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Abstract

Semiparametric inference on average causal effects from observational data is based on
assumptions yielding identification of the effects. In practice, several distinct identifying
assumptions may be plausible; an analyst has to make a delicate choice between these mod-
els. In this paper, we study three identifying assumptions based on the potential outcome
framework: the back-door assumption, which uses pre-treatment covariates, the front-door
assumption, which uses mediators, and the two-door assumption using pre-treatment co-
variates and mediators simultaneously. We provide the efficient influence functions and
the corresponding semiparametric efficiency bounds that hold under these assumptions,
and their combinations. We demonstrate that neither of the identification models provides
uniformly the most efficient estimation and give conditions under which some bounds are
lower than others. We show when semiparametric estimating equation estimators based
on influence functions attain the bounds, and study the robustness of the estimators to
misspecification of the nuisance models. The theory is complemented with simulation ex-
periments on the finite sample behavior of the estimators. The results obtained are relevant
for an analyst facing a choice between several plausible identifying assumptions and corre-
sponding estimators. Our results show that this choice implies a trade-off between efficiency
and robustness to misspecification of the nuisance models.

Keywords: causal inference, efficiency bound, robustness, back-door, front-door

1. Introduction

This paper deals with observational studies, where the treatment assignment is not ran-
domized. In such studies, inference on a causal parameter of interest relies on assumptions
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that allow identification of the parameter. Depending on the scientific context and observed
data, the analyst may consider several such assumptions, hereafter also called identification
models. We investigate how the choice of the identification model affects the efficiency and
robustness of the semiparametric estimation of a causal parameter.

In this paper, we use the potential outcome framework (Neyman, 1923; Rubin, 1974)
to define causal estimands, and consider three semiparametric models used to identify the
average causal effect (ACE) of a treatment on an outcome of interest. The first model
considers observed data on the treatment, pre-treatment covariates and outcome and is
defined through a back-door assumption (also called ignorability of treatment assignment,
Rosenbaum and Rubin, 1983), where the treatment assignment is assumed randomized-like
given a set of observed pre-treatment covariates. The second identification model considers
observed data on the treatment, mediators and outcome and uses a front-door assumption to
identify the ACE. The third model considers observed data on the treatment, outcome, pre-
treatment covariates and mediators to identify the ACE using both pre-treatment covariates
and mediators (Fulcher et al., 2020). We say that this model is defined via the two-door
assumption because it combines pre-treatment covariates from the back-door assumption
and mediators from the front-door assumption. Other types of identification models not
covered in this paper do exist, for example, Bowden and Turkington (1984); Shpitser et al.
(2010); Helske et al. (2021). In particular, instrumental variables are often used in empirical
economics, although in that case a different target causal parameter (local average causal
effect, Angrist et al., 1996) is identified.

The back-door assumption has been fundamental for the study of efficient estimation of
semiparametric regular asymptotically linear (RAL) estimators of the ACE. Robins et al.
(1994) and Hahn (1998) independently derived the semiparametric efficiency bound (van der
Vaart, 1998), that is, the lower bound for the asymptotic variance of semiparametric RAL
estimators under the back-door assumption. This bound has served as a benchmark for a
wide range of proposed estimators; see, for example, Scharfstein et al. (1999); Abadie and
Imbens (2006); Chan et al. (2016); Tan (2020).

Recently, Fulcher et al. (2020), also using the potential outcome framework, provided the
efficient influence function, the variance of which is equal to the semiparametric efficiency
bound, under the two-door assumption. Related results have been obtained using the
graphical framework (Pearl, 2009). In particular, Rotnitzky and Smucler (2020) derived
efficient influence functions for structural causal models described through directed acyclic
graphs, and Bhattacharya et al. (2022) extended Rotnizky’s results to a specific type of
acyclic directed mixed graphs allowing for hidden/unobserved variables.

In this context, we contribute in several directions. First, we show that none of the con-
sidered identification strategies is uniformly the most efficient for ACE estimation. Second,
we deduce the efficient influence functions and the corresponding semiparametric efficiency
bounds under pairwise combinations of the back-, the front-, and the two-door assump-
tions. Several of the derived efficient influence functions are identical to those obtained
within a graphical model framework in Rotnitzky and Smucler (2020) and Bhattacharya
et al. (2022). This happens when the causal parameters and the identifying models with two
frameworks yield the same observed data distribution and statistical parameter (functional
of the observed data distribution) on which the inference is performed.
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Contrasting Identifying Assumptions

Furthermore, we contrast the efficiency and robustness of semiparametric ACE esti-
mators constructed under different identification models. For this purpose, we introduce
estimators based on the derived efficient influence functions. These estimators use different
sets of nuisance models of the data generating mechanisms. In particular, to achieve the
bounds, estimators fit different sets of nuisance models, which need to be estimated at a
sufficiently high rate of convergence. We also show that the proposed estimators have dif-
ferent robustness properties. Firstly, they are consistent even if some of the fitted nuisance
models are misspecified. Secondly, they reach the semiparametric efficiency bound even
when some of the nuisance models are estimated at a slow convergence rate, provided that
the other nuisance models are estimated at a high enough rate (a product rate condition
is used; e.g., Farrell 2015). In addition to the theoretical properties, the finite sample be-
haviors of the proposed estimators are compared via simulation experiments. Our results
make it clear that there is a trade-off between efficiency and bias (robustness) of the estima-
tion using different identifying assumptions. Thus, an analyst needs to consider a trade-off
between the plausibility of the identifying assumptions and the difficulty in specifying (or
non-parametrically estimating) nuisance models.

The rest of the paper is organized as follows. Section 2 introduces notation and the
potential outcome framework, presents the back-, front-, and two-door identifying assump-
tions studied, and provides the corresponding efficient influence functions. Semiparametric
efficiency bounds based on different models are derived and compared in Section 3. Section 4
introduces semiparametric estimators, including their robustness and efficiency properties.
A simulation study on finite sample properties is included in Section 5. The findings are
discussed in Section 6.

2. Background

We start this section by providing definitions and notation. We then describe the identifi-
cation models and present the corresponding efficient influence functions.

2.1 Definitions and Notation

We consider a scalar treatment variable A. Following the Neyman–Rubin causal model
(Neyman, 1923; Rubin, 1974; Holland, 1986) and the mediation framework (Robins and
Greenland, 1992; Pearl, 2001), let Y (a) and Z(a) denote, respectively, the values of a
univariate outcome and a possibly multivariate mediator that is observed if the treatment
A is set to value a. The parameter of interest is the average causal effect of a treatment,
θ = EY (a∗) − EY (a), where EY (a) denotes the expectation of Y (a). Further, let Y (a, z)
denote the value of the outcome that would be observed if the treatment A were set to a and
the mediating variable were set to z. Also, let Y (a, Z(a∗)) denote the value of Y that would
occur if A were set to a and Z were set to what it would have been if A were set to a∗. The
observed outcome and the observed mediator are denoted by Y and Z, respectively. Let C
and U denote a set of, respectively, observed and unobserved, pre-treatment covariates that
may confound the A–Z, Z–Y or A–Y relationships. Thus, C is not allowed to be affected
by A,Z, and Y ; A is not allowed to be affected by Z and Y ; Z is not allowed to be affected
by Y. The sets of possible values of the considered random variables are correspondingly
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denoted as A,Y,Z, C and U . We consider an i.i.d. sample of size n and use index i to
represent subjects in the sample.

We use p(x) = p(X = x) to denote the probability density function of a continuous
random variable X at point x and, correspondingly, the probability mass function if X
is a discrete random variable. We use Pf(X) to denote expectations of f(X) for a new
observation X (treating the function f as fixed); Pf̂(X) is random since it depends on the
sample used to estimate f . ||f ||2 = Pf2. In what follows, we assume discrete random vari-
ables; accordingly, we use summations of probabilities over the space of values of a random
variable. If the random variables were continuous, the summations would be replaced by
integrals.

The indicator function I(A = a∗) is equal to 1 if A = a∗ and 0 otherwise. When√
n(θ̂−θ)→d N(0, V ), V will be called the asymptotic variance of θ̂. We make the following

assumption throughout.

Assumption 1 (i) If A = a, then Y = Y (a) and Z = Z(a) with probability 1 for any
a ∈ A (consistency assumption, e.g., Pearl, 2009, p.229, Goetghebeur et al., 2020),

(ii) If A = a and Z = z, then Y = Y (a, z) with probability 1 for any a ∈ A, z ∈ Z
(consistency assumption),

(iii) For any a ∈ A, Y (a) = Y (a, Z(a)) (composition assumption, e.g., Pearl, 2009, p.229,
VanderWeele, 2015, p.462).

From the definitions, it follows that if Z(a∗) = z, then Y
(
a, Z(a∗)

)
= Y (a, z) for any

z ∈ Z and a, a∗ ∈ A. This means that the outcome is the same regardless of the mediator
being assigned or occurring as a response to some treatment. We also assume in the sequel
that p(Y,A,Z,C) > 0 for any a ∈ A (positivity assumption), and that the variances of the
observed variables are bounded.

2.2 Identification Models

When the treatment is not randomized, as in observational studies, θ can be estimated
if it is identified in the considered model. Below we present back-, front-, and two-door
assumptions under which θ is identified. We also provide the corresponding identification
expressions.

In the first identification model, consider observed data on C,A, and Y. Under the
following back-door assumption (also called ignorability assumption, Rosenbaum and Rubin,
1983),

BD Y (a) ⊥⊥ A|C, ∀a ∈ A,

θ is identified through the back-door adjustment p(Y (a∗) = y) =
∑
c
p(c)p(y|a∗, c).

The second identification model considers observed data on A,Z, and Y. Under the
following front-door assumptions

FD1 Y (a, z) = Y (a∗, z) = Y (z) for any a, a∗ ∈ A and z ∈ Z,
FD2 Z(a) ⊥⊥ A for any a ∈ A,

4
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FD3 Y (a, z) ⊥⊥ Z(a∗)|A = a for any a, a∗ ∈ A and z ∈ Z,

θ is identified via the front-door adjustment p(Y (a∗) = y) =
∑
z
p(z|a∗)

∑̄
a
p(y|ā, z)p(ā). The

adjustment follows from Lemma 1 in Fulcher et al. (2020), by treating C as unobserved
variables. In the sequel, assumptions FD1–FD3 will collectively be denoted by FD.

Finally, in the third model, consider observed data on C,A,Z, and Y and the two-door
assumptions

TD1 Y (a, z) = Y (a∗, z) = Y (z) for any a, a∗ ∈ A and z ∈ Z,

TD2 Z(a) ⊥⊥ A|C for any a ∈ A,

TD3 Y (a, z) ⊥⊥ Z(a∗)|A = a,C for any a, a∗ ∈ A, z ∈ Z.

If Assumption TD holds, θ is identified via the two-door adjustment p(Y (a∗) = y) =∑
z,c
p(z|a∗, c)

∑̄
a
p(y|ā, z, c)p(ā, c). The two-door adjustment follows from Lemma 1 in Fulcher

et al. (2020), because, under Assumption TD1, Y (A,Z(a∗)) = Y (a∗, Z(a∗)) = Y (a∗), that
is, there is no direct effect of the treatment A on the outcome Y.

Assumption TD1 is the same as Assumption FD1, and corresponds to Assumption 5
in Fulcher et al. (2020). Assumptions TD2–TD3 correspond to Assumptions 2 and 3 in
Fulcher et al. (2020), and are conditional independencies given C, instead of the marginal
independencies in FD2–FD3. Thus, assumptions TD2–TD3 allow pre-treatment covari-
ates C to affect the mediator Z (see Figure 1c, for an example). In the sequel, we will
denote the set of assumptions TD1–TD3 by TD.

We work within the potential outcome framework and the identification models above
are potential outcome assumptions. An alternative framework to causal inference is based
on directed acyclic graphs (DAGs) and do-calculus (Pearl, 2009). These two frameworks are
used to define causal parameters and map those to statistical parameters (functional of the
observed data distribution) through identification models. The frameworks are not equiva-
lent. However, direct comparisons of identification assumptions within the two frameworks
can be done by looking at what consequences the assumptions have on the observed data
distribution and its mapping into a statistical parameter. The results derived under the
potential outcome framework in Section 3 can thus be compared with results deduced else-
where within the DAG framework to provide such comparisons. Furthermore, a recent third
causal framework combines DAGs and potential outcome variables through Single-World
Intervention Graphs (SWIGs, Richardson and Robins, 2013). We use SWIGs informally
here to describe examples of data generating mechanisms for which the above identification
assumptions hold, and relate these scenarios to criteria used in the graphical literature.

In particular, when the probability distribution function of (Y (a), A,C) is compatible
with a SWIG on these variables, model BD holds if C satisfies Pearl’s back-door criterion
(see Def. 3.3.1, Pearl, 2009) relative to (A, Y ) in the corresponding DAG. This is the
case in Figure 1a. Furthermore, for a distribution for (Y (z), Z(a), A, U) compatible with
the SWIG in Figure 1b, model FD holds if Pearl’s front-door criterion (see Def. 3.3.3,
Pearl, 2009) holds in the corresponding DAG. Finally, consider a distribution function for
(Y (a, z) = Y (z), Z(a), A,C, U) compatible with the SWIG in Figure 1c. Then, Assumption
TD1 (identical to Assumption FD1) corresponds to condition (i) of Pearl’s front-door
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A a Y (a)

C

(a)

A a Z(a) z Y (z)

U

(b)

A a Z(a) z Y (z)

C

U

(c)

Figure 1: Examples of Single-World Intervention Graphs that represent the distributions
that satisfy (a) Assumption BD; (b) Assumption FD; (c) Assumption TD.

criterion and Assumption 5 in Fulcher et al. (2020), i.e. Z should intercept all directed
paths from A to Y . Assumption TD2 corresponds to all back-door paths from Z(a) to
A being blocked by C (no unmeasured confounding of the exposure-mediator relationship
conditional on C, i.e. (ii) in Pearl’s front-door criterion, but here conditioning on C; see also
VanderWeele 2015, p.464). Assumption TD3 corresponds to conditioning on C, all back-
door paths from Z to Y being blocked by A (condition (iii) in Pearl’s front-door criterion
with blocking set including not only treatment A, but also covariates C).

2.3 Efficient Influence Functions

In what follows, we present the efficient influence functions for θ under the three considered
sets of identifying assumptions. The reader unfamiliar with semiparametric inference is
referred to Appendix A, Newey (1990), and Tsiatis (2006). Under Assumption BD, Robins
et al. (1994) and Hahn (1998) derived the efficient influence function for θ:

ϕbd =
I(A = a∗)

p(a∗|C)
(Y − E(Y |a∗, C))− I(A = a)

p(a|C)
(Y − E(Y |a,C))

+ E(Y |a∗C)− E(Y |a,C)− θ,

and Hahn (1998) provided the corresponding semiparametric efficiency bound

varϕbd = E

[
var
(
Y |a∗, C

)
p(a∗|C)

+
var
(
Y |a,C

)
p(a|C)

]
+ E

(
E
(
Y |a∗, C

)
− E

(
Y |a,C

)
− θ
)2

. (1)

Theorem 1 in Fulcher et al. (2020) provides the efficient influence function for parameter
E(Y (Z(a∗))), which, under Assumption FD1 (equivalently TD1), is equal to EY (a∗). Since
TD1 does not restrict the observed data distribution in any way, Theorem 1 from Fulcher
et al. (2020) can be used directly to derive efficient influence functions under Assumption
FD and under Assumption TD. Thus, ignoring the fact that pre-treatment covariates C are
observed (i.e., treating C as the unobserved U), and using the linearity of the differentiation
operation, one can show using Theorem 1 in Fulcher et al. (2020) that, under the FD
assumption, the efficient influence function for θ is

ϕfd = (Y − E(Y |A,Z))
p(Z|a∗)− p(Z|a)

p(Z|A)
+
I(A = a∗)

p(A)

(∑
ā

E(Y |ā, Z)p(ā)− EY (a∗)

)

− I(A = a)

p(A)

(∑
ā

E(Y |ā, Z)p(ā)− EY (a)

)
+
∑
z

E(Y |A, z)(p(z|a∗)− p(z|a))− θ.
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Furthermore, the efficient influence function for θ under the TD assumption follows directly
from Theorem 1 in Fulcher et al. (2020):

ϕtd = (Y − E(Y |A,Z,C))
p(Z|a∗, C)− p(Z|a,C)

p(Z|A,C)

+

(∑
ā

E(Y |ā, Z, C)p(ā|C)−
∑
ā,z

E(Y |ā, z, C)p(z|A,C)p(ā|C)

)
I(A = a∗)− I(A = a)

p(A|C)

+
∑
z

E(Y |A, z, C)
(
p(z|a∗, C)− p(z|a,C)

)
− θ. (2)

The semiparametric efficiency bounds under Assumption FD, varϕfd, and under Assump-
tion TD, varϕtd, are presented in Appendix B. The expressions for the bounds do not
include any counterfactuals and can, therefore, be estimated from the observed data.

3. Efficiency Comparisons

We consider here models where pairs of BD, FD, and TD assumptions are fulfilled. We
first compare the asymptotic variances of the semiparametric estimation based only on one
of the assumptions within a pair respectively, showing that none is uniformly lower. Note
that the efficiency bound under the model where a pair of assumptions are fulfilled can be
even lower than the bound under either individual identifying assumption. We, therefore,
deduce the semiparametric efficiency bounds valid under each pair of assumptions.

3.1 Back-door versus Two-door Identification

The model under Assumptions BD and TD considers the observed variables C,A,Z, Y.

Proposition 1 Suppose that Assumptions BD and TD are fulfilled and Y (a; z) ⊥⊥ A|C for
any a ∈ A, z ∈ Z. Consider semiparametric estimation based only on Assumption BD and
semiparametric estimation based only on Assumption TD. The difference between varϕtd
and varϕbd can be represented as follows:

varϕtd − varϕbd

=
∑
z,c

p(c)var(Y |z, c)

(
(p(z|a∗, c)− p(z|a, c))2

∑
ā

p(ā|c)
p(z|ā, c)

− p(z|a∗, c)
p(a∗|c)

− p(z|a, c)
p(a|c)

)
. (3)

Neither of the estimation strategies is uniformly more efficient than the other (in terms of
the lowest asymptotic variance) regardless of model parameters. For example, if

(p(z|a∗, c)− p(z|a, c))2
∑
ā

p(ā|c)
p(z|ā, c)

− p(z|a∗, c)
p(a∗|c)

− p(z|a, c)
p(a|c)

≤ 0 for all z ∈ Z, c ∈ C, (4)

then varϕtd ≤ varϕbd. Moreover, if

(p(z|a∗, c)− p(z|a, c))2
∑
ā

p(ā|c)
p(z|ā, c)

− p(z|a∗, c)
p(a∗|c)

− p(z|a, c)
p(a|c)

≥ 0 for all z ∈ Z, c ∈ C, (5)

then varϕtd ≥ varϕbd.
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The proof of Proposition 1 is provided in Appendix C. Note that the conditions (4) and (5)
involve only the distribution of the treatment and the mediator. Conditional ignorability
for Y (a, z), Y (a; z) ⊥⊥ A|C in Proposition 1 follows from Assumption BD for a distribution
compatible with a SWIG (see Proposition 4 in Malinsky et al., 2019).

Conditions (4) and (5) in Proposition 1 are strict since they should be fulfilled for
possible combinations of z and c. However, one can notice that if the relationship between
the treatment A and the mediator Z is weak, that is, p(z|a∗, c) − p(z|a, c) is small, then
varϕtd−varϕbd is expected to be negative and the estimation based on Assumption TD to
be more efficient than the estimation based on Assumption BD. How weak the relationship
between A and Z has to be depends on the distribution of A: the smaller p(a|c) or p(a∗|c),
the closer is varϕtd − varϕbd to be negative. Stronger A–Z relationship requires smaller
p(a|c) or p(a∗|c) for the estimation based on Assumption TD to be more efficient than the
one based on Assumption BD.

In the specific case of a binary treatment A, sufficient conditions (4) and (5) might be
further simplified as follows (see Appendix D). If for all z ∈ Z, c ∈ C, we have:

p(z|a∗, c)
p(z|a, c)

∈ Itd≤bd =

[
2u+ 1−

√
4u+ 1

2u
,
2u+ 1 +

√
4u+ 1

2u

]
,

where u = (1−p(a∗|c))p(a∗|c), then varϕtd ≤ varϕbd. If for all z ∈ Z, c ∈ C, p(z|a
∗,c)

p(z|a,c) ∈ I
C
td≤bd,

where ICtd≤bd is the complement set of Itd≤bd, then varϕtd > varϕbd. One can note that

for any p(a∗|c) ∈ (0, 1), the interval (3 − 2
√

2, 3 + 2
√

2) ∈ Itd≤bd. Therefore, if for all

z, c, p(z|a∗,c)
p(z|a,c) ∈ (3−2

√
2, 3+2

√
2) and p(a∗|c) ∈ (0, 1) for any c ∈ C, then varϕtd ≤ varϕbd.

section D illustrates further the sufficient conditions when all observed variables are binary.

The observed data distribution when Assumptions TD, BD, and Y (a; z) ⊥⊥ A|C are
fulfilled differs from the distributions under the TD or the BD assumption alone. When
the mediator is observed, estimation based on the back-door assumption does not use the
information about the mediator. Under Assumption TD, the observed data distribution
is unrestricted since all observed variables C,A,Z, Y may be related to each other. How-
ever, since unobserved confounding of the treatment-outcome relationship is not allowed by
Assumption BD together with Y (a; z) ⊥⊥ A|C, such restriction implies conditional indepen-
dence of Y and A given Z,C (see Appendix C). This implies that, when Assumptions BD,
TD, and Y (a; z) ⊥⊥ A|C are fulfilled simultaneously, the semiparametric efficiency bound
for θ differs from the bound under the models defined only by Assumption BD or Assump-
tion TD. Therefore, we conclude this section by providing the semiparametric efficiency
bound under this new set of assumptions. The estimators with the influence function that
corresponds to this bound have an asymptotic variance at least as low as the estimators con-
structed using the efficient influence functions under either the two-door or the back-door
assumption.

Proposition 2 When Assumptions BD, TD, and Y (a; z) ⊥⊥ A|C are fulfilled simultane-
ously, the efficient influence function for θ is

ϕbd,td = (Y − E(Y |Z,C))
p(Z|a∗, C)− p(Z|a,C)∑

a p(Z|a,C)p(a|C)
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+

(
E(Y |Z,C)−

∑
z

E(Y |z, C)p(z|A,C)

)
I(A = a∗)− I(A = a)

p(A|C)

+
∑
z

E(Y |z, C)
(
p(z|a∗, C)− p(z|a,C)

)
− θ. (6)

The proof of Proposition 2 can be found in Appendix E. Additionally, Appendix B provides
the expression for varϕbd,td in terms of observed data distribution that allows for direct
estimation of the bounds from the observed data.

Note that because the independencies in the observed data distribution here are the same
as for the Bayesian network compatible with a DAG defined by the paths C → A→ Z → Y,
C → Y, C → Z, the influence function ϕbd,td in Equation (6) is the same as the efficient
influence function in Theorem 14 from Rotnitzky and Smucler (2020) for this Bayesian
network.

3.2 Front-door versus Two-door Identification

In order to compare the bounds under the FD and the TD assumptions, we first derive the
lowest asymptotic variance attainable by the semiparametric estimators that are constructed
under Assumption FD, varϕfd (see Equation 9 in Appendix B). Note that the conditioning
set in the outcome and mediator models in varϕfd does not include the pre-treatment
covariates, in contrast to varϕtd given in Equation (10).

In the sequel, and in line with common models considered under the front-door criterion
(see, for example, Figure 3 in Pearl, 1995), when pre-treatment covariates C are observed
under Assumption FD, we will consider the case where they confound the A–Y relationship
only. Then, the pre-treatment covariates must be unrelated to the mediator for the FD
assumption to be fulfilled, that is, Z(a) ⊥⊥ C|A.

Proposition 3 Suppose that Assumptions FD and TD are fulfilled, and Z(a) ⊥⊥ C|A for
all a ∈ A. Consider semiparametric estimation based only on Assumption FD and semi-
parametric estimation based only on Assumption TD. Neither of the estimation strategies
is uniformly more efficient than the other (in terms of the lowest asymptotic variance) re-
gardless of model parameters. For example, consider E(Y |Z,C,A) = γ0 + γ1Z + γ2C + γ3A
for some γ0, γ1, γ2, γ3. We have

varϕfd − varϕtd =
∑
z

(p(z|a∗)− p(z|a))2
∑
ā

γ2
2var(C|ā)p(ā)

p(z|ā)

+ γ2
1var(Z|a∗)

(
1

p(a∗)
−
∑
c

p(c)

p(a∗|c)

)
+ γ2

1var(Z|a)

(
1

p(a)
−
∑
c

p(c)

p(a|c)

)
.

If

1

p(a∗)
≥
∑
c

p(c)

p(a∗|c)
and

1

p(a)
≥
∑
c

p(c)

p(a|c)
, (7)

then varϕfd ≥ varϕtd.
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See proof in Appendix F. Note that if A ⊥⊥ C, then the inequalities (7) in Proposition 3
are satisfied and varϕfd ≥ varϕtd. This is true even if C does not affect Y (γ2 = 0). Thus,
even if the covariates are not related to the mediator or the outcome, using the information
about the covariates might improve estimation efficiency. When C and A are binary the
inequalities (7) hold only if A is independent of C. When A depends on C, the ordering of
the variances depends on other model parameters. For example, when γ2 is large (strong
C–Y ) and/or A–Z relationship is strong and γ1 is close to 0 (weak Z–Y relationship),
varϕtd might be lower than varϕfd.

The linear assumptions made here are not meant to be done in a given empirical study
(where hopefully flexible machine learning models should be used), otherwise making such
assumptions would obviously change the efficiency bound for the ACE. Instead, these lin-
earity assumptions are used to exemplify the models and understand the implications for
the comparison of the efficiency bounds if the assumptions would hold but would not be
known nor assumed in the analysis.

Below, we provide the semiparametric efficiency bound for θ in the model which satisfies
Assumptions FD (together with Z(a) ⊥⊥ C|A) and TD.

Proposition 4 Suppose that Assumptions FD and TD are fulfilled, and Z(a) ⊥⊥ C|A. The
efficient influence function for θ is

ϕfd,td = (Y − E(Y |A,Z,C))
p(Z|a∗)− p(Z|a)

p(Z|A)

+
∑
c

(∑
ā

E(Y |ā, Z, c)p(ā|c)−
∑
ā,z

E(Y |ā, z, c)p(z|A)p(ā|c)

)
×

× (I(A = a∗)− I(A = a))p(c)

p(A)
+
∑
z

E(Y |A, z, C)
(
p(z|a∗)− p(z|a)

)
− θ.

See the expression for varϕfd,td in Appendix B; the proof of Proposition 4 is similar to
the proof of Proposition 2 and is provided in Appendix G. It is interesting to note that
ϕfd,td is equal to the efficient influence function under the assumptions of Section 2.1,
TD, if Z(a) ⊥⊥ C|A. This happens because the FD assumption imposes no additional
independence assumptions on the joint distribution which can improve the efficiency in the
estimation of the ACE. Additionally, because conditional independencies in the observed
data distribution implied by the assumptions in Proposition 4 are the same as those for a
distribution compatible with the SWIG in Figure 1c where the arrow from C to Z(a) is
absent, ϕfd,td obtained here is the same as the efficient influence function in Theorem 12
from Bhattacharya et al. (2022) for the corresponding DAG.

3.3 Front-door versus Back-door Identification

The expressions varϕfd in Equation (9) and varϕbd in Equation (1) can be used to compare
the bounds obtained under the front-door and the back-door assumptions as follows.

Proposition 5 Suppose that Assumptions BD, FD are fulfilled and Y (a; z) ⊥⊥ A|C,
Z(a) ⊥⊥ C|A for any a ∈ A, z ∈ Z. Consider semiparametric estimation based only on
Assumption BD and semiparametric estimation based only on Assumption FD. Neither of

10
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the estimation strategies is uniformly more efficient than the other (in terms of the lowest
asymptotic variance) regardless of model parameters. In particular, if for the true data
distribution, E(Y |Z,C) = γ0 + γ1Z + γ2C for some γ0, γ1, γ2, then

varϕfd − varϕbd

=
∑
z,c

var(Y |z, c)p(c)

(∑
ā

p(ā|c)(p(z|a∗)− p(z|a))2

p(z|ā)
− p(z|a∗)
p(a∗|c)

− p(z|a)

p(a|c)

)

+
∑
z

(p(z|a∗)− p(z|a))2
∑
ā

γ2
2var(C|ā)p(ā)

p(z|ā)

+ γ2
1var(Z|a∗)

(
1

p(a∗)
−
∑
c

p(c)

p(a∗|c)

)
+ γ2

1var(Z|a)

(
1

p(a)
−
∑
c

p(c)

p(a|c)

)
.

If

1

p(a∗)
≥
∑
c

p(c)

p(a∗|c)
,

1

p(a)
≥
∑
c

p(c)

p(a|c)
and

(p(z|a∗)− p(z|a))2
∑
ā

p(ā|c)
p(z|ā)

− p(z|a∗)
p(a∗|c)

− p(z|a)

p(a|c)
≥ 0 for any z ∈ Z, c ∈ C,

then varϕfd ≥ varϕbd.

See Appendix H for a proof. Note that the first inequality ensures varϕfd ≥ varϕtd ac-
cording to Proposition 3, while the second inequality is the same as that in Proposition 1
which ensured varϕtd ≥ varϕbd.

When both the FD and the BD assumptions are satisfied, there is no unmeasured
confounding of the A–Y relationship and the two-door door assumption is also fulfilled.
These restrictions could be used to further improve the efficiency of ACE estimation.

Proposition 6 Suppose that Assumptions BD, FD, and TD are fulfilled and Z(a) ⊥⊥ C|A.
The efficient influence function for θ is

ϕbd,fd,td =
(Y − E(Y |Z,C)) (p(Z|a∗)− p(Z|a))∑

a p(a|C)p(Z|a)

+
∑
c

(
E(Y |Z, c)−

∑
z

E(Y |z, c)p(z|A)

)
(I(A = a∗)− I(A = a))p(c)∑

c p(c)p(A|c)
+
∑
z

E(Y |z, C)(p(z|a∗)− p(z|a))− θ.

See the corresponding expression for varϕbd,fd,td in Appendix B. The proof of Proposition
6 is similar to the proof of Proposition 2 and is provided in Appendix I. Since the inde-
pendencies in the observed data distribution here are the same as for the Bayesian network
compatible with a DAG defined by the paths C → A→ Z → Y,C → Y , the influence func-
tion ϕbd,fd,td is the same as the efficient influence function in Theorem 14 from Rotnitzky
and Smucler (2020) for the distribution compatible with such a DAG.

11
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4. Semiparametric Estimation via Estimating Equation Estimators

Influence functions can be used to semiparametrically estimate θ via, e.g., one-step, targeted
learning and estimating equation estimators (see, e.g., Hines et al., 2022). Here, we consider
the semiparametric estimator θ̂ as a solution of the estimating equation

1

n

n∑
i=1

ϕ(Xi, η̂, θ̂) = 0,

where η̂ is an estimator of unknown nuisance parameters, for example, p̂(C), p̂(A|C),
p̂(Z|A,C), or Ê(Y |A,Z,C).

Influence functions described above are all of the form ϕ(X, η, θ) = m(X, η) − θ, i.e. a
difference between a function of the data and the nuisance parameters m(X, η) (different
for different influence functions) and θ. Therefore, the solutions of the estimating equations
take the form

θ̂ =
1

n

n∑
i=1

m(Xi, η̂).

Properties of these estimators depend on the properties of nuisance parameter estimators
η̂. Below we discuss conditions for consistency, asymptotic normality and efficiency of such
plug-in estimators of θ.

It is widely known that the estimators based on ϕbd are doubly robust, that is, a solution
θ̂bd of the estimating equation 1

n

∑n
i=1 ϕbd,i(Xi, η̂, θ̂bd) = 0 is a consistent estimator of θ if at

least one of the estimators of E(Y |A,C) or p(A|C) is consistent (see, e.g., Kennedy, 2016).

From Theorem 2 in Fulcher et al. (2020), we have that a solution θ̂td of the equation
1
n

∑n
i=1 ϕtd,i(Xi, η̂, θ̂td) = 0 is consistent if p(Z|A,C) or E(Y |A,Z,C) and p(A|C) are cor-

rectly specified. These results are also in line with the consistency conditions of Theorem 9
in Bhattacharya et al. (2022) for a nonparametric saturated model under the TD assump-
tion. Additionally, from Fulcher et al. (2020), solutions θ̂fd of the estimating equation
1
n

∑n
i=1 ϕfd,i(Xi, η̂, θ̂fd) = 0 are consistent if p(Z|A) or E(Y |A,Z) and p(A) are correctly

specified. Theorem 7 below provides conditions for the efficiency of θ̂fd and θ̂td. We need
the following assumption.

Assumption 2

(i) ||m(Xi, η̂)−m(Xi, η0))||2 = op(1), where η0 is the true value of η,

(ii) η̂ is constructed using sample splitting or m(X, η̂) belongs to a Donsker class (for more
details on this assumption see, e.g., Kennedy, 2016).

Theorem 7 Under Assumption TD, Assumption 2 and Assumption A4 given in Ap-
pendix J.3, a solution θ̂td of the equation 1

n

∑n
i=1 ϕtd,i(Xi, η̂, θ̂td) = 0 is a regular asymptot-

ically linear estimator of θ = EY (a∗)− EY (a) with influence function ϕtd and reaches the
efficiency bound when

(i) ||Ê(Y |A,Z,C)− E(Y |A,Z,C)|| · ||p̂(Z|A,C)− p(Z|A,C)|| = op(n
−1/2),

12
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(ii) ||Ê(Y |A,Z,C)− E(Y |A,Z,C)|| · ||p̂(Z|ă, C)− p(Z|ă, C)|| = op(n
−1/2), ∀ă ∈ {a∗, a},

(iii) ||p̂(Z|ă, C)− p(Z|ă, C)|| · ||p̂(ă|C)− p(ă|C)|| = op(n
−1/2), ∀ă ∈ {a∗, a},

(iv) ||p̂(Z|ă, C)− p(Z|ă, C)|| · ||p̂(A|C)− p(A|C)|| = op(n
−1/2), ∀ă ∈ {a∗, a}.

Under Assumption FD, Assumption 2 and Assumption A5 given in Appendix J.3, a
solution θ̂fd of the equation 1

n

∑n
i=1 ϕfd,i(Xi, η̂, θ̂fd) = 0 is a regular asymptotically linear

estimator of θ = EY (a∗) − EY (a) with influence function ϕfd and reaches the efficiency
bound when

(iv) ||Ê(Y |A,Z)− E(Y |A,Z)|| · ||p̂(Z|A)− p(Z|A)|| = op(n
−1/2),

(v) ||Ê(Y |A,Z)− E(Y |A,Z)|| · ||p̂(Z|ă)− p(Z|ă)|| = op(n
−1/2), ∀ă ∈ {a∗, a},

(vi) ||p̂(Z|ă)− p(Z|ă)|| · ||p̂(ă)− p(ă)|| = op(n
−1/2), ∀ă ∈ {a∗, a},

(vii) ||p̂(Z|ă)− p(Z|ă)|| · ||p̂(A)− p(A)|| = op(n
−1/2), ∀ă ∈ {a∗, a}.

The proof of Theorem 7 is similar to the proof of Theorem 8 and is provided in Appendix J.4.
Theorem 8 below provides conditions for consistency, asymptotic normality, and efficiency
of θ̂bd,td.

Theorem 8 Suppose that Assumptions BD and TD are fulfilled and Y (a; z) ⊥⊥ A|C for
any a ∈ A, z ∈ Z. Suppose that for some Ē(Y |Z,C), p̄(Z|A,C), and p̄(A|C), Ê(Y |Z,C) =
op
(
Ē(Y |Z,C)

)
, p̂(Z|A,C) = op

(
p̄(Z|A,C)

)
, p̂(A|C) = op

(
p̄(A|C)

)
. Under Assumption A3,

a solution θ̂bd,td of the equation 1
n

∑n
i=1 ϕbd,td,i(Xi, η̂, θ̂bd,td) = 0 is consistent for θ =

EY (a∗)− EY (a) if at least one of the following conditions holds

(i) Ē(Y |Z,C) = E(Y |Z,C) and p̄(A|C) = p(A|C),

(ii) Ē(Y |Z,C) = E(Y |Z,C) and p̄(Z|A,C) = p(Z|A,C),

(iii) p̄(Z|A,C) = p(Z|A,C) and p̄(A|C) = p(A|C).

Under Assumption 2 and Assumption A6 given in Appendix J.3, θ̂bd,td is a regular
asymptotically linear estimator of θ with influence function ϕbd,td and reaches the efficiency
bound when additionally the following conditions hold

(iv) ||Ê(Y |Z,C)− E(Y |Z,C)|| · ||p̂(A|C)− p(A|C)|| = op(n
−1/2),

(v) ||Ê(Y |Z,C)− E(Y |Z,C)|| · ||p̂(Z|A,C)− p(Z|A,C)|| = op(n
−1/2),

(vi) ||p̂(Z|ă, C)− p(Z|ă, C)|| · ||p̂(ă|C)− p(ă|C)|| = op(n
−1/2), ă ∈ {a∗, a}.

See Appendix J.5 for the proof. Conditions for the consistency and the efficiency of
θ̂fd,td are provided in Theorem 9 below.
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Theorem 9 Suppose that Assumptions FD and TD are fulfilled, and Z(a) ⊥⊥ C|A for all
a ∈ A. Suppose that for some Ē(Y |A,Z,C), p̄(Z|A), p̄(A|C), and p̄(C),
Ê(Y |A,Z,C) = op

(
Ē(Y |A,Z,C)

)
, p̂(Z|A) = op

(
p̄(Z|A)

)
, p̂(A|C) = op

(
p̄(A|C)

)
, p̂(C) =

op
(
p̄(C)

)
. Under Assumption A3, a solution θ̂fd,td of the equation

1
n

∑n
i=1 ϕfd,td,i(Xi, η̂, θ̂fd,td) = 0 is consistent for θ = EY (a∗) − EY (a) if at least one of

the following conditions holds

(i) Ē(Y |A,Z,C) = E(Y |A,Z,C), p̄(A|C) = p(A|C), and p̄(C) = p(C),

(ii) p̄(Z|A) = p(Z|A).

Under Assumption 2 and Assumption A7 given in Appendix J.3, θ̂fd,td is a regular asymp-
totically linear estimator of θ with influence function ϕfd,td and reaches the efficiency bound
when additionally the following conditions hold

(iii) ||Ê(Y |A,Z,C)− E(Y |A,Z,C)|| · ||p̂(Z|A)− p(Z|A)|| = op(n
−1/2),

(iv) ||p̂(Z|ă)− p(Z|ă)|| · ||p̂(ă)− p(ă)|| = op(n
−1/2), ă ∈ {a∗, a},

(v) ||p̂(Z|ă)− p(Z|ă)|| · ||p̂(C)− p(C)|| = op(n
−1/2), ă ∈ {a∗, a},

(vi) ||p̂(Z|ă)− p(Z|ă)|| · ||p̂(A|C)− p(A|C)|| = op(n
−1/2), ă ∈ {a∗, a},

(vii) ||Ê(Y |A,Z,C)− E(Y |A,Z,C)|| · ||p̂(Z|ă)− p(Z|ă)|| = op(n
−1/2), ă ∈ {a∗, a}.

The proof of Theorem 9 is similar to the proof of Theorem 8 and can be found in Ap-
pendix J.6. Finally, the following Theorem 10 provides conditions for the consistency and
the efficiency of θ̂bd,fd,td.

Theorem 10 Suppose that Assumptions BD, FD are fulfilled and Y (a; z) ⊥⊥ A|C,
Z(a) ⊥⊥ C|A for any a ∈ A, z ∈ Z. Suppose that for some Ē(Y |Z,C), p̄(Z|A), p̄(A|C), and
p̄(C), Ê(Y |Z,C) = op

(
Ē(Y |Z,C)

)
, p̂(Z|A) = op

(
p̄(Z|A)

)
, p̂(A|C) = op

(
p̄(A|C)

)
, p̂(C) =

op
(
p̄(C)

)
. Under Assumption A3, a solution θ̂bd,fd,td of the equation

1
n

∑n
i=1 ϕbd,fd,td,i(Xi, η̂, θ̂bd,fd,td) = 0 is consistent for θ = EY (a∗) − EY (a) if at least one

of the following conditions holds

(i) Ē(Y |Z,C) = E(Y |Z,C), p̄(A|C) = p(A|C), and p̄(C) = p(C),

(ii) Ē(Y |Z,C) = E(Y |Z,C), and p̄(Z|A) = p(Z|A),

(iii) p̄(Z|A) = p(Z|A) and p̄(A|C) = p(A|C).

Under Assumption 2 and Assumption A8 given in Appendix J.3, θ̂bd,fd,td is a regular asymp-
totically linear estimator of θ with influence function ϕbd,fd,td and reaches the efficiency
bound when additionally the following conditions hold

(iv) ||Ê(Y |Z,C)− E(Y |Z,C)|| · ||p̂(A|C)− p(A|C)|| = op(n
−1/2),

(v) ||Ê(Y |Z,C)− E(Y |Z,C)|| · ||p̂(Z|A)− p(Z|A)|| = op(n
−1/2),

(vi) ||p̂(Z|ă)− p(Z|ă)|| · ||p̂(ă)− p(ă)|| = op(n
−1/2), ă ∈ {a∗, a},
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(vii) ||p̂(Z|ă)− p(Z|ă)|| · ||p̂(C)− p(C)|| = op(n
−1/2) ∀ă ∈ {a∗, a}.

The proof of Theorem 10 is provided in Appendix J.7.
The efficiency assumptions of Theorems 8 - 10 (assumptions (iv) - (vi) in Theorem 8, (iii)

- (vii) in Theorem 9, and (iv) - (vii) in Theorem 10) are op(n
−1/2)-rate of convergence for a

product of estimation errors of two nuisance models; so called product rate conditions; see,
e.g., Chernozhukov et al. (2017); Farrell (2015); Moosavi et al. (2023). This allows flexibility
in the estimation. For example, if one of the models in the product is estimated using the
correct parametric model, the other estimator needs only be consistent. The required
convergence rates can also be achieved when both errors in the products are op(n

−1/4).

5. Simulation Studies

This section presents two simulation studies. The first simulation study compares the
asymptotic behaviors of semiparametric plug-in estimators introduced in Section 4. The
considered ACE estimators are consistent and reach the respective efficiency bounds because
they are based on

√
n-consistent estimators of the nuisance parameters. Therefore, we draw

attention to the comparison of estimators’ empirical variances. In the second simulation
study, we investigate the robustness of the estimators under model misspecification. In
both studies, we consider binary pre-treatment covariate C and treatment A. According
to assumptions FD2 and TD2, the potential mediator is assumed to be independent of
A or C, that is, Z(a)|A,C ∼ N(βa, 1), a ∈ A. To ensure that the remaining of FD and
TD assumptions hold, we consider Y (a, z) equal to Y (z) for any a ∈ A and independent
of A or Z(a), Y (a∗, z)|Z(a), A,C ∼ N(γ1z + γ2C, 1) for any a, a∗ ∈ A. We also consider
Y (a)|Z(a), A,C ∼ N(γ1Z(a) + γ2C, 1) in order for Assumption BD to hold.

The observed data is generated according to consistency assumptions as follows:

C ∼ Bernoulli(0.5),
A|C ∼ Bernoulli(expit(C)),

Z|A,C ∼ N(βA, 1),
Y |Z,A,C ∼ N(γ1Z + γ2C, 1).

All computations were performed in R (R Core Team, 2020); the code is available at
https://github.com/tetianagorbach/semiparametric inference ACE BD FD TD effic

iency robustness.

5.1 Simulation Study 1

Here, we vary the effect of the mediator Z and covariate C on the outcome by considering
eight data generating mechanisms corresponding to all combinations of β, γ1, γ2 ∈ {0.5, 1.5}.

To show that the (scaled) empirical variance of the considered ACE estimators tends to
the respective bounds with increasing sample size, we calculate the bounds using the true
conditional distributions. The variance bounds under the BD and the FD assumptions
were calculated using Equations (1) and (9), respectively. To calculate the variance bound
under the TD assumption, we used the simplified expression from Equation (3).

For the data generating mechanism considered, E(Y |A,Z,C) = E(Y |Z,C) are linear
functions of the variables in the corresponding conditioning set. Appendix K.1 shows that
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Figure 2: Scaled empirical variance of semiparametric estimators based on influence func-
tions in simulation study 1. Horizontal dashed lines represent the lowest variance
of regular and asymptotically linear estimators. Panel A represents estimators
under Assumption BD; TD; BD and TD; and BD, FD and TD. Panel B rep-
resents estimators based on Assumption FD; TD; FD and TD; and BD, FD,
TD. Shaded areas represent 95% confidence intervals for the estimated scaled
variance, based on the normal approximation. Note the difference in scales be-
tween the panels, and that estimators based on Assumption TD and Assumptions
BD, FD, TD are presented in both panels A and B.

E(Y |A,Z) can also be represented as a linear function of A and Z for the considered
distribution. Therefore, the parameters of all outcome models, E(Y |A,Z,C), E(Y |Z,C),
and E(Y |A,Z), were estimated using ordinary least squares. Parameter β in the mediator
model was also estimated using ordinary least squares. The density of a normal distribution
was used in the estimation of p(Z|A). Further, p(A|C) was estimated using iteratively
reweighted least squares method in the corresponding logistic regression, and p(A = 1)
and p(C = 1) were consistently estimated using the proportion of A = 1 and C = 1,
respectively. For the considered distribution, var(Y |a, z, c) = var(Y |z, c) = var(Z|a) = 1,
see also Appendix K for the expressions for var(Y |a, z) and var(C|a).

Since all estimators of nuisance parameters are
√
n-consistent, asymptotic variances

of the average treatment estimators are equal to the corresponding variance bounds (see
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Section 4). Furthermore, ϕtd from Equation (2) can be simplified because Y ⊥⊥ A|Z,C and
Z ⊥⊥ C|A in the considered distribution. The following expression was used to construct
plug-in estimators of the ACE under Assumption TD.

ϕtd = (Y − E(Y |Z,C))
p(Z|a∗)− p(Z|a)

p(Z|A)
+

(
E(Y |Z,C)−

∑
z

E(Y |z, C)p(z|A)

)
×

× I(A = a∗)− I(A = a)

p(A|C)
+
∑
z

E(Y |z, C)
(
p(z|a∗)− p(z|a)

)
− θ.

Even though using additional restrictions might improve the estimation of nuisance
parameters, an estimator based on this simplified influence function has the same influence
function as the estimator based on ϕtd without the simplifications.

We consider samples of sizes n = 50, 100, 500, 1000, 5000, 10000, 20000, 30000, 40000,
50000. For each sample size, K = 1000 replicates were simulated. Figure 2 provides the
lowest asymptotic variances for each set of assumptions considered, and empirical variances

scaled by n: ns2
K−1 = n/(K − 1)

∑K
k=1

(
θ̂k −

¯̂
θ
)2
, where θ̂k is an estimate from replica-

tion k, and
¯̂
θ =

∑K
k=1 θ̂k/K. Tables A1 and A2 in Appendix L provide a summary of

performance of the semiparametric estimators considered together with a naive estimator,
θ̂naive = 1∑n

i=1 Ai

∑n
i=1AiYi −

1
n−

∑n
i=1 Ai

∑n
i=1(1−Ai)Yi.

As expected theoretically, the estimated bias of the naive estimator is much bigger
than the bias of any of the semiparametric estimators considered (see Table A1). Figure 2
and Table A2 illustrate that the scaled empirical variances are asymptotically close to the
respective bounds (the bounds are within 95% confidence intervals for the variance of the
estimators). For the distribution in the simulation study, varϕbd and varϕtd do not depend
on the strength of the C–Y relationship (Appendix K). Correspondingly, Figure 2 shows
that the scaled empirical variances of θ̂bd and θ̂td vary around the same bound irrespective
of γ2 (panel A). On the other hand, ϕfd depends on all nuisance parameters, including γ2.
Note that the empirical variances of all estimators increase with a stronger Z–Y relationship
(increasing γ1, see Table A2).

Panel A in Figure 2 shows that, for a weaker A–Z relationship (β = 0.5), the empirical
variance of θ̂td is lower than the empirical variance of θ̂bd. This is expected from the
theoretical comparison of varϕtd and varϕbd for the data generating mechanism in this
simulation study (see Appendix K.3) and from the example in Appendix D. The estimator
based on the BD assumption is more efficient than the two-door estimator for β = 1.5.
Consistent with the findings in Sections 3.2 and 3.3, the variance of the front-door estimators
exceeds the variance of the two-door and the back-door estimators for bigger values of β
and γ2.

Figure 2 and Table A2 confirm that the variance of the estimators constructed under a
pair of assumptions (for example, the front-door and the two-door) tends to be lower than
the variance of estimators constructed under only one set of assumptions of the pair (the
front-door only or the two-door only). The efficient influence function ϕbd,fd,td provides the
most efficient estimators.

In Appendix M, we provide the comparison between the estimators’ scaled empirical
variances for a distribution with a more complicated covariate structure.
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Figure 3: Boxplots of differences between estimates and the average causal effect over Monte
Carlo iterations by model misspecification setting and estimation method in sim-
ulation study 2.

5.2 Simulation Study 2

These experiments aim to study the robustness of semiparametric estimators when some
models are misspecified. According to Section 4, the estimators are still consistent even if
some models are misspecified. The estimators’ asymptotic variances, however, might differ
from the respective bounds.

We consider the data generating mechanism from simulation study 1 with parameters
β = γ1 = γ2 = 1.5. Parameter values were selected so that the variance of θ̂bd was similar
to the variance of other estimators. This is in contrast, for example, with the case where
β = γ1 = 0.5 and varϕbd is approximately four times larger than the other variances; see
Table A2. We chose β = γ1 = γ2 = 1.5 for symmetry in the coefficients. We ran Monte
Carlo simulations with K = 1000 iterations and sample size n = 50000 for the following
four settings:

1. Only p(Z|A) is misspecified (A is omitted from the regression of Z on A). In this
setting all estimators are expected to be consistent according to Section 4.

2. All models are misspecified, except p(Z|A). We use true p(A = 1) ≈ 0.62 but p̂(A =
1) = 1

4 ; p(C = 1) = 1
2 , while p̂(C = 1) = 1

4 ; C is omitted from the linear regression of

18



Contrasting Identifying Assumptions

Y on A,C and from the logistic regression of A on C; Z is omitted from the linear
regressions of Y on A,Z and Y on Z,C. According to Section 4, θ̂fd, θ̂fd,td, and θ̂td
are consistent in this setting, while other estimators are inconsistent.

3. p(C) and p(Z|A) are misspecified. We use biased p̂(C = 1) = 1
4 . To misspecify p(Z|A),

A is omitted from the regression of Z on A. This situation illustrates the case where
both θ̂fd and θ̂td are consistent, but θ̂fd,td is not.

4. p(A|C) and E(Y |Z,C) are misspecified. C is omitted from the logistic regression of
A on C and Z is omitted from the linear regressions of Y on Z,C. Here, both θ̂bd and
θ̂td are consistent, but θ̂bd,td is not.

Figure 3 provides boxplots of θ̂ − θ to illustrate the robustness properties outlined in
Section 4. Estimated biases, empirical standard errors, variances, and mean squared errors
are provided in Table A3. Figure 3 confirms the theoretical results from Section 4. When
only p(Z|A) is misspecified, all estimators have low bias. When only p(Z|A) is correctly
specified, θ̂bd, θ̂bd,td, θ̂bd,fd,td are clearly biased. The bias of θ̂bd is much bigger than the bias

of the other estimators. When p(C) and p(Z|A) are misspecified, θ̂fd,td, θ̂bd,fd,td are biased,

while θ̂fd and θ̂td have low bias. As expected, when p(A|C) and E(Y |Z,C) are incorrectly

specified, θ̂bd and θ̂td are unbiased, but θ̂bd,td and θ̂bd,fd,td are biased. The asymptotic

variance of θ̂bd is much lower than the asymptotic variance of θ̂td. Table A3 also shows that
the most efficient estimators, for example, θ̂bd,fd,td under misspecification 4, do not always
have the lowest mean squared error due to their high bias compared to the bias of other
estimators.

6. Discussion

We have studied semiparametric inference about the average causal effect from observational
data using identification models based on the back-, front- and two-door assumptions. In
practice, several identification models may be plausible simultaneously. We have, therefore,
derived the semiparametric efficiency bounds that hold under each of the different mod-
els separately, but also when several or all the models hold simultaneously (Appendix B).
We have, for example, shown that none of the three identifying assumptions above, when
considered separately, yields the lowest asymptotic efficiency bound, regardless of the ob-
served data distribution (Propositions 1, 3, 5). Simulation results in Section 5.1 confirmed
these theoretical results and demonstrated that the strength of the dependences between
the observed variables determines which of the three identifying assumptions considered
corresponds to the estimator with the lowest variance. Kuroki and Cai (2004) came to
similar conclusions in their comparison of the back- and front-door criteria in a paramet-
ric Gaussian causal model. In contrast to Kuroki and Cai (2004) and our semiparametric
results, Gupta et al. (2020) and Hayashi and Kuroki (2014) reported that using mediators
and pre-treatment confounders (rather than estimators based on confounders, or mediators
alone) improved the estimation accuracy in some specific parametric models.

The choice of an identification model is difficult because it must rely on assumptions
that cannot be tested empirically unless further information is available (see, for example,
de Luna and Johansson, 2006, 2014). Another major challenge is the choice of an estimator
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Assumption/ p(C) p(A|C) p(A) p(Z|A) p(Z|A,C) E(Y |A,C) E(Y |A,Z) E(Y |Z,C) E(Y |A,Z,C)Model
BD x

x
FD x

x x
TD x

x x

BD TD
x x

x x
x x

FD TD x x x
x

BD FD TD
x x x

x x
x x

Table 1: Summary of the robustness properties from Section 4. For a specific iden-
tifying assumption in the first column, the estimation equation estimator of
the ACE constructed using the corresponding efficient influence function is
consistent if the nuisance models marked with “x” within at least one row are
consistently estimated. Note that E(Y |Z,C) = E(Y |A,Z,C) under BD TD
and BD FD TD assumptions when Y (a, z) ⊥⊥ A|C. We also assume that
Z(a) ⊥⊥ C|A under FD TD and BD FD TD assumptions. Note also that
some conditions in Theorems 7–10 include only a and a∗. To save space, a
and a∗ are represented by A in the table.

Assumption/ p(C) p(A|C) p(A) p(Z|A) p(Z|A,C) E(Y |A,C) E(Y |A,Z) E(Y |Z,C) E(Y |A,Z,C)Model
BD x x
FD x x

x x
TD x x

x x

BD TD
x x

x x
x x

FD TD
x x

x x
x x

x x

BD FD TD
x x

x x
x x

x x

Table 2: Summary of the efficiency properties of Section 4. Each row represents a
product rate condition for the models marked with “x”: the product of es-
timation errors in the marked nuisance models is op(1/

√
n). For a specific

identifying assumption, the corresponding estimator of the ACE among θ̂bd,
θ̂fd, θ̂fd, θ̂bd,td, θ̂fd,td, and θ̂bd,fd,td is efficient if the product rate conditions in
all corresponding rows are fulfilled. Note also that some conditions in Theo-
rems 7–10 include only a and a∗, To save space, a and a∗ are represented by
A in the table.
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given an identification model. Consider the case where we are ready to assume that several,
or even all three, identification models studied hold. If all of the nuisance models were
known, the ACE estimator based on the corresponding efficient influence function would
reach the semiparametric efficiency bound. However, in practice, the nuisance models are
unknown and must be fitted. We show how the estimation of nuisance models affects the
robustness and efficiency properties of the resulting ACE estimator (see Theorems 7–10,
Tables 1–2, and simulations in Section 5.2). Even if some nuisance models are not estimated
consistently, the ACE estimator may yet be consistent (see a summary of the conditions
in Table 1), but there is no efficiency guarantee. Conditions that do yield an efficient
estimation of the ACE are the

√
n-convergence rate of the product of the estimating errors

of the nuisance models (Table 2). This justifies the use of flexible estimation of nuisance
models, by machine learning algorithms; see Moosavi et al. (2023) for a review of post-
machine learning valid causal inference.

The results of this paper may assist in the choice of an estimation strategy among
the estimators using pre-treatment confounders, mediators, and both mediators and pre-
treatment confounders simultaneously. The choice should recognize a bias-variance trade-off
that depends on which nuisance models can be estimated consistently and at a high enough
convergence rate.
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Appendix A. Semiparametric Efficiency Bounds

In this section, we briefly outline the theory that leads to the semiparametric efficiency
bounds; see Newey (1990), Tsiatis (2006) for more rigorous descriptions.

The asymptotic variance of any regular semiparametric estimator of the parameter θ
under semiparametric modelM is no smaller than the supremum of the Cramer-Rao bounds
for all regular parametric submodels of M (Newey, 1990). This supremum is called the
semiparametric efficiency bound.

To find the bound, the notion of pathwise differentiability of θ is important. The param-
eter θ(α), where α parameterizes parametric submodels, is called pathwise differentiable if
there exists a function ϕ such that Eϕ2 <∞ and for all regular parametric submodels

∂θ

∂α

∣∣∣∣
α=α0

= E(ϕSα), (8)

where α0 corresponds to the true distribution and Sα denotes the score for a parametric
submodel, evaluated at the truth. Let Λ denote the tangent space under model M, the
mean square closure of all linear combinations of scores Sα for smooth parametric submodels
of M.
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For a pathwise differentiable parameter θ, the semiparametric efficiency bound is equal
to the variance of the projection of ϕ on the tangent space Λ (Newey, 1990). The projection,
ϕeff , is called the efficient influence function for θ. The asymptotic variance of any regular
semiparametric estimator of θ under considered semiparametric modelM is no smaller than
the variance of the efficient influence function, var(ϕeff ).

Influence functions for a parameter may be used to construct asymptotically linear es-
timator as a solution θ̂ of the estimating equation

∑n
i=1 ϕi(Ci, Ai, Zi, Yi, η, θ) = 0, where η

represent nuisance parameters. If Equation (8) holds, θ̂ has the influence function ϕ, the
asymptotic variance var(ϕ) and is regular (see Theorem 2.2 in Newey, 1990). Correspond-
ingly, the asymptotically linear estimators with influence function ϕeff have the asymptotic
variance var(ϕeff ) and achieve the semiparametric efficiency bound under the model M.

Appendix B. Expressions for the Semiparametric Efficiency Bounds

Appendix B.1 shows that

varϕfd =
∑
z

(p(z|a∗)− p(z|a))2
∑
ā

p(ā)

p(z|ā)
var(Y |ā, z)

+
∑
z

(∑
ā

E(Y |ā, z)p(ā)

)2(
p(z|a∗)
p(a∗)

+
p(z|a)

p(a)

)

−

( ∑̄
a,z
p(z|a∗)E(Y |ā, z)p(ā)

)2
p(a∗)

−

( ∑̄
a,z
p(z|a)E(Y |ā, z)p(ā)

)2
p(a)

+
∑
ā

p(ā)

(∑
z

E(Y |ā, z)(p(z|a∗)− p(z|a))

)2

− θ2. (9)

Appendix B.2 derives

varϕtd =
∑
z,c

(p(z|a∗, c)− p(z|a, c))2
∑
ā

p(ā, c)

p(z|ā, c)
var(Y |ā, z, c)

+
∑
z,c

p(z|a∗, c) (
∑

āE(Y |ā, z, c)p(ā|c))2 p(c)

p(a∗|c)
+
∑
z,c

p(z|a, c) (
∑

āE(Y |ā, z, c)p(ā|c))2 p(c)

p(a|c)

−
∑
c


(∑

ā,z E(Y |ā, z, c)p(z|a∗, c)p(ā|c)
)2

p(a∗|c)
+

(∑
ā,z E(Y |ā, z, c)p(z|a, c)p(ā|c)

)2

p(a|c)

 p(c)

+
∑
ā,c

(∑
z

E(Y |ā, z, c)
(
p(z|a∗, c)− p(z|a, c)

))2

p(ā, c)− θ2. (10)

Similarly to Appendix B.2, one can show that

varϕbd,td = varϕtd

+
∑
z,c

(p(z|a∗, c)− p(z|a, c))2p(c)var(Y |z, c)
(

1∑
ā p(z|ā, c)p(ā|c)

−
∑
ā

p(ā|c)
p(z|ā, c)

)
.
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Appendix G derives

varϕfd,td =
∑
z,c

(p(z|a∗)− p(z|a))2
∑
ā,c

p(ā, c)

p(z|ā)
var(Y |ā, z, c)

+
∑
z

p(z|a∗)
p(a∗)

(∑
ā,c

E(Y |ā, z, c)p(ā|c)p(c)

)2

−

(∑
ā,z,cE(Y |ā, z, c)p(z|a∗)p(ā|c)p(c)

)2

p(a∗)

+
∑
z

p(z|a)

p(a)

(∑
ā,c

E(Y |ā, z, c)p(ā|c)p(c)

)2

−

(∑
ā,z,cE(Y |ā, z, c)p(z|a)p(ā|c)p(c)

)2

p(a)

+
∑
ā,c

p(ā, c)

(∑
z

E(Y |ā, z, c)
(
p(z|a∗)− p(z|a)

))2

− θ2.

Appendix I shows that

varϕbd,fd,td =
∑
z

(p(z|a∗)− p(z|a))2
∑
c

p(c)var(Y |z, c)∑
a p(a|c)p(z|a)

+
∑
z

p(z|a∗)
p(a∗)

(∑
c

p(c)E(Y |z, c)

)2

−

(∑
z,cE(Y |z, c)p(z|a∗)p(c)

)2

p(a∗)

+
∑
z

p(z|a)

p(a)

(∑
c

p(c)E(Y |z, c)

)2

−

(∑
z,cE(Y |z, c)p(z|a)p(c)

)2

p(a)

+
∑
c

p(c)

(∑
z

E(Y |z, c)(p(z|a∗)− p(z|a))

)2

− θ2.

B.1 Semiparametric Efficiency Bound under Assumption FD

The semiparametric efficiency bound under the assumptions of Section 2.1 and Assumption
FD is equal to varϕfd. Since Eϕfd = 0, and {A = a∗} ∩ {A = a} = ∅,

varϕfd = Eϕ2
fd

= Eα2 + Eβ2 + Eγ2 + Eδ2 + 2E(αβ) + 2E(αγ) + 2E(αδ) + 2E(βδ) + 2E(γδ), where

α = (Y − E(Y |A,Z))
p(Z|a∗)− p(Z|a)

p(Z|A)
,

β =
I(A = a∗)

p(A)

(∑
ā

E(Y |ā, Z)p(ā)− EY (a∗)

)
,

γ = −I(A = a)

p(A)

(∑
ā

E(Y |ā, Z)p(ā)− EY (a)

)
,

δ =
∑
z

E(Y |A, z)p(z|a∗)−
∑
z

E(Y |A, z)p(z|a)− θ.

Let’s consider each term in varϕfd separately. Note that the terms that include γ can be
obtained from the respective terms with β by substituting a∗ by a.

Eα2 = E

[(
Y 2 − 2Y E(Y |A,Z) + E2(Y |A,Z)

) (p(Z|a∗)− p(Z|a))2

p2(Z|A)

]
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=
∑
z

(p(z|a∗)− p(z|a))2
∑
ā

p(ā)

p(z|ā)

(
E(Y 2|ā, z)− 2E2(Y |ā, z) + E2(Y |ā, z)

)
=
∑
z

(p(z|a∗)− p(z|a))2
∑
ā

p(ā)

p(z|ā)
var(Y |ā, z).

Eβ2 =
∑
z

(∑̄
a
E(Y |ā, z)p(ā)− EY (a∗)

)2

p2(a∗)
p(a∗, z)

=

∑
z
p(z|a∗)

(∑̄
a
E(Y |ā, z)p(ā)

)2

p(a∗)
−

2EY (a∗)
∑
z
p(z|a∗)

∑̄
a
E(Y |ā, z)p(ā)

p(a∗)

+

E2[Y (a∗)]
∑
z
p(z|a∗)

p(a∗)
=

∑
z
p(z|a∗)

(∑̄
a
E(Y |ā, z)p(ā)

)2

p(a∗)
− E2[Y (a∗)]

p(a∗)
.

The last equality follows from the front-door identification of EY (a∗).

Eδ2 =
∑
ā

p(ā)

(∑
z

E(Y |ā, z)(p(z|a∗)− p(z|a))− θ

)2

=
∑
ā

p(ā)

(∑
z

E(Y |ā, z)(p(z|a∗)− p(z|a))

)2

− 2θ
∑
ā

p(ā)

(∑
z

E(Y |ā, z)(p(z|a∗)− p(z|a))

)
+ θ2

=
∑
ā

p(ā)

(∑
z

E(Y |ā, z)(p(z|a∗)− p(z|a))

)2

− θ2.

The last equality follows from the front-door identification of EY (a∗).

E(αβ) =
∑
z̄

∑
y

p(a∗, z̄, y) (y − E(Y |a∗, z̄)) p(z̄|a∗)− p(z̄|a)

p(z̄|a∗)

∑̄
a
E(Y |ā, z̄)p(ā)− EY (a∗)

p(a∗)

= 0

since
∑

y(y − E(Y |a∗, z̄))p(y|z̄, a∗) = 0. Similarly,

Eαδ =
∑
ā,z̄

p(ā)p(z̄|ā)
∑
y

(y − E(Y |ā, z̄)) p(y|z̄, ā)
p(z̄|a∗)− p(z̄|a)

p(z̄|ā)
×

×

(∑
z

E(Y |ā, z)p(z|a∗)−
∑
z

E(Y |ā, z)p(z|a)− θ

)
= 0.

Eβδ =
∑̄
z
p(a∗)p(z̄|a∗)(

∑
ā E(Y |ā,z̄)p(ā)−EY (a∗))(

∑
z E(Y |a∗,z)p(z|a∗)−

∑
z E(Y |a∗,z)p(z|a)−θ)

p(a∗)

= 0 since
∑
z̄

p(z̄|a∗)
∑
ā

E(Y |ā, z̄)p(ā)− EY (a∗) = 0.
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The expression for varϕfd is obtained by plugging in all the terms in varϕfd and is equal
to

varϕfd =
∑
z

(p(z|a∗)− p(z|a))2
∑
ā

p(ā)

p(z|ā)
var(Y |ā, z)

+
∑
z

(∑
ā

E(Y |ā, z)p(ā)

)2(
p(z|a∗)
p(a∗)

+
p(z|a)

p(a)

)

−

( ∑̄
a,z
p(z|a∗)E(Y |ā, z)p(ā)

)2
p(a∗)

−

( ∑̄
a,z
p(z|a)E(Y |ā, z)p(ā)

)2
p(a)

+
∑
ā

p(ā)

(∑
z

E(Y |ā, z)(p(z|a∗)− p(z|a))

)2

− θ2.

B.2 Semiparametric Efficiency Bound under Assumption TD

Under Assumption TD, Theorem 1 in Fulcher et al. (2020) provides the efficient influence
function for EY (a∗). The expression for ϕtd in Equation (2) follows immediately due to
the linearity of the differentiation operation. The semiparametric efficiency bound for θ is
equal to varϕtd.

varϕtd = Eα2 + Eβ2 + Eγ2 + Eδ2 + 2E(αβ) + 2E(αγ) + 2E(αδ) + 2E(βδ) + 2E(γδ),

where

α = (Y − E(Y |A,Z,C))
p(Z|a∗, C)− p(Z|a,C)

p(Z|A,C)
,

β =
I(A = a∗)

p(A|C)

(∑
ā

E(Y |ā, Z, C)p(ā|C)−
∑
ā,z

E(Y |ā, z, C)p(z|A,C)p(ā|C)

)
,

γ = −I(A = a)

p(A|C)

(∑
ā

E(Y |ā, Z, C)p(ā|C)−
∑
ā,z

E(Y |ā, z, C)p(z|A,C)p(ā|C)

)
,

δ =
∑
z

E(Y |A, z, C)
(
p(z|a∗, C)− p(z|a,C)

)
− θ,

and since E(βγ) = 0 ({A = a∗} ∩ {A = a} = ∅). Let’s consider each term in varϕtd.
Note that the terms that include γ can be obtained from the respective terms with β by
substituting a∗ by a.

Eα2 = E

[(
Y 2 − 2Y E(Y |A,Z,C) + E2(Y |A,Z,C)

) (p(Z|a∗, C)− p(Z|a,C))2

p2(Z|A,C)

]
=
∑
z,c

(p(z|a∗, c)− p(z|a, c))2
∑
ā

p(ā, c)

p(z|ā, c)
[
E(Y 2|ā, z, c)− E2(Y |ā, z, c)

]
=
∑
z,c

(p(z|a∗, c)− p(z|a, c))2
∑
ā

p(ā, c)

p(z|ā, c)
var(Y |ā, z, c).

Eβ2 =
∑
z̄,c

(∑
āE(Y |ā, z̄, c)p(ā|c)−

∑
ā,z E(Y |ā, z, c)p(z|a∗, c)p(ā|c)

)2

p2(a∗|c)
p(z̄, a∗, c)
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=
∑
z̄,c

(
∑

āE(Y |ā, z̄, c)p(ā|c))2 p(z̄|a∗, c)p(c)
p(a∗|c)

− 2
∑
z̄,c

∑
a′ E(Y |a′, z̄, c)p(a′|c) ∗

∑
ā,z E(Y |ā, z, c)p(z|a∗, c)p(ā|c)

p2(a∗|c)
p(z̄, a∗, c)

+
∑
c

(∑
ā,z E(Y |ā, z, c)p(z|a∗, c)p(ā|c)

)2
p(c)

p(a∗|c)

=
∑
z,c

(
∑

āE(Y |ā, z, c)p(ā|c))2 p(z|a∗, c)p(c)
p(a∗|c)

−
∑
c

(∑
ā,z E(Y |ā, z, c)p(z|a∗, c)p(ā|c)

)2
p(c)

p(a∗|c)
.

Eδ2 =
∑
ā,c

(∑
z

E(Y |ā, z, c)
(
p(z|a∗, c)− p(z|a, c)

)
− θ

)2

p(ā, c)

=
∑
ā,c

(∑
z

E(Y |ā, z, c)
(
p(z|a∗, c)− p(z|a, c)

))2

p(ā, c)

− 2θ
∑
ā,c

(∑
z

E(Y |ā, z, c)
(
p(z|a∗, c)− p(z|a, c)

))
p(ā, c) + θ2

=
∑
ā,c

(∑
z

E(Y |ā, z, c)
(
p(z|a∗, c)− p(z|a, c)

))2

p(ā, c)− θ2.

Here, the last equality follows from the two-door adjustment.

E(αβ) =
∑
z̄,c,y

(y − E(Y |a∗, z̄, c)) (p(z̄|a∗, c)− p(z̄|a, c))
p(z̄|a∗, c)

×

(∑
āE(Y |ā, z, c)p(ā|c)−

∑
ā,z E(Y |ā, z, c)p(z|a∗, c)p(ā|c)

)
p(a∗|c)

p(y, z̄, a∗, c)

=
∑
z̄,c

(E(Y |a∗, z̄, c)− E(Y |a∗, z̄, c)) (p(z̄|a∗, c)− p(z̄|a, c))

×

(∑
ā

E(Y |ā, z, c)p(ā|c)−
∑
ā,z

E(Y |ā, z, c)p(z|a∗, c)p(ā|c)

)
p(c) = 0

since
∑

y(y − E(Y |a∗, z̄, c))p(y|z̄, a∗, c) = E(Y |a∗, z̄, c) − E(Y |a∗, z̄, c) = 0. Similarly to
E(αβ),

E(αδ) =
∑
ā,z̄,c,y

(y − E(Y |ā, z̄, c)) p(y|z̄, ā, c)p(z̄|a
∗, c)− p(z̄|a, c)
p(z̄|ā, c)

×

×

(∑
z

E(Y |ā, z, c)(p(z|a∗, c)− p(z|a, c))− θ

)
p(z̄|ā, c)p(ā, c) = 0.
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E(βδ) =
∑
z̄,c

(∑
āE(Y |ā, z̄, c)p(ā|c)−

∑
ā,z E(Y |ā, z, c)p(z|a∗, c)p(ā|c)

)
p(a∗|c)

×

(∑
z

E(Y |a∗, z′, c)(p(z′|a∗, c)− p(z′|a, c))− θ

)
p(z̄|a∗, c)p(a∗|c)p(c) = 0

since
∑̄
a,z̄
E(Y |ā, z̄, c)p(z̄|a∗, c)p(ā|c) −

∑̄
a,z
E(Y |ā, z, c)p(z|a∗, c)p(ā|c)

∑̄
z
p(z̄|a∗, c) = 0. The

semiparametric efficiency bound for θ is equal to

varϕtd =
∑
z,c

(p(z|a∗, c)− p(z|a, c))2
∑
ā

p(ā, c)

p(z|ā, c)
var(Y |ā, z, c)

+
∑
z,c

p(z|a∗, c) (
∑

āE(Y |ā, z, c)p(ā|c))2 p(c)

p(a∗|c)
+
∑
z,c

p(z|a, c) (
∑

āE(Y |ā, z, c)p(ā|c))2 p(c)

p(a|c)

−
∑
c


(∑

ā,z E(Y |ā, z, c)p(z|a∗, c)p(ā|c)
)2

p(a∗|c)
+

(∑
ā,z E(Y |ā, z, c)p(z|a, c)p(ā|c)

)2

p(a|c)

 p(c)

+
∑
ā,c

(∑
z

E(Y |ā, z, c)
(
p(z|a∗, c)− p(z|a, c)

))2

p(ā, c)− θ2.

Appendix C. Proof of Proposition 1

Proof Under the assumptions of Section 2.1, Assumptions BD, TD, Y (a, z) ⊥⊥ A|C

Y ⊥⊥ A|Z,C, (11)

since

p(Y = y|A = a, Z = z, C = c)
consistency

= p(Y (a, z) = y|A = a, Z(a) = z, C = c)
TD3
= p(Y (a, z) = y|A = a,C = c)

Y (a,z)⊥⊥A|C
= p(Y (a, z) = y|C = c)

TD1
= p(Y (a∗, z) = y|C = c)

Y (a,z)⊥⊥A|C
= p(Y (a∗, z) = y|A = a∗, C = c)

TD3
= p(Y (a∗, z) = y|A = a∗, Z = z, C = c)

consistency
= p(Y = y|A = a∗, Z = z, C = c).

For a model compatible with a SWIG, Assumption BD implies Y (a, z) ⊥⊥ A|C as follows.
Consider a = a′ in Proposition 4 in Malinsky et al. (2019) a′′ = {a, z}, Z = A and Z(a) =
Z(a, z) = A following the definition of one-step-ahead potential outcomes in Malinsky et al.
(2019)). Similarly, let X = C and X(a) = X(a, z) = C since C are pre-treatment and,
therefore, pre-mediator covariates. Proposition 4 then reads: if

(Y (a), a′ ⊥⊥ A|C)G(a),

then
(Y (a, z), a′ ⊥⊥ A|C)G(a,z).

The implication Y (a) ⊥⊥ A|C ⇒ Y (a; z) ⊥⊥ A|C follows directly by considering marginal
independency.
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Similarly to A2.1 in Fulcher et al. (2020),

E[Y (a∗)|C] =
∑
z

E(Y (a∗)|Z(a∗) = z, C)p(Z(a∗) = z|C)

TD2
=
∑
z

E(Y (a∗, z)|Z(a∗) = z, C)p(Z(a∗) = z|A = a∗, C)

consistency
=

∑
z

E(Y (a∗, z)|Z(a∗) = z, C)p(Z = z|A = a∗, C)

TD1
=
∑
z

E(Y (z)|Z(a∗) = z, C)p(Z = z|A = a∗, C)

=
∑
z

(∑
a

E(Y (z)|A = a, Z(a∗) = z, C)p(a|Z(a∗) = z, C)

)
p(Z = z|A = a∗, C)

TD3,TD2
=

∑
z

(∑
a

E(Y (z)|A = a,C)p(a|C)

)
p(Z = z|A = a∗, C)

=
∑
z

p(Z = z|A = a∗, C)

(∑
a

E(Y (z)|A = a,C)p(a|C)
)

TD3, consistency
=

∑
z

p(Z = z|A = a∗, C)

(∑
a

E(Y (z)|A = a, Z = z, C)p(a|C)

)
TD1
=
∑
z

p(Z = z|A = a∗, C)

(∑
a

E(Y |A = a, Z = z, C)p(a|C)

)
=
∑
z

p(z|a∗, C)
∑
a

E(Y |a, z, C)p(a|C)
(11)
=
∑
z

E(Y |z, C)p(z|a∗, C). (12)

From Equations (2), (11), (12),

ϕtd = (Y − E(Y |Z,C))
p(Z|a∗, C)− p(Z|a,C)

p(Z|A,C)
(13)

+

(
E(Y |Z,C)−

∑
z

E(Y |z, C)p(z|A,C)

)
I(A = a∗)− I(A = a)

p(A|C)

+ E(Y (a∗)|C)− E(Y (a)|C)− θ

and

varϕtd =
∑
z,c

(p(z|a∗, c)− p(z|a, c))2p(c)var(Y |z, c)
∑
ā

p(ā|c)
p(z|ā, c)

+
∑
c

(∑
z

E2[Y |z, c]p(z|a∗, c)− E2
[
Y (a∗)|c

]) p(c)

p(a∗|c)

+
∑
c

(∑
z

E2[Y |z, c]p(z|a, c)− E2
[
Y (a)|c

]) p(c)

p(a|c)
+ Eδ2,

where δ = E
[
Y (a∗)|C

]
−E

[
Y (a)|C

]
− θ. The following equalities are obtained by addition

and subtraction of some terms and regrouping.

varϕtd =
∑
z,c

(p(z|a∗, c)− p(z|a, c))2p(c)var(Y |z, c)
∑
ā

p(ā|c)
p(z|ā, c)
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+
∑
z,c

p(c)

p(a∗|c)

(
E2[Y |z, c]p(z|a∗, c)− E(Y 2|z, c)p(z|a∗, c)

)
+
∑
z,c

p(c)

p(a∗|c)
E(Y 2|z, c)p(z|a∗, c)− E

(
E2
[
Y (a∗, Z(a∗))|C

]
p(a∗|C)

)
+
∑
z,c

p(c)

p(a|c)

(
E2[Y |z, c]p(z|a, c)−

∑
z,c

E(Y 2|z, c)p(z|a, c)
)

+

+
∑
z,c

p(c)

p(a|c)
E(Y 2|z, c)p(z|a, c)− E

(
E2
[
Y (a, Z(a))|C

]
p(a|C)

)
+ Eδ2

=
∑
z,c

p(c)var(Y |z, c)

(
(p(z|a∗, c)− p(z|a, c))2

∑
ā

p(ā|c)
p(z|ā, c)

− p(z|a∗, c)
p(a∗|c)

− p(z|a, c)
p(a|c)

)
+ E

(
var
[
Y (a∗)|C

]
p(a∗|C)

)
+ E

(
var
[
Y (a)|C

]
p(a|C)

)
+ Eδ2.

varϕtd − varϕbd

=
∑
z,c

p(c)var(Y |z, c)

(
(p(z|a∗, c)− p(z|a, c))2

∑
ā

p(ā|c)
p(z|ā, c)

− p(z|a∗, c)
p(a∗|c)

− p(z|a, c)
p(a|c)

)
.

varϕtd − varϕbd is a summation over all z ∈ Z and c ∈ C. Each term is a product of a
positive p(c)var(Y |z, c) and a term of an unknown sign. The proof is completed by noting
that if the term of an unknown sign is positive for all z ∈ Z and c ∈ C, varϕtd − varϕbd
is also positive. If the term of an unknown sign is negative for all z ∈ Z and c ∈ C,
varϕtd − varϕbd is also negative.

Appendix D. Example

Here we provide an example of the sufficient condition for the two-door bound being lower
than the back-door bound when all observed variables are binary.

When the treatment is binary, the expression in the sufficient condition from Proposition
1 can be simplified as follows.

(p(z|a∗, c)− p(z|a, c))2
∑
ā

p(ā|c)
p(z|ā, c)

− p(z|a∗, c)
p(a∗|c)

− p(z|a, c)
p(a|c)

= (p(z|a∗, c)− p(z|a, c))2

[
p(a∗|c)
p(z|a∗, c)

+
p(a|c)
p(z|a, c)

]
−

[
p(z|a∗)
p(a∗|c)

+
p(z|a, c)
p(a|c)

]
=

(
p(a|c)p(z|a∗, c) + p(a∗|c)p(z|a, c)

)(
(p(z|a∗, c)− p(z|a, c))2

p(z|a∗, c)p(z|a, c)
− 1

p(a|c)p(a∗|c)

)
.

The first term in the product is always positive under the positivity assumption of Sec-
tion 2.1. The sufficient conditions correspond to the second term being nonpositive or
nonnegative for all z ∈ Z and c ∈ C. The inequalities are solved as quadratic inequalities
for p(z|a∗,c)

p(z|a,c) , and noting that p(a|c) = 1− p(a∗|c) for binary treatment.
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Figure 4: Difference between varϕtd and varϕbd in the example in Appendix D.

Consider pre-treatment covariate C with no restrictions on its distribution and A|C ∼
Bern(expit(αC)), where expit(x) = exp(x)/{1 + exp(x)}. Let a∗ = 1, a = 0. The media-
tors Z(a) ∼ Bern(expitβa), and the potential outcomes depend only on Z and C. Such
distribution satisfies Assumptions BD and TD.

Consider (p(z|a∗,c)−p(z|a,c))2

p(z|a∗,c)p(z|a,c) − 1
p(a|c)p(a∗|c) > 0 for all z ∈ Z and c ∈ C as the sufficient

condition for varϕtd > varϕbd. The condition corresponds to a system of inequalities:
Z = 1, C = 1 : (expit(β)−0.5)2

0.5 expit(β) − 1
expit(α)(1−expit(α)) > 0,

Z = 1, C = 0 : (expit(β)−0.5)2

0.5 expit(β) − 1
0.52 > 0,

Z = 0, C = 0 : (1−expit(β)−0.5)2

0.5(1−expit(β)) −
1

0.52 > 0,

Z = 0, C = 1 : (1−expit(β)−0.5)2

0.5(1−expit(β)) −
1

expit(α)(1−expit(α)) > 0.

This system has no solution since there is no joint solution for the second and third in-
equalities. This means that we can only state sufficient conditions for varϕtd ≤ varϕbd by
solving the following system of equations:

(expit(β)−0.5)2

0.5 expit(β) − 1
expit(α)(1−expit(α)) ≤ 0,

(expit(β)−0.5)2

0.5 expit(β) − 1
0.52 ≤ 0,

(1−expit(β)−0.5)2

0.5(1−expit(β)) −
1

0.52 ≤ 0,
(1−expit(β)−0.5)2

0.5(1−expit(β)) −
1

expit(α)(1−expit(α)) ≤ 0.

The solution is expit(β) ∈
[

3−2
√

2
2 ; 2

√
2−1
2

]
. For illustration, Figure 4 shows varϕtd−varϕbd

when C ∼ Bern(expit(β0)) and Y (a)|Z,C ∼ Bern(expit(γ1Z+γ2C)) for all the combinations
of considered values of the parameters β0 = 0.1, 0.3, 0.6, 0.9; α, γ1, γ2 ∈ {-4, -3, . . . , 3, 4}; β ∈
{-4, -3.8, . . . , 3.8, 4}. A finer grid is chosen for β since β is a parameter in Z(1) distribution.

Figure 4 confirms that if p(Z(1) = 1) = expit(β) ∈
[
(3− 2

√
2)/2, (2

√
2− 1)/2

]
, varϕtd

is at least as low as varϕbd.
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Appendix E. Proof of Proposition 2

Proof The efficient influence function is a projection of an arbitrary influence function onto
the tangent space for the model (see Equation 3.34 in Theorem 3.5 in Tsiatis 2006). As
an influence function, we use ϕtd that under Assumptions TD and BD, may be simplified
according to Equation (13).

To find the projection, we first note that under the Assumptions of the Proposition,
Y ⊥⊥ A|Z,C (see Appendix C), and the density of the observed data is p(c, a, z, y) =
p(c)p(a|c)p(z|a, c)p(y|z, c). From Theorem 4.5 in Tsiatis (2006), the projection of any influ-
ence function h on the tangent space is α(C) + α(A,C) + α(Z,A,C) + α(Y, Z,C), where

α(C) = E(h|C)− Eh,
α(A,C) = E(h|A,C)− E(h|C),
α(Z,A,C) = E(h|Z,A,C)− E(h|A,C),
α(Y,Z,C) = E(h|Y, Z,C)− E(h|Z,C).

The projection of ϕtd onto the tangent space is then ϕbd,td = E(ϕtd|Y,Z,C)−E(ϕtd|Z,C)+
E(ϕtd|Z,A,C).

Appendix F. Proof of Proposition 3

Proof Under Assumptions FD, TD, and Z(a) ⊥⊥ C|A, p(y|a, z) can be represented as

p(y|a, z) =
∑
c p(c)p(a|c)p(y|a,z,c)

p(a) . Consider the expression for varϕfd in Equation (9). If

E(Y |A,Z,C) = γ0 + γ1Z + γ2C + γ3A,

p(ā)var(Y |ā, z) = p(ā)
∑
y

y2p(y|ā, z)− p(ā)

(∑
y

yp(y|ā, z)

)2

.

Plugging in p(y|a, z) and E(Y |A,Z,C) provides

p(ā)var(Y |ā, z) =
∑
c

p(ā, c)E(Y 2|ā, z, c)−
(
∑

c p(ā, c)E(Y |ā, z, c)))2

p(ā)

=
∑
c

p(ā, c)
(
var(Y |ā, z, c) + (γ0 + γ1z + γ2c+ γ3ā)2

)
−

(
∑

c p(ā, c)(γ0 + γ1z + γ2c+ γ3ā)))2

p(ā)

=
∑
c

p(ā, c)
(
var(Y |ā, z, c) + (γ0 + γ1z + γ2c+ γ3ā)2

)
− p(ā) (γ0 + γ1z + γ2E(C|ā) + γ3ā))2 =

∑
c

p(ā, c)var(Y |ā, z, c) + γ2
2var(C|ā)p(ā).

Similarly,

∑
z

(∑
ā

E(Y |ā, z)p(ā)

)2
p(z|a∗)
p(a∗)

−

( ∑̄
a,z
p(z|a∗)E(Y |ā, z)p(ā)

)2
p(a∗)

31



Gorbach, de Luna, Karvanen, and Waernbaum

=

∑
z

(∑̄
a,c
p(ā, c)(γ0 + γ1z + γ2c+ γ3ā)

)2

p(z|a∗)

p(a∗)
− (γ0 + γ1E(Z|a∗) + γ2EC + γ3EA)2

p(a∗)

=
∑
z

(γ0 + γ1z + γ2EC + γ3EA)2 p(z|a∗)
p(a∗)

− (γ0 + γ1E(Z|a∗) + γ2EC + γ3EA)2

p(a∗)

=
γ2

1var(Z|a∗)
p(a∗)

.

∑
ā

p(ā)

(∑
z

E(Y |ā, z)(p(z|a∗)− p(z|a))

)2

− θ2

=
∑
ā,c

p(ā, c)γ2
1(E(Z|a∗)− E(Z|a))2 − γ2

1(E(Z|a∗)− E(Z|a))2 = 0.

Therefore,

varϕfd =
∑
z

(p(z|a∗)− p(z|a))2
∑
ā,c

p(ā, c)

p(z|ā)
var(Y |ā, z, c)

+
∑
z

(p(z|a∗)− p(z|a))2
∑
ā

γ2
2var(C|ā)p(ā)

p(z|ā)
+
γ2

1var(Z|a∗)
p(a∗)

+
γ2

1var(Z|a)

p(a)
.

varϕtd from Equation (10) can be simplified using the fact that

∑
z,c

p(z|a∗) (
∑

āE(Y |ā, z, c)p(ā|c))2 p(c)

p(a∗|c)
−
∑
c

(∑
ā,z E(Y |ā, z, c)p(z|a∗)p(ā|c)

)2
p(c)

p(a∗|c)

=
∑
z,c

p(c)
p(z|a∗)
p(a∗|c)

(γ0 + γ1z + γ2c+ γ3E(A|c))2

−
∑
c

p(c)(γ0 + γ1E(Z|a∗) + γ2C + γ3E(A|c))2

p(a∗|c)
=
∑
c

p(c)

p(a∗|c)
γ2

1var(Z|a∗)

and

∑
ā,c

(∑
z

E(Y |ā, z, c)(p(z|a∗)− p(z|a))

)2

p(ā, c)− θ2 = 0.

varϕtd =
∑
z

(p(z|a∗)− p(z|a))2
∑
ā,c

p(ā, c)

p(z|ā)
var(Y |ā, z, c)

+
∑
c

p(c)

p(a∗|c)
γ2

1var(Z|a∗) +
∑
c

p(c)

p(a|c)
γ2

1var(Z|a).

Therefore, varϕfd − varϕtd is equal to

varϕfd − varϕtd =
∑
z

(p(z|a∗)− p(z|a))2
∑
ā

γ2
2var(C|ā)p(ā)

p(z|ā)

+ γ2
1var(Z|a∗)

(
1

p(a∗)
−
∑
c

p(c)

p(a∗|c)

)
+ γ2

1var(Z|a)

(
1

p(a)
−
∑
c

p(c)

p(a|c)

)
.
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Since the first term
∑

z(p(z|a∗) − p(z|a))2
∑

ā
γ2

2var(C|ā)p(ā)
p(z|ā) is always nonnegative, the fol-

lowing condition for varϕfd ≥ varϕtd can be provided. When

1

p(a∗)
≥
∑
c

p(c)

p(a∗|c)
and

1

p(a)
≥
∑
c

p(c)

p(a|c)
,

all the terms in varϕfd − varϕtd are nonnegative, and varϕfd ≥ varϕtd.

Appendix G. Proof of Proposition 4

Proof Since Z(a) ⊥⊥ C|A, p(z|a, c) = p(z|a) and the density of the observed data can
be expressed as p(c, a, z, y) = p(y|a, z, c)p(z|a)p(a|c)p(c). From Theorem 4.5 in Tsiatis
(2006), the projection of any influence function h on the tangent space is E(h|Y,A,Z,C)−
E(h|A,Z,C) + E(h|Z,A)− E(h|A) + E(h|A,C)− E(h|C) + E(h|C)− Eh.

The projection of ϕtd onto the tangent space is then

ϕfd,td = E(ϕtd|Y,A,Z,C)− E(ϕtd|A,Z,C) + E(ϕtd|Z,A)− E(ϕtd|A) + E(ϕtd|A,C).

E(ϕtd|Y,A,Z,C)− E(ϕtd|A,Z,C) = (Y − E(Y |A,Z,C))
p(Z|a∗)− p(Z|a)

p(Z|A)

since all other terms in ϕtd are functions of A,Z,C only. From the two-door adjustment of
θ and since

∑
y(y − E(Y |A,Z,C))p(y|A,Z) = 0 and

∑
y(y − E(Y |A,Z,C))p(y|A) = 0,

E(ϕtd|Z,A)− E(ϕtd|A) =
∑
c

(∑
ā

E(Y |ā, Z, c)p(ā|c)−
∑
ā,z

E(Y |ā, z, c)p(z|A)p(ā|c)

)
×

× (I(A = a∗)− I(A = a))p(c)

p(A)
.

Similarly, E(ϕtd|A,C) =
∑
z
E(Y |A, z, C)

(
p(z|a∗)− p(z|a)

)
− θ.

The corresponding variance is varϕfd,td = Eϕ2
fd,td = Eα2 + Eβ2 + Eγ2 + Eδ2, where

α = (Y − E(Y |A,Z,C))
p(Z|a∗)− p(Z|a)

p(Z|A,C)
,

β =
∑
c

(∑
ā

E(Y |ā, Z, c)p(ā|c)−
∑
ā,z

E(Y |ā, z, c)p(ā|c)p(z|A)

)
I(A = a∗)p(c)

p(A)
,

γ =
∑
c

(∑
ā

E(Y |ā, Z, c)p(ā|c)−
∑
ā,z

E(Y |ā, z, c)p(ā|c)p(z|A)

)
I(A = a)p(c)

p(A)
,

δ =
∑
z

E(Y |A, z, C)
(
p(z|a∗)− p(z|a)

)
− θ.

and since Eαβ = Eαγ = Eαδ = Eβγ = Eβδ = Eγδ = 0 similar to the proof in Ap-
pendix B.2.

Eβ2 =
∑
z

(∑
c

(∑
ā

E(Y |ā, z, c)p(ā|c)−
∑
ā,z

E(Y |ā, z, c)p(z|a∗)p(ā|c)

)
p(c)

p(a∗)

)2

×
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× p(z|a∗)p(a∗)

=
∑
z

p(z|a∗)
p(a∗)

(∑
ā,c

E(Y |ā, z, c)p(ā|c)p(c)−
∑
ā,z,c

E(Y |ā, z, c)p(z|a∗)p(ā|c)p(c)

)2

=
∑
z

p(z|a∗)
p(a∗)

(∑
ā,c

E(Y |ā, z, c)p(ā|c)p(c)

)2

−

(∑
ā,z,cE(Y |ā, z, c)p(z|a∗)p(ā|c)p(c)

)2

p(a∗)
.

Eγ2 can be obtained from Eβ2 by substituting a∗ for a. The expression for Eα2 and Eδ2

can be found similar to the expressions for the corresponding terms in Appendix B.2.

Appendix H. Proof of Proposition 5

Proof The observed data distribution under the considered assumptions is p(c, a, z, y) =
p(c)p(a|c)p(z|a)p(y|z, c) and E(Y (a∗)|C) =

∑
z p(z|a∗)E(Y |Z,C).

If additionally E(Y |Z,C) = γ0 + γ1Z + γ2C, varϕbd can be simplified as follows:

var
[
Y (a∗)|C] =

∑
z

p(z|a∗)E(Y 2|z, C)−

(∑
z

p(z|a∗)E(Y |z, C)

)2

=
∑
z

p(z|a∗)var(Y |Z,C) +
∑
z

p(z|a∗))(γ0 + γ1Z + γ2C)2

−

(∑
z

p(z|a∗)(γ0 + γ1Z + γ2C)

)2

=
∑
z

p(z|a∗)var(Y |z, C) + γ2
1var(Z|a∗).

varϕbd = E

[
var
[
Y (a∗)|C

]
p(a∗|C)

+
var
[
Y (a)|C

]
p(a|C)

]
+ E

(
E
[
Y (a∗)|C

]
− E

[
Y (a)|C

]
− θ
)2

=
∑
c

(∑
z p(z|a∗)var(Y |z, c) + γ2

1var(Z|a∗)
p(a∗|c)

p(c)

)
+
∑
c

(∑
z p(z|a)var(Y |z, c) + γ2

1var(Z|a)

p(a|c)
p(c)

)
+ γ0 + γ1E(Z|a∗) + γ2C − γ0 − γ1E(Z|a)− γ2C − γ1(E(Z|a∗)− E(Z|a))

=
∑
c

(∑
z p(z|a∗)var(Y |z, c) + γ2

1var(Z|a∗)
p(a∗|c)

p(c)

)
+
∑
c

(∑
z p(z|a)var(Y |z, c) + γ2

1var(Z|a)

p(a|c)
p(c)

)
.

Note that this expression holds even if the linearity assumption is not fulfilled, but
E(Y |Z,C) = f(Z) + g(C) for some f and g. Similar to Appendix F,

varϕfd =
∑
z

(p(z|a∗)− p(z|a))2
∑
ā,c

p(ā, c)

p(z|ā)
var(Y |z, c)

+
∑
z

(p(z|a∗)− p(z|a))2
∑
ā

γ2
2var(C|ā)p(ā)

p(z|ā)
+
γ2

1var(Z|a∗)
p(a∗)

+
γ2

1var(Z|a)

p(a)
.
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varϕfd − varϕbd =
∑
z,c

var(Y |z, c)p(c)

(∑
ā

p(ā|c)(p(z|a∗)− p(z|a))2

p(z|ā)
− p(z|a∗)
p(a∗|c)

− p(z|a)

p(a|c)

)

+
∑
z

(p(z|a∗)− p(z|a))2
∑
ā

γ2
2var(C|ā)p(ā)

p(z|ā)

+ γ2
1var(Z|a∗)

(
1

p(a∗)
−
∑
c

p(c)

p(a∗|c)

)
+ γ2

1var(Z|a)

(
1

p(a)
−
∑
c

p(c)

p(a|c)

)
.

The proof is completed by noting that when all the terms in the summations are nonnega-
tive, varϕfd − varϕbd ≥ 0. If all the terms are not positive, varϕfd − varϕbd ≤ 0.

Appendix I. Proof of Proposition 6

Proof Under the considered assumptions, the density of the observed data can be expressed
as p(c, a, z, y) = p(c)p(a|c)p(z|a)p(y|z, c). Similar to Appendix E and from Theorem 4.5 in
Tsiatis (2006), the projection of influence function ϕtd onto the tangent space is then

ϕbd,fd,td = E(ϕtd|Y,Z,C)− E(ϕtd|Z,C) + E(ϕtd|Z,A)− E(ϕtd|A) + E(ϕtd|A,C)
= E(α(Y, Z,A,C)|Y, Z,C)− E(α(Y, Z,A,C)|Z,C)
+ E

(
α(Z,A,C)|Z,A

)
− E

(
α(Z,A,C)|A

)
+ α(C),

where

α(Y,Z,A,C) =
(
Y − E(Y |Z,C)

)p(Z|a∗, C)− p(Z|a,C)

p(Z|A,C)
,

α(Z,A,C) =
I(A = a∗)− I(A = a)

p(A|C)

(
E(Y |Z,C)−

∑
z

E(Y |z, C)p(z|A,C)

)
,

α(C) = E(Y (a∗)|C)− E(Y (a)|C)− θ (12)
=
∑
z

E(Y |z, C)(p(z|a∗, c)− p(z|a))− θ.

Consider E(α(Y,Z,A,C)|Y, Z,C)− E(α(Y, Z,A,C)|Z,C).

E(α(Y,Z,A,C)|Y,Z,C)− E(α(Y,Z,A,C)|Z,C)

= (Y − E(Y |Z,C)) (p(Z|a∗)− p(Z|a))
∑
a

p(a|Y,Z,C)

p(Z|a)

= (Y − E(Y |Z,C)) (p(Z|a∗)− p(Z|a))
∑
a

p(C)p(a|C)p(Z|a)p(Y |Z,C)

p(Z|a)p(Y |Z,C)p(Z,C)

=
(Y − E(Y |Z,C)) (p(Z|a∗)− p(Z|a))∑

a p(a|C)p(Z|a)
.

Consider the term in E
(
α(Z,A,C)|Z,A

)
− E

(
α(Z,A,C)|A

)
that corresponds to a∗ :

∑
c

I(A = a∗)

p(A|c)

(
E(Y |Z, c)−

∑
z

E(Y |z, c)p(z|A, c)

)
p(c|A,Z)
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−
∑
z,c

I(A = a∗)

p(A|c)
E(Y |z, c)p(z, c|A) +

∑
c,z

I(A = a∗)

p(A|c)
E(Y |z, c)p(z|A, c)p(c|A)

=
∑
c

I(A = a∗)

p(A|c)
E(Y |Z, c)p(c|A)−

∑
z,c

I(A = a∗)

p(A|c)
E(Y |z, c)p(z, c|A)

=
I(A = a∗)∑
c p(c)p(A|c)

∑
c

p(c)

(
E(Y |Z, c)−

∑
z

E(Y |z, c)p(z|A)

)
,

where the second last equality follows from Z(a) ⊥⊥ C|A, and the last equality follows from

p(c|A) = p(c)p(A|c)∑
c p(c)p(A|c)

and p(c, z|A) = p(c)p(A|c)p(z|A)∑
c p(c)p(A|c)

. Therefore,

E
(
α(Z,A,C)|Z,A

)
− E

(
α(Z,A,C)|A

)
=
∑
c

(
E(Y |Z, c)−

∑
z

E(Y |z, c)p(z|A)

)
(I(A = a∗)− I(A = a))p(c)∑

c p(c)p(A|c)
.

ϕfd,bd,td is exactly the same as the efficient influence function provided by Rotnitzky and
Smucler (2020) under the data distribution compatible with the DAG defined by paths
C → A→ Z → Y, C → Y.

varϕfd,bd,td = Eϕ2
fd,bd,td = Eα2 + Eβ2 + Eγ2 + Eδ2, where

α =
(Y − E(Y |Z,C)) (p(Z|a∗)− p(Z|a))∑

a p(a|C)p(Z|a)
,

β =
I(A = a∗)∑
c p(c)p(A|c)

(∑
c

p(c)E(Y |Z, c)−
∑
z,c

E(Y |z, c)p(z|A)p(c)

)
,

γ =
I(A = a)∑
c p(c)p(A|c)

(∑
c

p(c)E(Y |Z, c)−
∑
z,c

E(Y |z, c)p(z|A)p(c)

)
,

δ = E(Y (a∗)|C)− E(Y (a)|C)− θ,

and since Eαβ = Eαγ = Eαδ = Eβγ = Eβδ = Eγδ = 0 similar to varϕtd in Appendix B.2.

Eα2 =
∑
z

p(z|a∗)− p(z|a))2
∑
c

p(c)
∑

a p(a|c)p(z|a)

(
∑

a p(a|C)p(Z|a))2
var(Y |z, c)

=
∑
z

(p(z|a∗)− p(z|a))2
∑
c

p(c)var(Y |z, c)∑
a p(a|c)p(Z|a)

.

Eβ2 =
∑
z


(∑

c p(c)E(Y |z, c)−
∑

z,cE(Y |z, c)p(z|a∗)p(c)
)

∑
c p(c)p(a

∗|c)

2

p(a∗)p(z|a∗)

=
∑
z

p(z|a∗)
p(a∗)

(∑
c

p(c)E(Y |z, c)−
∑
z,c

E(Y |z, c)p(z|a∗)p(c)

)2

=
∑
z

p(z|a∗)
p(a∗)

(∑
c

p(c)E(Y |z, c)

)2

−

(∑
z,cE(Y |z, c)p(z|a∗)p(c)

)2

p(a∗)
.

Eγ2 =
∑
z

p(z|a)

p(a)

(∑
c

p(c)E(Y |z, c)

)2

−

(∑
z,cE(Y |z, c)p(z|a)p(c)

)2

p(a)
.
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Eδ2 =
∑
c

p(c)

(∑
z

E(Y |z, c)(p(z|a∗)− p(z|a))

)2

− θ2.

Appendix J. Proofs of Theorems 7–10

Let X denote the set of relevant observed variables, for example, X = (C,A,Z, Y ) or
X = (C,A, Y ). The considered estimators of the ACE take a form

θ̂ =
1

n

n∑
i=1

m(Xi, η̂),

where m(X, η) = ϕ(X, η, θ) + θ. Note that functions ϕ (and m) vary depending on the
model assumptions. For example, ϕ and m represent ϕfd and mfd under Assumption FD
and ϕtd and mtd under Assumption TD, etc.

J.1 Consistency

From Theorem 7.3 in Boos and Stefanski (2013), θ̂ →p Em(X1, η̄) when η̂ →p η̄ and the
following regularity Assumption A3 is fulfilled:

Assumption A3

(a) X1, . . . , Xn are i.i.d,

(b) m(X, η) is differentiable with respect to η,E|m′(X1, η̄)| <∞,

(c) there exist a function M(x) such that EM(X1) < ∞ and for all η in a neighborhood
of η̄ and all components of η ηj ,

∂m(x, η)

∂ηj
≤M(x).

In order to prove the consistency of the estimators, we show that Em(X1, η̄) = θ0, that is,
Eϕ(X, η̄, θ0) = 0, where θ0 is the true value of the ACE. Then, from Theorem 7.3 in Boos
and Stefanski (2013), θ̂ →p θ0.

J.2 Efficiency

To show the asymptotic normality (and the efficiency) of the estimators, we use the following
decomposition:

√
n(θ̂ − θ) =

1√
n

n∑
i=1

ϕ(Xi, η̂, θ) =
1√
n

n∑
i=1

(m(Xi, η̂)− θ) = R1 +R2,

R1 =
1√
n

n∑
i=1

(
m(Xi, η̂)− Pm(X, η̂)

)
,
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R2 =
1√
n

n∑
i=1

(
Pm(X, η̂)− θ

)
=
√
n
(
Pm(X, η̂)− θ

)
.

Let η0 represent the true value of η. Assumption 2 ensures that R1 = 1√
n

∑n
i=1

(
m(Xi, η0)−

Pm(X, η0)
)

+ op(1) from Lemma 2 (Kennedy et al., 2020) in case of sample splitting and
from Lemma 19.24 (van der Vaart, 1998) when m(X, η̂) belongs to a Donsker class. For
each model separately, we provide conditions for R2 being op(1).

Then θ̂ is asymptotically linear with influence function ϕ,

√
n(θ̂ − θ0) =

1√
n

n∑
i=1

(
m(Xi, η0)− Pm(X, η0)

)
+ op(1) =

1√
n

n∑
i=1

ϕ(Xi, η0, θ0) + op(1).

J.3 Boundedness Assumptions in Theorems 7–10

The following Assumption A4 is used in the proof of the efficiency of θ̂td in Theorem 7.

Assumption A4

1. ∃ε1: P (|Ê(Y |A,Z,C)| < ε1) = 1 with probability 1 − δ1n, where δ1n are positive, and
δ1n → 0, n→∞ (here and below in assumptions P is over Z,A,C, but still depends
on the sample used in Ê or p̂),

2. ∃ε2 > 0: P (p(Z|A,C) > ε2) = 1,

3. ∃ε3 > 0: P (p̂(Z|A,C) > ε3) = 1 with probability 1 − δ3n, where δ3n are positive, and
δ3n → 0, n→∞,

4. ∃ε4: P (|p̂(Z|ă, C)| < ε4) = 1 with probability at least 1 − δ4n, where δ4n are positive,
and δ4n → 0, n→∞; ă ∈ {a∗, a},

5. ∃ε5 > 0: P (p(A|C) > ε5) = 1,

6. ∃ε6 > 0: P (p̂(ă|C) > ε6) = 1 with probability at least 1 − δ6n, where δ6n are positive,
and δ6n → 0, n→∞; ă ∈ {a∗, a},

7. ∃ε7: P (|p̂(A|C)| < ε7) = 1 with probability 1−δ7n, where δ7n are positive, and δ7n → 0,
n→∞,

8. ∃ε8: P (|p̂(ă|C)| < ε8) = 1 with probability at least 1− δ8n, where δ8n are positive, and
δ8n → 0, n→∞; ă ∈ {a∗, a}.

The following Assumption A5 is used in the proof of the efficiency of θ̂fd in Theorem 7.

Assumption A5

1. ∃ε1: P (|Ê(Y |A,Z)| < ε1) = 1 with probability 1 − δ1n, where δ1n are positive, and
δ1n → 0, n→∞ (here and below in assumptions P is over Z,A,C, but still depends
on the sample used in Ê or p̂),

2. ∃ε2 > 0: P (p(Z|A) > ε2) = 1,
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3. ∃ε3 > 0: P (p̂(Z|A) > ε3) = 1 with probability 1 − δ3n, where δ3n are positive, and
δ3n → 0, n→∞,

4. ∃ε4: P (|p̂(Z|ă)| < ε4) = 1 with probability at least 1− δ4n, where δ4n are positive, and
δ4n → 0, n→∞; ă ∈ {a∗, a},

5. ∃ε5 > 0: P (p(A) > ε5) = 1,

6. ∃ε6 > 0: p̂(ă) > ε6 with probability at least 1−δ6n, where δ6n are positive, and δ6n → 0,
n→∞; ă ∈ {a∗, a},

7. ∃ε7: P (|p̂(A)| < ε7) = 1 with probability 1− δ7n, where δ7n are positive, and δ7n → 0,
n→∞,

8. ∃ε8: |p̂(ă)| < ε8 with probability at least 1− δ8n, where δ8n are positive, and δ8n → 0,
n→∞; ă ∈ {a∗, a}.

The following Assumption A6 is used in the proof of the efficiency of θ̂bd,td in Theorem 8.

Assumption A6

1. ∃ε2 > 0: P (p(Z|A,C) > ε2) = 1,

2. ∃ε1 > 0: P (
∑

ā p̂(Z|ā, C)p̂(ā|C) > ε1) with probability at least 1 − δ1n, where δ1n are
positive, and δ1n → 0, n→∞,

3. ∃ε3 > 0:
∑

ā p(Z|ā, C)p(ā|C) > ε3) = 1,

4. ∃ε4: P (|p̂(Z|ă, C)| < ε4) = 1 with probability at least 1 − δ4n, where δ4n are positive,
and δ4n → 0, n→∞; ă ∈ {a∗, a},

5. ∃ε5 > 0: P (p(A|C) > ε5) = 1,

6. ∃ε6 > 0: P (p̂(ă|C) > ε6) = 1 with probability at least 1 − δ6n, where δ6n are positive,
and δ6n → 0, n→∞; ă ∈ {a∗, a}.

The following Assumption A7 is used in the proof of the efficiency of θ̂fd,td in Theorem 9.

Assumption A7

1. ∃ε1: P (|Ê(Y |A,Z,C)| < ε1) = 1 with probability 1 − δ1n, where δ1n are positive, and
δ1n → 0, n→∞ (here and below in assumptions P is over Z,A,C, but still depends
on the sample used in Ê or p̂),

2. ∃ε2 > 0: P (p(Z|A) > ε2) = 1,

3. ∃ε3 > 0: P (p̂(Z|A) > ε3) = 1 with probability 1 − δ3n, where δ3n are positive, and
δ3n → 0, n→∞,

4. ∃ε4: P (|p̂(Z|ă)| < ε4) = 1 with probability at least 1− δ4n, where δ4n are positive, and
δ4n → 0, n→∞; ă ∈ {a∗, a},
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5. ∃ε5 > 0: P (p(A|C) > ε5) = 1,

6. ∃ε6 > 0: P (p̂(ă) > ε6) = 1 with probability at least 1− δ6n, where δ6n are positive, and
δ6n → 0, n→∞; ă ∈ {a∗, a},

7. ∃ε7: P (|p̂(A|C)| < ε7) = 1 with probability 1−δ7n, where δ7n are positive, and δ7n → 0,
n→∞,

8. ∃ε8 > 0: P (p(C) > ε5) = 1,

9. ∃ε9: P (|p̂(C)| < ε7) = 1 with probability 1− δ9n, where δ9n are positive, and δ9n → 0,
n→∞.

The following Assumption A8 is used in the proof of the efficiency of θ̂bd,fd,td in Theorem 10.

Assumption A8

1. ∃ε1: P (|Ê(Y |Z,C)| < ε1) = 1 with probability 1 − δ1n, where δ1n are positive, and
δ1n → 0, n→∞ (here and below in assumptions P is over Z,A,C, but still depends
on the sample used in Ê or p̂),

2. ∃ε2 > 0: P (p(Z|A) > ε2) = 1,

3. ∃ε3 > 0: P (p(Z|ā) > ε3) = 1,

4. ∃ε4: P (|p̂(Z|ă)| < ε4) = 1 with probability at least 1− δ4n, where δ4n are positive, and
δ4n → 0, n→∞; ă ∈ {a∗, a},

5. ∃ε5 > 0: P (p̂(Z|ā) > ε5) = 1 with probability 1 − δ5n, where δ5n are positive and
δ5n → 0, n→∞; ā ∈ A,

6. ∃ε6 > 0: P (p(A|C) > ε6) = 1,

7. ∃ε7 > 0: P (p(ā|C) > ε7) = 1; ā ∈ A,

8. ∃ε8: P (|p̂(A|C)| < ε8) = 1 with probability 1−δ8n, where δ8n are positive, and δ8n → 0,
n→∞,

9. ∃ε9 > 0: P (p̂(ā|C) > ε9) = 1 with probability at least 1 − δ9n, where δ9n are positive,
and δ9n → 0, n→∞; ā ∈ A,

10. ∃ε10 > 0: P (p̂(ă) > ε10) = 1 with probability at least 1− δ10n, where δ10n are positive,
and δ10n → 0, n→∞; ă ∈ {a∗, a},

11. ∃ε11 > 0: P (p(C) > ε11) = 1,

12. ∃ε12: P (|p̂(C)| < ε12) = 1 with probability 1 − δ12n, where δ12n are positive, and
δ12n → 0, n→∞.

Note that, if A,Z,C are continuous, they should have bounded support to satisfy the
boundedness assumptions in Assumption A4-Assumption A8.
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J.4 Proof of Theorem 7

Proof According to Appendix J.2, we first show that Pmtd(X, η̂)−θ = op(1/
√
n) and then

show that Pmfd(X, η̂)− θ = op(1/
√
n).

Pmtd(X, η̂)− θ

=
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

) p̂(z|a∗, c)− p̂(z|a, c)
p̂(z|ā, c)

p(z|ā, c)p(ā|c)p(c)

+
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|a∗, c)− p̂(z|a∗, c)) p(a
∗|c)

p̂(a∗|c)
p̂(ā|c)p(c)

−
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|a, c)− p̂(z|a, c)) p(a|c)
p̂(a|c)

p̂(ā|c)p(c)

+
∑
c,ā,z

Ê(Y |ā, z, c)
(
p̂(z|a∗, c)− p̂(z|a, c)

)
p(ā|c)p(c)

−
∑
c,ā,z

E(Y |ā, z, c)
(
p(z|a∗, c)− p(z|a, c)

)
p(ā|c)p(c)

±
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

) (
p̂(z|a∗, c)− p̂(z|a, c)

)
p(ā|c)p(c)

±
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|a∗, c)− p̂(z|a∗, c)) p̂(ā|c)p(c)

±
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|a, c)− p̂(z|a, c)) p̂(ā|c)p(c).

Here, the third last line will be combined with the first line, the second last line will be
combined with the second line, the last line will be combined with the third line.

Pmtd(X, η̂)− θ

=
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

) (
p̂(z|a∗, c)− p̂(z|a, c)

)p(z|ā, c)− p̂(z|ā, c)
p̂(z|ā, c)

p(ā|c)p(c)

+
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|a∗, c)− p̂(z|a∗, c)) p(a
∗|c)− p̂(a∗|c)
p̂(a∗|c)

p̂(ā|c)p(c)

−
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|a, c)− p̂(z|a, c)) p(a|c)− p̂(a|c)
p̂(a|c)

p̂(ā|c)p(c)

+
∑
c,ā,z

Ê(Y |ā, z, c)
(
p̂(z|a∗, c)− p̂(z|a, c)

)
p(ā|c)p(c)

−
∑
c,ā,z

E(Y |ā, z, c)
(
p(z|a∗, c)− p(z|a, c)

)
p(ā|c)p(c)

+
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

) (
p̂(z|a∗, c)− p̂(z|a, c)

)
p(ā|c)p(c)

+
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|a∗, c)− p̂(z|a∗, c)) p̂(ā|c)p(c)

−
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|a, c)− p̂(z|a, c)) p̂(ā|c)p(c)

±
∑
c,ā,z

Ê(Y |ā, z, c)(p(z|a∗, c)− p(z|a, c)p(ā|c))
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= P
[(
E(Y |A,Z,C)− Ê(Y |A,Z,C)

) (
p(Z|A,C)− p̂(Z|A,C)

) p̂(Z|a∗, C)− p̂(Z|a,C)

p̂(Z|A,C)p(Z|A,C)

]
+ P

[
Ê(Y |A,Z,C)

(
p(Z|a∗, C)− p̂(Z|a∗, C)

) p(a∗|C)− p̂(a∗|C)

p̂(a∗|C)p(Z|A,C)p(A|C)

]
− P

[
Ê(Y |A,Z,C)

(
p(Z|a,C)− p̂(Z|a,C)

) p(a|C)− p̂(a|C)

p̂(a|C)p(Z|A,C)p(A|C)

]
+ P

[
Ê(Y |A,Z,C)

(
p(Z|a∗, C)− p̂(Z|a∗, C)

) p̂(A|C)− p(A|C)

p(Z|A,C)p(A|C)

]
− P

[
Ê(Y |A,Z,C)

(
p(Z|a,C)− p̂(Z|a,C)

) p̂(A|C)− p(A|C)

p(Z|A,C)p(A|C)

]
+ P

[(
Ê(Y |A,Z,C)− E(Y |A,Z,C)

)p(Z|a∗, C)− p̂(Z|a∗, C)

p(Z|A,C)

]
− P

[(
Ê(Y |A,Z,C)− E(Y |A,Z,C)

)p(Z|a,C)− p̂(Z|a,C)

p(Z|A,C)

]
.

Pmtd(X, η̂)− θ = op(1/
√
n) from the Cauchy-Schwartz inequality, Assumption A4, and the

assumptions of the theorem since then each term in the summation above is op(1/
√
n).

Similarly,

Pmfd(X, η̂)− θ

=
∑
ā,z

(
E(Y |ā, z)− Ê(Y |ā, z)

) p̂(z|a∗)− p̂(z|a)

p̂(z|ā)
p(z|ā)p(ā)

+
∑
ā,z

Ê(Y |ā, z)
(

(p(z|a∗)− p̂(z|a∗)) p(a
∗)

p̂(a∗)
− (p(z|a)− p̂(z|a))

p(a)

p̂(a)

)
p̂(ā)

+
∑
ā,z

Ê(Y |ā, z)
(
p̂(z|a∗)− p̂(z|a)

)
p(ā)−

∑
ā,z

E(Y |ā, z)
(
p(z|a∗)− p(z|a)

)
p(ā)

=
∑
ā,z

(
E(Y |ā, z)− Ê(Y |ā, z)

) (
p̂(z|a∗)− p̂(z|a)

)p(z|ā)− p̂(z|ā)

p̂(z|ā)
p(ā)

+
∑
ā,z

(
E(Y |ā, z)− Ê(Y |ā, z)

) (
p̂(z|a∗)− p̂(z|a)

)
p(ā)

+
∑
ā,z

Ê(Y |ā, z)
(

(p(z|a∗)− p̂(z|a∗)) p(a
∗)− p̂(a∗)
p̂(a∗)

− (p(z|a)− p̂(z|a))
p(a)− p̂(a)

p̂(a)

)
p̂(ā)

+
∑
ā,z

Ê(Y |ā, z) (p(z|a∗)− p̂(z|a∗)− p(z|a) + p̂(z|a)) p̂(ā)

+
∑
ā,z

Ê(Y |ā, z)
(
p̂(z|a∗)− p̂(z|a)

)
p(ā)−

∑
ā,z

E(Y |ā, z)
(
p(z|a∗)− p(z|a)

)
p(ā)

=
∑
ā,z

(
E(Y |ā, z)− Ê(Y |ā, z)

) (
p̂(z|a∗)− p̂(z|a)

)p(z|ā)− p̂(z|ā)

p̂(z|ā)
p(ā)

+
∑
ā,z

Ê(Y |ā, z)
(

(p(z|a∗)− p̂(z|a∗)) p(a
∗)− p̂(a∗)
p̂(a∗)

− (p(z|a)− p̂(z|a))
p(a)− p̂(a)

p̂(a)

)
p̂(ā)

+
∑
ā,z

Ê(Y |ā, z) (p(z|a∗)− p̂(z|a∗)− p(z|a) + p̂(z|a)) p̂(ā)

+
∑
ā,z

E(Y |ā, z)
(
p̂(z|a∗)− p̂(z|a)− p(z|a∗) + p(z|a)

)
p(ā)
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±
∑
ā,z

Ê(Y |ā, z) (p(z|a∗)− p̂(z|a∗)− p(z|a) + p̂(z|a)) p(ā)

= P
[(
E(Y |A,Z)− Ê(Y |A,Z)

) (
p̂(Z|a∗)− p̂(Z|a)

)p(Z|A)− p̂(Z|A)

p̂(Z|A)p(Z|A)

]
+ P

[
Ê(Y |A,Z) (p(Z|a∗)− p̂(Z|a∗)) p(a

∗)− p̂(a∗)
p̂(a∗)

p̂(A)

p(Z|A)p(A)

]
− P

[
Ê(Y |A,Z) (p(Z|a)− p̂(Z|a))

p(a)− p̂(a)

p̂(a)

p̂(A)

p(Z|A)p(A)

]
+ P

[
Ê(Y |A,Z)

(
p(Z|a∗)− p̂(Z|a∗)

)(
p̂(A)− p(A)

) 1

p(Z|A)p(A)

]
− P

[
Ê(Y |A,Z)

(
p(Z|a)− p̂(Z|a)

)(
p̂(A)− p(A)

) 1

p(Z|A)p(A)

]
+ P

[(
Ê(Y |A,Z)− E(Y |A,Z)

)(
p(Z|a∗)− p̂(Z|a∗)− p(Z|a) + p̂(Z|a)

) 1

p(Z|A)

]
.

Pmfd(X, η̂)− θ = op(1/
√
n) from the Cauchy-Schwartz inequality, Assumption A5, and the

assumptions of the theorem since each term in the summation above is then op(1/
√
n).

J.5 Proof of Theorem 8

Proof According to Appendix J.1, we prove the consistency of the estimator by showing
that under each scenario Eϕbd,td(X, η̄, θ0) = 0, where θ0 is the true value of the ACE.

When p̄(A|C) = p(A|C),

Eϕbd,td(X, η̄, θ) = E

[(
Y − Ē(Y |Z,C)

)
(p̄(Z|a∗, C)− p̄(Z|a,C))∑

a p(a|C)p̄(Z|a,C)

+

(
Ē(Y |Z,C)−

∑
z

Ē(Y |z, C)p̄(z|A,C)

)
I(A = a∗)− I(A = a)

p(A|C)

+
∑
z

Ē(Y |z, C)p̄(z|a∗, C)−
∑
z

Ē(Y |z, C)p̄(z|a,C)− θ
]

=
∑
c,z

(
E(Y |z, c)− Ē(Y |z, c)

)
(p̄(z|a∗, c)− p̄(z|a, c))∑

a p(a|c)p̄(z|a, c)
p(c)

∑
a

p(a|c)p(z|a, c)

+
∑
c,z

Ē(Y |z, c)p(c) (p(z|a∗, c)− p̄(z|a∗, c)− p(z|a, c) + p̄(z|a, c))

+
∑
c,z

Ē(Y |z, c)p(c) (p̄(z|a∗, c)− p̄(z|a, c))

−
∑
c,z

E(Y |z, c)p(c) (p(z|a∗, c)− p(z|a, c))

=
∑
c,z

(
E(Y |z, c)− Ē(Y |z, c)

)
p(c)×

×
(∑

a p(a|c)p(z|a, c)∑
a p(a|c)p̄(z|a, c)

(p̄(z|a∗, c)− p̄(z|a, c))− p(z|a∗, c) + p(z|a, c)
)
.
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Therefore, when p̄(A|C) = p(A|C) and either Ē(Y |Z,C) = E(Y |Z,C) or p̄(Z|A,C) =
p(Z|A,C), Eϕbd,td(X, η̄, θ0) = 0. When p̄(Z|A,C) = p(Z|A,C),

Eϕbd,td(X, η̄, θ) = E

[(
Y − Ē(Y |Z,C)

)
(p(Z|a∗, C)− p(Z|a,C))∑

a p̄(a|C)p(Z|a,C)

+

(
Ē(Y |Z,C)−

∑
z

Ē(Y |z, C)p(z|A,C)

)
I(A = a∗)− I(A = a)

p̄(A|C)

+
∑
z

Ē(Y |z, C)p(z|a∗, C)−
∑
z

Ē(Y |z, C)p(z|a,C)− θ
]

=
∑
c,z

(
E(Y |z, c)− Ē(Y |z, c)

)
(p(z|a∗, c)− p(z|a, c))∑

a p̄(a|c)p(z|a, c)
p(c)

∑
a

p(z|a, c)p(a|c)

+
∑
c,z

(
Ē(Y |z, c)− E(Y |z, c)

)
(p(z|a∗, c)− p(z|a, c)) p(c)

=
∑
c,z

(
E(Y |z, c)− Ē(Y |z, c)

)
(p(z|a∗, c)− p(z|a, c)) p(c)

(∑
a p(a|c)p(z|a, c)∑
a p̄(a|c)p(z|a, c)

− 1

)
.

The last expression is equal to 0 when either Ē(Y |Z,C) = E(Y |Z,C) or p̄(A|C) = p(A|C).
When Ē(Y |Z,C) = E(Y |Z,C),

Eϕbd,td(X, η̄, θ) = E

[
(Y − E(Y |Z,C)) (p̄(Z|a∗, C)− p̄(Z|a,C))∑

a p̄(a|C)p̄(Z|a,C)

+

(
E(Y |Z,C)−

∑
z

E(Y |z, C)p̄(z|A,C)

)
I(A = a∗)− I(A = a)

p̄(A|C)

+
∑
z

E(Y |z, C)p̄(z|a∗, C)−
∑
z

E(Y |z, C)p̄(z|a,C)− θ
]

=
∑
c,z

E(Y |z, c) (p(z|a∗, c)− p̄(z|a∗, c))
(
p(a∗|c)
p̄(a∗|c)

− 1

)
p(c)

−
∑
c,z

E(Y |z, c) (p(z|a, c)− p̄(z|a, c))
(
p(a|c)
p̄(a|c)

− 1

)
p(c) = 0

when, additionally to Ē(Y |Z,C) = E(Y |Z,C), either p̄(Z|A,C) = p(Z|A,C) or p̄(A|C) =
p(A|C). These conditions have already been mentioned above.

To prove the efficiency of the estimator, according to Appendix J.2, we now show that
Pmbd,td(X, η̂)− θ = op(n

−1/2).

Pmbd,td(X, η̂)− θ

=
∑
c,z

(
E(Y |z, c)− Ê(Y |z, c)

)
(p̂(z|a∗, c)− p̂(z|a, c))

∑
ā p(z|ā, c)p(ā|c)∑
ā p̂(z|ā, c)p̂(ā|c)

p(c)

+
∑
ā,c,z

Ê(Y |z, c)(p(z|ā, c)− p̂(z|ā, c))I(ā = a∗)

p̂(ā|c)
p(ā, c)

−
∑
ā,c,z

Ê(Y |z, c)(p(z|ā, c)− p̂(z|ā, c))I(ā = a)

p̂(ā|c)
p(ā, c)
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+
∑
c,z

Ê(Y |z, c)(p̂(z|a∗, c)− p̂(z|a, c))p(c)

−
∑
c,z

E(Y |z, c)(p(z|a∗, c)− p(z|a, c))p(c).

Subtraction, addition of some terms, and rearranging allows us to re-write the expression
as

Pmbd,td(X, η̂)− θ

=
∑
c,z

(
E(Y |z, c)− Ê(Y |z, c)

)
(p̂(z|a∗, c)− p̂(z|a, c))

(∑
ā p(z|ā, c)p(ā|c)∑
ā p̂(z|ā, c)p̂(ā|c)

− 1

)
p(c)

+
∑
c,z

(
E(Y |z, c)− Ê(Y |z, c)

)
(p̂(z|a∗, c)− p̂(z|a, c)) p(c)

+
∑
ā,c,z

Ê(Y |z, c)(p(z|ā, c)− p̂(z|ā, c))p(ā|c)
p̂(ā|c)

I(ā = a∗)p(c)

−
∑
ā,c,z

Ê(Y |z, c)(p(z|ā, c)− p̂(z|ā, c))p(ā|c)
p̂(ā|c)

I(ā = a)p(c)

+
∑
c,z

Ê(Y |z, c)(p̂(z|a∗, c)− p̂(z|a, c))p(c)

−
∑
c,z

E(Y |z, c)(p(z|a∗, c)− p(z|a, c))p(c).

The second last term and a part with Ê(z, c) of the second term are the same and cancel
out. The other terms can be rearranged as follows.

Pmbd,td(X, η̂)− θ
=
∑
c,z

(
E(Y |z, c)− Ê(Y |z, c)

)
(p̂(z|a∗, c)− p̂(z|a, c))×

×
∑

ā p(z|ā, c)p(ā|c)−
∑

ā p̂(z|ā, c)p̂(ā|c)±
∑

ā p̂(z|ā, c)p(ā|c)∑
ā p̂(z|ā, c)p̂(ā|c)

p(c)

+
∑
c,z

(
Ê(Y |z, c)p(a

∗|c)
p̂(a∗|c)

− E(Y |z, c)
)

(p(z|a∗, c)− p̂(z|a∗, c))p(c)

−
∑
c,z

(
Ê(Y |z, c)p(a|c)

p̂(a|c)
− E(Y |z, c)

)
(p(z|a, c)− p̂(z|a, c))p(c)

=
∑
c,z

(
E(Y |z, c)− Ê(Y |z, c)

)
(p̂(z|a∗, c)− p̂(z|a, c))×

×
∑

ā(p(z|ā, c)− p̂(z|ā, c))p(ā|c) +
∑

ā p̂(z|ā, c)(p(ā|c)− p̂(ā|c))∑
ā p̂(z|ā, c)p̂(ā|c)

p(c)

+
∑
c,z

p(a∗|c)
(
Ê(Y |z, c)− E(Y |z, c)

)
− E(Y |z, c)(p̂(a∗|c)− p(a∗|c))

p̂(a∗|c)
×

× (p(z|a∗, c)− p̂(z|a∗, c))p(c)

−
∑
c,z

p(a|c)
(
Ê(Y |z, c)− E(Y |z, c)

)
− E(Y |z, c)(p̂(a|c)− p(a|c))

p̂(a|c)
(p(z|a, c)− p̂(z|a, c))p(c)
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= P
[(
Ê(Y |Z,C)− E(Y |Z,C)

)
(p̂(Z|A,C)− p(Z|A,C))

(p̂(Z|a∗, C)− p̂(Z|a,C))

p(Z|A,C)
∑

ā p̂(Z|ā, C)p̂(ā|C)

]
+ P

[(
Ê(Y |Z,C)− E(Y |Z,C)

)
(p̂(A|C)− p(A|C))

p̂(Z|A,C) (p̂(Z|a∗, C)− p̂(Z|a,C))

p(Z|A,C)p(A|C)
∑

ā p̂(Z|ā, C)p̂(ā|C)

]
+ P

[(
Ê(Y |Z,C)− E(Y |Z,C)

)
(p(Z|A,C)− p̂(Z|A,C))

I(A = a∗)

p̂(a∗|C)p(Z|A,C)

]
− P

[
(p(Z|a∗, C)− p̂(Z|a∗, C)) (p̂(a∗|C)− p(a∗|C))

E(Y |Z,C)

p̂(a∗|C)
∑

ā p(Z|ā, C)p(ā|C)

]
− P

[(
Ê(Y |Z,C)− E(Y |Z,C)

)
(p(Z|A,C)− p̂(Z|A,C))

I(A = a)

p̂(a|C)p(Z|A,C)

]
+ P

[
(p(Z|a,C)− p̂(Z|a,C)) (p̂(a|C)− p(a|C))

E(Y |Z,C)

p̂(a|C)
∑

ā p(Z|ā, C)p(ā|C)

]
.

Let’s consider the first term in the summation above.

lim
n→∞

P

(∣∣∣∣√nP [WnVn
(p̂(Z|a∗, C)− p̂(Z|a,C))

p(Z|A,C)
∑

ā p̂(Z|ā, C)p̂(ā|C)

]∣∣∣∣ > ε

)
≤ lim

n→∞
P
(∣∣√nP [WnVnQ]

∣∣ > ε
)
≤ lim

n→∞
P
(∣∣∣√n(PW 2

n)1/2(PV 2
n )2
∣∣∣ > ε/Q

)
= 0

for some Q, where the second last inequality follows from boundedness within Assump-
tion A6 and the last inequality follows from the Cauchy-Schwarz inequality. Pmbd,td(X, η̂)−
θ = op(1/

√
n) since each term in the summation above is op(1/

√
n).

J.6 Proof of Theorem 9

Proof According to Appendix J.1, we prove the consistency of the estimator by showing
that under each scenario Eϕfd,td(X, η̄, θ0) = 0, where θ0 is the true value of the average
causal effect.

When Ē(Y |A,Z,C) = E(Y |A,Z,C),

Eϕfd,td(X, η̄, θ0) =

E

[
(Y − E(Y |A,Z,C))

p̄(Z|a∗)− p̄(Z|a)

p̄(Z|A)

+
∑
c

(∑
ā

E(Y |ā, Z, c)p̄(ā|c)−
∑
ā,z

E(Y |ā, z, c)p̄(z|A)p̄(ā|c)

)
(I(A = a∗)− I(A = a))p̄(c)

p̄(A)

+
∑
z

E(Y |A, z, C)
(
p̄(z|a∗)− p̄(z|a)

)
− θ0

]
= 0 +

∑
c,z

(∑
ā

E(Y |ā, z, c)p̄(ā|c)−
∑
ā,z

E(Y |ā, z, c)p̄(z|a∗)p̄(ā|c)

)
p(z|a∗)p(a∗)p̄(c)

p̄(a∗)

−
∑
c,z

(∑
ā

E(Y |ā, z, c)p̄(ā|c)−
∑
ā,z

E(Y |ā, z, c)p̄(z|a)p̄(ā|c)

)
p(z|a)p(a)p̄(c)

p̄(a)

+
∑
c,a,z

E(Y |a, z, c)p̄(z|a∗)p(a|c)p(c)−
∑
c,a,z

E(Y |a, z, c)p̄(z|a)p(a|c)p(c)− θ0
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=
∑
c,ā,z

E(Y |ā, z, c)p̄(ā|c)p̄(c)
(
p(a∗)

p̄(a∗)
(p(z|a∗)− p̄(z|a∗))− p(a)

p̄(a)
(p(z|a)− p̄(z|a))

)
+
∑
c,ā,z

E(Y |ā, z, c)p(ā|c)p(c) (p̄(z|a∗)− p̄(z|a)− p(z|a∗) + p(z|a)) .

The expression above is equal to 0 when either p̄(A|C) = p(A|C) and p̄(C) = p(C) or
p̄(Z|A) = p(Z|A). The conditions of the theorem cover these cases.

When p̄(Z|A) = p(Z|A),

Eϕfd,td(X, η̄, θ0) =

E

[ (
Y − Ē(Y |A,Z,C)

) p(Z|a∗)− p(Z|a)

p(Z|A)

+
∑
c

(∑
ā

Ē(Y |ā, Z, c)p̄(ā|c)−
∑
ā,z

Ē(Y |ā, z, c)p(z|A)p̄(ā|c)

)
(I(A = a∗)− I(A = a))p̄(c)

p̄(A)

+
∑
z

Ē(Y |A, z, C)
(
p(z|a∗)− p(z|a)

)
− θ0

]
= θ0 −

∑
c,ā,z

Ē(Y |ā, z, c)(p(z|a∗)− p(z|a))p(ā|c)p(c)

+
∑
c,ā,z

Ē(Y |ā, z, c)p̄(ā|c)p̄(c)
(
p(a∗)

p̄(a∗)
(p(z|a∗)− p(z|a∗))− p(a)

p̄(a)
(p(z|a)− p(z|a))

)
+
∑
c,ā,z

Ē(Y |ā, z, c) (p(z|a∗)− p(z|a)) p(ā|c)p(c)− θ0 = 0.

We show below that other conditions for the consistency are covered by the conditions
of the theorem.

When p̄(A|C) = p(A|C),

Eϕfd,td(X, η̄, θ0) =

E

[ (
Y − Ē(Y |A,Z,C)

) p̄(Z|a∗)− p̄(Z|a)

p̄(Z|A)

+
∑
c

(∑
ā

Ē(Y |ā, Z, c)p(ā|c)−
∑
ā,z

Ē(Y |ā, z, c)p̄(z|A)p(ā|c)

)
(I(A = a∗)− I(A = a))p̄(c)∑

c p(A|c)p̄(c)

+
∑
z

Ē(Y |A, z, C)
(
p̄(z|a∗)− p̄(z|a)

)
− θ0

]
=
∑
c,z,ā

(
E(Y |ā, z, c)− Ē(Y |ā, z, c)

) (p̄(z|a∗)− p̄(z|a))p(z|ā)p(ā|c)p(c)
p̄(z|ā)

+
∑
c,āz

Ē(Y |ā, z, c)p(ā|c) (p(z|a∗)− p̄(z|a∗)) p̄(c)p(a∗)∑
c p(a

∗|c)p̄(c)

−
∑
c,āz

Ē(Y |ā, z, c)p(ā|c) (p(z|a)− p̄(z|a))
p̄(c)p(a)∑
c p(a|c)p̄(c)

+
∑
c,ā,z

(
Ē(Y |ā, z, c)

(
p̄(z|a∗)− p̄(z|a)

)
− E(Y |ā, z, c)

(
p(z|a∗)− p(z|a)

))
p(ā|c)p(c).
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The last expression is equal to 0 when either p̄(C) = p(C) and
Ē(Y |A,Z,C) = E(Y |A,Z,C) or p̄(Z|A) = p(Z|A). These cases are covered by the condi-
tions of the theorem.

When p̄(C) = p(C),

Eϕ̄fd,td(X, η̄, θ0) = E

[ (
Y − Ē(Y |A,Z,C)

) p̄(Z|a∗)− p̄(Z|a)

p̄(Z|A)

+
∑
c

(∑
ā

Ē(Y |ā, Z, c)p̄(ā|c)−
∑
ā,z

Ē(Y |ā, z, c)p̄(z|A)p̄(ā|c)

)
(I(A = a∗)− I(A = a))p(c)

p̄(A)

+
∑
z

Ē(Y |A, z, C)
(
p̄(z|a∗)− p̄(z|a)

)
− θ0

]
=
∑
c,ā,z

(
E(Y |ā, z, c)− Ē(Y |ā, z, c)

) p̄(z|a∗)− p̄(z|a)

p̄(z|ā)
p(z|ā)p(ā|c)p(c)

+
∑
c,z

(∑
ā

Ē(Y |ā, z, c)p̄(ā|c)−
∑
ā,z

Ē(Y |ā, z, c)p̄(z|a∗)p̄(ā|c)

)
p(z|a∗)p(a∗)p(c)

p̄(a∗)

−
∑
c,z

(∑
ā

Ē(Y |ā, z, c)p̄(ā|c)−
∑
ā,z

Ē(Y |ā, z, c)p̄(z|a)p̄(ā|c)

)
p(z|a)p(a)p(c)

p̄(a)

+
∑
c,ā,z

Ē(Y |ā, z, c)p̄(z|a∗)p(ā|c)p(c)−
∑
c,ā,z

Ē(Y |ā, z, c)p̄(z|a)p(ā|c)p(c)− θ0.

The last expression is equal to 0 when p̄(Z|A) = p(Z|A) or Ē(Y |A,Z,C) = E(Y |A,Z,C)
and p̄(A|C) = p(A|C). The proof of the consistency is completed by noting that this situa-
tion is also covered by the conditions of the theorem.

According to Appendix J.2, to show the efficiency of the estimator, we provide conditions
for Pmfd,td(X, η̂)− θ = op(n

−1/2).

Pmfd,td(Xi, η̂)− θ = f(a∗)− f(a),

where

f(ă) =
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

) p̂(z|ă)

p̂(z|ā)
p(z|ā)p(ā|c)p(c)

+
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|ă)− p̂(z|ă)) p̂(ā|c)p̂(c)p(ă)

p̂(ă)

+
∑
c,ā,z

(
Ê(Y |ā, z, c)p̂(z|ă)− E(Y |ā, z, c)p(z|ă)

)
p(ā|c)p(c)

=
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

)(p(z|ā)

p̂(z|ā)
− 1

)
p̂(z|ă)p(ā|c)p(c)

+
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

)
p̂(z|ă)p(ā|c)p(c)

+
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|ă)− p̂(z|ă)) p̂(ā|c)p̂(c)
(
p(ă)

p̂(ă)
− 1

)
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+
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|ă)− p̂(z|ă)) p̂(ā|c)p̂(c)

+
∑
c,ā,z

(
Ê(Y |ā, z, c)p̂(z|ă)− E(Y |ā, z, c)p(z|ă)

)
p(ā|c)p(c).

The equality above is obtained by addition and subtraction of∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

)
p̂(z|ă)p(ā|c)p(c) and∑

c,ā,z Ê(Y |ā, z, c) (p(z|ă)− p̂(z|ă)) p̂(ā|c)p̂(c). Rearranging allows us to write

f(ă) =

=
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

)(p(z|ā)− p̂(z|ā)

p̂(z|ā)

)
p̂(z|ă)p(ā|c)p(c)

+
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|ă)− p̂(z|ă)) p̂(ā|c)p̂(c)p(ă)− p̂(ă)

p̂(ă)

+
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

)
p̂(z|ă)p(ā|c)p(c)

+
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|ă)− p̂(z|ă)) p̂(ā|c)p̂(c)

+
∑
c,ā,z

(
Ê(Y |ā, z, c)p̂(z|ă)− E(Y |ā, z, c)p(z|ă)

)
p(ā|c)p(c)

=
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

)(p(z|ā)− p̂(z|ā)

p̂(z|ā)

)
p̂(z|ă)p(ā|c)p(c)

+
∑
c,ā,z

Ê(Y |ā, z, c) (p(z|ă)− p̂(z|ă)) p̂(ā|c)p̂(c)p(ă)− p̂(ă)

p̂(ă)

+
∑
c,ā,z

E(Y |ā, z, c) (p̂(z|ă)− p(z|ă))
(
p(ā|c)(p(c)− p̂(c)) + p̂(c)(p(ā|c)− p̂(ā|c))

)
+
∑
c,ā,z

(
E(Y |ā, z, c)− Ê(Y |ā, z, c)

) (
p̂(z|ă)− p(z|ă)

)
p̂(ā|c)p̂(c)

= P
[(
E(Y |A,Z,C)− Ê(Y |A,Z,C)

)
(p(Z|A)− p̂(Z|A))

p̂(Z|ă)

p̂(Z|A)p(Z|A)

]
+ P

[
Ê(Y |A,Z,C) (p(Z|ă)− p̂(Z|ă)) (p(ă)− p̂(ă))

p̂(A|C)p̂(C)

p(Z|A)p(A|C)p̂(ă)

]
+ P

[
E(Y |A,Z,C) (p̂(Z|ă)− p(Z|ă)) (p(C)− p̂(C))

1

p(Z|A)p(C)

]
− P

[
E(Y |A,Z,C) (p̂(Z|ă)− p(Z|ă)) (p(A|C)− p̂(A|C))

p̂(C)

p(Z|A)p(A|C)p(C)

]
+ P

[(
E(Y |A,Z,C)− Ê(Y |A,Z,C)

)
(p̂(Z|ă)− p(Z|ă))

p̂(A|C)p̂(C)

p(Z|A)p(A|C)p(C)

]
.

Pmfd,td(X, η̂) − θ = op(1/
√
n) from the Cauchy-Schwartz inequality, Assumption A7, and

the assumptions of the theorem since each term in the summation above is then op(1/
√
n).
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J.7 Proof of Theorem 10

Proof According to Appendix J.1, we have to show that under each scenario,
Eϕbd,fd,td(X, η̄, θ0) = 0, where θ0 is the true value of the average causal effect.

When Ē(Y |Z,C) = E(Y |Z,C),

Eϕ̄bd,fd,td(X, η̄, θ0) = E

[
(Y − E(Y |Z,C)) (p̄(Z|a∗)− p̄(Z|a))∑

a p̄(Z|a)p̄(a|C)

+

(∑
c

E(Y |Z, c)−
∑
z,c

E(Y |z, c)p̄(z|A)

)
I(A = a∗)− I(A = a)∑

c p̄(A|c)p̄(c)
p̄(c)

+
∑
z

E(Y |z, C)
(
p̄(z|a∗)− p̄(z|a)

)
− θ0

]
= 0 +

∑
z

(∑
c

E(Y |z, c)−
∑
z,c

E(Y |z, c)p̄(z|a∗)

)
p(z|a∗)p(a∗)∑
c p̄(a

∗|c)p̄(c)
p̄(c)

−
∑
z

(∑
c

E(Y |z, c)−
∑
z,c

E(Y |z, c)p̄(z|a)

)
p(z|a)p(a)∑
c p̄(a|c)p̄(c)

p̄(c)

+
∑
z,c

E(Y |z, c)p̄(z|a∗)p(c)−
∑
c,z

E(Y |z, c)p̄(z|a)p(c)− θ0

=
∑
c,z

E(Y |z, c) p(a∗)p̄(c)∑
c p̄(a

∗|c)p̄(c)
(p(z|a∗)− p̄(z|a∗))

−
∑
c,z

E(Y |z, c) p(a)p̄(c)∑
c p̄(a|c)p̄(c)

(p(z|a)− p̄(z|a))

+
∑
c,z

E(Y |z, c)p(c) (p̄(z|a∗)− p̄(z|a)− p(z|a∗) + p(z|a)) .

The last expression is 0 when p̄(Z|A) = p(Z|A). Additionally, the expression is 0 when
p̄(C) = p(C) and p̄(A|C) = p(A|C). These conditions correspond to the conditions of the
theorem.

When p̄(Z|A) = p(Z|A),

Eϕ̄bd,fd,td(X, η̄, θ0) = E

[(
Y − Ē(Y |Z,C)

)
(p(Z|a∗)− p(Z|a))∑

a p(Z|a)p̄(a|C)

+

(∑
c

Ē(Y |Z, c)−
∑
z,c

Ē(Y |z, c)p(z|A)

)
I(A = a∗)− I(A = a)∑

c p̄(c)p̄(A|c)
p̄(c)

+
∑
z

Ē(Y |z, C)
(
p(z|a∗)− p(z|a)

)
− θ0

]
=
∑
c,z

(
E(Y |z, c)− Ē(Y |z, c)

)
(p(z|a∗)− p(z|a))∑

a p(z|a)p̄(a|c)
p(c)

∑
a

p(z|a)p(a|c)

+
∑
c,z

Ē(Y |z, c) p(a∗)p̄(c)∑
c p̄(a

∗|c)p̄(c)
(p(z|a∗)− p(z|a∗))

−
∑
c,z

Ē(Y |z, c) p(a)p̄(c)∑
c p̄(a|c)p̄(c)

(p(z|a)− p(z|a))
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+
∑
c,z

(Ē(Y |z, c)− E(Y |z, c))
(
p(z|a∗)− p(z|a)

)
p(c)

=
∑
c,z

(E(Y |z, c)− Ē(Y |z, c))(p(z|a∗)− p(z|a))p(c)

(∑
a p(z|a)p(a|c)∑
a p(z|a)p̄(a|c)

− 1

)
= 0

when additionally either Ē(Y |Z,C) = E(Y |Z,C) (already mentioned above) or p̄(A|C) =
p(A|C).

Below we show that the conditions for Eϕ̄bd,fd,td(X, η̄, θ0) = 0 under p̄(A|C) = p(A|C)
or p̄(C) = p(C) are covered by the already-mentioned conditions of the theorem.

When p̄(A|C) = p(A|C),

Eϕ̄bd,fd,td(X, η̄, θ0) = E

[(
Y − Ē(Y |Z,C)

)
(p̄(Z|a∗)− p̄(Z|a))∑

a p̄(Z|a)p(a|C)

+

(∑
c

Ē(Y |Z, c)−
∑
z,c

Ē(Y |z, c)p̄(z|A)

)
I(A = a∗)− I(A = a)∑

c p(A|c)p̄(c)
p̄(c)

+
∑
z

Ē(Y |z, C)
(
p̄(z|a∗)− p̄(z|a)

)
− θ0

]
=
∑
c,z

(
E(Y |z, c)− Ē(Y |z, c)

)
(p̄(z|a∗)− p̄(z|a))

∑
a p(z|a)p(a|c)∑
a p̄(z|a)p(a|c)

p(c)

+
∑
c,z

Ē(Y |z, c) (p(z|a∗)− p̄(z|a∗))
∑

c p(a
∗|c)p(c)∑

c p(a
∗|c)p̄(c)

p̄(c)

−
∑
c,z

Ē(Y |z, c) (p(z|a)− p̄(z|a))

∑
c p(a|c)p(c)∑
c p(a|c)p̄(c)

p̄(c)

+
∑
c,z

Ē(Y |z, c) (p̄(z|a∗)− p̄(z|a)) p(c)−
∑
c,z

E(Y |z, c) (p(z|a∗)− p(z|a)) p(c).

The last expression is equal to 0 under the conditions of the theorem.
When p(C) is correctly specified,

Eϕ̄bd,fd,td(X, η̄, θ0) = E

[(
Y − Ē(Y |Z,C)

)
(p̄(Z|a∗)− p̄(Z|a))∑

a p̄(Z|a)p̄(a|C)

+

(∑
c

Ē(Y |Z, c)−
∑
z,c

Ē(Y |z, c)p̄(z|A)

)
I(A = a∗)− I(A = a)∑

c p̄(A|c)p(c)
p(c)

+
∑
z

Ē(Y |z, C)
(
p̄(z|a∗)− p̄(z|a)

)
− θ0

]
=
∑
c,z

(
E(Y |z, c)− Ē(Y |z, c)

)
(p̄(z|a∗)− p̄(z|a))

∑
a p(z|a)p(a|c)∑
a p̄(z|a)p̄(a|c)

p(c)

+
∑
c,z

Ē(Y |z, c) (p(z|a∗)− p̄(z|a∗))
∑

c p(a
∗|c)p(c)∑

c p̄(a
∗|c)p(c)

p(c)

−
∑
c,z

Ē(Y |z, c) (p(z|a)− p̄(z|a))

∑
c p(a|c)p(c)∑
c p̄(a|c)p(c)

p(c)

+
∑
c,z

Ē(Y |z, c) (p̄(z|a∗)− p̄(z|a)) p(c)−
∑
c,z

E(Y |z, c) (p(z|a∗)− p(z|a)) p(c).

51



Gorbach, de Luna, Karvanen, and Waernbaum

The last expression equals 0 under the already-mentioned conditions of the theorem.
As for the efficiency of the estimators, according to Appendix J.2, we provide conditions

for Pmbd,fd,td(X, η̂)− θ = op(n
−1/2).

Pmbd,fd,td(X, η̂)− θ = f(a∗)− f(a),

where

f(ă) =
∑
c,z

(
E(Y |z, c)− Ê(Y |z, c)

)
p̂(z|ă)

∑
ā p(z|ā)p(ā|c)∑
ā p̂(z|ā)p̂(ā|c)

p(c)

+
∑
c,z

Ê(Y |z, c)
(
p(z|ă)− p̂(z|ă)

)p(ă)

p̂(ă)
p̂(c)

+
∑
c,z

(
Ê(Y |z, c)p̂(z|ă)− E(Y |z, c)p(z|ă)

)
p(c).

The addition and subtraction of several terms and rearranging implies the following.

f(ă) =
∑
c,z

(
E(Y |z, c)− Ê(Y |z, c)

)
p̂(z|ă)

∑
ā p(z|ā)p(ā|c)−

∑
a p̂(z|ā)p̂(ā|c)∑

ā p̂(z|ā)p̂(ā|c)
p(c)

+
∑
c,z

(
E(Y |z, c)− Ê(Y |z, c)

)
p̂(z|ă)p(c)

+
∑
c,z

Ê(Y |z, c)
(
p(z|ă)− p̂(z|ă)

)p(ă)− p̂(ă)

p̂(ă)
p̂(c)

+
∑
c,z

Ê(Y |z, c)
(
p(z|ă)− p̂(z|ă)

)
p̂(c)

+
∑
c,z

(
Ê(Y |z, c)p̂(z|ă)− E(Y |z, c)p(z|ă)

)
p(c)

=
∑
c,z

(
E(Y |z, c)− Ê(Y |z, c)

)
p̂(z|ă)×

×
∑

ā p(z|ā)
(
p(ā|c)− p̂(ā|c)

)
−
∑

a p̂(ā|c)
(
p̂(z|ā)− p(z|ā)

)∑
ā p̂(z|ā)p̂(ā|c)

p(c)

+
∑
c,z

Ê(Y |z, c)
(
p(z|ă)− p̂(z|ă)

)p(ă)− p̂(ă)

p̂(ă)
p̂(c)

+
∑
c,z

E(Y |z, c)p̂(z|ă)p(c)−
∑
c,z

Ê(Y |z, c)p̂(z|ă)p(c)

+
∑
c,z

Ê(Y |z, c)p(z|ă)p̂(c)−
∑
c,z

Ê(Y |z, c)p̂(z|ă)p̂(c)

+
∑
c,z

Ê(Y |z, c)p̂(z|ă)p(c)−
∑
c,z

E(Y |z, c)p(z|ă)p(c)

=
∑
c,z

(
E(Y |z, c)− Ê(Y |z, c)

)
p̂(z|ă)×

×
∑

ā p(z|ā)
(
p(ā|c)− p̂(ā|c)

)
−
∑

a p̂(ā|c)
(
p̂(z|ā)− p(z|ā)

)∑
ā p̂(z|ā)p̂(ā|c)

p(c)

+
∑
c,z

Ê(Y |z, c)
(
p(z|ă)− p̂(z|ă)

)p(ă)− p̂(ă)

p̂(ă)
p̂(c)
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+
∑
c,z

(
p̂(z|ă)− p(z|ă)

) ((
E(Y |z, c)− Ê(Y |z, c)

)
p̂(c) + E(Y |z, c)

(
p(c)− p̂(c)

))
= P

[(
E(Y |Z,C)− Ê(Y |Z,C)

) (
p(A|C)− p̂(A|C)

) p̂(Z|ă)

p(A|C)
∑

ā p̂(Z|ā)p̂(ā|C)

]
− P

[(
E(Y |Z,C)− Ê(Y |Z,C)

) (
p̂(Z|A)− p(Z|A)

) p̂(Z|ă)p̂(A|C)

p(A|C)p(Z|A)
∑

a p̂(Z|ā)p̂(ā|C)

]
+ P

[
Ê(Y |Z,C)

(
p(Z|ă)− p̂(Z|ă)

p(ă)− p̂(ă)

p̂(ă)p(C)
∑

ā p(ā|C)p(Z|ā)

]
+ P

[(
E(Y |Z,C)− Ê(Y |Z,C)

) (
p̂(Z|A)− p(Z|A)

) p̂(C)I(A = ă)

p(Z,A,C)

]
+ P

[
E(Y |Z,C)

(
p̂(Z|ă)− p(Z|ă)

)
(p(C)− p̂(C))

1

p(C)
∑

ā p(ā|C)p(Z|ā)

]
.

Pmbd,fd,td(X, η̂)−θ = op(1/
√
n) from the Cauchy-Schwartz inequality, Assumption A8, and

the assumptions of the theorem since each term in the summation above is then op(1/
√
n).

Appendix K. Expressions for the Example in Appendix D and
Simulation Study 1

Here we provide some expressions for example in Appendix D and simulation study 1 in
Section 5.1.

K.1 varϕfd

p(y|a, z) =

∑
c p(a, c)p(y|z, c)

p(a)
.

E(Y |A,Z) = E
[
E(Y |Z,A,C)|A,Z

]
= γ0 + γ1Z + γ2E(C|A).

E(C|A) = p(C = 1|A) =
p(A|C = 1)p(C = 1)

p(A)
= A

expit(α)pc
expit(α)pc + (1− pc) expit(0)

+ (1−A)
(1− expit(α))pc

(1− expit(α))pc + (1− pc)(1− expit(0))
.

var(C|A) = p(C = 1|A)(1− p(C = 1|A)),

where α = 1 and pc = 0.5 for the simulation study.

var(Y |ā, z) =

∑
c p(ā, c)E(Y 2|z, c)

p(ā)
− E2(Y |z, ā)

=
∑
c

p(c|ā)(σ2
y + (γ0 + γ1z + γ2c)

2)− (γ0 + γ1z + γ2E(C|ā))2

= σ2
y + γ2

2(E(C2|ā)− E2(C|ā)).∑
z(p(z|a∗)− p(z|a))2

p(z|a)
=

∑
z(p(z|a∗)− p(z|a))2

p(z|a∗)
= eβ

2/σ2
z − 1.

∑
z

(∑
ā

E(Y |ā, z)p(ā)

)2
p(z|a)

p(a)
− E2Y (a)

p(a)
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=
∑
z

p(z|a)
(γ0 + γ1z + γ2P (C = 1))2

p(a)
− (γ0 + γ1E(Z|a) + γ2EC)2

p(a)
=
γ2

1σ
2
z

p(a)
.

∑
ā

p(ā)

(∑
z

E(Y |ā, z)(p(z|a∗)− p(z|a))

)2

− θ2

=
∑
ā

p(ā) (γ1E(Z|a∗)− γ1E(Z|a))2 − θ2 = γ2
1β

2(a∗ − a)2 − θ2 = 0.

varϕfd =
(
eβ

2/σ2
z − 1

)(
σ2
y + γ2

2p(c = 1)− γ2
2

p2(c = 1)p2(a|c = 1)

p(a)

− γ2
2

p2(c = 1)p2(a∗|c = 1)

p(a∗)

)
+ γ2

1σ
2
z

(
1

p(a∗)
+

1

p(a)

)
.

In the simulation study,

varϕfd =
(
eβ

2 − 1
)(

1 +
γ2

2

2
− γ2

2(1− expit(α))2

1 + 2(1− expit(α))
− γ2

2 expit2(α)

1 + 2(expit(α))

)
+ γ2

1

(
1

0.52 + 0.5 expit(α)
+

1

0.52 + 0.5(1− expit(α))

)
.

K.2 varϕbd

From the law of total variance,

var[Y (a)
)
|C] = σ2

y + var(γ0 + γ1Z + γ2C|a,C) = σ2
y + γ2

1σ
2
z .

Since the back-door identification holds,

E(Y (a)|C) = E(Y |a,C) = γ0 + γ1(βa) + γ2C.
E(Y (a∗)|C)− E(Y (a)|C)− θ = γ1β(a∗ − a)− θ = 0.

varϕbd = (σ2
y + γ2

1σ
2
z)
∑
c

( p(c)

p(a∗|c)
+

p(c)

p(a|c)

)
.

For the distribution in the simulation study,

varϕbd = (1 + γ2
1)

(
2 +

0.5

expit(α)
+

0.5

1− expit(α)

)
.

K.3 varϕtd

varϕtd = varϕbd +
∑
z,c

p(c)σ2
y

(
(p(z|a∗)− p(z|a))2

∑
ā

p(ā|c)
p(z|ā)

− p(z|a∗)
p(a∗|c)

− p(z|a)

p(a|c)

)
= varϕbd + σ2

y

∑
z

(p(z|a∗)− p(z|a))2

(
p(a)

p(z|a)
+

p(a∗)

p(z|a∗)

)
− σ2

y

∑
c

( p(c)

p(a∗|c)
+

p(c)

p(a|c)

)
= varϕbd + σ2

y

(
eβ

2/σ2
z − 1

)
− σ2

y

∑
c

( p(c)

p(a∗|c)
+

p(c)

p(a|c)

)
.
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For the distribution in the simulation study,

varϕtd = varϕbd +
(
eβ

2 − 1
)
−
(

2 +
1

2 expit(α)
+

1

2(1− expit(α))

)
.

varϕtd < varϕbd when eβ
2
< 3 + 1

2 expit(α) + 1
2(1−expit(α)) . When α = 1, varϕtd < varϕbd

when |β| <
√

log(3 + 1
2 expit(α) + 1

2(1−expit(α))) ≈ 1.3.

Appendix L. Properties of the Semiparametric Estimators in the
Simulation Studies
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β γ1 γ2 n Bias
Naive BD FD TD BD TD FD TD BD FD TD

0.5 0.5 0.5 50 0.119 (0.010) -0.006 (0.011) -0.008 (0.005) -0.008 (0.006) -0.007 (0.006) -0.009 (0.005) -0.008 (0.005)
0.5 0.5 0.5 100 0.126 (0.008) -0.001 (0.008) -0.001 (0.004) -0.001 (0.004) -0.001 (0.004) -0.001 (0.004) -0.001 (0.003)
0.5 0.5 0.5 500 0.124 (0.003) 0.002 (0.003) 0.002 (0.002) 0.002 (0.002) 0.002 (0.002) 0.002 (0.002) 0.002 (0.002)
0.5 0.5 0.5 1000 0.122 (0.002) 0.000 (0.002) 0.003 (0.001) 0.002 (0.001) 0.002 (0.001) 0.003 (0.001) 0.002 (0.001)
0.5 0.5 0.5 5000 0.122 (0.001) 0.000 (0.001) -0.001 (0.001) -0.001 (0.001) 0.000 (0.001) -0.001 (0.001) 0.000 (0.001)
0.5 0.5 0.5 10000 0.122 (0.001) 0.001 (0.001) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
0.5 0.5 0.5 20000 0.122 (0.001) 0.000 (0.001) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
0.5 0.5 0.5 30000 0.123 (0.000) 0.001 (0.000) 0.001 (0.000) 0.000 (0.000) 0.000 (0.000) 0.001 (0.000) 0.001 (0.000)
0.5 0.5 0.5 40000 0.122 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
0.5 0.5 0.5 50000 0.122 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
0.5 0.5 1.5 50 0.368 (0.012) -0.006 (0.011) 0.002 (0.006) -0.005 (0.006) -0.005 (0.005) -0.003 (0.005) -0.003 (0.005)
0.5 0.5 1.5 100 0.355 (0.009) -0.009 (0.008) 0.001 (0.004) 0.001 (0.004) 0.001 (0.004) 0.001 (0.004) 0.001 (0.004)
0.5 0.5 1.5 500 0.363 (0.004) 0.003 (0.003) 0.000 (0.002) 0.002 (0.002) 0.002 (0.002) 0.001 (0.002) 0.001 (0.002)
0.5 0.5 1.5 1000 0.367 (0.003) 0.001 (0.002) -0.001 (0.001) 0.000 (0.001) 0.001 (0.001) 0.000 (0.001) 0.000 (0.001)
0.5 0.5 1.5 5000 0.366 (0.001) -0.001 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001)
0.5 0.5 1.5 10000 0.364 (0.001) -0.002 (0.001) -0.001 (0.000) -0.001 (0.000) -0.001 (0.000) -0.001 (0.000) -0.001 (0.000)
0.5 0.5 1.5 20000 0.367 (0.001) 0.000 (0.001) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
0.5 0.5 1.5 30000 0.366 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
0.5 0.5 1.5 40000 0.366 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
0.5 0.5 1.5 50000 0.366 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
0.5 1.5 0.5 50 0.131 (0.017) 0.003 (0.017) 0.005 (0.014) 0.005 (0.015) 0.008 (0.015) 0.005 (0.014) 0.009 (0.014)
0.5 1.5 0.5 100 0.109 (0.012) -0.020 (0.012) -0.008 (0.010) -0.014 (0.011) -0.015 (0.011) -0.009 (0.010) -0.010 (0.010)
0.5 1.5 0.5 500 0.118 (0.005) -0.004 (0.006) -0.007 (0.004) -0.007 (0.005) -0.006 (0.005) -0.007 (0.004) -0.007 (0.004)
0.5 1.5 0.5 1000 0.123 (0.004) 0.000 (0.004) -0.001 (0.003) -0.002 (0.003) -0.002 (0.003) -0.001 (0.003) -0.001 (0.003)
0.5 1.5 0.5 5000 0.124 (0.002) 0.001 (0.002) 0.001 (0.001) 0.000 (0.001) 0.000 (0.001) 0.001 (0.001) 0.001 (0.001)
0.5 1.5 0.5 10000 0.121 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001)
0.5 1.5 0.5 20000 0.121 (0.001) -0.001 (0.001) -0.001 (0.001) -0.001 (0.001) -0.001 (0.001) -0.001 (0.001) -0.001 (0.001)
0.5 1.5 0.5 30000 0.122 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001)
0.5 1.5 0.5 40000 0.122 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001)
0.5 1.5 0.5 50000 0.121 (0.001) 0.000 (0.001) -0.001 (0.000) 0.000 (0.000) 0.000 (0.000) -0.001 (0.000) 0.000 (0.000)
0.5 1.5 1.5 50 0.387 (0.018) 0.019 (0.018) 0.020 (0.015) 0.015 (0.015) 0.013 (0.015) 0.016 (0.015) 0.014 (0.014)
0.5 1.5 1.5 100 0.366 (0.012) -0.008 (0.012) -0.008 (0.010) -0.014 (0.010) -0.014 (0.010) -0.009 (0.010) -0.009 (0.010)
0.5 1.5 1.5 500 0.370 (0.006) 0.002 (0.006) 0.005 (0.004) 0.006 (0.005) 0.006 (0.005) 0.005 (0.004) 0.005 (0.004)
0.5 1.5 1.5 1000 0.373 (0.004) 0.007 (0.004) 0.006 (0.003) 0.009 (0.003) 0.009 (0.003) 0.007 (0.003) 0.007 (0.003)
0.5 1.5 1.5 5000 0.365 (0.002) -0.001 (0.002) -0.001 (0.001) -0.002 (0.001) -0.002 (0.001) -0.002 (0.001) -0.002 (0.001)
0.5 1.5 1.5 10000 0.364 (0.001) -0.002 (0.001) -0.002 (0.001) -0.002 (0.001) -0.002 (0.001) -0.002 (0.001) -0.002 (0.001)
0.5 1.5 1.5 20000 0.365 (0.001) -0.002 (0.001) -0.001 (0.001) -0.001 (0.001) -0.001 (0.001) -0.001 (0.001) -0.001 (0.001)
0.5 1.5 1.5 30000 0.365 (0.001) -0.001 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001)
0.5 1.5 1.5 40000 0.365 (0.001) -0.001 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.000) 0.000 (0.000)
0.5 1.5 1.5 50000 0.366 (0.001) 0.000 (0.001) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1.5 0.5 0.5 50 0.136 (0.011) 0.016 (0.011) 0.015 (0.016) 0.005 (0.015) 0.006 (0.008) 0.005 (0.015) 0.005 (0.008)
1.5 0.5 0.5 100 0.117 (0.008) -0.005 (0.008) -0.001 (0.009) -0.001 (0.009) -0.007 (0.005) -0.002 (0.009) -0.007 (0.005)
1.5 0.5 0.5 500 0.123 (0.003) 0.003 (0.003) 0.009 (0.004) 0.009 (0.004) 0.001 (0.002) 0.009 (0.004) 0.001 (0.002)
1.5 0.5 0.5 1000 0.122 (0.002) -0.001 (0.002) 0.001 (0.003) 0.001 (0.003) 0.001 (0.002) 0.001 (0.003) 0.001 (0.002)
1.5 0.5 0.5 5000 0.123 (0.001) 0.000 (0.001) -0.001 (0.001) -0.001 (0.001) 0.000 (0.001) -0.001 (0.001) 0.000 (0.001)
1.5 0.5 0.5 10000 0.122 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.001 (0.001) 0.000 (0.001) 0.001 (0.001)
1.5 0.5 0.5 20000 0.122 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.000) 0.000 (0.001) 0.000 (0.000)
1.5 0.5 0.5 30000 0.122 (0.000) 0.000 (0.000) 0.001 (0.001) 0.000 (0.001) 0.000 (0.000) 0.000 (0.001) 0.000 (0.000)
1.5 0.5 0.5 40000 0.122 (0.000) 0.000 (0.000) 0.000 (0.001) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1.5 0.5 0.5 50000 0.123 (0.000) 0.001 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1.5 0.5 1.5 50 0.355 (0.012) -0.007 (0.011) -0.023 (0.015) -0.022 (0.013) -0.014 (0.008) -0.020 (0.013) -0.012 (0.008)
1.5 0.5 1.5 100 0.371 (0.008) 0.002 (0.008) 0.002 (0.011) -0.001 (0.009) -0.003 (0.005) -0.002 (0.009) -0.004 (0.005)
1.5 0.5 1.5 500 0.356 (0.004) -0.007 (0.003) -0.003 (0.005) -0.004 (0.004) -0.004 (0.002) -0.004 (0.004) -0.004 (0.002)
1.5 0.5 1.5 1000 0.368 (0.003) 0.001 (0.002) 0.005 (0.004) 0.003 (0.003) 0.003 (0.002) 0.003 (0.003) 0.002 (0.002)
1.5 0.5 1.5 5000 0.368 (0.001) 0.002 (0.001) -0.003 (0.002) -0.001 (0.001) 0.001 (0.001) -0.001 (0.001) 0.001 (0.001)
1.5 0.5 1.5 10000 0.366 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.000)
1.5 0.5 1.5 20000 0.367 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.000) 0.000 (0.001) 0.000 (0.000)
1.5 0.5 1.5 30000 0.366 (0.001) 0.000 (0.000) 0.000 (0.001) 0.000 (0.001) 0.000 (0.000) 0.000 (0.001) 0.000 (0.000)
1.5 0.5 1.5 40000 0.366 (0.000) 0.000 (0.000) -0.001 (0.001) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1.5 0.5 1.5 50000 0.366 (0.000) 0.000 (0.000) 0.000 (0.001) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1.5 1.5 0.5 50 0.108 (0.016) -0.020 (0.017) -0.024 (0.018) -0.029 (0.019) -0.023 (0.016) -0.021 (0.018) -0.015 (0.015)
1.5 1.5 0.5 100 0.124 (0.012) -0.008 (0.013) 0.012 (0.013) 0.000 (0.013) -0.009 (0.011) 0.006 (0.012) -0.003 (0.011)
1.5 1.5 0.5 500 0.127 (0.005) 0.008 (0.005) 0.005 (0.006) 0.004 (0.006) 0.006 (0.005) 0.003 (0.006) 0.006 (0.005)
1.5 1.5 0.5 1000 0.117 (0.004) -0.005 (0.004) -0.002 (0.004) -0.001 (0.004) -0.003 (0.003) -0.002 (0.004) -0.004 (0.003)
1.5 1.5 0.5 5000 0.124 (0.002) 0.002 (0.002) -0.002 (0.002) -0.001 (0.002) 0.001 (0.002) -0.002 (0.002) 0.001 (0.001)
1.5 1.5 0.5 10000 0.121 (0.001) 0.000 (0.001) 0.002 (0.001) 0.002 (0.001) 0.001 (0.001) 0.002 (0.001) 0.000 (0.001)
1.5 1.5 0.5 20000 0.123 (0.001) 0.000 (0.001) 0.001 (0.001) 0.001 (0.001) 0.000 (0.001) 0.001 (0.001) 0.000 (0.001)
1.5 1.5 0.5 30000 0.122 (0.001) 0.000 (0.001) -0.001 (0.001) -0.001 (0.001) 0.000 (0.001) -0.001 (0.001) 0.000 (0.001)
1.5 1.5 0.5 40000 0.122 (0.001) 0.000 (0.001) -0.001 (0.001) -0.001 (0.001) 0.000 (0.001) -0.001 (0.001) 0.000 (0.001)
1.5 1.5 0.5 50000 0.122 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.000) 0.000 (0.001) 0.000 (0.000)
1.5 1.5 1.5 50 0.361 (0.018) 0.009 (0.017) -0.019 (0.018) -0.002 (0.017) 0.004 (0.015) -0.003 (0.017) 0.003 (0.015)
1.5 1.5 1.5 100 0.361 (0.013) 0.003 (0.013) -0.003 (0.015) 0.004 (0.014) 0.006 (0.011) 0.001 (0.013) 0.002 (0.011)
1.5 1.5 1.5 500 0.363 (0.006) -0.001 (0.006) -0.001 (0.007) 0.000 (0.006) -0.002 (0.005) 0.000 (0.006) -0.002 (0.005)
1.5 1.5 1.5 1000 0.372 (0.004) 0.007 (0.004) 0.008 (0.005) 0.010 (0.004) 0.008 (0.003) 0.010 (0.004) 0.007 (0.003)
1.5 1.5 1.5 5000 0.366 (0.002) -0.002 (0.002) -0.001 (0.002) -0.001 (0.002) -0.001 (0.002) -0.001 (0.002) -0.001 (0.002)
1.5 1.5 1.5 10000 0.368 (0.001) 0.001 (0.001) 0.001 (0.002) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001)
1.5 1.5 1.5 20000 0.366 (0.001) 0.001 (0.001) -0.002 (0.001) -0.001 (0.001) 0.000 (0.001) -0.001 (0.001) 0.000 (0.001)
1.5 1.5 1.5 30000 0.366 (0.001) 0.000 (0.001) -0.001 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001)
1.5 1.5 1.5 40000 0.366 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001) 0.000 (0.001)
1.5 1.5 1.5 50000 0.367 (0.001) 0.001 (0.001) 0.001 (0.001) 0.001 (0.001) 0.001 (0.000) 0.001 (0.001) 0.001 (0.000)

Table A1: Bias estimates (Monte Carlo SEs in parentheses) in simulation study 1.
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Contrasting Identifying Assumptions

β γ1 γ2 n BD FD TD BD TD FD TD BD FD TD
0.5 0.5 0.5 50 6.073 (0.272) 1.451 (0.065) 1.612 (0.072) 1.540 (0.069) 1.401 (0.063) 1.339 (0.060)
0.5 0.5 0.5 100 6.346 (0.284) 1.253 (0.056) 1.344 (0.060) 1.276 (0.057) 1.226 (0.055) 1.153 (0.052)
0.5 0.5 0.5 500 5.692 (0.255) 1.457 (0.065) 1.584 (0.071) 1.509 (0.067) 1.470 (0.066) 1.399 (0.063)
0.5 0.5 0.5 1000 5.924 (0.265) 1.339 (0.060) 1.397 (0.062) 1.381 (0.062) 1.311 (0.059) 1.292 (0.058)
0.5 0.5 0.5 5000 5.432 (0.243) 1.355 (0.061) 1.418 (0.063) 1.353 (0.060) 1.338 (0.060) 1.277 (0.057)
0.5 0.5 0.5 10000 5.611 (0.251) 1.354 (0.061) 1.401 (0.063) 1.355 (0.061) 1.340 (0.060) 1.299 (0.058)
0.5 0.5 0.5 20000 6.031 (0.270) 1.371 (0.061) 1.438 (0.064) 1.402 (0.063) 1.360 (0.061) 1.326 (0.059)
0.5 0.5 0.5 30000 5.651 (0.253) 1.433 (0.064) 1.469 (0.066) 1.429 (0.064) 1.406 (0.063) 1.368 (0.061)
0.5 0.5 0.5 40000 5.212 (0.233) 1.322 (0.059) 1.376 (0.062) 1.350 (0.060) 1.302 (0.058) 1.276 (0.057)
0.5 0.5 0.5 50000 5.266 (0.236) 1.311 (0.059) 1.392 (0.062) 1.341 (0.060) 1.295 (0.058) 1.244 (0.056)
0.5 0.5 0.5 Bound 5.68 1.36 1.42 1.38 1.34 1.30
0.5 0.5 1.5 50 6.426 (0.287) 1.830 (0.082) 1.555 (0.070) 1.418 (0.063) 1.451 (0.065) 1.307 (0.058)
0.5 0.5 1.5 100 6.413 (0.287) 1.633 (0.073) 1.618 (0.072) 1.535 (0.069) 1.467 (0.066) 1.390 (0.062)
0.5 0.5 1.5 500 5.933 (0.265) 1.652 (0.074) 1.472 (0.066) 1.436 (0.064) 1.440 (0.064) 1.399 (0.063)
0.5 0.5 1.5 1000 5.276 (0.236) 1.449 (0.065) 1.335 (0.060) 1.297 (0.058) 1.266 (0.057) 1.230 (0.055)
0.5 0.5 1.5 5000 5.890 (0.263) 1.470 (0.066) 1.471 (0.066) 1.430 (0.064) 1.356 (0.061) 1.312 (0.059)
0.5 0.5 1.5 10000 5.681 (0.254) 1.551 (0.069) 1.417 (0.063) 1.376 (0.062) 1.357 (0.061) 1.315 (0.059)
0.5 0.5 1.5 20000 5.830 (0.261) 1.403 (0.063) 1.370 (0.061) 1.343 (0.060) 1.285 (0.057) 1.259 (0.056)
0.5 0.5 1.5 30000 5.114 (0.229) 1.468 (0.066) 1.376 (0.062) 1.327 (0.059) 1.307 (0.058) 1.257 (0.056)
0.5 0.5 1.5 40000 5.570 (0.249) 1.417 (0.063) 1.375 (0.062) 1.362 (0.061) 1.281 (0.057) 1.265 (0.057)
0.5 0.5 1.5 50000 5.436 (0.243) 1.514 (0.068) 1.367 (0.061) 1.308 (0.058) 1.312 (0.059) 1.254 (0.056)
0.5 0.5 1.5 Bound 5.68 1.49 1.42 1.38 1.34 1.30
0.5 1.5 0.5 50 15.312 (0.685) 9.666 (0.432) 10.713 (0.479) 10.845 (0.485) 9.608 (0.430) 9.719 (0.435)
0.5 1.5 0.5 100 15.181 (0.679) 10.131 (0.453) 11.265 (0.504) 11.109 (0.497) 10.133 (0.453) 9.973 (0.446)
0.5 1.5 0.5 500 15.750 (0.704) 10.073 (0.450) 10.728 (0.480) 10.692 (0.478) 10.071 (0.450) 10.038 (0.449)
0.5 1.5 0.5 1000 14.864 (0.665) 9.505 (0.425) 10.283 (0.460) 10.230 (0.457) 9.514 (0.425) 9.467 (0.423)
0.5 1.5 0.5 5000 14.993 (0.670) 9.458 (0.423) 10.103 (0.452) 10.076 (0.451) 9.435 (0.422) 9.407 (0.421)
0.5 1.5 0.5 10000 15.968 (0.714) 10.272 (0.459) 11.032 (0.493) 11.054 (0.494) 10.263 (0.459) 10.269 (0.459)
0.5 1.5 0.5 20000 14.384 (0.643) 9.409 (0.421) 10.162 (0.454) 10.133 (0.453) 9.409 (0.421) 9.387 (0.420)
0.5 1.5 0.5 30000 14.059 (0.629) 9.619 (0.430) 10.251 (0.458) 10.171 (0.455) 9.594 (0.429) 9.525 (0.426)
0.5 1.5 0.5 40000 14.855 (0.664) 10.279 (0.460) 10.742 (0.480) 10.707 (0.479) 10.225 (0.457) 10.194 (0.456)
0.5 1.5 0.5 50000 15.777 (0.706) 10.702 (0.479) 11.724 (0.524) 11.714 (0.524) 10.718 (0.479) 10.698 (0.478)
0.5 1.5 0.5 Bound 14.77 9.81 10.51 10.46 9.79 9.75
0.5 1.5 1.5 50 16.013 (0.716) 11.043 (0.494) 11.679 (0.522) 11.491 (0.514) 10.618 (0.475) 10.428 (0.466)
0.5 1.5 1.5 100 14.036 (0.628) 9.950 (0.445) 10.490 (0.469) 10.422 (0.466) 9.733 (0.435) 9.658 (0.432)
0.5 1.5 1.5 500 15.254 (0.682) 9.825 (0.439) 10.498 (0.469) 10.466 (0.468) 9.681 (0.433) 9.650 (0.432)
0.5 1.5 1.5 1000 15.080 (0.674) 9.835 (0.440) 10.576 (0.473) 10.627 (0.475) 9.744 (0.436) 9.776 (0.437)
0.5 1.5 1.5 5000 15.244 (0.682) 9.873 (0.442) 10.517 (0.470) 10.464 (0.468) 9.688 (0.433) 9.646 (0.431)
0.5 1.5 1.5 10000 14.444 (0.646) 10.283 (0.460) 10.677 (0.477) 10.609 (0.474) 10.016 (0.448) 9.936 (0.444)
0.5 1.5 1.5 20000 14.214 (0.636) 9.800 (0.438) 10.313 (0.461) 10.251 (0.458) 9.651 (0.432) 9.594 (0.429)
0.5 1.5 1.5 30000 14.794 (0.662) 10.000 (0.447) 10.864 (0.486) 10.852 (0.485) 9.916 (0.443) 9.894 (0.442)
0.5 1.5 1.5 40000 14.125 (0.632) 10.111 (0.452) 10.530 (0.471) 10.357 (0.463) 9.927 (0.444) 9.796 (0.438)
0.5 1.5 1.5 50000 15.302 (0.684) 10.595 (0.474) 11.506 (0.515) 11.402 (0.510) 10.469 (0.468) 10.374 (0.464)
0.5 1.5 1.5 Bound 14.77 9.94 10.51 10.46 9.79 9.75
1.5 0.5 0.5 50 6.335 (0.283) 12.389 (0.554) 11.640 (0.521) 3.205 (0.143) 11.588 (0.518) 3.109 (0.139)
1.5 0.5 0.5 100 5.759 (0.258) 8.319 (0.372) 7.971 (0.356) 2.814 (0.126) 7.834 (0.350) 2.735 (0.122)
1.5 0.5 0.5 500 5.661 (0.253) 9.692 (0.433) 9.179 (0.410) 2.863 (0.128) 9.078 (0.406) 2.813 (0.126)
1.5 0.5 0.5 1000 5.601 (0.250) 11.823 (0.529) 11.022 (0.493) 2.824 (0.126) 10.956 (0.490) 2.747 (0.123)
1.5 0.5 0.5 5000 5.529 (0.247) 9.894 (0.442) 9.123 (0.408) 2.612 (0.117) 9.098 (0.407) 2.553 (0.114)
1.5 0.5 0.5 10000 5.726 (0.256) 10.033 (0.449) 9.706 (0.434) 2.907 (0.130) 9.614 (0.430) 2.824 (0.126)
1.5 0.5 0.5 20000 5.507 (0.246) 9.660 (0.432) 9.347 (0.418) 2.704 (0.121) 9.246 (0.413) 2.634 (0.118)
1.5 0.5 0.5 30000 6.050 (0.271) 10.399 (0.465) 10.123 (0.453) 2.977 (0.133) 10.021 (0.448) 2.846 (0.127)
1.5 0.5 0.5 40000 5.706 (0.255) 10.420 (0.466) 9.657 (0.432) 2.696 (0.121) 9.634 (0.431) 2.645 (0.118)
1.5 0.5 0.5 50000 5.963 (0.267) 9.884 (0.442) 9.420 (0.421) 2.941 (0.132) 9.368 (0.419) 2.819 (0.126)
1.5 0.5 0.5 Bound 5.68 10.04 9.62 2.78 9.54 2.70
1.5 0.5 1.5 50 6.187 (0.277) 10.940 (0.489) 7.917 (0.354) 2.886 (0.129) 7.873 (0.352) 2.824 (0.126)
1.5 0.5 1.5 100 5.670 (0.254) 11.330 (0.507) 7.438 (0.333) 2.866 (0.128) 7.325 (0.328) 2.731 (0.122)
1.5 0.5 1.5 500 5.553 (0.248) 12.964 (0.580) 9.817 (0.439) 2.815 (0.126) 9.664 (0.432) 2.706 (0.121)
1.5 0.5 1.5 1000 5.638 (0.252) 13.473 (0.603) 9.432 (0.422) 2.898 (0.130) 9.228 (0.413) 2.783 (0.124)
1.5 0.5 1.5 5000 5.371 (0.240) 13.357 (0.597) 8.835 (0.395) 2.763 (0.124) 8.783 (0.393) 2.717 (0.122)
1.5 0.5 1.5 10000 5.561 (0.249) 13.753 (0.615) 9.749 (0.436) 2.513 (0.112) 9.669 (0.432) 2.408 (0.108)
1.5 0.5 1.5 20000 6.154 (0.275) 12.880 (0.576) 8.541 (0.382) 2.816 (0.126) 8.455 (0.378) 2.746 (0.123)
1.5 0.5 1.5 30000 5.905 (0.264) 14.398 (0.644) 9.406 (0.421) 2.880 (0.129) 9.357 (0.418) 2.801 (0.125)
1.5 0.5 1.5 40000 5.514 (0.247) 13.076 (0.585) 9.138 (0.409) 2.776 (0.124) 9.055 (0.405) 2.695 (0.121)
1.5 0.5 1.5 50000 5.405 (0.242) 14.109 (0.631) 9.279 (0.415) 2.687 (0.120) 9.237 (0.413) 2.570 (0.115)
1.5 0.5 1.5 Bound 5.68 14.05 9.62 2.78 9.54 2.70
1.5 1.5 0.5 50 15.001 (0.671) 15.897 (0.711) 17.403 (0.778) 12.843 (0.574) 15.903 (0.711) 11.325 (0.506)
1.5 1.5 0.5 100 15.940 (0.713) 17.196 (0.769) 16.254 (0.727) 12.756 (0.570) 15.559 (0.696) 11.954 (0.535)
1.5 1.5 0.5 500 14.892 (0.666) 19.569 (0.875) 19.746 (0.883) 12.032 (0.538) 19.108 (0.855) 11.215 (0.502)
1.5 1.5 0.5 1000 14.416 (0.645) 18.103 (0.810) 18.076 (0.808) 11.297 (0.505) 17.437 (0.780) 10.941 (0.489)
1.5 1.5 0.5 5000 14.247 (0.637) 18.685 (0.836) 18.673 (0.835) 11.922 (0.533) 18.022 (0.806) 11.229 (0.502)
1.5 1.5 0.5 10000 15.814 (0.707) 18.454 (0.825) 18.679 (0.835) 12.317 (0.551) 18.012 (0.806) 11.659 (0.521)
1.5 1.5 0.5 20000 14.832 (0.663) 16.081 (0.719) 16.479 (0.737) 11.058 (0.495) 15.729 (0.703) 10.459 (0.468)
1.5 1.5 0.5 30000 15.315 (0.685) 17.978 (0.804) 18.019 (0.806) 11.598 (0.519) 17.492 (0.782) 11.080 (0.496)
1.5 1.5 0.5 40000 14.014 (0.627) 20.114 (0.900) 20.081 (0.898) 11.747 (0.525) 19.536 (0.874) 11.193 (0.501)
1.5 1.5 0.5 50000 14.008 (0.626) 18.055 (0.807) 18.619 (0.833) 11.650 (0.521) 17.604 (0.787) 10.826 (0.484)
1.5 1.5 0.5 Bound 14.77 18.50 18.71 11.86 18.00 11.15
1.5 1.5 1.5 50 14.774 (0.661) 16.934 (0.757) 15.112 (0.676) 11.568 (0.517) 14.623 (0.654) 10.807 (0.483)
1.5 1.5 1.5 100 15.778 (0.706) 21.271 (0.951) 18.720 (0.837) 12.671 (0.567) 17.205 (0.769) 11.316 (0.506)
1.5 1.5 1.5 500 15.286 (0.684) 23.220 (1.038) 18.696 (0.836) 12.504 (0.559) 18.217 (0.815) 11.887 (0.532)
1.5 1.5 1.5 1000 15.036 (0.672) 21.690 (0.970) 19.233 (0.860) 11.943 (0.534) 18.030 (0.806) 10.773 (0.482)
1.5 1.5 1.5 5000 15.595 (0.697) 22.336 (0.999) 19.361 (0.866) 12.253 (0.548) 18.594 (0.832) 11.430 (0.511)
1.5 1.5 1.5 10000 14.362 (0.642) 24.340 (1.089) 19.288 (0.863) 11.654 (0.521) 18.727 (0.837) 11.036 (0.494)
1.5 1.5 1.5 20000 15.077 (0.674) 22.801 (1.020) 18.733 (0.838) 12.145 (0.543) 17.919 (0.801) 11.586 (0.518)
1.5 1.5 1.5 30000 15.012 (0.671) 23.535 (1.053) 19.487 (0.871) 12.112 (0.542) 18.880 (0.844) 11.509 (0.515)
1.5 1.5 1.5 40000 13.836 (0.619) 23.352 (1.044) 18.700 (0.836) 11.515 (0.515) 18.055 (0.807) 10.907 (0.488)
1.5 1.5 1.5 50000 14.747 (0.660) 21.892 (0.979) 18.650 (0.834) 11.895 (0.532) 17.583 (0.786) 11.127 (0.498)
1.5 1.5 1.5 Bound 14.77 22.50 18.71 11.86 18.00 11.15

Table A2: Scaled empirical variance (Monte Carlo SEs in parentheses) of
estimators in simulation study 1. Monte Carlo SE of scaled em-

pirical variance ns2
K−1 is calculated as

√
2n2s4

K−1/K (Boos and

Stefanski, 2013, p. 370).
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Measure* Misspecification BD FD TD BD TD FD TD BD FD TD
Bias 1.p(Z|A) -0.0006(0.001) -0.0004(0.001) -0.0006(0.000) -0.0006(0.000) -0.0005(0.000) -0.0005(0.000)
Bias 2.All except p(Z|A) 0.3659(0.001) -0.0012(0.002) -0.0012(0.001) -0.0480(0.000) -0.0012(0.001) -0.0480(0.000)
Bias 3.p(C), p(Z|A) -0.0006(0.001) -0.0004(0.001) -0.0006(0.000) -0.0006(0.000) -0.0919(0.000) -0.0919(0.000)
Bias 4.p(A|C), E(Y|Z,C) -0.0006(0.001) -0.0008(0.001) -0.0012(0.001) -0.0480(0.000) -0.0012(0.001) -0.0480(0.000)

EmpSE 1.p(Z|A) 0.0172(0.000) 0.0164(0.000) 0.0153(0.000) 0.0153(0.000) 0.0150(0.000) 0.0150(0.000)
EmpSE 2.All except p(Z|A) 0.0180(0.000) 0.0558(0.001) 0.0472(0.001) 0.0147(0.000) 0.0472(0.001) 0.0147(0.000)
EmpSE 3.p(C), p(Z|A) 0.0172(0.000) 0.0164(0.000) 0.0153(0.000) 0.0153(0.000) 0.0145(0.000) 0.0145(0.000)
EmpSE 4.p(A|C), E(Y|Z,C) 0.0171(0.000) 0.0212(0.000) 0.0472(0.001) 0.0147(0.000) 0.0472(0.001) 0.0147(0.000)

MSE 1.p(Z|A) 0.0003(0.000) 0.0003(0.000) 0.0002(0.000) 0.0002(0.000) 0.0002(0.000) 0.0002(0.000)
MSE 2.All except p(Z|A) 0.1342(0.000) 0.0031(0.000) 0.0022(0.000) 0.0025(0.000) 0.0022(0.000) 0.0025(0.000)
MSE 3.p(C), p(Z|A) 0.0003(0.000) 0.0003(0.000) 0.0002(0.000) 0.0002(0.000) 0.0086(0.000) 0.0086(0.000)
MSE 4.p(A|C), E(Y|Z,C) 0.0003(0.000) 0.0005(0.000) 0.0022(0.000) 0.0025(0.000) 0.0022(0.000) 0.0025(0.000)

ScEmpVar 1.p(Z|A) 14.8007(0.662) 13.4974(0.604) 11.7573(0.526) 11.7573(0.526) 11.2103(0.501) 11.2103(0.501)
ScEmpVar 2.All except p(Z|A) 16.1414(0.722) 155.8208(6.969) 111.4742(4.985) 10.8023(0.483) 111.4742(4.985) 10.8023(0.483)
ScEmpVar 3.p(C), p(Z|A) 14.8007(0.662) 13.4974(0.604) 11.7573(0.526) 11.7573(0.526) 10.5289(0.471) 10.5289(0.471)
ScEmpVar 4.p(A|C), E(Y|Z,C) 14.5580(0.651) 22.5721(1.009) 111.4742(4.985) 10.8023(0.483) 111.4742(4.985) 10.8023(0.483)

Bound 14.765 22.5 18.71 11.864 17.995 11.15

Table A3: Estimates of performance for measures of interest (Monte Carlo SEs in
parentheses) in simulation study 2. *Bias: estimated bias, EmpSE: empir-
ical standard error, MSE: mean squared error. Scaled empirical variance,
ScEmpVar = nEmpSE2 = ns2

K−1. Monte Carlo SE of scaled empirical

variance ns2
K−1 is calculated as

√
2n2s4

K−1/K (Boos and Stefanski, 2013,

p. 370).

Appendix M. Simulation study with multivariate covariates

This simulation study follows simulation study 1 in the paper but considers multivariate
covariates. The observed data is generated as follows:

C = (C1, C2,C3)T

C1 ∼ Bernoulli(0.5)
C2 ∼ N(0, 1)

C3 ∼ N

0,

1 0 0
0 1 0
0 0 1


A|C ∼ Bernoulli(expit(αC))

Z|A,C ∼ N(βA, 1),
Y |Z,A,C ∼ N(γ1Z + γ2C, 1).

We consider the following values of the parameters: α = (α, α, α, α, α), where α = 0
represents no effect of the covariates on treatment A (when varϕfd is bigger than varϕtd
from comparisons in Section 3.3) and α = 1 to represent stronger effect of the covariates
on treatment A. Similarly, γ2 = (γ2, γ2, γ2, γ2, γ2), where γ2 = 0.1 and γ2 = 1 to represent,
correspondingly, weaker and stronger effect of the covariates on outcome Y. The parameter
β takes values 0 to study the situation when the sufficient condition for varϕtd ≤ varϕbd
in Proposition 1 is fulfilled and β = 1.5 as in the simulation study 1. Parameter γ1 takes
values 0.5 and 1.5 as in simulation study 1.

We consider samples of sizes n = 100, 500, 1000, 5000, 10000, 20000, 30000, 40000, 50000.
For each sample size, K = 1000 replicates were simulated. Figure 5 provides empirical

variances scaled by n: ns2
K−1 = n/(K − 1)

∑K
k=1

(
θ̂k −

¯̂
θ
)2
, where θ̂k is an estimate from

replication k, and
¯̂
θ =

∑K
k=1 θ̂k/K.
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The simulation results show that the scaled empirical variance of the estimator based
on Assumption TD is lower than the one for the estimator based on Assumption BD when
the treatment does not affect the mediator (β = 0) according to the sufficient condition of
Proposition 1.

As expected from the comparison of varϕfd and varϕtd, when the covariates are not
related to the treatment (α = 0), the sufficient condition in Proposition 3 is fulfilled and
the estimates based on Assumption FD have close to or at least as large empirical variance
as the estimates based on the TD assumption. The differences are more pronounced for a
stronger relationship between the covariates and the outcome (γ2 = 1).

Also, FD outperforms BD when pre-treatment covariates do not affect the treatment
(α = 0) and the treatment does not affect the mediator (β = 0) according to a sufficient
condition of Proposition 5.
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Figure 5: Scaled empirical variance of semiparametric estimators based on influence func-
tions under Assumption BD; FD; TD; BD and TD; BD, FD and TD in the
simulation study with multivariate covariates. Shaded areas represent 95% con-
fidence intervals for the estimated scaled variance based on the normal approxi-
mation. Note the difference in scales between the panels.
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DGP* α β γ1 γ2 n BD FD TD BD TD FD TD BD FD TD
1 0.0 0.0 0.5 0.1 100 5.526 ( 0.247) 1.035 ( 0.046) 1.076 ( 0.048) 1.086 ( 0.049) 1.033 ( 0.046) 1.041 ( 0.047)
1 0.0 0.0 0.5 0.1 500 5.184 ( 0.232) 1.027 ( 0.046) 1.047 ( 0.047) 1.045 ( 0.047) 1.031 ( 0.046) 1.029 ( 0.046)
1 0.0 0.0 0.5 0.1 1000 5.102 ( 0.228) 0.938 ( 0.042) 0.932 ( 0.042) 0.933 ( 0.042) 0.935 ( 0.042) 0.936 ( 0.042)
1 0.0 0.0 0.5 0.1 5000 5.066 ( 0.227) 0.984 ( 0.044) 0.986 ( 0.044) 0.986 ( 0.044) 0.984 ( 0.044) 0.984 ( 0.044)
1 0.0 0.0 0.5 0.1 10000 4.571 ( 0.204) 0.933 ( 0.042) 0.934 ( 0.042) 0.934 ( 0.042) 0.933 ( 0.042) 0.933 ( 0.042)
1 0.0 0.0 0.5 0.1 20000 5.226 ( 0.234) 1.009 ( 0.045) 1.009 ( 0.045) 1.009 ( 0.045) 1.009 ( 0.045) 1.009 ( 0.045)
1 0.0 0.0 0.5 0.1 30000 4.886 ( 0.219) 0.990 ( 0.044) 0.990 ( 0.044) 0.990 ( 0.044) 0.990 ( 0.044) 0.990 ( 0.044)
1 0.0 0.0 0.5 0.1 40000 5.074 ( 0.227) 1.005 ( 0.045) 1.006 ( 0.045) 1.006 ( 0.045) 1.005 ( 0.045) 1.005 ( 0.045)
1 0.0 0.0 0.5 0.1 50000 5.019 ( 0.224) 1.022 ( 0.046) 1.022 ( 0.046) 1.022 ( 0.046) 1.022 ( 0.046) 1.022 ( 0.046)
2 1.0 0.0 0.5 0.1 100 29.059 ( 1.300) 1.139 ( 0.051) 5.713 ( 0.255) 5.718 ( 0.256) 1.135 ( 0.051) 1.137 ( 0.051)
2 1.0 0.0 0.5 0.1 500 23.142 ( 1.035) 0.971 ( 0.043) 8.002 ( 0.358) 7.999 ( 0.358) 0.971 ( 0.043) 0.970 ( 0.043)
2 1.0 0.0 0.5 0.1 1000 25.807 ( 1.154) 1.087 ( 0.049) 5.001 ( 0.224) 5.001 ( 0.224) 1.086 ( 0.049) 1.085 ( 0.049)
2 1.0 0.0 0.5 0.1 5000 22.428 ( 1.003) 1.016 ( 0.045) 4.791 ( 0.214) 4.791 ( 0.214) 1.015 ( 0.045) 1.016 ( 0.045)
2 1.0 0.0 0.5 0.1 10000 26.541 ( 1.187) 0.923 ( 0.041) 4.822 ( 0.216) 4.822 ( 0.216) 0.923 ( 0.041) 0.923 ( 0.041)
2 1.0 0.0 0.5 0.1 20000 25.703 ( 1.149) 1.032 ( 0.046) 4.954 ( 0.222) 4.954 ( 0.222) 1.031 ( 0.046) 1.031 ( 0.046)
2 1.0 0.0 0.5 0.1 30000 24.924 ( 1.115) 1.070 ( 0.048) 5.001 ( 0.224) 5.001 ( 0.224) 1.070 ( 0.048) 1.070 ( 0.048)
2 1.0 0.0 0.5 0.1 40000 26.654 ( 1.192) 1.038 ( 0.046) 5.710 ( 0.255) 5.710 ( 0.255) 1.038 ( 0.046) 1.038 ( 0.046)
2 1.0 0.0 0.5 0.1 50000 26.874 ( 1.202) 1.010 ( 0.045) 5.403 ( 0.242) 5.403 ( 0.242) 1.010 ( 0.045) 1.010 ( 0.045)
3 0.0 1.5 0.5 0.1 100 5.322 ( 0.238) 8.884 ( 0.397) 8.638 ( 0.386) 2.820 ( 0.126) 8.521 ( 0.381) 2.733 ( 0.122)
3 0.0 1.5 0.5 0.1 500 5.129 ( 0.229) 9.835 ( 0.440) 9.426 ( 0.422) 2.448 ( 0.109) 9.413 ( 0.421) 2.432 ( 0.109)
3 0.0 1.5 0.5 0.1 1000 5.076 ( 0.227) 8.854 ( 0.396) 8.641 ( 0.386) 2.323 ( 0.104) 8.601 ( 0.385) 2.306 ( 0.103)
3 0.0 1.5 0.5 0.1 5000 5.186 ( 0.232) 9.535 ( 0.426) 9.349 ( 0.418) 2.507 ( 0.112) 9.346 ( 0.418) 2.503 ( 0.112)
3 0.0 1.5 0.5 0.1 10000 4.923 ( 0.220) 9.650 ( 0.432) 9.301 ( 0.416) 2.621 ( 0.117) 9.308 ( 0.416) 2.619 ( 0.117)
3 0.0 1.5 0.5 0.1 20000 4.925 ( 0.220) 9.396 ( 0.420) 8.939 ( 0.400) 2.515 ( 0.112) 8.942 ( 0.400) 2.515 ( 0.112)
3 0.0 1.5 0.5 0.1 30000 4.918 ( 0.220) 10.201 ( 0.456) 9.918 ( 0.444) 2.336 ( 0.104) 9.918 ( 0.444) 2.336 ( 0.104)
3 0.0 1.5 0.5 0.1 40000 4.827 ( 0.216) 9.442 ( 0.422) 9.054 ( 0.405) 2.466 ( 0.110) 9.050 ( 0.405) 2.465 ( 0.110)
3 0.0 1.5 0.5 0.1 50000 4.971 ( 0.222) 9.887 ( 0.442) 9.522 ( 0.426) 2.429 ( 0.109) 9.524 ( 0.426) 2.429 ( 0.109)
4 1.0 1.5 0.5 0.1 100 27.476 ( 1.229) 7.768 ( 0.347) 11.463 ( 0.513) 7.321 ( 0.327) 7.425 ( 0.332) 3.838 ( 0.172)
4 1.0 1.5 0.5 0.1 500 26.663 ( 1.192) 12.802 ( 0.573) 15.898 ( 0.711) 9.623 ( 0.430) 10.391 ( 0.465) 3.625 ( 0.162)
4 1.0 1.5 0.5 0.1 1000 28.438 ( 1.272) 10.170 ( 0.455) 14.143 ( 0.632) 8.190 ( 0.366) 10.013 ( 0.448) 3.360 ( 0.150)
4 1.0 1.5 0.5 0.1 5000 25.361 ( 1.134) 10.802 ( 0.483) 14.430 ( 0.645) 8.090 ( 0.362) 10.545 ( 0.472) 3.960 ( 0.177)
4 1.0 1.5 0.5 0.1 10000 29.269 ( 1.309) 10.149 ( 0.454) 14.558 ( 0.651) 8.315 ( 0.372) 10.075 ( 0.451) 3.693 ( 0.165)
4 1.0 1.5 0.5 0.1 20000 24.081 ( 1.077) 9.555 ( 0.427) 13.032 ( 0.583) 7.211 ( 0.322) 9.303 ( 0.416) 3.645 ( 0.163)
4 1.0 1.5 0.5 0.1 30000 25.390 ( 1.135) 9.072 ( 0.406) 12.748 ( 0.570) 7.184 ( 0.321) 8.960 ( 0.401) 3.412 ( 0.153)
4 1.0 1.5 0.5 0.1 40000 23.328 ( 1.043) 9.997 ( 0.447) 13.090 ( 0.585) 6.494 ( 0.290) 9.883 ( 0.442) 3.256 ( 0.146)
4 1.0 1.5 0.5 0.1 50000 25.066 ( 1.121) 9.628 ( 0.431) 12.794 ( 0.572) 7.198 ( 0.322) 9.426 ( 0.422) 3.740 ( 0.167)
5 0.0 0.0 1.5 0.1 100 14.476 ( 0.647) 8.746 ( 0.391) 9.374 ( 0.419) 9.410 ( 0.421) 8.739 ( 0.391) 8.776 ( 0.392)
5 0.0 0.0 1.5 0.1 500 13.978 ( 0.625) 9.434 ( 0.422) 9.492 ( 0.425) 9.489 ( 0.424) 9.433 ( 0.422) 9.430 ( 0.422)
5 0.0 0.0 1.5 0.1 1000 13.094 ( 0.586) 9.789 ( 0.438) 9.817 ( 0.439) 9.812 ( 0.439) 9.791 ( 0.438) 9.787 ( 0.438)
5 0.0 0.0 1.5 0.1 5000 13.018 ( 0.582) 8.821 ( 0.394) 8.827 ( 0.395) 8.827 ( 0.395) 8.820 ( 0.394) 8.820 ( 0.394)
5 0.0 0.0 1.5 0.1 10000 12.134 ( 0.543) 8.812 ( 0.394) 8.826 ( 0.395) 8.826 ( 0.395) 8.813 ( 0.394) 8.813 ( 0.394)
5 0.0 0.0 1.5 0.1 20000 14.071 ( 0.629) 9.208 ( 0.412) 9.226 ( 0.413) 9.226 ( 0.413) 9.208 ( 0.412) 9.208 ( 0.412)
5 0.0 0.0 1.5 0.1 30000 12.663 ( 0.566) 9.046 ( 0.405) 9.048 ( 0.405) 9.048 ( 0.405) 9.046 ( 0.405) 9.046 ( 0.405)
5 0.0 0.0 1.5 0.1 40000 13.027 ( 0.583) 8.492 ( 0.380) 8.485 ( 0.379) 8.485 ( 0.379) 8.493 ( 0.380) 8.493 ( 0.380)
5 0.0 0.0 1.5 0.1 50000 12.250 ( 0.548) 8.755 ( 0.392) 8.767 ( 0.392) 8.767 ( 0.392) 8.757 ( 0.392) 8.757 ( 0.392)
6 1.0 0.0 1.5 0.1 100 110.994 ( 4.964) 9.044 ( 0.404) 122.328 ( 5.471) 122.320 ( 5.470) 9.054 ( 0.405) 9.036 ( 0.404)
6 1.0 0.0 1.5 0.1 500 49.493 ( 2.213) 9.470 ( 0.423) 36.351 ( 1.626) 36.353 ( 1.626) 9.476 ( 0.424) 9.477 ( 0.424)
6 1.0 0.0 1.5 0.1 1000 69.967 ( 3.129) 9.698 ( 0.434) 48.141 ( 2.153) 48.140 ( 2.153) 9.694 ( 0.434) 9.693 ( 0.433)
6 1.0 0.0 1.5 0.1 5000 65.897 ( 2.947) 9.896 ( 0.443) 41.541 ( 1.858) 41.541 ( 1.858) 9.896 ( 0.443) 9.896 ( 0.443)
6 1.0 0.0 1.5 0.1 10000 64.108 ( 2.867) 9.666 ( 0.432) 45.373 ( 2.029) 45.373 ( 2.029) 9.665 ( 0.432) 9.665 ( 0.432)
6 1.0 0.0 1.5 0.1 20000 70.295 ( 3.144) 8.975 ( 0.401) 45.055 ( 2.015) 45.056 ( 2.015) 8.974 ( 0.401) 8.974 ( 0.401)
6 1.0 0.0 1.5 0.1 30000 64.432 ( 2.881) 9.894 ( 0.442) 47.285 ( 2.115) 47.285 ( 2.115) 9.893 ( 0.442) 9.893 ( 0.442)
6 1.0 0.0 1.5 0.1 40000 78.064 ( 3.491) 9.684 ( 0.433) 45.049 ( 2.015) 45.049 ( 2.015) 9.684 ( 0.433) 9.684 ( 0.433)
6 1.0 0.0 1.5 0.1 50000 86.437 ( 3.866) 9.019 ( 0.403) 59.158 ( 2.646) 59.158 ( 2.646) 9.019 ( 0.403) 9.019 ( 0.403)
7 0.0 1.5 1.5 0.1 100 14.032 ( 0.628) 19.080 ( 0.853) 17.919 ( 0.801) 11.010 ( 0.492) 17.255 ( 0.772) 10.514 ( 0.470)
7 0.0 1.5 1.5 0.1 500 13.478 ( 0.603) 17.312 ( 0.774) 16.864 ( 0.754) 10.844 ( 0.485) 16.867 ( 0.754) 10.777 ( 0.482)
7 0.0 1.5 1.5 0.1 1000 13.069 ( 0.584) 17.869 ( 0.799) 17.208 ( 0.770) 10.353 ( 0.463) 17.185 ( 0.769) 10.276 ( 0.460)
7 0.0 1.5 1.5 0.1 5000 13.245 ( 0.592) 18.767 ( 0.839) 18.513 ( 0.828) 10.940 ( 0.489) 18.443 ( 0.825) 10.890 ( 0.487)
7 0.0 1.5 1.5 0.1 10000 12.759 ( 0.571) 16.924 ( 0.757) 16.238 ( 0.726) 10.328 ( 0.462) 16.217 ( 0.725) 10.294 ( 0.460)
7 0.0 1.5 1.5 0.1 20000 12.729 ( 0.569) 17.390 ( 0.778) 17.080 ( 0.764) 10.114 ( 0.452) 17.079 ( 0.764) 10.108 ( 0.452)
7 0.0 1.5 1.5 0.1 30000 13.465 ( 0.602) 18.032 ( 0.806) 17.713 ( 0.792) 10.517 ( 0.470) 17.715 ( 0.792) 10.519 ( 0.470)
7 0.0 1.5 1.5 0.1 40000 13.603 ( 0.608) 18.636 ( 0.833) 18.392 ( 0.823) 10.979 ( 0.491) 18.392 ( 0.823) 10.981 ( 0.491)
7 0.0 1.5 1.5 0.1 50000 12.863 ( 0.575) 16.925 ( 0.757) 16.723 ( 0.748) 10.868 ( 0.486) 16.718 ( 0.748) 10.858 ( 0.486)
8 1.0 1.5 1.5 0.1 100 68.441 ( 3.061) 14.864 ( 0.665) 40.062 ( 1.792) 36.377 ( 1.627) 14.756 ( 0.660) 10.982 ( 0.491)
8 1.0 1.5 1.5 0.1 500 60.633 ( 2.712) 24.658 ( 1.103) 56.216 ( 2.514) 44.763 ( 2.002) 24.247 ( 1.084) 12.405 ( 0.555)
8 1.0 1.5 1.5 0.1 1000 161.693 ( 7.231) 19.547 ( 0.874) 87.635 ( 3.919) 78.136 ( 3.494) 19.382 ( 0.867) 11.489 ( 0.514)
8 1.0 1.5 1.5 0.1 5000 60.515 ( 2.706) 17.717 ( 0.792) 49.715 ( 2.223) 43.973 ( 1.967) 17.437 ( 0.780) 11.529 ( 0.516)
8 1.0 1.5 1.5 0.1 10000 63.620 ( 2.845) 16.518 ( 0.739) 52.928 ( 2.367) 47.845 ( 2.140) 16.192 ( 0.724) 11.435 ( 0.511)
8 1.0 1.5 1.5 0.1 20000 65.244 ( 2.918) 18.120 ( 0.810) 53.155 ( 2.377) 48.255 ( 2.158) 17.839 ( 0.798) 12.244 ( 0.548)
8 1.0 1.5 1.5 0.1 30000 67.921 ( 3.038) 17.838 ( 0.798) 60.753 ( 2.717) 52.532 ( 2.349) 17.679 ( 0.791) 10.964 ( 0.490)
8 1.0 1.5 1.5 0.1 40000 72.604 ( 3.247) 17.502 ( 0.783) 51.462 ( 2.301) 46.380 ( 2.074) 17.246 ( 0.771) 11.382 ( 0.509)
8 1.0 1.5 1.5 0.1 50000 63.512 ( 2.840) 17.825 ( 0.797) 50.326 ( 2.251) 44.108 ( 1.973) 17.525 ( 0.784) 11.956 ( 0.535)

Table A4: Scaled empirical variance (Monte Carlo SEs in parentheses) of estimators for
DGPs 1 - 8 in the simulation study with multivariate covariates. *DGP - data
generating process.
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DGP* α β γ1 γ2 n BD FD TD BD TD FD TD BD FD TD
9 0.0 0.0 0.5 1.0 100 5.337 ( 0.239) 1.333 ( 0.060) 1.181 ( 0.053) 1.179 ( 0.053) 1.083 ( 0.048) 1.080 ( 0.048)
9 0.0 0.0 0.5 1.0 500 5.313 ( 0.238) 1.238 ( 0.055) 1.182 ( 0.053) 1.184 ( 0.053) 1.166 ( 0.052) 1.167 ( 0.052)
9 0.0 0.0 0.5 1.0 1000 5.073 ( 0.227) 1.030 ( 0.046) 1.016 ( 0.045) 1.015 ( 0.045) 1.014 ( 0.045) 1.013 ( 0.045)
9 0.0 0.0 0.5 1.0 5000 4.981 ( 0.223) 0.982 ( 0.044) 0.979 ( 0.044) 0.979 ( 0.044) 0.979 ( 0.044) 0.979 ( 0.044)
9 0.0 0.0 0.5 1.0 10000 5.184 ( 0.232) 0.974 ( 0.044) 0.971 ( 0.043) 0.971 ( 0.043) 0.971 ( 0.043) 0.971 ( 0.043)
9 0.0 0.0 0.5 1.0 20000 4.875 ( 0.218) 0.982 ( 0.044) 0.982 ( 0.044) 0.982 ( 0.044) 0.982 ( 0.044) 0.982 ( 0.044)
9 0.0 0.0 0.5 1.0 30000 5.364 ( 0.240) 1.053 ( 0.047) 1.050 ( 0.047) 1.050 ( 0.047) 1.051 ( 0.047) 1.051 ( 0.047)
9 0.0 0.0 0.5 1.0 40000 4.978 ( 0.223) 1.055 ( 0.047) 1.051 ( 0.047) 1.051 ( 0.047) 1.051 ( 0.047) 1.051 ( 0.047)
9 0.0 0.0 0.5 1.0 50000 5.449 ( 0.244) 1.034 ( 0.046) 1.034 ( 0.046) 1.034 ( 0.046) 1.034 ( 0.046) 1.034 ( 0.046)

10 1.0 0.0 0.5 1.0 100 25.579 ( 1.144) 1.105 ( 0.049) 6.070 ( 0.271) 6.070 ( 0.271) 1.000 ( 0.045) 1.004 ( 0.045)
10 1.0 0.0 0.5 1.0 500 23.455 ( 1.049) 1.121 ( 0.050) 4.947 ( 0.221) 4.945 ( 0.221) 1.109 ( 0.050) 1.109 ( 0.050)
10 1.0 0.0 0.5 1.0 1000 30.338 ( 1.357) 1.194 ( 0.053) 6.736 ( 0.301) 6.737 ( 0.301) 1.156 ( 0.052) 1.156 ( 0.052)
10 1.0 0.0 0.5 1.0 5000 26.216 ( 1.172) 0.964 ( 0.043) 5.568 ( 0.249) 5.569 ( 0.249) 0.956 ( 0.043) 0.956 ( 0.043)
10 1.0 0.0 0.5 1.0 10000 30.665 ( 1.371) 1.035 ( 0.046) 6.202 ( 0.277) 6.202 ( 0.277) 1.035 ( 0.046) 1.035 ( 0.046)
10 1.0 0.0 0.5 1.0 20000 25.751 ( 1.152) 1.026 ( 0.046) 5.772 ( 0.258) 5.772 ( 0.258) 1.022 ( 0.046) 1.022 ( 0.046)
10 1.0 0.0 0.5 1.0 30000 30.961 ( 1.385) 1.065 ( 0.048) 4.723 ( 0.211) 4.723 ( 0.211) 1.069 ( 0.048) 1.069 ( 0.048)
10 1.0 0.0 0.5 1.0 40000 32.451 ( 1.451) 0.987 ( 0.044) 5.149 ( 0.230) 5.149 ( 0.230) 0.987 ( 0.044) 0.987 ( 0.044)
10 1.0 0.0 0.5 1.0 50000 26.334 ( 1.178) 0.979 ( 0.044) 4.652 ( 0.208) 4.652 ( 0.208) 0.979 ( 0.044) 0.979 ( 0.044)
11 0.0 1.5 0.5 1.0 100 5.260 ( 0.235) 44.473 ( 1.989) 8.672 ( 0.388) 2.908 ( 0.130) 8.579 ( 0.384) 2.846 ( 0.127)
11 0.0 1.5 0.5 1.0 500 5.040 ( 0.225) 41.215 ( 1.843) 8.480 ( 0.379) 2.366 ( 0.106) 8.476 ( 0.379) 2.344 ( 0.105)
11 0.0 1.5 0.5 1.0 1000 4.747 ( 0.212) 54.978 ( 2.459) 9.183 ( 0.411) 2.413 ( 0.108) 9.176 ( 0.410) 2.411 ( 0.108)
11 0.0 1.5 0.5 1.0 5000 5.261 ( 0.235) 43.385 ( 1.940) 8.823 ( 0.395) 2.481 ( 0.111) 8.821 ( 0.394) 2.482 ( 0.111)
11 0.0 1.5 0.5 1.0 10000 4.656 ( 0.208) 46.606 ( 2.084) 9.351 ( 0.418) 2.588 ( 0.116) 9.351 ( 0.418) 2.587 ( 0.116)
11 0.0 1.5 0.5 1.0 20000 5.043 ( 0.226) 46.175 ( 2.065) 9.127 ( 0.408) 2.559 ( 0.114) 9.128 ( 0.408) 2.558 ( 0.114)
11 0.0 1.5 0.5 1.0 30000 4.824 ( 0.216) 47.409 ( 2.120) 10.094 ( 0.451) 2.457 ( 0.110) 10.094 ( 0.451) 2.456 ( 0.110)
11 0.0 1.5 0.5 1.0 40000 5.036 ( 0.225) 43.515 ( 1.946) 8.971 ( 0.401) 2.566 ( 0.115) 8.967 ( 0.401) 2.565 ( 0.115)
11 0.0 1.5 0.5 1.0 50000 4.671 ( 0.209) 46.933 ( 2.099) 10.121 ( 0.453) 2.343 ( 0.105) 10.119 ( 0.453) 2.343 ( 0.105)
12 1.0 1.5 0.5 1.0 100 27.565 ( 1.233) 24.418 ( 1.092) 12.041 ( 0.538) 8.612 ( 0.385) 7.211 ( 0.322) 4.106 ( 0.184)
12 1.0 1.5 0.5 1.0 500 26.830 ( 1.200) 28.556 ( 1.277) 13.640 ( 0.610) 8.088 ( 0.362) 9.366 ( 0.419) 3.823 ( 0.171)
12 1.0 1.5 0.5 1.0 1000 22.104 ( 0.989) 29.971 ( 1.340) 13.199 ( 0.590) 7.698 ( 0.344) 9.094 ( 0.407) 3.688 ( 0.165)
12 1.0 1.5 0.5 1.0 5000 24.909 ( 1.114) 32.123 ( 1.437) 13.037 ( 0.583) 7.083 ( 0.317) 9.337 ( 0.418) 3.466 ( 0.155)
12 1.0 1.5 0.5 1.0 10000 24.016 ( 1.074) 30.976 ( 1.385) 14.693 ( 0.657) 8.009 ( 0.358) 9.963 ( 0.446) 3.824 ( 0.171)
12 1.0 1.5 0.5 1.0 20000 27.107 ( 1.212) 31.631 ( 1.415) 14.931 ( 0.668) 8.664 ( 0.387) 9.365 ( 0.419) 3.574 ( 0.160)
12 1.0 1.5 0.5 1.0 30000 33.908 ( 1.516) 31.587 ( 1.413) 17.604 ( 0.787) 11.920 ( 0.533) 9.605 ( 0.430) 3.625 ( 0.162)
12 1.0 1.5 0.5 1.0 40000 25.191 ( 1.127) 35.220 ( 1.575) 13.116 ( 0.587) 7.864 ( 0.352) 8.665 ( 0.387) 3.447 ( 0.154)
12 1.0 1.5 0.5 1.0 50000 27.827 ( 1.244) 32.483 ( 1.453) 13.549 ( 0.606) 8.138 ( 0.364) 9.252 ( 0.414) 3.700 ( 0.165)
13 0.0 0.0 1.5 1.0 100 13.732 ( 0.614) 8.425 ( 0.377) 8.829 ( 0.395) 8.834 ( 0.395) 8.187 ( 0.366) 8.192 ( 0.366)
13 0.0 0.0 1.5 1.0 500 13.303 ( 0.595) 8.970 ( 0.401) 9.105 ( 0.407) 9.106 ( 0.407) 8.961 ( 0.401) 8.962 ( 0.401)
13 0.0 0.0 1.5 1.0 1000 11.552 ( 0.517) 8.689 ( 0.389) 8.590 ( 0.384) 8.588 ( 0.384) 8.648 ( 0.387) 8.646 ( 0.387)
13 0.0 0.0 1.5 1.0 5000 11.971 ( 0.535) 8.823 ( 0.395) 8.816 ( 0.394) 8.816 ( 0.394) 8.798 ( 0.393) 8.798 ( 0.393)
13 0.0 0.0 1.5 1.0 10000 12.715 ( 0.569) 8.395 ( 0.375) 8.400 ( 0.376) 8.400 ( 0.376) 8.389 ( 0.375) 8.389 ( 0.375)
13 0.0 0.0 1.5 1.0 20000 12.865 ( 0.575) 8.820 ( 0.394) 8.835 ( 0.395) 8.835 ( 0.395) 8.814 ( 0.394) 8.814 ( 0.394)
13 0.0 0.0 1.5 1.0 30000 12.827 ( 0.574) 9.004 ( 0.403) 9.004 ( 0.403) 9.004 ( 0.403) 9.005 ( 0.403) 9.005 ( 0.403)
13 0.0 0.0 1.5 1.0 40000 12.252 ( 0.548) 8.735 ( 0.391) 8.728 ( 0.390) 8.728 ( 0.390) 8.731 ( 0.390) 8.731 ( 0.390)
13 0.0 0.0 1.5 1.0 50000 13.486 ( 0.603) 9.014 ( 0.403) 9.000 ( 0.403) 9.000 ( 0.403) 9.010 ( 0.403) 9.010 ( 0.403)
14 1.0 0.0 1.5 1.0 100 63.020 ( 2.818) 9.351 ( 0.418) 66.100 ( 2.956) 66.105 ( 2.956) 9.383 ( 0.420) 9.362 ( 0.419)
14 1.0 0.0 1.5 1.0 500 56.290 ( 2.517) 9.230 ( 0.413) 37.402 ( 1.673) 37.407 ( 1.673) 9.189 ( 0.411) 9.187 ( 0.411)
14 1.0 0.0 1.5 1.0 1000 64.273 ( 2.874) 9.321 ( 0.417) 49.792 ( 2.227) 49.789 ( 2.227) 9.442 ( 0.422) 9.441 ( 0.422)
14 1.0 0.0 1.5 1.0 5000 65.704 ( 2.938) 9.252 ( 0.414) 46.026 ( 2.058) 46.026 ( 2.058) 9.265 ( 0.414) 9.265 ( 0.414)
14 1.0 0.0 1.5 1.0 10000 62.914 ( 2.814) 8.873 ( 0.397) 41.801 ( 1.869) 41.801 ( 1.869) 8.863 ( 0.396) 8.863 ( 0.396)
14 1.0 0.0 1.5 1.0 20000 70.381 ( 3.148) 9.259 ( 0.414) 45.507 ( 2.035) 45.507 ( 2.035) 9.260 ( 0.414) 9.260 ( 0.414)
14 1.0 0.0 1.5 1.0 30000 70.430 ( 3.150) 8.969 ( 0.401) 46.123 ( 2.063) 46.124 ( 2.063) 8.969 ( 0.401) 8.969 ( 0.401)
14 1.0 0.0 1.5 1.0 40000 70.721 ( 3.163) 9.592 ( 0.429) 47.366 ( 2.118) 47.366 ( 2.118) 9.590 ( 0.429) 9.590 ( 0.429)
14 1.0 0.0 1.5 1.0 50000 65.161 ( 2.914) 9.677 ( 0.433) 47.915 ( 2.143) 47.915 ( 2.143) 9.669 ( 0.432) 9.669 ( 0.432)
15 0.0 1.5 1.5 1.0 100 14.203 ( 0.635) 45.077 ( 2.016) 16.556 ( 0.740) 11.467 ( 0.513) 15.872 ( 0.710) 10.687 ( 0.478)
15 0.0 1.5 1.5 1.0 500 12.935 ( 0.578) 49.839 ( 2.229) 17.138 ( 0.766) 10.694 ( 0.478) 17.232 ( 0.771) 10.708 ( 0.479)
15 0.0 1.5 1.5 1.0 1000 14.049 ( 0.628) 50.325 ( 2.251) 18.188 ( 0.813) 11.811 ( 0.528) 18.104 ( 0.810) 11.699 ( 0.523)
15 0.0 1.5 1.5 1.0 5000 13.016 ( 0.582) 51.914 ( 2.322) 18.138 ( 0.811) 10.950 ( 0.490) 18.133 ( 0.811) 10.954 ( 0.490)
15 0.0 1.5 1.5 1.0 10000 12.281 ( 0.549) 53.562 ( 2.395) 18.294 ( 0.818) 10.279 ( 0.460) 18.278 ( 0.817) 10.271 ( 0.459)
15 0.0 1.5 1.5 1.0 20000 13.148 ( 0.588) 51.415 ( 2.299) 16.030 ( 0.717) 10.493 ( 0.469) 16.015 ( 0.716) 10.481 ( 0.469)
15 0.0 1.5 1.5 1.0 30000 13.003 ( 0.582) 53.297 ( 2.384) 17.891 ( 0.800) 10.897 ( 0.487) 17.901 ( 0.801) 10.901 ( 0.487)
15 0.0 1.5 1.5 1.0 40000 12.621 ( 0.564) 52.419 ( 2.344) 16.790 ( 0.751) 10.014 ( 0.448) 16.795 ( 0.751) 10.005 ( 0.447)
15 0.0 1.5 1.5 1.0 50000 13.342 ( 0.597) 52.433 ( 2.345) 16.448 ( 0.736) 10.182 ( 0.455) 16.458 ( 0.736) 10.187 ( 0.456)
16 1.0 1.5 1.5 1.0 100 87.358 ( 3.907) 32.432 ( 1.450) 66.371 ( 2.968) 62.728 ( 2.805) 16.566 ( 0.741) 12.061 ( 0.539)
16 1.0 1.5 1.5 1.0 500 107.124 ( 4.791) 38.888 ( 1.739) 72.425 ( 3.239) 65.172 ( 2.915) 19.232 ( 0.860) 12.253 ( 0.548)
16 1.0 1.5 1.5 1.0 1000 153.531 ( 6.866) 39.391 ( 1.762) 266.236 (11.906) 258.586 (11.564) 17.238 ( 0.771) 11.181 ( 0.500)
16 1.0 1.5 1.5 1.0 5000 67.995 ( 3.041) 44.140 ( 1.974) 50.934 ( 2.278) 47.373 ( 2.119) 17.267 ( 0.772) 11.462 ( 0.513)
16 1.0 1.5 1.5 1.0 10000 67.592 ( 3.023) 41.062 ( 1.836) 61.603 ( 2.755) 55.286 ( 2.472) 17.973 ( 0.804) 11.648 ( 0.521)
16 1.0 1.5 1.5 1.0 20000 59.580 ( 2.665) 43.753 ( 1.957) 49.953 ( 2.234) 42.924 ( 1.920) 17.548 ( 0.785) 11.242 ( 0.503)
16 1.0 1.5 1.5 1.0 30000 59.543 ( 2.663) 40.627 ( 1.817) 54.854 ( 2.453) 46.793 ( 2.093) 16.706 ( 0.747) 10.391 ( 0.465)
16 1.0 1.5 1.5 1.0 40000 56.936 ( 2.546) 42.033 ( 1.880) 51.886 ( 2.320) 45.059 ( 2.015) 18.020 ( 0.806) 12.244 ( 0.548)
16 1.0 1.5 1.5 1.0 50000 72.134 ( 3.226) 38.512 ( 1.722) 60.447 ( 2.703) 54.527 ( 2.439) 18.434 ( 0.824) 12.997 ( 0.581)

Table A5: Scaled empirical variance (Monte Carlo SEs in parentheses) of estimators for
DGPs 9 - 16 in the simulation study with multivariate covariates. *DGP - data
generating process.
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