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Abstract. We extend formulae of Mertens and Mirsky on the asymptotic
behaviour of the usual Euler function to the Euler functions of principal
rings of integers of imaginary quadratic number fields, giving versions in
angular sectors and with congruences.
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1. Introduction. Let K be a number field with ring of integers O, discrimi-
nant D, and Dedekind zeta function (k. Let & ; be the semigroup of nonzero
ideals of O, let N : f;(r — N be the norm, let pg : f;(r — 7Z be the Mébius
function, and let pg : J; — N be the Euler function of K given by!

1
- = Car ) = - —
Vae 7t ¢x(a) = Card ((Ok/a)*) = N(a) p||u| <1 N(p))

=3 nx(6)N(ab ") . (1)

bla

For every a € Ok ~ {0}, we define N(a) = N(aOk), ux(a) = px(alk), and
vr(a) = px(alk). The functions O(+) in this paper depend only on K. For

every m € f;, let
em =N(m) [] (1 + N(1p)> : (2)

plm
The classical Mertens formula gives an asymptotic expansion on the average
of pg, and has an extension to general number fields, see for instance Theorem

1See, for instance, [3, Sect. 2]; as usual, p ranges over prime ideals in J;g
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2.1. When K has a trivial class group and a finite unit group, every nonzero
ideal a is of the form a Ok with |0}| choices of a € Ok ~ {0}. The average of
@K can then be rewritten as a sum over elements of O ~ {0} instead of 7.
Recall that by Dirichlet’s unit theorem, K has a finite unit group if and only if
K =Q or K is imaginary quadratic. We assume in the remaining part of this
introduction that K is imaginary quadratic and that Ok is principal. Fixing
any embedding of K into C, this allows us to state (and prove in Section 3)
a uniform version in angular sectors and with congruences of the Mertens
formula on the average of the Euler function. For all z € C*, 6 € |0, 27], and
R > 0, we consider the truncated angular sector
it 0 6 R

C(z,G,R)—{pe z.te} 2,2},0<p§|zl}. (3)

Theorem 1.1. For allm € %5, z € C*, and 6 € ]0,27], as x — +00, we have

z* + O(x?).

0
2, ekl = e

aemnC(z,0,z)

We also give a uniform asymptotic formula for the sum in angular sectors in
C of angle € of the products of two shifted Euler functions with congruences.
When K = Q (the sectorial restriction is then meaningless), this formula
is due to Mirsky [1, Thm. 9, Eq. (30)] without congruences, and to Fouvry
[4, Appendix] with congruences. For simplicity, we give in this introduction a
version without congruences and without an error term, see Section 4, Theorem
4.1 for the general statement.

Theorem 1.2. For all z € C*, 0 € ]0,27], and k € Ok, as v — 400, we have

E vK(a)px(a+k)
acO0NC(z,0,x)
a#—k

~ s (- wr) I (4 aer—)

Theorems 1.1 and 1.2 are used in [5] in order to study the correlations of
pairs of complex logarithms of Z-lattice points in the complex line at various
scalings, when the weights are defined by the Euler function, proving the ex-
istence of pair correlation functions. We prove in op. cit. that at the linear
scaling, the pair correlations exhibit level repulsion, as it sometimes occurs in
statistical physics. A geometric application is given in op. cit. to the pair corre-
lation of the lengths of common perpendicular geodesic arcs from the maximal
Margulis cusp neighborhood to itself in the Bianchi orbifolds PSLy (& )\H3.

2. A Mertens formula with congruences for number fields. Let K be any
number field, with degree ny, number of real places r;, number of complex
places 2y, regulator Ry, class number hg, number of roots of unity wg, and
let

_ 2 (27T)T2 Ry hgi

WK |DK|

PK
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Let us give a version with congruences of the Mertens formula for number
fields, see [3, Eq. (3)] when m = Ok (with a weaker error term). We provide a
proof for lack of reference since its arguments will be useful for our next result.
The next statement is valid when nx = 1 up to replacing the error term by
O(z1n(2x)), see [4, Lemma 4.2].

Theorem 2.1. For every m € f;, if ng > 2, then as x — 400, we have

S k@m0 ().

a€st: N(a)<z, m|a 20k (2) em

Proof. Recall (see for instance [2, Theorem 5]) that, as y — 400, we have

Card{a € Z; : N(a) §y}=pKy+O(yl_i) . 4)
By Abel’s summation formula, as y — +o00, we have

Z N(D) = Z nCard{DEf;:N(D):n}:%(yz—i-O(yZ_i) .
desFN(d)<y 1<n<y
(5)

Furthermore, by Equation (4), we have Card{a € .#;{ : N(a) = y} = O(yl_i).
This formula implies, since N((b, m)) < N(m), that

D IRTCE A EC D=

besEN(b) > n>wx
-0 (N(m) x‘i) . (6)

Let us denote by Sm(z) the sum on the left hand side in the statement of
Theorem 2.1. Note that by the Gauss lemma, for all m,b,¢ € f;}", we have
m | be if and only if m(m,6)~% | c¢. Then by Equation (1), by the change
of variable ¢ = m(m, b)~10, by the complete multiplicativity of the norm, by

Equation (5) with y = I;]I(((bb)gz)ri’)”’ since N((b,m)) < N(m), and by Equation (6),

) S x(6) ()

aeﬂ;: N(a)<z, m|la b,c Eﬂ;: bc=a

= Y k() > N(c)

we have

S ()

bes i N(b) <z ¢ €7 N(e)<yfhy, mbe
N(m
= 2 () > (b, m)) N(o)
bES L N(b)<z v es () <GS ’

N((b,m)) ; ﬁfm) 240 (gf*i)

I
N
=
ol
=
=
=
S

besEN(b) <z

(v uK(b)N(é?f,m)) PK z2+0(m2‘i) ' )

2 | auw
bert ) (m)
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By decomposing a nonzero integral ideal b into powers of prime ideals, by the
definition of the Mobius function, and by the Euler product formula for the
Dedekind zeta function, we have

> ey = 1) (1 )

bes it ptm plm
_ 1 11 N(p)
CKx(2) oim 1 +N(p)
Equations (7) and (2) hence imply Theorem 2.1. O

3. A sectorial Mertens formula. Assume in the remaining part of this paper
that K is imaginary quadratic (r; = 0, ro = 1), seen as a subfield of C, and
that Ok is principal (hx = 1) or equivalently factorial (UFD).

Given a Z-lattice A in the Euclidean space C (that is, a discrete (free
abelian) subgroup of (C, +) generating C as an R-vector space), we denote by
% any fundamental parallelogram for A with smallest possible diameter, and
by covol; = Vol((C/]\) and diamjy the area and diameter of .#3. Note that
every element m € .Z;% is a Z-lattice in C with

covoly, = N(m)covolg,, = % VIDE and
diamy, = /A(m) diamg, = O ( N(m) ) (8)

since m, being principal, is the image of Ok under a similitude of ratio \/N(m).
With the notation of Equation (3), note that for every 2’ € C*, we have

2'C(2,0,R) = C(22',0,R|Z|) . (9)

Proof of Theorem 1.1. Let z € C*, 0 €]0,27], and y > 1. By a sector version
of the Gauss counting argument,? since Area(C(z,0,y)) = g y? and by Formula
(8), we have

Card (G (1 C(2,0.y)) = Areif)gélz,g,y)) L0 (dlamﬁlzc(i/,(jl— dlamﬁK)>
ﬁK ﬁK
6
= y* +0(y) .

VIDk|

2This proof takes into account the varying lattices as needed in the proof of Lemma 4.5.
For every ¢ > 0, and A C C, let A4A be the closed e-neighbourhood of A in C. Let A
be a Z-lattice in C, \g € C, A = \o + A, and 0 = diamy. Let C = C(2,0,y) and o5 =
Area(A5(0C)). If y < 6, then @ = O(§2) since C is contained in a disc of radius 4.
If y > 4, then OC is contained in the union of a circle of radius y and two segments
of length y, hence @5 < 7(y + 6)2 — w(y — 8)% + 2(y + 26)(28) = O(Sy). Therefore, if
A,py=ANCand B, g, = UaeAz,g,y a+ 73, then Area(B. ) = Card A, g , Area .F3
and | Area(Bzygyy)fAreaC| < s = O(d(y+9)). Thus, Card A, 4, = %Jro (ic(“y/i;ﬁ?)

for a function O(-) that is uniform in A and Xo.



Sectorial Mertens and Mirsky formulae

Since the map 2’ +— |2/|> = N(z’) takes only integral values on O, by Abel’s
summation formula, as y — +o00, we have

3 [d* = Y nCard{d € Ok NC(z,0,y) : |d* = n}

del0kNC(z,0,y) 1<n<y?
¢ 4 3
= ———y +0(y). (10)
2| Dkl|

For all z > 1 and b € #;7, let us fix b,m, (b,m) € Ok ~ {0} such that
b =00k, m =m0k, and (b,m) = (b,m)Ok. Since for every ¢ € Ok ~ {0},
we have m | be if and only if ﬁ | ¢, by the change of variable ¢ = ﬁ d, by

Equation (9) and by Equation (10) applied with y = %, if

Sb = E N(C)7
ceJ;, acemNC(z,0,z): be=alk
we have

So = > el = > ef?

c€ 0 g~{0},aemnC(z,0,x) : be=a c€ 0 g~{0}:bceC(z,0,x), m|bc
_ Z _N(m) \d|?
N((b,m))
d€0x~{0}: de O (2L o zltaml)

_ o on(b,m) 4 a’
~ 2/|Dk|N(m)N(b)2 O (N(b)3/2) '

Let us denote by Sm .¢(z) the sum on the left hand side in the statement of
Theorem 1.1. Then by Equation (1), we have

Smeo@)= Y ex(afk)= Y > pxc (B)N(c)

aemnC(z,0,z) aemnC(z,0,x) b,c eﬂ;g: bc=a0k

= Z 1 (b) Sp

beE.sF:N(b)<a?

N((b,m 0
= Z 1 (6) (I\(I(b)Q)) 2 D N(m) ot +0(2%) .
besFN(b)<a? K|Hm
The proof then proceeds exactly as in the proof of Theorem 2.1. O

4. A sectorial Mirsky formula. We keep assuming that K is imaginary qua-
dratic with O principal. We now give a uniform asymptotic formula for the
sum in angular sectors of the products of shifted Euler functions with congru-
ences. For all m € ;f, 2 € C*, 0 €10,27], k € Ok, and x > 1, let

Stmz,0,k() = > ¢K(a) px(a+k). (11)
aemNC(z,0,x) : af—k
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Theorem 4.1. There exists a constant Cx > 0 such that for all m € fj{" and
k € Ok, there exists cm i € 0,1 such that for all z € C*, 6 € ]0,27], and

x > 1, we have
Gcm_,k 6 ’

' Sm,z,ﬁ,k(m) - W x
< Crc (1 V/ATR) ) 2 + N(k) 2 + (k) In((k)) 2 In(22) )

We will prove Theorem 4.1 at the end of this section after giving a number
of lemmas required for the proof. We fix k € O and m = mOk € J;(', and
we define h = kOk, which is a possibly zero integral ideal. We start by giving
the first definition and a simpler formula for the constant cy, 1, that appears in
the statement of Theorem 4.1. We define

- N ((¢(b,m), m(b,¢)))
Cm,k = b §j+ MK(b) ,U/K(c) N(b)2 N(C)2 N(m) (12)
(6,6) [ b, (c(b,m).m(6,0)) | b

P
and ¢, = inf cq .
kel i

Lemma 4.2. The series in Equation (12) defining cwm  converges absolutely.
We have cm i, < 1 and ¢, > 0. Furthermore, we have

1 T N((p,m) i (B) 5 (p) N(p. m))
mk =y L (1 N(p)? >H<1 N(p)? >

p p
(p,m) |

(13)
where B
N((p,m)) . 1
Fom,p (P) = { (1 y W) F b g ko (p) = {1 iy U P L,

1 otherwise, 1 otherwise.
(14)
In the special case m = Ok, Equation (13) becomes

1 1

1= 52 - 1- A
Con = 1;[ (1 _ N(]la)Q) - ( ® 3}@)2( <p>)

 N(p) -1
(1 W(p) (N(p)? 1))

-1l (1) I (+ a3 (19)
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Theorem 1.2 in the introduction follows from Theorem 4.1 and the above
computation.

Proof. Let us prove that uniformly in = > 1, we have

% o, Mo <0(7z)

b,c €75 : max(N(b),N(c)) >,

(6,¢) [, (c(b,;m),;m(b,c)) | hb
This implies, by taking x = 1, that the first claim of Lemma 4.2 is satisfied
since the Mébius function has values in {0, +1}. Let us denote by Zy, () the
above sum. Since N((c(b, m), m(b,¢))) < N(m(b, ¢)), Equation (16) follows from

the inequalities

Zuny(2) < 3 N((6.0))
N(b)* N(c)
b,c EJ/; : max(N(b),N(¢)) >z
N((b,c)) N((b,¢))
) e > —
N 2 N(c)? N 2 N(¢)2
bces L N(b) > (b) (C) be €S L N(e)>w (b) (C)
N((b,¢)) N(a)
O R (X N L VN
N(b)2 N(¢)2 — N(ab)2 N(ac')2
b,c 6,7; :N(b)Zm (b) (C) u,b/,c/e,];(r (ab ) (ClC )
W(a) N(b') >

IN

1 1 1
=2 ) 2 >
N(c¢/)2 5/2 1\3/2 7V)1/2
N S W@ e ) (V@) N(e)
N(a)N(b') >z

<2(K(2) ¢k (Z) Ck <;) % .

The proof of Equation (13) that we now give is similar to Fouvry’s proof
of Equation (21) in [4, Appendix].

For every b € Z;F, let xp : Z;F — {0, 1} be the characteristic function of the
set of elements ¢ € .#;% such that (¢, b) | h. Let us define a map ¢y : Ff — I,
by

Bt (c,(;f‘m<b,c>) . (17)

Note that the assertion (¢(b,m),m(b,c)) | b b is equivalent to g (c) | ﬁ h.
For every b € 7,5, let xi : & — {0,1} be the characteristic function of the
set of elements ¢ € /;{ such that the above divisibility assertion is satisfied.
Let us finally define a map C* : f; — R (which depends on m and h) by

C*ivm Y A e (6) xi ) W (e (18)

€St

By the absolute convergence property, Equation (12) then becomes

k= g 2 e W(6m) €. (19)

bes
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In order to transform the series C*(b) defined by Formula (18) into an Eulerian
product and in order to analyse it, we will use the following two lemmas.

Lemma 4.3. For every b € #;5, the maps Xe, Xg, and Yy on FE are multi-
plicative.

Proof. We have ¢y (0 ) = O and x(Ok) = x5 (Ok) = 1. Let I,.J € ;¢ be
coprime.

The equality (I.J,6) = (I,6)(J,b) and the fact that (I,b) and (J,b) are
coprime imply that xp(IJ) = x6(I)x6(J).

In order to prove the multiplicativity of the map )y, we write

m

Yo (1J) = (IJ, 6.0 (b,IJ)) - <Iﬁ (Lb)(.],b)) (Jﬁ (I,b)(J,b)) .

Since I is coprime to (J, b) and since J is coprime to (I, b), we obtain as wanted
the equality p(1J) = ¢p(I) ¥ (J).

Finally, the multiplicativity property x¢(IJ) = x¢(I)x3(J) of the function
X is a consequence of the multiplicativity of the map 1), and of the fact that
Yp(I) and ¢ (J) are coprime. O

Lemma 4.4. For every prime ideal p and every b € ﬂ;, we have

pl(bh)

f p|b, .
¢(P):{pl ‘ and  xe(p) xg(p) =14 < or
b (p,m) otherwise, b b o1 and (p,m) | b,

Proof. The first formula follows from the definition of 1), (p) (see Formula (17))
by considering the three cases

eplb,
e ptbandp|m, and
e pfbandpfm.

The second formula follows from the first one, from the definitions of xp(p)
and x;(p), and from the fact that xp(p) xi(p) = 1 if and only if xe(p) =
X5 (p) = 1, by considering the two cases

e p|band
e ptb. 0

The arithmetic function ¢ — g (c) xo(c) x5 (c) N(bp(c)) being multiplica-
tive by Lemma 4.3 and the complete multiplicativity of the norm, and vanish-
ing on the nontrivial powers of primes, the series defining C*(b) in Formula
(18) may be written as an Eulerian product

. v N N
C* (b) = 1;[ (1 ~ xelp) X(;\I((Pp))2 (%(P))) _ 1;[ (1 _ (;Pa(P))) '
Xo (p) x5 (P)=1
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By Equations (19) and (20), and by Lemma 4.4, we have

Z “K ((b,m))

bes it
( o) I 0 )
1- II (¢ .
pib, (P m) | b N(p)? p|(b,h) ()
Let us define I'my = I, (p.m) |5 (1 ) so that
e, — Fmp !
RTCY be% N(b)?
-1
oo T ()T ()
p p
P10 (p,m) b p [ (b,b)

This equation writes cy 1 as a series % Ebeﬂjg % where f: #F — R
is a multiplicative function, which vanishes on the nontrivial powers of prime
ideals. By Eulerian product, we have therefore proved Equation (13).

Let us now prove that 0 < ¢y, < 1. Note that for every prime ideal p, we
have

1< hnp(P) <2 and S <wj(p)<1. (21)

In particular, all the factors of the two products over p in Equation (13) belong
to [0,1[, hence 0 < ¢y i < N(m) <1.
Let us finally prove that ¢, > 0. For every prime ideal p, let us define

wy = Fim,o () ';I/'Eé?g N((p’m)). By Formula (14), if N(p) = 2, we have

1/2  ifp|handp|m,
1/6 ifp|hand pfm,
1/2  if pthandp|m,
1/3 ifpthand pfm.

wp:

In particular, 1 — w, > % if N(p) = 2. By the inequalities (21) and Equation
(13), we have

1 N((p,m)) 2 N((p, m)) 1
e g T 00 (2 gy 1
N(m) p N(p) p:N(p)>3 N(p) p:N(p)=2 2
The term on the right hand side is a positive constant independent of k.
Therefore, we have ¢, = infyeg, ¢mr > 0. This concludes the proof of
Lemma 4.2. 0
Now that we understand the constant ¢y, , we continue towards the proof
of Theorem 4.1 by giving an asymptotic formula (uniform in k) for the sum

() = Z ¢K(a) vr(atk) _ (22)

aemnC(z,0,z) : a#—k N(a) N(a+k)
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Lemma 4.5. Uniformly inm € 9,5, k € Ok, z € C*, 0 €]0,27], and x > 1,
we have

> 0 Cm,k

S(z) = 22 + O(z) + O (In(22) In(1 + N(k))) . (23)

[ Dk
Proof. For all nonzero elements a and b in the factorial ring O, we denote by
(a,b) any fixed choice of ged of a and b, and by [a,b] any fixed choice of lem
of a and b.

By Equation (1) and as the norm N is completely multiplicative, for every
a € Ok ~ {0}, we have

px(a) 1 pc (b)
W@ 071, 2, W)

Let > 1. Applying twice this equality, since N(b) < N(a) when b | a and
le| < la| + |k| when ¢ | a + k, we have by Fubini’s theorem

= 1 pix (D) pk(c)
=GP ol 2w, 2
Kl gemnC(z,0,0) :a#—k beOr~{0}:b|a c€O~{0}: c|lat+k

1 b
_ Z ,UK())

X |12
1Ok bEO i~ {0} : |b| <z

N(b
x 3 “&S) 3 1. (24)

c€O0k {0} : [c|<a+]k| aemNnC(z,0,x) : a# —k
bla, cla+k
a =0 mod m
Let b,c € Ok ~{0}. The system of congruences ¢ « =0 mod b has a solution
a=—k mod ¢

a in O ~ {0} with |a| < x and a # —k if and only if there exists n € Ok ~ {0}
with a =bn, |n| < ﬁ, n # —%, and

{bn =0 mod m (25)

bn = —k mod c.

When (b, ¢) { k, no solution exists.
Assume that (b, c) | k. Since (bbc) is invertible modulo %, we denote by

ﬁ a multiplicative inverse of ﬁ modulo bfc). Then the system (25) is

|

equivalent to

b — m
——n =0 mod -2~ n
{ (bi)m) (b»m) = {

0 mod b”;l)

L~

(26)

C

o= "o mod gy

.

%,0) ,0) mod .0

n = ay mod «
n = By mod
n € Ok, where a, 3, a9, 89 € Ok and a, 3 # 0, has a solution if and only if
ap — B = 0 mod (a, 8). Furthermore, if this congruence condition is satisfied,

Recall that a system of two congruences { with unknown
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that is, if there exist ng, mg € Ok such that ag — By = Bmg — ang, then n is
a solution if and only if

n—ay—any € a0k N POk = o, B0k .

This is equivalent to_ asking n to belong to the translate
Ao Booge = o + ang + Ay g of the Z-lattice Ay g = [a, B]Ok. Applying

; ; —__m — _c_ — — __k__b_ g
this with o = o) 0= By G0 = 0, and By = By (.o Since the elements

ﬁ and —(bl;n) are both coprime with (ﬁ, ﬁ), the system (26) has a

solution if and only if the following divisibility condition holds

(o 59) 59 69 (@ 59) | 59

m c k b
< ((b,m)7 (b,c)> | (b,c) (b,m) & (m(b,c),c(b,m)) | kb.

Thus Equation (24) becomes, using Equation (9),

3 1 P (b) pi (c)
5(e) = > L > L
0% , N(b) N(c) .
b,c €0  ~{0}: |b|<z, [c|<z+]|k]| NEMa,B.ag.8,C (b 2,0,2/]b])
(b,e) | k, (m(b,c),c(b,m)) | kb n¢7%

Let b and ¢ be as in the index of the first sum above. Using Footnote 2
with A = Ay 8.00,8,, Formula (8) for the second equality and the equation

N([e, B]) = B;((O(‘L%)ﬁ)) for the last one, we have, uniformly in b,c,m € Ok ~ {0},

ke Ok,zeC* 0€]0,2r], and y > 1,

Card(Aaﬁ,Oéoﬁo N C(bilzv 0, y))

_ 0 240 dlam;\aﬁ (y + d1am7\a’ﬁ)
2 covol Rus covol;\a 5

0
= v+ 0

Dxlv ([0 75)) ([ )

0 N((m(b,c),c(b,m))) , N((m(b,c), c(b,m)))"/?
Dl Nm) N(e) +O< 7 y“)'
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Using this, we have

G 022 puc (b) () ((m( ¢), c(b,m)))
S(x) = —

(b,e) | k, (m(b,c),c(b,m)) | kb

N((m(b, ), c(b,m)))"?
YO\ 2GR N N NG

b,c €0 ~{0}
+0 > | (27)
N(b) N(c)
b,c €0 ~{0}

b <, [c|<a-+/k]

By Equation (16) (replacing therein z by z?), completing the first sum
of the above equation with the indices b,c € Ok ~ {0} such that |b] > = or
lc| > @+ |k| introduces an error of the form O(%) (uniformly in m € Ok ~ {0},
k € Ok, and © > 1). A computation similar to the one done for Equation
(16) gives that the second sum in Equation (27) is actually bounded by the
constant (x(2)%(x(2). The third sum is® a O (In(2z)In(2z + |k|)), hence a
O(x) + O(ln(2x) (In(1 +N(k)))) since we have In(u + v) < Inu + Inv for all
u,v > 2.

By the definition of the constant ¢y, , in Equation (12), this proves Equation
(23), hence concludes the proof of Lemma 4.5. O

Proof of Theorem 4.1. For all a,k € Ok with a # 0, we have

N(a + k) ZN(“)‘H_ 5‘2 = (@) <1+2 NES? i gg:g) 7

N(a) * N(a)
fr @ [1,400][ — R by t s t2 + 2\/N(k)t3/2 + N(k)t. Their derivatives are

fi(t) = 2t £ 3y/N(k) t'/2 + N(k) and
f-(W(a)) <W(a) N(a + k) < f1(N(a)). (28)
Let z € C*, 6 €]0,27x], and x > 1. For all n € N~ {0}, let

and similarly N(a 4+ k) > N(a) (1 —g, Mk N(k)) Let us define the maps

, 5 px(@) pca+h)

aemNC(z,0,x):N(a)=n,a#—k N (l) N(a‘ + k)

so that by Equation (22), we have S(z) = > 1<n<a? bn-

3Indeed, the method of proof of Equation (10) shows that for y > 1, we have
Y act g~ {0}:]aj<y N(@)h = O(In(2y)).
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By the definition (11) of the sum Sy, ;¢ 1(x) and the inequalities (28), by
Abel’s summation formula, by applying twice Lemma 4.5, and since ¢y 1 < 1
by Lemma 4.2, we have

Smz0k(@) <D ba fr(n)

1<n<x2
12
| X w) - [ X w) s
1<n<z2 1 1<n<t

_ ( 0 |Cgk 2> + O(z) 4+ O (In(2z) In(1 + N(k)))>

X (z4 + 2/N(k) 2 + N(k) x2)

2

B / ( 0 Com i e O(t1/2) + O (In(2¢t) In(1 + NU“))))

]

VIDk|
x <2t+3\/N(k)t1/2 +N(k)> dt

_ ecm,k 6
3/|Dx|

+0 ((1 + VNR)) @® + (k) @+ N(k) In((k)) 2 In(22) ) -

Replacing f1 by f_ gives the same minoration to Sy » .k (x), hence Theorem
4.1 follows. O
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