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Improved hardy inequalities on Riemannian manifolds

Kaushik Mohanta? and Jagmohan Tyagi®

aDepartment of Mathematics and Statistics, University of Jyvaskyla, Jyvaskyla, Finland; ?Discipline of
Mathematics, Indian Institute of Technology Gandhinagar, Gandhinagar, Gujarat, India

ABSTRACT ARTICLE HISTORY
We study the following version of Hardy-type inequality on a domain Received 2 May 2023
Q in a Riemannian manifold (M, g): Accepted 11 August 2023
| - WPVl COMMUNICATED BY
/ IVulfp®dV > <7p ) / P ey H. Boas
lol KEYWORDS
N ~ Hardy inequality; manifold;
+/ ViulPp dVg, Yue (). reminder term; critical case
Q

AMS SUBJECT
We provide sufficient conditions on p,«a, 8, p and V for which the CLASSIFICATIONS
above inequality holds. This generalizes earlier well-known works on 58J05; 35A23; 46E35
Hardy inequalities on Riemannian manifolds. The functional setup
covers a wide variety of particular cases, which are discussed briefly:
for example, RN with p < N, RN \ {0} with p > N, HV, etc.

1. Introduction

The Hardy inequality plays an important role in analysis and in the theory of partial
differential equations. In RY, it reads as follows:

p
/ lul < c/ IVulP, Yue CPMR), (1)
R RN

N |x|P

where the constant ¢ is independent of u. When we restrict u to be in the space Wé P(RN),
with p <N, or in Wé’p (RN \ {0}), with p > N, (1) holds; in that case the smallest possible

p
choice for ¢ becomes (NL_p) , and this constant is never achieved (see for example [1,2]).

Hence there is a scope to get an improvement in the above inequality. Brezis-Vazquez [2]
have shown for the case p =2, that we can add an L2-term in the left hand side of (1) even
with the best constant. This was further generalized in many directions, for example, see
[1,3-13].

There are many results in literature on this subject in the context of a complete Rieman-
nian manifolds (M, ). An important result in this direction is due to Kombe-OZaydin [14].

They proved that for a nonnegative function p with [Vp|, = 1and Ap > %, the following
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holds

(C+1+a—p>" |ulP o™
p M /OP

Moreover, for a bounded domain 2 with smooth boundary and in the case p =2, they also
proved that the above inequality still holds for any u in C2°(£2), if we add a reminder term of
the form Cl(fQ |Vu|1p9%/2)2/4 in the left hand side of the equation, where 1 <g <2 and
C = C(N, g,2). D’Ambrosio-Dipierro [15] proved another version of Hardy inequality,
where the restriction |V p| = 1 is not there. They showed that if 2 is an open set in M and
thereisa p : @ — [0,00) such that p € W, p(Q) with App < 0 weakly, then ‘Vpl € Lloc

and for any u € C2°(£2), the following holds:

—_1\? 21V olP
<p 1) / |ulP| lolg S/ |Vu|§.
p o pF Q

They discussed, in details, the advantage and applications of this kind of Hardy inequal-
ity. For other related results, the reader may refer to [16-21] and the references therein.
As of now, there is no known result regarding Hardy inequality with a reminder term as
prescribed by D’ Ambrosio-Dipierro [15]. We wish to address this problem in this paper by
proving a slightly more general version of the result.

An interesting feature of our method is that the results of [14,15] follow immediately.
Also the proof becomes much simpler (see Theorem 1.1) provided no reminder term is
expected. The formulation allows greater control over the constant, and, at least in the
Euclidean case, we can get the inequality with the best constants. Here we mainly focus on
the improved Hardy inequality in all its generality. We refrain ourselves from studying the
special cases exclusively, although that is very much possible to use our results to achieve
improvement of the inequalities obtained in [15].

Throughout the article, (M, g) stands for a fixed oriented Riemannian manifold. We
shall often use the notation (X, Y) to denote g(X, Y) for any two vector fields X and Y . We
use the symbol d Vg to denote the volume form, however, the symbol will be often dropped
when there is no scope for confusion.

Now, we state the main results of this paper, which we shall prove in Section 2. The first
one is the following Hardy inequality, which, in the particular case « = —g, is proven in
[15]. However, our proof is much more simpler.

/|Vu|p * foranyu € C°(M).

Theorem 1.1: Let 1 < p < 00, @, B € R, M be a complete Riemannian manifold, Q be a
domain in M with boundary 02 (possibly empty). Let there exist a function p : 2 — (0, 00)

—pta
with |[Vplgp ? (2) such that

loc

1 Vol
P18 +ﬂ/ (V&, |V p|P =2V p) p =PI+ 2/ | p/j(|1 £, VECCAQ) witht >0
B Q QP

(2)

Then, for any u € Wé’p (2), we have the following inequality:

_ I3bv,
/|Vu| pedV, ><|P ;Jrﬁl) /'“"_p'g “dV,.
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Theorem 1.2: Let p,«, B, M, 2 and p be as in Theorem 1.1. Let the constant C = C(p) be
as in Lemma 2.2 for p > 2 and in the case p < 2, C(p) := 2P=3p(p — 1). Further, in the case
p <2, assume that for any € € C1(RQ)

mboxwith & > 0

lo

(P =14 B) [o(VEIVAIP2Vp) po+F > [ V2E path,

If there exist functions V : Q — [0,00) and ¢ € Wllo’f(Q) such that for any & € C1(Q),
/Q(IWIP‘ZW,V%)WPHP“ - (- 1)/§2 |VolPep“p™F

—p-1+p /Q (IVplP~2Vp, Vo) gp P H! p=iHe

,
Ve 4
ZLC@” 4)

then for any u € Wé’p (2), we have the following inequality:

-1 p 21V olP
/|Vu|§p°‘dvgz ('p +ﬁ'> / [l p|gp“dvg+/ VIul o%dVy.  (5)
Q p Q |pl? Q

Before moving further, let us observe that the hypotheses (2), (3), (4) can be thought
of as weak formulations of certain problems; we explain this in the following using the
Green’s theorem (see Lemma 2.1). Consider the following condition on p:

-1 o+ Volf
I NE Y N 7 ©
p—1+p p—1+p p
In the special case @ = — g, this is just the p-superharmonicity condition. We rewrite this

as

— —1— 14
L pptitap,, p BEIZ g VOR
p—1+p p—1+p pr
and then multiply both sides by a test function & € C.(S2), integrate over €2, and then apply
the product rule of divergence operator to get

|VplP
Q PP~

1
3 —p+lta \V/ p72v .
—1+,8/de(p |VplP™2Vp) & > £

p

An application of Green’s theorem then gives (2). Thus (2) is an weak formulation of (6).
Similarly, the second condition of (3) can be interpreted as the weak formulation of

—1 Ap>p—1+a+2,3|V,o|P
p=1+8"""7 p-14p

and (4) can be regarded as a weak formulation of

>

v 1%
App+(p—1+a+p) <|V¢IP2V¢, 7p> +—¢f 1 <0
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Now, we discuss some immediate consequences of Theorem 1.2. The following results says

_ p
that if (Ip%ﬂl) is the best constant in (5), then (4) has no solution when V = va—f,lp.

Corollary 1.3: Let p,«, B, p be as in Theorem 1.2, and V = C% be such that there exists

_ p
some @ for which (4) is satisfied. Then the constant (Ip%ﬂl) in (5) is not sharp.

Remark 1.4: The above result says nothing about when the constant (|p—;+ﬁ|)1’ in (5) is
sharp. However it is easy to see that the constant is sharp if and only if we can never have
V= C% in (5) for any C > 0. So the question of whether the constant is sharp is related
to necessity of (4) in (5); whereas result Theorem 1.2 concerns with the sufficiency part.

In some very particular case the condition may also be necessary as can be seen from [22,
Theorem 1].

We discuss some special cases of Theorem 1.2. In the Euclidean setup, we get the fol-
lowing results as a corollary. Let us take M = RN, p = |x|4. Then Vp = d|x|2x and we
get the following corollary:

Corollary 1.5: Assumel <p <o0,d #0,a,8 € Rbesuchthatp—1+ B #0,

oa+p <0 and (N+(d—1)(p—1))§
p—1+p dp—1+8)

0,

and
(N+@d=Dp-1) _
dip—1+B) N

Assume further that there exists a function V : RN — R such that the following problem

—1 whenp < 2.

admits a weak solution ¢ € Wllo"f(Q):

dip—1 \%
va tatp) |V<p|P_2V(p x4+ _q)p—l <0. (7)

Ay +
p¥ <2 cp? =

Consider the two cases:
i) QcC ]RN,p < N + ad with
Pp—14+B)d<N-—p whenp <2,
and

(i) QS RN\ {0}, p>N+ad
Then, in both cases, we have the following inequality:

/ |Vulb|x|* dx
Q

_ P P
o (Mo LEAN [ g [ v, Ve Wi,
p o |xfpod 2
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Remark that in the casea = 8 = 0,d = —1 and Q = RY, [23, Proposition 1.2] implies
that (7) has no solution in RY for any 1 <p<N.

Now, let us consider the so-called critical case: p = N > 2. Set Q := B;(0) C RN, p =
— log |x|. We have

Corollary 1.6: Let N > 2, B;(0) denote the unit ball in RN, «, 8 € R be such thatp — 1+
B # 0and
ﬂ <0
N—-1+4+8"
Assume further that there exists a function V : B1(0) C RN — R such that the following
problem admits a weak solution ¢ € Wltf (B1(0)) :
(N—1+a+B)|Ve N2

y
Ang — Vo x4 ——
NY x? log x YN

Then for any u € W&’N(BI(O)), we have

N-—1 N N
/ IVulN|log |x||* dx > <ﬂ) / % dx
B1(0) N B(0) [xIV]log |x||N—

+/ VIulN|log |x||* dx.
B1(0)

Consider the case M = HN := RN~ x (0, 00) and set p(x) := xx. This gives [Vp| =1
and A,p = 0. This implies

Corollary 1.7: Let1 < p < 00, @, B € R. Let the constant C = C(p) be as in Theorem 1.2.
Assume

(a+pp—-1+p) <0.

Further, in the case p < 2, assume that
Pp—-14+a+28p—-1+p) <o0.

If there exists a positive p-harmonic function ¢ € Wloc P(HN) such that (p—1+a +
B) o 20 <, then foranyu € W, p(HN) we have the following inequality:

IP—1+/3|)p/ |ulP
\% _— d
/ | U|ng ( p HN xé)\]—a X

p—
v oxy Pl

—CP)p—-1+a+p)

Remark 1.8: The conditions (2) in Theorem 1.1 and (4) in Theorem 1.2 may seem arti-
ficially imposed at first glance. However, in the most commonly used form of Hardy
inequality, that is in the setup of Corollary 1.5 witha = 8 = 0, (2) holds automatically with
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proper choice of d. In case of Riemannian manifolds validity of Equation (2) is not imme-
diate, it is related to p-hyperbolicity of the underlying manifold. A discussion regarding
this can be found in [15].

In the particular case p=2, @ = RY, and when V is radial, (4) is actually a neces-
sary condition too for Equation (5) to hold. This can be seen from some symmetrization
argument (to reduce the condition to its one-dimensional analogue) and [22, Theorem 1].

In Section 2, we shall prove some preliminary results, Theorem 1.1 followed by the proof
of Theorem 1.2.

2. Proof of the theorems

The proof of the following lemma can be found in [24, Theorem II1.7.6.] for the case p = 2.
The proof of this version can also be done similarly as the essence of the proof lies in the
Stokes theorem and in the product rule of divergence operator:

div(fX) = fdiv(X) + (Vf, X).

Lemma 2.1 (Green’s Formula): Let p > 1, M be complete, oriented Riemannian manifold,
Q a domain in M with smooth boundary. Let f € CX(Q), € € CCI(Q). Then, we have

/ < IVfP2Vf,VE = — / E0f.
Q Q
The following result plays a key role in the proof of the theorem.

Lemma 2.2: Letx € M and Xy, Y € TxM be two tangent vectors. Then, for p > 2, there is
a constant C = C(p) > 0 such that

-2
Xy + Yelb — [Xelb = C0)|Yuls + pIXclh ™ < Xy, Yy >,
and forl < p <2,

p(p—1) |Yy|?

+pIXe P2 < Xy, Yy > .
D S ) A B x Lx

Xy + Yilb — | Xclb >

In general, for 1 < p < oo, we have
Xy + Yalf — IXclb = pIXclP 2 < Xy, Yy > .

Proof: For the case p > 2, refer to [25, Chapter 12] and recall that any N-dimensional
Hilbert space is isomorphic to RY. We give a proof of the case 1 < p < 2, which is adapted
from [26, Lemma 1].

In the following calculation, we omit the point x for better readability. Consider the
function

f@t) =X +tYP.

It can be easily verified that, for ¢ € (0,1), f”(t) > p(p — 1)|Y|*|X + tY|P=2. Using this,
Taylor’s theorem, the fact that p — 2 < 0, we get

X+ YIP=f(D)
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1
=f(0) + f'(0) +/O (1 —tf"(tadt
> |XIP + pIXIP2 (X, Y)
1
+p(p — 1)/ 1 =YX + tY|P~2dt
0

pp—1)

5 [Y211X] + [ Y]P2

> |XIP 4+ pIXIP2 (X, Y) +

This proves the lemma. u
We now present the proof of our first main result.

Proof of Theorem 1.1: By a density argument, we can always assume that u € C1(Q). Set
—p+1-8
wx) =u(x)p P (x)in Q. Then

p=1t+p -1 148
Vu=p » Vw+pp%'3,o 7 wVp.

Note that if |, o IVu(x) |§ p%dVy = 0o, then we have nothing to prove, so we assume it to be

ulP|Vplf

finite. In the following calculation, we need the term P

IVolb 1
pb— € Lloc

to be integrable over €; this is

indeed true, as u € CC1 (R2) and
and (2), we have

(£2) according to hypothesis. Using Lemma 2.2

Ip—1+ﬂ|)p/ u@)PIVo(0lg
Vu(x) P p¥dV, —< “qv,
[, vustav P NPT
p
Lol p—1+BwVp lp—1+ B\ |wVp o
:[Qppvar ”’_<p>”
1Y P g 1Y P
_ =2y, P2y
2p(m 1+ﬁ|) (p 1+ﬁ>/ WV <p”‘ﬁvw,w1v§>pa
p p Q|,7p 7
P p
_ P2 /o
=<|P 1+/3|> <P 1+:3)/ (V|W|p,|Vp|p_2V/0>,0a+'B
p p Q
_ P2 fo
= (_Ip ;Jrﬂ') <p—;)+ﬂ)/9(v(p*”“ﬁlul‘”),IVplpZVp)p‘”’3
_ P2 s
_ (lP 1+,3|) <P 1+ﬂ)/ (VIulf, |V plP=2V p) p=P+1+a
p p Q
-1+ p VolP
B (|p ﬂ|> o [ 28
p Q P

> 0.
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In the last line of the above calculation, we have used the hypothesis by using the fact that
lulp € CH(Q) asp> 1. [ |

Next, we proceed with the proof of our second main result.

Proof of Theorem 1.2: As in the proof of Theorem 1.1, we shall assume u € C!(Q) and
p—14B p—1+8 _ —1+8
we set u(x) = w(x)p ? (x),sothatwehave Vu=p ?» Vw+ P;%ﬁp » wVp. We

need to estimate the term

I:= /Q IVu(x)[bp®dV,

_ p P p
_ (Ip 1+ﬂ|) lu(x)| Wp(x)lgp“dvg
p Q |o () [P
-,

B 3 p
/)p 11’+ﬂVw+ (p 1+'B) wVe
_(W—l+ﬁ0p
p

1-
Let p > 2. Using Lemma 2.2 and (2), we get

p P
— p-2 -
Lt VW' ) +p<lp 1+ﬂ|> (p 1+ﬂ)

p p
wV,o p=1+8 wVp
= <P ’ VWf—rF>P“

X/
QpP pr

=C(p)/ |VW|PpP—1+a+ﬂ+<|P—1+,3|>P_2 <P—1+/3)

wVp P
1-8
o P

o

x /Q (VI IV plP =2V p) po*F
> Cp) [ 1wl o1, ®)
Q

The last line in the above calculation follows from (2). Now, set ¥ = g. Then Vw =
oV + ¥ V. We have, from Lemma 2.2 and (4),

'/;pr—1+a+ﬂlvw|§
_ /Q PRIy 4y gl

> C(p) /Q PPt gy
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- LPpP_HHﬁWWIP_Z <YV, pVy > +/Qpp‘1+°‘+f’|wv<p|§
= [g("P_HM“"'W"’_ZW’VW"”> + /Q PP +B 1y gl
=1LUV¢WJVwﬁumww»pf+m+ﬁ
=/Q(|V¢IP‘2V¢,V(Iulpw‘p“p‘P“—ﬁ))pp—1+a+ﬂ
=1L“V¢W4V¢““Wwﬂwﬂ”%ﬂ—wp—1>ﬁﬁvwﬂmhﬂ¢ﬂ

—-(p—-14+8) / (IVeIP 2V, Vo) lulPp Pt pite
Q

\%
Py 9
Z/QC@'”' p ©)

Combining (8) and (9), we get the desired result.
Now let us consider the case p < 2. Using Lemma 2.2 and (2), we get

2

p—1+ﬂv o
o 7 Vw p
2/ P(P2 1) -
Q =148
o P
p—2
-1 \Y% —1 \% p=148
+p‘1> +B WY <p LA Vw>pa
p 0P p o P
[P(P—l) pl P V|
2

HP 1+ﬁwVp‘+|pr|‘

_ p-2 —
() e

- p3—P(p -1 / pP=1HatB |2
B 11

- (10)
— 14 B)ywp~'Vp| + p|Vw||

Now, we estimate the last term using Holder’s inequality, convexity of t — ¥ in the
following:

/ ppfl+a+}3|vw|p
Q

/ ( b1+ By )2 )
e \|l(p— 1+ Bywp=1Vp| + plVw|[*?

P
2
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(Q=1+atB)2—p) 1 ¢
x|p 2 [l — 1+ Bwp~'Vp| + p|Vw|
2—p

p
B (/ < pp—1+a+5|vwlz ))2
J— 2_
2 \[I(p — 1+ Bywp=1Vp| +p|Vw||?
2\ 72
(p=1tatB)2—p) . 2p?\ 7P
<\ Jo\e (o — 14 B)wp ™' V| + p|Vwl|
P
B (/ pb= et yy)2 )2
— —
Q|l(p—1+Bwp='Vp|+p|Vw||"?
x (/Q PP (p — 14 Bywp ™'V pl +P|VWI|p)

(/- pb=1HetB |y )2 )g
< —
@ [|(p— 1+ Bywp=1Vp| + p|Vw||* P

x <2P_1|P—1+ﬂlpfgpp_l+“+ﬂlwp_lvf)lp

2—p
2

2-p

2
+pP2r~! / pP—1+“+ﬁ|vW|P> . (11)
Q

Observing that since we have assumed (3), we can apply Theorem 1.1 to get

P
—1 2 2
/ PP 1B |y < (/ pP et P |V w| : )
Q Q|l(p—1+Bwp='Vp| +p|Vw||"7?

2—p

% (szp/ pp—1+a+ﬁlvw|p> 2
Q

After setting ¥ = %, so that Vw = ¢V + Vg and then applying Lemma 2.2 and (4),
we get

p3—P(p -1 / P~ 1HaHB |y )2
2 2 [|(p— 1+ Bywp='Vp| + p|Vwl|**

=2 p(p—1) / pP e v wp
Q

=2 p(p—1) / PPy 4 Y Vel
Q

> 2P7p(p— 1) /Q PPy VP2 (Y Vg, o V)
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+ 2 (- 1) fQ PPy T
=2 3p(p — 1) /Q (P~ 1B |V plP =2V g, V] P)
+23p(p—1) /Q PP 1HH By )P

=2 p(p— 1) /Q IV P2V, Vgl [P)) pP~ e+

> / Viul? o,
Q

The last line follows following the same equalities as in (9). This with (10) proves the
theorem. u
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