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Finnish summary
Diss.
This work is devoted to the development of efficient and robust solution algorithms for a class of free boundary problems. This consists of mathematical analysis of different model problems and the description of numerical implementation
to generic free boundary problems along with the numerical results.
The free boundary problems that are investigated in this work are elliptic
stationary boundary value problems with overdetermined boundary conditions.
Overdetermined boundary conditions are satisfied only in a special geometry
which is a solution to the free boundary problem. The free boundary problems
are nonlinear and can not be solved straightforwardly. Algorithms to solve this
kind of free boundary problems are iterative, the solution is sought by iterating
geometries.
The suggested algorithm is based on the combination of continuous shape
sensitivity analysis and automatic differentiation of discrete equations. The discrete linearized equations are derived tuning the finite element method to correspond to the continuous shape linearization of the problem.
Efficiency of the presented algorithms are tested and illustrated through numerous numerical examples.
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1 INTRODUCTION
Free boundary problems are boundary value problems in which some parts of
the boundaries of the considered domains have to be determined as a part of the
solution. A free boundary value problem consists of differential equations with
overdetermined boundary conditions in some parts of the geometrical boundaries that are assumed to be free boundaries. Overdetermined means formally
that the boundary conditions in the free boundary can be divided into two parts,
in which the first part can be used to solve differential equations and the second
part to find the geometry of free boundaries.

1.1 Free boundaries in continuum mechanics
Let us first introduce a few examples from real life, which illustrate some boundaries, or discontinuities with respect to the geometry. Consider, for example, a
liquid–gas surface, which evidently is a free surface. On the surface viscosity,
density and heat conductivity change rapidly thus producing material properties to be different on both sides of the surface. Further, different adhesion forces
in the air and in water produce forces on the interface, which appear as surface
tension forces [Ada67, MT68].
The water–air surface may remain in one position in time and the free surface can be considered as stationary. For example, water in the capillary pipe can
be considered as a representative of a static free boundary, where liquid is in a
static position and the free boundary is in an equilibrium state. Here the liquid
does not flow. Hence, the free boundary can only be defined by modelling the
surface position.
The second example, fluid flowing at a (low) constant speed from the pipe
can be considered as a representative of a stationary free boundary, as long as
the free boundary remains in its position in time. However, with higher speed
the flow field becomes unstable and so the free boundary eventually becomes
dynamic.
Between stationary and dynamic flows there is a region, which can be con-

12
sidered as quasi–stationary. Quasi–stationary means, that by moving the coordinate system in some speed, depending on the system itself, the system in
this reference coordinate remains stationary. Here we shall sketch two different
quasi–stationary free boundary problems. An example of a quasi–stationary free
boundary problem is a rising air bubble in water. In this case the small time scale
is measured in seconds, and in this small scale time interval the rising bubble can
be quasi–stationary, but as the external forces, like hydrostatic pressure, change
during the rise of a bubble, the bubble can evolve as time goes on. This evolution
appears, however, so slowly that the dynamic effects can be ignored. Hence by
this approach we can take snapshots of the dynamical system. To model the rising bubble perfectly in a larger time–scale, one must take into account the change
in the physical quantities in time.
Our second physical example is the melting or solidification of a material.
There is quite an extensive collection of references of the books and articles collected by Tarzia [Tar00] on the topic. In this case the free boundary is the boundary of a solid material and therefore it can be characterized as a liquid–solid free
boundary. From the melting temperature of the material we know the temperature on the free surface and it is relevant to consider the temperature of the
material to provide an insight into this dynamical system.
Consider now the enthalpy of the material. Near the melting point of a
material the enthalpy grows rapidly as a function of temperature, see figure 1. In
particular, enthalpy can be a set valued function of temperature and may vary in
single temperature depending on the state of the material.
enthalpy

temperature
FIGURE 1

Relation between enthalpy and temperature.

Again we can consider the quasi–stationary approach to obtain an insight
into the time–dependent process. One such quasi–stationary process is a continuous casting of steel. In this case the melted steel is formally fed into the pipe and
then the solidified steel is continuously pulled out from the other head of the pipe
while the pipe is cooled to obtain the solidification inside the pipe. To obtain as
good steel as possible, it is eventually important to know the possible properties
that influence the formation of the steel.
As well as the water–air and the water–ice surface both may be thick when
considered on a microscopic scale we may in a macroscopic view consider these
boundary layers as thin boundaries where physical quantities may rapidly

13
change. This enables us to treat physical quantities as continuous functions
elsewhere but on this thin boundary, which is consequently a free boundary.

1.2 Model free boundary problem
In this thesis we shall consider general mathematical or engineering approaches
to solve the free boundary problems of type
A(u, Ω) = 0,
B(u, Ω) = 0.

(1.1a)
(1.1b)

Here A corresponds to a well posed elliptic boundary value problem in domain
Ω, and B respectively operates on the functions supported at the free boundary
Σ. It is supposed that function u can be solved from equation (1.1a) for any given
suitable domain Ω. Our aim in this thesis is to study the systematic and efficient
ways to solve the system (1.1) and thus provide tools to solve general stationary
free boundary problems numerically.
The solution of an elliptic boundary value problem usually depends highly
nonlinearly on the shape of the domain. Thus the geometry can not be solved
straightforward from a linear equation. In this thesis we consider approaches
where this system of equations is solved iteratively. We further restrict our attention to finding solutions with known topology.
In the following sections we shall briefly review the solution strategies to
solve the free boundary problems in the above form and formulate them to general principles.
We shall formulate the solution strategies for the abstract problem (1.1) and
for the convenience of the reader will then apply the strategies to the following
model free boundary problem, so called Bernoulli free boundary problem [FR97,
Zol86],
−Δu = 0
u=1
u=0
∂u
=λ
∂n

in DΩ ,
on ∂D,
on ∂Ω,

(1.2a)
(1.2b)
(1.2c)

on ∂Ω,

(1.2d)

where DΩ = D \ Ω̄. This equation models for example the electro-chemical galvanization or two dimensional inviscid irrotational fluid. For simplicity we assume
here that the unknown free boundary is contained within a larger domain D.
This assumption enables us to study the so called interior Bernoulli free boundary problem.
Exterior Bernoulli FBP is defined by changing the requirement Ω ⊂ D to
Ω ⊃ D. For this model problem (1.2) the existence and regularity of the solution
are studied for example in [AC81].
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∂D

FIGURE 2

∂Ω

∂Ω

∂D

Interior (left) and exterior (right) Bernoulli free boundary problems.

To obtain a general abstract form for the above model free boundary problem we rewrite equations (1.2) in a weak form:


∇u · ∇φ dx −
λφ dσ = 0, φ ∈ V,
(1.3a)
aΩ (u, φ) :=
DΩ
∂Ω

bΩ (u, ψ) :=
uψ dσ = 0, ψ ∈ W.
(1.3b)
∂Ω

Here we seek u from space H 1 (D) so that u|∂D = 1. Loosely speaking, above
formulation is equivalent with (1.1), if we define A(u, Ω) : V(Ω) → V(Ω) :
A(u, Ω), φ = aΩ (u, φ) and B(u, Ω) : W(Ω) → W(Ω) : B(u, Ω), φ = bΩ (u, φ)
respectively. At the moment we will leave function spaces V and W undefined.
Later we will discuss the different choices for these function spaces.

1.3 Shape optimization approach
In the shape optimization approach the given free boundary problem is rewritten
so that the minimum of some cost functional is attained at the solution of the
free boundary problem. Roughly speaking, optimization based approaches can
be divided into two subclasses. The first class assumes that the free boundary
equations (1.1) are first order optimality conditions for some “energy” functional.
Formally this means that there exists a functional E(u, Ω) such that
∂E(u, Ω)
∂E(u, Ω)
= 0 and
= 0 ⇒ A(u, Ω) = 0 and B(u, Ω) = 0.
∂u
∂Ω
However, this approach only applies for some restricted subclass of free
boundary problems. There is quite an extensive presentation of energy–based
free boundary problems in reference [Fri82]. One subclass in this approach is
such that the free boundary problem is reformulated in such a way that the free
boundary disappears from the formulation. From a mathematical point of view
this helps with the analysis of the qualitative properties of the free boundary
problem, since the geometry is determined as a posterior from the solution of a
boundary value problem. In this work we shall only consider solution methods
where the free boundary is solved as one unknown in the solution procedure.
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In the second class of shape optimization based approaches the additional
free boundary condition is reformulated as a functional which attains its minimum at the solution of the free boundary problem. The other free boundary
condition is then taken into account as a constraint for this shape optimization
problem. Later we shall call this the least squares approach. For our abstract
model problem this can read as
min B(u, Ω)

2

Ω∈O

with subject to A(u, Ω) = 0,

(1.4)

where O is a suitable set of domains and · is some norm supported only on the
free boundary. This formulation is much weaker than the original free boundary
problem (1.1) since the second condition is relaxed and need not to be fulfilled
exactly at the solution. Hence we can have a solution for the above shape optimization problem although we do not have a solution for the free boundary
problem. Therefore this formulation can be useful only from a numerical point of
view.
This approach gives us, however, an opportunity to play with suitable
domains O. At the solution of the free boundary problem we should have
B(u, Ω) 2 = 0. However, if we restrict our admissible set of domains too much
we can not reach the optimal set and thus we may observe that B(u, Ω) 2 > 0
for all domains in O. On the other hand, if we enrich the space O too much we
can end up with a minimizing sequence that converges to a fractal–like domain,
which is in most practical cases an incorrect solution. We further have freedom
to choose a suitable norm for boundary condition B(u, Ω). In particular, using
proper norm results usually a well posed shape optimization problem if there
exists a smooth enough solution for the free boundary problem.
In the following sections we shall briefly apply shape optimization [HN96]
to our model free boundary problem.
1.3.1 Variational formulations
For general free boundary equations (1.1) we can not always construct an “energy” formulation [Luk67, Zol94, Fri82, Cra84]. However, for our model problem
it is well known that the solution of the model problem is a critical point of the
functional [Tii97],

E(u) =
∇u · ∇u + λ2 I{u>0} dx,
D

where I{u>0} := {x ∈ D | u(x) > 0}. This energy is minimized over all functions in
space V := {u ∈ H 1 (D) | u = 1 on ∂D}. In this formulation the geometry is hidden into I{u>0} so that the geometry is not a variable in this definition. However,
the characteristic function is non-smooth thus producing trouble in minimization. The actual benefit of this formulation is thus in the mathematical analysis,
although with the help of optimal control theory efficient numerical implementations can be achieved [AN03, HHM93].
To obtain a shape optimization approach for the above problem we rewrite
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the energy as a functional of two variables,

E1 (u, Ω) =



D

∇u · ∇u +

λ2 dx.
DΩ

Now Ω appears as an unknown variable in the energy. Thus we seek for the
minimizer of E1 (u, Ω) in some space V × O.
If the minimization is succesfull the minimizer describes the free boundary
∂Ω = {u = 0}. Alt and Caffarelli [AC81] showed for first energy formulation that
a nontrivial minimizer exists if and only if inf E(u) < E(0) = λ2 |D|. This is valid
only if λ is larger than some critical value λc .
1.3.2 Least squares approach
Let us apply least squares approach for our model problem. Now choosing as the
cost function the L2 -norm for the solution on the free boundary, we end up with
the following shape optimization problem:


min J(Ω),
Ω∈O

J(Ω) :=
u2 dσ where u is such that u = 1 on ∂D and
∂Ω


∇u · ∇φ dx =
λφ dσ for all φ ∈ H01 (D).
DΩ

∂Ω

(1.5)
(1.6)

Clearly, if the FBP has a solution (u, Ω∗ ) and Ω∗ ∈ O, then u = 0 on ∂Ω∗ and
therefore J(Ω∗ ) = 0.
This formulation is by far not a unique shape optimization formulation for
our model problem. We can take another boundary condition to be minimized,
so that the state equation in the above contains the Dirichlet boundary condition
u = 0 on free boundary ∂Ω and the shape optimization problem is in this case
min J1 (Ω),
Ω∈O

2


 ∂u

− λ
J1 (Ω) := 
where u ∈ H 1 (DΩ ) is such that

∂n
Z(∂Ω)

∇u · ∇φ dx = 0 for all φ ∈ H01 (Ω) with
DΩ

u=1

on ∂D and u = 0

on ∂Ω.

(1.7)
(1.8)
(1.9)

1

Here the norm · Z(∂Ω) is chosen properly, for example Z = H − 2 or Z = L2 . The
1
norm Z = H − 2 seem to be more natural, since the solution u relies on H 1 (DΩ )
1
and therefore the trace of u on ∂Ω is in H − 2 . However, this choice leads to difficulties in the analysis of derivatives of the cost functional, that is essential in
the study of optimal conditions for the shape optimization problem. Haslinger
et al has studied the above formulation for the model free boundary problems in
reference [HKKP03]. They use genetic algorithms in the optimization procedure
which does not require shape sensitivity analysis.
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1.4 Fixed point approach
In the fixed point approach to the free boundary problem the nonlinear problem
is usually solved by constructing a sequence of linear problems. Fixed point algorithms do not commonly use gradient information but the algorithms can be
based on the shape sensitivity analysis of the continuous problem.
1.4.1 Trial methods
Trial methods can be characterized as Picard–type iterations for free boundary
problems. A trial method to solve a free boundary problem of type (1.1) can be
written in algorithmic form:
1. Set k = 0, choose initial domain Ω0 .
2. Solve uk from A(uk , Ωk ) = 0.
3. Construct Ωk+1 = F (uk , Ωk ), where F is chosen so that B(uk , Ωk+1 ) ≈ 0.
4. Update k = k + 1 and continue from step 2 until converged.
In particular, the above solution algorithm is generally simple to implement, but
it is not always obvious to construct the updating step so that the method converges or so that the convergence is fast.
For our model problem (1.2) we can set up an algorithm as follows:
1. Set k = 0, choose initial domain Ω0 .
2. Solve Δuk = 0 with Neumann boundary condition
boundary and uk = 1 on the fixed boundary ∂D.

∂u
∂n

= λ on the free

3. Move free boundary with updating rule
∂Ωk+1 = ∂Ωk +

uk
ñ.
λ

4. Update k = k + 1 and continue from step 2 until converged.
Here ñ is a smoothed normal vector field on the free boundary. This is required,
since updating the boundary with an unsmoothed normal vector field would decrease the smoothness of the free boundary.
The updating rule in the above algorithm was derived by taking into ac∂u
= λ at the free boundary ∂Ω. However, it
count the derivative of the solution ∂n
does not take into account the change in the solution of the boundary value problem as the geometry is changed. The change in the solution u due to change of Ω
can be minimized by changing the boundary condition in the state problem appropriately, as proposed by Garabedian [Gar56] for a model free boundary problem. Cryer [Cry70] further calculated the optimal combination of complementing
boundary conditions for a general elliptic boundary value problem.
For our model problem (1.2) we can set up an algorithm as follows:
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1. Set k = 0, choose initial domain Ω0 .
2. Solve Δuk = 0 with Neumann boundary condition κu +
boundary ∂Ω and u = 1 on the fixed boundary ∂D.

∂u
∂n

= λ on the free

3. Move free boundary with updating rule
∂Ωk+1 = ∂Ωk +

uk
ñ.
λ

4. Update k = k + 1 and continue from step 2 until converged.
Here κ is the mean curvature of the free boundary. This has been studied by Tiihonen [TJ91] with the viewpoint of second order shape derivatives and later Flucher
and Rumpf [FR97] proved rigorously the convergence in spaces of Hölder continuous functions. Earlier Duprét [Dup81] constructed a modified state problem
for a similar free boundary problem that models inviscid irrotational flow.
Detailed analysis of the algorithm shows that the convergence is less than
quadratic but still superlinear [FR97]. For a two dimensional case the convergence factor is 32 and for n–dimensional case 65 . In our studies the convergence
was investigated in the presence of a curvature term in the boundary condition
in paper [II]. It was shown that the the convergence factor is 43 in a two dimensional case.
1.4.2 Shape linearization
In shape linearization the nonlinear system of equations is solved by Newtons
method in functional spaces. The derivatives are calculated with respect to the
state u and geometry Ω. Newton iteration assumes that we have an initial guess
for the solution (uk , Ωk ) and then we solve a linear equation to find a new iterate
(uk+1, Ωk+1 ) close to the solution. In one Newton step we calculate the change
δuk to the solution uk and the change δΣk to the geometry Ωk , and then update
(uk+1, Ωk+1 ) = (uk , Ωk ) + (δuk , δΣk ). Formally we obtain the system of equations
A,u (uk , Ωk ) δuk + A,Σ (uk , Ωk ) δΣk = A(uk , Ωk ),
B,u (uk , Ωk ) δuk + B,Σ (uk , Ωk ) δΣk = B(uk , Ωk ).

(1.10a)
(1.10b)

Here ·,u means derivative with respect to u and ·,Σ derivative with respect to the
geometry.
There is no easy way to construct a Banach space for general geometries.
A detailed description of differentiation of functionals with respect to the geometry is given by Zolésio and Delfour [DZ01]. In addition, they process extensively different ways to construct valid topologies for geometries. Under appropriate smoothness assumptions the differentiation with respect to the geometry
results to an operator which is supported only on the functions which rely on the
boundary of the domain that is differentiated. In particular, for our purpose the
derivatives A,Σ and B,Σ are supported only on the free boundary. Thus the new
unknown δΣk is also supported only on the free boundary.
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Not much can be said about the solvability of the above equation. Intuitively, if the system (1.10) is solvable in the appropriate functional spaces, the
solution of the FBP should be stable and behave well. In solving this equation we
obtain a pair (δuk , δΣk ). δΣk corresponds to the change of the domain on the free
boundary to the normal direction. δu corresponds respectively to the change in
the state solution u. Iterate uk and update δuk is defined on geometry Ωk and thus
to obtain the next iterate uk+1 = uk + δuk on Ωk it must be extended to geometry
Ωk+1 .
Let us now study the shape linearization for our model free boundary problem. The derivative with respect to a state variable u reads as

A,u (u, Ω)δu =
∇δu · φ dx
Ω

and the derivative with respect to geometry reads as

A,Σ (u, Ω)δΩ =
(∇Γ u · ∇Γ φ − λκφ) δΣ dσ.
∂Ω

Here κ is the mean curvature of the free boundary. In derivation of the above
∂φ
formula it is assumed that ∂n
= 0 on ∂Ω in weak sense.
The derivatives of B reads as

B,u (u, Ω)δu =
δuψ dσ,
∂Ω


∂u
ψ + κuψ δΣ dσ.
B,Σ (u, Ω)δΩ =
∂n
∂Ω
As a result we end up with following iteration scheme: Given (uk , Ωk ) ∈
1
2
H (Ω) × C 2,α , find (δuk , δΣk ) ∈ H 1 (DΩ ) × H 2 (∂Ω) such that


∇δuk · ∇φ dx −
(λκφ − ∇Γ uk · ∇Γ φ) δΣk dσ =
DΩk
∂Ωk


∇uk · ∇φ dx −
λφ dσ,
(1.11)
DΩ
∂Ωk





∂uk
ψ + κuk ψ δΣk dσ =
δuk ψ dσ +
uk ψ,
∂n
∂Ωk
∂Ωk
∂Ωk


and



1

for all (φ, ψ) ∈ H 1 (DΩ ) × H 2 (∂Ω). Newton update after solving (δuk , δΣk ) from
the above weak equation consists of an update of the geometry by ∂Ωk+1 = ∂Ωk +
˜ k , where ˜· means smooth H 2 ñδΣk , and an update of the state by uk+1 = u˜k + δu
extension to the updated geometry. Existence of such extension is guaranteed
since δuk ∈ H 2 (DΩ ) under above smoothness assumptions.
The above system can be even more simplified by taking into account the
properties of the solution u in the solution of the free boundary. As it holds that
∂u
u = 0 and ∂n
= λ we can substitute these to uk to get




∇δuk · ∇φ dx −
λκφ δΣk dσ =
∇uk · ∇φ dx −
λφ dσ,
DΩ k
∂Ωk
DΩ
∂Ωk



(1.12)
δuk ψ dσ +
λψ δΣk dσ =
uk ψ dσ.
∂Ωk

∂Ωk

∂Ωk
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In the above linearized system we can eliminate λδΣk by setting λδΣk = uk − δuk .
In particular, this results in the same algorithm that was presented in the previous section as a superlinearly convergent algorithm. What makes the situation
more interesting here is that the above derivation was done in the usual Newton–
linearization and the resulting system of equations can be set up for a general free
boundary problem also. Thus we claim that the previous approach can be applied
only to a subclass of free boundary problems whereas this approach seems to be
more general.

1.5 Main results of the thesis
So far we have only reviewed some solution strategies for free boundary problems. At this point we shall formulate several questions to be answered in this
thesis.
1.5.1 Questions
The first questions arise from the shape optimization approach. It has already
been pointed out that from the point of view of the solution algorithm the shape
variational principle is mainly a tool for mathematicians. Does the shape variational principle lead to efficient solution strategies? For the least squares approach, which norm would be the best one and which formulation should be used
to solve a free boundary problem? How should we formulate the state equation
to obtain the solution easily.
After the shape optimization based approaches we reformulated our model
free boundary problem as a fixed point iteration and constructed a rapidly converging algorithm. Which one is better, the least squares approach or the fixed
point type approach? Can we always construct fixed point type iterations that
converge superlinearly?
Finally we presented a generic form of a shape linearization procedure.
Open question is that is it really generic? Can it be applied to any stationary
free boundary problem? What about practical issues then? Is shape linearization
the best approach to create optimal solution procedures for generic free boundary
problems? How fast does it converge?
As our approach is numerical we want to address implementation aspects
as well. If the optimal approach to solve free boundary value problems can not be
implemented with regular finite element software, the results of our work has less
impact. Therefore we raise the question, is it possible to automate the construction of a solution procedure to solve a free boundary problem? In particular, an
optimal idea would be, that we could gain a solution method for any solvable free
boundary problem by just describing the equations A(u, Ω) = 0 and B(u, Ω) = 0.
This is for the time being state of the art in the finite element software for normal
elliptic boundary value problems.
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1.5.2 Answers
The first question deals with the shape variational principle and the efficiency
of the solution algorithm. In general, gradient–based solution algorithms based
on the variational principle lead to unoptimal solution algorithms. In a shape
variational principle the solution to a free boundary problem is sought by minimizing an energy functional. Gradient-based methods to solve free boundary
problems formulated with shape variational principle optimization-based solution algorithm are studied in references [KT96, Tii98]. By analyzing second order
optimality condition in the solution of the free boundary problem we find out that
1
1
the shape Hessian operates in H 2 (Σ)×H 2 (Σ) for elliptic A(u, Ω). This means that
at each iteration the update to the geometry has to be smoothed to obtain a convergent algorithm based on the gradient of the cost functional. Therefore to obtain better convergence the gradient based formulation has to be preconditioned
by an operator that affects spectrally like Hessian of the energy formulation. This
aspect is studied in section 2.2.3, where the question of choosing a norm to the
least squares formulation is also considered. With preconditioning the convergence of the solution algorithm can be improved but the optimal preconditioning
requires evaluation of the shape Hessian.
The question of construction of a fixed point type iteration that converge
superlinearly is related to shape differentiability of the state equation and the
structure of the shape derivative. If the state solution appears to depend linearly
on the small displacement of the free boundary the fixed point type methods can
be easily derived. However, if the state solution depends on the derivatives of
the displacements to the free boundary the fixed point type iterations are hard to
derive.
The next question was about the shape linearization procedure. The shape
linearization procedure can be treated as a Newton method in metric spaces and
therefore it is generic. However, the differentiability required for the Newton
method to work brings limits to the applicability of the shape linearization. Shape
linearization collects all the good properties from fixed point type iteration and
from the shape optimization based approaches. Although the shape linearization
approaches asymptotically the Newton method the linearization procedure cannot converge quadratically as it requires smoothing to preserve the regularity of
the geometry. The convergence is studied in the continuous case in paper [II].
Shape linearization procedure can be automated but the discrete variant
looses some convergence properties compared to continuous calculations. Shape
linearization is based on the knowledge that the shape gradient is supported on
the free boundary. It turns out that the normal derivative of the test function
plays an important role in the numerical implementation. Wheather as in the
continuous analysis it is assumed that the normal derivative of the test function
vanishes in the distributional sense the same assumption in the discrete implementation can not be enforced. However, it turns out that by post-processing the
derivatives (linear matrices) of the shape linearized equations the assumption of
a vanishing normal derivative of the test function can be implemented.
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1.5.3 Authors contribution
In this section I report my contribution in this research subject. Our work started
with research report [KT96] where we analysed systematically different shape
optimization formulations for a model free boundary problem. The ideas in this
paper was mainly from prof. Tiihonen and my duty was to implement the ideas
by applying the technical shape sensitivity calculations. The ideas were then published in a conference proceeding paper [KT97]. In paper [I] we studied an impingement of a jet to a wall and made a first step towards an automated calculation of shape sensitivities. My main contributions in this paper were the systematic analysis of continuous formulation, calculation of possible wave lengths
produced by surface tension, the discrete implementation of mixed calculation of
shape sensitivities and one important contribution was to notice that the solution
depended on the inflow position in the presence of surface tension forces. The
paper was made in co-operation with prof. Tiihonen.
In paper [II] I studied the convergence of the Bernoulli free boundary problem when the curvature appears in the boundary term. This work is mainly an
extension of a convergence proof of Flucher and Rumpf [FR97].
Some of the results presented in this thesis are published in the proceedings
of Eccomas 2004 conference [KT04].

2 SHAPE SENSITIVITY ANALYSIS
Shape sensitivity analysis is a fundamental tool in shape optimization. Its goal
is to analyse the relationship between the geometry and some property of the
state solution. From a pragmatic point of view the shape sensitivity analysis corresponds to the calculation of partial derivatives with respect to the parameters
that specify the geometry. However, it can also provide valuable theoretical insight of shape related problems.
In this chapter we shall give a short glance into the analysis of shape functionals using the universal approach, based on the work several authors, [Zol79,
Sim80, SZ92, CH83, Del90, DZ91a, DZ91b, Zol92, DZ97, Ban90] and introduce
the basic concepts of shape calculus. A major part of this chapter is devoted to
different examples demonstrating the use of shape calculus in analysis of free
boundary problems.

2.1 Differentiation with respect to shape
In this section we will present the toolbox to analyse functions and functionals
that depend on the shape of the geometry.
2.1.1 Differential Geometry
In this section we will focus on some basic geometrical properties of domains,
surfaces and curves.
We say that Ω ∈ C k,γ if the boundary of Ω can be locally represented by C k,γ –
functions and that Ω is locally an epigraph of these functions, see [BC84]. Here
we denote by C k,γ (Ω) the space of Hölder continuous functions in Ω equipped
with a norm
φ

C k,γ (Ω)

= sup |D l φ(x)| + sup
x∈Ω
l≤k

x=y

|D k φ(x) − D k φ(y)|
|x − y|γ
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For completeness we define C k,0 = C k , k–times continuously differentiable functions.
The oriented distance function describes the oriented distance from a given
domain. In the context of shape optimization the oriented distance function was
introduced by Delfour and Zolésio in [DZ94]. It has several good properties especially when handling quantities defined only on the boundary. Oriented distance
function b for domain Ω is defined by
⎧
C
⎪
⎨dist(x, Ω), if x ∈ Ω ,
b(x) = 0, if x ∈ ∂Ω,
⎪
⎩
− dist(x, ΩC ), if x ∈ Ω.

(2.1)

With the distance function we define a neighbourhood for (n − 1)–dimensional
manifold Γ,
Γμ = {x ∈ Rn | dist(x, Γ) < μ}.
Oriented distance function is Lipschiz–continuous with Lipschiz–constant
one:
|b(x) − b(y)| ≤ x − y .
For C k –domains with boundary Γ = ∂Ω, k ≥ 2, we know that there exists
a constant μ > 0 depending on Ω such that the oriented distance function is an
element of space C k (Γμ ), see Gilbarg–Trudinger [GT77] page 282. In particular,
the oriented distance function has the following properties:
Lemma 2.1. Let Ω be a C 2 –domain. Then
(i). ∇b = n,
(ii). Δb = κ,
(iii). If further Ω is C 3 ,

∂
(Δb)
∂n

=−

n−1 2
i=1 κi ,

on boundary ∂Ω, where κi are the principal curvatures of the boundary. Here mean
curvature κ is defined by n−1
i=1 κi .
Proof. For (i) and (ii) see [DZ94] for (iii) see paper [II] and [Kim00].
The oriented distance function is a powerful tool in studying functions defined only on the boundary [DZ94]. For a smooth domain we can define a projection p(x) = x − b(x)∇b, and we see, that for x close enough to ∂Ω, p(x) ∈ ∂Ω. This
provides a tool to study functions defined only on the boundary and to estimate,
how these functions depend on the change to the geometry. The oriented distance function is also used in tracking the position of a free surface in the numerical implementation. It is especially useful in dynamic free boundary problems
and named as level–set method [OS88, Set90, SSO94, Bur03, Set96, Tor00, Smo01,
BCT05].
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2.1.2 Material derivative
In this section we will concentrate on the material derivative method developed
by Zolèsio et al [Zol79, SZ92, Del90, DZ91a, DZ91b, Zol92, DZ97]. In the material
derivative method the idea is to analyse how the quantities that depend on the
geometry change when the geometry is perturbed with a velocity field such as in
fluid mechanics. The material derivative method has its background in the continuum mechanics with the use of Lagrangian coordinates. In brief, the material
derivative method gives the tools to answer the question: how does the solution
of a PDE change when the geometry is varied with a given velocity field.
Let us first define a few notations. In the following we will denote by x
a vector in Rn , n is a dimension of the space, for us it is sufficient to consider
n = 2, 3. Let us introduce an artificial time t, t ∈ R and a velocity field V (t, x).
We say that V is autonomous, if V (t, x) = V (0, x), so that the velocity field does
not depend on a “time” variable t. Assume further that we have an open domain
D ⊂ Rn , and a domain Ω ⊂ D. It is natural to define transformation Tt (V )x =
X(t, x) with a velocity field V through differential equation
∂X
(t, x) = V (t, x),
∂t

X(0, x) = x.

This transformation is quite close to a perturbation of the identity [Del90], where
the transformation was chosen by
Tt (V ) = I + tV (x).
For small perturbations these two transformations are close. However, if we apply a condition V · n = 0 on ∂D, the former transformation yields to domains that
are contained in D. That is, the condition Tt (V )(D) ⊂ D is fulfilled. The image of
Ω under Tt is denoted by Ωt .
Remark For the perturbation of the identity this property is not fulfilled as can
be seen from the following two dimensional example: let D be a unit disk and
use a velocity field V (t, x) = (−x2 , x1 ). This velocity field rotates the unit disk
but does not make any deformations to it if we use the deformation through the
differential equation, so that Tt (V )D = D for any t. For the perturbation of the
identity we have for example x = (1, 0), Tt (V )x = (1, 0) + t(0, 1) = (1, t), which is
obviously outside of the domain D.
Let there now be defined a domain functional J : Ω → R. We say that the
functional has a directional Eulerian shape derivative to direction V at Ω if the limit
J (Ωt ) − J (Ω)
=: dJ (Ω; V )
t→0+
t
lim

exists. If further dJ (Ω; V ) is linear and continuous with respect to V , we say that
J is shape differentiable at Ω.
For function y(Ω) ∈ W s,p(Ω), Ω in C k , k ≥ 1, s ∈ [0, k], we define the material
derivative as a limit
ẏ(Ω; V ) := lim
t→0

y (Ωt ) ◦ Tt (V ) − y (Ω)
.
t
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This limit may exist in a weak or a strong sense, and the material derivative is
called respectively a weak or strong material derivative [SZ92]. We define also
shape derivative y  ,
y  (Ω; V ) = ẏ(Ω; V ) − ∇y(Ω) · V (0),
whenever it exists in a weak or a strong sense. Shape derivative y represents the
change of function y with respect to the geometry.
If function y and a vectorfield V (x, t) are defined in a neighborhood of Γ ⊂
∂Ω we define
∇Γ y = ∇y − (∇y · n)n,
∇Γ · V = ∇ · V − n · ∇V · n,
∂2y
∂y
− 2,
ΔΓ y = ∇Γ · ∇Γ y = Δy − κ
∂n ∂n
yΓ = ẏ Γ − ∇Γ y · V.
Here ΔΓ · is the Laplace–Beltrami operator [DL85].
If y is defined only on the surface Γ we can extend (for Ω smooth) y to the
small neighborhood of Γ by taking it constant to the direction of the normal.
∂y
∂2y
Therefore ∂n
= ∂n
2 = 0 and ∇Γ y = ∇y, ΔΓ y = Δy on Γ. These definitions
for surface derivatives can be weakened in the usual distributional sense.
Further, a shape boundary derivative ·Γ has following properties [Des95,
DZ97]:
(y1 y2 )Γ = y1 Γ y2 + y1 y2 Γ ,
nΓ = −∇Γ V, n,
∂Δb
V, n .
κΓ = (Δb)Γ = −ΔΓ V, n +
∂n
2.1.3 Derivatives of integrals
We are now ready to formulate the basic formulas for shape differentiation of
integrals [CH53, GF63, SZ92]. In the following, we assume that Ω is bounded.
Lemma 2.2 ([SZ92]). Let f (Ωt ) ∈ L1 (Ωt ) be shape differentiable and f  (Ωt ) ∈ L1 (Ωt ),
t ∈ [0, T ], T > 0. If Ωt is C 0,1 –domain, ie Lipschiz–domain, then

 


d

f (Ωt ) dx
=
f (Ω) dx +
f (Ω) V, n dσ.
(2.2)
dt Ωt
Ω
∂Ω
t=0
For boundary integrals, we need more regularity for the boundary:
Lemma 2.3 ([SZ92]). Let f (∂Ωt ) ∈ L1 (∂Ωt ) be shape differentiable and f  (∂Ωt ) ∈
L1 (∂Ωt ), t ∈ [0, T ], T > 0 and let Ωt be a C k –domain, k ≥ 2. Then



d

f (∂Ωt ) dσ
=
fΓ (∂Ω) dσ +
f (∂Ω)κ V, n dσ,
(2.3)
dt ∂Ωt
∂Ω
∂Ω
t=0
where κ is the mean curvature of Γ.
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In the above lemma the regularity of the domain is quite restrictive. Consider for example a trivial question: how does the arclength of a polygon change,
when one cornerpoint is perturbed? We can not use the above lemma, since the
regularity assumption is not fulfilled. In the next lemma this assumption is weakened so that the corner points are covered by the analysis. However, we first
consider a two dimensional case, and then the three dimensional case. A three
dimensional case is more difficult, since it contains both edges and corners.
3

Lemma 2.4 ([SZ92]). Suppose that Ω ∈ R2 , f ∈ H 2 , ∂Ω is piecewice C k –domain,
k ≥ 2 and let ai , i = 1, . . . , m be the cornerpoints of the boundary. Then




∂f
d
+ κf V, n dσ
f dσ
=
dt ∂Ωt
∂n
∂Ω\{a1 ,...,am }
t=0
m

+

f (ai ) V (ai ) · (τ − (ai ) − τ + (ai )), (2.4)

i=1

where τ − is the left - and respectively τ + (ai ) right limit of tangential vector τ of the
surface. Tangent vector is assumed to be oriented to counterclockwise direction.
For a three dimensional case we the have following proposition:
3

Proposition 2.1 ([SZ92]). Suppose that Ω ∈ R3 f ∈ H 2 , ∂Ω is divided into two C k ,
k ≥ 2 boundaries ∂Ω1 and ∂Ω2 by a C k , k ≥ 2 path γ so that ∂Ω1 ∩ ∂Ω2 = ∅ and
∂Ω = ∂Ω1 ∪ ∂Ω2 ∪ γ. Then





∂f
d
+ κf V, n dσ + f V ·(ν − (ai )+ν + (ai )) dγ, (2.5)
f dσ
=
dt ∂Ωt
∂n
∂Ω\γ
γ
t=0
where ν − is normal of the boundary of the surface Ω1 on γ – and respectively ν + normal
of the boundary of the surface Ω2 on γ.
2.1.4 Structure theorems
Structure theorem of the shape gradient tells that the support of the shape gradient is contained in the boundary [DZ01].
Theorem 2.1 ([SZ92]). Let J(Ω) be a real–valued shape function. Assume that for some
k ≥ 0 shape gradient G(Ω) exists for an open domain Ω ⊂ Rn , G(Ω) is continuous in
D k (Rn , Rn )–topology and boundary of Ω is C k+1. Then
(i) there exist a scalar distribution g(∂Ω) with support in ∂Ω such that g(∂Ω) ∈
C k (∂Ω) and for all V in D k (Rn , Rn ),
dJ(Ω; V ) = g(∂Ω), γΩ (V ) · nC k (∂Ω) .
(ii) If further g(∂Ω) ∈ L1 (∂Ω),


dJ(Ω; V ) =
∂Ω

gV · n dσ

and G = γΩ∗ (gn), where γΩ is the trace operator on ∂Ω.
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So the above theorem states that if we have a continuous shape gradient
it can be represented by a distribution supported only on the boundary of the
domain studied. As an application to the free boundary problems we recall the
3
example in the introduction. Assume that u is given from space H 2 (D) and let
Ω ⊂ D be the open domain with C 2 –boundary. We shall use the variational
functional from section 1.3.1


u
E (Ω) := inf
E1 (u, Ω) := inf
∇u · ∇u dx −
λ2 dx.
1
1
u∈H0 (D)

Then
u

u∈H0 (D)





dE (Ω; V ) =
∂Ω

D

DΩ

∂φ
∇u · ∇φ − λφκ − λ
∂n


V · n dσ

so that the shape gradient can be represented by a distribution


∂φ
g(∂Ω) = γ∂Ω ∇u · ∇φ − λφκ − λ
.
∂n
Let us now study the second order shape derivatives. Second order derivatives are important especially when analysing optimality conditions for shape
functions. To introduce the second order shape derivative of a shape function we
assume that there are smooth vector fields V and W defined in [0, τ ] × D. Denote Ωt (W ) = Tt (W )(Ω) with Tt (W ) being the transformation related to field W .
Assume that dJ(Ωt (W ); V (t)) exists for all t ∈ [0, T ]. The second order Eulerian
semiderivative at Ω in directions V, W is defined as [BZ97]
DJ(Ωt (W ); V (t)) − DJ(Ω; V (0))
t→0
t

d2 J(Ω; V ; W ) := lim

whenever the limit exists. Function J is twice shape differentiable at Ω if for all
V, W ∈ D(Rn , Rn ), d2 J(Ω; V ; V ) exists and the map
h(V, W ) → d2 (Ω; V ; W ) : D(Rn , Rn ) × D(Rn , Rn ) → R
is bilinear and continuous. Associate notation H(Ω) for the vector distribution in
(D(Rn , Rn ) × D(Rn , Rn )) ,
d2 (Ω; V ; W ) = H(Ω), V ⊗ W  = h(V, W ).
H is the shape Hessian of the shape function J. Here
(V ⊗ W )ij (x, y) = Vi (x) Wj (y),

i, j ∈ {1, . . . , n}.

In the following we shall quote the structure theorem for the shape Hessian in
smooth case [BZ97]. V and W are assumed to be autonomous fields and suppose
3
that g(∂Ω) ∈ H 2 (∂Ω). J is supposed to be regular enough to guarantee regular
extension for g say Q(Ω) ∈ H 2 (Ω) and that the map Ω → Q(Ω) is shape differentiable, i.e. shape derivative Q (Ω; V ) exists for any V ∈ D(Rn , Rn ). Since shape
derivative depends only on the normal component of the perturbation, we can
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use this and define Q̃ : D(∂Ω) → L2 (∂Ω), Q̃(v) = Q (Ω; V ), where V is such that
V, n = v. Now the structure of the shape Hessian can be written by


∂Vj
2
d J(Ω; V ; W ) = Q̃(W · n), V · n
+ B(V, W ) +
Q(Ω)Wi
nj dσ
2
2
L (∂Ω)×L (∂Ω)
∂xi
∂Ω
where B(V, W ) is a symmetric bilinear form,

∂Vj
∇ · (Q(Ω)V ) W, n − Q(Ω)Wi
nj dσ.
B(V, W ) =
∂xi
∂Ω
Symmetricity of B(V, W ) can be verified by transforming the above representation to the domain integrals [BZ97].
Calculation of the shape Hessian for shape optimization based approaches
for free boundary problems at the solution gives an insight into the behavior of
the solution. Second order optimality conditions require the Shape Hessian to
be positive definite. Indefinite shape Hessian states that the critical point is a
saddle point and therefore the solution of the free boundary problem may not be a
solution of the optimization problem. In the following section a shape sensitivity
analysis is applied for modified model problems to show different ways in which
to analyze shape optimization based approaches for free boundary problems.
In general shape Hessian is not symmetric but it can be shown that for critical domains ie. domains in which the shape gradient is zero the shape Hessian
is symmetric. A nonsymmetric part can be in particular presented by a shape
gradient applied to a velocity field (DV )W [DZ01]

2.2 Use of shape calculus in free boundary problems – an example
In this section we shall give a more detailed analysis of the free fluid surface problem studied in paper [I]. Let us next study two dimensional fluid flows under
gravitation. The flow is assumed to be inviscid, incompressible and irrotational
so that the potential flow formulation can be used. The problem to be studied can
be formulated either by potential formulation,
Δu = 0 in Ω,
∇Γ u = θ on Σ,
∂u
= −1 on Γi ,
∂n

∂u
∂n
∂u
∂n

= 0 on Σ,
= 0 on Γb ,

(2.6a)
(2.6b)

on Γo ,

(2.6c)

u=0

or by stream function formulation,
Δψ = 0 in Ω,
∂ψ
= θ on Σ,
∂n
∂ψ
= 0 on Γi ,
∂n

ψ = 1 on Σ,

(2.7a)

ψ=0

on Γb ,

(2.7b)

ψ=y

on Γo .

(2.7c)
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Here Γi is the inflow boundary, Γo is the outflow boundary, Σ is the free boundary and Γb is a fixed boundary (bottom of the geometry). In above equations θ
depends on the height of the free boundary point,

2
y,
θ := 2C0 +
Fr
where Fr is the Froude number, C0 is the Bernoulli constant and y is the height at
given point.
Let us consider the following functional J(Ω),


1
1
2
J(Ω) := inf E(Ω, u), E(Ω, u) :=
|∇u| dx +
θ2 dx,
(2.8)
u∈V
2 Ω
2 Ω
which depends both on the geometry of the fluid surface and on the flow velocity
(norm of the gradient of potential/stream function). E(Ω, u) can be considered
to be the sum of kinetic and potential energies. This energy formulation can be
used both for stream function formulation and for potential function formulation,
depending on the choice of space V that we vary the energy. It turns out that the
critical points of J are the solutions of our free boundary problem when Ω is
varied in a suitable set. In what follows we shall show this and study the nature
of the critical points.
2.2.1 Potential flow formulation
The potential formulation can be derived from the energy E by choosing the function space V = {v ∈ H 1 (Ω) | v = 0 at Γo }. In this case the definition of energy E
has to be modified to take into account the inflow boundary condition. Let us
now introduce functional J1 ,



1
1
2
|∇u| dx +
u ds +
θ2 dx. (2.9)
J1 (Ω) := inf E1 (Ω, u), E1 (Ω, u) :=
u∈V
2 Ω
2
Γi
Ω
The first order optimality conditions for E1 (with respect to u) reads


dE1 (Ω, u; v) =
∇u · ∇v dx +
v ds = 0, for all v ∈ V,
Ω

and for J1 (Ω),
dJ1 (Ω; V ) =


Ω

∇uV

Γi

1
· ∇u dx +
2


Σ




∇u · ∇u + θ2 V, n ds = 0

(2.10)

(2.11)

y
> > 0 for all
Proposition 2.2. Let Ω be a critical point of J satisfying C0 + Fr
(x, y) ∈ Ω, Ω is smooth enough. Then (Ω, u) is a solution of the free boundary problem
(2.6).

Proof. As u solves equation (2.10) for all v ∈ V we get that u solves the potential
formulation (2.6) except the condition ∇u · ∇u = θ2 has to be verified. First we
perturb the equation (2.10) in both sides with respect to the geometry to get



∇uV · ∇v dx + ∇u · ∇v V, n dx = 0 for all v ∈ V.
Ω

Σ
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As u ∈ V we substitute above u → v to get



∇uV · ∇u dx = − ∇u · ∇u dσ.
Ω

Σ

Substituting this to equation (2.11) we get

1
(θ2 − |∇u|2) V, n = 0 for all suitable V.
dJ1 (Ω; V ) =
2 Ω
Therefore ∇u · ∇u = θ2 must hold at critical point.

(2.12)

(2.13)

Thus, to find one solution to FBP, it is sufficient to find a critical point of
E1 . In order to be able to do that we have to analyse the second order optimality
conditions so that we know how E1 behaves near the critical points. Let V and
W be two autonomous vector fields so that V, n = W, n = 0 on ∂Ω \ Σ and
W = V = 0 at point Σ ∩ Γo . We get from (2.13)

 2

1
dE1 (Ω, u; V ) =
θ − |∇u|2 V · n ds
2
 Σ

 
1
=
∇ · V θ2 − |∇u|2 dx
2 Ω
by applying the Stokes theorem. For the second order shape derivative we first
have

dJ1 (Ω, u; V, W ) = −
∇ · (V (∇u · ∇uW )) dx
Ω
 

1
(2.14)
∇ · V θ2 − |∇u|2 W, n ds
+
2 Σ
= I1 + I2 .
Applying once more the Stokes theorem and integrating by parts on Σ we get



I1 = − ∇u · ∇uW V, n ds =
∇Γ · (V, n ∇Γ u) uW ds,
Σ

For

uW

Σ

we can find a boundary condition from (2.12) by integrating by parts,

∂uW
= ∇Σ · (W, n ∇Γ u) on Σ.
∂n
We now denote by P the Neumann to Dirichlet map which is defined by
Pμ = v

Σ

for v being solution of
−Δv = 0 in Ω,
∂v
= μ on Σ,
∂n
v = 0 on Γb .
∂v
=0
∂n

on ∂Ω \ (Σ ∪ Γb ),

(2.15)

32
Then we can write at the solution
  
∂uW

uW = P
= P (∇Σ · (W, n ∇Γ u))
∂n

at Σ.

(2.16)

I2 can be splitted to



1
(∇ · V ) θ2 − |∇Γ u|2 W, n ds
I2 =
2 Σ


1
∂  2
+
θ − |∇Γ u|2 W, n ds
V, n
2 Σ
∂n



1
+
(VΣ ) · ∇Γ θ2 − |∇Γ u|2 W, n ds,
2 Σ
where VΣ = V − V, n n. The first and the third term disappear at the critical
point so that we have for I2


∂  2
1
θ − |∇Γ u|2 V, n W, n dσ.
(2.17)
I2 =
2 Σ ∂n
We continue by differentiating
∂θ 2
2 ∂y
2ny
=
=
,
∂n
Fr ∂n
Fr
where ny is the upward pointing component of the normal vector n. Finally, it
∂u
follows from ∂n
= 0 on Σ that we have
∂
|∇u|2 = −2κ|∇Γ u|2
∂n

on Σ,

(2.18)

where κ is the mean curvature of the surface Σ. Thus we get the final expression
for the shape Hessian:
Proposition 2.3. At any critical point of the energy E1 the shape Hessian of E1 has the
expression

2
∇Γ · (V, n ∇Γ u) P (∇Σ · (W, n ∇Γ u)) ds
d J1 (Ω, u; V, W ) =
Σ
 
(2.19)
ny 
+
θ2 κ +
W, n V, n ds.
Fr
Σ
1

We observe that the Hessian is a continuous mapping from H 2 (Σ) ×
1
H 2 (Σ) → R. This implies, among other things, that straightforward discretisation of the problem leads to a discrete problem where the condition number is
inversely proportional to grid size.
A closer look at the shape Hessian tells us how the functional J1 behaves
near the solution. For big Froude numbers, say Fr  1, we can see that the last
term nFry is small and the first term majorizes the Hessian if the curvature of the
surface Σ is near zero. Thus the operator is positive definite. Then we have a
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local minimum at every critical point. So we can use optimization to achieve the
critical point. For small Froude numbers the last term gets bigger and we lose the
positive definiteness so the critical point turns to a saddle point. This means that
the free boundary is not a minimiser of the ’energy’ of the system.
This can be in particular analysed by studying Hessian for a simple case, for
a rectangular domain Ω := (0, 2π) × (−1, 0). Then for Bernoulli constant C0 = 2
the potential function is u = 2π − x. The shape Hessian can then be written in a
simplified form,


2

d J1 (Ω; V, W ) =

2π

0

∂Vy
(x, 1)P
∂x




∂Wy
1
(x, 1) +
Vy (x, 1) Wy (x, 1) dx.
∂x
Fr

Denote now by v(x) = Vy (x, 1) and w(x) = Wy (x, 1) respectively. Now we try to
construct a velocity field W such that d2 J1 (Ω; V, W ) = 0 for all V . This means that
the shape Hessian is not strictly positive definite and therefore there may exist a
solution to the free boundary problem near the given geometry. We shall search
this in the form w(x) = sin(t0 x). Now as in paper [I] we obtain by separation of
1
the variables S −1 (v  (x)) = tanh(t
cos(t0 x), and we get
0)
2



2π

1
1
cos(t0 x) +
v(x) sin(t0 x) dx
tanh(t0 )
Fr
0


 2π
t0
1
v(x) sin(t0 x) −
=
+
dx.
tanh(t0 ) Fr
0

d J1 (Ω; V, W ) =

v  (x)

Thus d2 J1 (Ω; V, W ) = 0 for all V by given form of W if
tanh(t0 ) = t0 Fr

holds.

(2.20)

For Fr > 1 there exists no such t0 but for Fr < 1 there exists exactly one t0 > 0
such that (2.20) holds. This corresponds to the formation of gravity waves [LK96],
for which the above equation descibes the possible wavelengths as a function of
the Froude number. This agrees with the linear theory for water waves [Sto57,
Whi74].
Remark 2.1. In a two dimensional case the gravity waves for this particular free boundary problem require use of nonreflecting boundary conditions. This is considered in references [Bai75, CL83, LM81, LT88, SZ96, JAY79, Clé96, Giv91].
2.2.2 Stream function formulation
We now formulate the problem to a stream function form in a bounded region
Ω. The mathematical formulation differs from the potential function formulation
only in the boundary conditions. Our aim here is to check how this affects the
shape Hessian. Let Ω now be a region with the boundary ∂Ω = Σ̄ ∪ Γ̄i ∪ Γ̄o ∪ Γ̄b .
Let V(Ω) = {v ∈ H 1 (Ω) | v = 0 on Γb and v = 1 on Σ}. We now formulate the free
boundary problem by
J2 (Ω) := inf E(Ω, u)
(2.21)
u∈V
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The variation of E with respect to parameter u gives us

dE(Ω, u; v) =
∇u · ∇v dx for all v ∈ H01 (Ω).
Ω

So in the critical point of E u is a weak solution of
−Δu = 0 in Ω,
∂u
= 0 on Γi ∪ Γo ,
∂n
u = 1 on Σ,
u = 0 at Γb .

(2.22)

The following proposition can be easily obtained repeating the steps taken in
section 2.2.1:
Proposition 2.4. Let V and W be two autonomous vector fields so that V, n =
W, n = 0 at ∂Ω \ Σ, V = W = 0 at point Σ ∩ Γi . At any critical point of J2 the shape
Hessian of J2 has the expression


ny
2
dσ, (2.23)
V, n θ (S + Iκ) W, n θ dσ + V, n W, n
d J2 (Ω; V, W ) =
Fr
Σ
Σ
where S = P −1 is the Steklov-Poincare operator on Σ (i.e. the Dirichlet to Neumann
map).
As the operator S maps the Sobolev space H l (Σ) into H l−1 (Σ), the minimal
1
regularity for (2.23) to make sense is that V and W belong to H 2 (Σ). A closer look
at the shape Hessian again tells us that the shape optimization works only for big
Froude numbers for this formulation. Thus the situation is completely analogous
to potential formulation.
2.2.3 Least squares formulations for free boundary problems
Let us now consider the shape analysis of least squares formulation of FBPs. To
make the analysis transparent we shall first consider an abstract formulation. So
let us introduce two conditions f = f (u, Σ) = 0 and g = g(u, Σ) = 0 so that
the free boundary conditions (kinematic and dynamic) are satisfied if and only if
f = 0 and g = 0. Moreover we assume that the condition g = 0 can be used as a
boundary condition in the state problem. Then we introduce a functional J,

1
J(Σ) =
f 2 ds,
(2.24)
2 Σ
where u is a solution of the boundary value problem
Δu = 0 in Ω,
g(u, Σ) = 0 on Σ,
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combined with the boundary conditions in the outflow and inflow boundaries.
That is, the condition f = 0 is to be satisfied in the least squares sense. The
Eulerian shape derivative of J to direction V reads now

dJ(Σ; V ) =
Σ

fV f

 
ds +
Σ


∂f
1 2
f + f κ V, n ds.
∂n
2

Obviously this is zero at the solution of the FBP. The second order derivative at
the solution of our FBP (where f = 0) is


 
∂f
∂f
2


V, n
fW +
W, n ds.
(2.25)
d J(Σ; V, W ) =
fV +
∂n
∂n
Σ
If f is defined only on the free boundary the above formula can be presented by
shape boundary derivatives,

2


d J(Σ; V, W ) =
fΓV
fΓW
ds.
(2.26)
Σ

Minimisation of the dynamic condition
In the potential function formulation it is difficult to impose the dynamic condition as a boundary condition for the state problem. Hence we choose
f1 = |∇u|2 − θ2
and
g1 =
and define

∂u
=0
∂n

1
J1 (Σ) =
2


Σ

at Σ
f1 2 ds.

(2.27)

which is minimised under constraint


∇u · ∇v dx =
v ds for all v ∈ V,
Ω

Γi

where V = {v ∈ H 1 (Ω) |v = 0 at Γo }. The measure of Σ is also bounded below
with some constant. This problem can be considered as an optimal control problem, where the control is the shape of Ω and the state is the velocity potential.
A straight calculation gives us
f1 V = 2∇u · ∇uV = 2∇Γ u · ∇Γ P (∇Σ · (W, n ∇Γ u))
and

2ny
∂f1
= −2κ|∇Γ u|2 +
.
∂n
Fr
So we conclude the following proposition:
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Proposition 2.5. At any critical point of the cost functional J1 the shape Hessian of J1
has the expression
 


ny 
2
2
V, n ·
∇Γ u · ∇Γ P (∇Γ · V, n ∇Γ u) − κθ −
d J1 (Σ; V, W ) = 4
Fr
Σ


 (2.28)

ny
2
W, n .
∇Γ u · ∇Γ P (∇Γ · W, n ∇Γ u) − κθ −
Fr
Clearly, the Hessian is positively semidefinite. However, it is still unbounded requiring V, W ∈ H 1 (Σ) to be well defined. Hence, in the discrete case,
the conditioning behaves proportionally to the inverse of the grid size squared.
Minimisation of the kinematic condition of the stream function
As in previous sections we introduce a shape functional for a stream function and
try to find a form for the Shape Hessian. Now we choose
f2 = u − 1
and

∂u
+ α(u − 1) − θ.
∂n

1
f2 2 ds
J2 (Σ) =
2 Σ

g2 =
So we minimise

under constraint

Ω

(2.29)
(2.30)


∇u · ∇v dx =

Σ

[α(u − 1) − θ] v ds for all v ∈ V,

where V = {v ∈ H 1 (Ω) | v = 0 on Γb }. J2 is well defined for all u in V and for
regular enough Σ. Parameter α is here an additional parameter which can be
2
chosen freely as u = 1 at the solution. Clearly we have for ∂f
,
∂n
∂f2
∂u
=
=θ
∂n
∂n
at the solution. For f2 V we have
f2 V = uV .
The boundary condition for a shape derivative uV on Σ reads in this case
∂ 
∂u
∂θ
[uV ] + αuV = ∇Γ · (V, n ∇Γ u) + κθ V, n +
V, n − α
V, n
∂n
∂n
∂n
but as we have u = 1 at the solution the first term in the right hand side vanishes
at the solution. Moreover we can now choose the parameter α so, that the right
hand side and, consequently uV , vanishes also. That is, if we choose α,
α=κ−

ny
,
Frθ2

we have uV = 0 for all V at the solution.
We conclude here with the following propositions:

(2.31)

37
Proposition 2.6. If we choose α = 0 in (2.29) and we have J2 (Σ) = 0 the shape Hessian
of the cost J2 reads


  
∂θ
2
V, n + θ V, n
d J2 (Σ; V, W ) =
P θκ V, n +
∂n
Σ
 


(2.32)
∂θ
· P θκ W, n +
W, n + θ W, n ds
∂n
This Hessian is bounded in L2 (Σ) × L2 (Σ). Moreover, the ’main’ part of
the Hessian, i.e. the term arising from a shape derivative of the state is now
regularising. This means that Hessian will remain bounded even if the condition
u = 1 will be replaced with the true kinematic condition ∇Γ u = 0 on Σ.
Proposition 2.7. If we choose α = κ −
Hessian of the cost J2 reads
2

ny
Fr θ 2

d J2 (Σ; V, W ) =


Σ

in (2.29) and we have J2 (Σ) = 0 the shape
θ2 V, n W, n ds

(2.33)

So here we have gained the best possible Hessian for the problem – θ2 times
identity operator in L2 (Σ).
Another way to formulate the stream function model is to set up a cost functional for the dynamic boundary condition. This formulation again leads to an
unbounded Hessian as in the potential flow case, so a better way is to formulate
the problem by this kinematic condition.
2.2.4 Internal free boundaries
In previous sections we analysed optimization based approaches to solve free
boundary problems, where the free boundary was part of the boundary of the
system. In this section we shall consider free boundary problems where the free
boundary is between two materials. Let us in particular study the following free
boundary problem,
−Δu = 0
in DΩ ,
u=1
on ∂D,
u=0
on ∂Ω,
[∇u]Σ · n = λ
on Σ
u=1
on Σ.

(2.34a)
(2.34b)
(2.34c)
(2.34d)
(2.34e)

Here [∇u]Σ means the jump in the gradient on the boundary to the exterior direction from Ω. The geometry of the studied problem is described in Figure 3. Now
domain Ω and D are fixed but between these domains there exists a free boundary which is formed as a discontinuity in the gradient of u. Let us first study a
one dimensional case,
u (x) = 0 for x ∈ (0, 2) \ {s},
[u (x)]x=s = λ,
u(s) = 1, u(0) = 0 and u(2) = 1,

(2.35a)
(2.35b)
(2.35c)
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D

Σ

FIGURE 3

where

Ω

Geometry for the internal free boundary problem.

[u (x)]x=s := lim− u (x) − lim+ u(x).
x→s

For λ >

1
2

x→s

we have a solution to this free boundary problem,

λx for x ∈ [0, λ1 ],
u(x) =
1
for x ∈ ( λ1 , 2].

Here the free boundary is at position s = λ1 ∈ (0, 2).
Let us first consider the following shape optimization formulation of this
transmission type problem
1
min (u(s) − 1)2 with u − v ∈ H01 (0, 2), v(x) := x
s∈(0,2)
2
 2
u (x) ϕ (x) dx = λϕ(s) for all ϕ ∈ H01 (0, 2).
0

Now equation (2.37) is uniquely solvable and the solution is

x−s (x−2) λ
for x ∈ [0, s],
2
u(x) = x (1−(s−2)
λ)
for x ∈ (s, 2].
2

(2.36)
(2.37)

(2.38)

By substituting the value of the solution at point s to the cost function, we get
J(s) =

(s − 2)2 (s λ − 1)2
.
4

We see that J ∈ C ∞ (R). Let us study the optimality conditions at the minimum
point (s∗ = λ1 ). The first order derivative of J with respect to free boundary
position is
(s − 2) (2 (−1 + s) λ − 1) (s λ − 1)
.
J  (s) =
2
The second order derivative is
1
J  (s) = + λ (4 − 3 s + (2 + 3 (s − 2) s) λ)
2
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By substituting s∗ → s we get
1
J  (s∗ ) = (1 − 2λ)2 .
2
Obviously J  (s∗ ) > 0 for λ > 12 and the second order optimality condition guarantees the existence of a local minima for the functional. Thus we can, for example, apply the quadratically convergent Newton method to obtain the solution.
As above we could solve this shape optimization problem straightforwardly
but we could not observe the actual difficulty arising in this transmission type
problem. The basic difficulty arises from the treatment of the function presenting
the shape derivative of the state function. Consider an iterative solution algorithm where we first solve the state equation (2.37) and get a solution (2.38).
Now the derivative of the solution is discontinuous on the free boundary and
therefore we can not use a normal derivative of the solution for finding a new
trial point for the free boundary. As we know the solution we can analyze that
the left derivative of the solution is equal to λ. This suggests the following algorithm:
1. Set k = 0, choose initial guess s0 ∈ (0, 2).
2. Evaluate uk (sk ) = 12 (sk − λsk 2 + 2λ sk ).
3. Set sk+1 = sk −

uk (sk )−1
.
λ

4. Update k = k + 1 and continue from step 2 until converged.
This iteration converges, but not quadratically. We can calculate the convergence
speed by differentiating the update δ(s) := uk (sλk )−1 with respect to s,
δ  (s)|s= 1 = 1 −
λ

1
.
2λ

1
Hence |sk+1 − s∗ | ≈ 2λ
|sk − s∗ |. From here we can see that if λ is near 12 the method
converges very slowly, even near the solution. For bigger λ, say λ >> 1 method
converges faster but still only linearly. Thus we have to consider the problem in
more detail.
Let us now analyse the shape derivative of the solution u. Let us now study
how we can apply the shape linearization method to this model problem. As
the solution is not continuous we can not use normal derivatives on the boundary. One remedy in this case is to separate the solution to u1 (x) and u2 (x) and
use the shape linearization method separately in each part. Now we use a weak
formulation
 2
 s


u1 (x) ϕ (x) dx +
u2  (x) ϕ (x) dx − λ ϕ(s) = 0,
0

u1 (0) = 0,

s

u1 (s) − 1 = 0,

u2 (s) − 1 = 0 and u2 (2) = 1.
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From these equations we get the following shape linearized equations for (δu1 ,
δu2 , δs)


s
0







δu1 (x) ϕ (x) dx +

s

2

δu2  (x) ϕ (x) dx =
 s



λ ϕ(s) −
u1 (x) ϕ (x) dx −
0

s

2

u2  (x) ϕ (x) dx, (2.39)

δu1 (0) = −u1 (0), δu1 (s) + u1  (s) δs = 1 − u1 (s),
δu2 (s) + u2  (s) δs = 1 − u2 (s) and δu2 (2) = 1 − u2 (2).

(2.40)
(2.41)

This gives us the following solution algorithm
1. Set k = 0, choose initial guesses s0 ∈ (0, 2), u01 (x) ∈ H 1 (0, s) and u02 (x) ∈
H 1(s, 2) such that u1  (s0 ) − u2  (s0 ) = λ.
2. Solve (δu1 , δu2 , δs) from equations (2.39)-(2.41).
3. Set sk+1 = sk + δs, uk+1 i = uk i + δui, i = 1, 2.
4. Update k = k + 1 and continue from step 2 until converged.
The above algorithm converges quadratically if the initial guess is near the solution.
Previous calculations with a one dimensional transmission-type free boundary problem gave us a small hint about the linearization procedure. First of all,
the solutions were separated but connected via linearized equations. In the following we shall extend the result for a multidimensional case. We shall study the
continuous casting of steel. In this case the physical situation is as follows. The
melted steel comes into the domain from boundary Γi (see Figure 4). The steel solidifies inside the domain and the steel is pulled out from the tube by a constant
velocity from boundary Γo . The temperature is controlled on boundary Γb with
cooling or heating (temperature gradient is known in the normal direction).
Γb

Γi

Ω1

Σ

Ω2

Γo

Γb
FIGURE 4

Geometry for the model transmission problem. Γ b in the bottom and
the top are the wall boundaries, Γ i and Γo are the “inflow” and “outflow” boundaries.
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Neglecting all but temperature diffusion and temperature convection by
constant velocity we end up with the following simplified equations
 · ∇u = 0
−Δu + S
in Ω \ Σ,
u=0
on Γi ,
u=2
on Γo ,
∂u
=a
on Γn ,
∂n
u=1
on Σ,
[∇u]Σ · nΣ = λ
on Σ.

(2.42a)
(2.42b)
(2.42c)
(2.42d)
(2.42e)
(2.42f)

Here Ω = Ω1 ∪ Ω2 , u denotes the scaled temperature, Σ is the freezing position (at
temperature u = 1) and a denotes the rate of boundary cooling.
 = 0 for
We shall linearize the following form of the equations (we first set S
simplicity without loss of generality).
 

2 
∇uk · ∇φ dx − λφ dσ −
aφ dσ = 0,
k=1

Ωk

Σ


Σ

Γn

(u1 − 1)ψ dσ = 0,

Σ

(u2 − 1)ξ dσ = 0.

For these equation we can apply shape linearization to achieve the following
equations for δu1 , δu2 and δΣ,

2 
2
∇δuk · ∇φ dx +
δΣ(sk )a(sk )ϕ(sk )
k=1

Ωk

k=1


=
Σ

2

λφ dσ −


Ωk


∇uk · ∇φ dx ,

k=1


 
∂u1
δu1 +
δΣ φ dσ = (1 − u1 )ψ dσ,
∂n
Σ

Σ
 
∂u2
δu2 +
δΣ φ dσ = (1 − u2 )ψ dσ,
∂n
Σ
Σ

(2.43)

(2.44)
(2.45)

where sk , k = 1, 2 are the intersection points of the free boundary Σ and the wall
1
2
and ∂u
are taken in an outward normal direction from
Γn . Both derivatives ∂u
∂n
∂n
∂u1
∂u2
domain Ω1 . If ∂n = 0 or ∂n = 0 on free boundary Σ the linearized equation is
solvable. Later we will study the convergence properties of the above algorithm
by numerical implementation.
As a conclusion we have seen that the shape derivatives can be used to analyze the qualities of the different formulations of free boundary problems. Shape
calculus provide the tools to derive efficient algorithms to solve FBPs. For internal free boundary problems shape calculus suggests that for optimal formulation
the state solution is not continuous during the iteration but instead the solution
is connected by a transmission–type condition on the free boundary.

3 IMPLEMENTATION ASPECTS
In this chapter we will describe the implementation of the shape linearization
method. In the first section of this chapter we shall study the approximation of
different geometrical quantities defined in discrete geometry. We shall propose
approximations for curvature and normal vector although these quantities are
not defined pointwise for polyhedral geometries.
In the second section we shall focus on the automatic calculation of the sensitivities for discrete equations. First we shortly review the automatic differentiation and discuss the applicability of the automatic differentiation to a discrete
form of a free boundary problem. This is studied in detail for a one dimensional
model of a free boundary problem. We observe the differences between continuous and discrete linearization.
In the third section we shall present numerical results. First we build a test
bench to verify that the automatic differentiation produces the correct linearized
equations. The shape linearization is applied to a simple model problem and
the convergence properties of the algorithm is studied with a smooth case. The
automatic shape linearization is applied to a die–swell problem and an internal
free boundary problem.

3.1 Numerical approximation of the geometry
In this section we shall consider approximation of different geometrical quantities
of the discrete geometry.
3.1.1 Approximation of geometric quantities
In a finite element method an infinite dimensional function space is approximated
using a finite set of functions. These functions that form the basis of a discrete finite dimensional subspace of some functional space are usually defined in simple
geometrical elements. A domain Ω is approximated by a collection of elements,
Ωh = ∪i ei , where ei denotes a single element (triangle, quadrilateral or tetrahedra
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etc). For a suitable approximation for the geometry it usually holds [KN90]
Ω − Ωh

∞

≤ ch2 ,

Let us now study the approximation of some geometric quantities of the boundary, like a normal vector field n and the mean curvature κ. The mean curvature
appears in the shape derivative of the boundary integrals and it is essential in the
shape linearization of free boundary problems.
First of all we shall sketch the smoothing of a normal vector field. For this
we shall set up a finite dimensional subspace Wh defined on a discrete free boundary Σh . Wh might be for example the space of piecewise linear functions. Now
we project the discrete normal vector field into the space Wh = {span{φi }, i =
1, ..., N} by solving the projection equation




N

ri
i=1

Σh

φi φj dx =

Σh

nΣh φj dx,

j = 1, ..., N.

(3.1)


Here Σh φi φj dσ is a boundary mass matrix, nΣh (x) ∈ Rn is the normal vector of
the element at point x ∈ Σh oriented outward of Ωh and ri ∈ Rn are the multipliers
for a smoothed normal vector for basis functions in space Wh . From this linear
equation we can solve r to get a discrete smoothed normal vector field ñΣh =
i ri φi .
Let us now study the approximation of the mean curvature. We shall use
the following properties from differential geometry [Bän01, BMN04a]:
ΔΓx = κ,

(n − 1) κ = κ · n,

(3.2)

where ΔΓ is the Laplace-Beltrami operator on the surface and n is the dimension
of the space so that (n-1) is the dimension of the boundary. x = (x1 , . . . , xn ) are
the coordinates of the boundary at a given point and κ = (κ1 , . . . , κn ) is curvature
vector. We can multiply this equation by a smooth test function φ and integrate
over the boundary to get for each xi ,



ΔΓ xi φ dσ = − ∇Γ xi · ∇Γ φ dσ +
(νΣ · ∇Γ xi ) φ dγ, i = 1, . . . , n.
Σ

Σ

∂Σ

Here νΣ is the normal of the boundary of Σ. νΣ is oriented outward of the boundary Σ and is orthogonal to the normal vector n of Σ.
In what follows we shall discretize equation (3.2) to achieve the following
equation for a smoothed discrete curvature vector κh = M
i=1 qi φi ,
M
i=1




Σh

qi φi φj dσ = −

Σh


∇Γx · ∇Γ φ dσ +

∂Σh

(∇Γx · νΣh ) φ dγ,

(3.3)

for j = 1, . . . , M.

(3.4)

for j = 1, . . . , M and
M

(n − 1)
i=1


Σh

qi φi φj − qi · nΣh φi φj dσ = 0,
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As a matrix equation in a discrete case we get the following system of equations for the curvature:

   
M
0
q
f
=
,
(3.5)
C (n − 1)M q
0
where matrices are



Mij := Mij IdN ×N ,
and the force vector is
fj = −

Mij :=


Σh

φi φj dσ and Cij := IdN ×N


Σh

Σh

nΣh φi φj dσ,


∇Γx · ∇Γ φj dσ +

∂Σh

(∇Γx · νΣh ) φj dγ.

After solving this linear equation we get an approximation for the mean curvature of the boundary Σ defined on Σh , κ̃h = i qi φi . In reference [BMN04b] there
is an error analysis for surface diffusion flows and especially they proved second
order convergence for the error of the curvature in a curvature driven flow, if the
surface can be represented locally by a graph and the surface is smooth enough.
In [Smo01] the convergence of the approximated curvatures are estimated in less
restrictive smoothness conditions. Clearly, as the regularity of the boundary reduces the convergence estimate of the curvature also reduces.
Remark 3.1. By using smooth approximation (like Bezier-curves or Bezier-surfaces) for
the boundaries the normal vector and the curvatures can be calculated straightforwardly
using the smooth boundary approximation.
ñΣh

nΣh

FIGURE 5

Smoothed normal vector field ( ñΣh , dashed) and actual normal vector
field (nΣh , continuous line) for piecewise linear approximation.

3.1.2 Updating of the geometry
One important issue in the solution procedure of a free boundary problem is the
updating scheme for the discrete geometry. We know the update for the geometry
in each iteration only on the free boundary. For the finite element approximation
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the mesh would distort if we would move only the boundary nodes. Therefore
we must extend the transformation of the boundary inside the domain.
One possible approach would be remeshing. By remeshing we mean that
the finite element mesh is created in each iteration as the geometry is changed.
This approach is computationally expensive but can be necessary in applications
where the free boundary changes dramatically and the error in the solution is
controlled by adaptation. Figure 6 shows the initial mesh and the final meshes for
a two dimensional free boundary problem, where the mesh is created during the
iteration steps. In a remeshing strategy the mesh topology changes and produces
small discontinuity between the state solution and the geometry. The changing
mesh topology can be for example a reordering of the elements or even new nodes
and elements within the mesh.
In the following we shall discuss some issues to be taken into account when
applying the remeshing strategy. Regular mesh generators take the position of
the boundary as an input and produce the created mesh (i.e. nodal positions etc).
As we get movement to the free boundary from the solution of shape linearized
equations at each iterate we can pass this change to the mesh generator. Following aspects are important for implementation
• The change of mesh topology induces discontinuous change in the solution.
• When using a fixed point type iteration to solve a free boundary problem
the remeshing should be frozen during the iteration. Freezing means that
the internal nodal points will stop to move and the last few movements are
done only to free boundary nodes.
• If the solution method requires data from the previous mesh, the solution
has to be interpolated between two different meshes.

FIGURE 6

Initial mesh (left) and final mesh (right) with remeshing solution strategy.

Another way to update the finite element mesh geometry is to expand the
boundary update inside the domain and thus deform the finite elements, see Figure 7. This is computationally more efficient since the mesh topology does not
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change during the iteration. However, in this approach the mesh can be distorted
during the iteration, if the expansion is not chosen properly, see Figure 8. Let us
now consider the extension of the free boundary update inside the finite element
mesh.

FIGURE 7

FIGURE 8

Initial mesh (left) and final mesh (right) with mesh perturbation strategy.

Distorted mesh when free boundary is moved in normal direction.

At each iteration step in the solution procedure we know the change to the
current geometry on the free boundary in the normal direction. What is required
now is that we extend this update to the inner part of the discrete domain Ωh . We
could decide the lines along which the geometry would move during the iteration
and use a so called arbitrary Lagrangian–Eulerian (ALE)–method in the update
of the geometry [SFDO91, Kno04, B.M96] or to use curvilinear coordinate system
to handle the changes in the geometry [CS92].
In this thesis we shall use simple linear mapping to extend the change in the
geometry from the free boundary to the internal parts of the geometry. Here we
shall give the formulation for star–shaped initial geometry Ω for which it holds
that there exists a point xp for which all points x ∈ ∂Ω, n(x) · (xp − x) = 0. For this
geometry we shall construct linear mapping Gh : R2m → R2n (in two dimensional
case), where m is the number of freedoms of free boundary geometry and n is
the number of node points of the mesh. This linear mapping is calculated from
the initial mesh. In the following we shall give the algorithm to calculate this
mapping for a star–shaped domain:
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1. For each nodal point xj find point xf on a free boundary and point xb in
the radial direction of some fixed point in the middle of the star–shaped
domain. Determine the element ef for which point xf belongs to.
2. For each basis function ϕk supported on ef describing the free boundary
geometry, define
gjk =

xk − xb
(xf − xb )ϕk (xb ).
xf − xb 2

Matrix (gjk ) is clearly very sparse and therefore the update of the geometry is
efficient.
Remark 3.2. Above linear mapping G h can also be extended to simple movements to one
coordinate direction and also for three dimensional case.

3.2 Automatic shape calculus
In this section we consider automatic derivation of the equations in order to obtain the sensitivity equations for the iteration of the geometry. In the following
diagram we sketch the approaches leading to discrete equations for iterate in the
solution algorithm for a free boundary problem:
A(u, Ω) = 0
B(u, Ω) = 0
⏐
⏐shape calculus


discretization

−−−−−−−−→

A,u (u, Ω) δu + A,Σ (u, Ω) δΣ = A(u, Ω), discretization
−−−−−−−−→
B,u (u, Ω) δu + B,Σ (u, Ω) δΣ = B(u, Ω).



A11
A21

Ah (uh , Ωh ) = 0
Bh (uh , Ωh ) = 0
⏐
⏐
automatic differentiation

  
A12 dq
R1 (q, α)
=
A22 dα
R2 (q, α)

In particular, choosing a different order (discretization → shape calculus or shape
calculus → discretization) results in different discrete equations in the standard
approach. We will see however that with suitable modifications we can change
the order and end up with practically similar discrete equations.
3.2.1 Automatic differentiation
Automatic differentiation is a toolbox to achieve derivatives from functions without calculation of the derivatives by hand. It has developed during recent years
mostly together with the improvement of the object oriented programming languages. In the numerical simulation of different real–life situations automatic
differentiation can produce more exact and correct implementations [MKMA03].
In particular, the calculation of the derivatives can be hidden from the implementation by overloading the operations that evaluate the functions to be differentiated. However, there are still a few important issues to be left into consideration
for the programmer in order to achieve efficient programs.
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By definition directional derivative of a function f is a limit
f (x + εy) − f (x)
.
ε→0
ε

df (x; y) := lim

In a computer program one can estimate this by difference, instead of taking a
real limit, to take ε as a small parameter and approximating
df (x; y) =

f (x + εy) − f (x)
+ O(ε),
ε

or by central difference
df (x; y) =

f (x + εy) − f (x − εy)
+ O(ε2 ).
2ε

The latter gives better approximation but requires almost twice as many evaluations of function f at different points. Approximation of the derivatives by finite differences has been applied for solving a free boundary problem in [KT99],
where we calculated the derivative of the smoothed mean curvature with respect
to the geometry.
The above approach, although it seems to be natural by definition, has eventually some drawbacks. Firstly, it requires an evaluation of function f several
times, and, if applied to the free boundary problems for example, it could require
a solution of a state equation during each evaluation step. Secondly, the evaluation of the derivative includes a division within a small parameter ε, which
results in an increase of the approximation errors. Thus the resulting derivative
is less accurate than the function value f (x).
In automatic differentiation the idea is to provide derivatives based on the
computer code, say the automatic differentiation results a program that calculates the derivative of f analytically. A computer program can abstractly be
represented by elementary unary and binary operators. A computer program
that calculates some values from the given data can be represented by a function
Θ : Rn → Rm , Θ(a) = b, where vector a = (a1 , . . . , an ) ∈ Rn is the given data,
and b = (b1 , . . . , bm ) ∈ Rm is the output of the calculation. The calculation can be
presented by
t1 = f1 (a),
t2 = f2 (a, t1 ),
t3 = f3 (a, t1 , t2 ),
..
.
tp = fp (a, t1 , t2 , . . . , tp−1),
b = F(a, t1 , t2 , . . . , tp ),
where ti , i = 1, . . . , p are temporary variables to store data.
The aim in automatic differentiation is the calculation of the Jacobian
⎡ ∂b1 ∂b1
∂b1 ⎤
. . . ∂a
∂a1
∂a2
n
⎢ ∂b2 ∂b2 . . . ∂b2 ⎥
∂a2
∂a2
∂an ⎥
J =⎢
⎣... ... ... ...⎦,
∂bm
∂bm
m
. . . ∂b
∂a2
∂a2
∂an
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which characterises the dependence of the result from the given data in the sense
of exact derivative of the program code. Applying this to a free boundary problem, a could consist of representation of the free boundary (node points, spline
control points etc) and b could be, for example,
b ≡ (b1 ),

b1 ≡ B(u, Σ)

2
∗

so that the calculation of the Jacobian J is essentially calculation of a gradient
∇a b1 .
Automatic differentiation has two approaches to calculate derivatives: forward and reverse modes [Gri89, HM03]. In brief, a forward mode collects the
needed derivatives during the calculation and a reverse mode stores the operations to calculate the derivatives after the calculation is done. A reverse mode can
be compared to the adjoint state technique for optimal control problems, since it
can be formulated by using an adjoint state variable see Pironneau in [KPTZ00]
for example.
In what follows we study how to retain the relative ’compactness’ of the
continuous approach and still exploit the ease of automatic differentiation. In the
case of a sensitivity analysis for a finite difference method this has been studied
by Borggaard et al [BV00], who proposed to modify the functional that was to
be differentiated. Here we shall use a different approach. We shall study how
the finite element software should be modified to produce continuous like shape
derivatives of the coded residuals R1 (discrete version of A) and R2 (discrete version of B).
From a numerical point of view, we apply the automatic differentiation to
calculate the derivative of residual (R1 (q, α), R2 (q, α)) ∈ Rn×m , where m is the
degrees of freedom in the geometry design and n is the degrees of freedom of
state. Here q denotes the state solution and α = (α1 , . . . , αm ) stands for geometry
design vector, which defines the geometry of the finite element mesh. A Newton
step to find the zero point of the residual consists of solving a linear system


  
A11 A12 dq
R1 (q, α)
.
(3.6)
=
A21 A22 dα
R2 (q, α)
Here A11 is the derivative of residual R1 with respect to q, A12 is the derivative
of residual R1 with respect to α and respectively A21 derivative of R2 with respect to q, A22 derivative of R2 with respect to α. Now the efficiency of above
method depends how easily this system is solved. The most important issue in
this context is the sparsity of these matrices blocks.
The derivatives in the above with respect to q are standard and usually these
matrices are sparse. Here we shall focus on the differentiation with respect to
the geometry. As was initially introduced with the continuous formulation of
residuals A and B the residual A stands for elliptic BVP. A quite common way
to implement a finite element program is to use a mesh generation to produce
a finite element mesh. To obtain nodal movement of the finite element mesh
the mesh generation procedure must then be differentiated with respect α. In
the worst case this derivative can be a large matrix which is not so sparse. The
derivative of the mesh generation routine can then be used in the calculation of
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a derivative of residuals with respect to the geometry (α). Again, in the worst
case this can result in matrix A12 which is not sparse thus leading to an inefficient
solution procedure.
The continuous shape sensitivity analysis proposes that the shape gradient
only depends on the normal component of the perturbation velocity field. However, for a discrete formulation the movement of internal nodal points also affect
the solution. In general, internal nodal movements affect less on the solution than
a boundary node movement, i.e. the solution is more sensitive to the boundary
node changes.
In this thesis we study an approach where the discrete shape sensitivities are
modified to correspond to continuous shape sensitivities. To obtain more insight
in this we shall first study a model one dimensional free boundary problem.
3.2.2 One dimensional model free boundary problem
Our aim is to automate the calculation of the equations for the shape linearization
procedure. However, we approach this in a semi discrete way, that is, let us first
study the following one dimensional free boundary problem and its discretization: find solution u(x) and position s such that
−u (x) = 1 x ∈ (0, s),
u(0) = 0,
u(s) = 1,
1
u (s) = .
2
This problem has a unique solution assuming s > 0, u(x) = − 12 x2 + 32 x and s = 1.
Applying shape linearization for the above problem we get an equation for
the iterate (δu, δs):
 s
 s
1


(3.7a)
δu (x)φ (x) dx − δs φ(s) =
u(x)φ (x) − φ(x) dx − φ(s),
2
0
0
δu(s) + u (s) δs = u(s) − 1.
(3.7b)
Here we have assumed without loss of generality that φ (s) = 0. Assuming, that
u solves u (x) = 1 for x ∈ (0, s) we get that δu (x) = 0 for x ∈ (0, s), δu(0) = 0 and
δu(s) = δs − u (s) − 12 . Substituting δu(x) = ax we get the following system for
pair (a, δs) ∈ R2 :

   

1 −1
a
u (s) − 12
=
s u(s) δs
u(s) − 1
we see that this equation is solvable, if the determinant u (s) + s = 0. Solving this
we get the following algorithm:
1. Set k=0, choose initial guess s0 and u0 (x) so that u0  (x) = 1 for x ∈ (0, s0 +1),
u0(0) = 0 and u0 (s0 ) = 12
2. Solve
δsk =

sk − 2 + 2 uk (sk ) − 2 sk uk (sk )
2 (sk + uk (sk ))
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φ1

φ2

...

φN −1

φN

0
FIGURE 9

sk

Numbering of piecewise linear basis functions in one dimensional case.

and
δuk =

uk (sk ) − 2 + 2 uk (sk ) uk (sk )
x.
2 (sk + uk (sk ))

3. Update sk+1 = sk + δsk , uk+1 = uk + δuk and k = k + 1. Repeat steps 2 and 3
until (δuk , δsk ) small enough.
It is easy to see, that if we are near the solution, we obtain a quadratic convergence
rate for the iteration (sk , ak ) → (sk+1 , ak+1):


Lemma 3.1. Assume that uk (x) = − 12 x2 + ak x , |sk − 1| < and |ak − 32 )| < with
< 12 . Then |sk+1 − 1| < 2 and |ak+1 − 32 | < 2 .
Next our aim is to discretize the above iterative scheme and study the convergence of this discretized problem. We shall see that fast convergence can be
obtained only by careful implementation.
First we approximate the solution of our one dimensional model free
boundary problem by uh = N
i=1 qi φi , where φi , i = 1, . . . , N are piecewise linear
basis functions and qi , i = 1, . . . , N are the multipliers for the basis functions (see
Figure 9). Now the discrete version of (3.7) reads as
 s
 s
1
 
δuh φj dx − δs φj (s) =
uh  φj  − φj dx − φj (s),
2
0
0

δuh (s) + uh (s) δs = uh (s) − 1,
where δuh = N
i=1 δqi φi .
The resulting system of equations can be written in matrix form,
A δqk + bδsk = Aqk − f,
T

k

k

T

k

c δq + d δs = c q − 1,

(3.8a)
(3.8b)

s  
where superscript ·k denotes the kth iteration.
Here
A
=
φ φ dx, bi =
ij
0 i j
s
1

−φi (s), Ci = φi (s), d = uh (s) and fi = 0 φi dx + 2 φi (s). Now one iteration
step in discrete case consists of evaluation of A, b, c and d and solving of pair
(δqk , δsk ) from system (3.8). The new candidates for the solution are then sought
by setting (qk+1 , sk+1 ) := (qk + δqk , sk + δsk ).
Let us now study the convergence of the above discrete equation near the
solution. We shall consider the convergence of this problem separately, first with
respect to the state.
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Lemma 3.2. Assume that sk = 1 and interval [0, sk ] is divided into N intervals with
length h = sNk . Then δsk = 0 for any qk such that uh  (sk ) = −sk .
Proof. Assuming that we have divided the interval with N elements with length
h we get that matrix A has a form
⎤
⎡
2 −1 0 . . . . . . . . . . . .
⎢−1 2 −1 0 . . . . . . . .⎥
⎥
1 ⎢
⎥.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
A= ⎢
⎥
h ⎢
⎣. . . . . . . . 0 −1 2 −1⎦
. . . . . . . . . . . . 0 −1 1
The inverse of matrix A is
A−1
Vectors f, b and c are

⎛

⎞
h
⎜ .. ⎟
⎜
⎟
f = ⎜ . ⎟,
⎝ h ⎠
h
+ 12
2


j h for j ≤ i
=
i h for j > i
⎛

⎞
0
⎜ .. ⎟
⎜ ⎟
b=⎜ . ⎟
⎝0⎠
−1

and c = −b

and the scalar d = uh  (sk ). Next we shall show that the full linear system is
solvable. This is accomplished by noticing that the determinant of the matrix


d + sk
A bT
det
= 0 by assumption.
=
c d
hN
Solving δsk from system (3.8),
cT A−1 f − 1
δsk =
.
d − cT A−1 b
Now cT A−1 = h (1, 2, . . . , N) and therefore
sk 2 + sk
(Nh)2 + Nh
=
,
c A f=
2
2
T

−1

from the mesh setup Nh = sk . But as sk = 1 we have cT A−1 f − 1 = 0 which
concludes the proof with the remark that the divisor
d − cT A−1 b = d + hN = d + sk = 0.

The above lemma is quite obvious, since we have a linear state equation
under consideration. The convergence with respect to the free boundary point is
more delicate. In particular, we note that the approximation of the derivative of
the discrete solution plays an essential role in the convergence of the free boundary point. For a simple approximation we can only obtain a linear convergent
rate which depends on the mesh size h:
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Lemma 3.3. Assume that
uh  (s) :=

 2
qk i = − 12 Ni +

3 i
2N



qN − qN −1
,
h

and that |sk − 1| < . Then |sk+1 − 1| < c1 h + c2

(3.9)
2

.

qk −qk

k
Proof. For given qk we have N h N−1 = h+s
. Substituting this to the formula
2sk 2
calculated in the proof of lemma 3.2 we get

δs(sk ) =
We see that

∂δs
(1)
∂sk

=

3
.
3+h

sk 2 + sk − 2
.
k
2sk + h+s
sk 2

Using Taylor series we conclude the estimate.

Using some post–processing for the solution we can obtain a quadratically
convergent iteration:
Lemma 3.4. With the assumptions of lemma 3.3, except approximate the derivative of u h
by
(3qN − 4qN −1 + qN −2 )
uh  (s) :=
.
(3.10)
2h
Then |sk+1 − 1| < c 2 .
Proof. Now uh  (sk ) =

1
2N h

=

δsk (sk ) =

1
.
2sk

Thus

sk 2 + sk − 2
,
3sk

and δsk  (1) = 1.

Lemma 3.4 shows that careful implementation is needed to obtain better
than linear convergence in a discrete case. Post processing information was required - even in the most simple, one dimensional free boundary problem. Therefore much attention must be paid into implementation of a multidimensional free
boundary problem solver.
Remark 3.3. In a general case the convergence can not be independent of the mesh size
since the finite element error itself does not obey the super convergence property, which is
the case in this simple one dimensional example, where the solution can be presented by a
quadratic function.
3.2.3 Residual based finite element implementation of 1D problem
Our next aim is to build a finite element implementation for the previous one
dimensional free boundary problem. We shall use a residual based finite element
implementation, where only the residual form of the equations is coded and the
matrices are calculated using automatic differentiation. We shall try separately
two different approaches. The first one uses a straightforward implementation
where the movement of the inner nodal points is also taken into account. In
the second approach we only use movement of the last nodal point to calculate
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the shape derivatives. This approach suggests modifications to the calculation
of the shape sensitivities to tune up the automatic calculation of shape linearised
equations.
In a residual based finite element calculation the form of the weak equations
is coded in a straightforward manner. We now assume that we have a geometry
parameter α that describes the position of the free boundary. The finite element
nodal points for the one dimensional free boundary problem are given by
xk := k

α
.
N

Thus the nodal points of the mesh are moved as α is changed. The residuals that
describe the solution are now
 α N
1
qk ϕk  (x)ϕi  (x) − ϕi (x) dx − ϕi (α),
(3.11)
ri (q, α) :=
2
0 k=1
N

qk ϕ(α) − 1.

rN +1 (q, α) :=

(3.12)

k=1

We further denote by
r = (r1 , r2 , . . . , rN +1 ),
s := (q1 , q2 , . . . , qN , α) and
δs := (δq1 , δq2 , . . . , δqN , δα).
In a standard finite element implementation the shape functions ϕi (x) depend on
the parameter α. This results in the following residuals:
⎞
⎛
N (2q1 −q2 )
α
−
α
N
⎟
⎜ N (−q1 +2q
2 −q3 )
α
⎜
⎟
−
α
N
⎟
⎜
.
⎟
⎜
.
.
⎟.
(3.13)
r(s) = ⎜
⎜ N (−qN−2 +2qN−1 −qN )
α⎟
⎟
−
⎜
α
N⎟
⎜ N (−qN−1 +q
α
1 ⎠
N)
⎝
−
−
α
2N
2
qN − 1
In the second approach we perturb only the last nodal point of the finite element
mesh. Further, the basis functions on the last element are assumed to be fixed
with respect to the geometry change and the basis functions are continued continuously over the free boundary. Then the residual reads as
⎛
⎞
(2q1 −q2 )
−
h
h
⎜
⎟
(−q1 +2q2 −q3 )
−h
⎜
⎟
h
⎜
⎟
.
⎜
⎟
..
⎜
⎟
⎜
⎟
(−qN−3 +2qN−2 −qN−1 )
−
h
r̄(s) = ⎜
⎟ . (3.14)
h
⎜
⎟
2
α
2
⎜ (−qN−2 +qN−1 ) − (qN −qN−1 ) (h−h N +α) − h−h N +2 N α− h − 1 N h−α ⎟
⎜
h
h2
2
2
h ⎟
⎜
⎟
(qN −qN−1 ) (h−h N +α)
(h−h N +α)2
1 α−(N −1) h
⎝
⎠
−
−2
h2
2h
h
(N h−α)
(α−(N −1) h)
qN −1 h + qN
−1
h
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Here we denote by r̄ the modified residual and by h a fixed element size that does
not depend on α at fixed geometry.
Remark 3.4. It holds that r̄(s) = r(s) for given s, but ∇s r̄(s) = ∇s r(s).
Now a straightforward application of the Newton method to solve zeropoint of residual (3.13) converges quadratically in a neighbourhood of the solution. The Newton iteration can be formulated by the following algorithm:
1. Pick a initial guess s0 , set k = 0.
2. Solve δsk from equation
∇s r(sk ) δsk = r(sk )

3. Update sk+1 = sk − δsk and k = k + 1 and continue from 2 until converged.
Lemma 3.5. Assume that there exist a point s ∗ ∈ RN +1 \ 0, for which r(s∗ ) = 0 and
det(∇s r(s∗ ) = 0. Then the Newton algorithm converges quadratically in the neighbourhood of s∗ .
Proof. q is twice continuously differentiable at the solution of the free boundary
and the second order derivative is bounded. Further, the determinant of matrix
∇s r(s) = 0 for s neighbourhood of s∗ . Therefore the statement follows.
Studying the second residual r̄(s) we notice that a straightforward implementation of the Newton method yields a slowly converging or even divergent
method. This is because the internal nodal point movement is not taken into account in the computation, as in practice h should depend on α and this is not
taken into account in the computation of the Jacobian of the residual.
The derivative of residual r̄ with respect to the geometry parameter α reads
⎛

⎞

0
..
.

⎜
⎜
⎜
∂r̄
0
⎜
(s) = ⎜ (qN −qN−1 )
⎜ −
∂α
− N + αh + 2αh
⎜ (q −q h2)
⎝ N 2N−1 + N − α − 1 − α
h

h
qN −qN−1
h

2h

⎟
⎟
⎟
⎟
⎟.
⎟
⎟
⎠

(3.15)

Comparing (3.15) to discretization of the shape linearised equations from the
previous section we notice that they differ in the second and third row from
below. A careful look at the calculations reveal that the extra terms shown up
here comes from the integrals involving the normal derivatives of the test functions, which do not disappear at point α as it was assumed in the continuous
r̄
formulation of the shape linearised equations. The derivative ∂α
should be calculated only for the part of r̄ which corresponds to the smaller trial space (where
ϕ (s) = 0). The correct formula can be achieved by replacing the second row
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from below by the sum of the second and third row from below. This corresponds to calculation of shape derivative of the discrete formula for a test function ϕ̃N (x) := ϕN −1 (x) + ϕN (x) in the last element, with perturbation that moves
only the free boundary point. Same contribution can be achieved by multiplying
the above vector by (N + 1) × (N + 1) projection matrix P :
⎛
0
⎜ ..
⎜.
⎜
P = ⎜0
⎜
⎝0
0

⎞
0
.. ⎟
.⎟
⎟
.
. . . 0 0 0⎟
⎟
. . . 1 1 0⎠
... 0 0 1
... 0
..
.

That is,

⎛
⎜
⎜
∂r̄
⎜
P
(s) = ⎜
⎜
∂α
⎝

0
..
.

0
..
.
0
−1

qN −qN−1
h

(3.16)

⎞
⎟
⎟
⎟
⎟.
⎟
⎠

Now the shape linearised equations can be obtained by the above procedure by
also applying an automatic differentiation in the calculations of the derivatives.
The calculated derivative is then modified by multiplying the shape sensitivity
part of the equations by matrix P . Instantly we notice that Lemma 3.3 suggests
that we do not have a quadratic convergence rate for the above discrete variant
of the one dimensional shape linearization but instead a linear convergence rate
depending on the mesh size h.
Remark 3.5. To obtain a better convergence rate we should obtain formula (3.10) from
the discrete shape sensitivity calculation. This can be obtained by using P 2 elements to
approximate the boundary value of the discrete solution.
3.2.4 Isoparametric approach for automatic differentiation
In this section we shall study automatic differentiation of boundary integrals in
an isoparametric finite element approach [HM03, Mäk90]. In an isoparametric
approach the local integrals are transformed to integrals over the a reference element. We shall study this for a single element at first. In this context we shall
adopt the notations used in [HM03],(· indicates that the variable is defined on reference element. In the following Te is a single element, T̂ is the reference element
and Fe : T̂ → Te is a one-to-one mapping of T̂ onto Te . Then the integrals defined
on Te can be computed by integrating over the reference element



f (x) dx =
Te

T̂

f (Fe (ξ)) |J|dξ,

where |J| is the determinant of the Jacobian J of mapping Fe . The standard way
to calculate local integrals in the isoparametric finite element method is to use
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local matrices and vectors in computation. First define
⎛ ⎞
*
)
ϕ
(1
∂ϕp
∂ϕ1
.
.
.
⎟
⎜
.
∂ξ1
( := ⎝ .. ⎠ and G
( := ∂ξ1
N
,
∂ϕp
∂ϕ1
.
.
.
∂ξ2
∂ξ2
ϕ
(p
(k /∂ξj are derivatives of the shape functions
where ϕk are shape functions and ∂ ϕ
for p-noded Lagrangian finite element in reference element T(. Fe is now given by
p

ϕ(ξ)X
(
i

Fe (ξ) =

for ξ ∈ T(,

i=1

where X is a vector of nodal points,

⎞
⎛
X11 X12
⎜X22 X22 ⎟
⎟
⎜
X = ⎜ ..
.. ⎟ .
⎝ .
. ⎠
Xp1 Xp2

Here Xi1 is the first coordinate point and Xi2 is the second coordinate point of ith
element nodepoint in dimension two. In the following we have collected standard results for the finite element calculation [HM03]:
ϕ(x) = ϕ(F
( e −1 (x)),
∇ϕ(x) = J

−1

−1

∇ξ ϕ(F
( e (x))
(
J = GX

(3.17)
and

(3.18)
(3.19)

for x ∈ Te .
Now in practical finite element computations with an automatic differentiation approach we have a design parameter vector α = (α1 , . . . , αm ), which defines
the geometry of the finite element mesh. Quite a standard way of calculating the
shape derivatives in finite element calculations seems to be to split the differentiation with respect to the design variable by a chain rule [HM03, HLNT03, Num03],
i.e.
∂f (x(α)) ∂x
∂f (x(α))
=
.
∂αi
∂x
∂αi
Here ∂x/∂αi can be provided in advance for finite elements by calculating the dependence of each nodepoint with respect to the geometry design variable vector
α. This approach has, however, a few drawbacks. First of all we need to compute
the derivative of each nodal point with respect to the design variable α. Thus in
the worst case we could have a full m × n matrix, for which m is the length of α
and n is the number of nodal points in the finite element mesh.
Haslinger and Mäkinen [HM03] have provided calculations of derivatives
of local finite element integrals with respect to the state variable α assumed that
the shape functions depend on the geometry. Then for isoparametric finite ele∂N
ments they show that ∂α
= 0 for all i = 1, . . . , M. This means that the shape
i
functions follow the perturbation of the finite element mesh.
The objective here is to enable the calculation of shape sensitivities only on
the free boundary. The main idea is presented in the following lemma
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Lemma 3.6. Assume that V is a velocity field supported interior of discrete domain
Ωh , i.e. V (xk ) = 0 for xk ∈ ∂Ωh . Assume further that the finite element mesh is
perturbed by speed method, i.e. xk (t) = V (xk ) and that fh (x) is a function defined
on Ωh , fh ∈ V̆h (Ωh ), where V̆h is a discrete finite element function space of piecewise
polynomial continuous functions for which ϕ (Ωh ; V ) = 0 for all ϕ ∈ V̆h (Ωh ) for any
smooth enough velocity field V . Then
∂
∂t
and

∂
∂t


Ωh

fh (x)ϕ dx

=0
t=0


Ωh

∇fh (x) · ∇ϕ dx

=0
t=0

for all ϕ ∈ V̆h .
Proof. Since fh ϕ ∈ L1 (Ωh ) and ∇fh · ∇ϕ ∈ L1 (Ωh ) we can use Lemma 2.2 and the
statement follows.
The above Lemma states that by fixing the shape functions with respect
to the geometry change we can restrict our attention to the boundary of discrete
geometry in the variation of the geometry. The next question is, can this modified
isoparametric technique be used in the calculation of a shape gradient of a given
functional.
Now to mimic the shape differentiation on a continuous level we require
that the shape functions do not depend on the perturbation of the geometry. For
this we need new one-to-one mapping
p

ϕ(ξ)
( X̆i,

F̆e (ξ) =
i=1

where notation X̆ means that we have fixed the positions of the nodal coordinates
with respect to the design variable α. In practice, this can be handled by defining a new variable X̆, which is not an AD-variable (AD stands for automatically
differentiated) in the finite element program. Now define
(i (F̆e−1 (x)).
ϕi (x) = ϕ
Now the test functions do not depend on the design parameter α and therefore
we can compute using the derivative of a domain integral [SZ92]
∂
∂t




Te

ϕi (x) dx

=
t=0

Te


∇ · (ϕi (x)V ) dx =

∂Te

ϕi (s)V · n dσ

by the Stokes formula. Here we have applied transformation of identity, X(t) =
X + tV (X). We see that summing this over the finite element mesh only leaves
the boundary of the mesh the exterior normal vector of each element boundary
and is opposite to the exterior normal vector of the adjacent element boundary.
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Consider now shape sensitivity of a local integral

∇φi(x) · ∇φj (x) dx.
Te (t)

Now the shape functions do not depend on the perturbation and we get


∂
∇φi · ∇φj dx
=
∇φi · ∇φj V · n dσ.
∂t Te (t)
∂Te
t=0
Here derivatives ∇φi are calculated at each element using isoparametric mapping. The derivatives of test functions have a jump over each element boundary
and therefore summing the above over all elements does have some contribution
from the inner part of the finite element mesh.
Remark 3.6. In Lemma 3.6 it is supposed that the shape functions do not continue over
the boundaries of the element. In practical computations of integrals the values of shape
functions are evaluated only at integration points. The local elementwise integrals are
then calculated using an integration rule that gives sufficient approximation to the continuous integrals. In this case the shape functions are continued continuously outside
local elements and these values contribute to the shape sensitivities in the modified elements.
Assuming that V is supported only on the free boundary leads then to


∇φi · ∇φj V · n dσ =
∇φi · ∇φj V · n dσ.
∂Te

∂Te ∩Σh

Now the situation is similar to the one dimensional example, we have a contribution of a normal derivative of the test function to the derivative. The question
now is, how can this contribution be subtracted from the calculated derivative? If
we only consider quadrilateral elements that are constructed so that the elements
adjacent to the free boundary are orthogonal to the free boundary we can apply
the projection defined for one dimensional example. Then we can construct the
projection mapping by summing up the rows calculated from the discrete shape
sensitivity analysis. In this thesis we shall restrict our attention only to Q1 elements although this can be generalised for different elements also.
The idea proposed here will be the extension of the test function appearing
in integral by a constant value to the inside of the domain. This is basicly a mimic
of the calculations in the continuum, where the derivatives of the test functions
are assumed to vanish in a smooth case [SZ92].
In particular, we propose that we can use an element layer near the boundary for which we calculate the shape derivatives of the integrals. This element
layer is defined so that at each nodepoint xk the neighbouring node point is given
by xk + δ(h)ñk (xk ), where δ is small enough and depends on size h locally. A
sketch of this configuration is given in Figure 10. Now we replace test functions
φj in the calculations by summing the test function which corresponds to the adjacent nodepoints in a generated element layer to each other. Furthermore, the
new nodepoints are assumed to be fixed so that the element layer is moved only
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FIGURE 10

Q1 –element layer generated for P 1 –element mesh.

on the boundary. Denoting φ̃j the test function that is constructed with the above
method we get


∂
∇φi · ∇φ̃j dx
=
∇Γ φi · ∇Γ φ̃j V · n dσ.
∂t T̃e (t)
∂ T̃e ∩∂Ωh
t=0
This corresponds to the calculation of shape sensitivities for continuous integrals.
For boundary integrals the integral itself is already supported on the boundary of the finite element mesh so that the shape sensitivity can be calculated by
just modifying the calculation of the values of shape functions. However, the
modified shape functions are continued continuously over the free boundary and
thus the discrete shape sensitivity calculation involves normal derivatives. This
can be seen from the sensitivity calculation of


 
∂
∂ϕ
+ κ V, n dσ (+ contributions of corners).
ϕ dσ
=
∂t ∂Te (t)
∂n
∂Te
t=0
Now the situation is more difficult compared to the interior integral. In practical computations we can not use the projection since in standard finite element
implementation the boundary integrals are supposed to vanish in shape functions that are not supported on the boundary and these zero integrals are not
therefore evaluated and thus the nonzero shape derivatives are not evaluated
either. Then we do not get a contribution from the shape functions from the interior nodal points that would cancel the normal derivatives of the test functions
supported on the free boundary. The remedy for this is presented in the following. In the calculation of shape sensitivies we define a new variable ψ(x) defined
on the free boundary only. We define a new test function on the free boundary,
ϕ̃(x) := ϕ(x) − ∂ϕ
(x)ψ(x). Setting ψ(x) = 0 for x ∈ Σ during the calculation we
∂n
get






 
∂
∂ ϕ̃
∂ϕ
∂
+ κϕ̃ V, n dσ −
V, n
ϕ̃ dσ
+
ϕ̃ dσ V, n =
∂t Σ(t)
∂ψ
∂n
∂n
Σ
Σ
Σ
t=0

=
ϕ κ V, n dσ.
Σ

Here differentiation with respect to the state variable ψ can be automated and this
can be done simultaneously with the shape sensitivity calculation.
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3.3 Numerical results
In this section we shall study the numerical implementation of different Newton–
type solution methods to solve a free boundary problem. We shall compare the
convergence between five different implementations:
DSL (Discrete Shape Linearization method) The derivatives with respect to the geometry are calculated using a modified implementation of an isoparametric finite element, automatic differentiation is used to obtain the shape linearized equations and shape differentiation is restricted only on the free
boundary.
CSL (Continuous Shape Linearization method) The shape differentiation is first performed for a continuous form of the equations and then the continuous
equations are discretized. Automatic differentiation is applied only with
respect to the state variable.
ISL (Implicit Shape Linearization method) This corresponds to CSL but the shape
linearized equations are further processed by applying conditions at the
solution of the free boundary to the state equation.
FAD (Full Automatic Differentiation) The mesh movement is not restricted only on
the free boundary, the internal boundary nodes are taken into account in the
shape differentiation.
BAD (Boundary restricted Automatic Differentiation) The automatic differentiation
with respect to the geometry is performed only for nodal points relying on
the free boundary.
The finite element program that was modified was Numerrin 2.0 [Num03].
In this finite element library automatic differentiation is already implemented
but for our case the kernel routines had to be modified to implement DSL. The
finite element mesh movement was handled by linear mapping that extended
the boundary movements to the internal nodes. The tests were performed on a
Linux Debian-workstation with AMD K-7 CPU 550 MHz processor with 256Mb
memory.
3.3.1 Convergence near the solution
At first we study the convergence near the known solutions of the FBP. The first
FBP is exterior Bernoulli’s free boundary problem with fixed boundary Γb =
∂B(0; 12 ) (circle with radius 12 ). The boundary conditions for the problem are u = 0
∂u
= 1 on Σ. There exists an axisymmetric solution for this
on Γb , u = 1 on Σ and ∂n
√
2
2
log(2 x +y )
, where ω is the Lambert W -function, i.e. the inverse of
FBP, u(x, y) =
ω(2)
1
x
.
function f (x) = x e . The solution geometry is a disc with radius r∗ = ω(2)
The convergence is studied by perturbing the solution geometry by small
sinusoidal perturbations. The algorithm to test the different methods is given in
the following.
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FIGURE 11

Perturbations for the mesh with wave numbers k = 1, . . . , 8, amplitude
a = 0.05

1. Initialize the mesh to correspond to the solution of the FBP.
2. Calculate the perturbation to the mesh on a free boundary by
p(θ) = ω

sin(kθ)
,
sin(kθ) H s

where θ is the angle of the point in polar coordinates, ω is the magnitude of
the perturbation and s is the spectral norm index (s = 0 corresponds to L2 1
norm, s = 12 to H 2 -norm and s = 1 to H 1 -norm), and k is the wave number.
Perturb the free boundary by perturbation p, Σp = (rh∗ + p(θ))(cos θ, sin θ).
3. Set initial guess uh for the state solution to
+
log(2 xi 2 + yi 2 )
,
uh (xi , yi ) =
ω(2)
at each nodal point (xi , yi).
4. Solve one iteration to get an update for the geometry. Update the geometry
Σp → Σ1 .
5. Calculate the error between the updated geometry and the solution geometry
e(θ) = Σ1 (θ) − rh∗ .
6. Calculate the contraction rate of the error
ϑab :=

e
p

Ha
Hb

,

1
a, b ∈ {0, , 1}.
2

In Figure 11 we can see perturbations with eight different wave numbers for the
geometry. Figures 12– 14 show graphically the contraction rates ϑ00 for 40 wave
lengths and two amplitudes and ϑ01 for one amplitude. We used four different
2
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meshes, the free boundary was divided into 20, 40, 80 and 160 elements and
respectively in the radial direction the mesh contained 3, 5, 10 and 20 element
layers. The calculation of the fractal norm was done by using fourier multipliers.
We can see that the contraction rate gets better with low frequencies. When
the amplitude of the perturbation increases the convergence slows down or fails.
From Figure 12 we see that the different methods fail to get closer to the solution
in L2 –norm when the wavelength of the perturbation gets smaller (with large
wave numbers). However, when studying the high frequencies of the error by
calculating the H 1 seminorm of the error one finds that the error becomes smaller
in the H 1 norm. Studying this more carefully it can be seen that the sawtooth–like
error is smoothed and then after one iteration there appears a constant displacement in the radial direction. This constant value appears in L2 –norm but not in
H 1 seminorm.
Figure 15 presents the contraction rates for 160 × 20–mesh. We can observe
spectral behaviour for the solution methods. DSL and CSL seem to behave similarly, these methods seem to operate like H s → L2 , where 0 < s < 12 . For ISL,
BAD and FAD spectral parameter s is most likely closer to 1 than 12 .
3.3.2 Model problem
Let us next study a model problem for which the solution is not known a priori. The problem under investigation is the model problem presented in equation (1.2). The geometry of the domain can be seen in Figure 16. In the Neumann
condition (1.2c) we used value λ = 1 and we changed the free boundary to be
an outer boundary, and a fixed boundary to be the inner boundary of the geometry. We further used a zero Dirichlet value for the fixed boundary and u = 1 on
the free boundary. The fixed geometry consists of four segments of a circle with
a radius of 0.316, corner points of the fixed boundary are located at (−0.4, 0.0),
(0.0, 0.2), (0.4, 0.0) and (0.0, −0.2).
We tested the convergence of the algorithm with different meshes and compared the results against different implementations. Execution times of different
algorithms are shown in Table 1. We observed that a discrete shape linearization
method (denoted DSL) is slower due to the automatic differentiation of variables
with respect to the geometry, but the slow down is only approximately 6% from
the continuous form of the algorithms. The full automatic differentiation takes
the longest time for one iteration but on the other hand the FBP is practically
solved after four iterations. The most competitive solution algorithm seems to be
ISL. The worst results come from boundary restricted automatic differentiation
(BAD) which do not even get close to the solution in five iterations. The solution
times for BAD are the same as in full automatic differentiation since the sparsity
of the nodal derivatives is not used in the calculations.
In Figure 17 we plot the sum of L2 -norms of the updates. The L2 -norm for
the geometry update is calculated on the free boundary. We can observe that the
convergence of the implicit shape linearization method (ISL) accelerates as the
mesh is refined. This can not be observed from the other two algorithms.
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FIGURE 12

Contraction rate ϑ00 for different wave numbers, k = 1, . . . , 40, ω = 0.01
for four meshes.
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FIGURE 13

Contraction rate ϑ00 for different wave numbers, k = 1, . . . , 40, ω =
0.001 for four meshes.
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FIGURE 14

Contraction rate ϑ 21 for different wave numbers, k = 1, . . . , 40, ω = 0.01
for four meshes.
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Initial 128 × 16 mesh (left) and final mesh (right) for model problem.
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TABLE 1

Execution times in seconds, updates and residuals after five iterations
for 128 × 16 mesh.
one iteration
3.4
2.6
2.5
2.5
3.3

FAD
DSL
ISL
CSL
BAD

19.2
14.2
13.6
13.6
17.8

FAD
DSL
ISL
CSL

1

δu5

5 iterations

δΣ5

0.504∗10−14

0.330∗10−2
0.219∗10−5
0.434∗10−3
0.119

0.247∗10−14
0.486∗10−4
0.188∗10−8
0.223∗10−5
0.918∗10−2

DSL
DSL
DSL
ISL
ISL
ISL

1

64x8
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Convergence of different shape linearization methods for 256×32 mesh
(left) and the convergence of the discrete shape linearization method
and implicit shape linearization method as the mesh is refined (right)
for the model problem.

3.3.3 Die–swell problem
In this section we shall study the solution of Navier–Stokes equations with a free
boundary. We shall study a bench–mark problem and compare the results for
known implementations. Cuvelier et al [KCSV88, CS90] and Duprèt [Dup82] introduced total linearization for the Navier–Stokes equations. They linearized the
nonlinear equations in a continuous case and calculated the solution of the nonlinear free boundary problem by a sequence of geometries.
Let us first introduce the problem under consideration. The Navier–Stokes
equations are
−∇ · σ̄ + ρ u · ∇u = ρg,
∇ · u = 0,

(3.20)
(3.21)



where σ̄ = 2muε̄ − pI, and ε̄ = 12 ∇u + ∇uT is the transformation rate tensor.
Here u denotes the velocity of the fluid in a given point and p is the pressure of
the fluid.
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FIGURE 18

Die–Swell problem.

The boundary conditions for this free boundary problem are as follows
n · u = 0 on Γs ,
u = 0 on Γw ,
p = pe on Γo ,
3
u = ( U ∗ (y − 1) ∗ (1 − y) and , 0) on Γi ,
2
σ̄ · n = λκn + pe n, n · u = 0 on Σ.

(3.22a)
(3.22b)
(3.22c)
(3.22d)
(3.22e)

Here λ is the surface tension coefficient and pe is the external pressure on the
fluid surface, here it is assumed to be zero as it is determined up to constant.
The finite element approximation uses Franca–Frey stabilisation [FF92] to give
feasible linear element approximation. Inflow boundary is positioned so that the
upper corner of the inflow boundary is at point (x, y) = (0, 1) and the corner
point on the symmetry axis is located in the origin (0, 0). The free boundary is
fixed in position in which it touches the pipe (point where Σ and Γw meet). In the
calculations we used the following dimensionless parameters
Re Reynolds number,

ρU L
,
μ

ratio between inertia and viscosity of the fluid,

Ca −1 Inverse capillary number,
forces.

λ
,
μU

ratio between surface tension and viscous

The free boundary problem can be written in a weak form



σ̄1 · ∇φ dx + ρ u · ∇u1 φ dx + λκn1 φ dσ = 0,
Ω

Ω
Σ
σ̄2 · ∇φ dx + ρ u · ∇u2 φ dx + λκn2 φ dσ = 0,
Ω
Ω
Σ
∇ · u dx = 0,
Ω
u·n=0
Σ

(3.23a)
(3.23b)
(3.23c)
(3.23d)

In the numerical implementation we used Numerrin 2.0 software. In our calculations we used each free boundary node as a control point of the geometry and
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Die–Swell free boundary solutions for four cases.

the rest of the mesh was moved along the free boundary nodes. The calculations were made in a regular rectangular mesh. In reference [TM05] there is also
considered a triangular mesh and especially the optimal restriction of the nodal
movement with the viewpoint of sparsity of the linearized matrices.
The following algorithms were implemented:
FAD Full Automatic Differentiation, all inner nodal point movement was taken
into account during the calculations.
DSL Discrete Shape Linearization, the derivatives were calculated only for moving
free boundary nodes.
DSLI Discrete Shape Linearization with Interpolation, same as above but at each
iteration the solution was interpolated between two meshes.
BAD Boundary restricted Automatic Differentiation, same as DSL but without projection of the test function contribution.
In the calculation we used 100 × 12 –mesh. From Figure 20 we can see the
behaviour of the residual against the execution time with Re = 1.0 and Ca −1 =
0.4. The first step is taken without a geometry update and the time starts from
this point. The maximum iterations was set to 10. We see that after 20 seconds the
FAD method gets closer to the solution of the free boundary problem, but in the
beginning the discrete shape linearization takes more steps in the same execution
time (5 vs 4 iterations). The reduced computation time becomes from the reduced
calculations of the shape sensitivities. After five iterations DSL and as well as
DSLI turn out to be a linear convergence rate. This was already suggested for one
dimensional model problem.
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Convergence of the residual in execution time.

Execution times in seconds for Die–Swell problem.

FAD
DSL
DSLI
BAD

one iteration
5.7
4.3
4.8
4.0

4 iterations
22.8
17.2
19.1
16.1

As a conclusion we can see, that the discrete shape linearization method
converges and is competitive against the full automatic differentiation of the
whole system. The execution time could be reduced even more by using iterative methods that can take advantage of the sparsity of the linearized system.
The convergence is not superlinear in the last iteration steps. This could be improved by post–processing the state solution in the finite element layer near the
free boundary as was suggested in the calculation of the one dimensional example.
3.3.4 Internal free boundary
In this section we will test the applicability of the shape linearization method to
an internal free boundary problem. The first test is made for a model free boundary problem (2.34) with axisymmetric interior and exterior boundaries. The interior boundary Γi is a circle with radius ri = 12 and the exterior boundary ∂D is a
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FIGURE 21

TABLE 3

Initial 16 × 8 mesh (left) and final mesh (right) for model internal FBP
(λ = 0.8).

Numerical results of the axisymmetric internal FBP with coarse mesh
and dense mesh various λ.

λ
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.4

r∗
1.509
1.304
1.173
1.081
1.012
0.959
0.917
0.827

16 × 8
1.531
1.320
1.186
1.092
1.022
0.968
0.924
0.833

64 × 8
−
−
1.173
1.082
1.013
−
0.917
0.827

circle with radius re = 2. The solution free boundary takes its position at radius
r∗ =

1
 .
λ ω λ2

In Table 3 we have collected the numerical results for two different meshes. In
this case only a Discrete Shape Linearization method was used. The convergence
was observed to be linear in the last few iterations, see Figure 22. Further, the
convergence required the initial guess to be close to the solution. The convergence accelerated slightly as the mesh size was refined. For a dense mesh the
convergence turned out to be more sensitive to the initial guess.
In the last numerical example we tested the internal free boundary problem
by adding a source term to the Laplacian −Δu = 1 on the exterior part of the
domain. Thus the solution did not remain constant any more. Further the domain
Ω was chosen to be a rectangle. The observed convergence was again only linear
but the solution was attained in 10 iterations. Initial guess and the solution can
be seen from Figure 23.
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FIGURE 22

Convergence of the residual for axisymmetric internal free boundary
problem with four different meshes.

FIGURE 23

Initial 64×32 mesh (left) and the solution (right) for model internal FBP
(λ = 1.1) with force term. Some of the rendering triangles are removed
to show the solution.

4 CONCLUSIONS
Shape calculus provides tools for systematic study and construction of algorithms
for solving stationary free boundary problems. In this thesis we studied different
formulations of free boundary problems and analysed solution methods using
shape sensitivity analysis. We constructed a simple fixed point type iteration
schemes. The iteration scheme was numerically verified to converge superlinearly for a model problem.
The shape linearization method was introduced as an approximation of the
Newton method. The technique of the shape linearization was confirmed to work
also for numerical approximations. In particular, the automatic differentiation
could be applied to calculate the shape sensitivities and to linearize free boundary
problems. However, the implementation of the discrete shape linearization was
not straightforward but required careful treating of normal derivatives of discrete
shape functions.
The discrete shape linearization method was tested numerically for three
different examples. The first example illustrated the convergence properties of
different solution methods. Numerical results showed that the discrete shape linearization method converges characteristically like discrete continuous linearization methods. That is, the iteration starts with superlinear rate but the last iteration steps converge in a linear rate which depends on the mesh size. The
convergence accelerates slightly by refining the mesh. The second example was a
Die–Swell free boundary problem with the Navier–Stokes equations. It showed
out that the discrete shape linearization method works also for a free boundary problem with nonlinear and non scalar state equation. The third example
demonstrated the applicability of the discrete shape linearization method to an
internal free boundary problem. When applying the method the state solution
was relaxed to allow discontinuity of the solution on the free boundary. This approach seems to be more robust and generic compared to methods presented in
the known literature. For example Tiihonen [Tii98] proposed a trial method for
an internal free boundary problem, where the state solution remains continuous
over the free boundary. The proposed method was however restricted to cases
where the derivative of the state solution is continuous over the free boundary.
For our approach the continuity of the derivative is not necessary.
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Finally we want to point out some research issues that were left open in this
thesis.
Treatment of corner points. In this thesis we assumed and analyzed only sufficiently smooth cases. However, in practical calculations there often exist
stagnation points of edges of three materials or fluids [VB97, BS97]. The
question is, how this can be treated efficiently?
Convergence of the numerical method. It would be interesting to prove the actual convergence rates for the discrete shape linearization method. One dimensional example and the numerical examples indicate that the convergence rate is O(h), i.e. the convergence depends on the mesh size. This
could be turned to superlinear convergence rate by post–processing the solution at each step to obtain smoother approximation to the solution near
the free boundary.
3D cases. In the thesis only two dimensional models were presented. The presented methods are also applicable to three dimensional cases. Limiting
the shape sensitivity calculations only on the free boundary affects to the
efficiency of the assemblation of local matrices in a three dimensional case
even more than in the two dimensional case. This is because the matrices
corresponding to a three dimensional mesh contain more nonzero elements
since there are more shape functions supported on the same element. Further, the computational cost of elementwise discrete shape sensitivity analysis is increased as there are more nodal points that affect to the geometry
and for each nodal point there is one direction more to vary. For example,
Q1-element has 8 degrees of geometric freedom in 2D (4 nodal points, 2
coordinate directions) and 24 degrees of geometric freedom in 3D. On the
other hand Flucher and Rumpf [FR97] showed that the theoretical convergence rate for shape linearization in three dimensional case becomes slower.
Thus we can foresee that the discrete shape linearization will converge a bit
slower in 3D compared to full Newton method but the full Newton method
will take longer time for one iteration.
Time–dependent problems. Most common time dependent free boundary
solvers are based on the implicit solver with respect to state equation and
explicit solver with respect to the geometry. The velocity of the mesh is usually calculated along with the state equation. In this case there is no need
to use shape sensitivity calculations during the time steps. However, to
obtain unconditionally stable time discretizations for free boundary problems the geometrical quantities have to be treated implicitly. This concerns
especially the curvature terms like surface tension forces [Bän01]. This
necessitates the shape sensitivity analysis.
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YHTEENVETO (FINNISH SUMMARY)
Tässä työssä kehitetään tehokkaita ja käyttökelpoisia ratkaisumenetelmiä vapaan
reunan tehtäville. Työ koostuu mallitehtävien matemaattisesta analyysistä ja siihen pohjautuvasta menetelmän konvergenssitarkastelusta, vastaavan numeerisen toteutuksen esittelystä sekä numeerisista esimerkeistä.
Työssä tutkittavat vapaan reunan tehtävät ovat ylimääriteltyjä elliptisiä osittaisdifferentiaaliyhtälöitä. Ylimääritellyt reunaehdot voivat toteutua vain erityisessä geometriassa, joka ratkaisee yhtälöillä kuvatun vapaan reunan tehtävän.
Vapaan reunan tehtävät ovat luonteeltaan vahvasti epälineaarisia, joten niitä ei
voi ratkoa suorin menetelmin. Vapaan reunan ratkaisumenetelmät ovat yleisesti
iteratiivisia ratkaisumenetelmiä, joissa tuntematon geometria ratkaistaan laskemalla sarja tehtäviä kiinnitetyissä alueissa.
Työssä esitetty ratkaisumenetelmä pohjautuu jatkuvan tason herkkyysanalyysiin sekä diskretisoitujen yhtälöiden automaattiseen derivointiin. Jotta diskretoidun yhtälön automaattinen derivointi vastaisi jatkuvalle yhtälölle tehtyä herkkyysanalyysiä, on elementtimenetelmää modifioitava.
Esitetyn menetelmän tehokkuus testataan ja havainnollistetaan numeeristen esimerkkien avulla.

