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1. Introduction

In this paper we apply the techniques used in the setting of terminal regular
b-groups by Kra [12,13] and Arés [3] to treat a related class of Koebe groups,
namely those that are constructed from hyperbolic triangle groups by AFP and
HNN constructions on maximal cyclic elliptic or parabolic subgroups. The main
result is a construction algorithm that gives a global complex analytic coordinate
on the quasiconformal deformation spaces of these groups and the interpretation
of this coordinate as a collection of “natural” gluing parameters associated with a
maximal partition of the quotient Riemann surface (with elliptic special points).
We also obtain an inside estimate of Teichmiiller space in these coordinates by
finding an embedded punctured polydisk. Finally, we use the construction algo-
rithm and some elementary geometric observations to find points on the boundary
of the punctured polydisks that are also boundary points of the deformation space.
The boundary points represent noded Riemann surfaces of the same topological
type as the points inside the deformation space.

In the following we briefly define the basic concepts used throughout the
paper. For more details about Kleinian groups we refer the reader to Maskit’s
monograph [17]. For hyperbolic geometry our main reference is Beardon [5].

A subgroup G C PSL(2,C) of Mébius transformations is a Kleinian group if
there is a point z € C that has a neighborhood U with the property that only
finitely many translates of U by elements of ' intersect U. The maximal set of
points in z € C with this property is the set of discontinuity or the ordinary set
of G denoted by 2(G).

If Q(G) has an invariant component A (a component of §2(G) such that
9(A) = A for all elements of G), G is called a function group. A function
group whose non-invariant components are stabilized by Fuchsian groupsis a Koebe
group. We consider a special class of finitely generated Koebe groups such that the
non-invariant components represent spheres with three special points. By a special
point we mean a puncture on the surface (the projection of a horodisk in Q(G)
invariant under a parabolic cyclic subgroup of G) or an elliptic special point (the
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projection of an elliptic fixed point in the set of discontinuity). G acts without
fixed points in the set

N°(G) = Q(G)\ {z | FA € G elliptic s.t. A(z) = z}.
For the fixed point-free part of the invariant set we use
A°(G) = A(G) N Q°(G).

Let G be a finitely generated Kleinian group. The ( Teichmiiller) deformation
space of G is

T(G) = {w: C — C quasiconformal | wo gow™' € PSL(2,C) for all g € G}/ ~,
where w1y ~ g if there is a transformation A € PSL(2,C) so that
wyogow;!=Aowyogow;'oA™! Vged.

If G is a Fuchsian group of the first kind representing Riemann surfaces of finite
analytic type (p,n), then T(G) can be naturally identified with T(p,n)x T(p, n),
where T (p, n) is the classical Teichmiiller space of Riemann surfaces of type (p,n).
Teichmiiller space has a natural complex analytic structure induced from the space
of Beltrami differentials (see Ahlfors [2]). In the general case of a finitely generated
Kleinian group Ahlfors’ finiteness theorem (first proved by Ahlfors in [1], see Bers
[7] for a different proof) says that the quotient

QG)/G =R

is a finite union of Riemann surfaces of finite analytic type. [[T(R;) is the uni-
versal covering space of T(G), so the deformation space T(G) inherits a complex
analytic manifold structure from the covering

®: [ T(R:) - T(G),

see Bers [6], Maskit [15], and Kra [11] for details.

Our aim is to find holomorphic embeddings of deformation spaces of Kleinian
groups into C™, where n is the complex dimension of T(G), such that given a
point in this embedding we can construct a Kleinian group that it represents in
T(G). Coordinates like this are often called non-variational. Also, we would like
to be able to read off some geometric properties of the corresponding Riemann
surfaces and hyperbolic 3-manifolds from the coordinates. Maskit introduced
coordinates like this in [16] for the deformation space of terminal b-groups. If G is
a terminal b-group, T(G) is isomorphic with T(A(G)/G), and T(G) is called the
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Maskit embedding of Teichmiiller space. Kra ([12], [13]) has described a geometric
coordinate system of the Maskit embedding and an algorithm showing how to
reconstruct the b-group from its image under the coordinate map. This work was
generalized by Arés [3] for terminal b-groups with torsion. These coordinates are
considered geometric, because they can be interpreted as parameters for the zw = ¢
plumbing construction with special “geometrically natural” local coordinates. In
this paper we extend this method to a larger class of Kleinian groups. Groups
of this larger class were already considered in [3] in the case that the groups
represent a Riemann surface of genus 0 with 4 punctures. Keen and Series [9] have
introduced a different geometric, real analytic coordinate system for the Maskit
embedding of T(1,1).

In special cases (Sections 3.2 and 8.1) we can find a second geometric inter-
pretation of the coordinates considered in this paper. By adding a new generator
we can form a Kleinian group G’ with no invariant component such that all the
components of Q(G) are equivalent under the group and the component stabilizers
are conjugates of the original group G. The new group G has a number of elliptic
axes that have non-cyclic stabilizers in G’. These axes project into the 3-orbifold
H? /G’ as circles, and the coordinates of G give the lengths of these circles and
the amount of “twisting” along the circles in H3/G’.

In the first part of the paper (Sections 2-5) we consider a very special class
of Koebe groups: The quotient of the invariant component is a compact Riemann
surface with elliptic special points (no punctures). The quotient surface is auto-
matically equipped with a pants decomposition, that is, a partition of °(G)/G by
a collection of simple closed curves corresponding to elliptic elements in the group,
into parts that are topologically spheres with three holes. These groups can be
constructed from a collection of triangle groups by a number of AFP and HNN
constructions involving elliptic cyclic subgroups. The constructions are treated in
detail in [17]. One of the reasons for this restriction is that we can write down the
generators of the Koebe groups in this class using algebraic expressions of

(1) hyperbolic sine and cosine functions of the hyperbolic distances between
elliptic special points on the quotient 2-orbifolds of the triangle groups
used in the construction. The distances are all finite, because the metric
on the spheres with three special points has only “mild singularities”,
and

(2) the gluing parameters that along with combinatorial data (encoded in
weighted graphs introduced by Arés in [3]) describe how the group is put
together from the original triangle groups.

Also, this is essentially the only case remaining after the work of Kra [13] and
Arés [3]. Using the results obtained in the first part and those of [13] and (3], we
define global coordinates in deformation spaces of Koebe groups constructed by
AFP and HNN constructions from a collection of hyperbolic triangle groups. We
give an inside estimate of the deformation spaces in these coordinates by finding
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a non-empty set of the form

I[si cr(T(@)),

where S; is a suitably chosen punctured disk or a half plane depending on the type
of the gluing (Theorem 3). The more general case involving also triangle groups
acting discontinuously in C and C will not be treated in this paper.

The plan of the paper is as follows: In Section 2 we outline the geometric
properties of hyperbolic triangle groups and the corresponding spheres with three
special points, some of which can be punctures. Following [13] and (3], we also
describe a system of “canonical” local coordinates at special points and punctures.

Section 3 deals with the AFP of two triangle groups and with the HNN ex-
tension of a triangle group by a loxodromic Mobius transformation. These basic
constructions are interpreted as zw = ¢ plumbing constructions in the local coor-
dinates defined in Section 2. Using methods of [14] we introduce a global complex
analytic coordinate in the deformation spaces of Koebe groups of types (0,4) and
(1,1). We show that the coordinate is geomeiric in the sense that it is closely
related with the plumbing parameter of the zw = ¢ plumbing that the group
realizes.

In Section 4 we prove an isomorphism theorem (Theorem 1) for one-dimen-
sional deformation spaces. This is the analog of Theorem 1 in [13] in the setting
of this paper.

The second part of the paper starting with Section 5 deals wilh parameters
of higher dimensional deformation spaces. In Section 5 we outline a construction
algorithm for the class of Koebe groups without parabolic transformations. This
algorithm and a version of Maskit’s embedding theorem (Theorem 2 in Section 6)
is used in Section 6 to prove an inside estimate by a product of punctured disks
for the deformation spaces of Koebe groups constructed from hyperbolic triangle
groups. The theorem gives an open set embedded in the image of T(G) of the

form
[Isicr(T@)),

where S; is either a punctured disk or a half plane depending on whether it cor-
responds to an elliptic or a parabolic gluing.

Section 7 illustrates the use of the construction algorithm. We construct all
finitely generated Koebe groups of type (2,0) with a maximal partition and no
parabolics and only hyperbolic triangle groups as structure subgroups. We also
give an interpretation of the parameters of Example 1 in terms of the geometry of
an associated hyperbolic 3-orbifold.

In Section 8 the examples of the previous section are used to show that the
estimate of Theorem 3 is sharp in the following sense: If G is a Koebe group of
type (p,n) with p > 1, then there is a parameter

0 € a( I1 si) n 8<T(T(G))>.
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We also note that our methods show that Kra’s estimate for the deformation spaces
of terminal b-groups ([13] Theorem 8.6) is sharp in the same sense.

The methods used in this paper are for the most part very similar to those
in Kra’s work [12], [13] on horocyclic coordinates of Teichmiiller space, parts of
the Earle-Marden manuscript [8] and Arés’ thesis [3]. The coordinates are defined
by the stratification method described in detail by Kra and Maskit in [14]. A
treatment of deformation spaces of Koebe groups from a slightly different point of
view can be found in [4].

Notation

The signeture of a Riemann surface X is given by (p,n;vq,...,v,), where p
is the genus of X', n is the number of special points and the numbers v; € NU{oco}
give the order of the special point, the value v; = oo corresponding to a puncture.
The pair (p,n) will be called the type of X, and for a sphere S with three
punctures we call (v1,v,v3) the signature of S.

C The extended complex plane CU {oo}.

D The unit disk {z € C | |z| < 1}.

D* The exterior of the unit disk {z € C | |z| > 1}.

H The upper half plane {z € C |Imz > 0}.

H* The lower half plane {z € C|Imz > 0}.

3 The upper half space {(z,t) e Cx R |¢> 0}.

cr(a, b, c, d) EZ:Q %—3}8) the cross ratio of four points.

PSL(2,C) Complex 2 x 2 matrices with determinant 1 and +A
identified.

|A| The order of a Mobius transformation A.

fix;, A, fixp A The left/right fixed point of the elliptic transformation A.

Ax A The axis of a Mobius transformation A in H?.

Isom(B) The isometric circle of B.

Q(G) The set of discontinuity of the Kleinian group G.

A(G) An invariant component of the Koebe group G.

T(G) The Teichmiiller space of the Kleinian group G.

T(p,n) The Teichmiiller space of Riemann surfaces of type (p,n).

(G1,...,Gm) The group generated by Gy,...,Gp,.

R(vyi;v9,v3) The maximal radius of a round orbifold disk, see (2.2).

r(vy;va, v3) The radii of pairwise tangent orbifold disks, see (2.6).

h(vy,vs) The horocyclic radius of a punctured disk, see Lemma 2.5.

2. The geometry of hyperbolic triangle groups

In this section we set the notation for normalized Fuchsian triangle groups
and list some elementary properties of hyperbolic triangles. Let I' be a triangle
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group of signature (v1,vs,v3) such that

1 1 1
—+ —+ — <1
141 Vg V3

If A and B are primitive elliptic transformations that generate I' and satisfy
|Al = vy, |B|=w2, and |AB| = v3,

we call them canonical generators of T'.

We need to distinguish between the two fixed points of an elliptic transfor-
mation: Let x be a fixed point of an elliptic Mobius transformation M of order
at least 3. We call z the left fized point of M,

T = ﬁXL M,
if for any point y € C not fixed by M the cross ratio
cr(z,y, My, M?y)

has positive imaginary part. The other fixed point is the right fized point of M ,
denoted by fixg M.

The above definition does not work for order 2 elliptics. To make a consistent
choice of left and right fixed points we use the following elementary observation:

Lemma 2.1. If A and B are elliptics of orders greater than 2 that generate
a hyperbolic triangle group T' with AB an elliptic of order greater than 2, the
fized points fix;, A, fix;, B and fixg AB are in the same component of Q(TI).

In a hyperbolic triangle group, at most one of A, B and AB can have order
2. We define the left and right fixed points of an elliptic of order 2 (as a generator
of a fixed hyperbolic triangle group) so that the fixed points of A, B and AB
satisfy the above relation.

A hyperbolic triangle group I' = (A, B) is said to be normalized if

(1) T acts in the unit disk D,
(2) A and B form a pair of canonical generators, and
(3) fixp A=cc, fixp A =0 and fix; B fixg B > 0.

Sy 1Xj /A =00, IIXp A nx
Fach hyperbolic triangle group I' has a fundamental polygon for its action in
D (or in D*) that consists of two copies of a triangle with angles /vy, 7/vy and
m/vs. In the case of normalized triangle groups with A elliptic, the boundary of
the polygon can be taken to consist of parts of two lines from the origin separated
by an angle of 27/v; and by the isometric circlesof B and B~!. (If

r= (¢ 3)
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with ¢ # 0, the isometric circle of 7', Isom T is the Euclidean circle with center
—d/c and radius |¢|7!.) It is easy to see that the quotient 2-orbifold

Q(I)/T = (D/T) U (D*JT) = S; U S,

is the disjoint union of two spheres with three special points P}, PZ P3 e S;, of
orders vy, vy and vs, respectively. The orbifolds can be thought of as two copies of
the triangle glued together along the corresponding edges, and the vertices of the
triangles correspond to special points on the orbifold with less than a full angle.
The hyperbolic cosine rule ([5], Section 7.12) gives

cos(7 /v;) cos(m[vy) + cos(n/v;)
sin( /v;) sin(7 /vi)

(2.1) coshd; =

for the distance d; of two special points Plj and Pf on S; for {i,j,k} = {1,2,3}.
With this notation we can write the canonical generators in a simple form
(See Arés [3] for more on canonical generators of triangle groups.)

M e—i7r/u1 0
o 0 eiﬂ'/l’l ’

<isin(7r/1/2) cosh dz — cos(n/vs) —isin(7/vy) sinh d3 )

isin(w/vy) sinh ds —isin(7r/vy) cosh ds — cos(m/vs)

and

All calculations with matrices in this paper are done in PSL(2,C): matrices rep-
resenting the same Mobius transformation will be identified.
The fixed points of the elliptic B(vy,vq,v3) are

fix; B = coth i?i _ cos(m /vy — w/vg) + cos(m/vs) ’
2 cos(m /vy + w/ve) + cos(wr/v3)

and

fixp B — tanh ds _ cos(m /vy + w/vg) + cos(n/v3)
2 cos(w /vy — 7w /vg) + cos(/vs)
on the positive real line. We have:

Lemma 2.2. Let I' be a hyperbolic triangle group with finite branching in-
dices. Then p
cr(fixg A, fixg B, fix;, B, fix;, A) = coth? §

The following simple lemmas on hyperbolic triangles or, equivalently, on
spheres with three special points will prove useful (notation as in Figure 1):
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Lemma 2.3. Let S be a sphere with three special points with hyperbolic sig-
nature (v1,va,v3). The maximal radius of a round orbifold disk centered at the
special point P; 1s

(2.2) R = R(vi;vj, ) = arsinh (sinh(dk) sin 1—) .

1% 'j

Proof. Let v be the shortest geodesic arc joining the vertex with angle P;
to the opposite side. The hyperbolic sine rule gives the hyperbolic length of this
segment: (see Figure 1)

sinh R = sin (6;) sinhds. O

We will also need the following Fuclidean estimate to estimate gluing param-
eters in Section 3:

Lemma 2.4. Let K be a hyperbolic triangle with angles 61,02 and 03. If
the vertex with angle 61 is at 0 in the unit disk D, the Euclidean distance from
the origin to the side joining the two other vertices s

R +/sin?fysinh®dy +1 -1

(2.3) tanh

92 sin 05 sinh ds

Figure 1. A hyperbolic triangle with finite angles. Notation as in
Lemma 2.3 with 6; = 7 /v;.
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There is a unique simple geodesic arc v on D/T" joining any two of the three
special points (elliptic special points or punctures), P; and P; . We can use this
property to define a nice coordinate in a neighborhood of a special point as follows:
Let D,, = D/(z — e%7/¥) be the disk with one special point of order v;. The
metric on D, is

‘ __2ag
24 B I

If P; is an elliptic special point of order v; we say that an injective holomorphic
map f: U — D,, from an open neighborhood U of P; is a natural coordinate at P;
relative to P;,if f(P;) =0 and f maps the geodetic segment yNU isometrically
into the positive real line in D, .

If P; is a puncture, we say that an injective holomorphic map f: U — D\ {0}
from an open punctured neighborhood U of P; is a naturalor horocyclic coordinate
at P; relative to Pj, if f(P;) = 0 and f maps the geodetic segment vy N U
isometrically into the positive real line in the metric

(2.5) ds = — _lad
<1 log [¢]
of the punctured disk.

The natural and horocyclic coordinates at elliptic special points and punctures
are uniquely defined as germs of analytic functions, see Kra [13] and Arés [3]. By
choosing the normalization of I' properly it is easy to find the coordinate maps
explicitly. The following lemma will be used in Sections 5-7 to give an estimate
of Teichmiiller space in the coordinates defined in Section 6. It is a trivial fact
(valid in any geometry) that if T is a hyperbolic triangle with vertices vy, vy, v3
and angles 7/v; at vertex v;, then the hyperbolic disks centered at the vertices
v; with radius r; are all pairwise tangent if and only if

(2.6) ri = (v vy, v) = W,
where d; is the length of the side opposite the vertex v; given by (2.1).

If some of the vertices of T have angle 0, the triangle has sides of infinite
length, and (2.6) does not make sense. In these cases we can use horocyclic
coordinates at the vertices at infinity (or equivalently at the punctures of the
sphere with three special points obtained by gluing two copies of T together) to
measure the “length” of half-infinite geodesic arcs ending at the punctures. The
analog of (2.6) for triangles with some of its vertices at infinity is:
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Lemma 2.6. If o triangle T has vertices at infinity, the following triples

of hyperbolic or horocyclic radii of disks and horodisks give an arrangement of
pairwise tangent disks and horodisks:

(1) If T has angles w/vy1, m/ve and O at the vertices vy, ve and vz, then
the radii are

d :
r1 = r{v1;ve,00) = 3 + log \/—

)
)
) | d sin(7/vy)
T = T(VQ,Vlaoo) - 5 + IOg \/—S_%,
and

—— -1
: T .
(2.8) hs = h(vy,v2) = exp (—re% \/sin I sin - <cos — + sin —) ) .
V1 2 1 V2

(2) If T has angles m/v, 0 and 0 at the vertices v, ve and vz, then the

(2.7)

radii are
(2.9) r1 = 7(v; 00,00) — — logsin %;,
and
T
(2.10) hy = h3 = h(oo,v) = exp <_m2—v)> .
(3) If all the angles are 0, then
(9..11) h,l = h/Q = }73 = ,(O0,00) =e "

Proof. Case (3) is treated in [13] Proposition 1.6, For the proof of (1) we
use the upper half plane model and normalize so that the vertex with angle 0 is
at oo and the finite vertices are on the unit circle:

™ L. T
Y] = COS — + 181 —,
1231 141

and
m .. T
Uy = —COS — + 2SN —.
Vo 12}
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For this normalization the horocyclic coordinate at the puncture on the corre-
sponding sphere with a puncture and two special points is

z=exp (iﬂcos(ﬂ'/l/l) i cos(7r/V1)> '

We need to solve the pair of equations

Ty + ro = dist(vy, v2),

r1 + logsin(w/vy) = o + logsin(w/vy),

where the latter equation is the condition that the points on the circles of hyper-
bolic radii r; at v; have equal imaginary parts, i.e. are on the same horocycle at
infinity.

In case (2) we can use the fact that there is an orientation reversing isometric
involution of T that exchanges the vertices at infinity. We are looking for an ar-
rangement where the horocycles are tangent at the “midpoint” of their connecting
geodesic fixed by the involution. We normalize the triangle so that the vertices
with 0-angles are at co and 0 and the finite vertex is v; = cos7/2v + isinw/2v.
The solution of case (2) is given by the arrangement where the horocycle at oo
goes through ¢ and the other two are tangent with it. This immediately gives the
expression of r; as the hyperbolic distance of v, from the line {Imz = ¢}. The
horocyclic coordinate at co with respect to 0 is now

z = exp <mms(7fw> . O

3. Elliptic gluing and 1-dimensional deformation spaces

In this section we use parameters coming from the zw = ¢ plumbing construc-
tion to define global complex analytic coordinates on deformation spaces of Koebe
groups of types (0,4) and (1,1). This is done by interpreting group theoretical
constructions on triangle groups as plumbings of Riemann surfaces with special
points.

3.1. The zw = t plumbing construction. In this section we briefly
describe the zw = t plumbing construction and show how it can be used to produce
“geometric” complex analytic coordinates on a class of 1-dimensional deformation
spaces. The construction is discussed by Kra [13] and Earle and Marden (8] in
the case of thrice punctured spheres. Arés [3] treats the case of gluing across
maximal cyclic parabolic subgroups of terminal regular b-groups and the AFP
of two hyperbolic triangle groups of signature (v, 00, 00) across elliptic maximal
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cyclic subgroups. In this paper we consider the general case of hyperbolic triangle
groups. The following construction is, however, quite general.

Let X be a (possibly disconnected) Riemann surface of finite analytic type.
Choose two points z;, z2 in X and local coordinates

z:U; - C and w:U; — C,
where U; is a neighborhood of z; and
z(z;) = 0 = w(xy).

Assume there are annuli 4; C {/; and a holomorphic homeomorphism f: A; — Aq
so that (see Figure 2)

2z)w(f(z)) =t

for some constant ¢ € C and f maps the outer boundary of A; (the component
of 8.A; closer to the point z;) to the inner boundary of A; (the component of
0A; farther from z,). The outer boundaries bound disks on X . Remove these
disks to form a new Riemann surface Xi,unc. Define

Xt = Xtrunc/ ~y
where the equivalence is defined
e~y = z(z)w(y) =t.

We say that X; was obtained from X by the zw =t plumbing construction with
plumbing or gluing parameter t.

Lemma 3.1. Let S be a (possibly disconnected) Riemann surface. Let U C
S and V C S be two disjoint open sets and z: U — C and w: V — C be local
coordinates with z(P) = 0 = w(Q). If D(0,r;) C z(U) and D(0,r2) C w(V),
and t € C satisfies
|t] <71 To,

then it is possible to do the plumbing construction for the parameter t at P, and
Q1 and the construction is limited inside the disks of radii 1 and ro at P; and
Q1 respectively.

Proof. The proof is exactly the same as for the case of horocyclic coordinates
at punctures in Kra [13].

We cut off a disk of radius |t|/ro at P and a disk of radius [t|/r1 at @. The
gluing annuli are non-empty, since we assume that

[t|/r2 < 11
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A

Figure 2. The zw = t-construction.

and
|t|/’l"1 < 7a.

Clearly the annuli are inside disks of radii r; and 72 (see Figure 3). O

The following trivial observation will be useful in the examples later: If we
use natural or horocyclic coordinates and do the zw = t plumbing construction at
the special point or puncture for a t > 0, points on the geodesic that is mapped
into DNRy by z are identified only with points that are on the geodesic that is
mapped into DNRy by w.

3.2. The AFP construction. We start with two spheres S; and S5, with
three special points of signatures (vq,vs,v3) and (vq,v4,vs) respectively. Let
I'y = (A, By) and I'y = (A, By) be normalized triangle groups uniformizing S
and S5.

Let A € C be a complex number with |A| > 1 and

Thz = Az
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~ 4—;}1&/ - “ w-plane / /

Figure 3. The 2w = t plumbing construction restricted to the disks
of (2.6) and Lemma 2.5.

Define
To(A2) := ThDo Tt = (A, By y2),

where (using the notation d = ds(v1,vy,vs))

By e = ThBT ' =
isin(m/v4) coshdy — cos(m/vy) —iA? sin(m /vy4) sinh df
% sin(7/vy) sinh d —isin(m/v4) coshdy — cos(m/vy)
@®bviously
D(0, |A[)/1'2(A%) = Sa.
Consider the group

G1(X?) = (1, Ta(A\%)

generated by I'; and I'(A?). Maskit’s first combination theorem ([17], Theorem
VIIL.C.2) implies that G1()\?) is the amalgamated free product of T'; and T'y()\?),
if we can find a Jordan curve W C D(0, |A|2) \D that is precisely invariant in both
I'; and T'z under the cyclic group (A), that is,

(1) the powers of A map W into itself, and
(2) WngW) =90 forall yeT;\(A).
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We will use Lemma 2.4 to find a condition for the existence of a precisely invariant
round annulus A C D(0, |A\|?) \ D. The existence of this annulus guarantees that
the quotient surface is a sphere with four special points. In Section 3.6 we will
show that this estimate is sharp if I'; = I's. Let D; be the a fundamental polygon
of I'; in D and D* obtained by taking the intersection of the sector

{zE@I—igargzg—ﬂ—}
V1 vy

and the common outside of the isometric circles of B and B~!.

Figure 4. The fundamental domains of an AFP of two hyperbolic
triangle groups with a gluing parameter ¢ € C \ R. The fundamental
set extends to infinity in the sector. C; and Cs are the isometric circles
of B and B~!.

Lemma 3.2. Let I'y = (A, B1) and I'y = (A, By) be normalized hyperbolic
triangle groups of signatures (v1,v2,v3) and (vi,vy,vs). If

R(v1;va,vs)
2 )

R(Vl; V27U3)

(3.1) |A|? > coth coth

where R 1s the maximal radius given by (2.2), then
Gl(/\Q) = <F1,F2()\2)> = Fl * A FQ()\z)
On the other hand, if

|N|? < max <C0th R(vi; VE’Vs),coth R(vi;va,vs)

2 )’
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then Gl(/\’z) is not quasiconformally conjugate with G1(\?).

Proof. For I'; the Euclidean distance from the origin to the isometric circles
of B and B! (see Figure 4) is tanh(R(vy;vs,v3)/2), so the points on these
circles with maximal distance from 0 have modulus coth(R(v1;v2,v3)/2) The
same applies for the conjugated group I';(A?) with the radii multiplied by [A[2.

The disk .
® \D (0, coth —(1/1,21/2, 1/3)>

is precisely invariant in I'y with respect to the cyclic subgroup generated by A,

and the disk
R(vi;va,vs) )

D (0, IA]? tanh 5

is precisely invariant in I'2(A\%) with respect to (A). Any circle in the annulus

R(v1; .
A=D <0, A2 tanh w> \D (g,coth M)

is precisely invariant under (A4) in both groups, so the conditions of Maskit’s first
combination theorem are satisfied if

cothR(l/l;—;?’Vs) < |A|? tanh

Rwis va, vs)
This proves the sufficient condition for the group to be the AFP of the original
triangle groups.

If G1(M\'?) is a quasiconformal conjugate of Gy(A?) for a parameter A sat-
isfying the condition (3.1), then D is precisely invariant in Gl(/\’Q) under T';.
If |X|2tanh(R(vy;vs,v5)/2) < 1, then the isometric circles of By and By' in-
tersect D. In particular, the points closest to the origin on the isometric circles,
p1 € Isom(B,) and p; € Isom(B; ') are in D. Obviously Ba(pz) = p1. Thus D
is not precisely invariant under T’y in Gy (N 2). Onc obtains the second condition
similarly by looking at the outside disk C\ A\?D. O

The group G;(\?) = (['1, ['2(A\?)) has an infinitely connected invariant compo-
nent. A representing a sphere with four elliptic special points with indices vo vy 14
and wvs. The elliptic element A corresponds to a simple closed curve on A/T':
Inside the annulus A there is a simple closed curve W that is projected to a
simple closed curve on A/T .

All the other components are divided into two infinite families of disks sta-
bilized by conjugates of the triangle groups I'; and Ty, so Q(G1(A?))/G1(A\?) is
the disjoint union of a surface of type (0,4) and two surfaces of type (0,3).

It is now easy to check that we have constructed the surface A/G1(\?) by
a zw = t plumbing: Let p;: D* — S; be the canonical projection. The special
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Figure 5. The limit set of a Koebe group G;(A?) constructed as the
AFP of two triangle groups, both of signature (6,6,6), with A =1.4.

points of S; are projections of the fixed points of elliptic transformations of T';
in D*. On S; the special points are

P! = pi(c0), PE=pi(fixy B;) and P} = p(fixg AB).
The special points on Sy are
Py =py(0), P§=pa(fixp Byxe) and PP = py(fixy ABy y2),

where p,: (0, |A|?) — Sz is the canonical projection.

A neighborhood U of oo is projected to a neighborhood U of the special
point P}. We get the expression in U of the natural coordinate z at P} relative
to P2 as follows: Choose a branch of p;! with values in U and define
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The coordinate can be analytically continued to the complement in S of a simple
curve connecting P? and P}.

Similarly, we choose a branch of p5 ! with values in a neighborhood of 0 and
find an expression for the natural coordinate w at Pj relative to P2 as

mm=@%@f7

If A\? satisfies the conditions of Maskit’s first combination theorem, we clearly have

the relation
B 1 vy V1 1 vy
i3 (5) (3~

for all points P in a non-empty precisely (A)-invariant annulus on the invariant
component A, and thus on its projection to A/G;, which is an annulus as well.

Remarks. (1) The value of the plumbing parameter ¢ depends on the choice
of natural coordinates at I’} and I}: The natural coordinate 2z’ at I} relative
to P} is given by

(3.2 = (5] =
2 A = — = —Z .
P1 I(P)
(2) If v; = v3 and vy = vy, there is a second geometric interpretation of the
parameter A: The group
Gy = (T, T))

is a Kleinian group with no invariant components. All its components are equiva-
lent under the action of G, they are images of the invariant component A of the
subgroup G;. The stabilizer of the axis a = (z,t) € H? | z = 0 of T is generated
by T\ and A, so its projection in the 3-manifold H3/G/ is an orbifold locus
homeomorphic to S'. The length of this circle is 21log ||, and the imaginary part
of the parameter describes the “twisting” in the 3-orbifold along this circle. This
construction is similar to the Kleinian group constructions described in [8].

3.3. Deformation spaces of type (0,4).

Lemma 3.3. Let \g be a complex parameter such that
G1(A9) = (1, T2(A8)) =Ty %4 T2 (A3),

and G1(A\2) represents a Riemann surface of type (0,4) on the invariant compo-
nent. Let w € [w] € T(G1(A\2)) be a deformation normalized to fix the limit points
1, @ and —1. Then the map

[w] + fixy (wBy y2w™ )
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is a holomorphic injection of T(G1(A\3)) into C.

Proof. ([14]) The triangle group I'; has no moduli, so wAw~™! = A and
wByw™! = B;. The group wlyw™! is a triangle group generated by A and
wByw™!. The generator A is known, and we know the orders of By and ABj,
and one of the fixed points of By. The fact that A and B generate a triangle
group again implies that this is enough to fix B uniquely, and this fixes G(\3)
uniquely as a point of the deformation space. []

To get a coordinate independent of normalization, we note that A? can be
written as a cross ratio of fixed points:

fixp B
(3.3) cr(fixg By xe, fixy A, fixg A, fixg By) = A2 B2
’ ﬁXR Bl
or
fixg B
(3.3’) CI‘(ﬁXL 32 Az,ﬁXL A,ﬁXR A,ﬁXL Bl) = )\QM.
’ fixp Bo

The constant
fixg By _ tanh(d3/2)

fixp By  tanh(dz/2)

is completely determined by the geometry of the two spheres that are glued to-
gether, it does not depend on the normalization of the triangle groups.

Definition 3.1. Let A, B;, and B; be a set of generators for G; that
satisfies
(1) (A,By) and (A~1, By) are pairs of canonical generators for triangle
groups of signatures (vy,vq,v3) and (vq,v4,vs),
(2) G1=(A,B1)*a (A7}, Ba),
(3) the part of A/G; corresponding to (A, By) lies to the right of the di-
viding curve a C A/G; corresponding to A.

Let [w] € T(G1). The gluing coordinate of [w] in T(G,) is

- - _1y tanh(ds/2
A([w]) =er (fixg wByw™", fixp wAw ™, fixg wAw™", fixp wBiw ™) tanhgd:g;?;
tanh(ds/2)

= cr (wfixy, By, wiixg A, wiixp A, wiixg By) ————>¢ tanh(ds/2)

As a result we get



20 Jouni Parkkonen

Corollary. A? is a holomorphic non-variational global coordinate in T(G1).

Remarks. (1) This definition of a coordinate in deformation space is closely
related to Kra’s work on terminal b-groups in [13]. For torsion-free terminal
b-groups the horocyclic coordinate of T(0,4) is expressed in an invariant form
as the cross ratio of four parabolic fixed points, one of which is the accidental
parabolic corresponding to the “plumbing curve” and the others correspond to
three punctures on the sphere. In the expression above, we have both fixed points
of the elliptic element that plays the role of the accidental parabolic and two elliptic
fixed points that correspond to special points on the quotient 2-orbifold. The
coordinate can be calculated from the cross ratio without ambiguity, as changing
the order of the groups I'y and I'; does not change the value of \2.

(2) The same formula applies even for parabolic B;, just replace the left and
right fixed points in the expressions by the parabolic fixed point.

3.4. The HNN extension. Let S be a sphere with three special points of
signature (v1,vq,v3). Let I' = (A4, B) be a normalized triangle group uniformizing
S. In order to extend I' to a Kleinian group uniformizing a torus with a special
point of order vz, we look for a loxodromic element C' with the property that the
group generated by I' and C is the HNN extension of T':

(I,C) =T %¢ .
In order to have the required property
CB~lc1 = 4,
the transformation C' must map the fixed points of B to the fixed points of A:
C(fixg B) = fix; A = 00,

and
C(ﬁXL B) - ﬁXRA = 0.
This means that C' must be of the form

[ Tsinh(d3/2) —Tcosh(dz/2)

C.=11 1
—cosh(ds/2) ——smh (d3/2)
pu

(T 0 sinh(d3/2) —coshd3/2)\ TH

0 —/ \ cosh(ds/2) —sinh(d3/2) /

where 7 is a complex parameter and H a half-turn conjugating B~! and A, and
an isometry between D and D*. It is clear (see Figure 6) that the requirements of
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S

T

Figure 6. A fundamental set of Go(72) for |7| > coth(ds/4).

the second combination theorem ([17],Theorem VILE.5) are satisfied for || big
enough.
In fact, we get the following estimate for the parameter 7:

Lemma 3.4. (I',C;) =T'x¢c, if
d
(3.4) |7| > coth —45

Proof. A disk D of hyperbolic radius r < d3/2 at fix; B is mapped by
the canonical projection to an orbifold disk at the special point corresponding to
fix;, B on D*/T". This follows from (2.6), since for triangles with signatures of the
form (vq,v1,v2), the radii given by (2.6) are (dp =ds)

ds

7'1:7'227.

D is mapped by H to a disk of the same hyperbolic radius at 0. The Euclidean
radius of the image is tanh(r/2). This means that the Euclidean radius of the
disk C,(D) is |7|?tanh(r/2). The complement of C,(D) is a disk of hyperbolic
radius 2 artanh(|7|~2coth(r/2)) at co. If

d
(3.5) 2 artanh (]Tl_2 coth%) < ?gé’
the disk C \ C;(D) is projected to an orbifold disk disjoint from the projection of
D, and the conditions of the second combination theorem ([17],Theorem VILE.5)
are satisfied. Clearly we get (3.5) from |7| > coth(ds/4). O
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The group '+, has one invariant component representing a torus with an
elliptic special point of order v3. The conjugate elliptic elements A and B corre-
spond to a simple closed curve on A/G; in the free homotopy class determined in
the case of the previous lemma by the projections (as point sets) of the boundaries
of D and C,(D).

Again we can interpret the group theoretic construction as a zw = ¢ gluing
using natural coordinates at the special points of order v;. The natural coordinate
at P! = p(fix; B) relative to P? = p(00) is

no_ ( sinh(ds/2)p~!(P) — cosh(ds/2)\ "
\ cosh(d3/2)p=1(P) — sinh(d3/2) ]

where we use a branch of p~! having values in a neighborhood of fix; B, and the
natural coordinate at P? relative to P! is (using a branch of p~! with values in

a neighborhood of oo) ,
I
wiQ) = <p“(Q)> '

If 7 satisfies the conditions of Maskit’s second combination theorem, there is a
non-empty annulus A C A around 0 that projects to an annulus around P! such

that AN C(A) =0 and

2(P) = (Zo(p™'(P)))

APy (p(C(e71(P))) = (Zo(o7'(P)))" (Z—(;—@) e
for Pe A.

3.5 Deformation spaces of type (1,1). For parameters 72 satisfying the
conditions of Maskit’s second combination theorem we define

Go(tH =T *C, -

Using techniques similar to those in Section 3.3, we get
Lewmma 3.5. Lel 19 € C be chosen so thal

(T, Crp) = e,
and let w € [w] € T(G2(78)) be a deformation normalized to fix the limit points
1, 7 and —1. Then the map

[w] = wCw™ (fixg wAW™) = w o C(fixg A)

is a holomorphic injection of T(Ga(¢)) into C.

2

We can express T2 as a cross ratio of four fixed points of the group Go(72)

as follows:

(3.6) cr(C,(fixg A), fixy A, fixg A, fixy B) = cr (72 coth —dg, 00, 0, coth d§> =72
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Definition 3.2. Let A, B and C be a set of generators of G, such that
(1) A and B canonically generate a triangle group, and
(2) CB~lCcl = A.

Let [w] € T(G2). The gluing coordinate of [w] is

7([w]) = cr(wCw™ (fixg wAw ™)), fix, wAw ™", fixg wAw ™!, fix, wBw™!)
=cr(wC(fixg A)),w fix;, A, wfixg A, wfix;, B).

We summarize this in

2

Corollary. 7° is a holomorphic non-variational global complex analytic co-

ordinate in T(G2).

3.6. Boundary points. Let I' = (A, B) a normalized hyperbolic triangle
group of signature (v1,ve,vs) canonically generated by A and B and let

G1 = G1(\?) = (I',T(A\?)),

and assume for simplicity that A is elliptic. If G; is an AFP of the two copies of
I', then
C=(By)'B

is a loxodromic element dualto A in G; with trace

1
tr C =2 cos? T + ( 2cosh?ds — [ A2 + = | sinh? d3 ) sin® x
1) /\2 1]

(3.7) =2+ 2sinh®* R — <>\2 + Al—z) sinh® R,

where R is the hyperbolic distance between 0 and the geodesic connecting the
fixed points of B and AB in D given by (2.2).
Let

R
Ap = coth ok

It is a straightforward calculation to show that if A = A,, then trC = —2 and C
is parabolic with fixed point

fix C = e~™/?1 coth(R/2).

If both v»; > 2 and v, > 2, the boundary point A? € 9T(G1) can be
interpreted as giving a degenerated Riemann surface where the dividing geodesic
corresponding to the element C (see Figure 7) is pinched to a point: The set
of discontinuity of G1(A?) consists of four non-equivalent families of round disks
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stabilized by Fuchsian subgroups of G;(A\?). The Fuchsian groups are conjugates
of the original triangle groups T' = (A, B;) and T'(\?) = (4, Byz) of signature
(v1, v, v3), and two additional triangle groups

| = <B, (Bkz)_l> and Ty = ((AB)™, ABy)

of signatures (vz,v2,00) and (vs,vs,00) (with canonical generators). The group
generated by C' is a maximal cyclic parabolic subgroup of both I') and T'%. Denote
by A; the disk component of (G;) stabilized by I',. We can form a new invariant
set

At = Gi(A1 U AU {fixC}).

The quotient A*/G; is the union of two thrice punctured spheres and a point
P which is the projection of the fixed point of €. The neighborhoods of P are
projections of sets of the form By U {fix C'} 1) By, where B; is a topological disk in
A; precisely invariant under (C) in I',. Any neighborhood of P is homeomorphic
to the set

{(z,w) € C* | zw = 0}.

The point P is called a node, and A" /Gy is a Riemann surface with nodes.

If one of vy =2 or v3 =2, I'} or I'}, becomes a finite dihedral group and the
quotient space consists of just three spheres with signatures as above. The general
case of the AFP of two hyperbolic triangle groups of different signatures requires
a more involved treatment, which we will not attempt here.

Let Gy = (A, B)*c. asin Sections 3.4 and 3.5. Again, it is quite easy to see
that for the parameter

d
Tp = coth -3
4

the generator C. becomes parabolic, whereas for |7| > 7, it is loxodromic. The
invariant component splits into a collection of disks that are all equivalent under
the action of the group. The disks are stabilized by conjugates of the Fuchsian

group
I = (A"TCA,C7h),

which is a triangle group of signature (co,00,v3). The two parabolic canonical
generators of T are conjugate in Gg, so Gy represents a noded Riemann surface
of signature (1,1;v3).

3.7. AFP with dihedral groups. Let D,, be a v;-dihedral group gener-

ated by
—im /1) 0 0 i
(& 1
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(@) (b)

Figure 7. (a) The curves on the sphere A/G1(\?%) corresponding to
the generators and the word By 'B.

(b) The curves on the torus A/G2(7?) coming/from the generators A,
B and C.

Lemma 3.6. Let T’y be a hyperbolic triangle group of signature (vy,vq, v3)
and D, a finite dihedral group normalized as above. Then

G3(/\2) = <F1’ DV1 ()‘2)> =1I'1 *a DVI ()‘2)a

R .
|A|? > coth M
2
Proof. The exterior of the disk D (0, coth(R(v1; v, v3)/2)) is precisely invari-

ant under (A) in T'. For any A # 0 the set

D= {z€@||z|<|/\[2and —lr—gargzgf—}
141 141
is a fundamental domain of D, (A?), so it is clear that (0, coth R(vy; va,v3)/2) is
precisely invariant under (A) in D,, (A?), so the conditions of the first combination
theorem are satisfied if
R(v1;v2,v3)
5 :

|A|? > coth 0O

Again, using ideas of [14] we have
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Lemma 3.7. Let A\g be a complex parameter such that
G3(A3) = (L1, Dy, (A5)) = T %4 Dy, (AD),

and G3(\%) represents a Riemann surface of type (0,4) on the invariant compo-
nent. Let w € [w] € T(G3()\2)) be a deformation normalized to fix the limit points
1, ¢ and —1. Then the map

[w] — fixy, (wB,\zw_l)

is a holomorphic injection of T(G3(A2)) into C.
These results are needed in Section 4 in the proof of Theorem 1 on the iso-

morphisms between 1-dimensional deformation spaces in Section 4.

Remark. The group G3(A?) constructed above is an extension of I'y x 4 I'; (A?)
by the clliptic
N B (R 9
B = <¢/A 0 )

representing the hyperelliptic involution on A(G3(A?))/G3(A\?).

4. Isomorphisms of 1-dimensional deformation spaces

In this section we prove an isomorphism theorem for 1-dimensional deforma-
tion spaces. The method of proof is an explicit construction using the fact that
for certain Koebe groups of types (0,4) and (1,1), there is a group that contains
both of them as subgroups of finite index. This group is constructed by studying
the normalizers of these Koebe groups.

Let

G1(A?) =T x4 T(A?),

where T' = (A, B) is a normalized triangle group of signature (0, 3; vy, 2v9, 2v5).
Let N(G1(A\?)) be the normalizer in PSL(2,C) of G1(A?). The square root of A

is /2
~1T [ vy
1 [e 0

_ \
- \ 0 eiﬂ/?ul ) '
A simple calculation shows that
(4.1) A*BA™% = (AB)™,
SO )
Az € N(G1(AH)\ Gl(AQ).
Also the half-turn
Ex={ 2 ) en@p)
A i/x 0 nA I
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because
(4.2) E\AE\ = A™', and E5zBE) = Bjz.

These elements correspond to conformal automorphisms of the surface A/G1(\?)
that either preserve or reverse the dividing curve corresponding to the elliptic
element A. As a result we know that

G3 = (A%, B, E,\) C N(Gy),

and that G; C G3 is a subgroup of finite index.
Using (4.1) we get

(4.3) (A*B)? = (A’BA*)B = (A7BA™?)AB = id,
so G3 is the AFP of a triangle group
I" = (A3, B | |A%| = 2vy,|B| = 2vy, |A* B| = 2)
with a 2v4 -dihedral group
Dy, = (A3, Ey | |A%] = 20y, |Ey| = 2 = |AZE,|)
across the elliptic cyclic subgroup generated by Az, We proved in Section 3.7
that A\? is a global complex analytic coordinate of the deformation space T(G3).

Thus the identity map is an isomorphism between T(G1(A?)) and T(G3).
Again, using (4.1) we have

(4.4) (A%BA%> B-l= -2,

so the subgroup
I = (A%, BA?B™Y)

is a (2v1,2vy, v2)-triangle group acting on C \ S!. Let

C, =E\B'=
Asin(m/vy)sinh ds — A (sin(7/v2) cosh ds + icos(m/vs))
1 (sin(m/v2) coshds — i cos(m/vs)) —1 sin(m/v2) sinh dg '

We claim that
. 2 e AR o7
G2—<F ,C/\>—F *C'A'
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Figure 8. (a) Some of the Mobius transformations involved in the
construction of the isomorphism of Theorem 1. {b) The sphere with
four special points and the torus with one special point both cover the
same sphere with four special points, three of which are of order 2.

The assumption that G is a Koebe group representing a sphere with four special
points on the invariant component implies that there is a simple closed curve
W C A(G1) that is precisely invariant under (A) in both T and T'(\?) such that
each v € '\ (A) maps ext W into int W and each v € I'(A\?) \ (A) maps int W



Deformation spaces of Koebe groups 29

into ext W. A calculation using (4.2) shows that C} conjugates the generators
of T

(4.5) C\(BA™2B~1)C';' = E\B~'BA~:B~'BE, = A3,

so we only need to show that I'"" and C} satisfy the conditions of Maskit’s second

combination theorem. The left fixed point of BA~2B~! is B(co) € B(ext W).

Now C{(B(extW)) = Ex(ext W). We can clearly assume that E\(W) = W:

For big |A|?> we can choose W to be the circle with center 0 and radius |A|, for

general A\? we can use a quasiconformal image of W . This proves the claim.
The gluing parameter of G5 is

(4.6) cr(C(fixg A7), fix; A%, fixg A%, fix;, BA? B~') = cr(C(0), 00,0, B(c0))
_cot(m/vy) .COt(ﬂ'/Vg)) 2

=(A? (cothd —i—z,——),oo,O,cothd + 11—
( 8 sinh d3 ° sinh ds

so we have a map T(G;) — T(G2) defined by
Mo 2= )2
To see that this is actually an isomorphism of the deformation spaces, we can
construct the inverse by noting that
G3 = (Ga, Ex) C N(G2),

as Ey = C\B = (C,B)”" conjugates the generators A7 and C} of Gyto the
following elements of G4

(4.7) E\ATEy = A%,

and

48 E\CLE, =B~'ci'ciB~ ¢~ = B~2¢, " € G,.
A A A

We have proved

Theorem 1. Let G1 be a Koebe group of signature (0,4; 2vq, 2v5, 209, 2v5),
vo > 3, constructed as an AFP of two hyperbolic triangle groups across a mazimal
elliptic subgroup of order vy, and let Go be a Koebe group of signature (1,1;v5)
constructed as the HNN extension of a hyperbolic triangle group across mazimal
elliptic cyclic subgroups of order 2vy . Then in gluing coordinates the map

Ao = )22
is a complez analytic isomorphism between the deformation spaces T(G1) and
T(G2).
It can be shown that Gj is actually the normalizer of both G1(A%) and G,
in PSL(2,C).

Remark. The proof is just a modification of the proof in [13] in the case of
terminal b-groups.
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5. The construction of Koebe groups
for weighted graphs with finite weights

The previous sections dealt with the Koebe groups produced by one gluing
operation across an elliptic cyclic group. In this section we will look for conditions
for the gluing parameters that guarantee that further gluing construction can
be performed for the (possibly) remaining special points. This is a step toward
proving Theorems 3 and 4 in Section 6. These theorems generalize Theorem 1 in
[13]. Kra’s result states that given a trivalent graph G and a d-tuple of gluing
parameters (f1,...,tq) satisfying |t;| < e~2" for all i, it is possible to perform
the gluing construction for thrice punctured spheres. The generalization presented
here has more complicated conditions for the gluing parameters due to the presence
of elliptic elements of various orders.

5.1. Tame gluing constructions. The restriction to groups constructed
from triangle groups allows us to replace the signatures (as function groups in the
scnsc of Maskit [17], Chapter X) of these groups using a simpler combinatorial
object introduced by Arés in [3]: A weighted graph (see Figure 9) is a connected
graph such that

(1) every vertex S; has 3 edges (the graph is trivalent), and

(2) every edge a; is assigned a weight w; € {2,3,...} U {co}
If an edge a, does not end at a vertex in the set {Si,...,S,}, ax is called a
phantom edge.

Let G be a weighted graph. Let S; be a vertex and (wj, , wj,,w;,) the weights
of the edges at S; (if an edge ends at the same vertex S;, take the weight twice
in the list). Replace the vertex S; by a sphere with three special points of orders
wj,, Wj,, Wi, - Suppose that we are given a well-chosen parameter ¢, € C for each
non-phantom edge. Now we do the zw =t plumbing constructions for each non-
phantom edge using natural coordinates if the edge has finite weight and horocyclic
coordinates if the edge has weight co. The main objective of this section is to find
a concrete meaning for the word “well-chosen” used above.

W,

Figure 9. A weighted graph corresponding to a Riemann surface of
type (2,2).

The observations of Section 2 suggest a condition for choosing the disks and
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the annuli used in the plumbing construction: If the plumbing can be restricted
to the pairwise disjoint disks of radii =; given by (2.6) ( that is, if a point P is
not in any of the disks, then the equivalence class of P in the gluing construction
consists of one point), it is clear that we can use the remaining special points
to perform further plumbing operations that are restricted to the corresponding
orbifold disks.

Lemma 5.1. Let S and S’ be spheres with three special points with signa-
tures (v1,ve,v3) and (vi,va,vs). Let Py € S and Q1 € S’ be the special points
of index v1 and let 1 = r(v1;va,v3) and 1o = r(v1;v4,vs) be the radii of (2.6).
If t € C satisfies

V1

(5.1) t] < (tanh 2—1 tanh %)

then it is possible to do the plumbing construction for the parameter t at the special
points P; and Qi and the construction is limited inside the disks of (hyperbolic)
radii vy and r9 at P and Q1 respectively.

Proof. The result follows from Lemma 3.1, using natural coordinates at spe-
cial points. O

If all the gluings are restricted to happen inside disjoint disks on the spheres
S; the plumbing construction is called tame. Obviously, the conclusion of Lemma
5.1 holds even for the case S; = S with the restriction P; # Q1.

Remarks. (1) When we restrict the gluing to take place inside the disks of
Lemma 5.1, we get the same (sharp) lower bound for the absolute value of the
gluing parameter in the construction of Koebe groups of type (1,1). For type
(0,4) the bound is considerably larger than the sharp bound of Section 3.2. In
Section 7 we see that the estimate given by pairwise tangent disks is actually sharp
if we have more than one gluing.

(2) The second combination theorem guarantees that for each group G con-
structed by a number of tame plumbings from triangle groups, there is for each
elliptic fixed point x € A(G) a disk that is precisely invariant under Stabg(z)
in G. This means that the elliptic fixed points can be used for further gluing
constructions. Section 5.2 outlines an algorithm for this and Section 6 gives an
estimate for good gluing parameters.

5.2 A construction algorithm. Let G be a weighted graph. Assume that
the non-phantom edges are semicanonically ordered, that is, the k:th subgraph Ge
formed by the non-phantom edges ai,...,ax, and a number of phantom edges,
is connected for all k. A non-phantom edge a; of G can be of three different
types. To construct a Kleinian group corresponding to G and a gluing parameter
t € C%, where d is the number of non-phantom edges of G, each type requires
its own procedure. We present the methods for each type of gluing and refer
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to Kra [13], Sections 3 and 7.5, for a more detailed description of semicanonical
ordering and other details needed to devise a nice algorithm for producing Koebe
groups (terminal regular b-groups in [13]). Let us denote by G the Koebe group
constructed by k gluings.

Assume that all the vertices of G are hyperbolic: If wy,wq,ws are the weights
of the edges at a vertex, then

This restriction means that only hyperbolic triangle groups will be allowed in the
construction. This is done for technical reasons: The remaining cases (groups
acting on the sphere and on the plane) cannot be treated with methods of 2-
dimensional hyperbolic geometry.

‘I'ype L. 'I'he edge aj disconnects G (edges a2, as and as in Figure 9).
This corresponds to the AFP construction presented in Section 3.2. Choose a
primitive elliptic element A € Gr_y such that the special point on Q(Gr_1)/Gr_1
is the projection of the left fixed point of A in the canonical projection. We can
assume that A belongs to one of the triangle groups F' used to construct Gy_;.
There is a unique B € Gj..1 such that A and B generate F canonically. Let
72 be the gluing parameter. The new triangle group corresponding to the vertex
v € Gr\Gr—1 must have A~! and a parabolic or an elliptic By ¢ Gx_1 as canonical
generators. Now solve

tanh(d3/2)
2
= cr(fixy, Bo, fixy, A, fixg A, fixg B) ————=
T CI'( Xy D2,0Xy, A, NXR A, IXR )tanh(d/g/z)
for the left fixed point of Bs. Because we already know the fixed points of the
element A, we get By by conjugation from the standard normalization of Section
2.1. Sct

Gy = Gp_1 %4 (A, Ba).

An alternative way to determine 3, would be to use Lemma 2.2: We solve
the equation

cer(fixg A™Y fixg B, fixg, B, fixy A1) = coth?(d}/2)

for fixg B. This fixes By uniquely: We know both fixed points and the order of
Bs.

Type II. The edge a connects two distinct vertices of G but does not
disconnect the graph (edge a4 in Figure 9). We do an HNN construction to
produce a subgroup of Gi of type (0,4): The special points on (Gk—1)/Gk-1
that will be used in the gluing construction are the projections of the left fixed
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points of two elements A; and As. As in Type I we can assume that A; and A,
belong to triangle groups Fj with canonical generators A; and B; and F, with
canonical generators As and By used in the construction of G,_;. We have to
find a loxodromic C ¢ G}, that satisfies

CAJIC™ = 4y,

and the group
(A1, B1) #4, (CA,C™1,CB,C™H)

has gluing coordinate 7.
This reduces to solving for the Mobius transformation C' that satisfies

ﬁXL Ag — ﬁXR Al,
ﬁXR Ag (s ﬁXL A1

and
tanh(d3/2)

= ex(C(fixs, Ba), fixs, Ay, fixe A fixe Br) { s,

Set
Gk = (Gr_1,C).

Type III. The edge ai connects a vertex S; of the graph with itself. This
corresponds to the HNN extension of a triangle group as presented in Section 3.3.
Find A, B € G_, corresponding to the special points involved in the gluing, such
that they generate canonically a triangle group F' C Gi—; and their left fixed
points are in the invariant component A. Solve for a loxodromic C satisfying

C(fixy B) =fixg A,
C(fixg B) =fix; A

and
% = cr(C(fixp(A)), fix, (A), fixg (A), fixy, (B)).

Set
Gk = <G}C_1, C)

If we drop the requirement that our group must have an invariant component,
we can reduce Type I to a HNN construction similar to Types II and III in the
special case when the subgraph of type (0,4) has equal weights at both ends. In
the case of parabolic cyclic subgroups similar constructions are used by Earle and
Marden [8] and Kerckhoff and Thurston [10]. We have
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Type I’. Find A and B as in case I. Solve for the Mdbius transformation
C' that satisfies

and
7% = cx(C(fixg By), fixy A, fixg A, fixg B).

Set
;c = <Gk—1> C>

If we use construction I’ instead of I we can get the Koebe group by taking the
stabilizer of a component that projects to the Riemann surface Sy .

In the following section we use the simple observations of Sections 2 and 5.1
in the setting of deformation spaces.

6. Deformaltion spaces of Koebe groups
constructed from hyperbolic triangle groups

In this section we find a condition on the gluing paramecters associated to the
edges of a weighted graph G that are sufficient to guarantee that the group G
constructed by the algorithm of Section 5, even allowing parabolic gluings, will
give a Koebe group of the correct analytical type. We start with the observation
that an analog for Maskit’s embedding theorem ([16],[12]) for terminal regular b-
groups can be proved for the class of Koebe groups constructed from hyperbolic
triangle groups, and that the proof in [12] applies in this case as well. We also
use the results of the previous section and those of Kra [13] and Arés [3] to find
a non-empty open set in the deformation space of the groups constructed from a
collection of hyperbolic triangle groups by AFP and HNN constructions. First we
review some basic definitions and results on the structure of Koebe groups from
[17], Chapter X.

Let G be a finitely generated Koebe group constructed from hyperbolic trian-
gle groups. There is a maximal collection £ = {A;,..., Aq} of equivalence classes
of elliptic and parabolic elements in (& that correspond to simple closed geodesics
{ai,...,aq} on the quotient surface A/G. By construction ¥ is a mazimal par-
tition of A/G: the components of A°/G\ (Uja;) are topologically spheres with
three holes. The connected component of A/G \ (U;zi0v;) containing a; is the
modular part T; of .

The components of the preimage of A°/G \ (Uja;) are structure regions.
Each structure region is stabilized by a structure subgroup of G. In the groups
considered here the structure subgroups are conjugates of the triangle groups used
in the construction.

The common boundary of two adjacent structure regions is a component of the
preimage of one of the curves a; € ¥. The preimages of modular parts are modular
regions, and their stabilizers are modular subgroups of G. If the modular part is
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of type (1,1), then the modular group is an HNN extension of a triangle group
stabilizing a structure region in the modular group. For type (0,4) the modular
groups are AFP:s of two structure subgroups across an elliptic or parabolic cyclic
subgroup generated by a conjugate of A;.

We want to define coordinates on the deformation space of a Koebe group G
of the type described above. The following theorem is a fundamental observation:

Theorem 2 (The Maskit Embedding Theorem). Let G be a finitely
generated Koebe group constructed from hyperbolic triangle groups. Let G1,..., Gy
be a mazimal collection of non-conjugate modular subgroups of G. Then the map

d
m: T(G) - HT(Gi)

defined by
T(G) 3 [w] — ([w),...,[w]) € [[ T(G.)
1S 1njective.
Proof. The proof given by Kra in [12] for the case of b-groups (the Maskit
embedding of Teichmiiller space) applies also in this setting. Let Ay,..., 43 € G
be a maximal collection of non-conjugate primitive elliptic or parabolic elements

corresponding to simple closed curves on the Riemann surface A(G)/G. Now the
proof in [12] gives the theorem. See Arés [4] for a discussion of the theorem. O

This result means that we can use the coordinates of the 1-dimensional de-
formation spaces to define coordinates on the deformation space of any finitely
generated Koebe group constructed from hyperbolic triangle groups. For elliptic
gluing we use the 1-dimensional gluing coordinates (Definitions 3.1 and 3.2). For
parabolic gluings we recall the definition of horocyclic coordinates of 1-dimensional
Teichmiiller spaces from [13] and [3]:

6.1. Terminal b-groups. Let G be a Kleinian group. G is a b-group if
it has a simply connected invariant component A. G is called terminal if A/G
is a Riemann surface of type (p,n) and (2(G)\ A)/G is the disjoint union of
2p+n—2 spheres with three special points (some of which must be punctures) with
hyperbolic signatures. In this subsection we briefly review the parametrization of
1-dimensional deformation spaces of terminal b-groups following [13] and [3].

Terminal b-groups of type (0,4) can be constructed as AFP’s of two triangle
groups across a common maximal cyclic parabolic subgroup. Let I'y = (Ao, (B1)o)
and Ty = (A", (Bs)o) be triangle groups acting in H and H* with Ag(z) = z+2
parabolic. Let

To(r) = TToT 1,

for T(z) =z+7, Im7 > 0.
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Definition 6.1. Let A, B;, and B, be a set of generators for a terminal
b-group G; of type (0,4) that satisfies

(1) (A,B;) and (A~1,B;) are pairs of canonical generators for triangle
groups of signatures (oo, v, v3) and (00,4, vs),

(2) Gy = (Av B1> *A <A_1’B2>,

(3) the part of A/G; corresponding to (A, B) lies to the right of the divid-
ing curve a C A/G; corresponding to A with the orientation induced
by the action of A on C.

Let [w] € T(G;1). Then the horocyclic coordinate of the deformation space
T(GI(TO)) is

7([w]) =cr(wfixp By, wfix A, wfixy By, wfixg AB1)er + ca,
(6.1) =7o([w])e1 + ¢z,

c1 = ﬁXR(AB1)0 - ﬁXL(Bl)o,

Cog = ﬁXL(Bl)o - ﬁXR(Bg)O.

The expression 7g can clearly be used as a coordinate on T(G1), the normal-
ization by c¢; and ¢ is made to conform with [3]. The constants ¢; and ¢y are
determined by the geometry of the spheres. If By, By or AB; is parabolic, (6.1)
applies with the left and right fixed points replaced by the parabolic fixed point.
Also, the coordinate 7 has a simple relation to the zw =t gluing parameter: The
horocyclic coordinate on H/T'; at oo is

() = e,
and the horocyclic coordinate at oo on (H" 4 7)/To(7) is
w(¢) = =),

Thus, repeating the argument used in Section 3.2 for elliptic gluing, we see that
the gluing parameter is
t=¢"T,
See Kra [13], Section 6, and Arés [3], Section 3.2, for more details on parabolic
gluing.
Terminal b-groups of type (1,1) can be constructed as HNN extensions of
triangle groups across maximal cyclic parabolic subgroups.
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Definition 6.2. Let A, B and C be a set of generators of a terminal b-
group G2 of type (1,1) such that
(1) A and B canonically generate a triangle group,
(2) the puncture used in the HNN construction lies to the left from the curve
corresponding to A, and
(3) CB~1Cc~!=A.
Let [w] € T(G2). The horocyclic coordinate of [w] is

(6.2) 7 ([w]) = cr(wC(fix A), wfix A, w fix B, w fixg AB) fixg(AB)o.

As in the case of the parabolic AFP construction (Definition 6.1 above), we
had to introduce a geometric constant fixp AB in order to have the relation

as in [13] and [3].

Remark. The cross ratio expressions used here are different from the ones
used in [3] to define horocyclic coordinates on 1-dimensional deformation spaces,
but both define the same coordinates. This difference is not essential: Arés uses his
parametrization of triangle groups, whereas we prefer to use expressions of cross
ratios of fixed points and constants that depend on the geometry of the spheres
(with punctures and elliptic special points) that are glued in the construction.

6.2. Gluing coordinates of deformation space. We now treat the gen-
eral case of gluing coordinates. The algorithm in the general case is the same as
in Section 5 appended with parabolic gluing using the parametrization introduced
in Definitions 6.1 and 6.2.

Definition 6.3. Let G be a weighted graph and G = G(G) a Koebe group
constructed from triangle groups by the algorithm described above. Let

On ={ay,...aq4}

be the set of non-phantom edges of G and d = #Gn . The gluing coordinate of
T(G) is the map
7: T(G) — ¢

defined by

T =71%0m,

where m: T(G) — [[ T(G1) is the Maskit embedding of Theorem 2, and

d
T HT(Gi) —C?
i=1
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consists of the appropriate 1-dimensional coordinate maps defined in Definitions
3.1, 3.2, 6.1 and 6.2.

Formula 2.5 gives us a well-defined choice of maximal radii of non-intersecting
orbifold disks on a sphere with three special points of finite order. This observation
along with the results of Section 5 allows us to estimate the set of parameters that
correspond to a tame plumbing construction.

Definition 6.4. Let G be a weighted graph and let k(v, ) be the horocyclic
radius of Lemma 2.5. If an edge a with weight w connects two vertices of weights
(w,vy,v9) and (w,vs,vy), the safe radius of the edge a is

(6.3) 5(G,a) = coth r{w; ;1’ v2) coth r{w; ;3’ V4),

if w<oo and
(6.4) hG,a) = h(v1,112) h(vg, 1),

if w=o00. If a connects a vertex with weights (w,w,v3) to itself,
; W, d
(6.5) 5(G,a) = coth?® T(UJTM = coth? ZS’

for w < oo, where dg3 is the distance between the elliptic special points of order
w, and

(6.6) h(G,a) = h(v1,vs)?

for w — 0.
Lemma 5.1 generalizes trivially to the case of horocyclic coordinates.
Lemma 6.1. Let S and S’ be spheres with three special points, with signa-
tures (00, vq,v3) and (co,vs,vs). Let P€ S and Q € S'. If t € C satisfies

(67) it| < h(l/g,l/g) h(l/4,l/5),

then it is possible to do the plumbing construction for the parameter t at the
punctures P and Q, and the construction is limited inside the punctured disks of
horocyclic radit hy and hy at P and Q), respectively.

Now we can state the main result of the section:
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Theorem 3. Let G be a Koebe group constructed using a weighted graph G .
Denote by Gn the set of non-phantom edges. Then

II S.cr(T)),

a€GnN

where

Sa = C\D(0,5(G,qa)),
if the weight of the edge a is finite, and

S, =H-— %logh(g,a),

if a has infinite weight.

Proof. The condition that the gluing parameters are in [[ S, is exactly the
criterion of Lemmas 5.1 and 6.1 for the plumbing constructions to be tame. The
result follows from the calculations in Sections 3.2, 3.4 and 6.1 relating 7 and ¢
for each gluing type.

7. Examples of the use of the construction algorithm

In this section we illustrate the the use of Theorem 4 and the construction
algorithm of Koebe groups. We also find maximally pinched groups in the bound-
aries of the deformation spaces of Koebe groups of type (2,0). There are two
different graph types to consider:

7.1. Example 1. Let G be the weighted graph in Figure 10. Start by
forming the AFP of a hyperbolic triangle group I" = (A, B) of signature (vq, v, v3)
with a conjugate I'(13) = (A~1, B;;l) of the same group across the generator A

1

of order v;. We have (using the normalization of Section 2)

—in /vy
e 0
A: < 0 eiﬂ”/'/1>’

<isin(7r/u2) coshds — cos(m/vy) —isin(m/v2) sinhds >

isin(m/v2) sinh ds —isin(m/vy) coshds — cos(w/vy)

5 < isin(m/vy) coshds — cos(m/vs) —ir2 sin(m/vy) sinh d3 )

it 2 sin(m/v,) sinh d3 —isin(7/vy) coshdz — cos(m/v;)
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G1 = (I,T(r?)) is a (non-Fuchsian) Koebe group that represents a sphere with
four special points, two of order v, and two of order v3. This is an operation of

type L.
Then we perform two operations of type II. First we glue together annuli

around the special points corresponding to the generators B and B, = BT‘,} : The
1
structure subgroups F; and F, in this case with their canonical generators are

F = (Br‘l,,l,BleA),

and
F, = (B,(AB)™).

To realize the gluing, we look for a loxodromic element C; that satisfies
C1BC = B2
and the cross ratio condition
72 = or(Cy(fixp (AB) ™), fixy, B;E}, fixp B;lzl, fixp B,z A).
For the final gluing, we take
Fi = (BzA,A7Y,

and
Fy, = ((AB)™1, A).

We then need to solve the set of equations given by
C3ABC; ' = B2 A

and
7—32 = cr(Cy(fixy, A), fixy, BTan fixp BTan ﬁXH(A)_l).

As a result, of these caleulations we get,

27_;2(_1_722+(722—1)coshd3) Tl(i—;gzsinhdS
o \ (1= ) sinhdy _1_T§—(’f§—1)coshd3/
nm 21Ty
and
%/:;hﬁ(l + 73 + (1 — 73) coshda) Ti(7§ *‘2281nhd2
Cy =

(12 — 1)sinhd; —injin 1+ 72+ (72 — 1) coshdy
3 e~/
h 27173 27173
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Figure 10. A weighted graph of genus 2 and a fundamental domain of
the action of the group of Example 1 in its invariant component. The
corresponding Riemann surface has a pants decomposition induced by
the elliptic elements A, B and AB. The boundary point of deforma-
tion space found in Example 1 corresponds to a Kleinian group repre-
senting a noded Riemann surface obtained by pinching the curves Ci,
ACy and C;C5'A~! to points.

Theorem 3 now gives lower bounds for the absolute values of the parameters
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le , 722, T§ for which the group
G= <‘47 Ba BZ, Cla CQ)

is a Koebe group of type (2,0).

7.2. Example 2. For the remaining graph type (see Figure 11), we start the
construction as in Example 1 with a construction of type I and follow it with two
HNN constructions (type TIT). Since we are going to do type TTT constructions, the
amalgamated groups must have signatures (v1,vq,v2) and (vq,vs,v3). Normalize
A and B as in Examplc 1. We get just as in Example 1

~isin(m/vy) coshdly — cos(m/vy) i72 sin( /vy) sinh dj \
By = i 2 .
- (—) sin(7/v4) sinh df isin(m/v4) cosh dy — cos(m/vy)
!

Next we glue together annular neighborhoods of the special points determined
by the left fixed points of (BA)~! and B. This is done by adding a loxodromic
generator C'; that satisties:

CiB~'C{' = (BA)™

and
72 = cr(Cy(fixp(BA) ™), fix (BA) ™Y, fixg(BA) ™, fix;, B).

To do the final gluing we repeat the procedure of the second gluing for the
structure subgroup generated by AB; ' and B,. We look for C; satisfying

CyB;'C;' = AB;!

and
7 — er(Cy(fixg ABS 1), fixy ABS Y fixp ABy Y, fixy Bs).
We get
-1 - (r2 — 1)coshds + 72 +1
177/21/1 2 sinh d3 iezw/2u1 2 2
2ZT2 27‘2
Cl = s [3)
, 72 — 1) coshds — (72 + 1) g, T2 — ]
6_1”/2”1( 2 ) 3 (7 ) je—im/an e T 1 oy ds /
21Ty 27y
and
2 2
’LT3 2eim/21 T3
Gy = 2 ' 2 2
eiﬂr/?ul (T? - 1) cosh d3 + 73 +1 ‘ieiw/2u1 73 — 1 sinh dg

2’i712T3 T3
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Figure 11. A weighted graph of genus 2 and the partitions of a genus
2 surface as in Example 2.

7.3. A variation of Example 1. In some cases the coordinates (71,73, 73)
have a 3-dimensional geometric interpretation: Let G be the group of Example
1, and

My =H3/G.

My is a hyperbolic 3-orbifold with three boundary components corresponding to
Q(Go)/Go. The orbifold has a simple topological structure:

Mo\ (#(AxAUAxBUAxAB)) = 5(2,0) x (0,1),

where 7m: H® — M, is the natural projection, Ax F is the axis of the loxodromic
or elliptic Mébius transformation E in H®, and S(2,0) is a surface of genus 2.
The two boundary components of type (0,3) have no moduli, so it is easy to form
a new orbifold from M, by a gluing construction: We can cut out the ends of
type (0,3) and glue the resulting boundary components of the convex core of My
by an orientation reversing isomorphism of the surfaces. On the level of Kleinian
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groups this corresponds to adding a new element

fv_Tl 0
O\ )

to the group Gg. Clearly, Cy conjugates I' with I’(Tf) and satisfies the conditions
of Maskit’s second combination theorem ([17], Theorem VILE.5) for G = (G, Cy)
to be the HNN extension of Gy by Cy. If Fy is a fundamental polyhedron of G
in H3, then

Fon{z e ™ |1< |2] <78}

is a fundamental polyhedron for G. Similarly, if D is a fundamental set for G¢ in
Q(Go), then D N A(Gy) is the fundamental set of G in Q(G). Thus M = H3/G
has only one boundary component, $2(G)/G = A(Gy/Go) and G does not have
an invariant component.

M has three circles in its orbifold locus. These are the projections of the axes
of the three G-equivalence classes of elliptic elements:

Stab(Ax A) = (A, Cy),
Stab(Ax B) = (B, Cy'Ch),

and
Stab(Ax AB) = (AB,Cy ' ACy).

The complex translation lengths of Co, Cy ¢, and Cy LAC, are T1, T2 and
73. This means that these axes are projected into H3/G as circles length and
“twisting” determined by the parameters (71,75, 73).

In the torsion free case the complex translation lengths are replaced by the
moduli of the three cusp tori.

8. Boundary points

In this section we tind maximally pinched boundary points on the boundaries
of the deformation spaces of the groups treated in Examples 1 and 2. These
boundary points correspond to the zw =t plumbing construction for degenerated
pairs of pants constructed by cutting away orbifold disks and punctured disks of
maximal radii given by (2.6) — (2.11) from spheres with three special points. The
observations made in the case of genus 2 are then used to prove a general theorem
that gives a “non-trivial” boundary point of the deformation space of any Koebe
group G constructed from hyperbolic triangle groups with the genus of A(G)/G
at least 1.

In Example 1 the safe radius for the gluing corresponding to the edge a; in
the graph G is

(l/i;l/j,uk) 2 /d] + dy, —di\

5 —eeth T 1 ]

(G, a;) = coth .
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The choice of safe radii is good in the following sense: For parameters inside T(G),
the transformations Cy, ACs, C’lcé"lA_l and C’gAC’l"1 are all loxodromics cor-
responding to simple closed curves on A/G (see Figure 10). It is easy to check
that all these transformations become parabolic simultaneously for the gluing pa-
rameters

(7—12a7_2277'3) ( (g al) (gva2)>s(g’a3))'

The invariant component splits into an invariant collection of disks. Each of
these disks is stabilized by a conjugate of one of the torsion-free triangle groups

I} = (Cy, (ACy) ™)

and
T, = (Co4,CTY).

The groups I} and I'j are not conjugate in G(72,72,74). Let A(T;) be the

component of 2(G) stabilized by I';. The parabolic cyclic subgroups of I'} cor-
responding to the three punctures on A(I})/T"} are conjugate to the subgroups
corresponding to punctures on A(T'%)/T%:

CleFllﬂFIZ

is a parabolic corresponding to a puncture on both A(TY)/T} and A(T%)/TY,
while the other parabolic conjugacy classes of parabolics in I} are conjugate with
those of I'y, by different elements of G:

ACy = A(CLA)A™,

and
CyACT! = Ble(clc;lA*l)“lB;;.

As in Section 3.6 we can form a new invariant set At from a collection of
components of the set of discontinuity and the fixed points of these parabolics:

AT =G (A(T) U ATY) U {fix C1, fix Co, ix C1C5 T AT}

Thus (72,72, 72) can be interpreted as a boundary point of the deformation space
T(G) corresponding to a noded Riemann surface of genus 2 with three nodes.

Similarly, in Example 2 we see that the estimate of Theorem 3 is good: If we
take real gluing parameters

(7'12773’73) ( (g al) (g’a2)’3(g7a3)>7

the generators C and Cy become parabolic and a small calculation shows that
also the element Cy ' AC, is a parabolic.
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We know from the Remark in Section 5.1 and the results of Section 3.6 that
the safe radii are sharp estimates for the gluings of type (1,1). Again, the invariant
component splits into two non-equivalent families of disks, each disk stabilized by
a conjugate of either

"= (C’l_lA“l,Cg),

or
I =(Cy'A, C).
Each puncture on the sphere corresponding to I' is identified by a puncture on
the other sphere:
(1) C, = BC’lAB'l,
(2) Cg = BQA——lCzBQ_I, and
(3) C;*AC; corresponds to a puncture on both surfaces.

The method used here to find boundary points of the deformation spaces of
Koebe groups without parabolics can (with the obvious modifications) be used
for the deformation spaces Koebe groups constructed from any weighted graph
with hyperbolic vertices. For G a terminal b-group of the same graph type as in
Example 1 above, the method shows that the estimate

(H + 21)° c 7(T(G))
([13] Theorem 8.6) is the best possible: G' can be generated by
G = <A,B,B2,CI,C2>3

with A, B, AB parabolic, and where the generators satisfy relations analogous
to those of the generators of the group in Example 1. (See Kra [13], Section 7.5
“Two illustrative examples” for a more detailed description of the example.) The
generators can be normalized as

127 10
=0 1) m=(%Y)
. —1+27’1 —27‘12 . 7”1(T2—2)+1 T
B2_< 2 R To—2 1)
and
o = <(7'1—1)7'3+1 (1——7‘1)7'3-1—7'1—2)
2-— .
T3 1-7’3

Theorem 4 guarantees that (71,72,73) € T(G), if Im7; > 2. It is now easy to
check that for the parameter

(Tl,Tg,Tg) = (22,2+2'L,2Z)
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the transformations Cy, ACy, C1Cy 1A= and CACT L are parabolic and that
the quotient space consists of four thrice punctured spheres.

In all these examples of boundary groups, the first AFP construction pro-
duces a non-singular Riemann surface of type (0,4) and the third gluing operation
creates two nodes at once. In Example 1 the modular subgroups of the groups
corresponding to points in Teichmiiller space are all Koebe groups of type (0,4).
Let Gy be the boundary group of the graph type of Example 1 constructed above.
The subgroups of G corresponding to the modular subgroups of G are all Koebe
groups of type (0,4) although the set of discontinuity of G, is a disjoint union
of disks stabilized by triangle groups. In the general case we do not necessari-
ly get maximally pinched boundary groups even for compact Riemann surfaces.
However, we have the following result:

Theorem 4. The estimate of Theorem 3 is strict for groups of type (p,n)
with p > 1.

Proof. If the graph of the group contains a subgraph of type (1, 1), the state-
ment of the theorem follows from the Remarks in Section 5.1. If this is not the
case, there is a subgraph of type (1,n) for some n > 2. This graph corresponds
to a subgroup constructed by n — 1 operations of type I and an operation of type
II.

First we need to fix the local coordinates on the spheres to be glued in the
construction: Let the special points on the sphere S; be P!, P? and P3, named
in such a way that P? will be a special point on the surface resulting from the
gluing, that is, only P} and P? are used in the gluing construction corresponding

to the subgraph of type (1,n). Let
T=(T1,. ., Tn)

be a gluing parameter with

Ti = S(Q, ai)a
if the ¢th gluing is elliptic, and

7 = — log h(G, a:),
vis

if the ith gluing is parabolic.

This parameter defines a singular circular polygon with an identification pat-
tern as in Figure 12. The transformation that realizes the HNN extension in the
construction of type II fixes the point

(8.1) Q=[C,

where C; is the properly chosen component of the lift of the boundary curve of
the removed orbifold disk (in the case of elliptic gluing) or punctured disk in the
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P3

Figure 12.  An example of a gluing producing a noded surface repre-
senting a boundary point of a deformation space of type (1,3). The
points P$, P$ and P§ project to special points on the quotient surface
and the point @ projects to a node. The simple closed curve v on a

Riemann surface of type (1,3) has degenerated to the points @ on the
surface with nodes.
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case of parabolic gluing. The fact that the intersection (8.1) consists of a single
point follows from the observation in Section 3.1 about positive gluing parameters.

The group has a finite sided fundamental polyhedron in H® that has Q as a
boundary point at infinity, so the element fixing ¢ cannot be loxodromic. Also,
the group is an algebraic limit of Kleinian groups corresponding to parameters
inside the punctured polydisk given by Theorem 3 and converging to the boundary
point. The element corresponding to the one fixing @ is known to be loxodromic
in any of the approximating groups, so the element fixing ¢ must be parabolic.
Therefore, it corresponds to a node on the quotient surface and we have found a
boundary point of the deformation space. O
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