
pended particles are noticeable. Therefore the stresses in the solid phase differ from
those in the fluid phase.

By introducing a phase indicator function Θk such that

Θf (r) =

{
1, r ∈ Vf ,

0, otherwise,
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we find that
〈Θf〉 =

1

V

∫
Vf

ΘfdV =
1

V
Vf = φf ≡ φ. (2.52)

Using Eq. (2.35) with qk = Θf , it can be shown that

1

V

∫
Af

n̂dA = −∇φ. (2.53)

Supposing that the pressure fluctuations in the liquid are small within an averaging
volume, and using Eq. (2.53), the momentum transfer integral can be expressed in
the form

M = P̃f∇φ+ D, (2.54)

where
D =

1

V

∫
Af

~τf · n̂dA. (2.55)

Transfer integral D includes momentum transfer due to viscous stresses acting on
the surfaces of the particles.

The averaged flow equations can now be expressed in their final form,

∂

∂t
φ+∇ · (φVf ) = 0, (2.56)

∂

∂t
(1− φ) +∇ · ((1− φ)Vs) = 0, (2.57)

ρ̃f (
∂

∂t
(φVf ) +∇ · (φVfVf ))

= −φ∇P̃f +∇ · 〈~τf〉+ φF̃f + D + ρ̃f∇ · ~Πf , (2.58)

and

ρ̃s(
∂

∂t
((1− φ)Vs) +∇ · ((1− φ)VsVs))

= −(1− φ)∇ · 〈σs〉+ (1− φ)F̃s −D− P̃f∇φ+ ρ̃s∇ · ~Πs, (2.59)

where 〈τf〉 is the averaged viscous stress tensor of the fluid and 〈σs〉 is the averaged
total stress tensor of the dispersed phase. ~Πf includes the possible turbulent motion
of the fluid as well as its ’pseudoturbulent’ motion due to the presence of particles.
The constitutive relation for the viscous stress tensor 〈~τf〉 of an incompressible fluid
is normally written as

〈~τf〉 = φµ(∇Vf + (∇Vf )
T ). (2.60)

The stress states inside the particles are determined by the hydrodynamic forces ex-
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erted on the surfaces of the particles by the surrounding fluid, and by the collisions
between particles. Therefore, the stress tensor 〈σs〉 can be very complicated. If the
collisions between particles can be ignored (this assumption is adequate for dilute
suspensions), and if the velocity difference between the particles and the fluid is
small, the constitutive relation for the stress tensor of the particles can be expressed
in the form

〈σs〉 = (1− φ)σ̃s

≈ (1− φ)P̃fI. (2.61)

The transfer integral (’drag term’) D in Eq. (2.55) can be written (based on the work
by Drew [5, 7]) as

D = a1(Vf −Vs) + a2
∂

∂t
(Vf −Vs)

+ a3(Vf −Vs) ·
1

2
((∇Vf ) + (∇Vf )

T ) + .... (2.62)

Here ai (i = 1, 2, ...) are unknown but typically measurable parameters.
The first term in Eq. (2.62) is the Stokes drag force. For very dilute suspen-

sions of spherical particles of diameter d and for low Reynolds numbers ( Re =
ρ̃f |Vf−Vs|d

µf
< 1), parameter a1 is given by

a1 =
3

4
(1− φ)

µf

d2
CD(Re, φ)Re, (2.63)

where the drag coefficient is CD ≈ 24

Re.
The second term in Eq. (2.62) is called the added mass which arises since ac-

celerating a particle immersed in a fluid accelerates some fluid around the particle
as well. It is suggested in Ref. [5] (and in references therein) that

a2 = (1− φ)ρ̃fCAM , (2.64)

where CAM = 1
2

+O(1− φ).
The third term in Eq. (2.62) is a ’lift’ force. If a particle is moving e.g. near a

solid wall (i.e. in a strong an environment with velocity gradient), it may experience
a lift force which tries to move the particle towards or away from the wall. (Lift force
is perpendicular to Vf −Vs). This may cause e.g. a particle-free lubrication layer to
be formed near the wall in a pipe flow of a particulate suspension [8]. In addition,
many other interactions and mechanisms than those included in Eq. (2.62) may be
crucial in practical flow situations of fluid-particle suspensions [5].

The multiphase equations discussed in the preceding section were given in a
very general form. Application of these equations demands e.g. knowledge of the
transfer integral D. However, for a dense fluid-particle suspension, it is difficult
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to find the interaction terms experimentally or analytically. For this reason, maybe
the most commonly used approach is to treat multi-component mixtures as single-
phase non-Newtonian fluids with given prescribed rheological properties. If it can
be assumed that the velocity difference between the phases is small, and if the in-
terfacial interactions can be adequately described by means of rheological variables
such as viscosity, this kind of mixture model can be used as an alternative formula-
tion of the problem.

2.2.3 Mixture model

Consider a mixture of two phases and assume that one of the phases is a continu-
ous fluid, and that the second phase is composed of dispersed solid particles. Also,
the influence of the surface tension is assumed to be insignificant. In this approach
both the continuity equation and the momentum equation are written for a mixture
of the continuous and dispersed phases. The complete derivation of the mixture
model can be found in Ref. [9] and references therein. The continuity equation for
the mixture can be obtained by summing Eq. (2.47) over all phases. Here ρm is the
mixture density defined as

ρm =
2∑

α=1

φαρ̃α, (2.65)

which can vary although the component densities ρ̃α are constant. The mixture ve-
locity um is defined as the centre-of-mass velocity,

um =
1

ρm

2∑
α=1

φαρ̃αũm. (2.66)

The continuity equation for the mixture can now be obtained by summing Eq. (2.47)
over all phases, and we find that

∂

∂t
(ρm) +∇ · (ρmum) = 0. (2.67)

In the same way the momentum equation can be written in terms of mixture vari-
ables, and, consequently,

∂

∂t
(ρmum) +∇ · (ρmumum) = −∇Pm +∇ · (~τm + ~τδm + ~τDm) + Fm. (2.68)

Here the tensors ~τm, ~τδm and ~τDm are defined as

~τm = −
2∑

α=1

φατ̃α, (2.69)



16

~τδm = −
2∑

α=1

φα〈ρ̃αδuαδuα〉 (2.70)

and

~τDm = −
2∑

α=1

φαρ̃αumαumα. (2.71)

They represent the average viscous stress, turbulent stress, and diffusion stress due
to the phase slip, respectively. Here diffusion velocity umα is the velocity of phase α
relative to the centre of the mixture mass,

umα = uα − um. (2.72)

The term ∇ ·~τDm describes the momentum transfer due to the relative motions of
the phases. Usually the phase pressures are supposed to be equal, i.e. P̃α = Pm.

The complete mixture model consists now of Eqs. (2.67) and (2.68), and the
constitutive equations for viscous and turbulent stresses. The most simple, but widely
used approximation for the viscous stress tensor is to assume that stress tensor is
proportional to the strain-rate tensor (this expression is similar to the one used for
the viscous stress tensor of an incompressible single-phase fluid),

τm = µm[∇um + (∇um)T ]. (2.73)

In Eq.(2.73) the coefficient of proportionality µm is the apparent viscosity of
the suspension. It is not necessarily a well defined property of the mixture. It de-
pends on many factors such as fluid-velocity gradient, concentration, particle shape,
particle-size distribution, particle-particle interactions, and properties of the sus-
pending liquid. For a dilute dispersed suspension, a famous relation was derived
by Einstein [10]:

µm = µf (1 + 2.5φs). (2.74)

Here µf is the viscosity of the suspending fluid. Equation (2.74) neglects all other fac-
tors but concentration, because theory is based on the assumptions that particles do
not interact hydrodynamically, and Brownian motion of the particles is insignificant.
When the effects of interactions between the particles are included, the situation be-
comes more complicated. The inclusion of hydrodynamic two-particle interactions
e.g. leads to a 2nd-order term in φs. In this case the apparent viscosity of a dilute
suspension can be written as [11]

µm = µf (1 + 2.5φs + k2φ
2
s). (2.75)

For shear flows the value of coefficient k2 has been experimentally found to vary
between 5 and 15. This fairly large interval of possible k2 values implies that this co-
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efficient depends on many factors such as the shear rate γ̇. Dilute-suspension theory
is applicable only for low concentrations (φs < 10%) which are not realised in many
practical applications.

When extending the dilute-suspension analysis to higher concentrations, diffi-
culties arise in computing the many-body hydrodynamic interactions, and in find-
ing the microscopic configurations of the suspension. A simple and frequently used
expression for the apparent viscosity µm is the (semi-empirical) Krieger-Dougherty
relation [12]

µm = µf

(
1− φs

φmax

)−[η]φmax

, (2.76)

where φmax is the concentration at maximal packing density, i.e. at the concentra-
tion at which the suspension ’jams’. In a jammed state the particle phase perco-
lates through the system. This makes flow impossible, and the apparent viscosity
diverges. Even for suspensions of ideal spherical particles the maximum packing
densities may vary between 0.50 (for simple cubic packing φmax = 0.52) and 0.75
(for hexagonal close packing φmax = 0.74), depending on the microscopic structure
of the particle phase (for random close packing φmax ≈ 0.63). For example, particle
flocculation or nonspherical shape of particles may decrease the maximum packing
density. On the other hand, suspensions with a distribution of particle sizes have
higher φmax [13]. In practical applications the size distribution is continuous, and in-
formation about φmax is not usually available in the literature. The factor [η] in Eq.
(2.76) is the so-called intrinsic viscosity which depends on the shape and charge of
the particles. For spherical non-charged particles [η] = 2.5. Note that the value of the
coefficient in Einstein relation Eq. (2.74) remains the same.

As mentioned before, the apparent viscosity µm is a function of shear rate γ̇.
The generic form of this dependence on µm is shown in Fig. 2.4 [13].

FIGURE 2.4 The generic behaviour of the apparent viscosity of a liquid-particle sus-
pension as a function of shear rate.
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The first Newtonian plateau (µm ≈ constant) appears at low shear rates, where
Brownian motion dominates over the other motions of the particles (Region I in
Fig. 2.4). The structure of the particle phase is approximately random, and when the
suspension flows, the particles have to move around each other. This causes a rel-
atively high apparent viscosity. Increasing shear rate decreases the disorder of the
particle structure (Region II in Fig. 2.4). This can be seen as a lower apparent viscos-
ity. In this regime suspension displays shear-thinning. A second Newtonian plateau
follows the shear thinning region (Region III in Fig. 2.4). In this regime the apparent
viscosity assumes its lowest value, and particles are strongly orientated [13]. They
may form layers separated by a fluid phase. When the shear rate is still increased,
the layers will be dissolved [14], and particles may form substructures such as clus-
ters (or flocs) that are deformed by the shear force [15, 16, 17]. The capability of the
particles to transfer momentum still increases for increasing shear rates, as interac-
tions between suspended particles and the surrounding fluid become stronger due
to hydrodynamic instabilities (an inertial effect). This leads to increasing apparent
viscosity, i.e. suspension displays shear-thickening (Region IV in Fig. 2.4).

For non-Newtonian fluids a commonly used relation between µm and the shear
rate γ̇ is a power law of the form

µm(γ̇) = Kγ̇n−1, (2.77)

with two experimentally determined parameters are K and n. For n < 1, Eq. (2.77)
describes the viscosity of a shear-thinning fluid (Region II in Fig. 2.4). On the other
hand, the viscosity of a shear-thickening, or dilatant, fluid is found for n > 1 (Region
IV in Fig. 2.4). For n = 1, the fluid behaves as a Newtonian fluid, and K = µm. So,
parameter K is related to the magnitude of viscosity.

2.3 Numerical approach to multiphase flows

In the previous two sections (2.1) and (2.2) equations for conservation of mass and
momentum in multiphase flows (Eqs. (2.47) and (2.48)) were derived starting from
kinetic theory. As already pointed out, equations for multiphase flows are very com-
plicated mainly due to complex boundary conditions. Therefore, analytical solution
of these equations is generally impossible. Previously, experiments provided the
only feasible way to study multiphase flows. Continuous development of comput-
ing power has, however, made numerical simulations an attractive and practical
way to solve these multiphase equations. These can be roughly divided into three
categories according to the characteristic length scale of the method used.

Macroscopic simulations are traditionally related to finding a direct mathemat-
ical solution to macroscopic continuum equations for fluid flow. The basic idea be-
hind these computational fluid dynamic (CFD) [3] simulations is to discretize, e.g.,
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the mass and momentum conservation equations Eqs. (2.47) and (2.48), and then
solve these discretized equations with proper initial and boundary conditions using
an appropriate numerical algorithm. However, the problem of obtaining the consti-
tutive relations and the material laws still remains in various CFD methods. For this
reason CFD simulations are limited to certain applications (cf. Section 2.2.3).

Fluid-flow problems could in principle be solved at the microscopic (atomic)
level with direct molecular-dynamical (MD) simulations. This approach would, how-
ever, require enormous computational resources as the number of molecules needed
to represent the liquid phase of a dilute particle suspension is huge.

Difficulties in obtaining the constitutive relations may be avoided by using
mesoscale simulation techniques developed during the last two decades such as the
lattice-gas automata (LGA) [18], its derivative the lattice-Boltzmann method (LBM)
[19] or the dissipative particle dynamics (DPD) method [20, 21]. Instead of solving
the macroscopic continuum equations or tracking individual molecules, these meth-
ods are based on a mesoscopic approach to hydrodynamics.

In this section the lattice-Boltzmann method (LBM), the lattice-BGK model in
particular, and its extension to multiphase flows will briefly be introduced [22, 23,
24, 25].

2.3.1 The lattice-Boltzmann method

The lattice-Boltzmann method is based on the lattice-gas automata (LGA) which be-
long to the family of cellular automata (CA). Richard Feynman suggested that the
idea behind LGA can be explained as follows: "We have noticed in nature that the be-
haviour of a fluid depends very little on the nature of individual particles in that fluid. For
example, the flow of sand is very similar to the flow of water or the flow of a pile of ball bear-
ings. We have therefore taken advantage of this fact to invent a type of imaginary particle
that is especially simple for us to simulate. This particle is a perfect ball bearing that can
move at a single speed in one of six directions. The flow of these particles on a large enough
scale is very similar to the flow of natural fluids." (Quoted by Rothman and Zaleski in
Ref. [24].) In LGA a realistically behaving fluid model can be constructed from dis-
crete identical particles which move in a discrete lattice. In addition to space, also
time and particle velocities are discrete. Basically, the fluid particles move during
each time step from a lattice node to one of its nearest neighbours. However, at the
lattice nodes particles are not allowed to have identical velocities. After the prop-
agation phase particles interact locally such that particle velocities are reshuffled
while mass and momentum are conserved (collision phase). Frisch, Hasslacher and
Pomeau originally showed in Ref. [18] that LGA implemented on a hexagonal lattice
leads to the Navies-Stokes equation in the continuum limit.

The lattice-Boltzmann (LB) model has evolved from lattice-gas models by re-
placing the particle with a distribution function fi(r, t) that gives the probability of



20

finding a particle at site r at time t going in the ci direction. Thus, the dynamics of
LBM is described by a discrete lattice-Boltzmann equation (LBE) [18, 19],

fi(r + ci, t+ 1)− fi(r, t) = Ωi(r, t), (2.78)

where Ωi(r, t) is a collision operator. The main requirement of the collision operator
is that it must satisfy conservation of mass,

N∑
i=0

Ωi(r, t) = 0, (2.79)

and conservation of momentum,

N∑
i=0

Ωi(r, t)ci = 0. (2.80)

As in kinetic theory the collision operator can be simplified by making the relaxation-
time approximation:

Ωi = −1

ξ
(fi(r, t)− f eq

i (r, t)), (2.81)

where ξ is a relaxation-time parameter. Here f eq
i (r, t) is the equilibrium distribution

towards which the particle populations are relaxed. This is called the BGK (Bhat-
nager, Gross and Krook) approximation in kinetic theory (see Eq. (2.4)) [2]. By apply-
ing Eq. (2.81) in Eq. (2.78), an equation of evolution for the lattice-BGK model [26,27]
is obtained,

fi(r + ci, t+ 1) = fi(r, t) +
1

ξ
[f eq

i (r, t)− fi(r, t)]. (2.82)

The lattice-BGK model is the simplest of the lattice-Boltzmann models. For a de-
tailed derivation of the lattice-Boltzmann equation Eq. (2.78) from kinetic theory,
see e.g. Refs. [28, 29, 30]. In equilibrium,

N∑
i=0

f eq
i (r + ci, t+ 1) =

N∑
i=0

f eq
i (r, t). (2.83)

The local equilibrium distribution can be written in the form of a second-order ex-
pansion in velocity of the local Maxwellian distribution (in the limit of small veloci-
ties or low Mach numbers):

f eq
i = wiρ(1 +

1

c2s
(ci · u) +

1

c4s
(ci · u)2 − 1

2c2s
u2), (2.84)

in which wi is a weight factor. The weight factors should be chosen in such a way
that the required fluid properties are obtained. For example, in hydrodynamics the
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total stress tensor is isotropic. For this reason the weight factors wi should be chosen
such that this isotropy requirement is fulfilled. Thus, for any cubic lattice

N∑
i=0

wiciαciβ = K2δαβ, (2.85)

and
N∑

i=0

wiciαciβciγciδ = K4(δαβδγδ + δαγδβδ + δαδδβγ), (2.86)

whereK2 andK4 are numerical coefficients that depend on the choice of the weights,
and δαβ is the Kronecker delta function. Similar sums with odd numbers of velocity
components ciα, should vanish. Here the greek letters label the spatial components
of the velocity vectors. In addition to being isotropic, a proper simulation model
should also be Galilean invariant [24, 31].

Two typical simulation lattices are the D2Q9 lattice in 2D and the D3Q19 lattice
in 3D. Here d in Dd refers to the dimension of the problem, and N in QN to the num-
ber of different discrete velocities (links) in the model. In these lattices the lengths
of the links are |c0| = 0, |c1| = 1, |c2| =

√
2 for the rest particles, and the particles that

move along the nearest-neighbour and next-nearest-neighbour links, respectively.
Figure 2.5 illustrates the lattices and links.

FIGURE 2.5 The lattice structures of the D2Q9 and the D3Q19 lattice-BGK models.

One choice for the weight factors of these lattices, which fulfill the require-
ments listed above, is w0 = 4/9, w1 = 1/9, and w2 = 1/36 for the D2Q9 lattice, and
w0 = 1/3, w1 = 1/18, and w2 = 1/36 for the D3Q19 lattice [26]. With these choices the
K coefficients become K2 ≡ (cs)

2 = 1/3, and K4 ≡ (cs)
4 = 1/9, where cs is the speed

of sound.
The basic hydrodynamic variables are obtained in the lattice-Boltzmann model

from the velocity moments in analogy with kinetic theory. The density ρ, the flow
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velocity u, and the fluid-momentum-flux tensor ~Π are given, respectively, by

ρ(r, t) =
N∑

i=0

fi(r, t) (2.87)

ρ(r, t)u(r, t) =
N∑

i=1

cifi(r, t) (2.88)

~Π(r, t) =
N∑

i=1

cicifi(r, t). (2.89)

The convection tensor,
~C(r, t) = ρ(r, t)u(r, t)u(r, t), (2.90)

can be directly calculated from density ρ and velocity u, and the viscous stress tensor
~M is given by

~M(r, t) = ~Π(r, t)− ~C(r, t). (2.91)

The conservation equations in LBM can be derived by using a Chapman-Enskog
expansion [31, 18]. The first step is to make a Taylor expansion of Eq. (2.78),

fi(r+ci, t+1)−fi(r, t) ' [∂t+ciα∂α+
1

2
ciα∂α(ciβ∂β+∂t)+

1

2
∂t(ciα∂α+∂t)]fi(r, t), (2.92)

and then expand the distribution function, and time and space derivatives such that

fi = f eq
i + εf

(1)
i + ε2f

(2)
i ...,

∂t = ε∂1t + ε2∂2t + ..., (2.93)

∂r = ε∂1r,

where f eq
i is the equilibrium distribution function defined in Eq. (2.84), and εf

(1)
i +

ε2f
(2)
i + ... indicate the nonequilibrium part of the distribution. In Eq. (2.93) it is

assumed that the diffusion time scale t2 is much smaller than the convection time
scale t1. The Chapman-Enskog equation can now be derived by using the above
equations, i.e., by substituting Eq. (2.93) into equations (2.78), (2.81) and (2.92). From
Eq. (2.92) we obtain

∂1tf
eq
i + ∂1αciαf

eq
i = −1

ξ
f

(1)
i (2.94)

to first order in ε, and

[∂1t + ∂1αciα]f
(1)
i + [∂2t +

1

2
(∂1t + ∂1αciα)2]f eq

i = −1

ξ
f

(2)
i (2.95)
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to second order in ε. Substituting Eq. (2.94) into Eq. (2.95), we find

∂2tf
eq
i + (∂1t + ∂1αciα)(1− 1

2ξ
)f

(1)
i = −1

ξ
f

(2)
i . (2.96)

Summing over i on both sides of Eq. (2.94), we obtain the mass conservation equa-
tion

∂ρ

∂t
+∇ · (ρu) = 0. (2.97)

Multiplying by ciβ and summing over i on both sides of Eqs. (2.94) and (2.95), and
then combining them, we obtain the momentum conservation equation

∂(ρu)

∂t
+∇ · ~Π = 0, (2.98)

where the momentum-flux tensor ~Π has the form

Παβ = Π
(eq)
αβ + Π

(1)
αβ

=
N∑

i=1

ciαciβ [f eq
i +( 1− 1

2ξ

)
f

(1)
i

]
. (2.99)

Inserting the equilibrium distribution of Eq. (2.84) with the coefficients given above
into Eq. (2.99), we find

Π
(eq)
αβ =

N∑
i=1

ciαciβf
eq
i = pδαβ + ρuαuβ

Π
(1)
αβ =

(
1− 1

2ξ

) N∑
i=1

ciαciβf
(1)
i = ν(∂α(ρuβ) + ∂β(ρuα)), (2.100)

where
p(r, t) = c2s(ρ(r, t)− ρf ) (2.101)

is fluid pressure with the average fluid density ρf . Now the sound velocity is cs =

1/
√

3, and the kinematic viscosity is ν = (2ξ − 1)/6. We can thus write the resulting
momentum equation for an incompressible fluid with constant density in the form

∂u

∂t
+ (u ·∇)u = −1

ρ
∇p+ ν∇2u, (2.102)

which is the usual Navier-Stokes equation in the continuum limit. The boundary
condition between the fluid and a solid wall is the no-slip condition, i.e. the velocity
of the fluid at the wall must be the same as the velocity of the wall. The no-slip
boundary condition in the LBM is usually realised by the bounce-back rule [32].
This means simply that the populations fi pointing towards a wall (ci) are simply
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reversed (ci → −ci) at a collision. The bounce-back boundary condition is very
easy to implement in LBM. This makes LBM attractive for simulating e.g. particulate
suspensions. Bounce-back can be applied either at nodes (Bounce-Back on Nodes,
BBN) or at halfway between the fluid and solid points (Bounce-Back on Links, BBL).
Figure 2.6 illustrates these bounce-back rules.

FIGURE 2.6 Bounce-back rules for stationary solid lattice nodes. Filled and open
circles denote solid and fluid nodes, respectively, and the solid object is represented
as a collection of solid nodes. We further distinguish wall nodes, which are those solid
nodes that have fluid nodes in their neighbourhood. In BBL fluid nodes adjacent to the
wall are called boundary nodes. Rest particles and links in boundary nodes pointing
into fluid (black arrows) are classified as fluid links (FL) and correspondingly links
pointing to the wall (grey arrows) are boundary links (BL). Populations before the
collision with the wall (grey arrows) are "bounced back" to the direction where they
came from (black arrows). In BBL particle densities travelling into wall at time t are
flipped around during the same time step. In BBN densities are allowed to occupy
wall nodes, where they are flipped around and travel back to the fluid node where
they came from at the next time step t + 1.

For simple stationary flows (e.g. simple shear flows), the bounce-back condi-
tion (i.e. the location of the wall) is realised exactly in the middle of the link con-
necting the last fluid node and the solid node (wall node). For more complicated
geometries the location of the wall is not well defined between the last fluid node
and the wall node, and it depends on the relaxation parameter [33, 34].

The bounce-back rule is simple and computationally efficient. It can be modi-
fied so as to allow for moving boundaries [35],

fi(r, t+ 1) = fi′(r, t+) + 2ρf
wi

c2s
(uw · ci) (2.103)

at which the no-slip boundary condition is fulfilled. Here t+ indicates the time im-
mediately after the collision, i′ denotes the bounce-back link, and uw is the velocity
of the wall. The last term in Eq. (2.103) accounts for the momentum transfer between
the fluid and the moving solid boundary.
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Very thorough tests of the accuracy of the bounce-back rules together with
more sophisticated boundary methods are reported in Ref. [34], and in the references
therein. (See also the references in Ref. [23].)

In practice, fluid flow is often driven by pressure difference. This requires
implementation of the pressure (density) or velocity boundary conditions in LBM
[36,37]. If the assumption of a constant pressure gradient across the system is valid,
the pressure or the velocity boundary conditions can be replaced by a body force
[38]. In the body force approach the effect of an external pressure gradient on the
fluid is achieved by adding a fixed amount of momentum to the fluid particles at
every time step.

In addition to inaccuracies due to boundary conditions (e.g. indefinite location
of the no-slip condition), there are other sources of error in the LBM simulations such
as finite-size effects and compressibility errors. (For a good overview of the error
sources in LBM see Ref. [25]). In practice it may be difficult to determine exactly the
total error. However, a practical error estimation can be made by doing simulations
for several system sizes.

2.3.2 Suspension models

Lattice-Boltzmann models for suspensions have been developed e.g. by Ladd [34,
35, 39], Behrend [40], and Aidun [41]. In all these methods suspended particles are
included in LBM by using their discrete images. All these methods give results that
are in good agreement with each other and with results obtained by conventional
simulation methods [40, 43, I, II]. The lattice points located inside a particle are as-
sumed to belong to that particle. There are two different lattice points of this kind,
the interior points and the boundary points. Each boundary point has at least one
link ci pointing to the fluid phase.

Interaction (the no-slip condition) between the surrounding fluid and a mov-
ing particle boundary are taken into account by applying the modified bounce-back
condition Eq. (2.103) on the surface of the particle. Because of the no-slip condition,
the fluid velocity on particle surface is u(r) = U + Ω × (r −R), where r denotes a
point on the surface, and U, Ω, and R denote particle velocity, angular velocity, and
position, respectively.

The force and torque on the particle are obtained by integrating the total stress
tensor ~M over its surface. In practice this can be done by summing the effect of
Eq. (2.103) at all boundary points. After this the trajectory of the particle, which
moves in a continuous space, is determined by using Newtonian dynamics. This
technique takes advantage of the fact that hydrodynamic interactions are time de-
pendent and develop from purely local interactions at solid-fluid interfaces. Thus
it is not necessary to consider the global solution, but one can update the motion
of one particle at a time. The method scales linearly with the number of suspended
particles and, therefore, allows far larger simulations than conventional methods.
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The lattice-Boltzmann method can also be efficiently implemented for parallel pro-
cessing [42]. Furthermore, electrostatic interactions, flow geometry, Peclet number
(Brownian motion), shear rate and shear Reynolds number, as well as the size and
shape of the suspended particles, can all be varied.

Ladd model

Differences between various suspension models arise mainly from their handling of
the interior points. In the Ladd model the fluid fills also the suspended particles, and
the solid-fluid interactions of Eq. (2.103) take place in the middle of the links (BBL)
( i.e. each boundary point is located in the middle of a link). This is computationally
very convenient, as there is now no need to create and destroy fluid when parti-
cles move. However, the interior fluid increases the effective mass and the effective
moment of inertia of the suspended particles. This may affect particle dynamics in
some cases [41], but as Ladd has shown [34], these effects are small as long as the
contribution of the interior fluid to the inertia of the particle is taken into account. In
addition, elastic frictionless collisions between suspended particles are highly dis-
sipative due to the interior fluid, since there is a delay between the velocity change
of the particle’s shell and of the interior fluid. However, this has only a minor effect
on suspension properties such as viscosity and shear stress [II]. Neutrally buoyant
particles cannot be simulated by a method with interior fluid. The stability criterion
for suspension models with interior fluid is given by [34]

ρs

ρf

> 1 +
10

d
, (2.104)

where ρs and ρf are the density of the particles and the fluid, respectively, and d is
the diameter of the particles (in lattice units). Notice that for given ρs and ρf , this
criterion gives the minimum size for particles that can be used to simulate realistic
particle-fluid systems [34].

Aidun model

The method introduced by Aidun [41, 43] is very similar to that of Ladd, but it does
not include an interior fluid in the suspended particles. For this reason an algorithm
is needed to create and destroy fluid when particles move. This may impose a per-
turbation to the surrounding fluid whenever a particle changes position. Also, some
care must be taken with particle-particle and particle-wall collisions, as the lack of
fluid between the touching solid walls may create an unphysically low pressure
which must be eliminated. Because there is no interior fluid, there is also no limita-
tion to the particle (mass) density in the simulations. The minimum particle size is
limited only by the finite-size effects. (These effects, of course, concern all methods
considered here).
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Behrend model

A detailed analysis of various boundary rules were presented by Behrend in Ref.
[40]. He also suggested a method, in which the particles are filled with fluid, but "a
relaxed bounce-back" at the nodes (RBBN or modified BBN) is used instead of BBL.
In this method the LBM collision phase is applied at every lattice node. The method
is easy and efficient to implement because the bounce-back rule does not require
any information about the locations of boundary links.

As mentioned before, in all LB-suspension models the centre point of a sus-
pended particle moves in continuous space, but the boundary of the particle is dis-
crete. Thus, when the particle moves, the number of the interior points, boundary
points and the shape of the particle fluctuates. The effects of these fluctuations on
the particle-particle hydrodynamical interactions are insignificant if the particles are
large enough. Another possibility to minimise the effect of these fluctuations is to
use the "continuous bounce-back rule" presented in Ref. [44] or the second order
boundary conditions presented in Ref. [45]. These boundary rules allow the use of
smaller particles, but they are more complicated to implement than BBL [34].

2.3.3 Multicomponent and multiphase models

A number of different approaches to simulate multicomponent and multiphase (liquid-
gas) systems using the lattice-Boltzmann method have been presented during the
last decade. We introduce here briefly the most frequently used models. (A good
overview of the models considered here, excluding the colour model, can be found
in Ref. [46].)

Colour model

The first lattice-Boltzmann model that was proposed for simulating immiscible bi-
nary fluids [47] was based on the colour lattice-gas model by Rothman and Keller
[48]. This model was later extended to allow for variable density and viscosity by
using the BGK lattice-Boltzmann approximation [49]. An extension to miscible flu-
ids was introduced in Ref. [50]. A detailed description of the colour model can be
found also in Ref. [24].

In the colour model, two distributions f (r)
i (r, t) (red-particle distribution) and

f
(b)
i (r, t) (blue-particle distribution) are used to represent two different fluids on link
i. The distribution function for the entire fluid is defined as fi = f

(r)
i + f

(b)
i . The

lattice-Boltzmann equation Eq. (2.78) for α = r, b is now given by

f
(α)+
i (r, t)− f

(α)
i (r, t) = Ω

(α)
i (r, t), (2.105)

where f (α)+ is the post-collision distribution, and the collision operator is introduced
in Eq. (2.81). The spatial separation and surface effects of the two fluids are achieved
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by first computing the local colour gradient

F(r) =
∑

i

ci(ρr(r + ci)− ρb(r + ci)), (2.106)

and then perturbing the distribution function such that

f
(α)++
i (r, t) = f

(α)+
i (r, t) +

A

2
| F | [ (ci · F)2

| F |2
− 1

D
]. (2.107)

Here D is the dimension of the system, and A is a parameter which sets the mag-
nitude of the surface tension. The next step is to redistribute the colour distribution
functions in the lattice to ensure the separation of the two fluids. This can be done
by choosing f (r)++

i and f
(b)++
i such that∑

i

(f
(r)++
i − f

(b)++
i )ci · F (2.108)

is maximised without violating the conservation of colour,
∑

i f
(r)++
i =

∑
i f

(r)
i , and

the conservation of total mass on each link, f (r)++
i + f

(b)++
i = f++

i . In other words,
in this procedure the scalar product of the colour gradient and the colour flux is
maximised. The final step of the method is the usual propagation step.

This procedure satisfies Laplace’s law and (spontaneously) produces an inter-
face between the two fluids [24, 47, 49]. The methods based on colour gradient have
been used in several applications such as flow in porous media [51], droplet de-
formation [52], boiling water [53], and Rayleigh-Taylor instability [54]. However, a
lack of consistent implemention of thermodynamics and an anisotropic surface ten-
sion that induces spurious currents near the interfaces, restrict the usefulness of the
colour model in practical applications.

Local interaction model

This model is also known as the Shan-Chen model [55, 56, 57]. Here, in addition to
the local collisions (Eq.(2.78)), neighbouring fluid particles exchange momentum at
each node through an attractive short-range force given by

Fα
G(r) = −ξαψα(r)

S∑
α′

N∑
i=1

Gαα′

i ψα′
(r + ci)ci, (2.109)

where α denotes different fluids, and ξα is the relaxation-time parameter for fluid α.
(In other words, the force acting on the α’th fluid can be found by summing over all
fluids S and all neighbouring sites N .) A parameter Gαα′ controls the strength of the
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surface tension between fluids α and α′ . For the D3Q19 model Gαα′ can be chosen as

Gαα′

i =


2Gαα′

, for |ci| = 1,

Gαα′
, for |ci| =

√
2,

0, for |ci| = 0.

Notice that only the nearest-neighbour interactions are included in the model. In Eq.
(2.109), ψα = 1 − exp[−ρα(r)] is an ’effective mass’. It has been shown [55, 56] that
this form for the effective mass ψ leads to a non-ideal-gas equation of state. At large
enoughG two mixed fluids (S = 2) separate, and in the case of a single fluid (S = 1),
transition to two separated phases occurs spontaneously.

Martys introduced adhesion forces between the fluid and solid phases by adding
a force term [57]

Fα
W (r) = −ξαψα(r)

∑
i

Wα
i s(r + ci)ci, (2.110)

where

W α
i =


2Wα, for |ci| = 1,

Wα, for |ci| =
√

2,

0, for |ci| = 0,

where s = 0, 1 for liquid and solid, respectively. It is usually claimed that W is
positive for a non-wetting and negative for a wetting liquid [57]. However, the wet-
tability behaviour depends in addition on the cohesion strength G [58]. With these
definitions, the surface tension force FG and the adhesive force FW change, at each
time step, the momenta of fluid particles according to

ρα(r)u′(r) = ρα(r)u(r) + Fα
G(r) + Fα

W (r), (2.111)

where u′ is the new fluid velocity to be used in Eq. (2.84).

Full details of the properties and benchmark studies of the Shan-Chen model
are given in Refs. [55, 56, 57, 58, 59, 60, IV, V]. The surface tension model used in
this approach also results in unphysical currents in the liquid-gas boundary layers
because of lack of local momentum conservation. The surface tension is isotropic,
and the total momentum is conserved [56]. Although the basic physical problems
of the local interaction model are minor [60], more severe problems may arise from
the fact that the width of the interface region is relatively large as compared with a
typical length scale of the system [IV]. In addition, poor resolution near the solid-
fluid boundary is a property of the model which must be taken into account [57, V].
In spite of its problems, the local interaction model can be used to simulate e.g. flows
in porous media [57,61], droplet collisions [62], droplet spreading [IV], capillary rise
[V], bubble growth [63], and bubbly flows [64]. Both the colour and local interaction
models are phenomenological models of interface dynamics, and are probably most
suitable for isothermal multicomponent flows [23].
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Free-energy model

The models mentioned above lack a clear relation to classical thermodynamics. The
free energy model, developed at the University of Oxford [65, 66], introduces ther-
modynamics into the system in such a way that the evolution equation is the normal
lattice-BGK equation Eq. (2.82), but a free-energy term is included through the equi-
librium distribution function. The model satisfies the thermodynamic relations at
equilibrium (i.e. the conservation of total energy) [67], but it has limitations in de-
scribing non-equilibrium dynamics. For example, the free-energy model does not
obey Galilean invariance when density gradients are present, and its applications
are thus limited. It has also been argued that the free-energy model presented in
Refs. [65, 66] does not satisfy the Navier-Stokes equation [68]. Another problem is
that the pressure tensor in the model is constructed without physical basis at the
level of the Boltzmann equation [60]. However, the free-energy model has been
quite successfully applied in studies of spinodal decomposition [69] and domain
growth [70]. Other applications include droplet deformation [71] and gravitation
waves [72].

Lattice-Boltzmann models for nonideal gases

In recent years, LBM multiphase models based on the Enskog equation have also
been presented [60, 73, 74]. Enskog equation [60, 75] is a modified Boltzmann equa-
tion for dense gases which takes into account also intermolecular interactions, whereas
in the models discussed above (the colour model, the local interaction model, and
the free-energy model) the starting point is the original Boltzmann equation. The
models based on the Enskog equation obey the correct thermodynamic equations (at
least in equilibrium) and in this respect provide a significant improvement over the
earlier models. A problem is, however, that the continuity equations of the models
based on the Enskog equation contain density diffusion terms, and the momentum
equations contain various unphysical terms [46].



Chapter 3

Viscosity of liquid-particle
suspensions in Couette flow

In this chapter, we first present the results of several benchmarking studies for val-
idation of the particular LB methods used in our suspension simulations. Then, we
present several simulation results for the apparent viscosity, momentum transfer,
and microscopic structure of non-Brownian suspensions. We also discuss reasons
behind the shear-thickening behaviour of these suspensions for increasing shear
rate. The Couette-flow geometry (shear flow) which is widely used here is rele-
vant for many liquid-particle suspension applications, appearing e.g. in common
viscometers.

3.1 Validation of the implemented methods

We used the Behrend method for 2D liquid-particle suspensions, and a parallelised
Aidun method was implemented for 3D suspension simulations. The accuracy of
these methods in 3D simulations has quite extensively been studied in Refs. [40]
and [43].

In LB models, the hydrodynamic radius RH of a suspended particle may differ
from the input radiusR. It is evident that in the 2D Behrend model the averageRH is
systematically smaller than R, by about 0.4 (in lattice units) [I]. For example, for ξ =

1, when the input radius is R = 10.0 lattice units, the hydrodynamic radius is RH =

9.78 lattice units for a fixed particle [I]. This is in contrast with the other two methods
where hydrodynamic radius is closer to the input radius [39]. This difference is a
consequence of the different realisations of the no-slip boundary condition. In the
Behrend model, the no-slip boundary is close to the solid-wall points [40], whereas
in the other two models it is at the midpoints of links.

Hydrodynamic radius (i.e. the location of the no-slip wall) is also a function
of the LBM relaxation parameter [39] as we discussed above. We have tested this
dependence in 2D suspension simulations. We noticed that the relative apparent
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viscosity decreased by 9% (3%) when the relaxation parameter ξ changed from 1.0

to 0.55 for an area fraction of 30% (25%). Thus parameter ξ appears to have only a
minor effect on the relative apparent viscosity in suspension simulations [I].

We have also studied hydrodynamic forces acting on a 2D disc with forced
counterclockwise rotation close to a moving wall, and compared the results with
those of a commercial finite-element solver (Fluent). The results (see Table 3 in
Ref. [I]) show that agreement between the two methods is quite good. The biggest
difference appears in the lift force, especially when the particle is very close to the
moving wall. This is mainly due to the poor resolution in this case of the fluid be-
tween the surfaces of the wall and the particle.

When two particles approach each others they feel a strong repulsive force
caused by the fluid being squeezed out of the gap. This kind of lubrication flows
generate very high pressures in the gap [34]. We analysed the hydrodynamic lubri-
cation forces between 2D cylinders in a central collision and in scattering with a non-
zero impact parameter, and compared the simulated results (see Fig. 3.1) with the
analytical results obtained for the same situation [76]. In both cases the relaxation-
time parameter was ξ = 1.

FIGURE 3.1 (a): Lubrication force on two particles scattering with a non-zero impact
parameter as a function of the dimensionless impact parameter s. The full curve is an
analytical result for the same situation [76]. The forces are scaled by the drag force im-
posed on a single particle by unperturbed fluid. (b): Lubrication force on two particles
in central collision as a function of their dimensionless distance s. The full curve is an
analytical results for the same situation [76]. The forces are scaled as in Fig. (3.1a).

In the central collision, the lubrication force is [76]

FC = µf∆Un
23/2

s3/2

[
3

4
J +

3x0
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(3.1)

with x0 = π(s/2)−1/2, h0 = 1 + 1
2
x2

0 and J =
√

2 tan−1
(
x0/

√
2
)
. The fluid viscosity is

denoted by µf . In the scattering case the lubrication force is given by [76]

FSc = µf∆Ut
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Here s = (D12 − 2R)/R is the relative spacing between the two particles of radius
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FIGURE 3.2 The terminal velocity of the particle ut (divided by the unconfined termi-
nal velocity) as a function of particle diameter d (divided by the wall width).

R with a centre-centre distance of D12 (here 1 and 2 denote the particles), ∆Ut =

(U1 −U2) · t where U1 and U2 are the particle velocities and t is a unit vector in the
direction of motion of the particles, and ∆Un = (U1 − U2) · n with n a unit vector
normal to the direction of the line connecting the particles at their shortest mutual
distance. It is evident from Fig. 3.1 that the simulation results are in rather good
agreement with the analytical solutions, especially in the case of central collision
and for higher lattice resolutions [I]. If needed, the accuracy of the lubrication forces
can be improved by calculating them directly from lubrication theory as has been
done e.g. in Ref. [34].

To investigate the effect of lattice resolution we simulated 2D suspensions for
three different resolutions, R = 5.5, 11 and 22 lattice units. (The full domain size for
R = 11, e.g., was Lx × Ly = 450 × 130 lattice units). For up to 30% area fraction, the
relative apparent viscosity was almost independent of the resolution. For 40% area
fraction, however, the difference in the relative apparent viscosity of the smallest
and biggest resolution was already about 12% [I].

In order to test the correctness of the dynamics of a single particle, we carried
out the 2D lateral migration test of Refs. [41, 77]. We found [II] that a particle ini-
tially placed near a wall migrated to the middle of the channel in good agreement
with the results of Refs. [41, 77]. To validate our 3D parallel implementation of the
Aidun method, we simulated the sedimentation of a single spherical particle in a
square duct. In our test the particle was initially located with zero velocity in the
middle line of a vertical square channel of width L = 30 lattice units. After this
the particle started to fall along the middle line due to gravity, reaching finally its
terminal velocity ut. The unconfined terminal velocity u0 was calculated from the
Stokes equation. It is clear from Fig. (3.2) that our simulation results compare well
with those of Ref. [41], and with the experimental data of Ref. [78].

Finally, in Fig. (3.3), we show our 2D (Behrend model) and 3D (Aidun model)



34

shear flow (Couette flow) simulation results for the relative apparent viscosity at
a low Reynolds number as a function of the volume fraction (area fraction in 2D).
Also the Krieger-Dougherty relation (see Eq. (2.76)) is shown for comparison. This
relation agrees with the simulated data when the maximal packing fraction is φmax =

0.785 and 0.68 for 2D and 3D, respectively. For these parameters the intrinsic viscos-
ity [η] in Eq. (2.76) has the value 2.4. We also show in Fig. (3.3) a number of previous
experimental [79, 81] and numerical results [80] for Reynolds numbers smaller than
unity. It is evident from this figure that our results agree with those of earlier stud-
ies. This agreement gives us confidence that the simulation model used captures the
correct physics of the suspensions considered.

FIGURE 3.3 Comparison of the simulated relative apparent viscosity µr with previous
experimental [79, 81] and numerical [80] results in 2D and 3D systems.
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3.2 Some aspects of viscosity for non-Brownian liquid-
particle suspensions

In all the following cases, we have simulated the dynamics of non-Brownian liquid-
particle suspensions in a 2D Couette flow. The upper and lower walls of the flow
channel move with a constant speed in opposite directions. Periodic boundary con-
ditions are imposed between the inlet and outlet of the channel (see Fig. 3.4).

FIGURE 3.4 A snapshot of Couette flow of a liquid-particle suspension. The walls
move in opposite directions creating a shear field. Fluid velocity is indicated by a
colour scale so that red indicates high velocity. Periodic boundary conditions are im-
posed at the inlet and outlet of the channel (dashed lines).

3.2.1 Effect of particle shape

In addition to concentration (see Fig. 3.3), many other parameters - as we have al-
ready discussed in Section (2.2.2) - can affect the rheology of particulate suspensions.
We studied the effect of particle shape on the relative apparent viscosity of the sus-
pension with elliptical and star-like particles (a cross-shaped combination of two
perpendicular ellipsoidal particles, with two different axis ratios a and major axes
l: a = 4.3, l = 17.2 and a = 3.0, l = 8.0) [I]. Obviously, cf. Fig. (3.5), the relative ap-
parent viscosity of the suspension is much higher for the star-shaped particles, with
a given area fraction, than for the disc-shaped particles. This seems to be caused by
the higher effective size of the star-shaped particles, and their much stronger ten-
dency to form clusters. The viscosities of the suspensions of elliptical particles were
found to be at most 10% larger than those of disc-shaped particles (not shown in
Fig. (3.5)). The shape of the particles thus seems to have a significant effect on the
relative viscosity of the suspension if the shape is very irregular.

3.2.2 Effect of shear rate

An important parameter in the rheology of suspensions is shear rate. We studied
the shear-rate dependence of the viscosity of disc-particle [I, II, III] and star-particle
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FIGURE 3.5 The simulated relative apparent viscosity ηr as a function of area fraction
φ of suspended particles for different particle shapes. Dashed line is a best fit to the
simulated points for star-like particles with a = 4.3, the other curves are the theoretical
results of Einstein (see Eq. (2.74)), Batchelor (see Eq. (2.75)) and Krieger et al. (see Eq.
(2.76)).

[I] suspensions for particle Reynolds numbers Reγ varying from 0.0017 to 6, with
ξ = 0.55. (The particle Reynolds number is defined as Reγ = d2γ̇/νf , where d is
the particle diameter, γ̇ the shear rate, and νf the kinematic viscosity of the fluid.)
As is evident from Fig. (3.6), clear shear-thickening behaviour was found, i.e. the
relative apparent viscosity increased with increasing shear rate. For dense systems
and high shear rates this effect was particularly apparent. A strong dependence of
the apparent viscosity on the shape of the particles could also be seen.

3.2.3 Cluster contribution to the viscosity of liquid-particle sus-
pensions

At very low particle Reynolds numbers and in the absence of Brownian motion,
the hydrodynamic forces acting on the particles are those of Stokes flow, and the
particles move according to a linear (Newtonian) fluid-velocity profile until they
encounter another particle. Because lubrication forces dominate particle-particle in-
teractions, these ’collisions’ are almost perfectly inelastic, which means that collid-
ing particles will stay together for some time and form a cluster. These clusters will
deform and rotate, merge into larger clusters and break up into smaller clusters or
into individual particles. Large clusters are assumed to provide an efficient way for
momentum transfer between channel walls, and to thereby increase the relative vis-
cosity.

In order to analyse the dynamics of clusters, and their contribution to the rel-
ative viscosity, we first have to pay attention to their actual definition. A static clus-
ter is easy to identify based on some neighbourhood criterion, e.g., if two particles
are separated by a distance of less than d, they belong to the same static cluster. In
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FIGURE 3.6 The relative apparent viscosity µr as a function of particle Reynolds num-
ber Reγ for different particle shapes and solid area fraction. The lines are guides for
the eye.

our case the distance d was chosen e.g. for disc-like particles as d = 2.2 × R. This
value for d was based on the radial pair- distribution function (PDF) such that it
corresponded to the highest value of PDF. In the course of time clusters are how-
ever fused together and dissolved by some hydrodynamic fragmentation process.
A problem is therefore to determine the identity of individual clusters in a suit-
able and consistent way, although there is no unique definition available. With our
definition for a dynamic cluster we wanted to capture the relevant phenomena re-
lated to evolution of clusters. This means that we are interested in two different time
scales: that of slow growth/shrinkage and that of fast fission/fusion of clusters. In
the growth/shrinkage processes we wanted to follow the evolution of individual
clusters, i.e., to follow particular clusters that are growing/shrinking, whereas in
the fission/fusion processes clusters may cease to exit. Figure (3.7) illustrates some
relevant processes. The following definition for a dynamic cluster was thus chosen:
We assume that a cluster identified at time t is the same as the one identified at time
t− δt if

N(t− δt)−Nold(t)

N(t)
≤ K1, (3.3)

Nnew(t)

N(t)
≤ K2, (3.4)

provided that the cluster at t is connected to the one at t−δt by an obvious trajectory.
Here N(t) is the number of particles in the cluster at time t, Nold is the number of
’old’ particles (those that existed in the cluster already at the previous time step) at
time t, and Nnew is the number of ’new’ particles in the cluster at time t. There is no
unique definition for the parameters K1, K2 and δt; we choose here K1 = K2 = 0.5

and δt = 200 steps. We have analysed the evolution of each cluster in suspensions
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FIGURE 3.7 Illustration of relevant clustering processes.

by using these definitions. If the criteria of Eqs. (3.3) and (3.4) are not satisfied, the
related cluster identified at time t is considered to disappear at time t + δt, and
correspondingly new cluster/clusters are then born.

FIGURE 3.8 The average cluster size in 2D suspensions of disc-like particles (φ = 40%)
as a function of the characteristic (dimensionless) life span t∗ for different particle
Reynolds numbers.

From the results of the dynamic cluster analysis described above, we found
that the average decay time of the number of clusters is proportional to e−2t∗ , where
t∗ = tγ̇ is a characteristic (dimensionless) time. During its time evolution, the aver-
age size of the clusters 〈N〉 varies as shown in Fig. (3.8), where 〈N〉 is shown as a
function of the characteristic time t∗. The average size for each t∗ is calculated over
all clusters in the steady state that have life span t∗. As can be seen from figure (3.8),
〈N〉 increases with increasing particle Reynolds number in the regime Reγ . 1, but
remains almost constant for higher particle Reynolds numbers. It is evident that the
average cluster size of disc-like particles does not correlate well with the relative
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FIGURE 3.9 The average cluster size and relative apparent viscosity as a function of
Reγ for star-like particles with φ = 30%.

apparent viscosity when Reγ & 1. However, for star-like particles this kind of corre-
lation exists as can be concluded from Fig. (3.9).

FIGURE 3.10 The average cluster orientation in the suspension of disc-like particles
(φ = 40%) as a function of the characteristic (dimensionless) time t∗ for different parti-
cle Reynolds numbers. Notice that, if the average angle is θ = 90◦, cluster orientation
is predominantly perpendicular to the flow direction.

In Fig (3.10) we show the average angle θ between the line connecting two
fixed particles of the cluster and the direction of flow: θ = 180◦ is upstream from the
reference particles, θ = 0◦ is downstream, and the angular dependences in the first
and third quadrants, and in the second and fourth quadrants, are the same. As can
be seen from the figure, the average orientation of the clusters is approximately per-
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FIGURE 3.11 The dimensionless angular velocity of the clusters as a function of par-
ticle Reynolds number. The solid line is a fit by 0.4e−Reγ/7 to the observed values.

pendicular to the flow direction. In other words, clusters are born with the average
angle θ ' 105− 115◦ and they die when θ ' 85− 95◦.

We also analysed the average angular velocity of the clusters. For low particle
Reynolds numbers the average angular velocity is approximately 0.5γ̇ as expected,
but it decreases with increasing shear rate when Reγ > 1, as can be seen from Fig
(3.11). Thus, there seems to be a correlation between decreasing average angular
velocity and increasing relative viscosity.

Besides the average cluster size and the average orientation, we analysed the
time evolution of the average cluster shape, which can be described by the second-
rank tensor of the radius of gyration, S̃. If the i’th particle in a cluster of N particles
is located at r̃i = (x̃i, ỹi) with respect to the centre of mass, the tensor of the radius
of gyration is given by

S̃ =
1

N

[ ∑N
i=1 x̃

2
i

∑N
i=1 x̃iỹi∑N

i=1 ỹix̃i

∑N
i=1 ỹ

2
i

]
=

[
Sx̃2 Sx̃ỹ

Sỹx̃ Sỹ2

]
, (3.5)

where Sx̃2 and Sỹ2 denote the x̃x̃ and ỹỹ components of the tensor. The trace of this
tensor gives the scaled radius of gyration,

S2
G = TrS̃ = Sx̃2 + Sỹ2 . (3.6)

Therefore, Sx̃2 and Sỹ2 are also the x̃ and ỹ components of the scaled radius of gy-
ration. If the cluster shape is described as an ellipse, the two squared principal axes
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FIGURE 3.12 The average shape factor of the suspension of disc-like particles (φ =
40%) as a function of the characteristic (dimensionless) time t∗ for different particle
Reynolds numbers. For rod-like cluster P = 1, and P = 0 for spherical clusters.

λmax and λmin can be expressed in the form

λmax = 1
2
S2

G + λ,

λmin = 1
2
S2

G − λ,
(3.7)

with

λ =

√
1

4
(Sx̃2 − Sỹ2)2 + S2

x̃y. (3.8)

The degree of anisotropy can be described by a shape parameter

P =
2λmax

S2
G

− 1, (3.9)

with P ∈ [0, 1]. P = 0 and P = 1 correspond to a sphere and a rod, respectively.
The time evolution of the average shape parameter of the clusters is shown in

Fig.(3.12). For all particle Reynolds numbers, clusters are clearly rod-like rather than
spherical. However, clusters seem to compress slightly during rotation.

We can conclude from the dynamic cluster analysis that particles form rod-
like clusters on the upstream side (θ > 1

2
π), they rotate and are compressed, and

are finally destroyed by shear forces on the downstream side (θ < 1
2
π). The rota-

tion and compression of the clusters indicate their ability to transmit momentum
(or stress) perpendicular to the flow direction [84]. This, together with the bigger
average cluster size, could explain the higher relative apparent viscosity of the star-
particle suspensions in comparison with the disc-particle suspensions.
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FIGURE 3.13 Schematic presentation of the KCM model.

Based on the results of this dynamic cluster analysis we constructed a schematic
model called the Kinetic Clustering Model (KCM) [III]. The idea of KCM is the fol-
lowing: Consider the part of a suspension located within a long and narrow tubular
volume element at a small angle across the shear cell (flow channel) such that flow
velocity at the trailing end is higher than that at the leading end of the element (see
Fig. (3.13)). As this imaginary tube rotates in the shear velocity field, it will become
broader and shorter. Initially, when the tube is very long and narrow, the particles
that have their centres of mass within the tube are located far from each other in an
uncorrelated fashion. The density of the centres of mass then obeys a Poisson dis-
tribution. As the element rotates, particles will come closer to each other and begin
to collide. According to KCM, the cluster-size distribution n(m) in a low Reynolds
number Couette flow (in the absence of Brownian motion) is found to be [III]

n(m) ∝ m−1.5 exp(− m

m0

). (3.10)

Here m is the cluster size (the number of particles in the cluster) and

m0 = mKCM
0 (λ) ≡ 1/(λ− log(λ)− 1), (3.11)

where λ = φ/φc. The distribution n(m) is scale invariant for m � m0, and it de-
creases rapidly for m > m0. The cutoff cluster size m0 diverges when the solid vol-
ume fraction φ reaches its critical value φc, which indicates that infinitely large clus-
ters (in the thermodynamic limit) appear in the system in this limit. This divergence
represents a jamming limit at which viscosity is expected to diverge [82]. Since m0 is
the only variable related to clustering, we would expect the relative viscosity in the
Stokes-flow regime to be of the form

µr = 1 + f(m0), (3.12)

in which 1 relates to the viscosity of the pure fluid, and f is an unknown function
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FIGURE 3.14 Snapshots of liquid-particle suspensions for Reγ = 0.1 (a), Reγ = 1 (b),
and Reγ = 10 (c). A few clusters are indicated. The walls 130 lattice units apart move
in opposite directions creating a shear field. Fluid velocity is indicated by a grey scale
so that white indicates high velocity.

that describes the part of the viscosity which originates from the clustered particles.
In order to test Eq. (3.10), and to extract function f , we performed LB simula-

tions of liquid-particle suspension in two- dimensional shear flow [III]. Figure (3.14)
shows snapshots of suspensions for particle Reynolds numbers Reγ = 0.1, 1, and 10.
Some typical particle aggregates are indicated in the figure. Two types of aggregates
with quite distinct characteristics indeed appear in the two-dimensional flow. Near
the moving walls, horizontal ’layers’ of particles can be found. (In accordance with
the common view discussed in Section 2.2.2 and in Ref. [III]). These layers appear
at relatively low Reynolds numbers (Reγ . 1) but disappear when Reγ & 1. It is in-
teresting that this layering did not appear in Stokes flow. (In these simulations flow
was forced to be linear by omitting the nonlinear terms from Eq. (2.84).) Instead, sus-
pended particles began to concentrate in the middle of the channel for Reγ & 1. The
dynamics of particle layers is subject to future work, here we just make a few quali-
tative observations. In the interior of the flow channel, chain-like clusters form and
rotate under the shear flow much in accordance with the generic clustering model
discussed above and in Ref. [III].

In the entire region covered by the present simulations, the size distribution of
the rotating clusters is indeed given by Eq. (3.10) as predicted by the kinetic cluster-
ing model (see Fig. 3.15(a)). Thus, m0 is the only parameter indicative of cluster size.
In general it may, however, depend on both the volume fraction of particles and on
the particle Reynolds number. Based on our numerical simulations [III], three dis-
tinct flow regimes can be found concerning the characteristics of the flow: a viscous
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FIGURE 3.15 (a) Cluster-size distributions for φ = 0.4: Reγ = 0.01(4), Reγ = 0.1(�),
Reγ = 1.0(◦). The solid lines indicate the distributions predicted by KCM. (b) m0 as a
function of φ for Reγ = 0.06(�), 0.3(�), 0.8(•), 1.4(N); channel width is h = 130. For
Reγ = 0.06 another channel width was also used: h = 260(◦). The solid line is the
theoretical relation Eq. (3.11).

regime for Reγ . 0.1, a transition regime for Reγ ∼ 1 and an inertial regime for
Reγ & 10.

In the viscous regime there are no visible wall layers and the average size
of the rotating clusters is small (see e.g. Fig. 3.14(a)). A comparison between Eq.
(3.11) and simulation results reveals a close to perfect match within this regime (see
Fig. 3.15(b)). For larger Reynolds numbers m0 increases considerably. In the viscous
regime the average velocity profile across the channel has only small fluctuations
away from a Newtonian (straight) profile, which is demonstrated by Fig. 3.16(a).
This region is thus the realm of laminar Stokes flow. We would consequently expect
the effective viscosity to have little (if any) Reynolds number dependence. This is
confirmed in Fig. 3.16(b). We can then proceed to extract the function f of Eq. (3.12).
This can be done by plotting µr − 1 as a function of m0. The result is shown in Fig.
3.17. For the lowest Reynolds numbers a linear function f(m0) ≈ 0.5m0 gives a rea-
sonable fit to the simulation data. It is also worth noticing that when this form of f
is inserted in Eq. (3.12), the semi-empirical Krieger formula is regained for λ close
to unity. For comparison the Krieger formula (1− λ(m0))

−2 is also displayed in Fig.
(3.17). In the viscous regime we thus have

m0 = mKCM
0 (λ) (3.13)

µr = µr(m0) ≈ 1 + 0.5m0 ≈ (1− λ(m0))
−2,

which means that the effective viscosity depends only on m0, and this is given by
the KCM model. With m0 determined, the effective viscosity can be extracted ap-
proximately using either Krieger formula or f = 0.5m0.

In the transition regime wall layers develop and reach their maximum average
size (actually, the maximum size appears before Reγ = 1). Also the size of the rotat-
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FIGURE 3.16 (a) Difference of the simulated (v) and Newtonian (vN) velocity profile,
normalized by the wall velocity (vw), as a function of distance from the lower wall, for
Reγ = 0.1 (solid line), Reγ = 1.0 (dotted line), and Reγ = 10.0 (broken line). (b) Apparent
and intrinsic viscosities as functions of Reγ for h = 130 (broken line,◦), and h = 260
(solid line,�), respectively.

ing clusters (i.e. m0) grows considerably. Both these effects are visible in Fig. 3.14(b).
However, m0 is no longer given by Eq. (3.11) as can be seen from Fig. 3.15(b). The
effective viscosity grows in this regime but not in proportion to the increase in m0.
In this regime

m0 = m0(λ,Reγ) > mKCM
0 (λ) (3.14)

µr = µr(m0, Reγ) < 1 + 0.5m0.

So KCM fails, except for the cluster-size distribution. The velocity profile deviates
from the Newtonian profile and an S-shaped profile with a higher shear close to
the walls is developed (see Fig. 3.16(a)). Consequently, two different definitions of
viscosity are possible: intrinsic viscosity, which is a bulk property determined using
the shear rate in the middle of the channel, and apparent viscosity determined using
the average shear rate (measurable but affected by the flow profile, i.e., by boundary
layers). The two viscosities are displayed in Fig. 3.16(b) for a few values of Reγ . For
increasing distance between the moving walls, the velocity profile becomes closer
and closer to the Newtonian (linear) profile (also the two viscosities are more and
more equal). This indicates that the influence of boundary layers is restricted to finite
system sizes.

Above Rep ∼ 10 flow instabilities arise signifying an incipient inertial regime.
In this case particle layers near the walls largely disappear. The typical cluster size
inside the flow region also starts to decrease due to stronger velocity fluctuations.
This is seen as a slight decrease of m0 when compared to the transition regime (Fig.
3.17(b)). The S shape of the velocity profile becomes more pronounced (Fig. 3.16(a)),
and µr increases rapidly with increasing Reγ (Fig. 3.16(b)). We can conclude that
an increasing cluster size does not alone explain (directly) the increasing viscosity
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FIGURE 3.17 (a) µr − 1 as a function of m0 for Reγ ≤ 1 and φ =
0.2(◦), 0.3(�), 0.35(4), 0.4(♦), 0.45(�). The filled symbols indicate Reγ = 0.06. (b)
Reγ ≤ 13.0. Filled symbols correspond to the inertial regime. The solid line and the
dotted line indicate the results of Krieger formula with exponents of −1.8 and −2.0,
respectively. The broken line is 1 + 0.5m0.

at higher particle Reynolds numbers. (This was already concluded earlier from the
dynamic cluster analysis).

3.2.4 Momentum transfer

Viscosity is a transport coefficient which measures the efficiency of momentum trans-
fer across the system under consideration. On the other hand, for incompressible
Newtonian fluids under shear flow, we can calculate the viscosity µ = −τ/(dvx(z)

dz
)

which provides all material information we need to specify the constitutive equa-
tion (see, e.g., Eq. (2.60)). For non-Newtonian fluids, like liquid-particle suspensions,
this process is more complicated because of bigger number of momentum transfer
mechanisms. In order to specify the constitutive equation of a liquid-particle sus-
pension, we need to understand the underlying mesoscopic mechanisms that con-
tribute to the viscosity (especially in the inertial regime). Therefore, we determined
the stresses and momentum fluxes in different phases, including the viscous stress
in the fluid phase, the structural stress inside the particles, and the (convective) in-
ertial fluxes that arise from the pseudo-turbulent fluctuations of the both solid and
fluid phases [II].

The total momentum flux F through any surface S in the suspension is given
by

F =

∫
S

~Π · dS, (3.15)

where ~Π is the total momentum tensor. In the present case it can be written in the
form

~Π = ~Cf + ~Cs + ~Mf + ~Σs, (3.16)

where ~Cf and ~Cs are the convective momentum tensors, and ~Mf and ~∑
s are the
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FIGURE 3.18 A snapshot of a two-dimensional Couette-flow of a liquid-particle sus-
pension as solved by the LB method. Colour coding indicates viscous shear stress in
the fluid phase. The two insets show the forces used in determining the internal parti-
cle stress.

internal stress tensors for the fluid and the solid phase, respectively [II]. A schematic
illustration of the simulation setup together with a snapshot of an actual solution
for the Couette flow of the 2D suspension is shown in Fig. 3.18. Here the surface
S = S(y) is a plane perpendicular to the y axis. The total shear stress acting on this
plane is

τT = σf + σs + τf + τs, (3.17)

where stresses σf and σs contain the stresses due to pseudo-turbulent motion of the
two phases, τf contains the viscous stress of the fluid phase and τs contains the in-
ternal stress of the particles [II]. Stresses σf , τf and σs can all be directly determined
at each lattice point using Eqs. (2.89), (2.90) and (2.91). The stress τs can be deter-
mined from the collisions of the particles and from the hydrodynamic forces acting
on their surfaces [II]. In Table 3.1 we show the relative contributions of the four
different momentum transfer mechanisms for two solid volume fractions 〈φ〉. The
convective (pseudo-turbulent) stresses are very small when compared to the other
stress terms, and will not be considered in the following. In Fig. 3.19 we show the
ratio of the shear stress carried by the fluid, τf , and the shear stress carried by the
particles, τs, to the total shear stress as a function of the particle Reynolds number
Reγ . Figure 3.20 shows the same ratio as a function of the average solid volume
fraction at a fixed particle Reynolds number Reγ ≈ 3. As evidenced by Fig. 3.20,
the contribution of the solid phase to the total shear stress strongly increases with
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TABLE 3.1 Relative contributions of the different momentum-transfer mechanisms to
the total shear stress τT for two values of the average solid volume fraction. Stresses
σf and σs are the pseudo-turbulent stresses of the fluid and solid phases, respectively,
τf is the viscous stress of the fluid phase, and τs is the solid stress (internal shear stress
in the suspended particles).

FIGURE 3.19 The ratio of viscous stress τf and solid stress τs to the total shear stress
τT as a functions of the particle Reynolds number Reγ , for a suspension with < φs >=
12% (a), and for a suspension with < φs >= 52% (b).

FIGURE 3.20 The ratio of viscous stress τf and solid stress τs, to the total shear stress
τT as a function of the average solid volume fraction < φs > for Reγ ≈ 3.

increasing solid volume fraction. Less obvious is the behaviour of the relative con-
tributions of the two phases as functions of the shear rate. As shown in Fig. 3.19, the
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FIGURE 3.21 A fixed, freely rotating particle on the neutral line of a shear velocity
field.

relative shear stress of the solid phase is nearly independent of Reγ at low particle
Reynolds numbers, but begins to increase with Reγ increasing beyond unity. Com-
paring, e.g., with Fig. 3.16(b), one is tempted to conjecture that this phenomenon is
related to shear thickening, i.e., the observed shear thickening is related to enhanced
relative solid phase stress for increasing shear rates [II].

3.2.5 Solid phase stress

The solid-phase stress τs is a sum of pressure and viscous stresses τf acting on the
particle surfaces. In order to investigate the origin of the solid-phase stress as a func-
tion of Reγ , we implemented the simulation setup of Fig. 3.21 with only one fixed,
freely rotating particle on the neutral line of the shear field. Particle radius was 6 lat-
tice units and the side length of the square simulation domain was 50 lattice units.
Periodic boundary conditions were imposed at the inlet and outlet of the channel.
(We also repeated the same simulations in 3D. The results of the latter simulations
were qualitatively similar to the results reported here [84].) Next we determined
the pressure stress (force) and the viscous stress (force) acting on the surface Ap of
the upper half of the particle. Because the particle was fixed and its angular velocity
was constant (i.e., the simulation had reached a steady state), the mean force acting
on plane S is

Fs =

∫
Ap

~Mf · dS =

∫
Ap

pdS−
∫

Ap

~τf · dS. (3.18)

We performed simulations using the both nonlinear (Navier-Stokes equation) and
linear (Stokes equation) version of the LB equation (by removing the nonlinear terms
from Eq. (2.84)). For the Stokes flow the total shear force acting on plane S inside the
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FIGURE 3.22 Scaled pressure and the viscous components of the total shear force as
functions of Reγ .

particle was found to increase linearly with increasing shear rate, and the appar-
ent viscosity was constant in the entire regime covered by the simulations. For the
Navier-Stokes flow the total shear force inside the particle was a linear function of
Reγ when Reγ was small, but increased faster for Reγ > 1.0. (See Fig. 3.22, where the
scaled pressure and the viscous components of the total shear force are separately
plotted as functions of Reγ .) The pressure component of the total shear force now
dominates. So, even in this very simple and very dilute ’suspension’ the apparent
viscosity begins to increase for Reγ > 1.0 (see Fig. 3.23). Another interesting result

FIGURE 3.23 Apparent viscosity as a function of Reγ .
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was that the relative angular velocity of the particle slowed down for Reγ > 1. This
did not happen in the Stokes flow (see Fig. 3.24). At the same time when the relative
angular velocity of the particle decreased, we observed increasing reverse flow on
both sides of the particle (the relative volume flow in the gaps between the moving
walls and the particle surface decreased). As mentioned before, the angular velocity

FIGURE 3.24 The angular velocity of the particle as a function of Reγ .

of the clusters behaved similarly. We can conclude that the relative shear stress in-
side the particles increases with increasing Reynolds number implying that inertial
effects begin to affect suspension rheology for Reγ & 1.
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Chapter 4

Liquid droplet on a porous surface

In this chapter, we first present the results of several benchmarking studies for vali-
dation of the particular LB method used in our droplet-spreading simulations. Then
we present some preliminary results from our study of droplets on the surface of a
porous medium including their impact, spreading and penetration.

4.1 Validation of the implemented method

We have used here a three-dimensional version of the parallelised local interaction
model (Shan-Chen model). We have performed several tests to verify that our im-
plementation of the simulation method produces physically correct behaviour [IV].
In Fig. 4.1 we demonstrate the validity in this case of Laplace’s law which states that,
for a free droplet of radius r0, the pressure difference ∆p across the droplet surface
is in equilibrium related to surface tension γ and droplet-surface curvature κ ≡ 1/r0
such that ∆p = 2γκ. Surface tension can thus be evaluated from the slope of the ∆p

curve as a function of κ.

FIGURE 4.1 The relation of droplet curvature κ and the pressure difference ∆p.

53
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FIGURE 4.2 Snapshots of droplet spreading on a smooth surface for two initial condi-
tions. The topmost snapshots show the initial configuration and the lowermost snap-
shots show the steady-state or final configurations.

We have simulated the spreading process of a droplet on a flat surface [IV].
Some snapshots of the spreading process are shown in Fig. 4.2. For a relatively flat
initial droplet shape (as in the case of Fig. 4.2 (left)) we observed that the time evo-
lution of the droplet radius R, which was measured along the plane of the surface,
is consistent with the well-known Tanner’s law R ∼ tq with q = 1/10 [83].

In order to test the use of LBM to model imbibition of a fluid in a porous
medium, we have simulated the capillary rise phenomenon [V]. In Fig. 4.3 we present
the main result of our capillary simulations at zero gravity. Here the height of the
column is shown as a function of time for four values of tube radius r withW = −0.1

(see Eq. (2.110)). For increasing tube radius the column rises faster, as expected. The
solid lines in Fig. 4.3 show the corresponding numerical solutions of the equation

ρf

[
1

2

(
dh

dt

)2

+ h
d2h

dt2

]
=

2γ cos θd

r
− 8µ(h+ h+)

r2

dh

dt
− ρfgh, (4.1)

where h is the height of the rising column measured from the level of the liquid
surface outside the tube, h+ is the length of the part of the capillary tube immersed in
the liquid, and r is the radius of the tube. Fluid density, viscosity, surface tension and
dynamic contact angle are denoted by ρf , µ, γ, and θd, respectively. By neglecting the
inertial and the inlet pressure from Eq. (4.1), the classical Washburn equation [85] for
capillary rise is obtained:

8µ(h+ h+)
dh

dt
= 2rγcosθ − r2ρfgh. (4.2)

Due to the rough discretization and the density variation (see Fig. (4.4) below)
especially for small r, it is difficult to accurately measure θd directly from the den-
sity field. For an indirect determination of θd, we first apply the one-dimensional
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FIGURE 4.3 The height of the fluid column as a function of time for r = 2, 5, 10
and 20 lattice units. Numerical solutions of Eq. (4.1) are also shown. The insets show
snapshots of capillary rise.

Reynolds transport theorem for a control volume to estimate the rate of change of
the momentum of the system. The upper control surface moves with the meniscus
of the liquid column (no outflow from the control volume) and the lower control
surface is fixed at the lower end of the tube. Then the rate of change of the total
momentum inside the control volume is

d

dt
(mv)syst =

d

dt

[∫
CV

vρdV

]
+

∫
CS

vρ(v · n)dA, (4.3)

wherem = m(t) is the total mass of the fluid inside the control volume, v is the fluid
velocity, and CV and CS denote the volume and surface area of the control vol-
ume, respectively. Assuming a constant velocity through the tube, we obtain from
Eq. (4.3) for θd the expression

cos θd =
1

2πrγ

[
d(mv)CV

dt
− 1

2
ρfπr

2v2 + 8πµ(h+ h+)v + ρfπr
2gh

]
. (4.4)

This equation can be used to determine θd from the simulated h(t). Notice that this
is the correct form for Eq. (8) in Ref. [V]. However, the results remain almost un-
changed, especially at long times, because the rise velocity is very small. By includ-
ing a dynamic contact angle, determined using Eq. (4.4), in Eq. (4.1) [V], an excellent
agreement was found for large r up to the latest data points, the deviation there
resulting from an increase in the interface velocity close to the end of the tube.

We found good agreement with the Washburn equation also when we var-
ied adhesion and gravity in the simulations [V]. The adhesive force defined by
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FIGURE 4.4 The density profile across the capillary tube for a radius of 2, 5, 10 and
20 lattice units. The dashed line for r = 20 shows the profile for stronger adhesion. A
negative value of density indicates the tube wall.

Eq. (2.110) and the cohesive force defined by Eq. (2.109) both act on neighbouring
fluid nodes of the solid surface. This means that the fluid-particle distribution on
that node is redistributed according to the resultant of these forces. If these two
competing forces were in balance, the liquid density on the node near to the solid
surface would be the bulk density. Unfortunately, this is not the situation in practical
simulations because, e.g., it may be necessary to vary the contact angle by changing
the adhesion parameter W . This is called the boundary effect.

As a result, for r = 2 we did not actually observe bulk liquid density inside
the tube at all, as seen in the density profiles of Fig. 4.4 (here W = −0.10). On the
outer surface of the tube, the density of the vapour was slightly higher than the bulk
density of the vapour. Here capillary rise was linear in time, and also capillary con-
densation was seen. So, the value r = 2 is clearly too small for any sensible result.
Inside the tube, the decay of density close to the wall was similar for r = 5, 10, 20,
and the proportion of liquid with bulk density decreased with decreasing radius.
With increasing adhesion the density of the fluid at the wall increased, e.g., from
1.5 to 2.0 in the first layer for W changing from −0.10 to −0.12, but the range of
the boundary effect in the density was the same [V]. The dynamic viscosity of the
liquid is not constant throughout the tube because of the density variation near the
wall, i.e., wall friction is a function of the adhesive force. This causes an error, which
is evident from Fig. 4.5, where we show the velocity profile of a steady flow of the
liquid in its equilibrium density between two infinite (by using periodic boundary
conditions in the flow direction) parallel plates. There is no phase separation in our
two-phase simulations here, and the flow is produced by a constant body force. For
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FIGURE 4.5 A typical example of the velocity profile of a fully developed flow of
liquid between two parallel plates: Open symbols show our simulation results for
W = −0.1, G = −0.15, g = 0, and the full curves denote the analytical expressions.
For comparison we also show by crosses simulation data for the single-phase model
with W = G = g = 0.

comparison, we also show in Fig. 4.5 the same result for the single-phase model. A
comparison with the well-known analytical results (denoted by full curves in Fig.
4.5) shows that the velocity profile has the correct (Poiseuille) parabolic shape, but is
shifted. As expected, the relative deviation decreases for increasing r. For stronger
adhesion the simulated velocity profile approaches the theoretical curve and bound-
ary effects in the density profile decrease.

The results above indicate that the general physical background of multiphase
flows is included in the local interaction model except for a less accurate wall fric-
tion. This discrepancy can be almost eliminated by forcing the viscosity of the fluid
to be constant by changing the relaxation parameter ξ locally as a function of den-
sity [86].

Thus, further work is needed to develop a physically more correct interaction
function between the solid and fluid phases.

4.2 Simulation results

The behaviour of liquid droplets impacted on a porous medium can be roughly di-
vided into two phases. The first phase is composed of simple spreading of a droplet
over the surface, which is usually called the mechanical phase. The second phase
involves penetration of the liquid into the porous medium. This phase is more dif-
ficult to analyse due to the highly complicated mechanisms of the liquid-solid in-
teractions. The most significant mechanism is the capillary effect, which includes
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FIGURE 4.6 Absorption of a droplet into a porous medium.

also adhesion and all other chemical interactions between the liquid and the porous
medium. For this reason the second phase has been called the capillary phase. In
practice, these two phases are usually mixed, and penetration of the liquid already
begins during the mechanical phase.

We have simulated a liquid droplet impacting, spreading and penetrating a
porous medium. Visualised examples of the simulations are shown in Figs. 4.6 and
4.7. These figures show clearly how inhomogeneous the actual penetration process
is. Variations in the spreading and absorption of individual droplets depend on the
ratio of droplet radius to the scale of inhomogeneities in the porous surface. In or-
der to find these variations it would be necessary to simulate the same system for
several droplet sizes. So far we have done the simulation only once due to the high
computational requirements. Although we now have poor statistics and the wall
friction is not accurate, we still believe that the results are indicative of the true be-
haviour at least on a qualitative level. In the following we present some of these
preliminary results.

The total simulation domain was 300 × 300 × 300 lattice units and the droplet
radius was R ≈ 67. The porous medium was modelled by randomly placed and
orientated, freely penetrating disks, with a radius of 10 lattice units, and with a
height of 5 lattice units (see Fig. 4.8). The parameter G, which defines in addition
to the surface tension also the density ratio between the liquid and the gas, was kept
constant at G = −0.15. The relaxation parameter was ξ = 1.0, i.e., viscosity was
also constant. In Figs. 4.9 and 4.10 the wetted area is shown as a function of the
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FIGURE 4.7 A view from the bottom of the droplet.

FIGURE 4.8 A modelled porous medium.

simulation time. The wetted area, which was measured along the second layer of
lattice sites above the surface (the first layer is not good for this purpose because of
condensation), was expressed in terms of the initial cross-section of the droplet A0.
We simulated the spreading process for two impact velocities (v = 0.025 and 0.1 in
lattice units), for three porosities (φ = 10%, 15% and 20%), and for two contact angles
(θ ≈ 80o and 50o with W = −0.10 and −0.11, respectively). During the mechanical

FIGURE 4.9 The wetted area as a function of simulation time for two different impact
velocities, and for three different porosities. The contact angle is θ ≈ 80o.

phase the droplet spreads on the surface due to capillary forces (adhesion between
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FIGURE 4.10 The wetted area as a function of simulation time for two different impact
velocities, and for two different contact angles. Porosity is φ = 15%.

the solid and the liquid, surface tension of the liquid) and the kinetic energy of the
droplet. When the steady-state radius is reached at the end of the mechanical phase,
there is an overshoot of A/A0 due to inertia.

At least the following conclusions can be made from our simulations of the
mechanical phase: An increasing contact angle decreases the wetted area, but the
impact velocity does not seem to have an effect on it (this can be seen, e.g., from
Fig. 4.9). Evidently penetration of the liquid into the substrate occurs very little dur-
ing the mechanical phase, and the liquid on top of the substrate behaves then like a
droplet whose surface energy is minimized, while dissipation consumes the impact
energy. Contact angle controls also the duration of the mechanical phase. An im-
portant feature of the system is surface roughness (or porosity). Roughness causes
mechanical pinning and trapping (see Fig. 4.11) of the droplet, but also makes the
dynamical contact angle to fluctuate. For an increasing surface roughness (porosity),
the wetted area becomes smaller (see Fig. 4.9).

FIGURE 4.11 A late-time configuration of a spreading droplet on a rough surface.

The capillary phase begins when the droplet has established good contact with
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the porous surface. (This can clearly be seen from Fig. 4.7.) The structure of the
porous medium has a significant effect on the absorption of the droplet during the
capillary phase, but it is difficult to precisely characterise the structure of the porous
medium due to its inhomogeneity. However, one important parameter is the poros-
ity. The effect of porosity on the absorption can be seen from Fig. 4.12, where we
show the penetrated volume V of the droplet (in proportion to the initial volume)
as a function of simulation time t for several different porosities and impact veloc-
ities. Adhesion plays an important role also during the capillary phase. Chemical

FIGURE 4.12 Penetrated volume of the droplet as a function of time for two different
impact velocities, and for three different porosities.

interaction between the liquid and the porous medium is reflected in the (dynamic)
contact angle. As can be seen from Fig. 4.13, absorption rate will be increased for
decreasing contact angle (increasing wettability).

FIGURE 4.13 Penetrated volume of the droplet as a function of time for two different
impact velocities, and for two different contact angles. Porosity is φ = 15%.
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Impact velocity defines the initial level of the penetrated volume in the begin-
ning of the capillary phase. The amount of penetrated fluid due to inertia becomes
more significant at higher porosities (see Fig. 4.12).

By fitting a power law V ∝ tn to the data, we found that the value of exponent
n was close to unity in the mechanical phase, and varied in the range 0.35-0.52 in
the capillary phase. These latter values are quite close to the value 0.5 (given by the
Washburn equation). This indicates that there were not so much radial penetration
in the porous medium which was consistent with the observations.

Finally we have simulated droplet penetration into a real three-dimensional
geometry of a paper sample [87] (a hand sheet with basis weight 300 gm−2). The
image was made by using the X-ray tomography technique. An example of such an
image of paper is shown in Fig. 4.14. X-ray microtomography is a novel technique
used in three-dimensional imaging of materials [88]. This method consists of ob-
taining a large set of images while passing radiation through the sample at different
angles. The projected images can be combined so as to reconstruct the geometry of
the interior structure.

FIGURE 4.14 A tomographic image of paper. Side length is 0.8 mm, and resolution
2 µm.

The size of the sample used in the simulation was 300× 300× 100 lattice units
whereas the size of the whole simulation domain was 300 × 300 × 260 lattice units,
including a droplet with an initial diameter of about 95 lattice units. The surface
tension and adhesion were controlled by setting G = −0.15 and W = −0.10. The
impact velocity of the droplet was zero, and the relaxation-time parameter was ξ =

1.0. Figure 4.15 shows the droplet at six different stages of penetration. To analyse
the penetration kinetics we measured the basal radius and volume of the droplet
above the sample surface as a function of time. In spite of the fact that the droplet
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FIGURE 4.15 Snapshots of droplet penetration into paper.

penetrates not only in the in-plane directions but also in the transverse direction
through the course of the simulation, we found that liquid mostly stayed close to
the sample surface. In other words, penetration in the transverse direction was much
slower than in the in-plane direction. This means that the assumption of purely two-
dimensional penetration in the vicinity of paper surface is not at all unreasonable.
In order to better understand these simulation results, we constructed a model for
radial capillary penetration.

Our model is based on the assumption that radial capillary penetration can be
described as penetration in cylindrical capillary tubes. We also assume that liquid
flow in such tubes is laminar and fully developed, and that inertial effects can be
neglected. Under these assumptions the pressure drop due to viscous drag in a tube
of radius a is

dP

dl
= −8µv

a2
, (4.5)

where v is the average velocity of the liquid. Now, at distance l from the centreline
of the source, velocity v can be written in terms of volumetric flow Q such that

v =
dl

dt
=

Q

2πlHφ
, (4.6)
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FIGURE 4.16 Volume of a droplet on the surface of the paper sample as a function of
time. The solid line is the result of a numerical integration of Eq. (4.9). Integration was
applied after the mechanical phase of droplet spreading.

where H is the height and φ the porosity of the sample. By inserting Eq. (4.6) into
Eq. (4.5), the pressure drop in the sample can be expressed in the form

dP

dl
= − 4µQ

πa2Hφ

1

l
. (4.7)

Under the assumption of incompressible liquid, Q does not depend on l. Therefore
Eq. (4.7) can be integrated from the interface of the source (l = R0) up to the liquid-
gas interface (l = R), and we find that

P (R0)− P (R) =
4µQ

πa2Hφ
ln

R

R0

, (4.8)

where the left-hand side also equals the capillary pressure Pc = 2γ cos θ/a. After
using this relation, and with the help of Eq. (4.6), we obtain

4R ln

(
R

R0

)
dR

dt
=
aγ cos θ

µ
. (4.9)

The simulated result can now be compared with the one obtained by integrating Eq.
(4.9) numerically. The result of this comparison is shown in Fig. (4.16). In the present
caseR0 is the basal radius of the droplet and is thus a function of time. Although the
size of the droplet is small compared to the scale of inhomogeneities in the paper,
and our capillary model assumes an infinite liquid reservoir, an excellent agreement
between the capillary model and the lattice-Boltzmann simulation is observed. (We
also performed experiments in which we put single water droplets (a ≈ 0.7 mm) on
the surface of a porous medium (H ≈ 15 µm, φ ≈ 10%). By using two CCD cameras
we were able to measure the penetrated volume of the droplet. The agreement be-
tween these experimental results and the results obtained from Eq. (4.9) was rather
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good.) In our study of a single capillary tube [V] we found some inaccuracy in the
interaction between the solid and liquid phases, especially for a small radius of the
capillary tube. However, as evidenced by our penetration results, even in a sample
with quite small pores realistic results can be obtained, even though the behaviour
in single small pores might be inaccurate [87]. This is most probably due to the fact
that the smallest pores do not give a detectable contribution to the penetration pro-
cess.
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Chapter 5

Conclusions

We have used the lattice-Boltzmann method to investigate the behaviour of non-
Brownian liquid-particle suspensions as a function of variables such as the concen-
tration and shape of the suspended particles, and the shear rate. For increasing shear
rate we found that suspensions display shear thickening i.e. their apparent viscos-
ity increases with increasing shear Reynolds numbers. We also observed that shear
thickening is related to enhanced relative solid-phase momentum transfer. This en-
hancement in the momentum transfer can arise at least from two mechanisms: de-
formation of suspension microstructure (clustering) for Reγ . 1, and inertial effects
for Reγ > 1. In shear flow suspended particles form dynamic linear clusters which
rotate and effectively transfer momentum across the system before disappearing.
We found that the viscosity of the suspension correlates with the cluster size for
Reynolds numbers Reγ . 1. For high particle Reynolds numbers Reγ > 1 when the
cluster size remains almost constant, the viscosity increases due to inertial effects.

We also analysed the behaviour of a liquid droplet on a porous surface by 3D
lattice-Boltzmann simulations. Our preliminary results indicate that we can quali-
tatively understand how the impact velocity of the droplet, contact angle and pore
geometry affect the evolution of the wetted area. Penetration of a liquid droplet into
a tomographic image of a sample of paper was as well consired. We determined the
volume penetrated by the droplet as a function of time, and compared it with the
corresponding result of an analytical capillary model. We could conclude that, even
for a sample with quite small pores, realistic results could be obtained although the
simulated behaviour in single small pores might not have been very realistic because
of pronounced discretization effects.

It is evident that the lattice-Boltzmann method is a convenient tool for analysing
the behaviour of multiphase flows. We believe that the results already obtained will
help to better understand the rheological behaviour of multiphase flows which ap-
pear in numerous applications that range from blood flow to industrial processes.
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