
This is a self-archived version of an original article. This version 
may differ from the original in pagination and typographic details. 

Author(s): 

Title: 

Year: 

Version:

Copyright:

Rights:

Rights url: 

Please cite the original version:

CC BY 4.0

https://creativecommons.org/licenses/by/4.0/

In and Out-of-Equilibrium Ab Initio Theory of Electrons and Phonons

© Authors 2023

Published version

Stefanucci, Gianluca; van Leeuwen, Robert; Perfetto, Enrico

Stefanucci, G., van Leeuwen, R., & Perfetto, E. (2023). In and Out-of-Equilibrium Ab Initio Theory
of Electrons and Phonons. Physical Review X, 13(3), Article 031026.
https://doi.org/10.1103/PhysRevX.13.031026

2023



In and Out-of-Equilibrium Ab Initio Theory of Electrons and Phonons

Gianluca Stefanucci ,1,2 Robert van Leeuwen ,3 and Enrico Perfetto 1,2

1Dipartimento di Fisica, Università di Roma Tor Vergata,
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In this work, we lay down the ab initio many-body quantum theory of electrons and phonons in
equilibrium as well as in steady-state or time-varying settings. Our focus is on the harmonic approximation,
but the developed tools can readily incorporate anharmonic effects. We begin by showing the necessity of
determining the ab initio Hamiltonian in a self-consistent manner to ensure the existence of an equilibrium
state. We then identify the correct partitioning into a “noninteracting” and an “interacting” part to carry out
diagrammatic expansions in terms of dressed propagators and screened interactions. The final outcome is
the finite-temperature nonequilibrium extension of the Hedin equations, showcasing the emergence of the
coupling between electrons and coherent phonons through the time-local Ehrenfest diagram. The Hedin
equations have limited practical utility for real-time simulations of systems driven out of equilibrium by
external fields. To overcome this limitation, we leverage the versatility of the diagrammatic approach to
generate a closed system of differential equations for the dressed propagators and nuclear displacements.
These are the Kadanoff-Baym equations for electrons and phonons. The formalism naturally merges with
the theory of conserving approximations, which guarantee the satisfaction of the continuity equation and
the conservation of total energy during time evolution. As an example, we show that the popular Born-
Oppenheimer approximation is not conserving whereas its dynamical extension is conserving, provided
that the electrons are treated in the Fan-Migdal approximation with a dynamically screened electron-
phonon coupling. We also derive the formal solution of the Kadanoff-Baym equations for nonequilibrium
steady states, which is useful for studies in photovoltaics and optoelectronics. Interestingly, the expansion
of the phononic Green’s function around the quasiphonon energies points to a correlation-induced splitting
of the phonon dispersion in materials with no time-reversal invariance.

DOI: 10.1103/PhysRevX.13.031026 Subject Areas: Condensed Matter Physics

I. INTRODUCTION

The concept of phonons as quasiparticles describing
independent excitations of the nuclear lattice dates back to
almost a century ago [1,2]. Nonetheless, the first rigorous
theory of electrons and phonons saw the light of day in
1961 [3]. In a seminal paper, Baym showed how to map the
original electron-nuclear Hamiltonian onto a low-energy or,
equivalently, electron-phonon (e-ph) Hamiltonian and
derived a set of equations for the electronic and phononic
Green’s functions (GF) G and D. The GF describe how
electrons and phonons move in the interacting system and
can be used to extract a wealth of physical information. The
Baym equation for the electronic GF was rather implicit,

though. In the mid-1960s, Hedin used the same technique
as Baym, the so-called source-field method or field-
theoretic approach, to generate a more explicit set of
equations for the electronic GF at clamped nuclei [4].
The contributions by Baym and Hedin have been largely
ignored by the electron-phonon community (including
ourselves) in favor of semiempirical Hamiltonians. Only
a few years ago, the works of Baym, Hedin, and a few
others [5–7] have been rigorously merged by Giustino
in a unified many-body GF framework [8], which we
keep naming the Hedin-Baym equations (instead of “Hedin
equations”) after Giustino.
Despite these recent notable advances, the formal theory

of electrons and phonons is still not complete. We stress
here the word “formal,” as this paper does not address
specific aspects or computational strategies related to the
e-ph interaction, for which we refer the reader to excellent
textbooks [9–15] and modern comprehensive reviews [8];
rather, it establishes a mathematically rigorous apparatus
for the quantum treatment of electrons and nuclei in the
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so-called harmonic approximation (in this approximation,
one neglects those effects that are more than quadratic in
the field fluctuations; see also below).
Three pivotal issues are still waiting to be clarified and

solved. The first issue has to do with the ab initio e-ph
Hamiltonian, often replaced by semiempirical Hamiltonians
or left unspecified as unnecessary for the implementation of
approximate formulas for the phononic dispersions, life-
times, etc. The ab initio e-ph Hamiltonian is, however, of
paramount relevance. It is necessary for assessing the
validity of semiempirical approaches, for improving approx-
imations based on perturbation theory, and for making fair
comparisons between different methods and between differ-
ent approximations within the same method, as well as for
benchmarking the harmonic approximation against other
methods like, e.g., the surface hopping approach [16] or the
exact-factorization scheme [17,18]. A plausible explanation
for the scarce attention given to the ab initio e-ph
Hamiltonian is that at zero e-ph coupling it does not contain
physical phonons [12]. A clean derivation of the e-ph
Hamiltonian can be found in Baym’s work [3]. However,
Baym’s original expression as well as equivalent expressions
designed for having a good starting point for many-body
expansions [7] necessitate the knowledge of the exact
equilibrium electronic density n0. This means that the
ab initio e-ph Hamiltonian is unknown unless n0 is
calculated by other means, e.g., by solving the original
electron-nuclear problem. Even assuming that we could find
n0 somehow, we would still have to face a practical problem.
All many-body techniques (including those based on GF)
can be implemented only in some approximation, for the
exchange-correlation (xc) potential in density functional
theory (DFT), for the self-energy in GF theory, for the
configuration state functions in the multiconfigurational
Hartree-Fock method, for the intermediate states in the
algebraic diagrammatic construction scheme, etc. An
approximation in any of the available many-body methods
generates an approximate equilibrium density n0approx which
inevitably leads to an inconsistency if the ab initio e-ph
Hamiltonian is evaluated at the exact n0. The inconsistency
lies in the fact that the forces acting on the nuclei are
proportional to n0approx − n0, and, therefore, they would not
vanish in equilibrium. As we shall see, the ab initio e-ph
Hamiltonian must be considered as a functional of
the equilibrium density, which must be determined self-
consistently to avoid inconsistencies. Such a self-consistent
concept is completely general; i.e., it is not limited to GF
approaches. Of course, if an exact method is used, then the
self-consistent density coincides with the exact one.
The second issue is the extension of the theory at finite

temperature and out of equilibrium. This is especially
relevant in light of the overwhelming and steadily increas-
ing number of time-resolved spectroscopy experiments. We
mention that at zero temperature a nonequilibrium Green’s
function (NEGF) formulation has been put forward in terms

of the nuclear-density correlation function [6,19,20]. We
here present the finite-temperature and nonequilibrium
generalization of the Hedin-Baym equations as formulated
in Ref. [8]. The novel aspects are as follows. (i) In all
internal vertices, the time arguments must be integrated
over the L-shaped Konstantinov-Perel’ contour in the
complex plane [21–25]; see Fig. 1. This contour accounts
for thermal fluctuations through the imaginary-time seg-
ment and allows for the inclusion of arbitrary time-varying
fields through the forward and backward real-time seg-
ments (needed to overcome the adiabatic assumption).
(ii) The electronic GF satisfies a Dyson equation with an
extra time-local self-energy, whose inclusion is fundamen-
tal to recovering the Ehrenfest (mixed quantum-classical)
dynamics [26–36]. In the context of material science, the
Ehrenfest self-energy plays a key role in the description of
polarons [31,37], and it is expected to be fundamental to
detecting the phonon-induced coherent modulation of the
excitonic resonances [38].
The Hedin-Baym equations have limited practical

utility in nonequilibrium problems. Furthermore, the
original derivation based on the source-field method
allows for solving these equations only iteratively, starting
from an approximation to the electronic polarization (or,
equivalently, the so-called vertex function). The question
of whether the iterative procedure converges toward the
exact solution is still open. In most applications, only one
iteration step is performed, since the equations resulting
from the second iteration are already too complex. All
these considerations bring us to the third issue, i.e., how to
systematically improve the approximations possibly pre-
serving all fundamental conservation laws. We here
present a diagrammatic derivation of the Hedin-Baym
equations based on the expansion of the electronic and
phononic self-energies in terms of interacting electronic
and phononic GF and the screened interaction. We high-
light three essential merits of the diagrammatic derivation:
(i) the possibility of including relevant scattering mech-
anisms through a selection of Feynman diagrams (to be
converted into mathematical expressions using the
Feynman rules which we provide); (ii) the possibility
of using the Φ-derivable criterion [39] to generate
approximations yielding a fully conserving dynamics;
and (iii) the possibility of closing the Kadanoff-Baym
equations (KBE) [25,40,41] by expanding the self-
energies in terms of only interacting GF. The KBE are
integro-differential equations for the electronic and
phononic NEGF, and they are definitely more practical
than the Hedin-Baym equations for investigating the
real-time evolution of systems driven out of equilibrium.
Furthermore, by employing the so-called generalized
Kadanoff-Baym ansatz (GKBA) for fermions [42] and
bosons [43], the KBE can be mapped onto a much
simpler system of ordinary differential equations for a
large number of self-energy approximations [43–49].
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The GKBA KBE can be used to calculate time-local
observables but give no access to the spectral properties
of the GF.
The paper is organized as follows. In Sec. II, we derive

the low-energy Hamiltonian for any system of electrons
and nuclei, highlighting its dependence on the equilibrium
electronic density and pointing out the necessity of a self-
consistent procedure for its determination. In Sec. III, we
specialize the discussion to lattice periodic systems, intro-
duce general time-dependent external perturbations, and
derive the e-ph Hamiltonian on the L-shaped contour. The
equations of motion for the electronic and phononic field
operators are derived in Sec. IV. In Sec. V, we define the
many-particle electronic and phononic GF on the contour
and construct the Martin-Schwinger hierarchy that these
GF satisfy. In Sec. VI, we present the Wick theorem as the
solution of the noninteracting Martin-Schwinger hierarchy,
and in Sec. VII we provide the exact formula of the many-
body expansion of the interacting GF in terms of the
noninteracting ones. The many-body expansion is mapped
onto a diagrammatic theory in Sec. VIII, where we also
introduce the notion of self-energies and skeleton diagrams.
The skeletonic expansion of the self-energies in terms of
the interacting GF and screened Coulomb interaction is
shown to lead to the Hedin-Baym equations in Sec. IX. The
Hedin-Baym equations are applicable to systems in and out
of equilibrium as well as at zero and finite temperature. To
study the system evolution or the finite-temperature spec-
tral properties, the equations of motion for the GF are more
convenient than the Hedin-Baym equations. These equa-
tions of motion are derived in Sec. X. In Sec. XI, we discuss
the so-called Φ-derivable approximations to the self-
energies. The GF satisfying the equations of motion with
Φ-derivable self-energies guarantee the fulfillment of all
fundamental conservation laws. In Sec. XII, we convert the
equations of motion into a coupled system of integro-
differential equations for the Keldysh components of the
GF; these are the KBE. We first discuss the self-consistent
solution of the equilibrium problem and then derive the
real-time equations of motion to study the system evolu-
tion. We also present the formal solution of the KBE in the
long-time limit and for steady-state conditions. The expan-
sion of the phononic GF around the quasiphonon energies
reveals the possibility of a correlation-induced splitting of
the phonon dispersion in materials with no time-reversal
invariance. The presented formalism can be extended to
deal with much more general Hamiltonians than the e-ph
Hamiltonian. In Sec. XIII, we provide a summary of the
main results, illustrate possible extensions, and discuss
their physical relevance.

II. QUANTUM SYSTEMS OF ELECTRONS
AND NUCLEI

In this section, we lay down a quantum theory of
electrons and nuclei which is suited whenever the average

nuclear positions remain close to the equilibrium values.
Under this “near-equilibrium hypothesis,” the nuclei stay
away from each other and they can be treated as quantum
distinguishable particles. In fact, we can distinguish them
by means of techniques like scanning tunneling microscopy
or electron diffraction [8].
Let ψ̂ðx ¼ rσÞ be the field operators that annihilate an

electron in position r with spin σ—hence, they satisfy the
anticommutation relations fψ̂ðxÞ;ψ̂†ðx0Þg¼δσσ0δðr−r0Þ≡
δðx−x0Þ—and R̂i and P̂i be the position and momentum
operators, respectively, of the ith nucleus, i ¼ 1;…; Nn,
satisfying the standard commutation relations ½R̂i;α; P̂j;β� ¼
iδijδαβ, with α and β running over the three components of
the vectors. The nonrelativistic Hamiltonian describing an
unperturbed system of electrons interacting with Nn nuclei
of charge Zi and mass Mi reads (we use atomic units
throughout the paper)

Ĥ ¼ Ĥe þ Ĥn þ Ĥe-n; ð1Þ

where

Ĥe ¼
Z

dxψ̂†ðxÞ
�
−
∇2

2

�
ψ̂ðxÞ

þ 1

2

Z
dxdx0ψ̂†ðxÞψ̂†ðx0Þvðr; r0Þψ̂ðx0Þψ̂ðxÞ ð2Þ

is the electronic Hamiltonian,

Ĥn ¼
XNn

i¼1

P̂2
i

2Mi
þ 1

2

XNn

i≠j
ZiZjvðR̂i; R̂jÞ ð3Þ

is the nuclear Hamiltonian (with P̂2
i ¼ P̂i · P̂i), and

Ĥe-n ¼ −
Z

dxn̂ðxÞ
XNn

j¼1

Zjvðr; R̂jÞ ð4Þ

is the electron-nucleus interaction. In Eqs. (2)–(4), the
integral

R
dx≡ R drPσ signifies a spatial integral and a

sum over spin, vðr; r0Þ ¼ 1=jr − r0j is the Coulomb inter-
action, and n̂ðxÞ≡ ψ̂†ðxÞψ̂ðxÞ is the density operator in r
for particles of spin σ. For later purposes, we find it
convenient to collect all nuclear position and momentum
operators into the vectors R̂ ¼ ðR̂1;…; R̂Nn

Þ and P̂ ¼
ðP̂1;…; P̂Nn

Þ. We also find it useful to define the nuclear
potential energy

En-nðR̂Þ≡ 1

2

XNn

i≠j
ZiZjvðR̂i; R̂jÞ; ð5Þ
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appearing in Eq. (3), and the electron-nuclear potential

Vðr; R̂Þ≡ −
XNn

j¼1

Zjvðr; R̂jÞ; ð6Þ

appearing in Eq. (4). The operators of Ĥ act on the direct-
product space F ⊗ DNn

, where F is the electronic Fock
space andDNn

is the Hilbert space of theNn distinguishable
nuclei. Relativistic corrections [50] can be incorporated
without any conceptual complication. In particular, the
spin-orbit coupling emerges from the relativistic correction
to the electron-nuclear interaction Hamiltonian in Eq. (4).

A. Expansion around thermal equilibrium

Consider the interacting system of electrons and nuclei in
thermal equilibrium at a certain temperature. Under the
“near-equilibrium hypothesis,” we can approximate the full
Hamiltonian by its second-order Taylor expansion around
the equilibrium values of the nuclear positions, which
we name R0 ¼ ðR0

1;…;R0
Nn
Þ, and around the equilibrium

value of the electronic density, which we name n0ðxÞ. In
fact, also the electronic density must stay close to n0ðxÞ, for
otherwise the forces acting on the nuclei would be strong
enough to drive the nuclei away from R0. Notice that R0

and n0ðxÞ do, in general, depend on the temperature. We
also observe that the existence of an inertial reference frame
for the coordinatesR0 is supported by the macroscopic size
of the system, i.e., Nn → ∞. For finite systems, e.g.,
molecules or molecular aggregates, the choice of a suitable
reference frame is more subtle; see Refs. [51–56].
We introduce the displacement (or position fluctuation)

operators Ûi and the density fluctuation operator Δn̂
according to

Ûi ¼ R̂i −R0
i ; Δn̂ðxÞ ¼ n̂ðxÞ − n0ðxÞ: ð7Þ

In the following, we refer to these operators as the
fluctuation operators. Formally, the near-equilibrium
hypothesis is equivalent to restricting the full space
F ⊗ DNn

to the subspace of states giving a small average
of Ûi and Δn̂.
The expansion of the nuclear potential energy around the

equilibrium nuclear positions yields to second order

En-nðR̂Þ ¼ En-nðR0Þ þ
X
iα

∂En-nðRÞ
∂Ri;α

����
R¼R0

Ûi;α

þ 1

2

X
iα;jβ

∂
2En-nðRÞ
∂Ri;α∂Rj;β

����
R¼R0

Ûi;αÛj;β: ð8Þ

In the first term, we recognize the electrostatic energy of a
nuclear geometry R0. As this term is responsible only for
an overall energy shift, we do not include it in the following

discussion. Similarly, the expansion of the electron-nuclear
potential yields to second order

Vðr; R̂Þ ¼ VðrÞ þ
X
iα

gi;αðrÞÛi;α þ
1

2

X
iα;jβ

gDWi;α;j;βðrÞÛi;αÛj;β;

ð9Þ
where we define

VðrÞ≡ Vðr;R0Þ; ð10aÞ

gi;αðrÞ≡ ∂Vðr;RÞ
∂Ri;α

����
R¼R0

¼ Zi
∂

∂rα
vðr;R0

i Þ; ð10bÞ

gDWi;α;j;βðrÞ≡∂
2Vðr;RÞ

∂Ri;α∂Rj;β

����
R¼R0

¼−δijZi
∂
2

∂rα∂rβ
vðr;R0

i Þ:

ð10cÞ

Inserting Eq. (9) into Eq. (4), we see that the first term
gives rise to a purely electronic operator; it is the potential
energy operator for electrons in the classical field gen-
erated by a nuclear geometry R0. The second and third
terms emerge when relaxing the infinite-mass approxima-
tion for the nuclei. The third term in Eq. (9) is already
quadratic in the displacements, and it can, therefore, be
multiplied by the equilibrium density, i.e., n̂ → n0 [3].
Going beyond the quadratic (or harmonic) approximation,
the replacement n̂ → n0 is no longer justified; in this
case, the third term gives rise to the so-called Debye-
Waller (DW) interaction [57].

B. The low-energy Hamiltonian

Inserting the expansion of En-n and V into Eqs. (3)
and (4), the total Hamiltonian becomes

Ĥ ¼ Ĥ0;e þ Ĥ0;ph þ Ĥe-e þ Ĥ0: ð11Þ
The first two terms describe an uncoupled system of
noninteracting electrons and Nn interacting nuclei in the
electric field generated by a frozen electronic density n0ðrÞ:

Ĥ0;e ¼
Z

dxψ̂†ðxÞ
�
−
∇2

2
þ VðrÞ

�
ψ̂ðxÞ; ð12Þ

Ĥ0;ph ¼
XNn

i¼1

P̂2
i

2Mi
þ 1

2

X
iα;jβ

Ûi;αKi;α;j;βÛj;β; ð13Þ

where we define the elastic tensor

Ki;α;j;β ≡ ∂
2En-nðRÞ
∂Ri;α∂Rj;β

����
R¼R0

þ
Z

dxn0ðxÞgDWi;α;j;βðrÞ; ð14Þ

which is real and symmetric under the exchange
ði; αÞ ↔ ðj; βÞ. Already at this stage of the presentation,
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a remark is due. The eigenvalues ω2
λ of the tensor K̄i;α;j;β ≡

Ki;α;j;β=
ffiffiffiffiffiffiffiffiffiffiffiffi
MiMj

p
are not physical and can even be negative

such that Ĥ0;ph does not have a proper ground state. It is,
therefore, generally not possible to define annihilation
and creation operators b̂λ and b̂†λ to rewrite Eq. (13) in
the form Ĥ0;ph ¼

P
λ ωλðb̂†λ b̂λ þ 1

2
Þ. The ab initio low-

energy Hamiltonian evaluated at vanishing coupling gi;α
[hence, Ĥ0 ¼ 0; see Eq. (21)] does not contain physical
quanta of vibrations (phonons in solids). These excitations
can emerge only from a proper nonperturbative treatment;
see Sec. XII A.
The third term in Eq. (11) is the electron-electron (e-e)

interaction Hamiltonian

Ĥe-e ¼
1

2

Z
dxdx0ψ̂†ðxÞψ̂†ðx0Þvðr; r0Þψ̂ðx0Þψ̂ðxÞ; ð15Þ

while the last term is the contribution linear in the nuclear
displacements

Ĥ0 ¼
X
iα

�
∂En-nðRÞ
∂Ri;α

����
R¼R0

þ
Z

dxgi;αðrÞn̂ðxÞ
�
Ûi;α: ð16Þ

The Hamiltonian in Eq. (11) with the four contributions
as in Eqs. (12), (13), (15), and (16) is identical to that in
Ref. [3]. We here make a step further. Although it is not
evident, the operator Ĥ0 is quadratic in the fluctuation
operators. To show it, we consider the Heisenberg
equation of motion for the time-dependent average of
the nuclear momentum operators. Let Ûðt; t0Þ be the
evolution operator from some initial time t0 to time
t > t0 and Ûðt0; tÞ ¼ ½Ûðt; t0Þ�†. Henceforth, any operator
ÔðtÞ in the Heisenberg picture carries a subscript “H,” i.e.,
ÔHðtÞ ¼ Ûðt0; tÞÔðtÞÛðt; t0Þ. The time-dependent average
OðtÞ of the operator ÔðtÞ is defined according to

OðtÞ ¼ Tr½ρ̂ÔHðtÞ�; ð17Þ

where

ρ̂ ¼ e−βðĤ−μN̂eÞ

Tr½e−βðĤ−μN̂eÞ� ð18Þ

is the thermal density matrix, with β the inverse temper-
ature, μ the chemical potential, and N̂e ¼

R
dxn̂ðxÞ

the operator for the total number of electrons. Using
iðd=dtÞÔHðtÞ ¼ ½ÔHðtÞ; ĤHðtÞ�, we find

dPi;αðtÞ
dt

¼ −
∂En-nðRÞ
∂Ri;α

����
R¼R0

−
Z

dxgi;αðrÞnðx; tÞ

−
X
jβ

Ki;α;j;βUj;βðtÞ; ð19Þ

where nðx; tÞ and Uj;βðtÞ are the time-dependent averages
of the electronic density n̂ðrÞ and nuclear displacement
Ûj;β, respectively. In thermal equilibrium, the lhs vanishes
and, by definition, we also have nðx; tÞ ¼ n0ðxÞ and
Uj;β ¼ 0. Therefore,

∂En-nðRÞ
∂Ri;α

����
R¼R0

¼ −
Z

dxgi;αðrÞn0ðxÞ; ð20Þ

according to which we can rewrite Eq. (16) as

Ĥ0 ¼
X
iα

Z
dxgi;αðrÞΔn̂ðxÞÛi;α; ð21Þ

where Δn̂ðrÞ is the density fluctuation operator defined
in Eq. (7). In this form, Ĥ0 is manifestly quadratic in the
fluctuation operators.
Inserting Eq. (20) in Eq. (19), we also see that

the equation of motion for the momentum operators
simplifies to

dPi;αðtÞ
dt

¼ −
Z

dxgi;αðrÞΔnðx; tÞ −
X
jβ

Ki;α;j;βUj;βðtÞ:

ð22Þ
We can interpret the elastic tensor K as the nuclear-force
tensor of a system with frozen electronic density, i.e.,
with Δnðx; tÞ ¼ 0, or, alternatively, with vanishing cou-
pling gi;α. In general, gi;α ≠ 0 and out of equilibrium
Δnðx; tÞ ≠ 0, and the first term in Eq. (22) significantly
contributes to the nuclear forces.
The Hamiltonian in Eq. (11) is the low-energy approxi-

mation of the full Hamiltonian in Eq. (1). The expansion
around the equilibrium nuclear geometry and around the
equilibrium density inevitably makes Eq. (11) depend on
these quantities. The scalar potential V and the electron-
nuclear coupling g are determined from the sole knowledge
of the equilibrium positions R0, whereas the elastic tensor
K depends on bothR0 and n0; see Eq. (14). Notice that the
dependence of Ĥ on n0 is through K as well as Δn̂; see
Eq. (21). In the following, we assume thatR0 is known and,
therefore, that V and g are given. Strategies to obtain good
approximations to the equilibrium nuclear geometry are
indeed available, e.g., the Born-Oppenheimer approxima-
tion; see also the discussion in Ref. [20]. Alternatively, R0

can be taken from x-ray crystallographic measurements.
The equilibrium density n0 must instead be determined, and
the proper way of doing it is self-consistently. Let us expand
on this point.
We write the dependence of Ĥ on n0 explicitly:

Ĥ ¼ Ĥ½n0�. For any given many-body treatment (whether
exact or approximate), a possible self-consistent strategy to
obtain n0 is to (i) make an initial guess n01 and (ii) use the
chosen many-body treatment to calculate the equilibrium
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density n02 of Ĥ½n01�, then the equilibrium density n03 of
Ĥ½n02�, and so on and so forth until convergence. If the
initial guess n01 does already produce a good approximation
to K, then a partial self-consistent scheme in which K is not
updated is also conceivable. Self-consistency is, however,
unavoidable to determine n0 in Δn̂. In fact, it is only at self-
consistency that the equilibrium value Δn ¼ 0, an essential
requirement for the rhs of Eq. (22) to vanish and, hence, for
the nuclear geometry to remain stationary. In Sec. XII A,
we discuss how to implement the self-consistent strategy
using NEGF. In particular, we show that n0 can be obtained
from the self-consistent solution of the Dyson equation for
the Matsubara GF.
For any given equilibrium geometry R0, different sce-

narios are possible. If R0 is too off target, the self-
consistent scheme may not converge, indicating that the
nuclear geometry must be improved. If convergence is
achieved, then the self-consistent equilibrium state can
be either stable or unstable. In the unstable scenario, an
infinitesimally small perturbation brings the nuclei away
from R0, indicating again that the nuclear geometry must
be improved. Let us finally consider the stable scenario.
The nuclear geometry can, in this case, be further optimized
by minimizing the total energy (at zero temperature) or the
grand potential (at finite temperature) with respect to R0.
At the minimum, the equilibrium geometry is the exact one
only if an exact many-body treatment is used. Needless to
say, the minimum is defined up to arbitrary overall shifts
and rotations of the nuclear coordinates.

III. INTERACTING HAMILTONIAN
FOR ELECTRONS AND PHONONS
IN AND OUT OF EQUILIBRIUM

Independently of the method chosen to find R0 and of
the self-consistent many-body treatment chosen to deter-
mine n0, the low-energy Hamiltonian of a system of
electrons and nuclei is given by Eq. (11). Let us discuss
in detail the case of a crystal and introduce some notations.
In a crystal, we can label the position of every nucleus

with the vector (of integers) n of the unit cell it belongs to
and with the position s relative to some point of the unit
cell, i.e., R0

i¼n;s ¼ R0
n þR0

s . If the unit cell contains Nu

nuclei, then s ¼ 1;…; Nu. By definition, the vector R0
s for

the sth nucleus is the same in all unit cells, and the mass
Mi¼n;s ¼ Ms and charge Zi¼n;s ¼ Zs of the sth nucleus in
cell n are independent of n. The invariance of the crystal
under discrete translations implies that the elastic tensor
depends only on the difference between unit cell vectors,
i.e.,

Kns;α;n0s0;α0 ¼ Ks;α;s0;α0 ðn − n0Þ: ð23Þ

The periodicity of the crystal also implies an important
property for the electron-nuclear coupling g. According

to the definition in Eq. (10b), we have gns;αðrÞ ¼
Zsð∂=∂rαÞvðr;R0

nsÞ. The Coulomb interaction depends
only on the relative coordinate, and, therefore, vðr;R0

nsÞ ¼
vðrþR0

n0 ;R0
ns þR0

n0 Þ ¼ vðrþR0
n0 ;R0

nþn0sÞ for all vec-
tors R0

n0 . This implies that

gns;αðrÞ ¼ gnþn0s;αðrþR0
n0 Þ: ð24Þ

A. Equilibrium Hamiltonian

We consider a finite piece of the crystal with Nα cells
along direction α ¼ x, y, z and impose the Born–von
Kármán boundary conditions. The total number of cells is,
therefore, N ¼ NxNyNz. Accordingly, the displacement
and momentum operators can be expanded as

Ûns;α ¼
1ffiffiffiffiffiffiffiffiffiffi
MsN

p
X
q

eiq·n
X
ν

eνs;αðqÞÛqν; ð25aÞ

P̂ns;α ¼
ffiffiffiffiffiffiffi
Ms

N

r X
q

eiq·n
X
ν

eνs;αðqÞP̂qν; ð25bÞ

respectively, where the sum over q ¼ ðqx; qy; qzÞ runs
over all vectors satisfying the property qαNα ¼ 2πmα with
mα integers and qα ∈ ð−π; π� for α ¼ x, y, z. In Eqs. (25),
the vectors eνðqÞ with components eνs;αðqÞ form an
orthonormal basis for each q, i.e., eνðqÞ† · eν0 ðqÞ ¼ δνν0 .
In three dimensions, the set of all vectors eνðqÞ spans a
3Nu-dimensional space for each q. We refer to these
vectors as the normal modes. As we see, the most
convenient choice of normal modes depends on the
approximation made to treat the problem. A typical choice
is the eigenbasis of the Hessian of the Born-Oppenheimer
energy. At this stage of the presentation, the set of normal
modes is just a basis to expand the displacement and
momentum operators.
The Hermiticity of the operators Ûns;α and P̂ns;α imposes

the following constraints on the operators Ûqν and P̂qν and
on the normal modes:

Ûqν ¼ Û†
−qν; P̂qν ¼ P̂†

−qν; eν�ð−qÞ ¼ eνðqÞ: ð26Þ

Inserting the expansions Eqs. (25) into Eqs. (13) and (21),
we obtain

Ĥ0;ph ¼
1

2

X
qν

P̂†
qνP̂qν þ

1

2

X
qνν0

Û†
qνKνν0 ðqÞÛqν0 ; ð27Þ

Ĥ0 ¼
X
qν

Z
dxg−qνðrÞΔn̂ðxÞÛqν; ð28Þ
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where

Kνν0 ðqÞ≡
X
n

e−iq·n
X
sα;s0α0

eν�s;αðqÞ
Ks;α;s0α0 ðnÞffiffiffiffiffiffiffiffiffiffiffiffiffi

MsMs0
p eν

0
s0α0 ðqÞ

¼ K�
νν0 ð−qÞ ¼ K�

ν0νðqÞ ð29Þ

and

g−qνðrÞ≡
X
nsα

1ffiffiffiffiffiffiffiffiffiffi
MsN

p eiq·neνs;αðqÞgns;αðrÞ ¼ g�qνðrÞ: ð30Þ

For crystals, the Hamiltonian in Eq. (11) is known as the
electron-phonon (e-ph) Hamiltonian.

B. Nonequilibrium Hamiltonian

We are interested in formulating a NEGF approach to
deal with systems described by the e-ph Hamiltonian in
Eq. (11) possibly driven out of equilibrium by external
driving fields. Of course, the external fields must be such
that the nonequilibrium density and displacements are
small enough to justify the harmonic approximation. As
we see, the developed formalism can accommodate many
different kinds of drivings.
Without any loss of generality, we take the system

in thermal equilibrium for times t < t0 and then perturb
it by letting �

−
∇2

2
þ VðrÞ

�
→ hð∇; r; tÞ; ð31aÞ

Kνν0 ðqÞ → Kνν0 ðq; tÞ; ð31bÞ

vðr; r0Þ → vðr; r0; tÞ; ð31cÞ

gqνðrÞ → gqνðr; tÞ: ð31dÞ

Correspondingly, Ĥ0;e→Ĥ0;eðtÞ, Ĥ0;ph→Ĥ0;phðtÞ, Ĥe-e →
Ĥe-eðtÞ, Ĥ0 → Ĥ0ðtÞ, and, hence, Ĥ → ĤðtÞ. The time
dependence of the Coulomb interaction v and e-ph
coupling g may be due to, e.g., an adiabatic switching
protocol or a sudden quench of the interaction, whereas the
time dependence of the one-particle Hamiltonian h and
elastic tensorK may be due to laser fields, phonon drivings,
etc. For simplicity, we specialize the discussion to the
relevant case of external perturbations that do not break the
lattice periodicity of the crystal (long-wavelength limit),
albeit the developed formalism is far more general.

C. Hamiltonian on the contour

The explicit form of the evolution operators is Ûðt; t0Þ ¼
Tfexp½−i R tt0 dt̄ Ĥðt̄Þ�g, with T the time-ordering operator,

and Ûðt0; tÞ ¼ T̄fexp½i R tt0 dt̄ Ĥðt̄Þ�g, with T̄ the anti-time-
ordering operator. Therefore, the time-dependent average in
Eq. (17) can be written as [22,25]

OðtÞ ¼ Tr
h
ρ̂ T̄
n
e
i
R

t

t0
dt̄ Ĥðt̄Þo

ÔðtÞT
n
e
−i
R

t

t0
dt̄ Ĥðt̄Þoi

¼
Tr
h
T
n
e
−i
R
γ
dz̄ Ĥðz̄Þ

ÔðzÞ
oi

Tr
h
T
n
e
−i
R
γ
dz̄ Ĥðz̄Þoi : ð32Þ

In the second equality, z and z̄ are contour times running
on the L-shaped oriented contour γ [21] consisting of a
forward branch γ− going from the initial time t0 to ∞, a
backward branch γþ going from ∞ to t0, and a vertical
track on the complex plane γM going from t0 to t0 − iβ (see
Fig. 1) and T is the contour-ordering operator. Henceforth,
we denote by z ¼ t�, z̄ ¼ t̄�, z0 ¼ t0�, etc. contour times on
γ�. For any quantity qðzÞ, be it a function or an operator,
we define qðt�Þ ¼ qðtÞ and qðt0 − iτÞ ¼ q independent of
τ ∈ ð0; βÞ. The only exception is hð∇; r; t0 − iτÞ ¼
hð∇; rÞ − μ. Thanks to this different definition for h, we
have Ĥðt�Þ ¼ ĤðtÞ and Ĥðt0 − iτÞ ¼ Ĥ − μN̂e. Notice
that the Hamiltonian ĤðzÞ depends on z through the
dependence of h, K, v, and g; see Eqs. (31).
One remark about the dependence of ÔðzÞ on z. If

the operator does not depend on z, we can safely write
ÔðtÞ ¼ Ô in the first line in Eq. (32). However, if we do so
in the second line, then it is not clear where to place the
operator Ô after the contour ordering. The reason to keep
the contour argument even for operators that do not have an
explicit time dependence (like the operators ψ̂ , Û, and P̂)
stems from the need of specifying their position along the
contour, thus rendering unambiguous the action of T . Once
the operators are ordered, we can omit the time arguments if
there is no time dependence.
To shorten the equations, we gather the displacement

and momentum operators into a two-dimensional vector of
operators having components

FIG. 1. L-shaped Konstantinov-Perel’ contour.
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ϕ̂qν ¼
 
ϕ̂1
qν

ϕ̂2
qν

!
¼
 
Ûqν

P̂qν

!
: ð33Þ

The commutation relations for the ϕ̂ operators follow from
the commutation relations ½Ûns;α; P̂n0s0;α0 � ¼ iδnn0δss0δαα0
after inserting the expansions in Eqs. (25) and using the
properties in Eq. (26). We findh

ϕ̂i
qν; ϕ̂

i0
−q0ν0

i
¼
h
ϕ̂i
qν; ϕ̂

i0†
q0ν0

i
¼ δq;q0α

ii0
νν0 ; ð34Þ

where

αii
0

νν0 ¼ δνν0

�
0 i

−i 0

�
ii0
: ð35Þ

Let us express the contour Hamiltonian ĤðzÞ [see
Eqs. (11) and (31)] in terms of the ϕ̂ operators. We first
write the final result and then prove its correctness. We have

ĤðzÞ ¼ Ĥs
0;eðzÞ þ Ĥs

0;phðzÞ þ Ĥe-eðzÞ þ Ĥe-phðzÞ; ð36Þ

where

Ĥs
0;eðzÞ ¼

Z
dxψ̂†ðxÞ

�
hð∇; r; zÞ

þ
X
qν

g†qνðr; zÞ · sqνðzÞ
�
ψ̂ðxÞ; ð37aÞ

Ĥs
0;phðzÞ ¼

1

2

X
q

X
νν0

ϕ̂†
qνQνν0 ðq; zÞϕ̂qν0

−
X
qν

Z
dxn0ðxÞg†qνðr; zÞ · ϕ̂qν; ð37bÞ

Ĥe-eðzÞ ¼
1

2

Z
dxdx0ψ̂†ðxÞψ̂†ðx0Þvðr; r0; zÞψ̂ðx0Þψ̂ðxÞ;

ð37cÞ

Ĥe-phðzÞ¼
X
qν

Z
dxn̂ðxÞg†qνðr;zÞ · ½ϕ̂qν−sqνðzÞ�; ð37dÞ

and

Qνν0 ðq; zÞ ¼
�
Kνν0 ðq; zÞ 0

0 δνν0 ;

�
ð38aÞ

gqνðr; zÞ ¼
�
gqνðr; zÞ

0

�
: ð38bÞ

In Eqs. (37a) and (37d), we introduce a (two-dimensional
vector) shift sqνðzÞ with the purpose of simplifying the
NEGF treatment; see below. The exact form of the shift
is irrelevant for the time being, as the terms containing
sqνðzÞ cancel out in the sum of Eq. (36); thereby,
ĤðzÞ is independent of this quantity. The shifted electronic
Hamiltonian Ĥs

0;eðzÞ evaluated at zero shift, i.e., sqνðzÞ ¼ 0,
is the same as Ĥ0;eðzÞ; see Eqs. (12) and (31a). The first
term of the shifted phononic Hamiltonian Ĥs

0;phðzÞ is the

same as Ĥ0;phðzÞ [see Eqs. (27) and (31b)], whereas the
second term coincides with the contribution to Ĥ0 coming
from n0 inΔn̂ [see Eqs. (28) and (31d)]. The e-e interaction
Hamiltonian Ĥe-eðzÞ has not changed; see Eqs. (11)
and (31c). Finally, the e-ph interaction Hamiltonian
Ĥe-phðzÞ evaluated at zero shift coincides with the con-
tribution to Ĥ0 coming from n̂ in Δn̂. We conclude that
Eq. (36) is identical to the contour Hamiltonian for any
two-dimensional vector sqνðzÞ.

IV. EQUATIONS OF MOTION FOR OPERATORS
IN THE CONTOUR-HEISENBERG PICTURE

The contour-Heisenberg picture is an extremely useful
concept to develop the NEGF formalism. We define the
contour evolution operators according to

Ûðz; t0Þ ¼ T
n
e
−i
R

z

t0
dz̄ Ĥðz̄Þo

; ð39aÞ

Ûðt0; zÞ ¼ T̄
n
e
i
R

z

t0
dz̄ Ĥðz̄Þo

; ð39bÞ

where T̄ is the anti-contour-ordering operator. These
operators are unitary for z ¼ t� and Hermitian for
z ¼ t0 − iβ. For all z ∈ γ, we have the property
Ûðt0; zÞÛðz; t0Þ ¼ 1. We define an operator in the con-
tour-Heisenberg picture as

ÔHðzÞ≡ Ûðt0; zÞÔðzÞÛðz; t0Þ: ð40Þ

It is straightforward to verify that OHðt�Þ ¼ OHðtÞ. The
equation of motion for operators in the contour-Heisenberg
picture follows directly from the definitions in Eqs. (39):

i
dÔHðzÞ

dz
¼ Ûðt0; zÞ

�
½ÔðzÞ; ĤðzÞ� þ i

dOðzÞ
dz

�
Ûðz; t0Þ:

ð41Þ

As the Hamiltonian is written in terms of ψ̂ðxÞ and ϕ̂qν, it is
clear that the equation of motion for these operators plays a
crucial role in the following derivation.
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A. Equations of motion

Using Eq. (41), the equation of motion for the ϕ̂
operators reads

X
ν0

�
i
d
dz

ανν0 −Qνν0 ðq; zÞ
�
ϕ̂qν0;HðzÞ

¼
Z

dxgqνðr; zÞ½n̂Hðx; zÞ − n0ðxÞ�: ð42Þ

To remove the inhomogeneous term with n0, we define the
2 × 2 GF D0;qνν0 as the solution of

X
ν̄

�
i
d
dz

ανν̄−Qνν̄ðq;zÞ
�
D0;qν̄ν0 ðz;z0Þ¼1δνν0δðz;z0Þ ð43Þ

and satisfying the periodic Kubo-Martin-Schwinger (KMS)
boundary conditions along the contour γ. We use D0 to
define the shift in Eqs. (37):

sqν0 ðzÞ¼−
X
ν̄

Z
dz̄D0;qν0ν̄ðz;z̄Þ

Z
dxgqν̄ðr; z̄Þn0ðxÞ: ð44Þ

Then, the equation of motion for the (time-dependent)
shifted displacement

φ̂qνðzÞ≡ ϕ̂qν − sqνðzÞ ð45Þ

reads

X
ν0

�
i
d
dz

ανν0 −Qνν0 ðq; zÞ
�
φ̂qν0;HðzÞ

¼
Z

dxgqνðr; zÞn̂Hðx; zÞ; ð46Þ

which is a homogeneous equation in the field operators.
Notice that the shift is proportional to the identity operator
and, therefore, sqν;HðzÞ ¼ sqνðzÞ. Such proportionality also

implies that the operators φ̂ðzÞ and ϕ̂ðz0Þ [these operators
are not in the contour-Heisenberg picture and, in particular,
ϕ̂ðz0Þ does not depend on z0] satisfy the same commutation
relations for any z and z0:

½φ̂i
qνðzÞ; φ̂i0†

q0ν0 ðz0Þ� ¼
h
φ̂i
qνðzÞ; ϕ̂i0†

q0ν0 ðz0Þ
i
¼
h
ϕ̂i
qνðzÞ; ϕ̂i0†

q0ν0 ðz0Þ
i
:

ð47Þ

From the commutator ½ψ̂ðxÞ; ĤðzÞ�, we can easily derive
the equation of motion for the electronic field operators:

�
i
d
dz

− hsð∇; r; zÞ
�
ψ̂Hðx; zÞ

¼
Z

dx0vðr; r0; zÞn̂Hðx0; zÞψ̂Hðx; zÞ

þ
X
qν

ψ̂Hðx; zÞg†qνðr; zÞ · φ̂qν;HðzÞ; ð48Þ

where we define the shifted one-particle Hamiltonian

hsð∇; r; zÞ≡ hð∇; r; zÞ þ
X
qν

g†qνðr; zÞ · sqνðzÞ ð49Þ

[see Eq. (37a)] and in the last term of the rhs we recognize
that the density operator in Eq. (37d) multiples the shifted
displacement φ̂ defined in Eq. (45).

V. GREEN’S FUNCTIONS AND MARTIN-
SCHWINGER HIERARCHY

The building blocks of the NEGF formalism are the
electronic and phononic GF. Let us introduce a notation
which is used throughout the remainder of the paper. We
denote the position, spin, and contour-time coordinates of
an electronic field operator with the collective indices

k ¼ xk; zk; j ¼ xj; zj; …

k0 ¼ x0
k; z

0
k; j0 ¼ x0

j; z
0
j; … ð50Þ

etc. Thus, for instance, ψ̂ð1Þ ¼ ψ̂ðx1; z1Þ and ψ̂ð20Þ ¼
ψ̂ðx0

2; z
0
2Þ. We recall that the electronic field operators have

no explicit dependence on the contour time, i.e., ψ̂ðx; zÞ ¼
ψ̂ðxÞ. Without any risk of ambiguity, we use the same
notation to denote the momentum, branch, component, and
contour-time coordinates of a phononic field operator:

k ¼ qk; νk; ik; zk; j ¼ qj; νj; ij; zj; …

k0 ¼ q0
k; ν

0
k; i

0
k; z

0
k; j0 ¼ q0

j; ν
0
j; i

0
j; z

0
j; … ð51Þ

etc. Thus, for instance, φ̂ð1Þ ¼ φ̂i1
q1ν1ðz1Þ and φ̂ð20Þ ¼

φ̂
i0
2

q0
2
ν0
2
ðz02Þ. We also use the superscript star “�” to denote

the composite index with reversed momentum, e.g.,
k� ¼ −qk; νk; ik; zk. Of course, starring twice is the same
as no starring, i.e., k�� ¼ k. We then define

D⃗−1
0 ð1; 2Þ≡

�
i
d
dz1

αi1i2ν1ν2 −Qi1i2
ν1ν2ðq1; z1Þ

�
δq1q2δðz1; z2Þ;

ð52aÞ

G⃗−1
0 ð1; 2Þ≡

�
i
d
dz1

− hsð∇1; r1; z1Þ
�
δðx1 − x2Þδðz1; z2Þ;

ð52bÞ
gð1; 2Þ≡ δðz1; z2Þgi2q2ν2ðr1; z1Þ; ð52cÞ
vð1; 2Þ≡ δðz1; z2Þvðr1; r2; z1Þ; ð52dÞ
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where δðz1; z2Þ is the Dirac delta on the contour [25].
Accordingly, the equations of motion for the field oper-
ators, i.e., Eqs. (46) and (48), are shortened asZ

d2̃D⃗−1
0 ð1; 2̃Þφ̂Hð2̃Þ ¼

Z
d2̄gð2̄; 1Þψ̂†

Hð2̄Þψ̂Hð2̄Þ; ð53aÞ
Z

d2̄G⃗−1
0 ð1; 2̄Þψ̂Hð2̄Þ ¼

Z
d2̄vð1; 2̄Þψ̂†

Hð2̄Þψ̂Hð2̄Þψ̂Hð1Þ

þ
Z

d2̃gð1; 2̃�Þψ̂Hð1Þφ̂Hð2̃Þ:

ð53bÞ

To distinguish the integration variables of the electronic
operators ψ̂ from those of the phononic operators φ̂, we
use a bar for the former and a tilde for the latter; thus,R
d1̄≡ R dx̄1dz̄1 and

R
d1̃≡Pq̃1ν̃1 ĩ1

R
dz̃1. Setting

v ¼ g ¼ 0 in the rhs of Eqs. (53), we obtain the equations
of motion of the field operators governed by the Hamiltonian

Ĥs
0ðzÞ≡ Ĥs

0;eðzÞ þ Ĥs
0;phðzÞ: ð54Þ

We use this observation in the next section.

A. Green’s functions

The m-particle phononic and electronic GF are contour-
ordered correlators of strings of phononic and electronic
field operators. We define them here in full generality, as
we need them to derive the Martin-Schwinger hierarchy.
The hierarchy is then solved in Sec. VI for independent
electrons and phonons, and the solution is used to work out
the expansion of the interacting electronic and phononic
GF withm ¼ 1, i.e., G andD. Them-particle phononic GF
is defined as

D̃mð1; 2;…; 2mÞ≡ 1

im
Tr½ρ̂T fφ̂Hð1Þφ̂Hð2Þ…φ̂Hð2mÞg� ¼ 1

im
Tr
h
T
n
e
−i
R
γ
dz̄ Ĥðz̄Þ

φ̂ð1Þφ̂ð2Þ…φ̂ð2mÞ
oi

Tr
h
T
n
e
−i
R
γ
dz̄ Ĥðz̄Þoi : ð55Þ

In this definition,m can also be a half-integer; in particular, D̃1=2ð1Þ ¼ φð1Þ=i1=2. The phononic GF D̃m differs from that in

Refs. [58,59], as it is defined in terms of the shifted operators φ̂ instead of ϕ̂. We observe that the operators appearing in the
second equality are not in the contour-Heisenberg picture [compare with Eq. (32)]. The phononic GF is totally symmetric
under an arbitrary permutation of its arguments 1; 2;…; 2m. Similarly, we define the n-particle electronic GF as

Gnð1;…;n;10;…;n0Þ¼ 1

in
Tr½ρ̂T fψ̂Hð1Þ…ψ̂HðnÞψ̂†

Hðn0Þ…ψ̂†
Hð10Þg�¼

1

in
Tr
h
T
n
e
−i
R
γ
dz̄Ĥðz̄Þ

ψ̂ð1Þ…ψ̂ðnÞψ̂†ðn0Þ…ψ̂†ð10Þ
oi

Tr
h
T
n
e
−i
R
γ
dz̄Ĥðz̄Þoi :

ð56Þ
The electronic GF is totally antisymmetric under an arbitrary permutation of the arguments 1; 2;…; n and 10; 20;…; n0.

B. Martin-Schwinger hierarchy

Taking into account that the commutation relations for the operators φ̂ are identical to the commutation relations for the
operators ϕ̂ [see Eq. (47)], the equations of motion for D̃m with m ¼ 1=2; 1; 3=2;… readZ

d1̃D⃗−1
0 ðk; 1̃ÞD̃mð1;…; 1̃;…; 2mÞ ¼ 1

im

Z
d1̄gð1̄; kÞTr

�
ρ̂T
�
φ̂Hð1Þ;…; ψ̂†

Hð1̄Þψ̂Hð1̄Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
kth place

;…; φ̂Hð2mÞ

�

þ
X2m
j¼1
j≠k

δðk; j�ÞD̃m−1ð1;…; k
⊓
;…; j

⊓
;…; 2mÞ; ð57Þ

where the variable 1̃ in the lhs is at place k and we define

D̃0 ¼ 1 and D̃−1=2 ¼ 0. The first term in the rhs originates

from the equation of motion Eq. (53a). The last term in the
rhs originates from the derivative of the Heaviside step

functions implicit in the contour ordering [25]. These
derivatives generate quantities like δðzk; zjÞ½φ̂ik

qkνk;H
ðzkÞ;

φ̂
ij
qjνj;H

ðzjÞ� ¼ δðzk; zjÞδqk;−qjα
ikij
νkνj [see Eq. (34)], which

multiplied by α lead to δðk; j�Þ≡ δðzk; zjÞδqk;−qj
δνkνjδikij .
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To shorten the equations, we also introduce the symbol “⊓ ” above an index to indicate that the index is missing from the
list. In a similar way, we can derive the equations of motion for the n-particle GF and find for n ¼ 1; 2; 3;…Z

d1̄G⃗−1
0 ðk; 1̄ÞGnð1;…; 1̄;…; n; 10;…; n0Þ

¼ −i
Z

d1̄vðk; 1̄ÞGnþ1ð1;…; n; 1̄; 10;…; n0; 1̄þÞ

þ 1

in

Z
d1̃gðk; 1̃�ÞTr

�
ρ̂T
�
ψ̂Hð1Þ;…; ψ̂HðkÞφ̂Hð1̃Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

kth place

;…; ψ̂HðnÞψ̂Hðn0Þ;…; ψ̂†
Hð10Þ


�

þ
Xn
j¼1

ð−Þkþjδðk; j0ÞGn−1ð1;…; k
⊓
;…; n; 10;…; j0

⊓
;…; n0Þ; ð58Þ

where the variable 1 in the lhs is at place k and we define
G0 ¼ 1. The first two terms in the rhs originate from the
equation of motion Eq. (53b). The last term in the rhs
originates from the derivative of the Heaviside step func-
tions implicit in the contour ordering. In the electronic case,
δðk; jÞ≡ δðxk − xjÞδðzk; zjÞ. We further notice that the last
argument of the GF Gnþ1 is 1̄þ. We use the superscript “þ”
to indicate that the contour time is infinitesimally later
than z̄1. This infinitesimal shift guarantees that the creation
operator ψ̂†ð1̄Þ in Gnþ1 ends up to the left of the
annihilation operator ψ̂ð1̄Þ when the operators are contour
ordered.
The equation of motion for Gn with derivative with

respect to the primed arguments can be worked out
similarly. All equations of motion must be solved with
KMS boundary conditions; i.e., D̃m must be periodic on
the contour with respect to all times z1;…; z2m andGn must
be antiperiodic on the contour with respect to all times
z1;…; zn; z01;…; z0n.
If the e-ph coupling g ¼ 0, then D̃m couples only to

D̃m−1. In the electronic sector, things are different. For
g ¼ 0, the equations of motion reduce to the Martin-
Schwinger hierarchy for a system of only electrons,
and Gn couples to Gn−1 and Gnþ1 through the Coulomb
interaction v. For Gn to couple only to Gn−1, the Coulomb
interaction has to vanish, too.

When both e-e and e-ph interactions are present, Gn
couples toGn−1 andGnþ1 as well as to mixed GF consisting
of a mix string of ψ̂ , ψ̂†, and φ̂ operators; see the third line
in the equations of motion. Likewise, D̃m couples to D̃m−1
but also to mixed GF; see the first term in the rhs of the
equations of motion. The equations of motion for the mixed
GF can be derived in precisely the same way; see also
Ref. [60]. We refer to the full set of equations as the Martin-
Schwinger hierarchy for electron-phonon systems. In the
next sections, we lay down a perturbative method to
calculate all GF.

VI. WICK’S THEOREM FOR THE
MANY-PARTICLE GREEN’S FUNCTIONS

The Wick theorem provides the solution of the Martin-
Schwinger hierarchy with the rhs evaluated at g ¼ v ¼ 0.
This is the same as solving the Martin-Schwinger hierarchy
for a system of electrons and phonons governed by the
Hamiltonian Ĥs

0; see the comment above Eq. (54). As Ĥs
0

depends on g explicitly, setting g ¼ v ¼ 0 in the rhs of
Eqs. (57) and (58) is not the same as solving the Martin-
Schwinger hierarchy with Ĥjg¼v¼0 (noninteracting hier-

archy). Henceforth, we name the GF governed by Ĥs
0 as

the independent GF, and we denote them byD0;m and G0;n.
We then have

Z
d1̃D⃗−1

0 ðk; 1̃ÞD0;mð1;…; 1̃;…; 2mÞ ¼
X2m
j¼1
j≠k

δðk; j�ÞD0;m−1ð1;…; k
⊓
;…; j

⊓
;…; 2mÞ; ð59aÞ

Z
d1̄G⃗−1

0 ðk; 1̄ÞG0;nð1;…; 1̄;…; n; 10;…; n0Þ ¼
Xn
j¼1

ð−Þkþjδðk; j0ÞG0;n−1ð1;…; k
⊓
;…; n; 10;…; j0

⊓
;…; n0Þ; ð59bÞ

and the like with time derivatives with respect to the primed arguments. The independent GF satisfy two independent
hierarchies. Despite the similarities, the phononic and electronic hierarchies present important differences. The sum in the
rhs runs over all arguments of D0;m in Eq. (59a), whereas it runs over only the primed arguments of G0;n in Eq. (59b).
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Moreover, in the phononic case, m can also be a half-
integer. From Eq. (59a), we see that the integer m connects
with the integerm − 1 and the half-integerm connects with
the half-integer m − 1. Therefore, we have two separate
hierarchies of equations for the phononic GF.

A. Wick’s theorem for phonons

The proof of Wick’s theorem for D0;m goes along the
same lines as in Ref. [59]. The phononic GF D0;m ¼ 0 for
all half-integers m. This can easily be proven by consid-
ering the average of the equation of motion Eq. (46) with
g ¼ 0. By definition, this average is proportional to D0;1=2,
and the only solution satisfying the KMS boundary con-
ditions is D0;1=2 ¼ 0. Consider now m ¼ 3=2:Z

d1̃D⃗−1
0 ð1; 1̃ÞD0;3=2ð1̃; 2; 3Þ

¼ δð1; 2�ÞD0;1=2ð3Þ þ δð1; 3�ÞD0;1=2ð2Þ ¼ 0 ð60Þ

and the like for the variables 2 and 3. We see thatD0;3=2 ¼ 0

is a solution satisfying the KMS boundary conditions.
By induction, D0;m ¼ 0 for half-integers. Henceforth, we
consider only integers m in the noninteracting case.
For m ¼ 1, we have the equation of motion for D0;1:Z

d1̃D⃗−1
0 ð1; 1̃ÞD0;1ð1̃; 2Þ ¼ δð1; 2�Þ: ð61Þ

Comparing with Eq. (43), we realize that

D0;1ð1; 2Þ ¼ δq1;−q2D
i1i2
0;q1ν1ν2

ðz1; z2Þ: ð62Þ

Without any risk of ambiguity, we denoteD0;1ð1; 2Þ simply
by D0ð1; 2Þ in the remainder of the paper. For D0;m with
m > 1, the solution of Eq. (59a) is given by the so-called
Hafnian [60–62]. The Hafnian can be defined recursively
starting from any of the arguments in D0;m. Choosing, for
instance, the argument k, we have

D0;mð1;…; 2mÞ

¼
X2m
j¼1
j≠k

D0ðk; jÞD0;m−1ð1;…; k
⊓
;…; j

⊓
;…; 2mÞ: ð63Þ

Using again Eq. (63) for D0;m−1 and then for D0;m−2 and so
on and so forth, we obtain an expansion of D0;m in terms
of products of m D0 ’s. A compact way to write this
expansion is

D0;mð1;…; 2mÞ ¼ 1

2mm!

X
P

D0(Pð1Þ; Pð2Þ)…

×D0(Pð2m − 1Þ; Pð2mÞ); ð64Þ

where the sum runs over all permutations of the indices
1; 2;…; 2m. The recursive form of Eq. (63) makes it
clear that D0;m satisfies Eq. (59a) and the KMS boundary
conditions.

B. Wick’s theorem for electrons

The solution of Eq. (58) is discussed at length in
Refs. [25,63]. We here write the final result for complete-
ness. For n ¼ 1, Eq. (59b) yields

Z
d1G⃗−1

0 ð1; 1̄ÞG0;1ð1̄; 2Þ ¼ δð1; 2Þ; ð65Þ

to be solved with KMS boundary conditions. Like for
the phononic case, we shorten the notation and write
G0;1ð1; 2Þ ¼ Gs

0ð1; 2Þ. The superscript “s” reminds us that
this GF depends on g through hs. For G0;n with n > 1, the
solution of Eq. (58) is again defined recursively choosing
either an unprimed or a primed argument:

G0;nð1;…;n;10;…;n0Þ

¼
Xn
k¼1

ð−ÞkþjGs
0ðk;j0ÞG0;n−1ð1;…;k

⊓
;…;n;10;…;j0

⊓
;…;n0Þ

¼
Xn
j¼1

ð−ÞkþjGs
0ðk;j0ÞG0;n−1ð1;…;k

⊓
;…;n;10;…;j0

⊓
;…;n0Þ:

ð66Þ

Using again Eq. (66) for G0;n−1 and then for G0;n−2 and so
on and so forth, we obtain an expansion of G0;n in terms of
products of n Gs

0 ’s. A compact way to write this expansion
is the determinant

G0;nð1;…; n; 10;…; n0Þ

¼

���������
Gs

0ð1; 10Þ � � � Gs
0ð1; n0Þ

..

. ..
.

Gs
0ðn; 10Þ � � � Gs

0ðn; n0Þ

���������
¼
X
P

ð−ÞPGs
0ðPð1Þ; 10Þ…Gs

0ðPðnÞ; n0Þ; ð67Þ

where the sum runs over all permutations of the indices
1; 2;…; n and ð−ÞP is the sign of the permutation.
The recursive form of the Wick theorem highlights the

differences between the phononic and the electronic case.
For G0;n, we need to connect unprimed arguments to
primed arguments in all possible ways. For D0;m, there
is no such distinction, and we need to connect all arguments
in all possible ways.
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VII. EXACT GREEN’S FUNCTIONS FROM
WICK’S THEOREM

The interacting GF D̃m and Gn can be expanded in
powers of the e-e interaction v and e-ph coupling g. In this
section, we focus on the one-particle electronic GFG≡G1,
the one-particle phononic GF D̃≡ D̃1, and the half-particle
phononic GF D̃1=2. The final results are Eqs. (75), (77),
and (78); the reader can directly move to these equations if
not interested in their derivation. In Sec. IX, we show that
the perturbative expansion leads to a closed system of
equations for these quantities. Higher-order Green’s func-
tions as well as mixed Green’s functions (relevant for linear
response theory) can be investigated along the same lines;
see Ref. [25].

The starting point is the Hamiltonian written in the form
of Eq. (36), i.e., Ĥ ¼ Ĥs

0 þ Ĥe-e þ Ĥe-ph with Ĥs
0 defined

in Eq. (54). Inside the contour ordering, the Hamiltonians
Ĥs

0, Ĥe-e, and Ĥe-ph can be treated as commuting operators,
and, hence, the exponential of their sum can be separated
into the product of three exponentials. It is then natural to
define the independent averages as

hT f� � �gis0 ≡ Tr
h
T
n
e
−i
R
γ
dzĤs

0ðz̄Þ…
oi

: ð68Þ

We emphasize again that the independent averages are not
the same as the noninteracting averages, i.e., the averages
with v ¼ g ¼ 0, since both Ĥs

0;e and Ĥs
0;ph depend on g;

see Eqs. (37a) and (37b).

A. One-particle electronic Green’s function

The GF G≡G1 is defined in Eq. (56). We have

Gða; bÞ ¼ 1

i

Tr
h
T
n
e
−i
R
γ
dz̄Ĥs

0ðz̄Þe−i
R
γ
dz̄Ĥe-eðz̄Þe−i

R
γ
dz̄Ĥe-phðz̄Þψ̂ðaÞψ̂†ðbÞ

oi
Tr
h
T
n
e
−i
R
γ
dz̄Ĥs

0ðz̄Þe−i
R
γ
dz̄Ĥe-eðz̄Þe−i

R
γ
dz̄Ĥe-phðz̄Þ

oi ; ð69Þ

where a ¼ xa; za and b ¼ xb; zb in accordance with the notation of Eq. (50). The denominator in this equation is the
interacting partition function Z ¼ Tr½e−βðĤ−μN̂eÞ�. Expanding the exponentials containing Ĥe-e and Ĥe-ph, we find

Gða; bÞ ¼ 1

i

P∞
k;p¼0

ð−iÞkþp

k!p!

R
γ dz1…dzkdz̃1…dz̃phT fĤe-eðz1Þ…Ĥe-eðzkÞĤe-phðz̃1Þ…Ĥe-phðz̃pÞψ̂ðaÞψ̂†ðbÞgis0P∞

k;p¼0
ð−iÞkþp

k!p!

R
γ dz1…dzkdz̃1…dz̃phT fĤe-eðz1Þ…Ĥe-eðzkÞĤe-phðz̃1Þ…Ĥe-phðz̃pÞgis0

: ð70Þ

To facilitate the identification of the expansion terms, we use a tilde for the contour times of the e-ph interaction
Hamiltonian. Let us write the integrated Hamiltonians in terms of gði; jÞ and vði; jÞ; see Eqs. (52c) and (52d). We haveZ

dz̃jĤe-phðz̃jÞ ¼
Z

dj̄dj̃gðj̄; j̃�Þψ̂†ðj̄þÞψ̂ðj̄Þφ̂ðj̃Þ; ð71aÞ

Z
dzjĤe-eðzjÞ ¼

1

2

Z
djdj0vðj; j0Þψ̂†ðjþÞψ̂†ðj0þÞψ̂ðj0Þψ̂ðjÞ: ð71bÞ

The infinitesimal shift in the contour times of the electronic creation operators guarantees that these operators end up to the
left of the annihilation operators calculated at the same contour times after the contour reordering. Inserting Eqs. (71) into
Eq. (70), we are left with the evaluation of contour-ordered strings like hT fψ̂…ψ̂ ψ̂†…ψ̂†φ̂…φ̂gis0 with an arbitrary number
of operators. We observe that Ĥs

0;e acts on the Fock space F of the electrons and Ĥs
0;ph acts on the Hilbert space DNn

of Nn

distinguishable nuclei. As such, the eigenkets of Ĥs
0 ¼ Ĥs

0;e þ Ĥs
0;ph factorize into tensor products of kets in F and kets

in DNn
. Therefore, the partition function for independent electrons and phonons

Zs
0 ¼ Tr

h
T
n
e
−i
R
γ
dz̄Ĥs

0ðz̄Þ
oi

¼ Tr
h
T
n
e
−i
R
γ
dz̄Ĥs

0;eðz̄Þ
oi

× Tr
h
T
n
e
−i
R
γ
dz̄Ĥs

0;phðz̄Þ
oi

¼ Zs
0;eZ

s
0;ph ð72Þ
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factorizes into electron and phonon contributions. The same type of factorization allows us to simplify the independent
average of any string of operators as

hT fψ̂…ψ̂ ψ̂†…ψ̂†φ̂…φ̂gis0 ¼ hT fψ̂…ψ̂ ψ̂†…ψ̂†gis0;e × hT fφ̂…φ̂gis0;ph; ð73Þ

where the average h� � �is0;e is performed with Ĥs
0;e and the average h� � �is0;ph is performed with Ĥs

0;ph.
To the order of k in v and to the order of p in g, the numerator of the GF contains the independent average of the

following string:

D
T
n
ψ̂†ð1þÞψ̂†ð10þÞψ̂ð10Þψ̂ð1Þ…|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

4k operators

ψ̂†ð1̄þÞψ̂ð1̄Þφ̂ð1̃Þ…|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
3p operators

ψ̂ðaÞψ̂†ðbÞ
oE

s

0

¼ ð−Þp
D
T
n
ψ̂ðaÞψ̂ð1Þψ̂ð10Þ…|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

2k ψ̂

ψ̂ð1̄Þ…|fflfflffl{zfflfflffl}
p ψ̂

…ψ̂†ð1̄þÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
p ψ̂†

…ψ̂†ð10þÞψ̂†ð1þÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
2k ψ̂†

ψ̂†ðbÞ
oE

s

0;e
×
D
T
n
φ̂ð1̃Þ…|fflfflffl{zfflfflffl}

p φ̂

oE
s

0;ph

¼ ð−ÞpZs
0;ei

2kþpþ1G0;2kþpþ1ða; 1; 10;…; 1̄;…; b; 1þ; 10þ;…; 1̄þ;…Þ × Zs
0;phi

p=2D0;p=2ð1̃;…Þ: ð74Þ

With similar manipulations, we can work out the expansion of the partition function. Taking into account that D0;p=2 is
nonvanishing only for even integers p, the expansion of the interacting GF reads

Gða; bÞ ¼ Zs
0

Z

X∞
k;p¼0

ikþp

2kk!ð2pÞ!
Z

d1d10…dkdk0vð1; 10Þ…vðk; k0Þ
Z

d1̃d1̄…dðf2pÞdð2pÞgð1̄; 1̃�Þ…gð2p;f2p�Þ

×G0;2kþ2pþ1ða; 1; 10;…; 1̄;…; b; 1þ; 10þ;…; 1̄þ;…ÞD0;pð1̃;…Þ; ð75Þ

with

Z
Zs

0

¼
X∞
k;p¼0

ikþp

2kk!ð2pÞ!
Z

d1d10…dkdk0vð1; 10Þ…vðk; k0Þ
Z

d1̃d1̄…dðf2pÞdð2pÞgð1̄; 1̃�Þ…gð2p;f2p�Þ

×G0;2kþ2pð1; 10;…; 1̄;…; 1þ; 10þ;…; 1̄þ;…ÞD0;pð1̃;…Þ: ð76Þ

The zeroth-order term in the expansion of Eq. (75) (k ¼ p ¼ 0) is the GFG0;1 ¼ Gs
0 calculated from Eq. (65), where G⃗−1

0 is
defined in Eq. (52b).
Using Wick’s theorem for G0;n and D0;m, Eqs. (75) and (76) provide an exact expansion in terms of the one-particle

electronic GF Gs
0 and phononic GF D0.

B. One-particle phononic Green’s function

The interacting GF D̃≡ D̃1 is defined in Eq. (55). Writing the exponential like in Eq. (69), expanding with respect to
Ĥe-e and Ĥe-ph, and using Eqs. (71), we find

D̃ða; bÞ ¼ Zs
0

Z

X∞
k;p¼0

ikþp

2kk!ð2pÞ!
Z

d1d10…dkdk0vð1; 10Þ…vðk; k0Þ
Z

d1̃d1̄…dðf2pÞdð2pÞgð1̄; 1̃�Þ…gð2p;f2p�Þ

×G0;2kþ2pð1; 10;…; 1̄;…; 1þ; 10þ;…; 1̄þ;…ÞD0;pþ1ða; b; 1̃;…Þ; ð77Þ

where we take into account that D0;m vanishes for half-integers m. In Eq. (77), the arguments a ¼ qa; νa; ia; za
and b ¼ qb; νb; ib; zb.
Using Wick’s theorem for G0;n and D0;m, we have an exact expansion of the interacting one-particle phononic GF in

terms of Gs
0 and D0. The zeroth-order term (k ¼ p ¼ 0) is the GF D0, since G0;0 ¼ 1.
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C. Half-particle phononic Green’s function

The interacting GF D̃1=2 is proportional to the time-dependent average of the field operator φ̂, i.e., D̃1=2ðaÞ ¼
ð1=i1=2ÞφðaÞ. Proceeding along the same lines as for the derivation of the expansion Eq. (77), we find

φðaÞ ¼ −
Zs

0

Z

X∞
k;p¼0

ikþpþ1

2kk!ð2pþ 1Þ!
Z

d1d10…dkdk0vð1; 10Þ…vðk; k0Þ

×
Z

d1̃d1̄…d
� g2pþ 1

�
dð2pþ 1Þgð1̄; 1̃�Þ…g

�
2pþ 1; g2pþ 1

�
�

×G0;2kþ2pþ1ð1; 10;…; 1̄;…; 1þ; 10þ;…; 1̄þ;…ÞD0;pþ1ða; 1̃;…Þ; ð78Þ

where we take into account that D0;m vanishes for half-
integersm. The average φ vanishes for g ¼ 0, in agreement
with the equation of motion Eq. (46).

VIII. DIAGRAMMATIC THEORY

The expansions of G, D̃, and φ contain the GF Gs
0 and

D0, the Coulomb interaction v, and the e-ph coupling g.
Let us assign a graphical object to these quantities. We use
an oriented line from 2 to 1 to represent Gs

0ð1; 2Þ and a
wiggly line between 1 and 2 to represent vð1; 2Þ ¼ vð2; 1Þ.
For the noninteracting phononic GF D0ð1; 2Þ ¼ D0ð2; 1Þ,
we use a spring from 1 to 2. The e-ph coupling gð1; 2�Þ is
instead represented by a square, half black and half white,
where 1 is attached to the black vertex and 2 is attached to
the white vertex. In summary,

ð79Þ

We can now represent every term of the expansions with
diagrams. The diagrams for G are either connected or

products of a connected diagram and a vacuum diagram.
In a connected diagram for Gða; bÞ all internal vertices are
connected to both a and b through Gs

0, D0, v, and g. Thus,
a disconnected G diagram is characterized by a subset of
internal vertices that are not connected to either a or b,
and, hence, they form a vacuum diagram. Similarly, the
diagrams for φðaÞ fall into two main classes: those with all
internal vertices connected to a and those where a subset
of internal vertices is disconnected, thus forming a
vacuum diagram. The diagrams for D̃ða; bÞ can instead
be grouped into three different classes: (c1) all internal
vertices connected to both a and b, (c2) a subset of internal
vertices connected only to a and the complementary set
connected only to b, and (c3) diagrams where a subset of
internal vertices is not connected to either a or b, thus
forming a vacuum diagram. In all cases, the contributions
containing vacuum diagrams factorize and cancel with the
expansion of the partition function Z; see Eq. (76).
Furthermore, many connected diagrams are topologically
equivalent, and it is, therefore, enough to consider only the
topologically inequivalent diagrams. The number of
topologically equivalent diagrams cancel the combinato-
rial factor 2kk!ð2pÞ! in Eqs. (75) and (77) and 2kk!ð2pþ
1Þ! in Eq. (78). The proof of these statements goes along
the same lines as the proof for only electrons, and we refer
to Refs. [25,60] for more details. The resulting formulas
for G, D̃, and φ become

Gða; bÞ ¼
X∞
k;p¼0

ikþp

Z
d1d10…dkdk0vð1; 10Þ…vðk; k0Þ

Z
d1̃d1̄…dðf2pÞdð2pÞgð1̄; 1̃�Þ…gð2p;f2p�Þ

× G0;2kþ2pþ1ða; 1; 10;…; 1̄;…; b; 1þ; 10þ;…; 1̄þ;…ÞD0;pð1̃;…Þ
���
c
t:i:

; ð80Þ

D̃ða; bÞ ¼
X∞
k;p¼0

ikþp

Z
d1d10…dkdk0vð1; 10Þ…vðk; k0Þ

Z
d1̃d1̄…dðf2pÞdð2pÞgð1̄; 1̃�Þ…gð2p;f2p�Þ

×G0;2kþ2pð1; 10;…; 1̄;…; 1þ; 10þ;…; 1̄þ;…ÞD0;pþ1ða; b; 1̃;…Þ
���
c
t:i:

; ð81Þ
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and

φðaÞ ¼ −
X∞
k;p¼0

ikþpþ1

Z
d1d10…dkdk0vð1; 10Þ…vðk; k0Þ

Z
d1̃d1̄…dð g2pþ 1Þdð2pþ 1Þgð1̄; 1̃�Þ…gð2pþ 1; g2pþ 1

�Þ

× G0;2kþ2pþ1ð1; 10;…; 1̄;…; 1þ; 10þ;…; 1̄þ;…ÞD0;pþ1ða; 1̃;…Þ
���
c
t:i:

; ð82Þ

where the labels “c” and “t.i.” indicate that, when expand-
ing G0;n in determinants and D0;m in Hafnians, only
connected and topologically inequivalent diagrams are
retained. In particular, the expansion Eq. (81) for D̃
contains all diagrams in classes (c1) and (c2).

A. Diagrammatic expansion for G

In Fig. 2, we show a few low-order Feynman diagrams
for G. The Feynman rules to convert the diagrams into a
mathematical expression are

(i) number all vertices and assign an interaction vði; jÞ
to a wiggly line connecting i and j, an e-ph coupling
gði; j�Þ to a square with white vertex in j and black
vertex i, a GF Gs

0ði; jþÞ to an oriented line from j to
i, and a GF D0ði; jÞ to a spring connecting i and j;

(ii) integrate over all internal vertices and multiply by
ikþpð−Þl, where l is the number of electronic loops,
k is the number of wiggly lines, and 2p is the
number of squares.

There are diagrams (fifth and seventh diagrams in the
second row in Fig. 2) that are one-Gs

0-line reducible; i.e.,
they can be disconnected into two pieces by cutting an
internal Gs

0 line. We define the irreducible self-energy Σ as
the set of all one-Gs

0-line irreducible diagrams with the
external (ingoing and outgoing) Gs

0 line removed. Then, G
can be written as a geometric series:

G ¼ Gs
0 þ Gs

0ΣGs
0 þGs

0ΣGs
0ΣGs

0 þ � � � ¼ Gs
0 þ Gs

0ΣG:

ð83Þ

Each product in this formula stand for a space-spin-time
convolution. The self-energy Σ ¼ Σ½Gs

0; D0; v; g� is an
infinite sum of irreducible diagrams with Gs

0 lines and
D0 lines connected through v and g.
Among the self-energy diagrams, there are some with

self-energy insertions, i.e., diagrams that can be discon-
nected into two pieces by cutting two Gs

0 lines—examples
are the last three diagrams in Fig. 2. We say that a diagram
is G-skeletonic if it does not contain self-energy insertions.
Then, the full set of Σ diagrams is obtained by dressing the
Gs

0 lines of the skeleton diagrams with all possible self-
energy insertions. This amounts to evaluating the skeleton
diagrams with the interacting GF G instead of Gs

0 [25].
Denoting by Σ1 skel the sum of only G-skeleton diagrams,
we can write

Σ ¼ Σ½Gs
0; D0; v; g� ¼ Σ1 skel½G;D0; v; g�: ð84Þ

B. Diagrammatic expansion for D̃

Let us now consider the one-particle phononic GF D̃.
Expanding G0;n and D0;m in Eq. (81) according to Wick’s
theorem and representing every term of the expansion with
a diagram, we obtain the diagrammatic expansion of D̃.
The Feynman rules for the D̃ diagrams are the same as for
the G diagrams. In Fig. 3, we illustrate a few low-order
diagrams.
We can clearly distinguish the diagrams belonging to

class (c2). These are the double-tadpole diagrams (see
the second, fourth, fifth, and sixth diagrams in Fig. 3).

FIG. 2. Low-order diagrams in the expansion of the interacting electronic Green’s function G.
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The single-tadpole diagrams constitute the diagrammatic
expansion of the half-particle phononic GF D̃1=2 ¼ φ=i1=2.
In Fig. 4, we show the diagrammatic expansion of φ. The
full set of diagrams can be easily summed up; see the rhs in
Fig. 4, where the oriented double line denotes the interact-
ing GF G. The Feynman rules for the φ diagrams are the
same as for the G diagrams and D diagrams except that
the prefactor is ikþpþ1ð−Þlþ1, where l is the number of
electronic loops, k is the number of wiggly lines, and
2pþ 1 is the number of squares; see Eq. (82). We, thus,
have

φðaÞ ¼ −i
Z

d1̃d1̄D0ða; 1̃Þgð1̄; 1̃�ÞGð1̄; 1̄þÞ; ð85Þ

a result that could alternatively be found by direct inte-
gration of the equation of motion Eq. (46) after taking into
account that the electronic density nð1Þ ¼ −iGð1; 1þÞ. We
can, therefore, write the expansion of D̃ as

D̃ða; bÞ ¼ D̃1=2ðaÞD̃1=2ðbÞ
þ ½D0 þD0ΠD0 þD0ΠD0ΠD0 þ � � ��ða; bÞ;

ð86Þ

in which the products in this formula stand for momentum-
mode-component-time convolutions. The phononic self-
energy Π ¼ Π½Gs

0; D0; v; g� is the set of all diagrams that,
after the removal of the ingoing and outgoing D0 lines,
cannot be cut into two pieces by cutting an internal D0 line
(one-D0-line irreducible diagrams).
The phononic Green’s function D̃ða; bÞ does not fulfill a

Dyson equation, but the fully connected phononic GF

Dða; bÞ≡ D̃ða; bÞ − D̃1=2ðaÞD̃1=2ðbÞ

¼ D̃ða; bÞ − 1

i
φðaÞφðbÞ ð87Þ

does. The GF Dða; bÞ can alternatively be written in terms
of the fluctuation operators Δφ̂ðaÞ≡ φ̂ðaÞ − φðaÞ ¼
ϕ̂ðaÞ − ϕðaÞ ¼ Δϕ̂ðaÞ. We have

Dða; bÞ ¼ 1

i
Tr½ρ̂T fΔφ̂HðaÞΔφ̂HðbÞg�

¼ 1

i
Tr½ρ̂T fΔϕ̂HðaÞΔϕ̂HðbÞg�: ð88Þ

The GF Dða; bÞ fulfills a Dyson equation, since

Dða; bÞ ¼ ½D0 þD0ΠD0 þD0ΠD0ΠD0 þ � � ��ða; bÞ
¼ D0ða; bÞ þ ðD0ΠDÞða; bÞ: ð89Þ

Like for the electronic Green’s function, we can express
the phononic self-energy in terms of G-skeleton diagrams.
We remove all diagrams with Σ insertions inside the Π
diagrams and then replace Gs

0 by the full GF G, thus
obtaining the functional Π1 skel:

Π ¼ Π½Gs
0; D0; v; g� ¼ Π1 skel½G;D0; v; g�: ð90Þ

The topological idea of the skeletonic expansion in G is
completely general, and it can be extended to the phononic
GF D and the screened Coulomb interaction W. This is
done in the next section.

IX. FROM THE SKELETONIC EXPANSION IN D
and W TO THE HEDIN-BAYM EQUATIONS

A. Skeletonic expansion in D

If we remove all phononic self-energy insertions inside
the Π1 skel diagrams and then replace D0 with D, we can
write

Π ¼ Π1 skel½G;D0; v; g� ¼ Π2 skel½G;D; v; g�: ð91Þ

FIG. 3. Low-order diagrams in the expansion of the interacting phononic Green’s function D̃.

FIG. 4. Resummation of the tadpole diagrams.
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Here, Π2 skel contains all doubly skeletonic self-energy
diagrams, i.e., all those diagrams that do not contain either
Σ insertions or Π insertions. Examples of Π2 skel diagrams
are shown in Fig. 5 (top), where the double spring
represents D. A similar procedure can be applied to the
electronic self-energy except that for Σwe must exclude the
time-local diagrams. In fact, aΠ insertion is here equivalent
to a Σ insertion, and it would, therefore, lead to a double
counting. Therefore,

Σ ¼ Σ1 skel½G;D0; v; g� ¼ ΣEh½G;D0; g� þ Σ2 skel½G;D; v; g�;
ð92Þ

where ΣEh is the self-energy in the second diagram in Fig. 2
with Gs

0 → G. Using the Feynman rules,

ΣEhð1; 2Þ ¼ −iδð1; 2Þ
Z

d1̃d2̃d1̄gð1; 1̃�Þ

×D0ð1̃; 2̃Þgð1̄; 2̃�ÞGð1̄; 1̄þÞ

¼ δð1; 2Þ
Z

d1̃gð1; 1̃�Þφð1̃Þ; ð93Þ

where in the last equality we use Eq. (85). The self-energy
ΣEh is known as the Ehrenfest self-energy. The Ehrenfest
approximation consists in including the phononic feedback
on the electrons through ΣEh, the electronic feedback on the

phonons through the density [see Eq. (85)], and in setting
Π ¼ 0. In this approximation, the nuclei are, therefore,
treated as classical particles, since they are described in
terms of displacements and momenta only, i.e., the com-
ponents of φ [26–36]. The importance of the Ehrenfest
diagram in the description of polarons is pointed out in
Refs. [31,37]. We expect that the Ehrenfest diagram is also
crucial to capture the phonon-induced coherent modulation
of the excitonic resonances [38]. Examples of Σ2 skel
diagrams are shown in Fig. 5 (middle).

B. Skeletonic expansion in W

Like in the case of only electrons [4], we can further
reduce the number of diagrams by removing all those
diagrams containing a polarization insertion, which we here
define as a piece that can be cut away by cutting two v lines
and at the same time it does not break into two disjoint
pieces by cutting one v line or oneD line; an example is the
fifth diagram in the Σ expansion in Fig. 5 (middle). The
polarization diagrams are, therefore, one-v-line irreducible
and one-D-line irreducible. To the best of our knowledge,
the diagrammatic definition of the polarization P in
systems of electrons and phonons is given here for the
first time. In Fig. 5 (bottom), we show a few low-order
diagrams for P ¼ P2 skel½G;D; v; g� which are both
G-skeletonic andD-skeletonic. The polarization P contains
both electronic and phononic contributions. For later
purposes, we also define the one-v-line irreducible,
one-D-line irreducible, and two-G-lines reducible kernel

KðrÞ
xc from the polarization according to

ð94Þ

where the dark-gray bubble represents P and the square

grid represents KðrÞ
xc ð1̄; 2̄; 3̄; 4̄Þ ¼ KðrÞ

xc ð2̄; 1̄; 4̄; 3̄Þ. This is
the same definition used in the case of systems of
only electrons. In fact, the so-called vertex function

Γ ¼ δ − KðrÞ
xc GG relates to P through the well-known

formula P ¼ −iGGΓ (the factor of “i” in the second
diagram in Eq. (94) comes from the Feynman rules for
the polarization diagrams). Following the same strategy as

in Ref. [25], one can show that the kernel KðrÞ
xc satisfies the

Bethe-Salpeter equation

ð95Þ

FIG. 5. Expansion of the phononic (top) and electronic
(middle) self-energies and of the polarization (bottom) in
G-skeleton diagrams and D-skeleton diagrams.
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where the kernel Kxc, represented by the square with only
vertical lines, is one-v-line irreducible, one-D-line irreduc-
ible, and two-G-lines irreducible.
From the polarization diagrams, we can construct the

dynamically screened interaction in the usual manner:

ð96Þ

We say that a diagram isW-skeletonic if it does not contain
P insertions. Then, the desired expression for Π and Σ is
obtained by discarding all those diagrams which are not
W-skeletonic and then replacing v with W.

C. Phononic self-energy

For the phononic self-energy, we get

Π ¼ Π2 skel½G;D; v; g� ¼ Π3 skel½G;D;W; g�; ð97Þ

whereΠ3 skel is the sumof all the triply skeletonic self-energy
diagrams, i.e., all those diagrams that do not contain eitherΣ
insertions, Π insertions, or P insertions. In Fig. 6 (top), we
show a few low-order diagrams of the triply skeletonic
expansion for Π3 skel. They are one-G-line irreducible, one-
D-line irreducible, and two-W-lines irreducible; i.e., they
cannot break into disjoint pieces by cutting twoW lines, for
otherwise they would contain a polarization insertion. We
then have either diagrams connected by a single W-line or
one-W-line irreducible diagrams. We can write Π in a
compact form using the polarization P. We define the
dressed (or screened) e-ph coupling gd as (notice the double
line in the diagrammatic representation)

ð98Þ

In terms of the dressed e-ph coupling, the phononic self-
energy can be represented as

ð99Þ

in agreement with the field-theoretic approach [8].
We see from this expression that one e-ph coupling
is bare, whereas the other is dressed. As pointed out
in Refs. [8,64,65], this structure has to be properly taken
into account for the calculation of phonons; see also
Ref. [66].

D. Electronic self-energy

For the electronic self-energy Σ, the only diagram for
which we should not proceed with the replacement is the
Hartree diagram [first diagram in Fig. 5 (middle)], since
here every polarization insertion is equivalent to a self-
energy insertion, and, hence, v → W would lead to a
double counting. Therefore,

Σ ¼ ΣEh½G;D0; g� þ Σ2 skel½G;D; v; g�
¼ ΣEh½G;D0; g� þ ΣH½G; v� þ Σ3 skel½G;D;W; g�; ð100Þ

where ΣH is the Hartree diagram. The self-energy Σ3 skel
is also called the exchange-correlation (xc) self-energy.

FIG. 6. Expansion of the phononic (top) and electronic (bottom) self-energy in G-skeleton diagrams, D-skeleton diagrams, and
W-skeleton diagrams. To facilitate the discussion in the main text, we label the Σ diagrams.
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Henceforth, we shall equivalently write Σ3 skel or Σxc.
The diagrammatic expansion of the xc self-energy plays
a crucial role in diagrammatic theory, since the Bethe-
Salpeter kernel Kxcð1; 2; 3; 4Þ ¼ −δΣxcð1; 3Þ=δGð4; 2Þ; see
Eq. (95). This statement can be proven along the same lines
as in Ref. [25]. We illustrate in Fig. 6 (bottom) a few low-
order diagrams of the triply skeletonic expansion of Σ3 skel.
Diagrams like the last two in the figure must be included,
since by cutting the two W lines we get a piece that is
neither a polarization insertion nor a Π insertion.
Like the phononic self-energy, also the electronic self-

energy Σ can be written in a compact form using the

polarization P or, more precisely, the kernel KðrÞ
xc . Let us

consider the admissible “effective” interactions that can
sprout from, e.g., the left vertex of Σxc. Keeping an eye on
Fig. 6 (bottom), we realize that we can have W [see
diagrams (a), (d), and (f)] and ½gDg� [see diagrams (b), (c),
and (e)]. We can also haveWP½gDg� [see diagram (h)], but
we cannot have WPW, since the corresponding diagram
would contain a P insertion. We can further have ½gDg�PW
[see diagram (g)], but we cannot have ½gDg�P½gDg�, since
the corresponding diagram would contain aΠ insertion. We
can finally have WP½gDg�PW [see diagrams (i) and (j)].
All other structures are nonskeletonic: WP½gDg�P½gDg�
and ½gDg�PWP½gDg� contain a Π insertion, whereas
½gDg�PWPW contains a polarization insertion. We con-
clude that the total “effective” interaction sprouting from
the left vertex is

eW ¼ W þ gDgþWPgDgþ gDgPW þWPgDgPW

¼ W þ ðgþWPgÞDðgþ gPWÞ
¼ W þ gdDgd: ð101Þ

To make these graphical considerations rigorous, we define
the phonon-mediated e-e interaction from the dressed e-ph
coupling according to

ð102Þ

or in formulas

Wphð1; 2Þ ¼
Z

d1̃d2̃gdð1; 1̃�ÞDð1̃; 2̃Þgdð2; 2̃�Þ; ð103Þ

and the total screened interaction eW ≡W þWph

according to

ð104Þ

or in formulas

eWð1; 2Þ ¼ Wð1; 2Þ þWphð1; 2Þ: ð105Þ

The total electronic self-energy can then be written as

ð106Þ

E. Hedin-Baym equations

We summarize in Table I the fundamental equations that
relate the various many-body quantities, i.e., G,D, Σ, Π, eW,

W, P, gd, and KðrÞ
xc . We here align with Ref. [8] and call the

full set of equations in Table I theHedin-Baym equations for
electrons and phonons.TheHedin-Baymequations provide a
closed system of equations for any diagrammatic approxi-
mation to the xc self-energy through the irreducible kernel
Kxc ¼ −δΣxc=δG. They are equations on the contour and
can, therefore, be used to study systems in equilibrium at any
temperature aswell as systems driven away from equilibrium
by external fields. For systems in equilibrium at zero
temperature, the adiabatic assumption in conjunction with
the assumption of a nondegenerate ground state allows for
deforming the contour into a single branch going from−∞ to
þ∞, i.e., the real axis [25]. In this case, the contour Green’s
functions become the more familiar time-ordered Green’s
functions, and the Hedin-Baym equations reduce to those
presented in Ref. [8]. We emphasize that no such shortcut is
possible at finite temperature.Oneway to avoid the use of the
L-shaped contour for equilibrium systems at finite temper-
ature is the analytic continuation (fromMatsubara to retarded
to time ordered), whichmay, however, be rather cumbersome
in the presence of singularities or branch cuts, although
notable progresses have been recently made [67–69].
Like for the Hedin equations for only electrons, the

Hedin-Baym equations can be iterated to obtain an expan-
sion of Σ and Π in terms of G,W,D, and g. If we start with

KðrÞ
xc ¼ 0, and, hence,

P ≃ χ0 ¼ −iGG; ð107Þ

the electronic self-energy Σ is approximated by

Σ ¼ ΣEh þ ΣH þ ΣGW þ ΣFM; ð108Þ

where ΣGW ¼ iGW is the well-knownGW self-energy with
RPA screened interaction W ¼ vþ vχ0W and

ΣFM ¼ igdGDgd ð109Þ
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is the so-called Fan-Migdal self-energy [70,71] with
dressed electron-phonon coupling

gd ¼ ðδþWχ0Þg: ð110Þ

The phononic self-energy for KðrÞ
xc ¼ 0 is simply

Π ¼ gχ0gd ¼ gðχ0 þ χ0Wχ0Þg: ð111Þ

We remark that the response function χ0 appearing inW and
Π cannot, in general, be built with a quasiparticle GFG, since
both ΣGW and ΣFM are nonlocal in time. Although the time-
local Coulomb-hole plus screened exchange version of ΣGW
often provides a good compromise in the trade-off between
accuracy and computational cost, we are not aware of a
similar time-local version ofΣFM. In Sec. X, we show that the
approximation in Eqs. (108) and (111) is conserving; i.e., the
resulting GF satisfy all fundamental conservation laws.
Inserting an approximation for the self-energies Σ

and Π into the Dyson equations G ¼ Gs
0 þ Gs

0ΣG and
D ¼ D0 þD0ΠD, we obtain a closed system of equations
for G and D for any Gs

0 and D0. The GF D0 depends

only on the parameters of the Hamiltonian (see also
Appendix A), whereas the GF Gs

0 depends also on the
nuclear displacements through hs. The Hedin-Baym equa-
tions must, therefore, be coupled to Eq. (85).
The Hedin-Baym equations can alternatively be derived

using the field-theoretic approach [6,8,20,65,72]. We
emphasize that the field-theoretic approach prescinds from
any diagrammatic notion; i.e., it does not tell us how to
expand the various many-body quantities diagrammatically.

X. EQUATIONS OF MOTION
FOR THE GREEN’S FUNCTIONS

An alternative route to solving the Hedin-Baym equa-
tions is the solution of the equations of motion for the GF.
This second route is more convenient for systems at finite
temperature or out of equilibrium. We here consider the
self-energies as functionals of G and D (doubly skeletonic
expansion). Using the equation of motion for D0 [see
Eq. (61)] and for Gs

0 [see Eq. (65)], we can convert the
Dyson equations Eqs. (83) and (89) into integro-differential
equations on the contour:

TABLE I. Mathematical expression (left column) and diagrammatic representation (right column) of the Hedin-
Baym equations for systems of interacting electrons and phonons.

G ¼ Gs
0 þGs

0ΣG

D ¼ D0 þD0ΠD

Σ ¼ ΣEh þ ΣH þ iG eWðδ − GGKðrÞ
xc Þ

Π ¼ gPgd

eW ≡W þ gdDgd = += +

W ¼ ðδþWPÞv +=

P ¼ −iGGðδ − KðrÞ
xc GGÞ

gd ¼ ðδþWPÞg

KðrÞ
xc ¼ − δΣxc

δG ðδ − GGKðrÞ
xc Þ
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Z
d1̄G⃗−1

0 ð1; 1̄ÞGð1̄; 2Þ ¼ δð1; 2Þ þ
Z

d1̄Σð1; 1̄ÞGð1̄; 2Þ;

ð112aÞ
Z

d1̃D⃗−1
0 ð1; 1̃ÞDð1̃;2�Þ ¼ δð1;2Þþ

Z
d1̃Πð1�; 1̃ÞDð1̃;2�Þ:

ð112bÞ

A. Equation of motion for G

We separate the electronic self-energy into a time-local
(singular) contribution Σδð1; 2Þ ∝ δðz1; z2Þ and a rest
Σcð1; 2Þ which is called the correlation self-energy:

Σ ¼ Σδ þ Σc: ð113Þ
The singular contribution is given by the sum of the Hartree-
Fock (HF) self-energy ΣHFð1; 2Þ ¼ δðz1; z2ÞVHFðx1;x2; z1Þ,
with VHF the spatially nonlocal HF potential, and the
Ehrenfest self-energy ΣEhð1; 2Þ ¼ δð1; 2ÞPqν g

†
qνðr1; z1Þ ·

φqνðz1Þ; see Eq. (93). Then, Eq. (112a) can be rewritten asZ
d1̄G⃗−1

mfð1; 1̄ÞGð1̄; 2Þ ¼ δð1; 2Þ þ
Z

d1̄Σcð1; 1̄ÞGð1̄; 2Þ;

ð114Þ
where the mean-field operator G⃗−1

mfð1; 2Þ≡ G⃗−1
0 ð1; 2Þ−

Σδð1; 2Þ. Taking into account the definition of G⃗−1
0 in

Eq. (52b) and the definition of the shifted one-particle
Hamiltonian hs in Eq. (49), one finds

G⃗−1
mfð1;2Þ¼

�
i
d
dz1

−hð∇;r;zÞ−
X
qν

g−qνðr;zÞUqνðzÞ
�
δð1;2Þ

−VHFðx1;x2;z1Þδðz1;z2Þ; ð115Þ
where we also take into account Eq. (45) and the fact that
electrons are coupled to the phonons only through the
displacements; see Eq. (38b).
Let us write the coordinates r ¼ ðx; y; zÞ of any point in

space as the sum of the vectorR0
n of the unit cell the point r

belongs to and a displacement u spanning the unit cell
centered at the origin, i.e., r ¼ R0

n þ u. We introduce a
generic one-electron Bloch basis, e.g., the Kohn-Sham basis,
Ψkμðx ¼ rσÞ ¼ eik·nukμðuσÞ=

ffiffiffiffi
N

p
,where thevectork takes

the same values as the vector q defined below Eqs. (25). The
wave functionsΨkμðxÞ can be thought of as the one-electron
eigenfunctions in some potential, e.g., the Kohn-Sham
potential, with the periodicity of our lattice; hence, the index
μ can be thought of as a band index. The matrix element of
any two-point correlatorwith the same periodicity, calculated
by sandwiching with Ψ�

k1μ1
and Ψk2μ2 , is proportional to

δk1;k2
; see Appendix D. If we then multiply Eq. (114) by

Ψ�
kμ1

ðx1Þ from the left and byΨkμ2ðx2Þ from the right andwe
integrate over x1 and x2, we find (in matrix form)

�
i
d
dz1

− hHFðk; z1Þ −
X
ν

g̃νðk; z1ÞU0νðz1Þ
�
Gkðz1; z2Þ

¼ δðz1; z2Þ þ
Z
γ
dz̄Σc;kðz1; z̄ÞGkðz̄; z2Þ; ð116Þ

where

hHF;μ1μ2ðk; z1Þ ¼
Z

dx1dx2Ψ�
kμ1

ðx1Þ

× ½hð∇1; r1; z1Þδðx1 − x2Þ
þ VHFðx1;x2; z1Þ�Ψkμ2ðx2Þ ð117Þ

and the like for the matrix elements Gkμ1μ2 and Σc;kμ1μ2 . The
term proportional to U0ν in Eq. (116) originates fromZ

dx1Ψ�
kμ1

ðx1Þg−qνðr1; z1ÞΨkμ2ðx1Þ ¼ δq;0g̃ν;μ1μ2ðk; z1Þ;

ð118Þ

which implicitly defines the matrix g̃νðk; z1Þ. The Kronecker
delta in the rhs follows from the property Eq. (24) of the e-ph
coupling, which, in turn, implies [see Eq. (30)]

g−qνðrþR0
n; zÞ ¼ e−iq·ng−qνðr; zÞ: ð119Þ

Equation (116) is consistent with the fact that the only
displacements activated by an external perturbation preserv-
ing the lattice periodicity are the uniformones. Of course, this
does notmean that only zero-momentumphonons are emitted
or absorbed; see below.

B. Equation of motion for displacements
and momenta

Writing Eq. (42) componentwise, we find

dPqνðzÞ
dz

¼−
Z

dxgqνðr;zÞΔnðx;zÞ−
X
ν0
Kνν0 ðq;zÞUqν0 ðzÞ;

ð120aÞ

dUqνðzÞ
dz

¼ PqνðzÞ; ð120bÞ

where Pqν is the average of P̂qν ¼ ϕ̂2
qν and Uqν is the

average of Ûqν ¼ ϕ̂1
qν. The first of these equations agrees

with Eq. (22), whereas the second equation establishes
that Pqν is the conjugate momentum of Uqν. Alternatively,
Uqν and Pqν can be calculated from ϕi

qν ¼ φi
qν þ siqν

[see Eq. (45)], where φi
qν is given by Eq. (85). It is

straightforward to find
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UqνðzÞ ¼
X
ν0

Z
dx̄dz̄D11

0;qνν0 ðz; z̄Þgqν0 ðr̄ÞΔnðx̄; z̄Þ; ð121aÞ

PqνðzÞ ¼
X
ν0

Z
dx̄dz̄D21

0;qνν0 ðz; z̄Þgqν0 ðr̄ÞΔnðx̄; z̄Þ; ð121bÞ

where we take into account Eq. (62). In equilibrium,
Δn ¼ 0 and, therefore, Uqν ¼ Pqν ¼ 0. Under the hypoth-
esis that the external perturbation does not break the
lattice periodicity, we also have UqνðzÞ ¼ PqνðzÞ ¼ 0 for
all q ≠ 0.

C. Equation of motion for D

We have already observed that D0ð1; 2Þ ∝ δq1;−q2 ; see
Eq. (62). Let us now investigate the mathematical structure
of the phononic self-energy. Combining Eqs. (98) and (99),
we can write

Π ¼ gPðgþWPgÞ ¼ gðPþ PWPÞg ¼ gχg; ð122Þ

where χ ¼ Pþ PWP ¼ Pþ Pvχ is the density-density
response function. Spelling out the space-spin-time
convolutions,

Πð1; 2Þ ¼ Πðq1ν1; i1; z1;q2ν2; i2; z2Þ

¼ δi1;1δi2;1

Z
dx̄1dx̄2g−q1ν1ðr̄1; z1Þχðx̄1; z1; x̄2; z2Þ

× g−q2ν2ðr̄2; z2Þ: ð123Þ

Under the hypothesis that the external perturbation does not
break the lattice periodicity, χ is invariant under a simulta-
neous translation of its spatial coordinates by an arbitrary
lattice vector R0

n. Therefore,

Πð1; 2Þ ¼ δq1;−q2Π
i1i2
−q1ν1ν2ðz1; z2Þ: ð124Þ

As both D0ð1; 2Þ and Πð1; 2Þ are proportional to δq1;−q2 ,
the interacting phononic GF Dð1; 2Þ ¼ ½D0 þD0ΠD0 þ
D0ΠD0ΠD0 þ � � ��ð1; 2Þ is also proportional to δq1;−q2 , i.e.,

Dð1; 2Þ ¼ δq1;−q2D
i1i2
q1ν1ν2ðz1; z2Þ: ð125Þ

Notice that the phononic self-energy Π in the rhs in
Eq. (124) is defined with a −q1, whereas the phononic
GF D in the rhs in Eq. (125) is defined with a þq1. These
different definitions are chosen to have a more elegant
equation of motion. Indeed, if we insert these expressions
into Eq. (112b), we obtain (in matrix form)�

i
d
dz1

α −Qðq; z1Þ
�
Dqðz1; z2Þ

¼ δðz1; z2Þ þ
Z
γ
dz̃Πqðz1; z̃ÞDqðz̃; z2Þ: ð126Þ

Equations (116) and (126) and their counterparts with
derivatives with respect to z2 along with the equations of
motion Eqs. (120) for the displacements and momenta form
a closed system of equations for any approximate func-
tional Σc;2 skel½G;D; v; g� and Π2 skel½G;D; v; g�.

XI. CONSERVING APPROXIMATIONS

If the self-energies are Φ-derivable [39,73,74], then the
GF resulting from the solution of Eqs. (116), (126), and
(120) satisfy all fundamental conservation laws. To define
this properly in the context of electrons and phonons, we
split off the Ehrenfest-Hartree part of the self-energy like in
Eq. (100). In the doubly skeletonic expansion, the remainder
is the xc self-energy Σxc½G;D; v; g� ¼ Σ3 skel½G;D;W; g�.
We then construct the functional Φxc½G;D; v; g� using the
same rules as for a system of only electrons [25]: (i) close
each skeleton diagram for Σxc with a G line, thereby
producing a set of vacuum diagrams; (ii) retain only the
topologically inequivalent vacuum diagrams; and (iii) multi-
ply every diagram by the corresponding symmetry factor
1=Nsym, where Nsym is the number of equivalent G lines
yielding the same self-energy diagram by their respective
removal. The lowest-order diagrams of the expansion are
shown in Fig. 7. The additional minus sign is due to the fact
that the removal of aG line from a vacuum diagram changes
the number of electronic loops by one. By construction, the
Φxc functional has the property that

Σxcð1; 2Þ ¼
δΦxc

δGð2; 1Þ ; ð127aÞ

Πð1; 2Þ ¼ −2
δΦxc

δDð1; 2Þ
����
S
; ð127bÞ

where the subscript “S” refers to the symmetrized derivative
½δ=δDð1; 2Þ þ δ=δDð2; 1Þ�=2. The Hartree self-energy is
obtained from the functional derivative of the Hartree
functional

ð128Þ

whereas the Ehrenfest self-energy is obtained from the
functional derivative of the Ehrenfest functional

FIG. 7. Expansion of theΦxc functional inG-skeleton diagrams
and D-skeleton diagrams.
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ð129Þ

Therefore, the full self-energy Σ is the functional derivative
of the Φ functional defined as

Φ≡ΦH½G; v� þΦEh½G;D0; g� þΦxc½G;D; v; g�: ð130Þ

In most cases, we can deal with only approximate
functionals. These are obtained by selecting an appropriate
subset of Φ diagrams. We say that the self-energies are
Φ-derivable whenever there exists an approximate func-
tionalΦ such that Σxc andΠ can be written as in Eqs. (127).
The Φ functional is invariant under gauge transformations
and contour-time deformations, i.e., z → wðzÞ with
wðt0Þ ¼ t0 and wðt0 − iβÞ ¼ t0 − iβ, implying the fulfill-
ment of the continuity equation and energy conservation
for the GF that satisfy the equations of motion Eqs. (116)
and (126) with Φ-derivable self-energies [39]. We mention
here that the use of Φ-derivable self-energies evaluated at
different input GF still guarantees the satisfaction of all
conservation laws provided that they are convoluted with
the same input GF [43]. In other words, self-consistency is
not required for having a conserving theory.
We conclude by observing that the approximation to the

self-energies discussed at the end of Sec. IX (derived

by setting KðrÞ
xc ¼ 0 in the Hedin-Baym equations) is

Φ-derivable. The diagrams for Φxc are those of the GW
approximation plus a second infinite sum of ring diagrams
in which one v line is replaced by ðgDgÞ; see Fig. 8.

XII. KADANOFF-BAYM EQUATIONS

Placing the arguments on different branches of the contour
and using the Langreth rules [25,75], we can convert the
equations of motion Eqs. (116) and (126) into a coupled
system of equations for the Keldysh components of G and
D. These are the Kadanoff-Baym equations (KBE) for
systems of electrons and phonons to be solved with KMS
boundary conditions. As for the case of only electrons,
the equations for the Matsubara components decouple.

The Matsubara GF GM and DM allow for calculating the
initial thermal average of any one-body operator for elec-
trons and of any quadratic operator in the displacements and
momenta for the nuclei. The KBE for the GF with times on
the horizontal branches [hence, the left (right) and lesser
(greater) components] allow for monitoring the system
evolution as well as for calculating electronic and phononic
spectral functions of the system in any stationary state. As
already pointed out below Eqs. (31), we can study how the
system responds to different kind of external perturbations,
e.g., interaction quenches, laser fields, phonon drivings, etc.

A. Self-consistent Matsubara equations

The preliminary step to solve the equations of motion
for the GF consists in solving the Matsubara problem.
The Matsubara self-energies do indeed depend only on the
Matsubara GF [25], and, therefore, the equations for the
Matsubara components are closed. The Matsubara compo-
nent of any correlator Xðz1; z2Þ with arguments on γ is
defined as XMðτ1; τ2Þ≡ Xðz1 ¼ t0 − iτ1; z2 ¼ t0 − iτ2Þ.
The KMS boundary conditions allow for expanding the
Matsubara GF and self-energies according to

XMðτ1; τ2Þ ¼
1

−iβ

X∞
m¼−∞

e−ωmðτ1−τ2ÞXMðωmÞ; ð131Þ

where the Matsubara frequencies ωm ¼ 2miπ=β for peri-
odic functions like D and Π and ωm ¼ ð2mþ 1Þiπ=β for
antiperiodic functions like G and Σc. Taking into account
that along the vertical track Uqν ¼ Pqν ¼ 0 since Δn ¼ 0

[see Eq. (121)], the equations of motion Eqs. (116)
and (126) yield

GM
k ðωmÞ ¼

1

ωm − hHFðkÞ − μ − ΣM
c;kðωmÞ

; ð132aÞ

DM
q ðωmÞ ¼

1

ωmα −QðqÞ − ΠM
q ðωmÞ

; ð132bÞ

where

QðqÞ ¼
�
KðqÞ 0

0 1

�
;

see Eq. (38a). For any approximation to Σc½G;D; v; g�
and Π½G;D; v; g�, these equations can be solved self-
consistently. We recall that K ¼ K½n0� depends on the
equilibrium density

n0ðxÞ ¼ −i
X
kμμ0

ΨkμðxÞGM
kμμ0 ðτ; τþÞΨ�

kμ0 ðxÞ; ð133Þ

see Eq. (14). Thus, the Matsubara equations are coupled
even if we set Σc ¼ Π ¼ 0. It is only in the partial self-
consistent scheme discussed at the end of Sec. II that the

FIG. 8. Diagrams of the Φxc functional leading to the self-
energies Eqs. (108) and (111) through the functional derivatives
in Eqs. (127).
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Matsubara equations with Σc ¼ Π ¼ 0 decouple (the elas-
tic tensor K is not updated in this case).

1. Phononic self-energy in the clamped+static
approximation

In all physical situations of relevance, settingΣc ¼ Π ¼ 0
is a very poor approximation. For the electronic self-energy,
the GW approximation is a “gold standard” for obtaining
accurate or at least reasonable results [76–81]. What about
the phononic self-energy? Let us explore the physics of
Eq. (123) when χ is calculated by summing all diagrams
without e-ph coupling, i.e., χ ≃ χclamp. This approximation
for χ corresponds to the response function of a system of
only electrons interacting through the Coulomb repulsion
and feeling the potential V generated by clamped nuclei
in R0 [8]. Using the definition in Eq. (124), the Matsubara
phononic self-energy in the clamped approximation reads

Πi1i2;M
qν1ν2 ðωmÞ ≃ δi1;1δi2;1

Z
dx̄1dx̄2gqν1ðr̄1Þ

× χMclampðx̄1; x̄2;ωmÞg−qν2ðr̄2Þ; ð134Þ
where we use that along the vertical track gqνðr̄1; t0 − iτÞ ¼
gqνðr̄1Þ is independent of τ. Let us further approximate
the rhs with its value at ωm ¼ 0 [82]. This is the static
approximation, and it is similar in spirit to the statically
screened approximation of W. The response function
χMðx̄1; x̄2; 0Þ calculated at a zero frequency is identical to
the retarded or advanced response function χR=Aðx̄1; x̄2; 0Þ
also calculated at zero frequency [25]. Therefore, the
phononic self-energy in the clampedþ static approximation
can be written as

Πi1i2;M
qν1ν2 ðωmÞ ≃ δi1;1δi2;1Π

clampþstat
qν1ν2 ð135Þ

with

Πclampþstat
qν1ν2 ≡

Z
dx̄1dx̄2gqν1ðr̄1ÞχRclampðx̄1; x̄2; 0Þg−qν2ðr̄2Þ:

ð136Þ
Inserting this approximation into Eq. (132b), we see that
the effect of Π is to renormalize the (1, 1) block of Q.
In other words, the interacting D in the clampedþ static
approximation has the same form as the noninteracting D0

with a renormalized elastic tensor:

Kν1ν2ðqÞ → Krenorm
ν1ν2 ðqÞ ¼ Kν1ν2ðqÞ þ Πclampþstat

qν1ν2 : ð137Þ

2. Connection with the Born-Oppenheimer
approximation

If we use the BO approximation to evaluate the
equilibrium nuclear positions and electronic density, then

R0 ≃R0;BO and n0 ≃ n0;BO. Correspondingly, we have
an approximation to the e-ph coupling g ≃ gBO and to
the elastic tensor K ≃ KBO. In the BO approximation, the
renormalized elastic tensor is exactly the Hessian H of the
BO energy calculated inR0;BO, i.e.,Krenorm

ν1ν2 ðqÞ ¼ Hν1ν2ðqÞ;
see Ref. [8] or Appendix B. The Hessian has positive
eigenvalues ω2

qν, since R0;BO is the global minimum of the

BO energy. The frequencies ωqν ≡
ffiffiffiffiffiffiffi
ω2
qν

q
≥ 0 are called

the phonon frequencies, and they provide an excellent
starting point already for a clamped response function
χclamp evaluated at the RPA level. Nonetheless, the impor-
tance of going beyond the static approximation (especially
for metallic systems) is reported in the literature [83–85].
These considerations make it clear that, in order to extract
physical phonons from the ab initio e-ph Hamiltonian, it
is necessary to include the effects of the e-ph interaction
at least to second order in the e-ph coupling.
In the basis of the normal modes of the Hessian, we have

Hν1ν2ðqÞ ¼ δν1ν2ω
2
qν1 . Thus, the (1, 1) block of the inter-

acting phononic GF in the clampedþ static approximation
for Π is simply [see Eq. (A13)]

D11;M
qνν0 ðωmÞ ¼

δνν0

ω2
m − ω2

qν
: ð138Þ

As the BO phonon frequencies are all positive, we can use
them to construct the phononic annihilation operators:

b̂qν ¼
ffiffiffiffiffiffiffi
ωqν

2

r
Ûqν þ i

P̂qνffiffiffiffiffiffiffiffiffiffi
2ωqν

p ð139Þ

and creation operators b̂†qν with commutation relations

½b̂qν; b̂†q0ν0 � ¼ δq;q0δνν0 . These results have led several
authors to partition the low-energy Hamiltonian in
Eq. (11) in a slightly different way; see, for instance,
Refs. [5,7,8,65,86]. The main difference consists in using
the Hessian to define the phononic Hamiltonian

Ĥph ¼
1

2

X
qν

P̂†
qνP̂qν þ

1

2

X
qνν0

Û†
qνHνν0 ðqÞÛqν0

¼
X
qν

ωqν

�
b̂†qνb̂qν þ

1

2

�
: ð140Þ

In such alternative partitioning, the remainder (a quadratic
form in the nuclear displacements)

ΔĤph ≡ Ĥ0;ph − Ĥph ¼
1

2

X
qνν0

Û†
qν½Kνν0 ðqÞ −Hνν0 ðqÞ�Ûqν0

ð141Þ
must be treated somehow. As we show, the NEGF
formalism and related diagrammatic expansions are most
easily formulated with the partitioning of Eq. (36). In fact,
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there is no particular convenience in rewriting the full
Hamiltonian in terms of the operators b̂qν and b̂†qν, since
Ĥ0;ph is not diagonal. There is instead a convenience in
using the Hessian eigenbasis to define Ûqν and P̂qν, since the
interacting phononic GF in the clampedþ static approxi-
mation is diagonal; see Eq. (138). In this approximation,
b̂qν (b̂†qν) annihilates (creates) a quantum of vibration (the
phonon) characterized by a well-defined energy (the fre-
quency ωqν) and, hence, an infinitely long lifetime.

3. Conserving approximations

The clampedþ static approximation is not a conserving
approximation. Going beyond it, the concept of phonons as
infinitely long-lived lattice excitations is no longer justified.
Phonons become quasiphonons or dressed phonons by
acquiring a finite lifetime [8]. Still, the clampedþ static
approximation remains an excellent starting point, often
providing quantitative interpretations of Raman spectra.
Accordingly, the minimal phononic self-energy which
is at the same time conserving and physically sensible is
Π ¼ gχg with the RPA χ ¼ χ0 þ χ0vχ, or, equivalently,
Π ¼ gχ0gd with gd ¼ gþ vχg ¼ gþWχ0g and W ¼
vþ vχ0W. As pointed out in Sec. XI, this phononic
self-energy is Φ-derivable, the xc functional being the
sum of all diagrams in the second row in Fig. 8. For the
theory to be conserving, the electronic self-energy must be
consistently derived from the same functionalΦ. Therefore,
any calculation with Π ¼ gχg should be done with an
electronic Fan-Migdal self-energy ΣFM ¼ igdGDgd. This
means that χ is not the RPA response function at clamped
nuclei, since the GF in χ0 ¼ −iGG are evaluated with the
Fan-Migdal self-energy. We can add to ΣFM the GW self-
energy and still be conserving, since the diagrams in the
first row in Fig. 8 do not contribute to Π.

B. Time-dependent evolution and steady-state solutions

With the Matsubara GF at our disposal, we can proceed
with the calculation of all other Keldysh components by
time propagation. The right component of any correlator
Xðz1; z2Þ with arguments on γ is defined as X⌉ðt; τÞ≡
Xðt�; t0 − iτÞ. The equations for the right components
of G and D follow from Eqs. (116) and (126) when setting
z1 ¼ tþ or z1 ¼ t− and z2 ¼ t0 − iτ. Using the Langreth
rules [25], we find�
i
d
dt

− hHFðk; tÞ −
X
ν

g̃νðk; tÞU0νðtÞ
�
G⌉

kðt; τÞ

¼
h
ΣR
c;k ·G⌉

k þ Σ⌉
c;k ⋆ GM

k

i
ðt; τÞ; ð142aÞ�

i
d
dt

α −Qðq; tÞ
�
D⌉

qðt; τÞ ¼
h
ΠR

q ·D⌉
q þ Π⌉

q ⋆ DM
q

i
ðt; τÞ:

ð142bÞ

Henceforth, we use the shorthand notation “·” for time
convolutions between t0 and ∞ and “⋆” for convolutions
between 0 and β [24,25]. Similarly, the equations for the
left component, defined for any correlator as X⌈ðτ; tÞ≡
Xðt0 − iτ; t�Þ, follow when setting z1 ¼ t0 − iτ and
z2 ¼ t− or tþ in the counterparts of the equations of motion
Eqs. (116) and (126) with derivative with respect to z2.
We find

G⌈
kðτ; tÞ

�
−i

d⃖
dt

− hHFðk; tÞ −
X
ν

g̃νðk; tÞU0νðtÞ
�

¼
h
G⌈

k · ΣA
c;k þ GM

k ⋆ Σ⌈
c;k

i
ðτ; tÞ; ð143aÞ

D⌈
qðτ; tÞ

�
−i

d⃖
dt

α −Qðq; tÞ
�
¼
h
D⌈

q ·ΠA
q þDM

q ⋆ Π⌈
q

i
ðτ; tÞ;

ð143bÞ
where the left arrow over the derivative indicates that the
derivative acts on the quantity to its left. At fixed τ, these
equations are first order integro-differential equations in t
which must be solved with initial conditions

G⌉
kðt0; τÞ ¼ GM

k ð0; τÞ; G⌈
kðτ; t0Þ ¼ GM

k ðτ; 0Þ; ð144aÞ
D⌉

qðt0;τÞ¼DM
q ð0;τÞ; D⌈

qðτ;t0Þ¼DM
q ðτ;0Þ: ð144bÞ

The dependence on time in hHFðk; tÞ and Qðq; tÞ may be
due to some external laser field and/or phonon driving.
The retarded and advanced as well as the left and right

components of the self-energies depend not only on the left
and right GF but also on the lesser and greater GF. For any
correlator, the lesser component is defined as X<ðt; t0Þ≡
Xðt−; t0þÞ, whereas the greater component is defined as
X>ðt; t0Þ≡ Xðtþ; t0−Þ. The retarded and advanced compo-
nents are not independent quantities, since XR=Aðt; t0Þ ¼
δðt − t0ÞXδðtÞ � θð�t ∓ t0Þ½X>ðt; t0Þ − X<ðt; t0Þ�, where
Xδ is the weight of a possible singular part of the correlator
Xðz1; z2Þ [for, e.g., G and D we have Gδ ¼ Dδ ¼ 0, while
for the electronic self-energy Σ we have that Σδ is the sum
of the HF and Ehrenfest diagrams; see Eq. (113)]. To close
the set of equations, we need the equations of motion for
G≶

k and D≶
q . These are obtained by setting z1 ¼ t1� and

z2 ¼ t2∓ in Eqs. (116) and (126) and in their counterparts
with derivative with respect to z2. We find�
i
d
dt1

− hHFðk; t1Þ−
X
ν

g̃νðk; t1ÞU0νðt1Þ
�
G≶

kðt1; t2Þ

¼
h
ΣR
c;k ·G

≶
k þ Σ≶

c;k ·G
A
k þ Σ⌉

c;k ⋆ G⌈
k

i
ðt1; t2Þ; ð145aÞ�

i
d
dt1

α −Qðq; t1Þ
�
D≶

q ðt1; t2Þ

¼
h
ΠR

q ·D≶
q þ Π≶

q ·DA
q þ Π⌉

q ⋆ D⌈
q

i
ðt1; t2Þ; ð145bÞ
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G≶
kðt1; t2Þ

�
−i

d⃖
dt2

− hHFðk; t2Þ −
X
ν

g̃νðk; t2ÞU0νðt2Þ
�

¼
h
G≶

k · ΣA
c;k þ GR

k · Σ≶
c;k þ G⌉

k ⋆ Σ⌈
c;k

i
ðt1; t2Þ; ð145cÞ

D≶
q ðt1; t2Þ

�
−i

d⃖
dt2

α −Qðq; t2Þ
�

¼
h
D≶

q · ΠA
q þDR

q · Π≶
q þD⌉

q ⋆ Π⌈
q

i
ðt1; t2Þ; ð145dÞ

which must be solved with initial conditions

G<
k ðt0;t0Þ¼GM

k ð0;0þÞ; G>
k ðt0;t0Þ¼GM

k ð0þ;0Þ; ð146aÞ

D<
q ðt0;t0Þ¼DM

q ð0;0þÞ; D>
q ðt0;t0Þ¼DM

q ð0þ;0Þ: ð146bÞ

Finally, we need the equation of motion for the displace-
ment and momentum at q ¼ 0, since U0νðtÞ appears
explicitly in the equations for the electronic GF. These
are given by Eqs. (120) when setting z ¼ t� and read

dP0νðtÞ
dt

¼ −
Z

dxg0νðr; tÞΔnðx; tÞ −
X
ν0
Kνν0 ð0; tÞU0ν0 ðtÞ;

ð147aÞ

dU0νðtÞ
dt

¼ P0νðtÞ; ð147bÞ

where [compare with Eq. (133)]

Δnðx;tÞ¼−i
X
kμμ0

ΨkμðxÞG<
kμμ0 ðt;tÞΨ�

kμ0 ðxÞ−n0ðxÞ: ð148Þ

From these equations, we see that the equilibrium density
n0 appearing in the full Hamiltonian Ĥ must be the same
as the self-consistent density in Eq. (133), for otherwise
the rhs of the equation of motion for P0ν does not vanish
at U0ν ¼ 0.
The set of equations Eqs. (142), (143), and (145) are the

KBE for systems of electrons and phonons. The KBE,
together with the initial conditions for the Keldysh com-
ponents of Gk and Dq, completely determine the electronic
and phononic GF with one and two real times once a choice
for the self-energies is made. These equations have been
so far solved only in relatively simple model systems
[58,60,87,88]. Under certain approximations (generalized
Kadanoff-Baym ansatz [42,43], diagonal density matrices,
and Markov approximation), the KBE can be shown to
reduce to the well-known Boltzmann equations.
In the clampedþ static approximation for Πq, the KBE

for Dq simplify considerably, since Π≶
q ¼ Π⌉

q ¼ Π⌈
q ¼ 0

and Πi1i2;R=A
qν1ν2 ðt1; t2Þ ¼ δi1;1δi2;1δðt1 − t2ÞΠclampþstat

qν1ν2 ; see

Eq. (136). We recall that in this approximation the resulting
GF are not conserving, sinceΠclampþstat is not the functional
derivative of any Φ functional. In particular, the total
energy of the unperturbed system is not constant in time.

1. Steady-state solution

The KBE for the lesser and greater GF can be formally
solved. This is done in Refs. [24,25] for G, where it is
also shown that limt;t0→∞G

≶
kðt; t0Þ ¼ ½GR

k · Σ≶
c;k · GA

k�ðt; t0Þ
provided that Σc;k vanishes when the separation between its
time arguments go to infinity. Following the same math-
ematical steps, one can show a similar relation for the
phononic GF

lim
t;t0→∞

D≶
q ðt; t0Þ ¼ ½DR

q · Π≶
q ·DA

q �ðt; t0Þ; ð149Þ

which is valid provided that Πq vanishes when the
separation between its time arguments go to infinity.
Further assuming that in the long-time limit the system
attains a steady state, we can Fourier transform with respect
to the time difference and find

D≶
q ðωÞ ¼ DR

qðωÞΠ≶
q ðωÞDA

qðωÞ;

where

DR=A
q ðωÞ ¼ 1

ðω� iηÞα −QðqÞ − ΠR=A
q ðωÞ

ð150Þ

and QðqÞ ¼ limt→∞Qðq; tÞ. In most physical situations,
Qðq; tÞ ¼ QðqÞ is independent of time. By construction
[see Eq. (88) and Appendix C], DR

qðωÞ ¼ ½DA
qðωÞ�† and,

hence, ΠR
qðωÞ ¼ ½ΠA

qðωÞ�†. We can then uniquely write the
retarded and advanced phononic self-energy as

ΠR=A
q ðωÞ ¼ Λph;qðωÞ ∓ i

2
Γph;qðωÞ; ð151Þ

where Λph;q and Γph;q are self-adjoint matrices.
Accordingly, the phononic spectral function of the system
at the steady state reads

Aph;qðωÞ≡ i½DR
qðωÞ −DA

qðωÞ� ¼ i½D>
q ðωÞ −D<

q ðωÞ�
¼ DR

qðωÞ½Γph;qðωÞ þ 2ηα�DA
qðωÞ: ð152Þ

The phononic self-energy has only one nonvanishing
block, which is the block (1, 1). If Γ11

ph;qðωÞ ≠ 0, we can
discard the positive infinitesimal η in Eq. (152) and find for
the block (1, 1) of the spectral function

A11
ph;qðωÞ ¼ D11;R

q ðωÞΓ11
ph;qðωÞD11;A

q ðωÞ; ð153Þ
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with

D11;R=A
q ðωÞ ¼ 1

ðω� iηÞ2 − KðqÞ − Π11;R=A
q ðωÞ

: ð154Þ

We observe that the retarded and advanced phononic GF
differs from its more conventional form in that it is not
multiplied by the BO frequency ωqν; see, e.g., Refs. [8,65].
This is simply due to a different definition of the correlator
where ffiffiffiffiffiffiffi

ωqν
p Ûqν is used in place of Ûqν. We prefer to stick

to our original definition, as it does not contain any notion
of the BO approximation. The phononic GF in Eq. (154) is
written in an arbitrary basis of normal modes; it reduces to
the BO diagonal form in the basis of the BO normal modes
if Π11;R=A

q ðωÞ → Πclamþstat
q .

Among the possible steady states, we have thermal
equilibrium. In this case, we can obtain all Keldysh
components from the spectral function. Indeed, the fluc-
tuation-dissipation theorem implies that

D<
q ðωÞ ¼ −ifðωÞAph;qðωÞ; ð155aÞ

D>
q ðωÞ ¼ −if̄ðωÞAph;qðωÞ; ð155bÞ

where fðωÞ¼1=ðeβω−1Þ is the Bose function and f̄ðωÞ ¼
eβωfðωÞ. Taking into account that f̄ðωÞ − fðωÞ ¼ 1,
we also have

DR=A
q ðωÞ ¼ i

Z
dω0

2π

D>
q ðω0Þ −D<

q ðω0Þ
ω − ω0 � iη

¼
Z

dω0

2π

Aph;qðω0Þ
ω − ω0 � iη

: ð156Þ

2. Quasiphonons and lifetimes

From Eq. (154), we also see that any frequency-
dependent phononic self-energy gives rise to a finite
lifetime (Λph and Γph are related by a Hilbert trans-
formation) in the same way as any approximation beyond
HF for the electronic self-energy gives rise to a finite
lifetime for the electrons.
We can estimate the frequency renormalization and

the phononic lifetime assuming that the correction to the
clampedþ static Born-Oppenheimer approximation is
small. Working in the basis of the normal modes of the
BO Hessian, we approximate [8]

Π11;R=A
qνν0 ðωÞ ≃ Πclamþstat

qνν0 þ δνν0

�
Λdyn
qν ðωÞ ∓ i

2
Γdyn
qν ðωÞ

�
;

ð157Þ

where Λdyn
qν ðωÞ and Γdyn

qν ðωÞ are real functions. Bearing in
mind that ½KðqÞ þ Πclamþstat

q �νν0 ¼ δνν0ω
2
qν (see Sec. XII A),

we see that the block (1,1) of the retarded and advanced
phononic GF is diagonal in the chosen basis. To lowest
order in Λdyn

qν and Γdyn
qν , Eq. (154) yields

D11;R=A
qνν ðωÞ ¼ 1�

ω� i Γ
dyn
qν ðωÞ
4ω

�
2
−
�
ωqν þ Λdyn

qν ðωÞ
2ωqν

�
2

¼ 1

2
�
ωqν þ Λdyn

qν ðωÞ
2ωqν

�
264 1

ω − ωqν −
Λdyn
qν ðωÞ
2ωqν

� i Γ
dyn
qν ðωÞ
4ω

−
1

ωþ ωqν þ Λdyn
qν ðωÞ
2ωqν

� i Γ
dyn
qν ðωÞ
4ω

375: ð158Þ

Let us define the quasiphonon frequencies Ω�
qν as the

solution of Ω�
qν ¼ �fωqν þ ½Λdyn

qν ðΩ�
qνÞ=2ωqν�g. To first

order in ω −Ω�
qν, we can then write

ω ∓
�
ωqν þ

Λdyn
qν ðωÞ
2ωqν

�
≃
ω −Ω�

qν

Z�
ph;qν

; ð159Þ

where

Z�
ph;qν ≡ 1�

1 ∓ 1
2ωqν

∂Λdyn
qν

∂ω

�
ω¼Ω�

qν

: ð160Þ

The quasiphonon weight Z�
ph;qν gives the probability that a

lattice vibration with momentum q along the normal mode ν
excites a phonon with quantum numbers qν. The remaining
spectral weight ð1 − Z�

ph;qνÞ is absorbed by collective
phononic excitations arising from correlation effects.
If the function Γdyn

qν ðωÞ=ω is small for ω ≃ Ω�
qν and

slowly varying in ω, then we can approximate it with its
value in Ω�

qν for ω ≃ Ω�
qν and rewrite Eq. (158) as

D11;R=A
qνν ðωÞ ¼ 1

2λþqν

Zþ
ph;qν

ω −Ωþ
qν � i=ð2τþph;qνÞ

−
1

2λ−qν

Z−
ph;qν

ω −Ω−
qν � i=ð2τ−ph;qνÞ

; ð161Þ
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where λ�qν ¼ ωqν þ ½Λdyn
qν ðΩ�

qνÞ=2ωqν� and

τ�ph;qν ≡ Z�
ph;qν

Γdyn
qν ðΩ�

qνÞ
2Ω�

qν
ð162Þ

is the phononic lifetime. This formula agrees with the
expression in Refs. [8,10,57] for Z�

ph;qν ¼ 1. We observe
that, in general,Ωþ

qν ≠ −Ω−
qν, and, therefore, the energy lost

from the emission of a phonon qν is not the same as the
energy gained by the absorption of the same phonon.
Energy is, however, conserved, since the same analysis
carried for ½D11;R=A

−q ðωÞ�νν leads to

½D11;R=A
−q ðωÞ�νν ¼

1

2λ−qν

Z−
ph;qν

ωþΩ−
qν � i=ð2τ−ph;qνÞ

−
1

2λþqν

Zþ
ph;qν

ωþ Ωþ
qν � i=ð2τþph;qνÞ

; ð163Þ

where we use the property ωqν ¼ ω−qν and the properties

Λdyn
qν ðωÞ ¼ Λdyn

−qνð−ωÞ and Γdyn
qν ðωÞ ¼ −Γdyn

−qνð−ωÞ; see
Appendix C for the derivation of the symmetry properties
of the phononic GF and self-energy. In crystals with time-
reversal symmetry, we also have Λdyn

qν ðωÞ ¼ Λdyn
−qνðωÞ, and,

therefore, Λdyn
qν ðωÞ ¼ Λdyn

qν ð−ωÞ. In this case, Ωþ
qν ¼ −Ω−

qν

and no correlation-induced splitting occurs.

XIII. SUMMARY AND OUTLOOK

In this work, we develop the many-body theory of
the electron-phonon problem. The first step is to clarify
the dependence of the ab initio e-ph Hamiltonian on the
equilibrium electronic density. Only through a self-
consistent procedure is it possible to determine the e-ph
Hamiltonian and, hence, to make fair comparisons between
different many-body methods as well as between different
approximations within the same method. The analysis also
highlights an issue affecting those semiempirical
approaches that include the e-ph effects through the
addition of a term of the form

P
λ ωλb̂

†
λ b̂λ þP

λ;k½gλ;kÔk
eb̂

†
λ þ H:c:�, with Ôk

e purely electronic opera-
tors, to the electronic Hamiltonian at clamped nuclei.
Beside being devoid of a theoretical foundation, the phonon
frequencies ωλ may get significantly renormalized by the
phononic self-energy, possibly becoming complex.
We identify in Eq. (36) the most suitable partitioning of

the ab initio e-ph Hamiltonian and in Eq. (55) the most
suitable phononic GF for the NEGF formulation. After
mapping the cumbersome many-body expansion onto a
diagrammatic theory, we delve into the diagrammatic
content of the self-energies until reaching a closed form
in terms of skeleton diagrams. We in this way provide the
diagrammatic derivation of the Hedin-Baym equations for

in and out-of-equilibrium systems at any temperature. The
main differences with respect to case of equilibrium at
zero temperature [8] is the domain of the time integration
for the internal vertices and the appearance of the
Ehrenfest self-energy. The merits of the diagrammatic
approach are that (i) it provides a systematic way for
improving many-body approximations through a proper
selection of physically insightful Feynman diagrams, (ii) it
naturally combines with the Φ-derivable theory to gen-
erate fully conserving GF, and (iii) it is versatile in the
resummation of different diagrammatic series. The last
point is especially relevant for the skeletonic expansion in
terms of only G and D, which is crucial for closing the
KBE. In fact, the Hedin-Baym equations are of scarce
practical use to study the time-dependent evolution of the
e-ph system. On the contrary, the KBE, being integro-
differential equations, are better suited for real-time
simulations. Considering the fast pace of progress in
time-resolved experiments, we foresee a growing interest
in this direction. The interest is also fueled by the
possibility of solving the KBE using a time-linear
scheme for a large number of self-energy approximations
[43–49], thus making NEGF competitive with the fastest
quantum methods currently available.
The NEGF formalism presented in this work is appli-

cable to Hamiltonians that are far more general than the
e-ph Hamiltonian. In fact, it lays the foundations to
any fermion-boson field theory. One straightforward
extension is to make the one-electron Hamiltonian non-
local in space and nondiagonal in spin, i.e., Hs

0;eðzÞ ¼R
dxdx0ψ̂†ðxÞhðx;x0; zÞψ̂†ðx0Þ, and to consider a spin-

dependent e-e interaction vðx;x0Þ. This allows for includ-
ing the coupling with vector potentials as well as relativistic
corrections like the spin-orbit interaction and, hence, to
deal with magnetic systems and noncollinear spins [89]. It
also makes possible to use pseudopotentials, thus elimi-
nating the core degrees of freedom. Another extension
consists in considering an e-ph interaction Hamiltonian
like Ĥe-ph ¼

P
qν;i

R
dxdx0gi−qνðx;x0Þψ̂†ðxÞψ̂ðx0Þϕ̂i

qν. In
fact, the only property required by our derivation is
gi−qνðx;x0Þ ¼ gi�qνðx0;xÞ, which is clearly satisfied by the
e-ph coupling; see Eq. (30). The spatial nonlocality of g
allows for coupling bosonic particles like photons to
nonlocal electronic operators like the current, thereby
providing a quantum treatment of the light-matter inter-
action. We can also study exotic couplings between
electrons and the bosonic momentum, since we do not
need to assume that gi−qν ¼ 0 for i ¼ 2. A further extension
concerns Hs

0;ph, as the only properties required by our
derivation are QðqÞ ¼ Q†ðqÞ ¼ Q�ð−qÞ. Thus, the for-
malism can deal with Hamiltonians containing terms
proportional to P̂†

qνÛqν and Û
†
qνP̂qν. If the bosonic particles

are photons, these terms arise in the effective Hamiltonian
for squeezed light [90]. We finally observe that all these
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extensions widen the class of external drivings to those that
break the crystal periodicity.
Coming back to the e-ph Hamiltonian, the theory

presented in this work indicates the route for the treatment
of anharmonic effects [91,92]. To third order in the fluc-
tuation operators, we must add to the Hamiltonian in
Eq. (36) the Debye-Waller interaction, which is proportional
to Û2Δn̂, and the next-to-quadratic term in the expansion of
En-n, which is proportional to Û3. These two extra pieces in
the Hamiltonian can be treated in precisely the same
manner as we treat Ĥe-e and Ĥe-ph in Sec. VII. The
diagrammatic theory is enriched by two more couplings,
the Debye-Waller one connecting two G lines to two D
lines and the one stemming from the cubic displacement
connecting three D lines. The systematic analysis of
the resulting diagrammatic expansion is a topic for
future research. Another topic for future research is the
generalization of the NEGF formalism for superconduc-
tors. Starting as always from the Hamiltonian Eq. (36),
we here outline the steps for this achievement: (i) add to
Ĥ an infinitesimally small term breaking the Uð1Þ gauge
symmetry, e.g.,

R
dxdx0Δðx;x0Þψ̂†ðxÞψ̂†ðx0ÞþH:c:;

(ii) derive the noninteracting Martin-Schwinger hierarchy
for the many-particle GF containing n annihilation oper-
ators and m creation operators with n ≠ m; (iii) establish
the Wick theorem as the solution of the generalized
noninteracting Martin-Schwinger hierarchy; and
(iv) expand the GF with nþm ¼ 1 (this is the so-called
Nambu GF) as outlined in Sec. VII.
We conclude with our perspective on the combination of

the NEGF formalism with DFT, which we intentionally
leave aside in this work as it is not necessary in developing
the theory. Zero-temperature [93,94] or finite-temperature
[95] DFT as well as density functional perturbation theory
(DFPT) [96–100] provide an invaluable capacity to obtain
the ab initio parameters of the Hamiltonian [101–107].
Through DFT and DFPT, one can minimize the total energy
with respect to the nuclear positions and find an approxi-
mation for R0 and, hence, for the electronic potential V and
coupling g through Eqs. (10a) and (10b). In the partial self-
consistent scheme for the determination of the e-ph
Hamiltonian (see the end of Sec. II), the equilibrium DFT
density can also be used to calculate the elastic tensor K.
However, the DFT density cannot be used in the term
containing Δn̂ [see Eq. (21) and following discussion], for
otherwise the nuclei would start drifting away from R0.
DFPT can also be used to approximate the dressed e-ph
coupling, necessary for the calculation of the phononic self-
energy and phonon-induced e-e interaction; see Table I. In
fact, gd¼ðδþWPÞg¼ðδþvχÞg. However, DFPT provides
gd in the clampedþ static approximation which we have
already observed to be nonconserving. One may think to
restore the conserving properties by resorting to time-
dependent (TD) DFT [108–111], which gives us access to

the full frequency dependence of the clamped response
function. This is unfortunately not so. The problem lies in the
fact that from the TDDFT expression χ¼ χ0þχ0ðvþfxcÞχ,
with fxc the xc kernel, it is not obvious to trace the
Φ-functional fulfilling χ ¼ −2δΦxc=δv [25]. One possibility
would be to construct the kernel from the conserving
linearized Sham-Schlüter equation [112] as discussed in
Ref. [113]. However, the linearized Sham-Schlüter equation
is itself an approximate equation; hence, the resulting theory
will never be exact. We finally remark that if one is interested
only in spectral properties, then the use of nonconserving
approximations is much less critical. In this case, the
fundamental requirement is to use positive-semidefinite
(PSD) self-energies [114,115]. PSD approximations can
be evaluated with the dressed DFPT e-ph coupling by
simply paying attention to the double-counting problem.
We hope that our contribution to the e-ph problem will

stimulate further research at a fundamental level, help in the
development of accurate approximation schemes, and have
implications in the implementation of computer programs
to face the challenges posed by new materials and time-
resolved experiments.
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APPENDIX A: NONINTERACTING
GREEN’S FUNCTIONS

The GF Gs
0 and D0 are the building blocks of the

diagrammatic expansions. In Refs. [24,25], we derive the
explicit form of Gs

0ðz; z0Þ with arguments z; z0 ∈ γ and then
extract all its Keldysh components. In this appendix, we
proceed along the lines outlined in Ref. [58] and derive the
explicit form of D0ðz; z0Þ with arguments on the contour γ.
We further extract all Keldysh components of D0ðz; z0Þ by
choosing z and z0 on the different branches of γ.
The phononic GF D0 satisfies Eq. (43). Mutatis muta-

ndis, we can derive the equation of motion with derivative
with respect to z0 (in matrix form):

D0;qðz; z0Þ
�
−i

d⃖
dz0

α −Qðq; z0Þ
�
¼ 1δðz; z0Þ; ðA1Þ

where 1ii
0

ν;ν0 ¼ δνν0δii0 . According to the definition in Eq. (33)
and the result in Eq. (88), the matrix elements of D0 are
correlators between fluctuation operators of displacements
and momenta. Taking into account Eq. (62), we have, for
instance,

D11
0;qνν0 ðz;z0Þ¼

1

i
1

Zs
0;ph

hT fΔÛqνðzÞΔÛ−qν0 ðz0Þgis0;ph; ðA2Þ
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where the independent average h� � �is0;ph is defined below
Eq. (73). We define the nonunitary matricesWLq andWRq as
the solution of

i
d
dz

WLqðzÞ ¼ Qðq; zÞαWLqðzÞ; ðA3aÞ

−i
d
dz

WRqðzÞ ¼ WRqðzÞQðq; zÞα; ðA3bÞ

with boundary conditions WLqðt0−Þ ¼ WRqðt0−Þ ¼ 1. The
explicit expression for these matrices is given in terms of the
contour-ordering and anti-contour-ordering operators

WLqðzÞ ¼ T
�
e
−i
R

z

t0−
dz̄Qðq;z̄Þα



; ðA4aÞ

WRqðzÞ ¼ T̄
�
e
i
R

z

t0−
dz̄Qðq;z̄Þα



; ðA4bÞ

from which it follows that WLqðzÞWRqðzÞ ¼
WRqðzÞWLqðzÞ ¼ 1. We look for solutions of the form

D0;qðz; z0Þ ¼ −iαWLqðzÞFqðz; z0ÞWRqðz0Þ: ðA5Þ

Inserting this expression into Eqs. (43) and (A1), we obtain a
couple of equations for the unknown matrix function Fq:

d
dz

Fqðz; z0Þ ¼ −
d
dz0

Fqðz; z0Þ ¼ 1δðz; z0Þ; ðA6Þ

which is solved by Fqðz; z0Þ ¼ θðz; z0ÞF>
q þ θðz0; zÞF<

q ,
with

F>
q − F<

q ¼ 1: ðA7Þ

Imposing the KMS relations D0;qðt0−;z0Þ¼D0;qðt0− iβ;z0Þ,
we find

F<
q ¼ WLqðt0 − iβÞF>

q ¼ e−βQðqÞαF>
q ; ðA8Þ

where QðqÞ ¼ Qðq; t0 − iτÞ is independent of τ.
Equations (A7) and (A8) can be solved for F<

q and F>
q ,

and the final expression for the phononic GF reads

D0;qðz; z0Þ ¼ −iαWLqðzÞ½θðz; z0Þf̄ðQðqÞαÞ
þ θðz0; zÞfðQðqÞαÞ�WRqðz0Þ; ðA9Þ

where fðωÞ ¼ 1=ðeβω − 1Þ is the Bose function and f̄ðωÞ ¼
eβωfðωÞ. Having the GF on the contour, we can now extract
all its Keldysh components.

1. Matsubara component

The Matsubara component DM
0;qðτ; τ0Þ is obtained by

setting z¼ t0− iτ and z0 ¼ t0− iτ0 in Eq. (A9). Alternatively,
we can set z ¼ t0 − iτ and z0 ¼ t0 − iτ0 in one of the
equations of motion and then solve for DM

0;q. Choosing the
equation of motion Eq. (43), we have�

−
d
dτ

α −QðqÞ
�
DM

0;qðτ; τ0Þ ¼ 1iδðτ; τ0Þ: ðA10Þ

Expanding the Matsubara GF and the Dirac-delta function
in bosonic Matsubara frequencies [see Eq. (131)], we find
an algebraic equation for the coefficients of the expansion:

½ωmα −QðqÞ�DM
0;qðωmÞ ¼ 1: ðA11Þ

Taking into account the explicit form of the matrices α and
QðqÞ, Eq. (A11) is converted into a set of algebraic
equations for the four blocks of the matrix DM

0;q:

�−KðqÞ iωm1

−iωm1 −1

�0BB@
D11;M

0;q ðωmÞ D12;M
0;q ðωmÞ

D21;M
0;q ðωmÞ D22;M

0;q ðωmÞ

1CCA
¼
�
1 0

0 1

�
: ðA12Þ

In this formula, each of the entries of the 2 × 2 matrices is
itself a matrix with indices ν; ν0. The (1,1) block corre-
sponding to the displacement-displacement correlator in
Eq. (A2) reads

D11;M
0;q ðωmÞ ¼

1

ω2
m − KðqÞ : ðA13Þ

If we choose to work in the basis of the normal modes of K,
thenKνν0 ðqÞ ¼ δνν0ω

2
0qν and the displacement-displacement

correlator simplifies to

D11;M
0;qνν0 ðωmÞ ¼

δνν0

ω2
m − ω2

0qν
: ðA14Þ

As already emphasized in Sec. II, the eigenvalues ω2
0qν are

not physical and can even be negative. Therefore, there is
no particular convenience to work in the basis of the normal
modes of K.

2. Lesser and greater components

The lesser (greater) component is obtained by setting
z ¼ t− (z ¼ tþ) and z0 ¼ t0þ (z0 ¼ t0−) in Eq. (A9). For times
on the horizontal branches of the contour, the matricesWLq
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and WRq are independent of the branch, i.e., WLqðt�Þ ¼
WLqðtÞ and WRqðt�Þ ¼ WRqðtÞ with

WLqðtÞ ¼ T

�
e
−i
R

t

t0
dt̄Qðq;t̄Þα



; ðA15aÞ

WRqðtÞ ¼ T̄

�
e
i
R

t

t0
dt̄Qðq;t̄Þα



; ðA15bÞ

and T and T̄ the time-ordering and anti-time-ordering
operators, respectively. We then have

D<
0;qðt; t0Þ ¼ −iαWLqðtÞfðQðqÞαÞWRqðt0Þ; ðA16aÞ

D>
0;qðt; t0Þ ¼ −iαWLqðtÞf̄ðQðqÞαÞWRqðt0Þ: ðA16bÞ

The greater component is obtained from the lesser compo-
nent by replacing f → f̄. In the following, we then consider
only D<

0;q.
Let us discuss the special, yet most common, case of

Qðq; tÞ ¼ QðqÞ independent of time (no phonon driving).
Then WLqðtÞ ¼ exp½−iQðqÞαðt − t0Þ� and WRqðtÞ ¼
exp½iQðqÞαðt − t0Þ� commute with the Bose function,
and the lesser component simplifies to

D<
0;qðt; t0Þ ¼ −iαfðQðqÞαÞe−iQðqÞαðt−t0Þ: ðA17Þ

As this function depends only on the time difference, it can
be Fourier transformed with respect to t − t0. In frequency
space, the lesser GF reads

D<
0;qðωÞ ¼ −2παfðQðqÞαÞδðω −QðqÞαÞ

¼ −2παfðωÞδðω −QðqÞαÞ: ðA18Þ
We can easily work out the four blocks ofD<

0;qðωÞ using the
Cauchy relation

− 2πδðω −QðqÞαÞ

¼
�

1

ω −QðqÞαþ iη
−

1

ω −QðqÞα − iη

�
¼ α

�
1

ðωþ iηÞα −QðqÞ −
1

ðω − iηÞα −QðqÞ
�
: ðA19Þ

In the last equality, we use that α−1 ¼ α and, hence, αA−1 ¼
α−1A−1 ¼ ðAαÞ−1 for any matrix A. The fraction with ðω�
iηÞ is the same as DM

0;qðωmÞ calculated in ωm ¼ ω� iη;
compare with Eq. (A11). Therefore, the (1, 1) block of
D<

0;qðωÞ can be read off from Eq. (A13):

D11;<
0;q ðωÞ ¼ fðωÞ

�
1

ðωþ iηÞ2 − KðqÞ −
1

ðω − iηÞ2 − KðqÞ
�
:

ðA20Þ

Using the same strategy, one can work out the explicit
form of the remaining three blocks. The greater compo-
nent has the same form as the lesser component with
fðωÞ → f̄ðωÞ.

3. Retarded and advanced components

The retarded and advanced components can be calcu-
lated from the lesser and greater components. We have

DR
0;qðt; t0Þ ¼ θðt − t0Þ½D>

0;qðt; t0Þ −D<
0;qðt; t0Þ�

¼ −iθðt − t0ÞαWLqðtÞWRqðt0Þ; ðA21Þ

and similarly

DA
0;qðt; t0Þ ¼ iθðt0 − tÞαWLqðtÞWRqðt0Þ; ðA22Þ

from which it follows that we can write the lesser and
greater components in Eq. (A16) as

D≶
0;qðt; t0Þ ¼ DR

0;qðt; t0ÞαD≶
0;qðt0; t0ÞαDA

0;qðt0; t0Þ: ðA23Þ

This result is at the basis of the recently proposed
generalized Kadanoff-Baym ansatz for bosons [43]. In
fact, Eq. (A23) can equivalently be written as

D≶
0;qðt; t0Þ ¼ iDR

0;qðt; t0ÞαD≶
0;qðt0; t0Þ− iD≶

0;qðt; tÞαDA
0;qðt; t0Þ:
ðA24Þ

In the special case Qðq; tÞ ¼ QðqÞ, the retarded and
advanced components depend only on the time difference,
and they can be Fourier transformed. In Fourier space,
we have

DR=A
0;q ðωÞ ¼ 1

ðω� iηÞα −QðqÞ ¼ DM
0;qðω� iηÞ: ðA25Þ

The (1, 1) block can be read off from Eq. (A13):

D11;R=A
0;q ðωÞ ¼ 1

ðω� iηÞ2 − KðqÞ :

We close the appendix by observing that from Eqs. (A18)
and (A25) follows the fluctuation-dissipation theorem

D<
0;qðωÞ ¼ fðωÞ½DR

0;qðωÞ −DA
0;qðωÞ�

and the like for the greater component.
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APPENDIX B: BORN-OPPENHEIMER
APPROXIMATION

The BO Hamiltonian is given by Eq. (1) in the limit of
infinite nuclear masses, and it is, therefore, independent of
the nuclear momenta:

ĤBOðR̂Þ≡ lim
fMig→∞

Ĥ : ðB1Þ

The BO Hamiltonian commutes with all the nuclear position
operators R̂i. Therefore, the eigenkets of Ĥ

BOðR̂Þ have the
form jΨðRÞijR1…RNn

i, where the electronic ket jΨðRÞi ∈
F is an eigenket of ĤBOðRÞ and jR1…RNn

i ∈ DNn
is a

ket describing Nn distinguishable nuclei in positions
R ¼ ðR1;…;RNn

Þ.
Let jΨBOðRÞi be the ground state of ĤBOðRÞ with

ground-state energy EBOðRÞ. An approximation for the
equilibrium positions of the nuclei and for the equilibrium
electronic density is found by minimizing EBOðRÞ over
all R. Using the Hellmann-Feynman theorem,

∂EBOðRÞ
∂Ri;α

¼ hΨBOðRÞj ∂Ĥ
BOðRÞ
∂Ri;α

jΨBOðRÞi

¼
Z

dxnBOðx;RÞ ∂Vðr;RÞ
∂Ri;α

þ ∂En-nðRÞ
∂Ri;α

; ðB2Þ

where we define the BO density

nBOðx;RÞ≡ hΨBOðRÞjn̂ðxÞjhΨBOðRÞi: ðB3Þ

Let R0;BO be the solution of ∂EBOðRÞ=∂Ri;α ¼ 0 for all i
and α. The BO approximation consists in approximating
R0 ≃R0;BO and n0ðxÞ ≃ n0;BOðxÞ≡ nBOðx;R0;BOÞ. The
approximated nuclear positions and density can then be
used to obtain an approximation for V ≃ VBO, g ≃ gBO,
and K ≃ KBO.

1. On the stability of the BO approximation

As already pointed out in Sec. II, the equilibrium density
n0 enters the low-energy Hamiltonian through K as well as
Δn̂. The replacement n0 ≃ n0;BO in Δn̂ leads to an incon-
sistency. In fact, any exact or even approximate treatment of
the low-energy Hamiltonian Eq. (11) gives a ground-state
density n0 which is, in general, different from n0;BO. In
equilibrium, we then have Δn ¼ n0 − n0;BO ≠ 0, and the
nuclei move away from fRg ¼ fR0;BOg in accordance
with the equation of motion Eq. (22). The minimal effort to
get rid of the inconsistency consists in treating n0 in Δn̂
self-consistently while keeping V, g, and K fixed at the BO
values. Whether this partial self-consistent scheme leads to
a stable dynamics when the system is perturbed by weak
external fields remains to be checked case by case.

2. Elastic tensor and Hessian of the BO energy

The elastic tensor KBO can alternatively be obtained
from the Hessian H of EBOðRÞ and the density-density
response function at clamped nuclei. Taking into account
the definitions in Eq. (10), a second differentiation of
Eq. (B2) yields [86]

Hi;α;j;β ≡ ∂
2EBOðRÞ
∂Ri;α∂Rj;β

����
R¼R0;BO

¼
Z

dx
∂nBOðx;RÞ

∂Rj;β

����
R¼R0;BO

gBOi;α ðrÞ

þ
Z

dxn0;BOðxÞgDW;BO
i;α;j;β ðrÞ þ ∂

2En-nðRÞ
∂Ri;α∂Rj;β

����
R¼R0;BO

:

ðB4Þ
The first term on the rhs can be rewritten in a more
symmetric form using linear response theory. Let us imagine
to manually move the infinitely heavy nuclei from R0;BO to
R0;BO þ δR. We indicate with δRðtÞ the extremely slow
time-dependent function with the property that δRðtÞ ¼ 0
for t ¼ −∞ and δRðtÞ ¼ δR for t ¼ ∞. This nuclear
rearrangement induces a change in the electronic density.
For the extremely slow (adiabatic) change considered here,
the time-dependent electronic density nðx; tÞ is identical to
the ground-state electronic density nBO½x;RðtÞ� correspond-
ing to a nuclear geometry RðtÞ ¼ R0;BO þ δRðtÞ (instanta-
neous relaxation). We have

δnBOðx; tÞ ¼
Z

dx0dt0χRclampðx; t;x0; t0ÞδV(r0;Rðt0Þ)

¼
Z

dx0dt0χRclampðx; t;x0; t0Þ
X
jβ

gBOj;β ðr0ÞδRj;βðt0Þ;

ðB5Þ
where χRclamp is the equilibrium density-density response
function of the electronic system with clamped nuclei in
R0;BO. For a response function with the property that
χRclampðx; t;x0; t0Þ → 0 for jt − t0j → ∞, we can replace
δRj;βðt0Þ → δRj;βðtÞ (adiabatic change). Performing the
integral over t0 and taking the limit t → ∞, we get

δnBOðxÞ ¼
Z

dx0χRclampðx;x0; 0Þ
X
jβ

gBOj;β ðr0ÞδRj;β; ðB6Þ

where χRclampðx;x0; 0Þ is the Fourier transform of the response
function calculated at zero frequency. Using Eq. (B6) to
evaluate the derivative of the ground-state density in Eq. (B4)
and comparing with Eq. (14), we conclude that

Hi;α;j;β ¼ KBO
i;α;j;β þ

Z
dxdx0gBOi;α ðrÞχRclampðx;x0; 0ÞgBOj;β ðr0Þ:

ðB7Þ
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The elastic tensor in the BO approximation coincides with
the Hessian of the BO energy only if the electron-nuclear
coupling gBO vanishes.
In crystals, the relation in Eq. (B7) reads

Hs;α;s0;βðn − n0Þ
¼ KBO

s;α;s0;βðn − n0Þ

þ
Z

dxdx0gBOns;αðrÞχRclampðx;x0; 0ÞgBOn0s0;βðr0Þ: ðB8Þ

The Hessian tensor satisfies the same properties as the
elastic tensor. Let then ω2

qν and eνðqÞ be the eigenvalues
and normal modes of HðqÞ, which is defined in terms
of HðnÞ like in Eq. (29). The eigenvalues ω2

qν are by
construction non-negative, since the Hessian of a function
calculated in the global minimum is positive semidefinite.
Multiplying Eq. (B8) by eν�s;αðqÞe−iq·ðn−n0Þeν0s0βðqÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
MsMs0

p
and summing over ns; α and n0s0; β, we obtain

δνν0ω
2
qν¼KBO

νν0 ðqÞþ
Z

dxdx0gBOqν ðrÞχRclampðx;x0;0ÞgBO−qν0 ðr0Þ;

ðB9Þ

to be compared with Eqs. (136) and (137).

APPENDIX C: SYMMETRY PROPERTIES
OF THE PHONONIC GREEN’S FUNCTION

AND SELF-ENERGY

From the definition in Eq. (88) and the property in
Eq. (125), we have

Dii0
qνν0 ðz; z0Þ ¼

1

i
Tr½ρT fΔϕ̂i

qν;HðzÞΔϕ̂i0
−qν0;Hðz0Þg�: ðC1Þ

It is then straightforward to derive

Dii0;<
qνν0 ðt; t0Þ ¼ Di0i;>

−qν0νðt0; tÞ; ðC2aÞ

Dii0;≷
qνν0 ðt; t0Þ ¼ −½Di0i;≷

qν0ν ðt0; tÞ��: ðC2bÞ

The phononic Green’s function satisfies also another
important property if the Hamiltonian is invariant under
time reversal. Let Θ̂ be the antiunitary time-reversal
operator. Time-reversal symmetry implies that we can
choose the many-body eigenstates jΨAi of Ĥ such that
jΨAi ¼ Θ̂jΨAi, and, therefore, we have the property [116]

hΨAjÔjΨBi ¼ hΨBjΘ̂Ô†Θ̂−1jΨAi ðC3Þ

for any operator Ô. Under a time-reversal transformation,
the displacement operators are even, whereas the momen-
tum operators are odd; i.e., Θ̂Ûns;αΘ̂−1 ¼ Ûns;α and

Θ̂P̂ns;αΘ̂−1 ¼ −P̂ns;α. Expanding these operators like in
Eqs. (25), we immediately find

Θ̂ÛqνΘ̂−1 ¼ Û−qν ¼ Û†
qν; ðC4aÞ

Θ̂P̂qνΘ̂−1 ¼ −P̂−qν ¼ −P̂†
qν; ðC4bÞ

where we take into account that Θ̂c ¼ c�Θ̂ for any complex
number c and we use the property Eq. (26) of the normal
modes. From Eq. (C3), we then infer that

hΨAjÛqνjΨBi ¼ hΨBjÛqνjΨAi; ðC5aÞ

hΨAjP̂qνjΨBi ¼ −hΨBjP̂qνjΨAi: ðC5bÞ

Let EA be the eigenenergy of jΨAi. If the system is in
equilibrium, then jΨAi is also an eigenket of the density
matrix ρ̂, and we denote by ρA its eigenvalue. Consider the
(1, 1) block of the greater GF in Eq. (C1). We have

D11;>
qνν0 ðt; t0Þ

¼ 1

i

X
A;B

ρAeiðEA−EBÞðt−t0ÞhΨAjÛqνjΨBihΨBjÛ−qν0 jΨAi

¼ D11;>
−qν0νðt; t0Þ; ðC6Þ

where in the second equality we use Eq. (C5). We can
analogously derive the relations for all other blocks and for
the lesser GF. The final result is

Dii0;≷
qνν0 ðt; t0Þ ¼ ð−Þiþi0Di0i;≷

−qν0νðt; t0Þ: ðC7Þ

To highlight the mathematical structure of the derived
relations, we denote by DT the transpose matrix of D, i.e.,
½DT �ii0νν0 ≡Di0i

ν0ν, and D† ¼ ½DT ��. Then, Eqs. (C2) and (C7)
take the following compact form:

D<
q ðt; t0Þ ¼ ½D>

−qðt0; tÞ�T; ðC8aÞ

D≷
q ðt; t0Þ ¼ −½D≷

q ðt0; tÞ�†; ðC8bÞ

D≷
q ðt; t0Þ ¼ σz½D≷

−qðt; t0Þ�Tσz ½Θ̂ invariance�; ðC8cÞ

where

½σz�ii0νν0 ¼ δνν0

�
1 0

0 −1

�
ii0
:

In frequency space, the first two relations in Eqs. (C8) read

D<
q ðωÞ ¼ ½D>

−qð−ωÞ�T; D≶
q ðωÞ ¼ −½D≶

q ðωÞ�†; ðC9Þ
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which imply

DR
qðωÞ ¼ ½DA

−qð−ωÞ�T; DR
qðωÞ ¼ ½DA

qðωÞ�†; ðC10Þ

which, in turn, lead to the following properties of the
phononic self-energy through Eq. (150) [take into account
that αT ¼ −α and QTð−qÞ ¼ QðqÞ]:

ΠR
qðωÞ ¼ ½ΠA

−qð−ωÞ�T; ΠR
qðωÞ ¼ ½ΠA

qðωÞ�†: ðC11Þ

Writing the retarded and advanced phononic self-energy
like in Eq. (151), we can deduce the following properties
of Λph and Γph:

Λph;qðωÞ ¼ ½Λph;−qð−ωÞ�T; Λph;qðωÞ ¼ ½Λph;qðωÞ�†;
ðC12aÞ

Γph;qðωÞ ¼ −½Γph;−qð−ωÞ�T; Γph;qðωÞ ¼ ½Γph;qðωÞ�†:
ðC12bÞ

For systems with time-reversal symmetry, we have also the
properties [see Eq. (C8c)]

D≶
q ðωÞ ¼ σz½D≶

−qðωÞ�Tσz; ðC13Þ

which implies

DR=A
q ðωÞ ¼ σz½DR=A

−q ðωÞ�Tσz; ðC14Þ

and, therefore,

ΠR=A
q ðωÞ ¼ σz½ΠR=A

−q ðωÞ�Tσz; ðC15Þ

or, equivalently,

Λph;qðωÞ ¼ σz½Λph;−qðωÞ�Tσz; ðC16aÞ

Γph;qðωÞ ¼ σz½Γph;−qðωÞ�Tσz: ðC16bÞ

APPENDIX D: FORMULATION IN THE
ELECTRONIC BLOCH BASIS

In this appendix, we work out the fundamental equations
in the electronic Bloch basis

ΨkμðxÞ ¼ hxjkμi ¼ 1ffiffiffiffi
N

p eik·nukμðuσÞ: ðD1Þ

The Bloch kets are orthonormal; i.e., hkμjk0μ0i ¼ δk;k0δμμ0 .
This implies that the periodic functions ukμðuσÞ are
orthonormal in the volume Vu of the unit cell, since

hkμjk0μ0i ¼
Z

dxΨ�
kμðxÞΨk0μ0 ðxÞ

¼
X
nσ

Z
Vu

du
1

N
e−iðk−k0Þ·nu�kμðuσÞuk0μ0 ðuσÞ

¼ δk;k0
X
σ

Z
Vu

duu�kμðuσÞukμ0 ðuσÞ: ðD2Þ

We expand the fermionic operators according to

ψ̂ðxÞ¼
X
kμ

ΨkμðxÞd̂kμ ⇒ d̂kμ¼
Z

dxΨ�
kμðxÞψ̂ðxÞ: ðD3Þ

The fermionic anticommutation rules fψ̂ðxÞ; ψ̂†ðx0Þg ¼
δðx − x0Þ imply that fd̂kμ; d̂†k0μ0 g ¼ δk;k0δμμ0 . Inserting
the expansion of Eq. (D3) into Eq. (37), we see that we
are called to calculate the integral of hð∇; rÞ and g†qνðrÞ
multiplied by two Bloch wave functions [we omit the
dependence on z for brevity]. Taking into account that
hð∇; rÞ ¼ hð∇; rþR0

nÞ, we haveZ
dxΨ�

kμðxÞhð∇; rÞΨk0μ0 ðxÞ

¼
X
nσ

1

N
e−iðk−k0Þ·n

Z
Vu

duu�kμðuσÞhð∇;uÞuk0μ0 ðuσÞ

¼ δk;k0hμμ0 ðkÞ; ðD4Þ

which implicitly defines the matrix hðkÞ. Similarly, using
the property in Eq. (119), we findZ

dxΨ�
kμðxÞg†qνðrÞΨk0μ0 ðxÞ

¼
X
nσ

1

N
e−iðk−k0þqÞ·n

Z
Vu

duu�kμðuσÞg†qνðuÞuk0μ0 ðuσÞ

¼ δkþq;k0 g̃†qν;μμ0 ðkÞ; ðD5Þ

which implicitly defines the vector of matrices g̃†qνðkÞ.
Notice that for q ¼ 0 this matrix is precisely the one
defined in Eq. (118). Let us make contact with an
alternative popular expression for the e-ph coupling.
Using the definition in Eq. (30), the result in Eq. (D5)
can be written as

g̃−qν;μμ0 ðkÞ ¼ hkμjg−qνðr̂Þjkþ qμ0i

¼
X
nsα

1ffiffiffiffiffiffiffiffiffiffi
MsN

p eiq·neνs;αðqÞhkμjgns;αðr̂Þjkþ qμ0i:

ðD6Þ
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The electron-nuclear potential Vðr;RÞ ¼ Vðr;R0 þ UÞ
can be thought of as a function of either Unsα or Uqν

through Eq. (25). If we calculate

∂Vðr̂;RÞ
∂Uqν

����
U¼0

¼
X
nsα

∂Vðr̂;RÞ
∂Uns;α

����
U¼0

×
∂Uns;α

∂Uqν

¼
X
nsα

gns;αðr̂Þ ×
1ffiffiffiffiffiffiffiffiffiffi
MsN

p eiq·neνs;αðqÞ; ðD7Þ

we find the linear combination appearing in Eq. (D6).
We conclude that

g̃−qν;μμ0 ðkÞ ¼ hkμj∂Vðr̂;RÞ
∂Uqν

����
U¼0

jkþ qμ0i: ðD8Þ

In terms of the matrices hðkÞ and g̃qνðkÞ, the Hamiltonian
in Eq. (37) reads

Ĥs
0;e ¼

X
kμμ0

X
qν

½δq;0hμμ0 ðkÞ þ g̃†qν;μμ0 ðkÞ · sqν�d̂†kμd̂kþqμ0 :

ðD9Þ

Analogously, we can rewrite the Hamiltonians Ĥs
0;ph in

Eq. (37b) and Ĥe-ph in Eq. (37d) according to

Ĥs
0;ph ¼

1

2

X
q

X
νν0

ϕ̂†
qνQνν0 ðqÞϕ̂qν0

−
X
kμμ0

X
qν

hd̂†kμd̂kþqμ0 i0g̃†qν;μμ0 ðkÞ · ϕ̂qν; ðD10Þ

Ĥe-ph ¼
X
kμμ0

X
qν

d̂†kμd̂kþqμ0 g̃
†
qν;μμ0 ðkÞ · ðϕ̂qν − sqνÞ; ðD11Þ

where h� � �i0 indicates the equilibrium average.
It is common to define (i) the scaling-free displacements

and momenta with the physical dimensions of a length and
momentum, respectively,

ˆ̄Uqν ≡ Ûqνffiffiffiffiffiffiffiffi
NM

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NMωqν

p b̂qν þ b̂†−qνffiffiffi
2

p ; ðD12aÞ

ˆ̄Pqν ≡
ffiffiffiffiffi
M
N

r
P̂qν ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
Mωqν

N

r
b̂qν − b̂†−qνffiffiffi

2
p

i
ðD12bÞ

where ωqν are the BO phonon frequencies andM ¼Ps Ms

is the total mass of the unit cell [see also Eq. (139)],

and (ii) the scaling-free e-ph coupling with the physical
dimensions of an energy

g̃�ν;μμ0 ðk;qÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1

Mωqν

s
hkμj∂Vðr̂;RÞ

∂Ūqν

�����
U¼0

jkþ qμ0i

¼
ffiffiffiffiffiffiffi
N
ωqν

s
g̃�qν;μμ0 ðkÞ: ðD13Þ

In terms of these quantities,

g̃�qν;μμ0 ðkÞUqν ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Mωqν

p
g̃�ν;μμ0 ðk;qÞŪqν: ðD14Þ

Let us now rewrite the equation of motion for the Green’s
function in terms of scaling-free quantities. In Eq. (116),
the quantities hHFðkÞ, Gk, and Σc;k do not scale with N.
Taking into account Eq. (D14), we find

�
i
d
dz1

− hHFðkÞ −
X
ν

ffiffiffiffiffiffiffiffiffiffiffiffi
Mω0ν

p
g̃νðk; 0ÞŪ0ν

�
Gkðz1; z2Þ

¼ δðz1; z2Þ þ
Z
γ
dz̄Σc;kðz1; z̄ÞGkðz̄; z2Þ: ðD15Þ

Notice that if the external perturbation preserves the
lattice periodicity, then Uqν ¼ δq;0U0ν and, therefore,
Uns;α ¼ Us;α is independent of n. From the inverse of
Eq. (25), i.e.,

Ûqν ¼
X
nsα

ffiffiffiffiffiffiffi
Ms

N

r
e−iq·neνs;αðqÞÛns;α; ðD16Þ

we then find

Ū0ν ¼
X
sα

ffiffiffiffiffiffiffi
Ms

M

r
eνs;αð0ÞUs;α; ðD17Þ

which does not scale with N.
In the equation of motion Eq. (126) for the phononic

Green’s function, the quantities QðqÞ, Dq, and Πq do not
scale with N, so this equation is already written in terms of
scaling-free quantities only. We are left with the equation of
motion for the displacements and momenta; see Eqs. (120).
Taking into account Eq. (D5), we find

dPqν

dz
¼ −

X
kμμ0

g̃qν;μμ0 ðkÞΔhd̂†kμd̂kþqμ0 i −
X
ν0
Kνν0 ðqÞUqν0 :

ðD18Þ
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Using the definitions in Eqs. (D12) and (D13), we can
rewrite the equation of motion for P̄qν in q ¼ 0 as

dP̄0ν

dz
¼ −

X
kμμ0

ffiffiffiffiffiffiffiffiffiffiffiffi
Mωqν

p
g̃ν;μμ0 ðk; 0Þ

Δhd̂†kμd̂kμ0 i
N

−M
X
ν0
Kνν0 ð0ÞŪ0ν0 ; ðD19Þ

to be coupled with

dŪ0ν

dz
¼ P̄0ν

M
: ðD20Þ
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