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GOLS-QKWH SYI-LLQKQQ QKQSLVJP-I-H HHKLJRHSQLLQ[H HLJWQ-IIH [H WJKQSbbKQ-IIYFqKQSLVJP-I-H HHKLJRHSQLLQ[H XJ-fHHP SYbLLYY ZbXYSI- WJKQSbbK-QP SXHPLL-LHoIJP ZHKK-PPHIIH� WJKQSbbKQ-Z-P XJ-fHHP KOJfH HHKLJRHSQLLQ[H� [JLSH QI-WQVoS-SI- f-IIJI-J-XHL WJKQSbbK-P� ZQVS-ILYXYL IQP L-QLLbY VQHSL-JLH XHVLQP LH- QIoLYXYL VQHSL-JLH LHRHZLOWHILHF GYKKH-IQP ZHKK-PPHP IHHXOLLHW-PQP WHZfJKK-IoLH-I- H-XHP OOfQPKH-ILH SQW-HHF GOLS-QKWHIIH RQVQZfbLYYP P--Z-P SJSQ-I--P�[J-fQP RbVS-WbSIQPY JP P-WQPJWHHP SXHPLL-LHIJP ZHKK-PLHHP K--LLbX-QP -KoW-e-fQP ������������� IQSY KbZbQIL- -KW-e-fQP bWWYVLYW-IQP LHVX-LLHXHHPLQJV-HHPF
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qKQSLVJP-IQL HHKLJRHSQL-L JXHL IQSY SQW-HKK-IQIL- QLLY }bI-SHHK-IQIL- W-QKQPoS--PLJ-I-HF ¨--fQP HXOKKH RbILbLYYP LOLS-WHHP SKHII-IQP }bI--SHP [H SXHPLoL-WQSHHP-SHP XYK-ILY bZLQbLLY� I-KKY HHKLJRHSQLL- JP SXHPLL-WQSHP--SHP LHRHSOXHLH SKHII-IQP }bI--SHP Z-OSSHILHF U-OSSHPQP IHH HHKLJRHSQL-IIH bZfQP RH-oSHP [H bZfQP PJRQOfQP I-[HHP RH-SSHo [H PJRQOI[HSHOWHP� [JLLH IQ LJLQOLLHHUQ-IIQPzQVg-P QRYLHVSSOOIRQV-HHLLQQPF nYZQILbLLYQIIY SKHII-IQP }bI--SHP VHo[HH HHKLJRHSQL-P [HSHOWHL WOOLLOXHL P--P SHRQ-SI- XQVVHLLOPH IbILQQW-P W-LoLHSHHXHP� QLLY PQ WOOLLOXHL SYbLYPPeIIY SKHII-IQP }bI--SHP bZfQSI- RH-SHSI-[H bZfQSI- PJRQOfQSI-F ©bI--SHP SHPPHKLH JKQQKK-I-P SbIbWbI JPS-P� y-KKJ-PQKQSLVJP-PQP HHKLJRHSQLL- SYbLLYbLLb SKHII-IQIL- HLJW-IIH LH- WJKQSbbK-IIYª
jQW-IL-QP S--PPJILOSIQP SJZLQQPH JP QV-Lb-IQIL- QKQSLVJP-ILQP HHKLJRHSQLL-QPSYbLLe SQW-HKK-ILQP VQHSL-J-fQP SXHPLL-LHIJP ZHKK-PPHIIHF jXHPLL-LHIJP ZHKoK-PPHIIH LH- SXHPLL-ZHKK-PPHIIH «��¬® ¯°±��°� ²³���³´ JP SbIQ bSI-LLY-IQP
WJKQSbbK-P X-V-LLYW-IQILY ZHKOLLOOP QKQSLVJP-IQQP L-KHHP LH- OIQ-fQP L-KJ[QP
IORQVRJI-L-JJPF qKQSLVJP-PQP L-KH WYYVYY WJKQSbbK--P I-IY-IQL� bL-W--P SJZof-ILOXHL XJ-WHL� [JLQP WOOPLQKQWHKKH QKQSLVJP-ILH L-KHH XJ-fHHP JZ[HLH bL-oW-QP I-[H-PL-H LJ-I--PIH PYZfQPF qI-WQVS-SI- WJKQSbbK- XJ-fHHP f-IIJI-J-fH LH-
I-KKQ XJ-fHHP H-ZQOLLHH -IJWQV-IHHL-JF n-IYSI- XHK-LIQWHKKH IJR-XH L-KH LH- IOoRQVRJI-L-J XJ-fHHP WJKQSbbK- ZQVS-ILYY ZHKOLOKKQ VQHSL-JKKQ LH- QILYY [JLH-PL-QLLbY VQHSL-JLH LHRHZLOWHILHF qKQSLVJP-ILQP L-KJ[QP SXHPLL-ZHKK-PLH LHV[JHH
I--I WHZfJKK-IOOfQL WJKQSbbK-QP KYZQI W-QK-XHKLH-IQQP WOJSSHOSIQQPF
UOJK-WHLLH QKQSLVJP-ILQP L-KJ[QP SXHPLL-ZHKK-PPHP WHZfJKK-IOOSI-ILH SXHPLL-oZHKK-PHP SYbLYPPeP LHIJP bWWYVLYWbI JP X-QKY XHVI-P XYZY-ILYF qPI-WWY-oIQL JPP-ILOPQQL SJSQQL LQZL--P XHILH XOJPPH Ehtt� XH-SSH LQJVQQLL-I-H LOLS-o

E
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WOSI-H JP LQZLb SXHPLL-WQSHP--SHP SQZ-LLYW-IQILY IHHSSHF GYZYP JP IbbPYQPPQP SH-SSQH SXHPLL-ZHKK-PPHIIH LHVX-LLHX-QP ROKII-KHIQVQ-fQP SQZ-LbI� [JSHXHILH LOJKKJ-P XHILHI- LHVX-LLHXHH LQSP-ILY LHIJHF
¨bSbYYP XHVI-P WJP-WOLSH-I-KKQ WJKQSbbKQ-KKQ RbILbLYYP LQSQWYYP SXHPLL-oZHKK-PLHH SYbLLYWYKKY WJP-WOLSH-I-H KHIQVoROKII-P WOJLJ[H� [JLSH JRL-WJ-ofHHP -LQVHL--X-I-KKH JRQLOIHKgJV-LWQ-KKH ¿E� MÀF GYKKH-IQIIH SXHPLL-ZHKK-PPHIIHZHKK-PLHHP K--LLbX-QP -KW-e-fQP bWWYVVbI [YY SO-LQPS-P ROOLLOWHHPF GYIIYLOLS-QKWHIIH JP LHVSJ-LOI SYbfY KYR- LOLS-WOILH� [JPSH RYYWYYVYPY JP bWoWYVLYY QKQSLVJP-ILQP HHKLJRHSQLL-QP fbPHW--SSHH HLJWQ-IIH [H WJKQSbbKQ-IIY[H I-LQP bWWYVLYY WbeI SXHPLL-ZHKK-PLHHP K--LLbX-Y -KW-e-LYF ÁKOSI- SYbWWQKYR- KbZbQP [JZfHPPJP HHKLJRHSQLLQ-Z-P� [JPSH [YKSQQP IQOVHHXHIIH KOXOIIH
LOLOILOWWQ QKQSLVJP-I-QP HHKLJRHSQLL-QP LQJV-HHP HLJWQ-IIH [H WJKQSbbKQ-IoIYF nOXOIIH T SYI-LLQKQWWQ SJSQ-IIH LHVX-LLHX-H WQPQLQKW-Y [H KOXO-IIH p [H\ SYbWWQ KYR- HLJWQ-KKQ [H WJKQSbbKQ-KKQ LQZLb[Y SJSQ-LHF

ÂÃÂ ÄÅÆÇÅÅÈÈÇÉ
jXHPLL-WQSHHP-IQL LHIJHHKKJL «WHIIHKK-IQKKQ Z-OSSHIQKKQ´ JXHL XHIL-PQ SKHII-IQP
WQSHP--SHP HHKKJ-KKQF ¨Q JXHL H[HILH V--RROXHP cdZVef-PgQV-P bZLYKeP

i~
∂ψ(x, t)

∂dt
= Ĥψ(x, t) =

−~
2

2m
∇2ψ(x, t) + V̂ ψ(x, t) «EFE´

VHLSH-IO[H XHRHHKKQ Z-OSSHIQKKQ V̂ = 0
F iHLSH-IOL QK- HHKLJ}OPSL-JL� [J-LH SOLoIOLHHP LHIJHHKKJ-SI-� JXHL WOJLJH

ψ(x, t) = ξk(x, t) = N Êikx−iω(k)t, «EFM´
[JIIH ω(k) = ωk = ~k2

2m

F nHISQWHKKH LHIJHHKKJP K--SQWYYVYP JW-PH-IHVXJ PYZofYYP� QLLY IQ JP K--SQWYYVYP JW-PH-IL-KHKKH p̂ξk(x, t) = ~kξk(x, t)
JW-PH-IHVoXJKKH p = ~k

[H QPQVg-HP JW-PH-IL-KHKKH Êξk(x, t) = ~ωkξk(x, t)
JW-PH-IHVXJKKH

E = ~ωk = p2

2m

F GYWY XHILHH SKHII-IQP WQSHP--SHP L-KHPPQLLH� [JIIH SHRRHKQK--SSOO XHRHHIL- PJRQOfQKKH v [H I-KKY JP QPQVg-H E = 1
2mv

2 = p2

2m

F qVJ SKHII-oIQQP LHRHOSIQQP LOKQQ UQ-IIQPzQVg-P QRYLHVSSOOIRQV-HHLLQQILH ∆p∆x = 1
2 ~
�[JPSH WOSHHP SXHPLL-WQSHHP-IQP SHRRHKQQP RH-SSHH Q- XJ-fH L-QLYY� [JI IQPK--SQWYYVY LOPPQLHHP LHVSHIL-F GYWY PYZfYYP WbeI HHKLJ}OPSL-JP LJfQPoPYSe-IbbIL-ZQbfQILY |ξk(x, t)|2 = N2 � [JSH Q- JKQ RH-SHILH V--RROXH-PQP� [JoLQP Z-OSSHIQKKH JP bZLY IOOV- LJfQPPYSe-IbbI KebLbY W-ILY LHZHPIH RH-SSHoHXHVOOfQP R-ILQQILY x F
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yOJfJILHWHKKH IORQVRJI-L-JP SHZfQILH HHKKJILH
ψ(x, t) =

1
√

(2)
(ξk1

(x, t)+ ξk2
(x, t)) =

N√
2

(Êik1x−iwk1
t + Êik2x−iwk2

t
) «EFT´

ZHXH-LHHP XH-ZLQKOH LJfQPPYSe-IbbIL-ZQbfQIIY
|ψ(x, t)|2 = N2 (1 + cos ((k1 − k2)x− (wk1

− wk2
)t)) «EFp´

IQSY H[HP QLLY RH-SHP IOZLQQP «RH-LI- [JI k1 = −k2
� [JKKJ-P IHHfHHP IQ-IJXH

HHKLJ ∝ 1 + cos 2k1x
´F jYbLLYWYKKY OIQHWR-H HHKLJ[H [H P--KKQ QV- «SJWRKQSoI-I-H´ SQVLJ-W-H IORQVRJI-L-JLH WOJfJILQLLHQIIH

ψ(x, t) = N
∑

k

c(k)ξk(x, t) «EF\´
IHHfHHP VH[J-LLHWHLJP WYYVY QV-KH-I-H HHKLJRHSQLLQ[HF GHVSQWW-P� SJISH VHLoSH-IOL� ξk(x, t) = N exp (ikx− iωkt)

� JXHL JVLJgJPHHK-I-H
∫ ∞

−∞
ξ∗k(x, t)ξ

′
k(x, t)dx = |N |2δ(k − k′) «EFu´

«δ(k − k′) JP Î-VHd-P fQKLH´ PQ KOJXHL LYbfQKK-IQP SJWRKQSI-IQP SHPLH[JOoSJPF qK- P--fQP HXOKKH RbILbLYYP QI-LLYWYYP W-SY LHZHPIH XHRHHP Z-OSSHIQP
HHKLJ}OPSL-J
ψ(x, t) =

1√
2π

∫ ∞

−∞
ψ̃0(k)ξk(x, t)dk

=
1√
2π

∫ ∞

−∞
Ñ ψ̃0(k)Ê−iωkt Êikxdk =

1√
2π

∫ ∞

−∞
ψ̃(k, t)Êikxdk. «EF{´

|LIQ HI-HIIH ψ̃(k, t) = Ñ ψ̃0(k)Ê−iw(k)t JP HHKLJ}OPSL-JP QI-LbI K--SQWYYVYHXHoVOOfQIIH [H bZLYKe EF{ JP IQP SYYPLQ-PQP ©JOV-QVoWOOPPJI� [JPSH LOKJSIQPHIHHfHHP HHKLJ}OPSL-JP QI-LbI RH-SSHoHXHVOOfQIIHF

ÂÃÏ ÐÅÑÆÆÒÓÔÓ ÅÅÈÉÇÕÅÖÔÉÉÒ
y-QKQPS--PLJ-PQP QV-SJ-ILHRHOI XHRHHP Z-OSSHIQP HHKLJRHSQL-ILH JP L-KHPPQ�[JIIH HHKLJXQSLJV-P k [HSHOWHSI- XHK-LHHP NHOII-P }OPSL-J� [JPSH SQIS-SJZLH
JP k0

�IIHF ÁHKLJ}OPSL-J JP LYKKe-P
ψ̃(k, t) = Ñ Ê− 1

2 s2(k−k0)2 Ê−i ~k2

2m
t. «EFt´
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GYWYP SYYPLQ-PQP ©JOV-QVoWOOPPJI QK- QI-LbI RH-SSHoHXHVOOfQIIH
ψ(x, t) =

Ñ

s

√

1

1 + i~t
ms2

exp

((

−1

2

x2

s2
+ ik0x− iωk0

t

)(

1

1 + i~t
ms2

)) «EFh´
JP NHOII-P }OPSL-J SQVVJLLOPH K--SQWYYVYY

~k0
XHILHHXHKKH LHIJHHKKJKKH [H

H[HILH V--RROXHKKH (1 + i~t
ms2

)−1 oLQVW-KKYF ¨JVW-LLHWHKKH LJfQPPYSe-IbbIL-oZQbI LJfQPPYSe-IbbfQSI-
1 =

∫ ∞

−∞
|ψ0(x, t)|2dx =

√
πs2|N |2 «EFE×´

IHHfHHP N = 1√
s
√

π

[H Ñ =
√

s√
π

F Á-SH-IQWW-P QWWQ WYYV-LQKKQQL HHKLJo}OPSL-JP PJVW-H� SJISH LHIJHHKLJ[QP bZLQbfQIIY IQ LOJLLHH L-QLLb[Y JPgQKW-H
«SIF K--LQ Ø´F
ÁHKLJ}OPSL-JP [H oRHSQL-P JW-PH-IOOSI-H XJ-fHHP LOLS-H LHVSHILQKQWHKKH IQP
JfJLOIHVXJ[HF GHVSHILQKQWHKKH RH-SHP JfJLOIHVXJH

〈x̂〉t =
〈ψ|x̂|ψ〉
〈ψ|ψ〉 = ~

k0t

m
=
p0t

m
«EFEE´

[H K--SQWYYVYP JfJLOIHVXJH
〈p̂〉t =

〈ψ|p̂|ψ〉
〈ψ|ψ〉 = ~k0 = p0

«EFEM´
PYZfYYP� QLLY RHSQL-P SQIS-SJZLH QLQPQQ K--SQWYYVYKKY

~k0
� [JPSH XJ-WWQ K--LoLYY HHKLJ}OPSL-JP LHIJHHKLJLQVW--PF jQIS-SJZfHP K--SQ XHILHH SKHII-IQP SHRRHoKQQP VHLHH�[JSH K--SSOO JV-gJILH PJRQOfQKKH vg

F ¨JRQOLLH vg = 〈p〉t
m = 〈x〉t−〈x〉0

tSOLIOLHHP VbZWYPJRQOfQSI-F
ÁHKLJ}OPSL-JP H[HILH V--RROXHP LQVW-P XH-SOLOI PYZfYYP� SOP KHISQLHHP RHoSQL-P KQXQbI RH-SHP IOZLQQP QK- RH-SHP QRYWYYVY-IbbI

∆xt =
√

〈x̂2〉t − 〈x〉2t =
s√
2

√

1 +

(
~t

ms2

)2

=
s√
2

√

1 +

(
~ω1/st

m

)2

.

«EFET´UOJWHLHHP� QLLY RHSQLL- KQX-YY H[HP QLYYPLbQIIY PJKKHZQLSQILYF aHILHHXH KHIoSO K--SQWYYVYP QRYWYYVY-IbbfQKKQ HPLHH ∆p = ~

s
√

2

QK- IQ Q- WOOLO H[HP IOZoLQQPF jQVLJWHKKH RH-SHP [H K--SQWYYVYP QRYWYYVY-IbbI IHHfHHP HHKLJRHSQL-PXH-SOLOSIQP QRYWYYVY-IbbI
∆A = ∆x∆p =

1
2
~

√

1 + 4ω2
1/st

2 ≥ 1
2
~, «EFEp´

[JSH JP UQ-IIQPzQVg-P QRYLHVSSOOIRQV-HHLLQQP WOSH-PQPF ¨YZfYYP� QLLY RHoSQL-P QRYWYYVY-IbbI JP R-QP-WW-KKYYP QK-
1
2 ~

IQP KOJPL- ZQLSQKKY L Ù ×� [JPSH
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[YKSQQP IQ SHIXHH H[HP IOZLQQP HKOSI- PQK-eKK-IQIL- [H R-LSYP H[HP RYYILY K-PQHHoV-IQIL-F aHRHHP Z-OSSHIQP HHKLJRHSQLL- I--I KQX-YY RH-SHP� WOLLQ- K--SQWYYVYP
IOZLQQP� H[HP QLYYPLbQIIY KOJPL-ZQLSQILYF

ÂÃÜ ÝÅÞßÇÓÒÓÔÓ àáÞáâÉÔÈÒãá
UHVWJP-PQP XYVYZLQK-[Y JP QVYI bSI-PSQVLH-I-WW-ILH I-fJLO-ILH SXHPLL-WQoSHHP-I-ILH IbILQQWQ-ILYF cQP H[HILH V--RROXH cdZVef-PgQV-P bZLYKe JP

i~
∂

∂t
ψ(x, t) =

−~
2

2m

∂2

∂x2
ψ(x, t) +

1

2
βx2

−2i
√

(
m

β

∂

∂t
ψ(x, t) =

~√
mβ

∂2

∂x2
ψ(x, t) −

√
mβ

~
x2ψ(x, t)

−1
1
2 ~ω0

i~
∂

∂t
ψ(y, t) =

∂2

∂y2
ψ(y, t) − y2ψ(y, t),

«EFE\´

[JIIH y = x

√√
mβ
~

[H ω0 =
√

m
β
� [H bKQ-PQP VHLSH-IO

ψ(y, t) = N
∑

n

cnHn(y)Ê− 1
2 y2 Ê−i(n+ 1

2 )ω0t

︸ ︷︷ ︸

φn(y,t)

,
[JIIH «EFEu´

Hn(y) =

√

1

n!2n
√
π

(−1)n Êy2 dn

dxn
Ê−y2 «EFE{´

JP UQVW-LQP RJKbPJW-F ÁHKLJ}OPSL-JL φn(y, t) JXHL QPQVg-HP JW-PH-I}OPSoL-J-LH JW-PH-IHVXJKKH E = ~ω0(n+ 1
2 )

Q-SY P--fQP LJfQPPYSe-IbbIL-ZQbI V--RO
H[HILH |φn(y, t)|2 = [Hn(y)]2 Ê−y2 F jOLQP XHRHHP Z-OSSHIQP LHRHOSIQIIH� JW-oPH-IL-KJ[QP IORQVRJI-L-J JP SO-LQPS-P H[HILH V--RROXHF
GOLS-LHHP SHZfQP QPI-WWY-IQP L-KHP IORQVRJI-L-JLH� [JPSH HHKLJ}OPSL-J JP

ψ(y, t) = N
(

c0H0(y)Ê− 1
2 y2 Ê−i 1

2
ω0t + c1H1(y)Ê− 1

2 y2 Ê−i 3

2
ω0t
) «EFEt´

[H LJfQPPYSe-IbbIL-ZQbI
|ψ(y, t)|2 = |N |2

[

|c0H0(y)Ê− 1
2 y2 |2 + |c1H1(y)Ê− 1

2 y2 |2

+
(
c∗0c1 Ê−iω0t + c∗1c0 Êiω0t

)
H0(y)H1(y)Ê−y2

]

. «EFEh´
UYX-LLYWYLLY W-LYYP }bI-SHHK-IQIL- W-QKQPS--PLJ-ILH XJ-WWQ JKQLLHH SQVLJ-oWQL c0 [H c1 VQHHK-I-SI- [H S-V[J-LLHH
|ψ(y, t)|2 = |N |2

[

c20H0(y)
2 Ê−y2

+ c21H1(y)
2 Ê−y2

+ 2c0c1H0(y)H1(y)Ê−y2

cos(ω0t)
]

, «EFM×´
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[JILH PYZfYYP� QLLY LJfQPPYSe-IbbIL-ZQbI XYVYZLQKQQ LHH[OOfQKKH ω0

F jOXHIoIH EFE JP QI-LQLLb LYKKH-IQP RHSQL-P LJfQPPYSe-IbbIL-ZQbfQP H-SHSQZ-LbI� SOPSQVLJ-WQL JXHL c0 = 2√
5

[H c1 = 1√
5

F ybeI L-KHP QRYWYYVY-IbbI WOOLLOO H[HP}OPSL-JPH� WOLLH LJ-I-P SO-P XHRHHP SHRRHKQQP LHRHOSIQIIH IQ Q- SHIXH XHHP
IQ JIS-KKJ- SHZfQP HVXJP XYK-KKY� W-SY PYZfYYP SOXHILH EFMF

jOXH EFE� UHVWJP-IQP XYVYZLQK-[YP HHKLJRHSQL-P LJfQPPYSe-IbbIL-ZQbfQP H-oSHSQZ-LbIF «G Ù [HSIJPH-SH´

jOXH EFM� UHVWJP-IQP XYVYZLQK-[YP QRYWYYVY-IbbfQP H-SHSQZ-LbIF
jH-SS- I-fJLLO[QP L-KJ[QP HHKLJRHSQL-L RbIbXYL SJJIIH QK- P--fQP QRYWYYVY-oIbbI Q- SHIXH VH[HLLH XHHP RbIbb L-QLLb[QP VH[J[QP I-IYKKYF GbbR-KK-IQIL- P--fQP
H-SHSQZ-LbSIQIIY PYZfYYP [HSIJKK-IOOLLH� SOP HHKLJRHSQLL- KQX-YY [H WOJfJIoLOO OOfQKKQQP� LJI-P OIQ-P [HSIJKK-IOOI JP ZbX-P WJP-WOLSH-ILHF aH-SSH I-oLJWHLLJW-QP L-KJ[QP HHKLJRHSQLL-QP QRYWYYVY-IbbI IHHLLHH HKOSI- XYVYZfQKKYLH- R-QPQPLbY� KJROKLH IQ H-PH SHIXHH «QKKQ- IQ JKQ [J YYVQLeP´F GYWY [JZLOO
bSI-SQVLH-IQIL- I--LY� QLLY XHRH-fQP L-KJ[QP HHKLJ}OPSL-JL Q-XYL JKQ VH[J-LLOPQQL
HXHVOOfQKK-IQIL- [H HHKLJRHSQLL- XJ- KQX-LY VH[HLLJWHIL- Q-SY IQ SJISHHP RYYIQ
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WOJfJILOWHHP OOfQKKQQPF
GYIIY KOXOIIH SYX-WWQ KYR- H-ZQQP WJL-XHHL-JP [H KbZbQP [JZfHPPJP HHKLJoRHSQLLQ-Z-PF cQOVHHXHIIH KOXOIIH SYI-LLQKQWWQ XQfbP I-fJLLO[H QKQSLVJP-I-H
HHKLJRHSQLLQ[HF ybeZQWW-P HLJW-QP [H WJKQSbbK-QP bZLQbfQIIY SYbWWQ KYoR- WbeI HHKLJRHSQLLQ[H� [JLSH JXHL XH-P JI-LLH-P I-fJLLO[HF
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ÁKJ-LHWWQ QKQSLVJP-ILQP HHKLJRHSQLL-QP LHVSHILQKOP XQLbHLJW-ILHF aQLbHLJoW-P QLOPH JP IQP bSI-PSQVLH-IOOI� JPgQKWHKK-ILH QKQSLVJP-SJVVQKHHL-JLH Q- LHVoX-LIQ SYI-LQKKY [H cdZVef-PgQV-P bZLYKe VHLSQHH LHVSHIL-F cbILQQW-P bSI-PSQVoLH-IOOfQILH ZOJK-WHLLH IQP HXOKKH XJ-fHHP bWWYVLYY OIQ-WWHL QKQSLVJP-ILQP
HHKLJRHSQLL-QP JW-PH-IOOSI-ILH HLJWQ-IIH [H WJKQSbbKQ-IIYF

ÏÃÂ çÔÉèÅÉÇßÒÓ éêâÞëìÒÓíÔÞÒÓ èâÉáÈë
aQLbHLJW-P H[HILH V--RROWHLJP cdZVef-PgQV-P bZLYKe JP

EΨ(~R,~r) = ĤΨ(~R,~r) =
(

T̂M + T̂µ + V̂
)

Ψ(~R,~r)

=

(−~
2

2M
∇2

~R
+

−~
2

2µ
∇2

~r +
−e2

4πε0|~r|

)

Ψ(~R,~r), «MFE´
[JIIH QPI-WWY-PQP LQVW- T̂M

JP IbILQQW-P WHIIHSQIS-R-ILQQP ~R
K--SQoQPQVg-oHH XHILHHXH JRQVHHLLJV-F GJ-PQP LQVW- T̂µ

JP IbILQQW-P I-IY-ILY K--SQoQPQVg-oHH [H SJKWHI LQVW- V̂ RJLQPL-HHK-QPQVg-HH XHILHHXHL JRQVHHLLJV-LF aQSLJV- ~rSOXHH bL-WQP [H QKQSLVJP-P IOZLQQKK-ILH RH-SSHH [H I--ZQP K--LLbXY WHIIH JP
VQfOIJ-LO WHIIH µ F aQLbHLJW-P I-IY-ILQP -KW-e-fQP SHPPHKLH WHIIHSQIS-R-IoLQQP K--SQ JP WQVS-LbSIQLePLY� [JLQP [YLQLYYP IQ LYILY QLQQPRY-P ZOJW-JLLHFcHWJ-P VQfOIJ-LO WHIIH JP P--P KYZQKKY QKQSLVJP-P WHIIH� QLLY IQ XJ-fHHPSJVXHLH QKQSLVJP-P WHIIHKKHF GYWY Q- XH-SOLH XHVI-PH-I--P }bI-SHHK-I--P -KW-e-oZ-P W-LQPSYYP� H-PJHILHHP KOSOHVXJ-Z-P� WOLLH SJVXHHWHKKH VQfOIJ-LO WHIIHQKQSLVJP-P WHIIHKKH� XJ-WWQ SYbLLYY HLJW-bSI-SSe[Y IQKSQbLLYWYYP WQVS-PoLe[YF

h
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Á[HILH V--RROWHLLJWHP cdZVef-PgQV-P bZLYKeP VHLSH-IOL

ψnlm(~r) = Rnl(r)Ylm(θ, φ) «MFM´
JXHL UHW-KLJP-P JRQVHHLLJV-P JW-PH-IL-KJ[H JW-PH-IHVXJKKH

En = −R∞
µ

me

1

n2
≈ −R∞

1

n2
, «MFT´

[JIIH R∞
JP ibfzQVg-P XHS-J [H me

QKQSLVJP-P WHIIHF iHf-HHK-PQP HHKLJo}OPSL-J Rn,l(r)
JP bL-WQP [H QKQSLVJP-P XYK-IQP QLY-IbbfQP }OPSL-J [H V--RoROO SXHPLL-KOXO-ILH n [H l F jXHPLL-KOXO-ILH l [H m V--RROXH JIH Yl,m

JP RHKoKJZHVWJJP-PQP }OPSL-J [H SOXHH JVz-LHHK-P ψn,l,m
WOJLJH SOKW-QP θ

[H φIOZLQQPF vYYSXHPLL-KOSO n WYYVYY JVz-LHHK--P K--LLbXYP QPQVg-HPF vbeV-W-IoWYYVYSXHPLL-KOSO l JP JVz-LHHK--P K--LLbXY RbeV-W-IWYYVY [H WHgPQQLL-PQPSXHPLL-KOSO m WYYVYY RbeV-W-IWYYVYXQSLJV-P IOOPLH[HSHOWHPF iHf-HHK-IoLQP HHKLJ}OPSL-J-fQP [H RHKKJZHVWJJP-ILQP }OPSL-J-fQP HPHKbbLL-IQL WOJfJLKebLbXYL KYZQI W-ILY LHZHPIH SXHPLL-WQSHP--SHP RQVOILQJSIQILH� QI-WQVS-SI-ØVHPIfQP-P [H ïJHdZH-W-P LQJSIQILH ð°±��°� ñ�²ò±��²ó ¿TÀF

jOXH MFE� aQLbHLJW-P VHf-HHK-IQL HHKLJ}OPSL-JL� rR10
� rR20

� rR21
� rR30

�
rR31

� rR32
«XHIQWWHKLH J-SQHKKQ� bKZYYKLY HKHI´

Á[HILH V--RROXHP cdZVef-PgQV-P bZLYKeP VHLSH-IOL JXHL IORQVRJI-L-J-LH H[HILH
V--RROWHLLJWHP bZLYKeP VHLSH-IO-ILH

Ψ(~r, t) =
∑

n,l,m

cnlmψnlm(~r)Ê− i
~

Ent «MFp´
SQVVJLLOPH QPQVg-HILH [H H[HILH V--RROXHKKH XH-ZQLQS-[YKKY Ê− i

~
Ent = Ê−iωnt F|KWHP OKSJROJK-I-H XOJVJXH-SOLOSI-H HHKLJ}OPSL-JL ψnml(~r)
[H XH-ZQLQS-[YL

Ê−iωnt JXHL WOOLLOWHLLJW-HF Á-PJHILHHP IORQVRJI-L-JP SJWRKQSI-IQL XHoS-JSQVLJ-WQL cnlm
JXHL LQJV-HIIH XHRHHIL- XHK-LLHX-IIHF jYbLYPPeP SJSQ-IoIH SQVLJ-W-QP XHK-LIQW-PQP JP ZHPSHKHH [H SYI-LLQKQWWQ LYLY WbeZQWW-PF
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ybeZQWRYY LHVSHILQKOH XHVLQP LJfQLHHP� QLLY SJWRKQSI-PQP SQVVJ-P SHPPHLoLHH [J-IIHS-P LHRHOSI-IIH ZHXH-PPJKK-IOOfQP XOJSI- QI-LLYY SHZfQP VQHHK-IQP
WOOLLO[HP }OPSL-JPH

cnlm(a, δ) = anlm Êiδnml , «MF\´
[JIIH anlm (≥ 0)

XH-SOLLHH HHKLJ}OPSL-JP HWRK-LOf--P [H δnlm
H-ZQOLLHH XH-oZQI--VLbWYPF

ÏÃÏ ôÅìÒÅÅÈÒÆÉÔÓ ÅÅÈÉÇÕÅÖÔÉÒÔÓ ÉÔÇÞÒÅÅ
jJSQ-IIH� [J-Z-P K--LLbX-Y HI-J-LH LHVSHILQKKQWWQ IQOVHHXHIIH KOXOIIH� JP ZQKoRJ-PLH KOJfH VHf-HHK-I-H HHKLJRHSQLLQ[HF ¨--IIY HHKLJRHSQLL- WOJfJILQLHHPQKQSLVJP-P [H bL-WQP XYK-IQP QLY-IbbfQP QK- VHf-HHK-IQP SJJVf-PHHL-P IOZLQQPFGJfQPPYSe-IbbIL-ZQbfQP HXHVOOfQKK-IQKKQ WOJfJKKQ Q- HIQLQLH W-LYYP QZLJ[HXHHP IQ JP LYbI-P XHRHHF GOLS-WWQ VHf-HHK-I-H HHKLJRHSQLLQ[H VHSQPLHWHKKH
RHSQL-P bSI-PSQVLH-I-WWHILH WJP-WOLSH-IQWRHHP [H LHVSHILQKQWHKKH [JSH-oIQIIH XH-ZQQIIH -KWQPQX-Y JW-PH-IOOSI-HF jYbLYWWQ LHVSHILQKOIIH soLbbR-PJVz-LHHKQ[H� SJISH RHKKJIbWWQLV-I-PY P--ILY WOJfJILQLLO RHSQLL- JP ZQKRRJ
W-QKLYY IbSS-XYSI- RHKKJSOJVQSI-F
õSI-PSQVLH-I-WWHIIH WHZfJKK-IQIIH LHRHOSIQIIH XH-P bSI- IORQVRJI-L-JP SQVoVJ-P QVJHH PJKKHILHF GYWY Q- L-QLQPSYYP JKQ XHVI-PH-IQIL- HHKLJRHSQLL-� WOLoLH IQKXbbfQP XOJSI- SYbWWQ KYR- WbeI IQP JW-PH-IOOfQLF jJISH XH-P bSI-SQVVJ-P QVJHH PJKKHILH� HHKLJ}OPSL-J JP H[HILH V--RROWHLLJWHP cdZVef-PgQV-P
bZLYKeP VHLSH-IO� QK- XQfbP JVz-LHHK-� SQVVJLLOPH XH-ZQLQS-[YKKY Ê−iωnt F GYKKe-P
HHKLJRHSQL-P SH-SS- W-LHLLHXHL IOOVQQL QK- JRQVHHLLJV-QP� SOLQP QLY-IbbfQP�K--SQWYYVYP [H QPQVg-HP� JfJLOIHVXJL JXHL H[HILH V--RROWHLLJW-HF GJ-I-P IHoPJQP RHSQLL- Q- WOOLO H[HIIH [H IQP VHf-HHK-PQP LJfQPPYSe-IbbIL-ZQbI JP

r2|R(r, t)| = |cn|2|Rn,0(r)|2. «MFu´
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jOXH MFM� õKZYYKKY� aQLbHLJW-P JVz-LHHK-L MhI «XHIQWWHKKH´� T×I «SQISQKKY´[H TEI «J-SQHKKH´F ÁKZHHKKH� aHILHHXHL L-ZQbI[HSHOWHLF
ö÷ö÷ø ùúûüýþ ÿ��þú�����úþ úú��ÿ�ú�ý���
õZf-ILYWYKKY QI-WQVS-SI- XQfbP JVz-LHHK-L 30s

[H 31s IHHWWQ bSI-SQVLH-I-WoWHP HHKLJRHSQL-WWQ
R(r, t) = c30sR30s(r)Ê−iω30st + c31sR31s(r)Ê−iω31st. «MF{´

¨bL LJfQPPYSe-IbbIL-ZQbI JP
r2|R(r, t)|2 = |c30s|2|R30s(r)|2 + |c31s|2|R31s(r)|2

+ c∗30sc31sR
∗
30s(r)R31s(r)Ê−i(ω31s−ω30s)t

+ c∗31sc30sR
∗
31s(r)R30s(r)Êi(ω31s−ω30s)t. «MFt´

yQPQLLYWYLLY LHVSHILQKOIIH W-LYYP }bI-SHHK-ILH -P}JVWHHL-JLH� XJ-WWQ JKQLoLHH SQVLJ-WQL c30s
[H c31s

VQHHK-I-SI-F G-QfYWWQ WbeI� QLLY VHf-HHK-IQL HHKLJo}OPSL-JL JXHL VQHHK-I-H� [JLQP XJ-WWQ S-V[J-LLHH
r2|R(r, t)|2 = |c30s|2|R30s(r)|2 + |c31s|2|R31s(r)|2

+ 2c30sc31sR30s(r)R31s(r) cos [(ω31s − ω30s)t] .
«MFh´

¨YQWWQ ZQL-� QLLQ- HHKLJRHSQLL- JKQ QPYY H[HILH V--RROWHLJP [H QLLY IQPK--SSQQIQQP K--LLbb SOKWHLHH[OOI
∆ω31s,30s = ω31s − ω30s =

E31s − E30s

~
, «MFE×´

[JPSH WYYVYY L-KJ[QP XYK-PQP QPQVg-HQVJF jOX-ILH MFT [H MFp PYSbb� SO-PSH
HHKLJRHSQLL- XYVYZLQKQQ SOXHP MF\ WOSH-ILQP SHZfQP YYV-HIQWHP XYK-KKY LHHo
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[OOfQKKH MTM�× NU�� [JSH XHILHH L-KJ[QP QPQVg-HQVJJP K--LLbXYY LHH[OOLLH
ν31s,30s =

E31s − E30s

h

=
(
−114, 19 dW−1 + 121, 93 dW−1

)
c = 232, 0

NU�. «MFEE´

jHZfQP L-KHP HHKLJRHSQL-P H-SHSQZ-LbI JP I--I ZbX-P bSI-PSQVLH-PQP� WOLLH
IQ LOJ QI-KKQ LYVSQYP RQVOIHI-HP� H-SHSQZ-LbSIQIIY QI--PLbXY LHH[OOI K--LLbbL-KJ[QP QPQVg-HQVJJPF aJ-WWQ IQK-LLYY bSI-PSQVLH-IOOLLH WbeI I-KKY� QLLY LHoRHOSIQKKQ KebLbb SKHII-PQP XHILHHXOOIF G-KHPPQ� [JIIH QKQSLVJP- S-QVLY-I- SKHIoI-IQKKH QKK-RI-VHfHKKH bf-PLY� SOXH-I- QLY-IbbfQP JfJLOIHVXJP SYbLLYbLbW-IQP�
r(t) = ravg(1 − ε(cos ωt))

F GHH[OOLQQP K--LLbXYY [HSIJP H-SHH SOLIOLHHPS-P
HKHP S-V[HKK-IOOfQIIH SKHII-IQSI- VHLH[HSIJSI- «��¬® ²±óó�²± ³���� 	���³
´F

ö÷ö÷ö ùÿ��ýþ ÿ��þú�����úþ úú��ÿ�ú�ý���
jJKWQILH L-KHILH WOJfJILQLOIIH HHKLJRHSQL-IIH PYQWWQ JKQQKK-I-WWHL -KW-eL�[J-LH LHVX-LIQWWQ SJSQQKK-ILQP IRQSLV-QP LOKS-PPHIIHF n-IYYWWQ SHZfQP L-KHP
HHKLJRHSQLL--P XQfbP JVz-LHHK-P 29s � [JKKJ-P VHf-HHK-PQP HHKLJ}OPSL-J JP
R(r, t) = c29sR29s(r)Ê−iω29st + c30sR30s(r)Ê−iω30st + c31sR31s(r)Ê−iω31st

«MFEM´[H LJfQPPYSe-IbbIL-ZQbI
r2|R(r, t)|2 = |c29s|2|R29s(r)|2 + |c30s|2|R30s(r)|2 + |c31s|2|R31s(r)|2

+ 2c29sc30sR29s(r)R30s(r) cos [(ω30s − ω29s)t]

+ 2c30sc31sR30s(r)R31s(r) cos [(ω31s − ω30s)t]

+ 2c29sc31sR29s(r)R31s(r) cos [(ω31s − ω29s)t] .
«MFET´

GJfQPPYSe-IbbIL-ZQbLQQP K--LLbb SJKWQ SOKWHLHH[OOLLH� ∆ω30s,29s
�∆ω31s,30s[H ∆ω31s,29s

F j-V[J-LHWWQ PYWY OOfQILHHP WQVS-LIQWYKKY
∆ω30s,29s = ω0

�
∆ω31s,30s = ω0 − δω0

[H ∆ω31s,29s = 2ω0 − δω0
� [JKKJ-P

r2|R(r, t)|2 = |c29s|2|R29s(r)|2 + |c30s|2|R30s(r)|2 + |c31s|2|R31s(r)|2

+ 2c29sc30sR29s(r)R30s(r) cos [ω0t]

+ 2c30sc31sR30s(r)R31s(r) cos [(ω0 − δω0)t]

+ 2c29sc31sR29s(r)R31s(r) cos [(2ω0 − δω0)t] .
«MFEp´
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jOXH MFT� aQfbP 30s
[H 31s JVz-LHHKQ-ILH WOJfJILQLOP HHKLJRHSQL-P LJfQPoPYSe-IbbIL-ZQbfQP H-SHSQZ-LbIF

jOXH MFp� qLY-IbbfQP JfJLOIHVXJP 〈r〉30s,31s
H-SHSQZ-LbI HHKLJRHSQL-KKQ� [JSH

JP WOJfJILQLLO XQfbP JVz-LHHKQ-ILH 30s
[H 31s

F

jOXH MF\� ÁHKLJRHSQL-P� [JSH JP WOJfJILQLLO XQfbP JVz-LHHKQ-ILH 30s
[H 31s �bf-PLY KYZ-PPY JKQXHP «XHIQP´� 〈r〉 Ù E×hT�\ a0

� [H bL-WQILY SHO-WRHPH JKQXHP
«J-SQH´� 〈r〉 Ù Euht�× a0

� L-KHPLQQP LJfQPPYSe-IbbIL-ZQbIF
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ïJI RQVYSSY-ILQP L-KJ[QP QPQVg-HQVJ JK-I- XHS-J� SOLQP ZHVWJP-IQIIH XYVYZLQoK-[YIIY� δω0

JK-I- PJKKH [H RQVYSSY-I--P L-KJ-Z-P K--LLb-I- H-PH SOKWHLHH[OOI ω0
F

aYVYZfbIIRQSLVJISJR-HP IHPHILJIIH ω0
JP ZHVWJP-PQP LHH[OOI� 1

2

δω0

ω0

QRYZHVoWJJP-IOOILQS-[Y [H 2ω0−δω0
QPI-WWY-PQP bK-XYVYZfbIF jOX-IIH MFu [H MF{ JPQI-LQLLb HHKLJRHSQL-P H-SHSQZ-LbI� [JILH PYQWWQ SH-SS- SJKWQ LHH[OOLLH� [JLoSH JP QI-LQLLb WbeI SOXHIIH MFtF UHVWJP-PQP XYVYZLQKb JP PYZLYX-IIY� WOLLHK-IYSI- HWRK-LOf- -LIQIIYYP XH-ZLQKQQ RQV-Jf-IQIL- SOKWHLHH[OOfQKKH 1

2 δω0
F n-oIYSI- P--KKY HKOQ-KKH� [J-IIH ZHVWJP-IQP XYVYZLQKbP HWRK-LOf- JP R-QP-� XJ-WWQPYZfY bK-XYVYZfbSIQPF

y-SI- PYQWWQ bK-XYVYZfbSIQP H-PJHILHHP� SOP ZHVWJP-IQP XYVYZfbSIQP HWoRK-LOf- JP R-QP-ª jJISH ZHVWJP-IQP XYVYZLQKbP HWRK-LOf- XH-ZLQKQQ� WOLLH
bK-XYVYZfbSIQP HWRK-LOf- RbIbb XHS-JPHF ¨YQWWQ LYWYP SHLIJWHKKH SHZLHL-KHPPQLLH� [J-ILH QPI-WY-IQIIY JKQLHWWQ c29s

�P [H c31s
�P R-QP-SI- [H LJ-IQIIH

LHHI c30s
R-QPQSI-F qPI-WWY-IQIIY LHRHOSIQIIH IHHWWQ

r2|R(r, t)|2 = |c30s|2|R30s(r)|2+

+ 2c30sR30s(r) {c29sR29s(r) cos[ω0t]

+c31sR31s(r) cos[(ω0 − δω0)t]} , «MFE\´
[JIIH JP SHSI- SOKWHLHH[OOLLH KYZQKKY LJ-I-HHP WOJfJILHQP XYVYZLQKbP SOKoWHLHH[OOfQKKH ω0 − 1

2 δω0
� [JPSH HWRK-LOf- XH-ZLQKQQ SOKWHLHH[OOfQKKH 1

2 δω0
(
cosα+ cos β = cos 1

2 (α+ β) cos 1
2 (β − α)

) F GJ-IQILH LHRHOSIQILH IHHWWQ
r2|R(r, t)|2 = |c29s|2|R29s(r)|2 + |c31s|2|R31s(r)|2

+ 2c29sc31sR29s(r)R31s(r) cos [(2ω0 − δω0)t] ,
«MFEu´

[JPSH XYVYZLQKbP HWRK-LOf- RbIbb XHS-JPHF
GJfQKK-IOOfQIIH SQVLJ-WQL c29s

� c30s
[H c31s

JXHL XHS-J-LH� WOLLH QPI-WWY-oPQP L-KHPPQ IbPLbb «SOXH MFh H´� SOP R29s(r)
[HR31s(r)

-PLQV}QVJ-XHL LJ-ILQPIHSHPIIH SJPILVOSL--X-IQIL- IHWHIIH [H XHILHSSH-IQIIH XH-ZQQIIH SO-P PQ -PLQVo}QVJ-XHL SJPILVOSL--X-IQIL- R30s(r)
�P SHPIIHF GJ-PQP L-KHPPQ IbPLbb «SOXH MFhz´� SOP R29s(r)

[H R31s(r)
-PLQV}QVJ-XHL SJPILVOSL--X-IQIL- SQISQPYYP ±π/2XH-ZQoQVJKKH SJPILVOSL--X-IQQP -PLQV}QVQPII--P R30s(r)

�P SHPIIHF
GJ-PQP LHRH H[HLQKKH SJKWQP JW-PH-IL-KHP RHSQL-IIH LHRHZLOXHH ZHVWJP-IQPLHH[OOfQP HWRK-LOf-P XH-ZLQKOH JP HHKLJRHSQL-P f-IRQVI-JF ÁKOSI- HHKLJRHoSQLL- JP SJJIIH [H IQ XYVYZLQKQQ ZHVWJP-IQKKH LHH[OOfQKKHF Á[HP SOKOQIIH HHKoLJRHSQLL- SO-LQPS-P KQX-YY [H XYVYZLQKbP HWRK-LOf- R-QPQPQQF UQLSQP RYYILY



Eu �µ¶µ Ë¸ ���î½�º��

jOXH MFu� aQfbP 29s � 30s
[H 31s JVz-LHHKQ-ILH WOJfJILQLOP HHKLJRHSQL-PLJfQPPYSe-IbbIL-ZQbfQP H-SHSQZ-LbIF

jOXH MF{� qLY-IbbfQP JfJLOIHVXJP 〈r〉29s,30s,31s
H-SHSQZ-LbI HHKLJRHSQL-KKQ�[JSH JP WOJfJILQLLO XQfbP JVz-LHHKQ-ILH 29s � 30s [H 31s

F

jOXH MFt� qLY-IbbfQP JfJLOIHVXJP 〈r〉29s,30s,31s
LHH[OOIIRQSLV- HHKLJRHSQL-KKQ�[JSH JP WOJfJILQLLO XQfbP JVz-LHHKQ-ILH 29s � 30s [H 31s

F
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jOXH MFh� õSI-PSQVLH-ILOI SJKWQILH HHKLJ}OPSL-JILH SJJILOXHP HHKLJRHSQL-P-PLQV}QVQPIIQ-ILY� H´ XH-ZQXQSLJV- IHH WHSI-W-o [H W-P-W-HVXJP SQVVHP S-QVoVJIIH� z´ XH-ZQXQSLJV- IHH WHSI-W-o [H W-P-W-HVXJP SHSI- SQVLHH S-QVVJIIHF
HHKLJRHSQL-P HKSOo [H KJRRORYY IHHXHL LJ-IQPIH S--PP- [H -PLQV}QVJ-XHL IHHfQPH-SHHP bK-XYVYZfbSIQPF GYWYP [YKSQQP HHKLJRHSQLL- HKSHH WOJfJILOH OOfQKoKQQP [H ZHVWJP-PQP XYVYZLQKb LOKQQ [YKKQQP PYSbX--PF GYZYP OOfQKKQQPWOJofJILOW-IQQP SOKOXHH H-SHH SOLIOLHHP HKHP S-V[HKK-IOOfQIIH OOfQKKQQPWOJofJILOW-IH[HSI- «��¬® �����± ����´F cQSY OOfQKKQQPWOJfJILOW-IH-SH TR

QLoLY SKHII-PQP VH[H[HSIJ Tcl
XJ-fHHP PYZfY WbeI SQZ-LLYWYKKY RHSQL-P QPQVg-HGHbKJV-P IHV[HSI- SQIS-WYYVY-IQP RYYSXHPLL-KOXOP n0

bWRYV-KKQ RJ-SSQWHP
∆n IOZLQQP «HLJW-bSI-Se-IIY´ ¿pÀ

E(n0,∆n) = − 1

2n2
0

+
1

n3
0

∆n− 3

2n4
0

∆n2 + ... «MFE{´
[H WOOLLHWHKKH SQZ-LQKWYP LQVW-L XHILHHX-SI- [HSIJPH[J-SI-

T0 = 4πn2
0, Tcl = 2πn3

0, TR =
2π

3
n4

0.
«MFEt´

qPPQP I--VLbW-ILY SJSQQKK-IQQP PYSeSOKWHHP LHVSHILQKQWWQ WQVS-LLYXYY QVJHSHZfQILH [H SJKWQILH HHKLJ}OPSL-JILH WOJfJILQLLO[QP HHKLJRHSQLL-QP XYK-KKYF
c--PY W-IIY SHZfQP HHKLJ}OPSL-JP RHSQL-KKQ KebLbb SKHII-PQP XHIL-PQ� SJKWQP
HHKLJ}OPSL-JP RHSQL-KLH IQ ROOLLOOF jXHPLL-WQSHHP-IQL -PLQV}QVQPII-L LOZJHoXHL SKHII-IQP SOXHPF cQKSQ-WWYP QI-WQVS-P LYILY IHHWWQ LHVSHILQKQWHKKH
HHKLJ}OPSL-JLH� [JSH XHILHH SOXHP MFh z´ J-SQHPROJK-WWH-ILH SJZLHHF GYIIY
LHRHOSIQIIH R29s(r)

�P [H R31s(r)
�P XH-ZQQL JXHL π/2 XQVVHP R30s(r)

�P XH-ZQLoLH QfQKKYF UOJWHHWWQ� QLLY LHVSHILQKLHXHP HHKLJ}OPSL-JP LJfQPPYSe-IbbIL-oZQbI JP IOJVH IOWWH «[HQLLOPH SHZfQKKH´ HHKLJRHSQL-P QLY-IbbfQP JfJLOIHVoXJP R-QP-PLY [H IOOV-PLH HVXJH XHILHHX-ILH LJfQPPYSe-IbbIL-ZQbSI-ILY «SOXHMFE×´F GHVSHILQKLHXH HHKLJ}OPSL-J JP PSF �²ò��
��¬���� ��óó±� oL-KH� [JSH XHIoLH-I- SKHII-IQP }bI--SHP L-KHPPQLLH� [JIIH QKQSLVJP- JP SHZfQIIH RH-SHIIH o KYoZQKKY [H SHOSHPH o bZLY H-SHHF



Et �µ¶µ Ë¸ ���î½�º��

jOXH MFE×� qLY-IbbfQP JfJLOIHVXJP 〈r〉29s,30s,31s
R-QP-PLY «I-P-PQP´� IOOV-PoLH «X-ZVQY´ HVXJH XHILHHXHL LJfQPPYSe-IbbIL-ZQbfQL HHKLJRHSQL-KKQ� [JSH JP

WOJfJILQLLO XQfbP JVz-LHHKQ-ILH 29s � 30s [H 31s
F cQSY r²ò��
��¬���� ��óó±�

oL-KH «WOILH´� [JSH JP bZLY H-SHH IQSY KYZQKKY QLLY SHOSHPHF



�� � �
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GHVSHILQKQWWQ SJSQ-I--P K--LLbX-Y -KW-e-LY [H WQPQLQKW-Y XQfbP bZLQbfQIIY�XH-SSH XQLbHLJW-KKH Q- JKQ LQZLb SJSQ-LHF aQfbP HXOKKH XJ-WWQ SYI-LQKKY WOOoLHW-H ZHXH-PPJKK-I-H QI-WQVSSQ[Y [H XQfbP bSI-PSQVLH-IOOfQILH ZOJK-WHLLHQI-LQLbL HI-H RYLQXYL RYYJI-P bKQ-IQIL- ibfzQVg-P L-KJ-ILH SJJILOX-KKQ HHKLJRHoSQLQ-KKQF
jOLQP H-QWW-P LJLQI-WWQ� LQJV-HIIH XJ-WWQ XHK-LH HHKLJRHSQL-P SQVLJ-WQLXHRHHIL-� SOPZHP PQ LYbLLYXYL LJfQPPYSe-IbbIPJVW-LOSIQP QZfJP� HHKLJ}OPSoL-JP PJVW- JP bSI-F jJSQ-IIH SQVLJ-W-QP XHK-PLH XH-SQOLOO ZOJWHLLHXHIL-F �P
KYZfQLLYXY SJSQ-fQP bWRYV-ILeP WYYVYYWYILY HKSOL-KHILH WOJSSHHWHHP HHKoLJ}OPSL-JLH ZHKOHWHHWWQ IOOPLHHPF ÁHKLJ}OPSL-JP JP [JSH-IQIIH XH-ZQQIIH
VQ-L-KKYYP HKSOL-KHILH KJRROL-KHHP PJOfHLQLLHXH }bI--SHP KHSQ[HF n-IYSI- SJSQ-IoIH SYbLQLLYXYL KH-LLQQL HIQLLHXHL VH[J-LOSI-H I-KKQ� SO-PSH XJ-WWQ WOJSHLH
HHKLJ}OPSL-JLHF

ÜÃÂ ôÅìÒÅÅÈÒÆÉÔÓ ÅÅÈÉÇÕÅÖÔÉÉÒÔÓ àÒÞÒÉÉáßÒÓÔÓ
aQfbP LHRHOSIQIIH SJSQ-fQP HKSOL-KH JP SYbLYPPeIIY H-PH IHWHF jJISH HLJoW-KKH Q- JKQ XYVYZfbIo Q-SY VJLHHL-JL-KJ[H� Q-XYLSY QKQSLVJP-IQL X-V-LbIL-KHL RJoROKJ-fO SJSQ-fQP KYWReL-KJ-IIH «∆E ∼ 1

Qa�T < 1000
j→ Ê−E/kT < 10−5

´�
HKSOL-KH JP H-PH XQfbP 1soJVz-LHHK-F õV-LLYQIIYWWQ ZHKK-LOIL- I--VLYY QKQSLVJoP-H RQVOIL-KHKLH VHf-HHK-IQP HHKLJRHSQL-P SJVSQ-KKQ QKQSLVJP-I-KKQ X-V-LbIL-KJ-KKQ
JP RHVHI XH-ZLJQZLJ SYbLLYY KHIQVoROKIIQ[HF ¨--KKY JP QVYI QV-LLY-P LYVSQY JW-oPH-IOOI� ROKII-L JXHL SJZQVQPLLQ[H QK- SH-S-KKH IHWHPLHH[O-I-KKH }JLJPQ-KKH JP
IHWH HHKLJ}OPSL-J IHWHIIH XH-ZQQIIHF GYKKe-P SJZQVQPL-P ROKII-P XOJVJXH-o

Eh
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SOLLHQIIH XQLbHLJW-QP SHPIIH SH-SS-QP HLJW-QP HHKLJ}OPSL-J-fQP HWRK-LOf-L[H XH-ZQQL WOOLLOXHL IHWHPKH-KKHF ¨Y-P XJ-WWQ LOJLLHH SJSQQKK-IQIL- W-LHLoLHXHP WYYVYP IHWHIIH X-V-LbIL-KHIIH JKQX-H HLJWQ[HF
nHIQVoROKII-QP SYbLeIIY JP SO-LQPS-P JLQLLHXH ZOJW-JJP� QLLY PQ H-ZQOLLHXHL
RYYHI-HIIH IYZSe-I-Y f-RJK-I--VLbW-Y QK- QKQSLVJP-P RbeV-W-IWYYVYSXHPLL-KOSO
l
XJ- SHIXHH LH- R-QPQPLbY XH-P bZfQKKY SXHPL-KKH� ∆l = ±1

F ïJI ZHKOH-I-WWQX-V-LLYY QfQKK-IQIIY SHRRHKQQIIH VHSQPPQLLO[H RHKKJIbWWQLV-I-Y HHKLJRHSQLLQo[H� [JOLO-I-WWQ SYbLLYWYYP XYK-L-KHPH HKZH-IQP QPQVg-HP poJVz-LHHK-H� [H I-LQPSHZLH KHIQVoROKII-H� QI-LQLbP XHK-PLHIYYPPeP LHS-HF jJSQ-fQP SHPPHKLH JP SO-oLQPS-P ZQKRJWR- SYbLLYY bZLY ROKII-H [H X-V-LLYY poJVz-LHHKQ-ILH WOJfJILOXHVHf-HHK-PQP HHKLJRHSQLL-F
nHIQVoROKII-KKH KOJWHWWQ VHf-HHK-IQP HHKLJRHSQL-P SQVLJ-WQL V--RROXHL ROKIoI-P WOJfJILHF vOKII-P WOJfJKKH LHVSJ-LQLHHP IQP IRQSLV-Y� LJ-I-P IHPJQP W-LoSY JXHL QV- LHH[OOSI-QP IOZLQQKK-IQL JIOOfQLF vOKII-P IRQSLV- Q- SO-LQPSHHP
I--VVb IOJVHHP HHKLJRHSQL-P IRQSLV-SI-� XHHP ROKII-P WOJLJH XHK-LQIIHWWQ JP
JLQLLHXH ZOJW-JJP I--VLbWYP LJfQPPYSe-IbbIF Î-RJK-I--VLbWYP LJfQPPYSe-oIbbI XQfbP RQVOIL-KHKLH |1s〉 X-V-LbIL-KHKKQ |nl〉 JP PY-fQP L-KJ[QP XYK-IQP f-RJoK-WJWQPLL-JRQVHLLJV-P WHLV--I-QKQWQPL-P PQK-e |〈1s|µ̂|nl〉|2 � [JSH JP XQVVHPoPJKK-PQP LQVW--P n−3 ¿\ÀF
jJVSQ-KKH X-V-LbIL-KJ-KKH I--VLbWYLJfQPPYSe-IbbfQP V--RROXOOI RYYSXHPLL-KOoXOILH n JP XHVI-P R-QP- (n+ ∆n)−3 ≈ n−3

(
1 − 3∆n

n + ...
) [H HLJW-P IRQSLV-XHILHH KYZQI ROKII-P IRQSLV-YF õKQQPIY LYWY ZQKRJLLHH HHKLJRHSQL-P WOJfJIoLHW-ILH� SJISH ROKII-P WOJLJJP Q- LHVX-LIQ LQZfY IOOV-H «SQVLHKOJSHP´ SJVo[HOSI-H [H ROKII-H WOJSSHHXHKLH KH-LLQ-ILJKLH XHHf-LHHP XYZQWWYPF jJVSQ-fQPX-V-LbIL-KJ[QP QLOPH JP WbeI R-QPQWR- QPQVg-HQVJ RQVYSSY-I-KKY SXHPLL-KOXOP

HVXJ-KKH� [JSH [JZLHH Z-LHHWRHHP H-SHSQZ-LbSIQQP [H KH-LLQ-ILJP H-SHQVJLOIoSbXbP XHHL-WOSIQL R-QPQPQXYLF GJ-IHHKLH ZbX-P SJVSQ-KKH X-V-LbIL-KJ-KKH I--VoLbWYLJfQPPYSe-IbbI KYZQILbb PJRQHIL- PJKKHH [H PY-fQP L-KJ[QP X-V-LLYW-PQP
IOJVHHP RQVOIL-KHKLH XH-SQOLOO PJRQHIL-F
GbbR-KK-PQP SJSQ-IIH SYbLQLLYXYP KHIQVoROKII-P WOJLJ JP gHOII-PQP QK- NHOIoI-P }OPSL-JP WOJLJ-PQP� I(ω) ∝ Ê−α(ω−ωc)2

F jOX-IIH TFE [H TFM JP QI-LQLLbgHOII-IQP ROKII-P X-V-LLYWYP HHKLJRHSQL-P H-SHSQZ-LbIF vOKII-P QPQVg-HP SQIoS-SJZLH JP XHK-LLO XHILHHWHHP RQVOIL-KHP [H 30poJVz-LHHK-P XYK-ILY QPQVg-HQoVJH ωc =
Ehh \\\ dW−1 [H ROKII-P ROJK-HVXJP KQXQbI «©�Uy´ JP M\�×× dW−1 FÁHKLJRHSQL-P IHHWHHL SQVLJ-WQL JP QI-LQLLb LHOKOSJIIH TFEF



Ú¸·¸ Û½¼�½½��~��¾ ½½��ºÍ½¶�����¾ ��Û������¾�¾ ME

jOXH TFE� NHOII-IQKKH KHIQVoROKII-KKH X-V-LQLbP XQfbP HHKLJRHSQL-P LJfQPPYoSe-IbbIL-ZQbfQP H-SHSQZ-LbIF vOKII-P QPQVg-HP SQIS-SJZLH JP Ehh \\\ dW−1 [H
ROJK-HVXJP KQXQbI «©�Uy´ M\ dW−1 F

jOXH TFM� qLY-IbbfQP JfJLOIHVXJP 〈r〉gauss
H-SHSQZ-LbI XQfbP HHKLJRHSQL-KKQ�[JSH JP X-V-LQLLb gHOII-IQKKH KHIQVoROKII-KKHF vOKII-P QPQVg-HP SQIS-SJZLH JPEME�hT dW−1 [H ROJK-HVXJP KQXQbI «©�Uy´ M\ dW−1 F

jOXH TFT� qLY-IbbfQP JfJLOIHVXJP 〈r〉gauss
LHH[OOIIRQSLV- HHKLJRHSQL-KKQ�[JSH JP X-V-LQLLb gHOII-IQKKH KHIQVoROKII-KKHF vOKII-P QPQVg-HP SQIS-SJZLH JPEME�hT dW−1 [H ROJK-HVXJP KQXQbI «©�Uy´ M\ dW−1 F



MM �µ¶µ Ú¸ ¶º¶�����~�� ��¾�������
¨YQWWQ gHOII-IQIIH HHKLJRHSQL-IIH IHWHL -KW-eL SO-P SJKWQILH HHKLJ}OPSoL-JILH SJJILOXHIIH HHKLJRHSQL-IIH� ZHVWJP-IQP XYVYZfbSIQP� bK-XYVYZfbSIQP[H ZHVWJP-IQP XYVYZfbSIQP HWRK-LOf-P XH-ZLQKOPF n-IYSI- PYQWWQ SJVSQHWoWHP SQVLHKOXOP bK-XYVYZfbSI-Y� [JLSH PYSbXYL SOXHIIH TFTF GHH[OOIIRQSLV-IoIY PYQWWQ ZHVWJP-IQP XYVYZfbSIQP [H IQP QRYZHVWJP-IOOfQP R--SSQ-PY MEE�MTM� M\{ [H Mt\ NU��P LHH[OOSI-KKHF qPI-WWY-IQP SQVLHKOXOP bK-XYVYZfbSIQLPYSbXYL ppT� pth [H \pE NU��P LH[OOSI-KKH [H LJ-IQP SQVLHKOXOP {×× [H {{T
NU��P LHH[OOSI-KKHF cQ� QLLQ- ZHVWJP-IQP XYVYZfbSIQP I--VLbW-QP XYK- SHIXHK-PQHHV-IQIL-� JP IQOVHOILH SJVSQHWWHP SQVLHKOXOP QRYZHVWJP-IOOfQILHF
GHOKOSSJ TFE� NHOII-IQKKH KHIQVoROKII-KKH X-V-LQLbP XQfbP HHKLJRHSQL-P HHKLJo}OPSL-J-fQP SQVLJ-WQLF vOKII-P QPQVg-HP SQIS-SJZLH JP Ehh \\\ dW−1 [H ROJoK-HVXJP KQXQbI «©�Uy´ M\ dW−1 F

c27
Ù ×�×Mp c31

Ù ×�p\u
c28

Ù ×�EhE c32
Ù ×�M×u

c29
Ù ×�\Mu c33

Ù ×�×ut
c30

Ù ×�u\{ c34
Ù ×�×Et

ÜÃÏ �ÅÆÔÞ�ÕÑÈÆÆÒÔÓ ßÑÇÖÖÅÑÆ
nHIQVoROKII-P WOJfJKKH XJ-WWQ WYYVYLY HHKLJRHSQL-P WOJfJP� [JLQP JP LHVoRQQKK-ILH RbILbY WOJSSHHWHHP ROKII-P WOJLJHF qKQSLVJP-I-H HHKLJRHSQLLQ[HX-V-LLYX-QP ROKII-QP LYbLbb JKKH H[HKK-IQIL- ZbX-P KbZb-LYF ïJI ROKII-P R-LOOI
JP K--HP R-LSY� HHKLJRHSQLL- QZL-- K--SSOH ROKII-P H-SHPH [H IQ KQX-YY LHVSJ-LOSoIQLLJWHIL-F qKQSLVJP-I-KKQ HHKLJRHSQLQ-KKQ ROKII-QP SQILJL JXHL }QWLJIQSOPL-QP�QP-PLYYP R-SJIQSOPL-QP� KOJSSHHF jOP ROKII-P WOJLJH WOJSHLHHP IQ LbbR-KK-oIQIL- KQX-YY H[HKK-IQIL-� [JLQP WOJSSHLLHXHP ROKII-P LYbLbb JKKH X-QKY KbZbQWR-�QI-WF SbWWQP-Y }QWLJIQSOPLQ[HF
GHVSHILQKQWWQ KbZbQIL- SHZLH LHRHH WOJSHLH KHIQVoROKII-H� n�y [H Á�yF
jOWWHLS-P RQVOILOXHL I--ZQP� QLLY ROKII- QPI-P ZH[JLQLHHP QV- LHH[OOSI--PZ-KHKKHF U-KHILH f-�VHSLJ-LOXHL LHH[OOfQL JZ[HLHHP K-PII-P LH- RQ-K-P HXOKKH IHoWHPIOOPLH-I-PH JRL-IQIL- HSL--X-IQQP WHLQV-HHK--P� [JSH WOJSSHH ROKII-P WOJoLJHFyOJSSHOSIQP [YKSQQP ROKII- SJJLHHP K-PII-P LH- RQ-K-P HXOKKH LJ-IQKKQ Z-KHKo



Ú¸Ë¸ �½~�Û�Íµ�~~��¾ �µº¶¶½µ~ MT
KQ LOKJSIQPH WOJSHLLO ROKII-F �RL-IQIL- HSL--X-IQP WHLQV-HHK-P XOJVJXH-SOLOIoLH KHIQVoIYLQQP SHPIIH RbILbLYYP WOJSSHHWHHP SOPS-P LHH[OOfQP SJZfHKLHQV-SIQQPF n�y «��¯°�
 ���ó�± ñ³
°±�³�´ [H Á�y «�²³°ó�³��	��²± ñ³
°�±�³�´ QVJHXHL [OOV- LYIIY IOZLQQIIH LJ-I-ILHHPF n�yoWQPQLQKWYIIY «SOXH TFp´SYbLQLYYP PQILQS-fQSQPPJH� [JIIH [JSH-ILH R-SIQK-Y XJ-fHHP IYYLYY QV-SIQQPFÁ�yoWQPQLQKWYIIY «SOXH TF\´ HSOIL-I-KKH VHf-JLHH[OOIHHKKJ-KKH KOJfHHP JRoL-IQIL- HSL--X-IQP WHLQV-HHK-P L-ZQPLbW-ILY [H ZHVXQPLOW-ILH f-�VHSL-JSOX-J�[JILH QV- LHH[OOfQL f-�VHSLJ-LOXHL QV- LHXHKKHF ¨bSb-I-KKY WQPQLQKW-KKY RbILboLYYP WOJSSHHWHHP IQSY ROKII-P HWRK-LOfQ[H QLLY XH-ZQ-LHF ¿uÀ

jOXH TFp� n�yoWQPQLQKWY� [JIIH KHIQVoROKII-P Z-KHKKH QVJLQLLO[H LHH[OOSI-H
WOJSHLHHP PQILQS-fQSQPPJKKHF

jOXH TF\� Á�yoWQPQLQKWY� [JIIH JRL-IQIL- HSL--X-IQQP WHLQV-HHK--P KOJfHHP
HSOIL-I-KKH HHKKJ-KKH f-�VHSL-JSOX-JF



Mp �µ¶µ Ú¸ ¶º¶�����~�� ��¾�������
ÜÃÜ �ÅÆÔÞ�ÕÑÈÆÆÒÔÓ ÖÅÞÅÖÉÔÞÒÆÇÒÓÉÒ
vQKSYILYYP SbSb WOJSHLH ROKIIQ[H Q- V--LY� SJISH HKSORQVY-PQP ROKII- Q- XYKLLYoWYLLY JKQ JKQLLHWHWWQ WOJLJ-PQP LH- WOJSSHOSIQIIH LHRHZLOO [JS-P X-VZQFyQ-fYP JP SbQLLYXY LHVSHILHWHHP WOJSSHHWHWWQ KHIQVoROKII-P HWRK-LOf-
IQSY XH-ZQF GYZYP LHVSJ-LOSIQQP IJR-- ©i�No « ��¯°��²����ó³��
 ³	��²± ¬±����¬´ LH- !©i�NoWQPQLQKWY «²�³óó�²³���±��³� "#�$´F
vQVOI-fQHPH ©i�NoWQPQLQKW-IIY «SOXH TFu´ JP SYbLLYY ZbXYSI- SHZfQP KHIQVoROKII-P SJVVQKHHL-JLHF GJ-PQP ROKII- JP W-LHLLHXH ROKII- [H LJ-PQP IOJfHL-PoROKII- «��¬® ¬±�� 	°ó� LH- XQVLH-KOROKII-� ��¬® �� ����ó� 	°ó�´´F cOJfHL-PoROKII- SOKSQQ IYYfQLLYXYP X--XQK-P[HP «��¬® 
�±� ���´ KYR- [H IHH X--XQQP τ FjOWWHLS-P ROKII-L JZ[HLHHP QRYK-PQHHV-IQQP S-LQQIQQP «LHH[OOISHZfQPPOIoS-fQ� ��¬® 
³°���¬ ²��ó�± LH- jQVV-P RJVLL--P� ��¬® %����¬±��´� [JIIH PQ
XOJVJXH-SOLLHXHL QRYK-PQHHV-IQIL- WOJfJILHQP OOfQP ROKII-PF &OI- ROKII- JZo[HLHHP IRQSLVJWQLV-KKQ [H IQP -PLQPI-LQQLL- W-LHLHHP [JSH-IQKKQ HHKKJPR-LOOfQKoKQF aHILHHXH WQPQLLQKb LJ-ILQLHHP OIQ-KKQ QV- IOJfHL-PROKII-P X--XQ-KKQ� [JLQP
IHHWWQ -PLQPI-LQQL-P LHH[OOfQP [H X--XQP }OPSL-JPH QK- ©i�No LH- !©i�No[YK[QP «��¬® "#�$ ��±²�´F GHH[OOISHZfQPPOIS-fQLLY SYbLQLLYQIIY IHHfHHHPQRYK-PQHHV-IQP RVJIQII-P LOKJSIQPH I-gPHHK-ROKII-

ESHG
sig (t, τ) = [E(t)]2E∗

gate(t− τ), «TFE´
[JIIH E(t)

XHILHH W-LHLLHXHP ROKII-P [H Egate(t− τ)
X--XbLQLbP IOJfHL-PROKIoI-P IYZSeSQPLLYYF y-LHLOSI- -PLQPI-LQQL-SI- IHHfHHP

I(ω, τ) =

∣
∣
∣
∣

∫ ∞

−∞
ESHG

sig (t, τ)Êiωtdt

∣
∣
∣
∣

2 «TFM´
QK- I-gPHHK-ROKII-P ©JOV-QV-P WOOPPJSIQP PQK-eF |PLQPII-LQQL-ILY XJ-fHHP KHIoSQH -LQVHL--X-I-P WQPQLQKW-P W-LHLOP ROKII-P HWRK-LOf-L [H XH-ZQQL bSI-IQK-LoLQ-IQIL-F ©i�NoWQPQLQKWYIIY SYbLQLYYP IOJfHL-PROKII-PH W-LHLLHXHH ROKII-H-LIQYYP [H !©i�NoWQPQLQKWYIIY [JLHS-P [J LOPPQLLOH ROKII-HF ¿{� t� hÀ

ÜÃ' (ÈÔÖÉÞÇÓÒÆÉÔÓ ÅÅÈÉÇÕÅÖÔÉÉÒÔÓ ÖÅÞÅÖÉÔÞÒÆÇÒÓÉÒ
qKQSLVJP-ILQP HHKLJRHSQLL-QP W-LLHHW-IQIIH JP H-QWW-P SYbLQLLb }JLJ-JP-IHHoL-JLH ZbefbPLYXYY rX-V-LY [H SJQLHs oWQPQLQKWYY «��¬® 	°�	 ±�
 	�³��´F GYIoIY WQPQLQKWYIIY QPI-WWY-IQKKY KHIQVoROKII-KKH X-V-LQLbP HHKLJRHSQL-P QKQSLVJoP- -VVJ-LQLHHP LJ-IQKKH X--XYILQLbKKY KHIQVoROKII-KKHF qKQSLVJP- [H -JP- JZ[HLHHP
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jOXH TFu�!©i�NoWQPQLQKWY� cOJfHL-PROKII- SOKSQQ X--XQK-P[HP KYR- QRYK-PQoHHV-IQQP S-LQQIQQP� [JIIH IQ -PLQV}QVJ- W-LHLLHXHP ROKII-P SHPIIH WOJfJILHQP
I-gPHHK-ROKII-PF c-gPHHK-ROKII-P IRQSLV- W-LHLHHP IRQSLVJWQLV-KKYF

IYZSeSQPLYP HXOKKH -KWH-I-W-KKQ [H P--fQP KQPLJH[HL W-LHLHHP «��¬® �����³ �* �¬ò� �ó	�²��³ó²³	�´F ÁLJW-P QV- QKQSLVJP-I-KLH L-KJ-KLH -VLJHX-KKH QKQSLVJPQ-KKHSOKOO QV- WYYVY QPQVg-HH -JP-IHHL-JJP� [JLQP PQ IHHXHL QV- WYYVYP S-PQQLL-ILYQPQVg-HHF GYKKe-P QKQSLVJPQ-KKH JP WbeI QV- KQPLJH-SH -KWH-I-WQKKQ� [JPSH RQoVOILQQKKH PQ XJ-fHHP QVJLLHH LJ-I-ILHHPF yQPQLQKWYKKY XJ-fHHP I--I W-LHLH QV-L-KJ[QP RJROKHHL-J-LH QK- HHKLJRHSQL-P SQVLJ-W-QP HWRK-LOf-P PQK-e-LY� WOLLQ-XH-ZQLLHF yQPQLQKWY SYVI-- WbeI ZOJPJILH I-gPHHK-oSJZ-PH oIOZLQQILH� ibfozQVg-P L-KJ[QP R-QPQP -JP-IHHL-JLJfQPPYSe-IbbfQP LHS-H XH-P R-QP- JIH QKQSLoVJPQ-ILH -JP-IJ-LOOF ¿\� E×À
ra-V-LY [H SJQLHs oWQPQLQKWYY ZQVSQWR- JP XHK-SJ-XH IYZSeSQPLY-JP-IHHL-J
«��¬® ��²���� "��
 +³��,±��³�- "+ LH- �±�� ��²���� "��
 +³��,±��³�-"+´� [JIIH HLJW- -JP-IJ-fHHP KHIQVoROKII-P HIQWHILH IYZSeSQPLYKKYF ÁKOIIH
IYZSeSQPLLYY Q- JKQ LH- IQ JP ZbX-P R-QP-� [JLQP HLJW-P L-KHL JXHL WOOLLOWHLoLJWHLF cYZSeSQPLLYY XJ-W-ILQLHHP PJRQHIL-� [JKKJ-P QKQSLVJPQ-Z-P XH-SOLLHXH
RJLQPL-HHK- WOOLLOO [H QKQSLVJP-L -VLJHXHL QV- L-KJ-KLH XH-ZQ-LLH-PF GHRHZLOoWHH XJ-fHHP H[HLQKKH SKHII-IQIL- I-LQP� QLLY QKQSLVJP- JP RJLQPL-HHK-SOJRHIIH�[JPSH LJ-ILH KH-LHH KHISQLHHP [H LJ-ILH PJILQLHHP L-QLbKKY PJRQOfQKKH «SOXHTF{´F jOP QKQSLVJP-P QPQVg-H JP V--LLYXY� IQ RYYIQQ SHVSHHWHHP RJLQPL-HHoK-SOJRHP KHISQXHILH RYYILYF qV- QKQSLVJP-I-KKH L-KJ-KKH JP QV- QPQVg-H [H I-SI-QKQSLVJP-L KYZLQXYL QV- H-SHHP� [JLQP KQPLJH[HP RQVOILQQKKH XJ-fHHP QVJLLHH QV-
L-KJ-KLH KYZLQXYL QKQSLVJP-LF GYIIY WQPQLQKWYIIY QKQSLVJP-L -JP-IJ-LOXHL XHVoWHIL-� [JLQP I-gPHHK-oSJZ-PH IOZfQ JP ZbXYF ¿EEÀ
jOWWHKKHSHHP QfQKKY QI-LQLbKKY WQPQLQKWYKKY� rX-V-LY [H SJQLHs oWQPQLQKWYKo
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jOXH TF{� õSI-PSQVLH-ILOI XHK-SJ-XHILH IYZSeSQPLLY -JP-IHHL-JILHF aHIQWWHKoKH HKSOL-KH [H J-SQHKKH L-KHPPQ� [JIIH QPI-WWY-PQP QKQSLVJP- RYYIQQ SHVSHHoWHHP HLJW-ILHF

KY LH- XHK-SJ-XHKKH IYZSeSQPLLY-JP-IHHL-JKKH� Q- XJ-fH IHHfH L-QLJH HHKLJRHSQL-P
fbPHW--SHILH XHHP H-PJHILHHP L-KJ[QP RJROKHHL-J-ILHF jYbLLYWYKKY ZbXYSI-SHZfQP HHKLJRHSQL-P -PLQV}QVQPII-Y XJ-WWQ LHVSHILQKKH HHKLJRHSQL-P H-SHSQZ-oLbILYF �RL-IQIIH iHWIQbP WQPQLQKWYIIY [HQLHHP HHKLJRHSQL-P X-V-LLYXY KHIQVoROKII- SHZfQSI- ROKII-SI-� [J-ILH LJ-IQP HPPQLHHP X-V-LLYY ZHKOLLO ibfzQVg-P
HHKLJRHSQLL- [H LJ-PQP JZ[HLHHP X--XQK-P[HHPF a-V-LQLbP ibfzQVg-P HHKLJRHoSQL-P HPPQLHHP SQZ-LLbY H[HIIH� SOPPQI XHK-LOP X--XQQP SOKOLLOH X--XQK-P[HPKYR- SOKSQPOL ROKII- IHHROO HLJW--P [H X-V-LLYY OOfQP HHKLJRHSQL-PF ¨bL HLJoW-IIH JP SHSI- IHWHPKH-ILH HHKLJRHSQLL-H [H PQ -PLQV}QVJ-XHL SQISQPYYPF ïJIQPI-WWY-IQPY HLJW--P LOKKOL ROKII- JP IHWHIIH XH-ZQQIIH LJ-IQP ROKII-P SHPIoIH� HHKLJRHSQL-L -PLQV}QVJ-XHL SJPILVOSL--X-IQIL- [H HHKLJRHSQL-P WOJfJILHX-QPL-KJ[QP RJROKHHL-JL SHSI-PSQVLH-ILOXHLF ïJI RHSQL-L JXHL XHILHSSH-IQIIH XH-oZQQIIH� PQ LOZJHXHL LJ-IQPIH [H QKQSLVJP-L RHKHHXHL KYZLeL-KHHPF |JP-IJ-WHKKHibfzQVg-P L-KHL [JSJ KHIQVoROKII-KKH LH- IYZSeSQPLYKKY [H W-LLHHWHKKH -JP-o LH-QKQSLVJP-I-gPHHK-H X--XQQP IOZLQQP IHHfHHP L-QLJH HHKLJRHSQL-P H-SHSQZ-LbSoIQILYF jOXHIIH TFt JP HPPQLLO I-WOKJ-LO QI-WQVSS- -JP-I-gPHHK-P H-SHSQZ-LbSoIQILY� SOP JRL-PQP LHH[OOLQQP K--LLbXY ZbX-P PJRQH JIS-KKHHL-J JP SQIS-HVXJ-IoLQLLO RJ-IF ¿EMÀ
�RL-IQKKH iHWIQbP WQPQLQKWYKKY RbILbWWQ I--I LOLS-WHHP HHKLJRHSQL-P fboPHW--SSHH� WOLLH QWWQ I-KL- RbILb IOJVHHP IHHWHHP HHKLJRHSQL-P SQVLJ-W-QP
HWRK-LOfQ[H [H XH-ZQ-LHF GF�F�Q-PHdZL �� ±® ¿ETÀ SQZ-LL-XYL WQPQLQKWYP� [JKoKH LYWY RbILbLYYP LQSQWYYP HHKLJRHSQL-KKQ� [JSH JP WOJfJILQLLO fQgQPQVJ-oLOWHLLJW-ILH L-KJ-ILHF yQPQLQKWY RQVOILOO JRL-IQQP iHWIQbP WQPQLQKWYYPF
qPI-WWY-PQP KHIQVoROKII-� [JPSH WOJLJ QK- HWRK-LOf-L [H IOZLQQKK-IQL XH-ZQQL
JP WOJSHLLO ZHKOLO-SI-� IHH H-SHHP HHKLJRHSQL-P

Ψa(t) =
∑

i

ai Êiδiψi Ê−iωit «TFT´
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jOXH TFt� õKZYYKKY� �RL-IQIIH iHWIQbP WQPQLQKWYIIY W-LHLLHXH HOLJSJVoVQKHHL-J}OPSL-J HHKLJRHSQL-KKQ� [JSH JP WOJfJILQLLO XQfbP JVz-LHHKQ-ILH 29s �
30s

[H 31s
F ÁKZHHKKH� ÁOLJSJVVQKHHL-J}OPSL-J HHKLJRHSQL-KKQ� [JSH JP X-V-LQLoLb gHOII-IQKKH KHIQVoROKII-KKHF vOKII-P QPQVg-HP SQIS-SJZLH JP EME�hT dW−1 [H

ROJK-HVXJP KQXQbI «©�Uy´ M\ dW−1 F
[H LJ-PQP� τ �P XQVVHP X--XYILQLLb� ROKII-

Ψb(t) = Ê−iωgsτ
∑

i

biψi Ê−iωi(t−τ). «TFp´
jQVLJ-WQL ai

[H bi JXHL VQHHK-I-H [H H-PJHILHHP QPI-WWY-IQQP ROKII--P JP KOJoLO IOZLQQKK-IQL XH-ZQoQVJL δi F jOLQP JRL-IQIIH iHWIQbP WQPQLQKWYIIY L-KJ[QP
RJROKHHL-JL

Pi(τ) = |ai|2 + |bi|2 + 2|ai||bi| cos[(ωi − ωgs)τ − δi]
«TF\´

W-LHLHHP XHK-SJ-XHKKH IYZSeSQPLLY-JP-IHHL-JKKHF G-KJ[QP RJROKHHL-J XH-ZLQKQQ
JRL-IQKKH LHH[OOfQKKH� [JSH JP KYZLeL-KHP [H HHKLJRHSQL-P X-V-LQLbP L-KHP QPQVog-HQVJF GYWY QPQVg-HQVJ JP ZOJWHLLHXHIL- HHKLJRHSQL-P QV- L-KJ[QP XYK-ILYQPQVg-HQVJH IOOVQWR- [H I-LQP WbeI I--ZQP K--LLbXY LHH[OOIF cOOVQWR- LHH[OOI
JP XH-SQHWR- W-LHLH� [JLQP GF�F �Q-PHdZL �� ±® SQZ-LL-XYL QfQKKQQP WQPQoLQKWYYF y-LLHOSIQIIH IOWWHLHHP bK- OIQ-fQP bSI-LLY-ILQP W-LLHOILQPF ïJI
bSI-LLY-ILQP W-LLHOILQP XYK-I-QP KHIQVoROKII-QP IOZLQQKK-IQL XH-ZQQL Q-XYL JKQS--PP-LQLbL� SJI-P-LQVW--P LOKQQ IHLOPPH-PQP XH-ZQI--VLbWY [H IQ SQIS-HVXJ-IoLOO PJKKHSI-F GYKKe-P RJROKHHL-JP SQIS-HVXJSI- W-LLHOILQP bK- IHHWWQ

〈Pi〉 = |ai|2 + |bi|2 «TFu´
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[H RJROKHHL-JP XHV-HPII-SI-

∆Pi =
√

2|ai||bi|. «TF{´
jHZfQP L-KHP RJROKHHL-J-fQP LOKJP SQIS-HVXJ
〈PiPj〉 = (|ai|2+|bi|2)(|aj |2+|bj |2)+2|ai||bi||aj ||bj | cos[(ωi−ωj)τ−δij] «TFt´
XH-ZLQKQQ SOKWHLHH[OOfQKKH ωij = ωi−ωj

� [JSH JP I--I HHKLJRHSQL-P QV- L-KJ[QPXYK-IQQP QPQVg-HQVJJP K--LLbXY HKZH-PQP SOKWHLHH[OOIF õZf-ILYWYKKY QfQKK-IQL
bZLYKeL SJVVQKHHL-J}OPSL-JSI-

rij =
〈PiPj〉 − 〈Pi〉〈Pj〉

∆Pi∆Pj
= cos(ωijτ − δij)

«TFh´
IHHWWQ L-KJ[QP SQVLJ-W-QP IOZLQQKK-IQP XH-ZQoQVJP δij = δi − δj

IJX-LLHWHKKH
W-LLHOSI-ILH IHHLHXH rij SJI-P-}OPSL-JJPF ¨bL JKQWWQ IHHPQQL HHKLJRHSQL-PSQVLJ-W-QP HWRK-LOf-L [H IOZLQQKK-IQL XH-ZQQL� [JLQP HHKLJ}OPSL-J JP LYbI-P
WYYV-LQKLbF

ÜÃ. /0ÔÕÈÔÞÒÓ1 ÅÅÈÉÇÕÅÖÔÉÒÉ
�KQWWQ LYZYP WQPPQIIY LHVSHILQKKQQL XH-P VHf-HHK-I-H HHKLJRHSQLLQ[H� [J-IIH
RHSQLL- WOJfJILQLHHP QLY-IbbfQP IOZLQQPF jYI-LLQKQWWQ IQOVHHXHSI- HHKLJoRHSQLLQ[H� [JLSH JXHL HHKLJRHSQLLQ[H SH-S-IIH SJKWQIIH OKJLLOXOOfQIIHF ÁLJoW-QP LHRHOSIQIIH SJJVf-PHHL-L JXHL QLY-IbbIo IQSY SHSI- SOKWHSJJVf-PHHLL-HFjOLIOWWQ PY-LY RHSQLLQ[H rjQRKQVsoHHKLJRHSQLQ-SI-� SJISH P--fQP SKHII-PQPXHIL-PQ JK-I- QKQSLVJP- SKHII-IQKKH QKK-RI-VHfHKKH QK- jQRKQV-P VHfHKKH «SOLQP RKHoPQQLHL HOV-PgJP bWRYV-KKY´F
cLVJOf �� ±® SOXHHXHL SHZfQIIH [OKSH-IOIIH jQRKQV-P RHSQL-P KOJW-IQPF UQKYZLQXYL ¿Ep� E\À WOJSSHHWHHP HHKLJRHSQLL-H SQZYWY-IQILY L-KHILH «��¬® �²���²°±�� ó�±��´F jQZYWY-IQP L-KHP HHKLJ}OPSL-JIIH |m| = l = n− 1

QK- RbeV-W-IoWYYVYSXHPLL-KOSO l IHH IOOV-WWHP WHZfJKK-IQP HVXJPIH� WOLLH RbeV-W-IQP
IOOPLHH Q- JKQ WYYVYLLb� m = ±l F jQRKQV-P RHSQL-P KOJW-IQQP LHVX-LHHP SQoZYWY-PQP L-KH� [JIIH RbeV-W-IQP IOOPLH JP WbeI WYYVYLLb QK-

m = l = n− 1
F

GYKKH-IQP L-KHP KOJW-IQQP XJ-fHHP SYbLLYY UHVQP �� ±®�P SOXHHWHH WQPQLoLQKbY ¿EuÀF
UHVQ �� ±® ¿EuÀ SYbLLYXYL IQSY IYZSeo QLLY WHgPQQLL-SQPLLYY RJ-ILHWHHP IHoWHHP RYYSXHPLL-KOSOOP K--LLbX-QP L-KJ[QP fQgQPQVHHL-JLF ÁKOSI- SbLSQLYYP
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jOXH TFh� jQZYWY-IQP L-KHP KOJW-PQP WOOLLOXHP IYZSeo [H WHgPQQLL-SQPLYP
HXOKKHF
IYZSeSQPLLY RYYKKQ� [JLLH cLHVS-P -KW-e RJ-ILHH QV- RbeV-W-IWYYVYSXHPLL-KOoXOP l fQgQPQVHHL-JL «SOXH TFh´F cJR-XHKKH KHIQVoROKII-KKH X-V-LQLYYP QKQSLVJP-LZHKOLOP RYYSXHPLL-KOXOP n bK-WWYKKQ QPQVg-H L-KHKKQ «SOXHP TFh I-P-IQP POJoKQP HKSO´F cYZSeSQPLLYY ZQ-SQPPQLYYP LHIH-IQIL- IHWHHP H-SHHP SO-P WHgoPQQLL-SQPLLYY XJ-W-ILQLHHPF cYZSeSQPLYIIY JKKQQL cLHVS-P -KW-eP L-KHL HKSHXHL
WOOLLOH WHgPQQLL-SQPLYP XH-SOLOSIQILH 5QQWHP -KW-eP L-KJ-SI-F cYZSeSQPoLYP bK-P L-KH WOOLLOO WHgPQQLL-SQPLYP bK-WWYSI- L-KHSI- -KWHP L-KJ[QP XYK-oI-Y I--VLbW-Y «SOXHIIH TFh I-P-PQP POJK-´ [H QKQSLVJP-L IHHfHHP I--VVQLLbY bZofQKKQ H-PJHKKQ L-KHKKQ� [JPSH RYYSXHPLL-KOSO JP n � RbeV-W-IWYYVYSXHPLL-KOSO
l = lmax = n− 1

[H WHgPQLL-PQP SXHPLL-KOSO m = l = n− 1
F G-KHP SKHII-PQPXHIL-PQ JK-I- QKQSLVJP- bWRbVYVHfHKKHF

cHHLOHWWQ SQZYWY-IQP L-KHP [HLSHWWQ jQRKQV-P RHSQL-P WOJfJILHW-ILHFjQZYWY-PQP L-KH JP bSI- H-PJH L-KH Q-SY I-LQP WOJfJILH HHKLJRHSQLL-HF G-KHP
WOOLLHW-IQQP HHKLJRHSQL-SI- XJ-WWQ SYbLLYY ROJK-HHKLJROKIIQ[H «��¬® ò± �²�²� 	°ó�ó- 6�7´F vOJK-HHKLJROKII- JP KHIQVoROKII-� [JSH WOJfJILOO bZfQILYHHKKJP ROJK-SSHHILH I-LQP� QLLQ- IYZSeSQPLLY SJISHHP JIJ-LH SO-P bZLQQP IOOPoLHHP «SOXH TFE×´F |LIQHI-HIIH ROJK-HHKLJROKII- I-IYKLYY ZbX-P ZQ-SJP ZYPPYP�[JSH JIJ-LLHH QV- IOOPLHHP SO-P XHVI-PH-PQP ROKII-F GYWY RJ-SSQHH ZOJWHLoLHXHIL- LHXHKK-IQILH KHIQVoROKII-ILH� [JIIH IYZSeSQPLYP IOOPLH XH-ZLQKQQ OIQ-LHSQVLJ[H ROJKQKLH LJ-IQKKQ ROKII-P SQILYQIIYF
jJISH ROJK-HHKLJROKII-IIH IYZSeSQPLLY JP H-PJHILHHP bZLQQP IOOPLHHP� IQ
H-ZQOLLHH QKQSLVJP-KKQ -WROKII-P XHILHSSH-IQQP IOOPLHHPF i--RROQP QKQSLVJoP-P RH-SHILH IQP K--SQWYYVY WOOLLOO QV- LHXHKKH [H RbeV-W-IWYYVY WOOLLOO
bZfQILY H-PJHILH KOXOILH [HSHOWHSI- WOJfJILHQP RHSQL-PF GYLY XJ-fHHP ZHo
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jOXH TFE×� aHIQWWHKKH� GHXHKK-PQP KHIQVoROKII-� [JIIH IYZSeSQPLYP IOOPLHXH-ZLQKQQ OIQHIL- ROJKQKLH LJ-IQKKQ ROKII-P H-SHPHF �-SQHKKH� vOJK-HHKLJROKII-�[JIIH IYZSeSQPLLY JP H-PJHILHHP bZLQQP IOOPLHHP SJSJ ROKII-P H[HPF
XH-PPJKK-ILHH SKHII-IQIL- SOXHP TFEE HXOKKHF ÁKOSI- QKQSLVJP-L RbeV-XYL XHS-JPJoRQOfQKKH bL-WQP bWRYV-� SOPPQI ROJK-HHKLJROKII- WOOLLHH XYK-LLeWYIL- P--fQPK--SQWYYV-YF UQLSQP RYYILY PJRQHWWHL QKQSLVJP-L JLLHXHL S--PP- Z-LHHWWHL[H WOJfJILOO LJfQPPYSe-IbbIL-ZQPLbWYF �KQQKK-ILH ROJK-HHKLJROKII-P SYbLeIoIY JP� QLLQ- ROKII-P SQILJ IHH JKKH K--HP R-LSY� I-KKY WOOLJ-P K--SQWYYVY Q-
WOOLO LHVRQQSI- PJRQHIL- [H RHSQLL- KQX-YYF jOXHIIH TFEM JP QI-LQLLb NHQLHP�� ±®�P I-WOKJ-WH jQRKQV-P RHSQL-P K--SQ ¿EpÀF

jOXH TFEE� õSI-PSQVLH-ILOI ROJK-HHKLJROKII-P XH-SOLOSIQILH SKHII-I--P QKQSLoVJPQ-Z-PF aHIQWWHKKH� qKQSLVJP-L bWRbVYVHfHKKH QPPQP ROJK-HHKLJROKII-H [HP--fQP K--SQWYYVYLF jQISQKKY� qKQSLVJP-L ZQL- ROJK-HHKLJROKII-P [YKSQQPF �-oSQHKKH� qKQSLVJP-L ZQLSQP ROJK-HHKLJROKII-P [YKSQQPF

qfQKKY QI-LQLbP jQRKQV-P RHSQL-P K--SQ LHRHZLOO bWRbVYVHfHKKH� [JI ROKII-
JP LHVRQQSI- ZQ-SSJF y-LY XJ-WHSSHHWR- ROKII- I-LY IOOVQWR- JP RJ-SSQHoWH bWRbVYVHfHKLHF GJ-PQP LHRH RJ-SSQOLHH RHSQLL- bWRbVYVHfHKLH [H IHHfH
IQ S-QVLYWYYP QKK-RI-VHLHH JP ØVJWHgQP �� ±®�P ¿E\À SOXHHWH LHRH SYbLLYYZQ-SSJH IYZSeSQPLLYYF jOP IYZSeSQPLLY SbLSQLYYP RYYKKQ VHfHP QKK-RL-IbbISHIXHH H[HP SOKOQIIH� SOPPQI SQPLLY SbLSQLYYP RJ-I [H RHSQLL- [HLSHH SOKoSOHHP IHHXOLLHWHKKHHP VHfHKKHF GJ-PQP XH-ZLJQZLJ JP WOJSHLH HKSORQVY-ILYSQZYWY-ILY L-KHH IYZSeSQPLYKKY QKK-RL-IQSI- QPPQP ROJK-HHKLJROKII-HF jOXHIIH



Ú¸8¸ Íµº��½½��ºÍµ�~~����½ ����½½��¾�¾ TE
TFET JP QI-LQLLb NHQLHP �� ±®�P I-WOKJ-WH jQRKQV-P RHSQL-P K--SQ QKK-RL-IQKKY
VHfHKKH ¿EpÀF

jOXH TFEM� aHIQWWHKKH� õWRbVYVHfHKKH JKQXHP jQRKQV-P RHSQL-P WOJfJILOoW-PQP ROJK-HHKLJROKII-P [YKSQQPF �-SQHKKH� vHSQL-P bSI- S-QVVJI bL-WQP bWoRYV-F «TK = Tcl
Ù SKHII-PQP VHLH[HSIJ´

jOXH TFET� qKK-RL-IQKKY VHfHKKH JKQXHP jQRKQV-P RHSQL-P bSI- S-QVVJI bL-WQPF
bWRYV-F

ÜÃ9 :ÑÇÈÒÅÅÈÉÇÕÑÈÆÆÔÒÈÈÅ ßÒÉÉÅÅßÒÓÔÓ
y-LHLQIIHWWQ ROJK-HHKLJROKIQ-KKH jQRKQV-P RHSQLLQ[H RbILbWWQ LHVSHILQKQoWHHP ROKII-P K--SQLLY IQP VHfHKKHF vOJK-HHKLJROKIIQ-KKH W-LLHHW-PQP LHRHZLOOrX-V-LY [H SJQLHs oWQPQLQKWYKKY� [JIIH QPI-WWY-PQP ROJK-HHKLJROKII- WOJfJIoLHH jQVRKQV-P RHSQL-P [H LJ-PQP X--XbLQLLb ROKII- RbVS-- -JP-IJ-WHHP HLJW-PFi--RROQP RHSQL-P RH-SHILH VHfHKKHHP IQSY SQIS-WYYVY-IQP K--SQWYYVYXQSLJV-P
IOOVOOI QLLY IOOPLH XH-ZLQKQXHLF GYKKe-P ROJK-HHKLJROKII-P LOJLLHWHP -WROKIoI-P QK- K--SQWYYVYXQSLJV-P WOOLJSIQP [H RHSQL-P K--SQWYYVYXQSLJV-P IOWWH
VHLSH-IQXHL -JP-IJ-LOW-ILJfQPPYSe-IbbfQPF ïJI PQ JIJ-LLHXHL IHWHHP IOOPoLHHP -JP-IJ-LOW-ILJfQPPYSe-IbbI JP IOOVQWR- SO-P P--fQP JIJ-LLHQIIH QV-
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IOOPLHHPF jOXHIIH TFEp JP QI-LQLLb ROJK-HHKLJROKII-P H-ZQOLLHWH -JP-IHHL-JoI-gPHHK- H[HP }OPSL-JPHF Á[HP ZQLSQKKY PJKKH RHSQL-P K--SQWYYVY [H ROKII-P-WROKII- JXHL IHWHHP IOOPLHHP [H -JP-IHHL-JI-gPHHK- JP XJ-WHSSH-WW-KKHHPFvOJKQP jQRKQV-P [HSIJP TK

[YKSQQP L-KHPPQ JP RY-PXHILH-PQP [H -JP-IHHL-JI-goPHHK- JP R-QP-WW-KKYYPF õZfQP SJSJPH-IQP jQRKQV-P [HSIJP [YKSQQP RHSQL-PK--SQWYYVYXQSLJV- [H ROKII-P -WROKII- JXHL [YKKQQP IHWHHP IOOPLHHP [H I-goPHHK-IIH PYSbb LJ-PQP WHSI-W-F Á[HP SOKOQIIH I-gPHHK-P [HSIJKK-IOOI ZYX-YY
RHSQL-P f-IRQVI-JP XH-SOLOSIQILH� SOPPQI IQ WOJfJILOO OOfQILHHP� SOLQP VHof-HHK-ILQP HHKLJRHSQLL-QP LHRHOSIQIIHS-PF ¿E\À

jOXH TFEp� «̈ HLV-OW-P´ jQRKQV-P HHKLJRHSQL-P -JP-IHHL-JI-gPHHK-P H-SHSQZ-oLbI� SOP I-LY -JP-IJ-fHHP ROJK-HHKLJROKII-KKH «WOJSHLLO X--LLQQILY ¿E\À´F



�� � ;

<3£�/3

c--VVbLLYQIIY XQfbILY WJP-QKQSLVJP-I--P HLJWQ-Z-P [H WJKQSbbKQ-Z-P LQJV-QQLoL-PQP SYI-LLQKb WJP-WOLSH-ILOO ZOJWHLLHXHIL- QKQSLVJP-QP XYK-ILQP XOJVJXH-oSOLOSIQP LHS-HF jJISH LHVSSHH VHLSH-IOH Q- JKQ JKQWHIIH� [JOfOWWQ SYbLLYoWYYP KHISQPPHKK-I-H WQPQLQKW-Y� KYZ-PPY WJP-SHPHXH-ILH SXHPLL-ZY-V-eI-VJPoLHLQJV-HH «��¬® �°��²ò±��� ¯°±��°��
� �²� �ò�³��- ñð=>́ F
yJP-QKQSLVJP-I-IIH IbILQQWQ-IIY XJ-WWQ SYI-LQKKY ibfzQVg-P L-KJ[H ibfzQVgoQKQSLVJP-P [H RJI-L--X-IQIL- XHVHLOP -JP-IQP bL-WQP XYK-IQPY JPgQKWHPHF ibfozQVgoQKQSLVJP- [H bf-P XOJVJXH-SOLLHXHL LJ-ILQPIH SHPIIH RYYHI-HIIH �JOKJWoz-P XOJVJXH-SOLOSIQP SHOLLH I-LQP� QLLY -JP-PQP bf-P JP R-ILQXHVHOI� [JSH
H-ZQOLLHH XJ-WHP ibfzQVg-P QKQSLVJP-KKQF nJRROJIH XOJVJXH-SOLOSIQILH JPibfzQVg-P QKQSLVJP-P I-VJPLHH YYVQKK-IQP SJSJ-IQILH bL-WQILY� [JSH H-ZQOLOOibfzQVg-P QKQSLVJP-P R-QPQILY RQ-LJILH bL-WQP QKQSLVJP-QP SHPIIHF c-VJPLHXJ- WOOLLHH [JSJ bL-WQP [H ibfzQVg-P QKQSLVJP-P L-KHH LH- [JRH -JP-IJ-fH IbIoLQQW-PF

'ÃÂ ?ÇÓÒÖÅÓÅàÅÒÓÔÓ ÖàÅÓÉÉÒâáÒÞÒëÆÒÞÇÓÉÅÉÔÇÞÒÅ
vQV-PLQ-IQIL- WJP-QKQSLVJP-ILQP HLJW-QP KHISQPLH RQVOILOO ±� �����³ oWQPQLQKoW-P� QI-WQVS-SI- UHVLVQQo©JdSo LH- SJP@gOVHHL-JXOJVJXH-SOLOI oWQPQLQKW--PF¨Q LJ-W-XHL ZbX-P RQVOIL-KHKKQ [H WHLHK-KKQ X-V-LbIL-KJ-KKQ� SJISH PQ JKQLLHXHLQKQSLVJP-SJVVQKHHL-JP R-QPQSI- XQVVHLLOPH WO-Z-P XOJVJXH-SOLOSI--P [H L-KJo[QP IQSJ-LLOW-IQP XYZY-IQSI-F ¨Q Q-XYL SO-LQPSHHP IJXQKKO SJVSQ-fQP ibfzQVog-P L-KJ[QP KHISQW-IQQP� SJISH ibfzQVg-P QKQSLVJP- Q- LYbLY QfQKKY WH-P-LLO[H
JKQLOSI-HF qV-Lb-IQIL- [HLSOWJL-KJ[QP I-IYKKbLLYW-PQP KHISO-Z-P LOJLLHH JPgQKo

TT
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W-HF
yJP-SHPHXH-PQP SXHPLL-ZY-V-eI-VJPLHLQJV-H «yAÎG´ SYbLLYY JPgQKWHP }boI-SHHK-ILH KOJPPQLLH ZbXYSI- [H SOXHH IbILQQW-Y -JP-IQP bL-WQP [H ibfzQVog-P QKQSLVJP-P XOJVJXH-SOLOSIQPHF ibfzQVg-P QKQSLVJP-P SHPLH}OPSL-J-SI- XHoK-LHHP HHKLJ}OPSL-JL� [JLSH JXHL cdZVef-PgQV-P bZLYKeP VHLSH-IO[H� SOP RJLQPoL-HHK-PH JP -JP-IQP bL-WQP H-ZQOLLHWH R-ILQWY-PQP Q}QSL--X-PQP RJLQPL-HHoK-F aQfbP LHRHOSIQIIH RJLQPL-HHK- JP RQKSSY bL-WQP H-ZQOLLHWH �JOKJWz-P
RJLQPL-HHK-� WOLLH WJP-QKQSLVJP-IQIIH HLJW-IIH RJLQPL-HHK- V--RROO -JP-IQP
bL-WQP VHSQPLQQILHF n-IYSI- -JP-PQP bf-P WOOLLHH XQfbP JVLJgJPHHK-IQL VHLoSH-IOL SbLSQbLbWYYP SQISQPYYPF
yAÎG�IIY -JP-IQP bL-WQP QKQSLVJP-QP HHKLJ}OPSL-J-fQP Q- JKQLQLH bKQLLbXYPL-QLbP QLY-IbbfQP rc OKSJROJKQKKQF GYKKe-P -JP-IQP bL-WQP [H ibfzQVg-P QKQSLoVJP-P XOJVJXH-SOLOI JP LYWYP QLY-IbbfQP OKSJROJKQKKH SKHII-IQP }bI--SHP XHVo[JILQLLO �JOKJWz-P XOJVJXH-SOLOIF qLY-IbbfQP rc

I-IYROJKQKKH bL-WQP� bL-oWQP QKQSLVJP-QP [H ibfzQVg-P QKQSLVJP-P XOJVJXH-SOLOI SYI-LQKKYYP SXHPLL-oWQSHHP-IQPH XOJVJXH-SOLOSIQPHF �KQLHWWQ QLLY ibfzQVg-P QKQSLVJP-P HHKoLJ}OPSL-J JP QVJLQLLHX-IIH VHf-HHK-IQQP [H SOKWHJIHHPF jOKWHJIH JP� SOLQPXQfbKKQS-P� RHKKJZHVWJP-PQP }OPSL-J Ylm(θ, φ)
F |JP-IQP bL-WQP QK- QLY-IbbfQP

rc
OKSJROJKQKKH VHf-HHK-IQSI- cdZVef-PgQV-P bZLYKeSI- IHHfHHP HLJW-bSI-Se-IIY

«me = ~ = 1
´
[

−1

2

∂2

∂dr2
− Zeff

r
+
l(l + 1)

2r2

]

ψl(r,E) = Eψl(r,E), «pFE´
j-V[J-LQLHHP bZLYKe OOfQILHHP WOJLJJP

1

2

∂2

∂dr2
ψl(r,E) +

kl(r,E)
︷ ︸︸ ︷(

E +
Zeff

r
− l(l + 1)

r2

)

ψl(r,E) =

[

1

2

∂2

∂dr2
+ k2

l (r,E)

]

ψl(r,E) = 0. «pFM´
õKQ-PQP VHLSH-IO JP SHZfQP �JOKJWz-P }OPSL-JP IOWWH� [JSH XJ-fHHP S-Vo[J-LLHH
ψl(r,E) =

1
√

πκl(r,E)
sin[ϕl(r,E) + δl(E)]

=
1

√

πκl(r,E)
[sinϕl(r,E) cos δl(E) + cosϕl(r,E) sin δl(E)] , «pFT´

[JIIH ϕj(r,E) JP VHf-HHK-PQP XH-ZQ}OPSL-J [H κj(r,E)
PSF SXHPLL-K--SQWYYoVY «��¬® ¯°±��°� �³����°�´F ©OPSL-J-fQP ϕj(r,E)
[H κj(r,E)

XYK-KKY JP
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bZLQbI κj(r,E) =

∂ϕj(r,E)
∂r

F aHS-J δl(E) JP PJVW-LOILQS-[YP XH-ZQF cHHLO HHKoLJ}OPSL-J V--RROO I--I RbeV-W-IWYYVYSXHPLL-KOXOILH l IQSY QLY-IbbfQILY r [HQPQVg-HILHE F UOJWHLLHXHH JP� QLLY QPQVg-H IHH [HLSOX-H HVXJ[H IQSY I-fJLO-KoKQ QLLY [HLSOWJL-KJ-KKQ� SJISH VQOPHQZLJ[H Q- JKQ X-QKY HIQLQLLOF iQOPHQZLJ[H
IQSY I-fJLLO[QP [H [HLSOWJL-KJ[QP QVJ[H SYI-LLQKQWWQ WbeZQWW-PF
jJSJ HLJW-H� IQSY bf-PLY QLLY ibfzQVg-P QKQSLVJP-H� SOXHHXH HHKLJ}OPSL-J
JP

Ψρ(r,E) =
1

r

∑

αl

|αl〉
√

(πκl)

∑

α′l′

Aα′l′,ρ(E)

×
[
Cα′l′,αl(E) sinϕl(r,E) + Sα′l′,αl(E) cosϕl(r,E)

]
, «pFp´

[JIIH -PfQSI- α SOXHH -JP-IQP bL-WQP L-KHHF ÁHKLJ}OPSL-JP 4.3
XH-ZQI--VLbWY

δl(E) JP K--LQLLb SQVLJ-W--P Cα′l′,αl(E)
[H Sα′l′,αl(E) � [JLSH SOXHHXHL bL-WQIoIY LHRHZLOX-H XOJVJXH-SOLOSI-H [H SbLSQXYL QV- ibfzQVg-P QKQSLVJP-P HHKoLJ}OPSL-JL LJ-I--PIHF ¨Q XJ-fHHP KHISQH LQJVQQLL-I-P WQPQLQKW-P [H K--LLbXYLQI-WQVS-SI- KbZbQP SHPLHWHP I-VJPLHWHLV--I--P

Src(E) = [C(E) + iS(E)] · [C(E) − iS(E)]−1. «pF\´
jQVLJ-WQL Aα′l′

[YYXYL WYYV-LQLLYX-SI-F GYLY XHVLQP S-V[J-LHWWQ HLJW-P HHKoLJ}OPSL-JP «bZLYKe pFp´ WOJLJJP
Ψρ(r,E) =

1

r

∑

αl

|αl〉
√

(πκl)
Tαl,ρ(E) sin[ϕl(r,E) + φαl,ρ(E)], «pFu´

[JIIH
tanφαl,ρ(E) =

∑

α′l′ Aα′l′,ρ(E)Sα′l′,αl(E)
∑

α′l′ Aα′l′,ρ(E)Cα′l′,αl(E)
«pF{´

[H
Tαl,ρ =

∑

α′l′

Aα′l′,ρ(E)[sin φαl,ρ(E)Sα′l′,αl(E)+cos φαl,ρ(E)Cα′l′,αl(E)]. «pFt´
qZLJ� [J-KKH SQVLJ-WQL Aα′l′,ρ

LOJLLHXHL HLJW-P HHKLJ}OPSL-JL� JP bZLYKe pF{�[JSH S-V[J-LQLHHP WOJLJJP
∑

α′l′

Aα′l′,ρ(E)(Sα′l′,αl(E) cos φαl,ρ − Cα′l′,αl(E) sin φαl,ρ) = 0, «pFh´
[JIIH

φαl,ρ(E) = φρ(E),
SOP αl XHILHH HXJ-PLH SHPHXHH�

φαl,ρ(E) = φαl(E),
SOP αl XHILHH IOK[QLLOH SHPHXHHF

«pFE×´
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qZfJL pFE× LOKQXHL VQOPHQZfJ-ILHF c-fJLO-KKQ L-KJ-KKQ QK- IOK[QLO-KKQ SHPHX-KKQ
«��¬® ²³ó�
 ²ò±���ó´ HHKLJ}OPSL-JP JP KYZQILbLLYXY PJKKHH QLY-IbbfQP SHIoXHQIIH YYVQLLeWYSI-F qZLJ LYbLLbb� SOP HHKLJ}OPSL-JP pFu IOK[QLLO-Z-P SHPHoX--P K--LLbX-KKQ SJWRJPQPLQ-KKQ

sin[ϕl(r → ∞, E) + φαl,ρ(E)] = 0. «pFEE´
©OPSL-J ϕl(r → ∞, E)

KYZQILbb XHS-JHVXJH β(E) � [JLQP φαl,ρ(E)
LYbLbb JKKH

V--RROWHLJP ρ �ILHF ïHLSOWJL-KJ-KKQ QK- HXJ-W-KKQ SHPHX-KKQ JP L-QLbKKY QPQVg-HKoKH QLY-IbbfQP KYZQILbQIIY YYVQLePLY bZLQ-PQP XH-ZQI--VLbWY� [JLQP φαl,ρ(E)JP V--RROWHLJP IQSY α �ILH QLLY l �ILYF jOP bZLYKeVbZWY pFh VHLSH-ILHHP� IHHofHHP IbILQQW-P SJSJPH-IQPQVg-HH E XHILHHXHL HLJW-P JW-PH-IHHKLJ}OPSL-JL
Ψρ(r,E)

F
jOP JW-PH-IL-KHL JP VHLSH-ILO� XJ-fHHP HHKLJRHSQLL- S-V[J-LLHH

Ψ(r, t) =

∫
∑

ρ

cρ(E)Ψρ(r,E)e−iEt/~dE, «pFEM´
[JIIH cρ(E) �L JXHL HHKLJRHSQL-P SQVLJ-WQLF GHVSQWRHH L-QLJH WJP-SHPHXH-IQIoLH ZY-V-eI-VJPLHLQJV-HILH� I-KKY VHLSH-ILO[QP L-KJ[QP H-SHSQZ-LbSIQILY [H XOJVJoXH-SOLOSIQILH IYZSeSQPLYP SHPIIH KebLbb QI-WQVS-SI- GQB-QV �� ±®�P [OKSH-IOIoLH �C±�� 	±²���ó °ó��¬ ¬����±�,�
 �°��²ò±��� ¯°±��°��
� �²� �ò�³��� ¿E{ÀF

'ÃÏ 0ÇÖÔÔÉ ÅÈÖÅÈÒßÔÉÅÈÈÒÅÉÇßÔÒÈÈÅ
qPI-WWY-IQL SJSQQL ibfzQVg-P HHKLJRHSQLQ-KKQ LQZL--P VHf-HHK-I-KKH HHKLJRHoSQLQ-KKH HKSHK-WQLHKK-HLJWQ-IIHF GYWYP [YKSQQP JP LQZLb KOSO-I-H SJSQ-LH QV-oKH-I-IIH SJQJKJIOZLQ-IIHF ÁLJWQ-Z-P JP X-V-LQLLb IQSY VHf-HHK-I-H� HPgOKHHV-I-HQLLY jQRKQV-P RHSQLLQ[HF jHZfQP HHKLJRHSQL-P -PLQV}QVQPII-Y JP W-LHLLO HLJoW-P I-IYKKYF n-IYSI- HHKLJRHSQLLQ[H JP KOJLO KOSO-I--P QV- HLJWQ-Z-P [H P--LY
I-IYKLYX--P HLJWQ-Z-P JP SJZf-ILQLLO IYZSeo [HDLH- WHgPQQLL-SQPLLYF GYIIYSHRRHKQQIIH SYbfYYP KYR- WOOLHW-H SJSQ-LH HKJ-LLHQP HKSHK-WQLHKK-QP VHf-HHoK-I-ILH HHKLJRHSQLQ-ILHF
qPI-WWY-IQP JPP-ILOPQQP SJSQQP ibfzQVg-P HHKLJRHSQLQ-KKH LQS-XYL ÁF LQP
�JKfQ �� ±® XOJPPH Ehtt� [JIIH ZQ SYbLL-XYL VOz-f-OWoHLJWQ[H ¿EtÀF cLVJOf�� ±® LQS-XYL XHILHHX-H SJSQ-LH SHK-OWoHLJWQ-KKH WbeZQWW-P IHWHPH XOJPoPH ¿EhÀF qfQKKY WH-P-LOL SJSQQL SYI-LLQK-XYL SO-LQPS-P H-PJHILHHP HKOQLLH� [JKoKH HHKLJRHSQLL- SYbLLYbLbb SKHII-IQIL-F aOJPPH Ehh× cLVJOf �� ±® [HLSJ-XHL
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SJSQ-LH SHK-OWoHLJWQ-KKQ [H LOLS-XHL WbeI HKOQLLH� [JIIH QI--PLbb SXHPLL-WQoSHHP-ILH -PLQV}QVQPII-Y ¿M×ÀF UQ JPP-ILO-XHL LQSQWYYP SJSQQP� [JPSH }JLJ-JP-oIHHL-JI-gPHHK-ILH JP PYZLYX-IIY VHf-HHK-IQP ibfzQVg-P RHSQL-P H-SHSQZ-LbSIQPQV- XH-ZQQLF cQOVHHXHSI- LHVSHILQKQWWQ LYLY SJQLLH [H WOOLHW-H WO-LH HKSHoK-WQLHKK-HLJWQ-KKH LQZLb[Y SJSQ-LH LHVSQWW-PF

E÷ö÷ø Fúü�úú��þýþ FGüHýIJ�þ úú��ÿ�ú�ý��� �ú��K�Lú�ÿ����ú
cLVJOf �� ±® LQS-XYL SJSQQP SYbLLYQP SHK-OWoHLJWQ[H� [JIIH ZQ W-LLHI-XHLSHK-OW-P «H-PJHP´ XHKQPII-QKQSLVJP-P ibfzQVg-P HHKLJRHSQL-P H-SHSQZ-LbILY
¿M×ÀF jJSQQIIH SYbLQLL--P rX-V-LY [H SJQLHs oWQPQLQKWYYF nHIQVoROKII-L LOJoLQLL--P XYV-KHIQV-KKH� [JLH ROWRHLL--P LHZf-ILQLOIL- ¨f�õÁNoKHIQV-KKH \×× U��PLHH[OOfQKKHF aYV-H-PQKHIQV-P gHOII-IQP ROKII-P R-LOOI «©�Uy´ JK- M\ RI� QPQVog-H E×

µï [H HHKKJPR-LOOI \{E�M PWF vOKII-L JZ[HLL--P βozHV-OWzJVHHLL-S-LQQoIQQP «QK- ØØ�oS-LQQIQQP´� [JIIH ROKII-ILH gQPQVJ-LOO SHSI-PSQVLH-PQP LHH[OOI
«Mt\�u PW�P´ E× M�P ZbeLbIOZLQQKKHF ïYK[QKKQ [YYPbL bSI-PSQVLH-IQP LHH[OOfQP
JIOOI QVJLQLL--P LHH[OOISHZfQPPQLOILH ROKII-ILH JWHSI- \{E�M PW�P ROKII-SoIQQP [H JZ[HLL--P X--XQK-P[HHPF GHH[OOISHZfQPPQLLO ROKII- JZ[HLL--P SHK-OWoHLJW-IO-ZSOOP� [JIIH IQ X-V-LL- HHKLJRHSQL-PF a--XQK-P[HP KYR- SYbPbL ROKII-
JIO- IYYfQLLbY X--XQLLY WbeZQWW-P IHWHHP SJZLHHP -JP-IJ-fQP X-V-LLbPQQL
HLJW-LF cbPLbPQQL -JP-L JZ[HLL--P -JP-IHHL-JP [YKSQQP SbLSQLbKKY oM× a [YPoP-LLQQKKY QKQSLVJP-WJP-IL-WQKKQ «��¬® ��²��³� �°��	 ���´ W-LHLLHXHSI-F jJIoSH ibfzQVg-P HHKLJRHSQL-P fbPHW--SSHHP XH-SOLLHH ZOJWHLLHXHIL- X-V-LbIoROKII-P JW-PH-IOOfQL� ZbXYSIbLL--P H-PJHILHHP rZbX-QPs X-V-LbIROKII-QP LOJLoLHWHL I-gPHHK-LF GYWY LQZL--P W-LLHHWHKKH X-V-LbIROKII-P WOJLJ HLJW-IO-ZoSOP LHHSIQ I-[J-LQLOKKH IRQSLVJWQLV-KKYF rUbXYPs ROKII-P JW-PH-IOOfQL WYYoV-LQKL--P IQOVHHXHIL-F vOKII-P LYbLb- JKKH IOOPP-KKQQP gHOII-PQP� [JPSH KQXQbI
«©�Uy´ IH- XH-ZfQKKH QP-PLYYP M× M TM NU5�ILY [H ROKII-P SQIS-SJZLH Q-
IHHPOL JKKH I--VLbPbL ZHKOLOILH HVXJILH bK- SbWWQPbILY ROKII-P KQXQbfQILYF
jJQ -LIQIIYYP IOJV-LQLL--P W-LLHHWHKKH -JP-I-gPHHK- X--XQQP }OPSL-JPHF a--XQLoLY SHIXHLQLL--P T RI�P XYKQ-P [H [JSH-ILH X--XQLLY SJZf-P JLQLL--P \××�P rZboXYPr ROKII-P SQIS-HVXJF GOKJSIQPH IHHL--P SOXHP pFE WOSH-PQP H-SHSQZ-LbI�[JILH PYZfYYP IQSY ZHVWJP-PQP QLLY bK-XYVYZfbIF nHISQPPHKK-IQIL- WHKK-PPQoLOP [H SJSQQKK-IQP -JP-I-gPHHK-P H-SHSQZ-LbI XHILHHXHL QV-PJWH-IQIL- LJ-I-HHPFUHVWJP-IQP XYVYZfbSIQP bZLQbfQIIY SYbLQLYYP HKHP S-V[HKK-IOOfQIIH LQVW-Y
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SKHII-PQP VHLH[HSIJ «��¬® ²±óó�²± ³���� 	���³
´� [JSH V--RROO SQIS-WYYVY-oIQP RYYSXHPLL-KOXOP n0

SOOL-JILH� τcl = 2πn3
0
«HLJW-bSI-Se-IIY´F jKHII-IQP

VHLH[HSIJP H-SHPH HHKLJRHSQLL- I--VLbb OKJWRHHP [H RHKHH I-IQWRYYP SYYPPQoSJZLHHP SQVVHPF õK-ZHVWJP-IQP XYVYZfbSIQP SJZfHKKH HHKLJRHSQL-P IHPJLHHP
OOfQKKQQPWOJfJILOXHP JI-LLH-P «JI-LLH-PQP OOfQKKQQPWOJfJILOI� ��¬®  �±²���³�± �����±´F
jJSQQIIH PYZL--P I--I� QLLY KbZbQIIY H-SHISHHKHIIH QKQSLVJP- SYbLLYbLbb SKHIoIQIL-F yOLLH LJ-IHHKLH IQ JIJ-LLHH WbeI� QLLY SJVSQ-KKH X-V-LbIL-KJ-KKH LIF KYZQKKYSKHII-ILH VH[HH SXHPLL-WQSHHP-IQL -KW-eL JXHL QfQKKQQP PYZLYX-IIY Q-SY HHKLJoRHSQLL-H XJ-fH WHKK-PLHH bSI-LLY-IQKKY SKHII-IQKKH QKQSLVJP-KKHF �I-LLH-ILQP OOofQKKQQPWOJfJILOW-I-QP H-SHPH HHKLJRHSQLL- WO-ILOLLHH SHZL-H [HSHOLOPOLLHQKQSLVJP-H� [JILH ROJKQL JP bL-WQP KYZQKKY [H ROJKQL SHOQWRHPH� [JSH Q- JKQ
WHZfJKK-ILH SKHII-IQIIH }bI--SHIIHF

E÷ö÷ö Nþ�ýIOýIÿ�Pú� FGüHýIJ�þ úú��ÿ�ú�ý��� �ú��K�Lú�ÿ����ú
qfQKK-IQIIY SHRRHKQQIIH LJfQLL--P ibfzQVg-P HHKLJRHSQL-P IY-KbLLYXYP SXHPLoL-KOJPLQQPIH SJVSQ-KKH X-V-LbIL-KJ-KKHS-PF GYIIY SHRRHKQQIIH QI-LQKKYYP LJ-PQPSJQ� [JIIH HHKLJRHSQLL-QP SXHPLL-KOJPPQLLH ZHXH-PPJKK-ILQLHHP SHZfQP HHKLJoRHSQL-P -PLQV}QVJ-fQIIH SQISQPYYPF jJSQQP LQS-XYL cLVJOf [H ¨JQK XOJPPHEhh\ ¿MEÀF
jJSQQIIH LOJLQLL--P SJKWQP KHIQVoROKII-P IHV[HF ¨f�õÁN KHIQV-KKH ROWRHLL--PXYV-KHIQV-H� [JILH IHHL--P M\ R-SJIQSOPP-P KHIQVoROKII-F vOKII- [HQLL--P IYLQQPo[HSH[-KKH «��¬® ��±� ó	 �����´ SJKWQP ROKII-P IHV[HSI- I-LQP� QLLY QPI-WWY-IQP[H LJ-IQP ROKII-P XYK-PQP H-SHQVJ JK- ROJKQL SKHII-IQILH VHLH[HSIJILH «1

2Tcl)[H LJ-IQP [H SJKWHPPQP XYK-PQP H-SHQVJ OOfQKKQQPWOJfJILOW-IH[HP KOJSSHH
«∼ 10Tcl

´F vOKII-L JK-XHL XH-ZQKOS-LLO[H [H SHZfQP QPI-WWY-IQP ROKII-P XYK-IoLY XH-ZQoQVJH RbILbLL--P IYYLYWYYPF
qPPQP XHVI-PH-ILH SJQLLH IOJV-LQLL--P SHK-zVHHL-J� [JIIH SQIS-WWY-PQP ROKIoI- RJ-ILQLL--P [H SYbLYPPeIIY LJ-ILQLL--P QfQKK-IQIIY SHRRHKQQIIH pFMFE SOXHLLOSJQF aHVI-PH-IQIIH SJSQQIIH SHZfQP X-V-LbIROKII-P QK- QPI-WWY-IQP [H LJ-IQP
ROKII-P H-SHQVJ IYYfQLL--P ROJKQQP SKHII-IQILH VHLH[HSIJILH 1

2Tcl
[H WOOLQLL--PP--fQP XYK-ILY XH-ZQoQVJH SJKWQQP HVXJJP� π/2 � −π/2 [H π F jJKWHLLH ROKII-HSYbLQLL--P SJQL-PROKII-PH OOfQKKQQPWOJfJILOW-IH[HP 1

2TR
SOKOLLOHF
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jOXH pFE�õKZYYKKY� jHK-OWo-JP-I-gPHHK- X--XQQP }OPSL-JPHF ÁKZHHKKH� nHISQLLO-JP-I-gPHHK- X--XQQP }OPSL-JPHF «BoHSIQK-KKH H-SH R-SJIQSOPLQ-PH [H boHSIQK-KKH-JP-I-gPHHK-´

jOXHIIH pFM JP QI-LQLLb ZHXH-PPJKK-ILHXH R--VVJI QV- XH-ZQoQVJ[QP XH-SOLOSIQIoLH SHZfQP QPI-WWY-IQP ROKII-P -PLQV}QVQPII--P SJKWHPPQP ROKII-P IHHROQIoIH HLJW--PF jOP QPI-WWY-PQP ROKII- IHHROO� IQ X-V-LLYY RHSQL-P I-IQWRYYPSYYPPQR-ILQQIQQP «SOXHP pFMz bK-P V-X-´F vOJKQP SKHII-IQP VHLH[HSIJP [YKSQQP
LJ-PQP ROKII- X-V-LLYY IHWHPKH-IQP RHSQL-P [H QPI-WWY-IQP ROKII-P X-V-LLYoWY RHSQLL- JP OKJ-WWHIIH SYYPPQR-ILQQIIY «SOXHP pFMz SQIS-WWY-PQP V-X-´FvOJKQP OOfQKKQQPWOJfJILOW-IH[HP [YKSQQP SOWR-S-P HHKLJRHSQLL- JP IOOPoP-KKQQP JI-LLH-P OOfQKKQQPWOJfJILOPOL [H PQ -PLQV}QVJ-XHL SQISQPYYP «SOXHPpFMz HK-P V-X-´F i--RROQP SHZfQP QPI-WY-IQP ROKII-P XH-ZQoQVJILH φ HHKLJRHoSQL-L [JSJ -PLQV}QVJ-XHL SJPILVOSL--X-IQIL- OKSJVQOPHKKH [H fQILVOSL--X-IQIL- I-o
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jOXH pFM� UHXH-PPJKK-ILHXH R--VVJI SHZfQP QPI-WWY-IQP ROKII-P -PLQV}QVQPIoI-ILY SJKWHPPQP ROKII-P IHHROQIIH� SOP ROKII-QP E [H M XH-ZQoQVJ JP φ Ù
π/2 �

−π/2 LH- π F «TK = Tcl
´

IYVQOPHKKH «φ = π/2
´� fQILVOSL--X-IQIL- I-IYVQOPHKKH [H SJPILVOSL--X-IQIL- OKSJoVQOPHKKH «φ = −π/2´ LH- Q-XYL -PLQV}QVJ- JKKQPSHHP WOJfJILHQP IOJVHP IOWoWHP «φ = π

´F aH-ZQoQVJ φ = π/2 WOJfJILHH I--I RHSQL-P� [JSH SYbLLYbLbbSOLQP bZfQP ROKII-P KOJWH RHSQLL-� [JSH JP QZL-PbL SQZ-LLbY ROJK- SKHII-ILH
VHLH[HSIJHF aHILHHXHIL- φ = −π/2 WOJfJILHH RHSQL-P� [JSH SYbLLYbLbb SOoLQP bZfQP ROKII-P KOJWH RHSQLL- ZQL- X-V-LbSIQP [YKSQQPF aH-ZQoQVJKKQ φ = πQ- Kebfb XHILQLLH bZfQP ROKII-P KOJWHILH HHKLJRHSQL-ILH� I-KKY RHSQLL- Q- SJIoSHHP WOJfJILH SKHII-IQKKH VHLHLHH[OOfQKKH XYVYZLQKQXYY bZLQPY-ILY RHSQLL-H�XHHP IQ RbIbb SHZL-H[HSHOLOPQQPHF
jJSQQP LOKJSIQPH ¨JQK [H cLVJOf W-LLHI-XHL SOXHP pFT SJKWHPPQP ROKII-P
H-ZQOLLHWHP -JP-I-gPHHK-P� SOP SHSI- QPI-WWY-ILY ROKII-H -PLQV}QVJ-XHL H[HPZQLSQKKY

1
2TR

F jOX-IIH PYZfYYP IQKSQYIL- QfQKKY SOXHLOL -PLQV}QVQPII-o-KW-eL�bKYSOXHL JXHL XHILHSSH-I-IIH XH-ZQ-IIH [H HKHSOXHP LHH[OOI JP SHSI-PSQVLH-o
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PQP bKYSOX--P XQVVVHLLOPHF

jOXH pFT� jJKWHPPQP ROKII-P H-ZQOLLHWHL -JP-I-gPHHK-L� SOP SHZfQP QPI-WoWY-IQP ROKII-P XH-ZQoQVJL JK-XHL π/2 «XHIQWWHKKH´� −π/2 «J-SQHKKH´ [H π «HKoZHHKKH´F vbILbX--XJ[QP XYK- JP 1
2Tcl =

MM RIF

E÷ö÷Q FKH�ü�K�Lú�ÿ��þ FGüHýIJ�þ úú��ÿ�ú�ý��� �úJþýý���L
�ýþ�R��R

�HKI �� ±® LQS-XYL SJSQQP� [JIIH ZQ LOLS-XHL VOz-f-OWoHLJW-P VHf-HHK-I-H
HHKLJRHSQLLQ[H WHgPQQLL-SQPLYIIY ¿MMÀF UQ SYbLL-XYL XYV-H-PQKHIQV-P LOJLLHoW-H MFE RI SQILJ-I-H ROKIIQ[H� [J-fQP HHKKJPR-LOOI JK- LHH[OOISHZfQPPQLLOMh{ PW�-PF nHIQVoROKII-L SJZf-ILQLL--P WHgPQQLL-SQPLYIIY JKQX--P VOz-f-OWoHLJWQ-Z-P I-LQP� QLLY KHIQVoXHKJP RJKHV-IHHL-J JK- [JSJ WHgPQQLL-SQPLYP IOOPoLHHP «πoRJKHV-IHHL-J´ LH- SJZL-IOJVHHP WHgPQQLL-SQPLYY XHILHHP «σoRJKHV-oIHHL-J´F yHgPQQLL-SQPLLY V-SSJJ RHKKJIbWWQLV-HP [H loSXHPLL-KOSO Q- JKQ QPYYZbXY SXHPLL-KOSO� WOLLH ml

oSXHPLL-KOSO RbIbb ZbXYPY SXHPLL-KOSOPH IbILQQoW--P [YYXYP IbK-PLQV-IbWWQLV-HP HPI-JILHF
�HKI �� ±® W-LLHI-XHL JRL-IQKKH iHWIQbP WQPQLQKWYKKY RHSQL-P H-SHSQZ-LbIoLY� [JSH JP QI-LQLLb SOXHIIH pFpF jOXHILH PYZfYYP QLLY

σoRJKHV-IJ-fOP ROKIoI-P I-gPHHK-P HWRK-LOf- XH-ZLQKQQ [HSIJKK-IQIL-F aH-ZLQKO [JZLOO I--LY� QLLY σoRJKHV-IJ-fOL ROKII-L X-V-LLYXYL |ml| = 1
L-KJ[HF ¨Y-fQP L-KJ[QP QKQSLVJP-L-ZQbo
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jOXH pFp� vHSQL-P H-SHSQZ-LbI W-LHLLOPH JRL-IQKKH iHWIQbP WQPQLQKWYKKY
H´ σoRJKHV-IJ-fOKKQ KHIQVoROKII-KKQ� z´ πoRJKHV-IJ-fOKKQ KHIQVoROKII-KKQF TL

JPQKQSLVJP-P nHVWJV-P [HSIJF

fQL RbeV-XYL WHgPQQLL-SQPLYP XH-SOLOSIQILH SQPLYP IOOPPHP bWRYV- QKQSLoVJP-P nHVWJV LHH[OOfQKKH νL = 1
2 (B/2π)

F vbeV-XY QKQSLVJP-L-ZQbI XHILHH HKoSORQVY-ILY QKQSLVJP-L-ZQbLLY H-PH ROJKQP nHVWJV-P [HSIJP TL
XYKQ-P� [JKKJ-P

WbeI -JP-IHHL-JI-gPHHK-IIH PYZfYYP WHSI-W-FaHILHHXHH XH-ZLQKOH Q- PYZfY
πoRJKHV-IJ-fOP ROKII-P X-V-LLYWYIIY RHSQL-IIH� SJISH IQP X-V-LLYW-QP ml = 0L-KJ[QP QKQSLVJP-L-ZQbfQL Q-XYL RbeV- WHgPQQLL-SQPLYP bWRYV-F
qfQKKY SOXHLLO I-gPHHK-P [HSIJK-PQP XH-ZLQKO ROJKQKKH nHVWJV-P LHH[OOfQKKH
JP IQOVHOILH RHVHWHgPQQLL-IQILH K-PQHHV-IQILH 5QQWHP-P -KW-eILY� [JZJP K--LoLbXY UHW-KLJP-P JRQVHHLLJV-P LQVW- JP 1

2mlB
F Î-HWHgPQQLL-IQQP PQK-eKK-IQQP

5QQWHP-P -KW-eeP K--LLbb XHILHHXHIL- UHW-KLJP-P JRQVHHLLJV-P LQVW- 1
8B

2r2⊥
F

cQ H-ZQOLLHH SJZL-IOJVHH WHgPQQLL-SQPLYP IOOPLHH XHILHHP RJLQPL-HHK-P� [JSH[bVSQPLYY bL-WQP H-ZQOLLHWHH �JOKJWz-P RJLQPL-HHK-HF GYWYP IQOVHOSIQPHibfzQVg-P HHKLJRHSQL-P OKJWR- SYYPPQR-ILQ LOKQQ KYZQWWYI bf-PLY [H SKHIoI-PQP VHLH[HSIJ KbZQPQQF aH-SOLOI |ml[= 1
L-KJ-Z-P JP XJ-WHSSHHWR- SO-P

ml = 0
L-KJ-Z-P� SJISH |ml| = 1

L-KJ[QP QKQSLVJP-L-ZQbfQL IOOPLHOLOXHL RYYo
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JI-P SJZL-IOJVHH WHgPQQLL-SQPLYP IOOPLHH XHILHHP SOP LHHI ml = 0

L-KJ[QPQKQSLVJP-L-ZQbfQL IOOPLHOLOXHL WHgPQQLL-SQPLYP IOOPLHHPF �HKI �� ±® W-LoLHI-XHL WHgPQQLL-SQPLYP XH-SOLOILH QV- X-V-LbIQPQVg-J-KKH SKHII-IQQP VHLH[HSoIJJP [H IH-XHL SOXHP pF\ WOSH-IQP LOKJSIQPF

jOXH pF\� jKHII-IQP VHLH[HSIJP R-LOOI I-fJIQPQVg-HP }OPSL-JPH -KWHP WHgoPQQLL-SQPLLYY «bWRbVYL´ IQSY |ml| = 1
L-KJ-KKQ «SJKW-JL´ [H ml = 0

L-KJ-KKQ
«PQK-eL´ WHgPQQLL-SQPLYIIYF

E÷ö÷E ùý��ýI�þ úú��ÿ�ú�ý���
ØVJWHgQ [H cLVJOf� ïVF LQS-XYL XOJPPH Ehhh QPI-WY-IQP SJSQQP� [JIIH ZQ KJoSHK-IJ-XHL ibfzQVg-P HHKLJRHSQL-P SJKWQIIH OKJLLOXOOfQIIH QK- LQS-XYL jQRKQoV-P HHKLJRHSQL-P ¿E\ÀF jJSQQIIH X-V-LQLL--P jQRKQV-P RHSQLL- QKK-RL-IQKKQ VHfHKoKQ� [JPSH QSIQPLV-IbbI JP WHZfJKK-I-WWHP IOOV- QK- QKK-RI- WOOLLOO [HPHSI-
HLJW-P bL-WQILY OKJIRY-P [H HHKLJRHSQL-P VHLH SOKSQQ QfQI LHSH-I-P [HPHP
RYYILY RYYZYPF jJSQQIIH SYbLQLL--P IYZSeSQPLLYY QVJLLHWHHP RYYSXHPLL-KOoSOH n = 30

XHILHHXHL L-KHL cLHVS-P L-KJ-SI-F ¨HLV-OWoHLJW-P TIoQKQSLVJP-LX-V-LQLL--P TRoL-KHP SHOLLH HK-WWHKKQ n = 30
cLHVS-P L-KHKKQ SHZfQKKH KHIQV-KKHFcQOVHHXHIIH XH-ZQQIIH WOJfJILQLL--P ROJK-HHKLJROKII- NHÁIoS-LQQIIY SJZf-IoLHWHKKH I--ZQP ET× }I�P ROKII- L-LHHP-oIH@-V-oKHIQV-ILHF cHHLO PJ-P p×× }I�P ROJoK-HHKLJROKII- SJZf-ILQLL--P X-V-LQLLb-Z-P HLJWQ-Z-P WOJfJILHQP P--Z-P jQRKQV-P

HHKLJRHSQL-LF Á-SHSQZ-LbSIQP W-LLHHW-IQQP SYbLQLL--P JRL-ILH iHWIQbP WQoPQLQKWYY� WOLLH HKSORQVY-IQP ROJK-HHKLJROKII-P K-IYSI- SJQL-PROKII-PH SYbLQLoL--P ROJK-HHKLJROKII-H� [JPSH RJKHV-IHHL-J JK- SYYPPQLLb 180o F jOXHIIH pFu JP
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QI-LQLLb SOWWHKKHS-P SJQL-PROKII-KKH W-LHLLO[QP -JP-IHHL-JI-gPHHK-QP H-SHSQoZ-LbIF

jOXH pFu� aHIQWHKKH� �RL-IQP iHWIQbP WQPQLQKWYP -JP-IHHL-JI-gPHHK-P H-oSHSQZ-LbIF �-SQHKKH� |JP-IHHL-JI-gPHHK-P H-SHSQZ-LbI� SOP SJQL-PROKII-PH SYboLQLLYXYP ROJK-HHKLJROKII-P RJKHV-IHHL-J JP SYYPPQLLb 180o F
|JP-IHHL-JI-gPHHK-P H-SHSQZ-LbSIQILY PYZfYYP� SO-PSH RHSQLL- XYVYZLQKQQ SKHIoI-IQKKH VHLHLHH[OOfQKKH [H HKSHH KQX-LY� SOLQP VHf-HHK-ILQP RHSQLL-QPS-P LHoRHOSIQIIHF jOP SJQL-PROKII-P RJKHV-IHHL-JLH SYYPPQLYYP 180o PYZfYYP� QLLY-JP-IHHL-JI-gPHHK-P H-SHSQZ-LbSIQIIY WHSI-W-QP [H W-P-W-QP RH-SHL JXHL XH-ZoLOPQQLF GYWY [JZLOO I--LY� QLLY 180o SYYPPQLLb ROKII- SJZf-ILHH QKQSLVJP--PXJ-WHP� [JSH JP XHILHSSH-IQQP IOOPLHHP SO-P HKSORQVY-IQP ROKII-P XJ-WHFUHXH-LLO RJKHV-IHHL-JP XH-SOLOI JIJ-LLHH� QLLQ- HHKLJRHSQLL- JKQ VHf-HHK-PQP[H QLLY IQ JP H-PHS-P JI-LLH-P KJSHK-IJ-LOPOL QKK-RL-IQKKQ VHfHKKH jQRKQV-P RHoSQL-SI-F

'ÃÜ 0ÇÖÔÒÉÅ ßÑÒÈÈÔ ÅÉÇßÔÒÈÈÔ
ÁKSHK-HLJW-QP K-IYSI- ibfzQVg-P HHKLJRHSQLQ-KKH JP LQZLb SJSQ-LH KYZ-PPY WHHoHKSHK-WQLHKK-HLJWQ-KKH� [J-IIH JP SHSI- XHKQPII-QKQSLVJP-HF ¨Y-IIY HLJWQ-IIHXHKQPII-QKQSLVJP-QP XYK-PQP XOJVJXH-SOLOI K-IYY I-VJPLHH XQVVHLLOPH HKSHK-WQoLHKK-HLJWQ-Z-P� [J-IIH I-VJPLH LHRHZLOO H-PJHILHHP -JP-IQP bL-WQP IOK[QLO-IoLH SOJV-ILHF GJ-IHHKLH LJ-IQP XHKQPII-QKQSLVJP-P HXOKKH XJ-fHHP JZ[HLH ibfozQVg-P QKQSLVJP-P fbPHW--SSHHF GYKKH-ILQP IbILQQW-QP HXOKKH XJ-fHHP LOLS-HP--LY -KW-e-LY� [J-LH LHVX-LIQWWQ SQZ-LLYQIIYWWQ SQ-PJ[H QKQSLVJP-ILQP HHKoLJRHSQLL-QP SXHPLL-ZHKK-PLHHP «��¬® ¯°±��°� ²³���³´F cQOVHHXHSI- QI-LQKLYoX-QP SHKI-OWoHLJWQ-KKH LQZLb[QP SJSQ-fQP K-IYSI- JP XHILHHX-H SJSQ-LH LQZLb
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zHV-OWoHLJW-KKQ ¿MT� MpÀF

E÷Q÷ø FGüHýIJ�þ úú��ÿ�ú�ý��� �ú���K�Lú�ÿ����ú
aOJPPH Ehht cLVQZKQ �� ±® LQS-XYL SJSQQP WHHoHKSHK-WQLHKK-HLJWQ-KKH� [JIoIH ZQ SYbLL-XYL SHKI-OWoHLJWQ[H ¿M\ÀF jJQ JK- RQV-HHLLQQIIH IHWH VHf-HHK-oIQP HHKLJRHSQL-P fbPHW--SSHH LOLS-XH SJQ SO-P W-LY JK-XHL cLVJOf-P [H ¨JQoK-P Ehh× LQSQWYL SJSQQL SHK-OWoHLJWQ-KKQF cLVQZKQ �� ±® X-V-LL-XYL SHKI-OWoHLJW--P ibfzQVg-P HHKLJRHSQL-P� [JPSH SQIS-WYYVY-PQP RYYSXHPLL-KOSO n0

JK-PJ-P M×F
jJSQQIIH SYbLQLL--P E SU5 L-LHHP-oIH@-V-oKHIQV-H� [JILH IHHL--P t× }I�P W-LoLH-I-H ROKIIQ[H HHKKJPR-LOOfQKKH tEu PWF vOKII-L LHH[OOISHZfQPPQLL--P ØØ�oS-LQQKKYF jHKI-OWoHLJW-P XHKQPII-QKQSLVJP-L X-V-LQLL--P SHSI-}JLJP-X-V-LbSIQKKY
4s2

SJP@gOVHHL-JILH HHKLJRHSQL-SI-� [JSH SJJILO- 4sns
[H 4snd

SJP@gOVHHoL-J-ILH doKOJPLQQP JKKQIIH ZHKK-LIQXHF ÁHKLJRHSQL-P WOJfJIL-XHL RYYSXHPLL-KOoXOP HVXJL E{oMM I-LQP� QLLY SQIS-WYYVY-PQP RYYSXHPLL-KOSO JK- n0 = 19.75
F

jOXH pF{� �RL-IQKKH iHWIQbP WQPQLQKWYKKY IHHfOP QKQSLVJP-I-gPHHK-P H-SHoSQZ-LbI SHKI-OWoHLJW-P ibfzQVg-P HHKLJRHSQL-KKQ «TSTUVTW = Tcl
´F c-IYSOXHIIH

IQP ©JOV-QV-P WOOPPJIF
ÁHKLJRHSQL-P fbPHW--SSHH W-LHLL--P JRL-IQKKH iHWIQbP WQPQLQKWYKKYF ÁLJo
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W-L -JP-IJ-L--P \× PI�H SJQL-PROKII-P [YKSQQP LOKQXHKKH M×× RI�P W-LLH-IQKoKH tEu PW�P ROKII-KKHF |JP-IJ-LOPQ-ILH HLJWQ-ILH [H QKQSLVJPQ-ILH W-LHLL--PG�©oIRQSLV-L «QV- W-LLHOISQVVJ-KKH´F Á-SHSQZ-LbILY LHVSHILQKL--P WOOLLHWHKoKH X-V-LbIo [H SJQL-PROKII-P XYK-ILY X--XQLLY [H W-LLHHWHKKH G�©oIRQSLV-ILY bZofQP XHK-LOP R--S-P «QK- L-QLbKLY L-KHKLH -VVJPPQQP QKQSLVJP-P LH- XHILHHXHP -JP-P´
I-gPHHK-HF jOXHIIH pF{ JP QI-LQLLb HHKLJRHSQL-P H-SHSQZ-LbI QKQSLVJP-I-gPHHK-P
H-SHSQZ-LbSIQPY� [JILH XJ-fHHP IQKSQYIL- PYZfY IQSY SKHII-IQKKH VHLH[HSIJKKHLHRHZLOXH K--SQ QLLY OOfQKKQQPWOJfJILOW-PQP [H JI-LLH-PQP OOfQKKQQPWOJofJILOW-PQP� SOLQP HKSHK-WQLHKK-HLJWQ-ILHS-PF

E÷Q÷ö N��ý�ÿþ��úú��ÿ Xú �ÿþ��ýþ G���ýþ P�I��G��ýþ Pú��K�K�
cLVQZKQ �� ±® JK-XHL S--PPJILOPQ-LH -JP-IQQP bL-WQQP LQZLYXYP X-V-LbSIQP XH-oSOLOSIQILH ibfzQVg-P HHKLJRHSQLL--P [H [OKSH-I-XHLS-P HKOILHX-H LOKJSI-H LYoZYP K--LLbQP cLVQZKQ �� ±®F �ZQP [H õQH�QKK ¿MuÀ LQS-XYL SJSQ-LH SHKI-OWoHLJWQ-KKQ Ehht� [J-IIH ZQ LHVSHILQK-XHL QV-Lb-IQIL- bL-WQP X-V-LbSIQP XH-SOLOILH
HHKLJRHSQL-P QK-P-SYYPF
jOP ibfzQVg-P HHKLJRHSQLL- X-V-LQLYYP� [YY LJ-PQP XHKQPII-QKQSLVJP- JIHSI--JP-ILH bf-PLYF ÁLJW-P SJP@gOVHHL-J JP I-fJLLO� [JI LJ-PQP XHKQPII-QKQSLVJP-
RbIbb RQVOIL-KHIIH «4s´F yOLLH [JI QKQSLVJP- JP X-V-LQLLb WHLHKKHKKQ X-V-LbIL-oKHKKQ «QI-WF

4p
´� L-KH WOOLLOO WQLHILHz--K-SI- L-KHSI- QK- HLJW- XJ- -LIQ-JP-IJ-oLOHF |LIQ-JP-IHHL-JIIH ibfzQVg-P QKQSLVJP- I-VJHH LJ-IQILH XHKQPII-QKQSLVJP-ILHXHRHHSI- QKQSLVJP-SI- [YLLYQP [YKSQQPIY -JP-IJ-LOPQQP HLJW-P� �H+ F

¨Y-LY -LIQ-JP-IJ-X-H L-KJ[H XJ-fHHP SYbLLYY ibfzQVg-P HHKLJRHSQL-P WOJSoSHOSIQQPF jOLQP H-QWW-P JKQWWQ LJfQPPQQL� HHKLJRHSQLL- HKSHH KQX-LY ZQL-
X-V-LbSIQP [YKSQQP [H HHKLJRHSQL-P QLORYYP IHHXOLLHQIIH LHSHRYYP LHRHZLOOSXHPLL-WQSHHP-PQP -PLQV}QVQPII-F ïJI RbV-WWQ R-LYWYYP HHKLJRHSQL-P WHZofJKK-I-WWHP R-LSYYP SKHII-IQP QKQSLVJP-P SHKLH-IQPH� ZHKOHWWQ QILYY HHKLJoRHSQLL-H KQX-YWYILYF GYWY LHRHZLOO -LIQ-JP-IJ-X-H L-KJ[H ZbXYSI- SYbLLYQPF
jOP HHKLJRHSQLL- X-V-LQLYYP� IQ KYZLQQ K--SSOWHHP I-I-WWYILY SYYPPQR-ILQQIoLY OKJIRY-P SOPPQI IHHXOLLHH OKJ-WWHP SYYPPQR-ILQQPIY «SIF SOXH TFE´F cHoWHKKH IQ KQX-YY I-LQP� QLLY RQVYJIH [YY [YKSQQP [H QLOJIH SHIXHLLHH QLOWHLoSHH XQVVHLLOPH RHSQL-P SQIS-R-ILQQIQQPF a-V-LLYWYKKY -JP-IQP bL-WQP XHKQPIoI-QKQSLVJP-� [JSH XHILHH KYZQI �H+ �P XHKQPII-QKQSLVJP-H� «��¬® �ó³±��
 ²³��
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�Y²��±��³�- +�Z´ pIoL-KHKLH pRoL-KHKKQ K-IYYPLbb IQP XOJVJXH-SOLOI HHKLJRHSQoL-P SHPIIH I-LQP� QLLY QLOo [H RQVYJIH� [JLSH JXHL KYZQWRYPY bf-PLY� SJSQXHLXJ-WHSSHHWWHP VQROKI-JP SO-P SQIS-JIHF GYKKe-P I-IYYPRY-P LOKQXH QLOJIHZ-fHILOO [H OKJIRY-P WQPQXY RQVYJIH PJRQOLOOF qK- bL-WQP X-V-LbI SQIS-LoLYY KQX-PPbLLY HHKLJRHSQLL-H SJZL- IQP SQISOILHHF jOP HHKLJRHSQLL- KYZQILbb
bf-PLY� bL-WQP XHKQPII-QKQSLVJP- RHKHOLQLHHP RQVOIL-KHKKQ -LIQ-JP-IHHL-JP XYKLoLYW-IQSI-F ÁHKLJRHSQL-P JZ-LQLLOH I-IQWWYP SYYPPQR-ILQQPIY [H KYZQILbQIoIYYP OKJWRHH bL-WQP XHKQII-QKQSLVJP- X-V-LQLYYP [YKKQQPF c--VLYWYKKY bL-WQPXHKQPII-QKQSLVJP-H IJR-XHKKH LHH[OOfQKKH X-V-LbIo [H RQVOIL-KHP XYK-KKY IHHfHHP
HHKLJRHSQLL- RbIbWYYP SJJIIH -KWHP «LH- XYZY-IQKKY´ -LIQ-JP-IHHL-JLHF
jYbLYPPeIIY bL-WQP [HSIJKK-PQP X-V-LLYW-PQP [H X-V-LbSIQP ROVSHW-PQP IOJoV-LQLHHP [HLSOXHLJ-W-IQKKH KHIQV-KKH� [JSH KOJ XHZXHP SQPLYP bL-WQP XHKQPIoI-QKQSLVJP-KKQ I--VLYQP IQP LYbfQKK-IQIL- L-KHKLH LJ-IQKKQ [JSH-IQP [HSIJP H-SHPHF|JP-IQP bL-WQP XHKQPII-QKQSLVJP-P iHz-P LHH[OOfQP [H HHKLJRHSQL-P SKHII-PQP
VHLHLHH[OOfQP LYbLbXYL JKKH IHWHL� [JLLH RHSQLL- RbIbb SJJIIHF ïJI LHH[OOofQL QVJHXHL� bL-WQP X-V-LbI K-IYY RHSQL-P KQX-YW-ILY [H -LIQ-JP-IHHL-JLHF
�ZQP [H õQH�QKK SYbLL-XYL L-LHHP-oIH@-V-oKHIQV-H LOJLLHWHHP \ RI�P X-V-LbIo [HSJQL-PROKIIQ[H� [JLSH LHH[OOISHZfQPPQLHHP p×u PW�--P ØØ�oS-LQQKKYF a-V-LbIoROKII- KOJ SHKI-OWoHLJW--P HHKLJRHSQL-P� [JPSH SQIS-WYYVY-PQP RYYSXHPLL-KOoSO JP n0 = 50 − 80

F y-LLHOSIQIIH SYbLQLL--P JRL-ILH iHWIQbP WQPQLQKWYY�[JIIH SJQL-PROKII-P [YKSQ-PQP -JP-IHHL-J LQZfYYP ROKII-LQLOKKH IYZSeSQPLYKKY�[JPSH SQILJ JP \ PI [H IOOV-P SQPLLY \× aDdWF |JP-IQP bL-WQP XHKQPII-QKQSLoVJP-P X-V-LbSIQQP SYbLQLLYYP [HLSOXHLJ-W-ILH {hp PW�P HHKKJPR-LOOfQKKH LJ-oW-XHH L-LHHP-oIH@-V-oKHIQV-H� [JILH OKJI LOKQXH XHKJ LHH[OOISHZfQPPQLHHP Th{
PW�--PF
jJSQQIIH X-V-LbIo [H SJQL-PROKII-P XYK-KKY JP tu RI�P H-SHQVJF |JP-I-gPHHK-H W-oLHLHHP KHIQVROKII-QP SQIS-WYYVY-IQP HHKKJPR-LOOfQP [H I-LQP ibfzQVg-P HHKoLJRHSQL-P SQIS-WYYVY-IQP RYYSXHPLL-KOXOP IOZLQQPF |KWHP bL-WQP [HSIJKK-IoLH X-V-LbILY IHHfHHP SOXHP pFtz WOSH-PQP LOKJIF cQKKH-I-KKH RYYSXHPLL-KOXOP
HVXJ-KKH� [J-KKH HHKLJRHSQLL- LQSQQ tu RI�IIH SJSJPH-I-H S-QVVJSI-H� PYSbb I-goPHHK-IIH WHSI-W-F aHILHHXHIL- RYYSXHPLL-KOXOP HVXJ-KKH� [J-KKH HHKLJRHSQLL- JPS-QVVJSIQP ROJK-XYK-IIY� PYSbb W-P-W-F
jOP [HLSOXHLJ-W-PQP KHIQV SbLSQLYYP RYYKKQ QK- HKJ-LQLHHP bL-WQP [HSIJKK-PQPX-V-LbI� PYZfYYP SOXHP pFhz WOSH-PQP LOKJIF jH-SS- WOOL RH-LI- RYYSXHPLL-oKOXOP HVXJP n0 = 67 HWRK-LOf-L JXHL R-QPQPLbPQQLF GYWY JP IQOVHOILH I--LY�
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QLLY bL-WQP [HSIJKK-IQP X-V-LbSIQP [HSIJ JP IHWH SO-P n0 = 67 HHKLJRHSQoL-P SKHII-PQP VHLH[HSIJ [H SOLQP QfQKKY LJfQLL--P� SH-SS- WOOL RH-LI- bL-WQP[HSIJKK-IQP X-V-LbSIQP SHPIIH IHWHP [HSIJP JWHHXHL HHKLJRHSQL-L ZYX-XYL -LoIQ-JP-IHHL-JP XH-SOLOSIQILHF

jOXH pFt� jHKI-OWoHLJW-P HHKLJRHSQLL-QP -JP-IHHL-JI-gPHHK- QV- RYYSXHPLL-oKOXOP HVXJ-KKH� SOP X-V-LbIo [H SJQL-PROKII-P XYK-KKY JP tu RI�P H-SHQVJF

jOXH pFh� jHKI-OWoHLJW-P HHKLJRHSQLL-QP -JP-IHHL-JI-gPHHK- QV- RYYSXHPLL-KOoXOP HVXJ-KKH� SOP X-V-LbIo [H SJQL-PROKII-P XYK-KKY JP tu RI�P H-SHQVJ� [H -JP-ILHbf-PLY X-V-LQLYYP [HSIJKK-IQIL-F
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jOLQP WJP-SHPHXH-IQP ZY-V-eI-VJPLHLQJV-HP bZLQbfQIIY LJfQLL--P LQJVQQLL-PQPSYI-LLQKb JP ZHPSHKHH WJKQSbbKQ-KKQF ÁLJWQ-Z-P PYZfQP WJKQSbbKQ-IIY bL-W-QPK--SQ [H QKQSLVJP-IQP K--SSQQP SbLSQbLbW-PQP I--ZQP XH-SQOLLHXHL QPPQILYYP SYoI-LLQKbYF ybeI SJSQ-fQP LQSQW-IQQP LOKQQ OOI-H ZHHILQ-LH [J R-QP-KKY WJKQSbboKQ-KKYF
jJSQ-LH� [J-IIH JP W-LHLLO ibfzQVg-P HHKLJRHSQLLQ[H WJKQSbbKQ-IIY� JP LQZLb
H-PJHILHHP LbRR-WJPJSI-f-KKQ� ¨��KKQF yJKQSbbKQ-IIY QKQSLVJP-IQP HHKLJRHSQoL-P K--SQ SbLSQbLbb WJKQSbbK-P I-IY-IQQP K--SSQQIQQPF ibfzQVg-P HHKLJRHSQLL-QPLHRHOSIQIIH QPPQP SH-SSQH VJLHHL-JJPF ØJVP-P [H �RRQPZQ-WQV-P HRRVJSI-oWHHL-J Q- RYfQ XHHP QKQSLVJP-IQP ibfzQVg-P HHKLJRHSQL-P K--SQ JP P--P Z-ofHILH� QLLY IQ JP XQVVHLLHX-IIH bf-PLQP K--SSQQIQQPF n-IYSI- WJKQSbbKQ-IIY JP
OIQ-LH ibfzQVg-P L-KJ[QP IHV[J[H� [JLSH XHILHHXHL -JP-IQP bL-WQP QV- VJX-zVJoP-I-H L-KJ[HF ¨YWY ibfzQVg-P L-KJ[QP IHV[HL SbLSQbLbXYL LJ-I--PIH H-ZQOLLHQP
WJP-WOLSH-IQP [H QRYIYYPPeKK-IQP ibfzQVg-P L-KJ[QP IRQSLV-P� [JKKH JP IOOV-
L-KHL-ZQbIF jbLSQbLbW-IQP LHS-H� SOP -JP-PQP bf-P JP LHVRQQSI- SJVSQHIL- X-oV-LLbPQQKKY VJX-zVJP-IQKKH L-KHKKH� WJKQSbbK-KKY JP WHZfJKK-IOOI -LIQ-JP-IJ-LOHLH- f-IIJI-J-LOHF

.ÃÂ ÄèÕÕÒßÇÓÇÖÆÒìÒÓ ôèì]ÔÞíÒÓ ÅÅÈÉÇÕÅÖÔÉÉÒ
qPI-WWY-IQP SJSQQP WJKQSbbK-KKQ� LbRR-WJPJSI-f-KKQ� LQS-XYL cLHXVJI �� ±®j-Pg^I �JKKQgQ nJPfJP-ILH XOJPPH Ehhh� [JIIH ZQ ZHXH-LI-XHL QKQSLVJP-IQP
HHKLJRHSQL-P K--SSQQP SbLSQbLbW-IQP VJLHHL-JK--SSQQIQQP ¿M{� MtÀF nYZQI IHWH
VbZWY [HLSJ- SJSQ-LH� [JLSH [OKSH-IL--P XOJPPH M××× ¿MhÀF cQOVHHXHSI- SYbWo

ph
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WQ KYR- QV-Lb-IQIL- [YKS-WWY-IQQP [OKSH-IOOP K--LLbX-Y SJSQ-LHF
jJSQQIIH SYbLQLL--P SHRQHP SH-ILHKQXQbfQP XYV-H-PQKHIQV-H� [JPSH ROKII-L LHHo[OOISJKW-PSQVLH-ILQLL--P ME\ PW�--P� X-V-LLYWYYP LbRR-WJPJSI-f- RQVOIL-KHKoLH !2Π3/2(v

′′ = 0, J ′′)
QKQSLVJP-IQP X-V-LbIL-KHP ZHKOLOKKQ VJX-zVHL-JPHHK-IQKoKQ L-KHKKQ Á2Σ+(v′ = 1, N ′, J ′)

F «qKQSLVJP-P VHLHRbeV-W-IWYYVYSXHPLL-KOSO[H WJKQSbbK-P VJLHHL-JSXHPLL-KOSO SbLSQbLbXYL SXHPLL-KOXOSI- N ′ F´ nQXQYPSH-ILHP XYV-H-PQKHIQV-P R-SJIQSOPL-ROKII-L LHH[OOISHZfQPPQLHHP TMh PW�--P [HP--LY SYbLQLYYP X-V-LLYWYYP ibfzQVg-P HHKLJRHSQLLQ[HF ÁHKLJRHSQLL-QP SQIoS-WYYVY-IQL QPQVg-HL JXHL v+ = 0
[H v+ = 1

-JP-IHHL-JVH[J[QP XYK-IIY [H XHIoLHHXHL RYYSXHPLL-KOXOL M×�P [H \×�P XYK-KKYF ÁHKLJRHSQL-L SJJILOXHL ibfzQVog-P L-KJ-ILH ¨�+ !1Σ+(v+ = 1)nl(N+) � [J-IIH bf-P XHILHH ¨�+o-JP-P L-KHH
!1Σ+(v+ = 1) � QKQSLVJP- JP L-KHKKH nl [H N+ JP -JP-IQP bL-WQP VJLHHL-JoSXHPLL-KOSOF aYVYZLQKbL-KH Q- WOOLO X-V-LbSIQIIY ÁoL-KHKLH ibfzQVg-P L-KHKKQ�SJISH ÁoL-KHP [H ibfzQVg-P L-KJ[QP RJLQPL-HHK-QPQVg-HR-PPHL JXHL P--P KYZQKKY
LJ-I-HHP� QLLY I--VLbWYKKQ RYLQQ XHK-PLHIYYPLe ∆v = 0

F ibfzQVg-P L-KHL JXHLXYVYZLQKbL-KHP WOOLJSIQP v+ = 1 → v+ = 0 HXOKKH -LIQ-JP-IJ-X-HF
ibfzQVg-P HHKLJRHSQL-P X-V-LbI XJ-fHHP RQV-HHLLQQIIH LQZfY IOJVHHP RQVOIoL-KHKLH KJROKK-I-KKQ ibfzQVg-P L-KJ-KKQ� WOLLH SJQJKJIOZLQ-IIH RQVOIL-KHP OIQHLQV- VJLHHL-JL-KHL JXHL W-QZ-LQLLb-PYF cOJVH X-V-LbI [JZLH-I- I-LQP WbeI OIQ-fQP
VJLHHL-JL-KJ[QP W-QZ-LLbW-IQQPF jOP X-V-LbI LQZfYYP ÁoL-KHP SHOLLH� IHHfHHP
RbeV-W-IWYYVYP IY-KbW-IQILY [H RHV-LQQL-P WOOLJSIQILH XHK-PLHIYYPPeL� [JLSH
IHKK-XHL XH-P L-QLLb[QP VJLHHL-JL-KJ[QP W-QZ-LLbW-IQPF n-IYSI- L-QfYWWQ� QLLYÁoL-KHKKH JP RYYHI-HIIH soKOJPPQLLH [H XH-P Z-QWHP doKOJPPQLLH� IHHWWQ ibfozQVg-P L-KJ-KKQ XHK-PLHIYYPPeP� [JI ibfzQVg-P L-KHL X-V-LQLYYP ÁoL-KHKLH� [JKKQ
J ′ = N ′ +1/2 � P--P ibfzQVg-P L-KJ-ILH W-QZ-LLbb RYYHI-HIIH nR(N ′)oL-KHL� [JoZJP JP IQSJ-LLOPOL Z-QWHP nR(N ′ ± 2) � n}(N ′)

[H n}(N ′ + 2)oL-KJ[HF
ÁHKLJRHSQLL-QP fbPHW--SSH W-LLHLL--P JRL-IQKKH iHWIQbP WQPQLQKWYKKY SYbLoLYQP IYZSeSQPLLY-JP-IHHL-JLHF y-LLHOSI-H IOJV-LQLL--P X-V-LLYWYKKY HHKLJRHSQoL-L PQK[YP QV- XYK-L-KHP VJX-zVHHL-JL-KHP SHOLLH� N ′ = 0 � J ′ = 1/2 _ N ′ = 1 �
J ′ = 3/2 _ N ′ = 3 � J ′ = 7/2

[H N ′ = 5 � J ′ = 11/2
F n-IYSI- HHKLJRHSQLL-QPSQIS-WYYVY-ILY RYYSXHPLL-KOSOH WOOLQLL--P M×�P [H \×�P XYK-KKYF y-LLHOSI-IIHZHXH-LL--P SJKWQ QV-KH-ILH HKOQLLH� WHLHKHP� SQIS-HKOQQP [H SJVSQHP RYYSXHPLoL-KOXOP HKOQQLF jOXHIIH \FE PYZfYYP SOKLHS-P HKOQQKLH W-LHLLO -JP-I-gPHHK-P

H-SHSQZ-LbI� SOP X-V-LbI JP LQZLb XYK-L-KHP VJX-zVHHL-JL-KHP N ′ = 1, J ′ = 3/2SHOLLHF jOXHLQSIL-IIY IOKO-IIH QI-LQLbL KOXOL SQVLJXHL SQIS-WYYVY-IQP RYYo
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SXHPLL-KOXOP HVXJP [H HKHX--LLQQL X--LLHHXHL HHKLJRHSQL-P SJWRJPQPL-P N+ �P
HVXJPF

jOXH \FE� GbRR-WJPJSI-f-P HHKLJRHSQLL-QP -JP-I-gPHHK- H´ WHLHKHon «n1 =

24, 2 � n3 = 23, 0
´� z´ SQIS-on «n1 = 31, 4 � n3 = 28, 9

´ [H d´ SJVSQHon «n1 =

40, 2 � n3 = 35, 4
´� SOP HHKLJRHSQLL- JP X-V-LQLLb XYK-L-KHP VJX-zVHHL-JL-KHP

N ′ = 1, J ′ = 3/2
SHOLLHF

yHLHK-KKH RYYSXHPLL-KOXOP HVXJ-KKH -JP-I-gPHHK- «SOXH \FEH´ WO-ILOLLHH XHVI-P
RHK[JP HLJW-QP -JP-I-gPHHK-HF c--PY PYZfYYP KbZbQIIY H-SHISHHKHIIH LHIH-I-PXYKQ-P WHSI-WQ[HF jJISH N+ = 1

SJWRJPQPL-L WOJfJILHXHL RYYJIHP HHKLJoRHSQL-ILH� JK-I- [YVSQXYY JKQLLHH WHSI-W-QP H-SHXYK-QP XHILHHXHP PY-fQP SJWoRJPQPLL-QP SKHII-ILH VHLH[HSIJHF yHSI-W-QP H-SHXYK-L «E�u RI_ E�h RI [H E�\ RI´PYbLLYXYL SO-LQPS-P XHILHHXHP N+ = 1
SJWRJPQPLL-QP SKHII-IQP VHLH[HSIJP

«M�M RI´ I-[HHP N+ = 3
SJWRJPQPLL-QP SKHII-ILH VHLH[HSIJH «E�t RI´F ïJILHXJ-fHHP RYYLQKKY� QLLY N+ = 3

SJWRJPQPLQ-KKH JP ZOJWHLLHXH VJJK- HHKLJRHoSQL-P fbPHW--SHIIHF
jQIS-HKOQQKKH -JP-I-gPHHK-P «SOXH \FEz´ HKSOJIH WO-ILOLLHH WHLHKHP RYYo
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SXHPLL-KOXOP I-gPHHK-HF qPI-WWY-IQP WHSI-W-P SJZLH «p�× RI´ JIOO N+ = 1[H N+ = 3

SJWRJPQPLL-QP SKHII-ILQP VHLH[HSIJ[QP «p�{ [H T�{ RI´ XYK--P� W-oSY X--LLH-I- I--ZQP� QLLY -JP-PQP bf-P JK-I- IQSHL-KHIIHF c-gPHHK-IIH ZHXH-LHHP
WbeI JI-LLH-PQP OOfQKKQQP WOJfJILOW-PQP Eu RI�P SJZfHKKHF GYWY JP H-SH-oIQWW-P SO-P SOWWHPSHHP SJWRJPQPL-P JKQLQLLO JI-LLH-IQP OOfQKKQQPWOJofJILOW-IQP H[HPSJZLH «1

2T
N+=1
R = 25 RI� 1

2T
N+=3
R = 18 RI´F GYWY IQK-LLbb

RHSQL-P PJRQHWWHKKH KQX-YW-IQKKY IOOVQWWHP L-KHL-ZQbfQP [H L-KJ[QP SbLSQboLbW-IQP SHOLLHF
jJVSQ-KKH SXHPLL-KOXOP HVXJ-KKH -JP-I-gPHHK-IIH PYZfYYP bSI- IQKSQY WHSI-W-[H IQP [YKSQQP OIQ-LH PJRQ-LH XYVYZLQKb[YF v-QPQL XYVYZLQKbL JXHL LJ-ILQLLHX-IoIH [H XHILHHXHL SJVSQHP SQVLHKOXOP JI-LLH-I-H OOfQKKQQPWOJfJILOW-I-H� [J-oLH PYZfYYP WbeI HLJWQ-IIHF ¨J-P E\ RI�P SJZfHKKH PYZfYYP PQK[YPPQIJIH [HPJ-P M\ RI�P SJZfHKKH SJKWHIJIH OOfQKKQQPWOJfJILOW-PQP� [JLSH JXHL [YKKQQPK--HP H-SH-I-P XQVVHLLOPH HLJW-QP XHILHHX--P «1

4T
N+=1
R = 33 RI� 1

4T
N+=3
R = 20RI [H 1

3T
N+=1
R = 44 RI� 1

3T
N+=3
R = 27 RI´F ybeI ZHXH-LLO QPI-WWY-PQP WHSoI-W- JP K--HP H-SH-I-P u�T RI�P SJZfHKKH� SOP SKHII-IQL VHLH[HSIJL JXHL N+ = 1L-KHKKQ h�h RI [H N+ = 3

L-KHKKQ u�{ RIF
jOXHIIH \FM JP SOXHLLO W-LHLLO QPI-WWY-IQP WHSI-W-P QI--PLbW-IH-SH SQIoS-WYYVY-IQP RYYSXHPLL-KOXOP IOZLQQPF jOX-ILH PYZfYYP SKHII-IQP VHLH[HSIJPSHIXHXHP SQIS-WYYVY-IQP RYYSXHPLL-KOXOP IOZLQQP� SOLQP HLJWQ-KKHS-PF jHIoXOIIH QI--PLbb SO-LQPS-P RJ-SSQHX-H HKOQ-LHF ¨--KKY HKOQ-KKH� [J-KKH bL-WQP VJoLHHL-J[HSIJ JP KYZQKKY HHKLJRHSQL-P SKHII-ILH VHLH[HSIJH� RbVS-- HHKLJRHSQL-P
fbPHW--SSH IJRQOLOWHHP bL-WQP K--SSQQIQQPF jKHII-PQP VHLH[HSIJ SHIXHH LH-KbZQPQQ XHILHLHSIQQP RHVQWW-P bL-WQP VJLHHL-J[HSIJHF jOXHIIH \FMH ZHXH-oLHHP LYKKY-PQP HKOQ� SOP RYYSXHPLL-KOSO JP M\ o T\ [H SHLSJX--XHKKH WQVS-LLbbL-WQP VJLHHL-JL-KHP N+ = 2 VJLHHL-J[HSIJ JP PJ-P T�\ RIF jOXHILH \FMz
KebfQLYYP SHSI- LYKKY-ILY HKOQLLH� [J-ILH LJ-PQP XHILHH bL-WQP VJLHHL-JL-KHH
N+ = 3 VJLHHL-J[HSIJKKH M�\ RI [H LJ-PQP VJLHHL-JL-KHH N+ = 1 VJLHHL-J[HSoIJKKH u�× RIF
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jOXH \FM� jKHII-PQP VHLH[HSIJ SQIS-WYYVY-IQP RYYSXHPLL-KOXOP IOZLQQP� SOP
HHKLJRHSQL-P X-V-LbI JP LQZLb L-KHP H´ N ′ = 0, J ′ = 1/2 � z´ N ′ = 1, J ′ = 3/2 �d´ N ′ = 3, J ′ = 7/2

[H f´ N ′ = 5, J ′ = 11/2
SHOLLHF
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ÉÒâÅÈÈÒÓÉÅ
qPI-WWY-IQL HISQKQQL SJZL- HLJW-QP [H WJKQSbbK-QP QKQSLVJP-ILQP HHKLJRHoSQLL-QP SXHPLL-ZHKK-PLHH� [JIIH ZHKK-PPHP WQSHP-IW- LOPPQLHHP LHVSHIL-� JLQLoL--P j-Pg^I �JKKQgQ nJPfJP-IIH SIQPJPoHLJWQ-KKQ ¿T×ÀF GHVSHILQKQWWQ SO-LQPoS-P W-QKQPS--PLJ-IQWRHH IHWHIIH KHzJVHLJV-JIIH Z-QWHP WbeZQWW-P LQZLbYSXHPLL-ZHKK-PLHH LbRR-WJPJSI-f-P HHKLJRHSQLQ-KKQ ¿TEÀF
jJSQQIIH SYbLQLL--P SJKWQP -fQPLL-IQP XH-ZQKOS-LOP KHIQVoROKII-P IHV[HHF qPoI-WWY-PPQP KHIQVoROKII- X-V-LL- XYK-L-KHKLH Á2Σ+(v′ = 1, N ′ = 0, J ′ = 1/2) �[JSH JK- KOJLO SOLQP QfQKK-IQIIY SJSQQIIH� RYYHI-HIIH SHZLH ibfzQVg-P IHVo[HH� [J-fQP -JP-IHHL-JVH[HH XHILHH ¨�+ �P L-KH !1Σ+(v+ = 1)

F cHV[HL JK-XHL
nR(N+ = 0)

[H n}(N+ = 2) � [J-IIH N+ JP -JP-IQP bL-WQP VJLHHL-JSXHPLL-oKOSOF GJ-PQP ROKII- LJ-W- WOJSSHOIROKII-PH [H SJKWHLLH ROKII-H SYbLQLL--P
JRL-IQP iHWIQbP WQPQLQKWYP W-LLHOIROKII-PHF |JP-IHHL-J IOJV-LQLL--P ROKIoI-LQLOKKH IYZSeSQPLYKKYF
GJ-PQP ROKII- IYYfQLL--P IHHROWHHP WJKQSbbK--P H-SHH tavg = 5, 041 RI�H WbeoZQWW-P SO-P X-V-LbIROKII-F GYPY H-SHPH HHKLJRHSQL-P SJWRJPQPL-L nR(N+ =

0)
[H n}(N+ = 2) JXHL IOOPP-KKQQP RHKHPPQQL bL-WQP KYZQ-IbbLQP QPI-WWY-oIQP SQVVHP «T 0

cl = 5, 5 RI [H T 2
cl = 4, 6 RI´ [H P--KKQ JP IbPLbPbL XH-ZQoQVJ

∆φ(tavg) = (ε2 − ε0 + ∆Erot) tavg/~,
«\FE´

[JSH [JZLOO SJKWQILH LQS-[YILY� HHKLJRHSQL-P SJWRJPQPL-P nR«×´ SQIS-WYYoVY-IQILY QPQVg-HILH ε0 -JP-IHHL-JVH[HP !1Σ+(v+ = 1, N+ = 0) HKHROJKQKKH�
HHKLJRHSQL-P SJWRJPQPL-P n

}«M´ SQIS-WYYVY-IQILY QPQVg-HILH ε2 -JP-IHHL-JoVH[HP !1Σ+(v+ = 1, N+ = 2) HKHROJKQKKH [H -JP-IQP bL-WQP VJLHHL-JL-KJ[QP
N+ = 0

[H N+ = 2
QPQVg-HoQVJILH ∆Erot

F a-V-LbIROKII-P SQIS-WYYVY-PQPQPQVg-H {u tp× dW−1 [H ROKII-QP XYK-PQP X--XQ
tavg

JK-XHL XHK-LLO I-LQP� QLLYX--XQQP
tavg

SOKOLLOH X-V-LbSIQILY HHKLJRHSQL-P SJWRJPQPLL-QP XH-ZQoQVJ JP π[H SJWRJPQPLL- nR«×´ JP IHWHIIH XH-ZQQIIH SO-P [OOV- X-V-LQLbIIY RHSQL-IIHFGYKKe-P� SJISH X-V-LbIo [H WOJSSHOIROKII-P SJWRJPQPL-L nR«×´ JXHL IHWHIoIH [H SJWRJPQPL-L n}«M´ XHILHSSH-IQIIH XH-ZQQIIH� -PLQV}QVQPII- LOZJHH n}«M´SJWRJPQPL-L [H HHKLJRHSQLL--P [YY H-PJHILHHP SJWRJPQPLL- nR«×´F ïJI WOJSoSHOIROKII-P XH-ZQLLH SYYPPQLYYP π �P XQVVHP� LHRHZLOO XHILHSSH-PQP -KW-e [H
WOJSSHOSIQP [YKSQQP HHKLJRHSQLL- WOJfJILOO H-PJHILHHP L-KJ-ILH n}«M´F ¨Y-PXJ-fHHP WYYVYLY HHKLJRHSQL-P VHLHRbeV-W-IWYYVYP SXHPLL-KOSO «[H IHWHKKH
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bL-WQP VJLHHL-JL-KH´� [JSH PYZfYYP SOXHILH \FT [H I-WOKJ-fO-ILH RJROKHHL-J-IoLH SOXHIIH \FpF
jJSQQIIH IOJV-LQLL--P I--I SXHPLL-ZHKK-PLHH LbRR-WJPJSI-f-WJKQSbbK-P QKQSLVJoP-IQKKQ HHKLJRHSQL-KKQ I-LQP� QLLY ZHKK-PPHP WQSHP-IW- LOPPQLL--P LHVSHIL-F jJQ
JP H-PJH KHHLOHHP XOJfQP M××p KJRROOP WQPPQIIYF
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jOXH \FT��RL-IQP iHWIQbP WQPQLQKWYP -JP-I-gPHHK-P H-SHSQZ-LbI� SOP SQIS-oWYYVY-PQP RYYSXHPLL-KOSO JP nR(0)oL-KJ-KKQ TT [H n}(2)oL-KJ-KKQ TE�MF ÁKZHHKKH�vQKSSY X-V-LbIROKII- -KWHP WOJSSHOIROKII-HF jQISQKKY� yOJSSHOIROKII- [YLLYY[YK[QKKQ XH-P HHKLJRHSQL-P nR«×´ L-KHLF õKZYYKKY� yOJSSHOIROKII- [YLLYY [YK[QKKQXH-P n}«M´ L-KHLF

jOXH \Fp� c-WOKJ-fOL ibfzQVg-P L-KJ[QP RJROKHHL-JL� SOP -PLQV}QVQPII- [YLLYY[YK[QKKQ
nR«×´ L-KHL «bKZYYKKY´ LH- n}«M´ L-KHL «HKZHHKKH RQ-K-SOXHPH´F



�� � a

b¤3��§��3£

GYIIY LOLS-QKWHIIH LOLOILO-WWQ QKQSLVJP-I--P HHKLJRHSQLLQ-Z-P HLJWQ-IIH [H
WJKQSbbKQ-IIYF ¨Q JXHL W-QKQPS--PLJ-I-H LOLS-LLHQIIH SKHII-IQP [H SXHPLL-}boI--SHP VH[HH IQSY QV-Lb-IQIL- WJKQSbbK-QP SXHPLL-ZHKK-PPHP -KW-e-fQP bWWYVoLYW-IQIIYF jQW-IL-P SHPPHKLH SXHPLL-ZHKK-PPHILH LQSQQ W-QKQPS--PLJ-IQP IQ�QLLY IQP HXOKKH XJ-fHHP WOJSHLH WJKQSbbKQ[Y� f-IIJI-J-fH� WOOLLHH I-IY-ILY
VHSQPPQLLH� ZQVS-ILYY WJKQSbbK- L-QLbKKQ VQHSL-J-KKQ LH- QILYY VQHSL-JLH LHRHZoLOWHILHF qVJLOSIQPH QI-WQVS-SI- XHKJSQW-HHP JP� QLLY SXHPLL-ZHKK-PPHIIH -KoW-eL JXHL SJZQVQPLLQ[H� [JLQP ZHKK-PPHP WHZfJKK-IOOfQL K-IYYPLbXYLF
ïJZfHPPJIIH SYX-WWQ KYR- bKQ-I-Y ZOJW-J-LH [H WOOLHW-H QI-WQVSSQ[Y HHKoLJRHSQLQ-ILHF GOLOILO-WWQ LHIJHHKLJ-Z-P� XHRHHP Z-OSSHIQP [H ZHVWJP-IQPXYVYZLQK-[YP HHKLJRHSQLLQ-Z-PF ¨Y-fQP bZLQbfQIIY ZOJWHI-WWQ� QLLY I-fJLLOo[QP L-KJ[QP HHKLJRHSQL-L RbIbXYL SJJIIH [H P--fQP H-SHSQZ-LbSIQIIY PYZfYYP[HSIJKK-IOOLLH LJ-I-P SO-P I-LJWHLLJW-ILH L-KJ-ILH WOJfJILQLLOL HHKLJRHSQL-L�[JLSH KJROKLH KQX-YXYL VH[HLLHF
cQOVHHXHIIH KOXOIIH SYI-LLQK-WWQ QKQSLVJP-ILQP HHKLJRHSQLL-QP LQJV-HH HLJoWQ-IIH SYbLLYQP QI-WQVSS-PY XQLbHLJW-HF GHVSHILQK-WWQ bSI-LLY-ILY JW-PH-IoL-KHH� [JPSH ZOJWHI-WWQ JKQXHP H[HILH V--RROWHLJPF cQOVHHXHSI- WOJfJIoL-WWQ HHKLJRHSQL-P SHZfQILH JW-PH-IL-KHILHF ÁHKLJRHSQLL- XYVYZLQK- LHH[OOofQKKH� [JPSH [HSIJ XHILHH SKHII-IQP QKQSLVJP-P VHLH[HSIJH QKK-RI-VHfHKKHF GHHo[OOLLH SOLIOLL--P ZHVWJP-IQSI- LHH[OOfQSI-� SJISH ZHKOLL--P SJVJILHH IQP IHoWHPSHKLH-IOOLLH WJKQSbbK-QP XYVYZfbIIRQSLVJISJR-HP ZHVWJP-IQP LHH[OOfQPSHPIIHF jJKWQILH XQfbP ibfzQVg-P L-KHILH WOJfJILQLOIIH HHKLJRHSQLL-IIHPY-WWQ ZHVWJP-IQP LHH[OOfQP K-IYSI- bK-XYVYZfbSIQP IQSY QRYZHVWJP-IOOofQILH [JZLOXHP ZOJ[OPPHPF

\{
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jJKWHPPQIIH KOXOIIH LOLOILO-WWQ WQPQLQKW--P� [J-LH LHVX-LHHP LQZLYQIIY SJoSQ-LH QKQSLVJP-I-KKQ HHKLJRHSQLQ-KKQF jJSQ-IIH SYbLQLYYP KbZb-LY KHIQVoROKIIQ[HX-V-LLYWYYP HHKLJRHSQLLQ[H� SJISH PQ RbILbXYL KOJWHHP SJSQQKK-IQIL- W-LHLoLHXHP WYYVYP IHWHIIH L-KHIIH JKQX-H HLJWQ[H LH- WJKQSbbKQ[YF nHIQVoROKII-QPWOJLJH XJ-fHHP WOJSHLH QI-WQVS-SI- Á�yo LH- n�yoWQPQLQKW-KKY [H P--fQPSHVHSLQV-IJ-PL--P SYbLQLYYP ©i�No LH- !©i�NoWQPQLQKW-YF qKQSLVJP-ILQPHHKLJRHSQLL-QP SHVHSLQV-IJ-PL--P IJR-X-ILH WQPQLQKW-ILY QI-LQKL--P L-KJ[QP RJoROKHHL-J-fQP WYYV-LLYW-IQQP IJR-XHL rX-V-LY [H SJQLHsoWQPQLQKWY IQSY XHK-SJ-oXH IYZSeSQPLLY-JP-IHHL-J� HHKLJRHSQLL-QP H-SHSQZ-LbSIQP LOLS-W-IQQP IJR-XH
JRL-PQP iHWIQbP WQPQLQKWY [H �Q-PHdZL �� ±®�P WQPQLQKWY� [JKKH XJ-fHHP
WYYV-LLYY QKQSLVJP-PQP HHKLJ}OPSL-J LYbI-PF nJROSI- SYbL--P KYR- ROJK-HHKLJoROKII-QP SYbLLYW-PQP rjQRKQV-Ps RHSQLL-QP KOJPP-IIH [H SHVHSLQV-IJ-PP-IIHF
nOSO PQK[Y QI-LLQK- KbZbQIL- SXHPLL-ZY-V-eI-VJPLHLQJV-HP [H HLJWQ-KKQ LQZLb[YSJSQ-LHF jXHPLL-ZY-V-eI-VJPLHLQJV-HIIH SYbLQLYYP JPgQKWHP }bI-SHHK-ILH KOJPoPQLLH ZbXYSI- VHLSH-ILHQIIH IbILQQW-P HHKLJ}OPSL-J-LHF cbILQQW- SOXHLHHPibfzQVg-P QKQSLVJP-P [H [YK[QKKQ [YYXYP -JP-IQP bL-WQP HHKLJ}OPSL-J-KKH� [JLSH
JXHL SbLSQbLbPQQL LJ-I--PIH H-PJHILHHP -JP-IQP bL-WQP HKOQQKKHF qI-LbI WO-IoLOLLHH I-VJPLHLQJV-HH� [JIIH ibfzQVg-P QKQSLVJP- I-VJHH -JP-IQILH bL-WQILYF
ÁLJWQ-KKQ LQZfb-ILY SJSQ-ILH SYI-LLQK-WWQ HKOSI- bZfQP VHf-HHK-IQP HHKLJRHoSQL-P SJSQQP SHK-OWoHLJW-KKQF cQOVHHXHSI- LOLOILO-WWQ SJSQQIQQP� [JIIH LHVoSHILQKL--P SHZfQP HHKLJRHSQL-P -PLQV}QVQPII-Y HLJW-IIH� SJSQQIQQP� [JIIH VHf-oHHK-IQP HHKLJRHSQL-P fbPHW--SSHHP XH-SOLQLL--P WHgPQQLL-SQPLYKKY [H rjQRKQoV-Ps RHSQL-KKQ LQZLbbP SJSQQIQQPF qfQKK-IQL SJSQQL JK-XHL HKSHHK-WQLHKKHKK-HLJoWQ-KKQ� [J-KKH JP H-PJILHHP bSI- XHKQPII-QKQSLVJP-F jHZfQP XHKQPII-QKQSLVJP-P
HLJW-QP SJSQ-I--P K--LLbQP SYI-LLQK-WWQ HLJW-P -LIQ-JP-IHHL-JLH [H -JP-IQP bL-oWQP [HSIJKK-IQP X-V-LbSIQP XH-SOLOILH HHKLJRHSQL-P QK-P-SYYPF
a--fQPPQIIY KOXOIIH LOLOILO-WWQ SHZLQQP SJSQQIQQP� [JLSH JP LQZLb LbRR-WJoPJSI-f-KKQF qPI-WWY-IQIIY SJSQQIIH LOLS-LL--P VHf-HHK-IQP HHKLJRHSQL-P SYbLoLYbLbW-ILY LbRR-WJPJSI-f-IIH [H ZHXH-LL--P QKQSLVJP-IQP HHKLJ}OPSL-JP SbLoSQbLbW-PQP VJLHHL-JHHKLJ}OPSL-JJP IQSY K-IYYPLbPbL f-IRQVI-JF GJ-PQP SJQ SYoI-LLQK- QfQKK-IQP SJSQQP HHKLJRHSQL-P RbeV-W-IWYYVYSXHPLL-KOXOP SXHPLL-ZHKoK-PLHHF GYIIY SJSQQIIH JK- P-WQPJWHHP JKQQKK-ILH� QLLY IQ LQZL--P WJKQSbbK-KKQ[H SXHPLL-ZHKK-PPHP WQSHP-IW- LOPPQLL--P LHVSHIL-� W-SY LQSQQ I--LY H-PJHPKHHLOHHP XOJfQP M××p KJRROOP WQPPQIIYF
GOKQXH-IOOfQIIH SXHPLL-ZHKK-PPHP WQSHP-IW-QP LOPLQWOI K-IYYPLbb OOI-QP



\h
SJSQ-fQP WbeLYF jOP WQSHP-IW-L LOPPQLHHP [H SJSQQKK-IQL WQPQLQKWYL SQoZ-LLbXYL LHVRQQSI-� PQ WHZfJKK-ILHXHL H-XHP OOfQPKH-ILH SQW-HHF yJKQSbbKQ[Y
RbILbLYYP WOJSSHHWHHP KYZQI W-QK-XHKLH-IQIL-F cJXQKKOISJZLQ-LH JP KOSO-I-H�QI-WQVS-SI- PHPJLQSPJKJg-H LOKQQ ZbeLbWYYP SXHPLL-ZHKK-PPHILH ZOJWHLLHoXHIL-F
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©JOV-QV-P WOOPPJI
F (k) =

1√
2π

∫ ∞

−∞
f(x)Ê−ikxdk «ÁFE´

jYYPLQ-PQP ©JOV-QV-P WOOPPJI
f(x) =

1√
2π

∫ ∞

−∞
F (k)Êikxdk «ÁFM´

Î-VHd-P fQKLH
δ(x) =







1
SOP x = 0

0
SOP x 6= 0

«ÁFT´
vH-SSHJRQVHHLLJV- RH-SSHoHXHVOOfQIIH

x̂ = x «ÁFp´
vH-SSHJRQVHHLLJV- K--SQWYYVYHXHVOOfQIIH

x̂ = i~
∂

∂p
«ÁF\´

n--SQWYYVYJRQVHHLLJV- RH-SSHoHXHVOOfQIIH
p̂ = −i~ ∂

∂x
«ÁFu´

vH-SSHJRQVHHLLJV- K--SQWYYVYHXHVOOfQIIH
p̂ = p «ÁF{´

UHW-KLJP-P JRQVHHLLJV- WJPQKKQ Z-OSSHIQKKQ
Ĥ = T̂ + V̂ =

∑

i

p̂2
i

2mi
+ V̂ «ÁFt´

qPQVg-HP JRQVHHLLJV-
Ê = i~

∂

∂t
«ÁFh´

uE
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GHIJHHKKJL XJ-fHHP PJVW-LLHH LHVSHILQKQWHKKH XHRHHLH Z-OSSHILH [HSIJKK-IQIIH[YV[QILQKWYIIY� [JIIH [HSIJP R-LOOI JP L F ïHSIJKK-IOOI XHHL--� QLLY HHKLJ}OPSL-JJP IHWH bZfQP LH- OIQHWWHP [HSIJP QLY-IbbfQP RYYIIY QK-
ψ(x) = ψ(x+ nL) «ØFE´

«P JP SJSJPH-IKOSO´F ÁHKLJ}OPSL-JL JXHL QfQKKQQP LHIJHHKLJ[H� WOLLH XH-P IQKoKH-IQL� [JLSH LYbLLYXYL QZfJP
ξk(x, t) = ξk(x+ nL, t) = N Êikx−iωkt = N Êik(x+nL)−iωkt. «ØFM´

qZfJP LYbLLYXYL PQ� [J-KKQ ÊiknL = 1 � [JLQP k = 2πm
L

«m JP SJSJPH-IKOSO´F¨JVW-LLHWHKKH HHKLJ}OPSL-JL bZfQP [HSIJP H-SHPH
∫ L

0
|N |2dx = L|N |2 = 1, «ØFT´

IHHfHHP N =
√

1/L
F

¨bL XJ-fHHP IOJV-LLHH ZHKOLOL KHISOL PJVW-LQLO-KKQ LHIJHHKKJ-KKQ JKQLLHWHKoKH� QLLY L JP ZbX-P IOOV-F c-LQP k �P HVXJL JXHL KYZQI [HLSOX-H [H QI-WQVS-SI-
IOWWHL HHKLJXQSLJV-QP bK- XJ-fHHP SJVXHLH -PLQgVHHKQ-KKHF nHISO[QP [YKSQQP
RJ-ILQLHHP LOKJSIQILH [HSIJKK-IOOI X-QWYKKY

L
YYVQLLeWYSI-F ïHSIJKK-IOOfQIoLH LH- YYVQKK-IQILY SJJILH H-ZQOLOXHL LQVW-L IHHXHL [HSH[HSIQQP L → ∞ [HZYX-YXYLF

uT
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¿EÀ ÁF ÁII-JP �� ±®� cd-QPdQ ]k]� hEh «Ehht´F
¿MÀ ïF nF UQVQS �� ±®� ¨HLOVQ w>�� \TT «M××M´F
¿TÀ ØF UF ØVHPIfQP HPf �F ïF ïJHdZH-P� ð°±��°� ñ�²ò±��²ó� M QfF «vVQPL-dQUHKK� UHVKJl� qPgKHPf� M×××´F
¿pÀ iF ÁF nF cW-LZ� ïF iF iF aQVKQL� HPf UF UF ©-QKf-Pg� vZbI-dHK �ZQW-ILVb

�ZQW-dHK vZbI-dI �� T\u{ «M××T´F
¿\À ïF iF iF aQVKQL HPf UF UF ©-QKf-Pg� |PLQVPHL-JPHK iQX-QlI -P vZbI-dHK

�ZQW-ILVb ]m� MtT «M××E´F
¿uÀ ÁF yF �Q-PQV� iQX-Ql J} cd-QPL-@d |PILVOWQPLI �>� EhMh «M×××´F
¿{À "���³ó�²³�
 ±ó�� 	°ó�ón 	���²�	 �ó ±�
 �Y	�������ó� Qf-LQf zb �F iOKoK-oVQ «cRV-PgQVoaQVKHg� ØQVK-P� Ehht´F
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