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Abstract
We study a general form of a degenerate or singular parabolic equation

ug — |Dul” (Au+ (p —2)ANu) =0

that generalizes both the standard parabolic p-Laplace equation and the normalized version
that arises from stochastic game theory. We develop a systematic approach to study second

order Sobolev regularity and show that D2u exists as a function and belongs to L]2OC for a

certain range of parameters. In this approach proving the estimate boils down to verifying
that a certain coefficient matrix is positive definite. As a corollary we obtain, under suitable

assumptions, that a viscosity solution has a Sobolev time derivative belonging to leoc.
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1 Introduction

Recently, the second order regularity for parabolic p-Laplace type equations has been studied
by Hgeg and Lindqvist [13], Dong et al. [10], and the authors [11]. In this article, we consider
a rather general class of parabolic equations

ur — |Dul” (Au+ (p —2)ANu) =0 1.1

with 1 < p < ocoand —1 < y < oo, where

n
Aévou = |Du|72 Z U Uy Uy;x; = |Du|72 (Du, DzuDu) = |Du|72 Aol
i,j=1

denotes the normalized infinity Laplacian. The equation contains the game theoretic or nor-
malized p-parabolic equation and the divergence form standard p-parabolic equation as
special cases. The equation is not uniformly parabolic or in divergence form except in spe-
cial cases, and it can be highly degenerate or singular in the gradient variable. Regularity for
such equations has been recently studied for example by Imbert, Jin and Silvestre as well as
Parviainen and Vazquez as discussed below. The objective of this article is to develop a sys-
tematic approach to study the second order spatial regularity of viscosity solutions to (1.1).
In this approach proving the estimate reduces down to verifying that a certain coefficient
matrix is positive definite. For the further notation and the definition of viscosity solutions

to (1.1), we refer to Sect. 2.
In[11] we considered second order Sobolev regularity of the parabolic p-Laplace equation

u; — Apu =0 (1.2)

where A pu = div (|Du|P~2Du) is the p-Laplace operator. Notice that, in the special case
y = p — 2, Eq. (1.1) can be formally, and also rigorously by [16], rewritten as (1.2). One
of the key tools is the fundamental inequality (the name stems from Dong, Peng, Zhang and
Zhou [10] for a related inequality)

(IDul*Au — Agor)?
n—1

|Du|*|D?*u|* > 2|Du|?|D*uDul* + — (Asout)? (1.3)
which holds for any smooth function u as shown by Sarsa [25]. Curiously, in [11] it was
sufficient to use the above inequality in a simpler form just estimating (| Du|> Au — Aou)? >
0 on the right hand side. With the general equation in this paper, we use the inequality in the
full generality. A natural approach to obtain second order Sobolev estimates is to differentiate
(1.1), multiply the equation with suitable quantities containing gradients, and manipulate in
a suitable way. Thus, among other terms, one can obtain terms in divergence form, which can
be controlled. In the case of (1.2), one then uses (1.3) in a simple form as explained above and
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thus gets an upper bound for a quantity containing second derivatives. Part of the difficulty
in dealing with the general equation instead of the p-parabolic equation stems from the fact
that this approach gives rise to the mixed terms of the type

|Du| ™ u, AN u

which are difficult to handle.

Another difficulty arises from the fact that of course u is not known to be smooth a priori
when differentiating the equation, and negative powers of the gradient are problematic as
the gradient might vanish. A natural approach to these problems is regularizing the equation
by adding a small regularization parameter, which removes the singularity. Unfortunately,
when differentiating the regularized equation, one gets another set of problematic terms that
no longer match the terms in the fundamental inequality. Treating these terms is a subtle
issue, and we need to guarantee that a sum of certain terms remain nonnegative by carefully
analyzing explicit coefficients of the terms.

In order to analyze the nonnegativity of the problematic terms and their coefficients sys-
tematically, we develop several techniques. We interpret the terms and their coefficients, as a
quadratic form and derive a range condition for the parameters from the positive definiteness
condition of this quadratic form. In order to improve the range obtained in this way, we
use a hidden divergence structure. Indeed, suitable mixed terms can actually be written in a
divergence form, and thus by adding such terms, we can manipulate the coefficients at the
cost of adding divergence form terms that can be estimated.

Some steps, in particular checking that the quadratic form is positive definite, of the above
plan when written down explicitly are quite complicated, and thus for the convenience of the
reader we first provide a formal calculation in Sect.5, where we assume that the solution is
smooth and the gradient nonvanishing. In this case, the above plan gives an optimal (optimality
is discussed in Example 5.1) a priori estimate (Proposition 5.1),

s P2 c , ,
/ ‘D(|Du|p 7 Du)' dxdt < (/ |Du|p+3dxdt+/ |Du|P+A*dedz>
r
Qr QZ;‘ QZr

in the range
l<p<oo, —l<y<oo and n>2.

with the range condition
p—1
s>maX{—l—71,y+l—p}. (1.4)
n—

The left hand side in the above estimate is of the same form as the estimate in [11]. In
particular, we may sets =2 — p,s =0 and s = p — 2 giving

-2
D*u, D(|Du|"= Du) and D(|Du|’~2 Du)

as special cases.

Perhaps surprisingly, removing the smoothness assumption and the assumption on the
nonvanishing gradient by using the regularized equation turns out to be a problem. In partic-
ular, the additional terms resulting from the regularization add to the technical complication
of showing that the quadratic form is positive definite. To reduce technical complication
partly for expository reasons, we have decided to restrict ourselves to the case n = 2 in the
regularized case. In this context we obtain the following result.
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Theorem 1.1 Letn = 2. Let u: Q7 — R be a viscosity solution to the general p-parabolic
equation (1.1). If p and y satisfy one of the following conditions:

(i) 1l <p<5and—-1 <y <1;o0r
(ii) 1<p<ooand—1<y<ﬁ—%,

2
loc

c
/ |D*ulPdxdt < — (/ |Du|2dxdt+/ |Du|2_dedt>,
r r Q2r Q2r

where C = C(p,y) > 0and Q, C Q2 € Qr are concentric parabolic cylinders.

then D?u exists and belongs to Li (21). Moreover, we have the estimate

This also implies that time derivative exists as an L-function, which is not evident directly
by the definition.

Corollary 1.2 (Time derivative) Let n = 2. Let u: Qr — R be a viscosity solution to the
general p-parabolic Eq. (1.1). If p and y satisfy one of the following conditions:

(i) 1l<p<5and0 <y <1;o0r
(ii) 1<p<ooand0§y<ﬁ—%,

then the time derivative u, exists as a function and u, € LIZOC(QT).

At least to some extent the range condition in Theorem 1.1 is an artifact as we explain
later. It would be interesting to know whether the theorem is valid in the whole range of
parameters.

Next we review the known regularity results of Eq. (1.1) and explain how our results fit
into the existing literature. If y = p — 2, then Eq. (1.1) is the parabolic p-Laplace Eq. (1.2).
For the regularity theory of weak solutions to (1.2) we refer to the monograph of DiBenedetto
[8]. In particular, if u is a continuous weak solution to (1.2), then u € C}._ and Du € Cﬁc
for some 0 <, B < 1.

Moreover, Lindqvist [18] showed in the degenerate case 2 < p < oo that

22 2
D(|Du| = Du) € L},

and further that

L
D(|Du|’>Du) e L.

loc

The singular case is treated in [20]. The results then imply the existence of time derivative u;
as a function in suitable spaces similar to Corollary 1.2. In the case of the obstacle problem
the existence of the time derivative was established in [19]. Dong, Peng, Zhang and Zhou [10]
gave a proof that Du € leoC with asharprange 1 < p < 3. This range of p can be recovered
from assumption (i) of Theorem 1.1. In the global case, estimates for D(|Du|? ~2Du) have
been derived by Cianchi and Maz’ya in [7].

If y =0, Eq. (1.1) is the normalized parabolic p-Laplace equation

Uu; — AQ’ u=20
where Ag u:=Au+(p—2)A é\’ou is the normalized or game theoretic p-Laplace opera-
tor. This equation arises from a two-player stochastic game with a fixed running time, see

Manfredi et al. [21], or from image processing, see Does [9]. Banerjee and Garofalo [5, 6]
studied the potential theoretic aspects and boundary regularity of the normalized p-Laplacian
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evolution. These papers also contain Lipschitz regularity results for solutions to the normal-
ized p-parabolic equation. The regularity method in [21] is global whereas in [23] a local
game theoretic method is applied in this context. Later Jin and Silveste [15] established

I+a
Cllo’g -regularity in space and Clo’cT -regularity in time. In [13], Hgeg and Lindqvist studied
the second order Sobolev regularity for the normalized p-parabolic equation and showed
that when g <p< 15—4, the second order spatial derivatives D2y and the time derivative Uy

belong to L2 . Moreover, they also proved that when 1 < p < 2, u; also belongs to L?

loc*
In [3], CIL’? -regularity was established to the normalized p-parabolic equation with a source
term. The work of Dong et al. [10] also applies to the normalized p-parabolic equation; in
this case they obtained D%u € leot‘g and u; € leot‘s forsome § > 0if 1 < p <3+ niz.
The key result of [10] with § = O can be recovered from assumption (ii) of Theorem 1.1.
Recently Andrade and Santos [1] established improved Sobolev regularity estimates when p
is close to 2.

As stated, (1.1) is in non-divergence form and can be highly degenerate or singular.
Thus even defining viscosity solutions in such a way that existence and uniqueness can be
obtained becomes a nontrivial issue. This was done by Ohnuma and Sato [22], see also
Giga’s monograph [12]. For viscosity solutions to the general Eq. (1.1), where 1 < p < oo
and —1 < y < oo are allowed to be independent of each other, Imbert, Jin and Silvestre
[14] proved in particular that Du € Cy; . for suitable 0 < a < 1. In [24], Parviainen and
Vazquez established Harnack’s inequality and asymptotic behaviour by using the fact that
for radial solutions Eq. (1.1) is equivalent to a divergence form equation but in fictitious
dimension. Attouchi [2] in the degenerate case and Attouchi-Ruosteenoja [4] in the singular
case established spatial C]lo’g -regularity for an equation of type (1.1) but with a source term.
The elliptic Harnack’s inequality in the singular range was obtained in [17].

This article is organized as follows. In Sect.2 we provide the necessary preliminaries. In
Sect. 3 we explain the ideas of the proof of Theorem 1.1. In Sect.4 we state several auxiliary
lemmas needed in the proofs, including the fundamental inequality (1.3). Sections5 and 6
are parallel to each other. In the former, we provide the formal calculation. In the latter, we
provide a similar calculation in a regularized setting, which eventually yields Theorem 1.1.
In Sect. 6.2 we prove Theorem 1.1 and Corollary 1.2. Some of the proofs for the technical
lemmas are postponed to the appendix.

loc*

2 Preliminaries

We use the following notation. Let 2 C R”, n > 2, be a domain and define the cylinder
Qr =2 x(0,T).

If U is compactly contained in €2, i.e. U C €2 and the closure of U is a compact subset of €2,
we write U € Q. For0 < 11 < 1, < 00, we set

Utl,t2 =U % (t], tz).
Moreover, we will use parabolic cylinders of the form
Qr (x0, 10) 1= B, (x0) x (to — 12, 10],

where B, (xo) denotes the open ball with radius » > 0 and center point xg € 2. When no
confusion arises, we may drop the reference point (xg, o) and write Q,.
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Given a function u = u(x, t) of point x € R” and time ¢ > 0, the spatial gradient of u is
denoted by Du = (uy,, ..., uyx,), and the time derivative by u,;. The Hessian matrix of u is
denoted by D%y = (”x,'xj')?,j:r The Laplacian of u is given by

n
Au = Z Uy x;
i=1
and the infinity Laplacian by
n
Acoll := Z U Uy jU;x; = (Du, DzuDu)
ij=1

where (-, -) stands for the inner product in R”. The normalized infinity Laplacian is denoted
by

Aot
ANy = =2
* | Dul?

We study viscosity solutions to the general p-parabolic equation
ug — |Dul” (Au+ (p —2)ANu) =0 inQr, 2.1

where 1 < p < oocand —1 < y < oo. The definition of suitable viscosity solutions to (2.1)
requires some care because the operator may be singular. Nonetheless, a definition that fits
our needs can be found in [22]. First set

F(Du, D*u) := |Du|” (Au+ (p — 2) AN u)
whenever Du # 0. We define .Z to be a set of functions f € C2([0, o)) such that
f©) =0 =f"0)=0, f'(r) > 0forall r > 0,
and moreover we require for g(x) := f(|x|) that

li F(Dg(x), D? =0.
lim | F(Dg(x), D*g(x))

X
Further, let
Y={o€ CI(R) : o iseven, 0 (0) =o'(0) =0, ando (r) > O forall r # 0}.

Definition 2.1 A function ¢ € C?(Q7) is admissible if for any (xo, %) € SQr with
D(xp, ty) = 0, there are § > 0, f € % and 0 € ¥ such that

lo(x, 1) — @(xo, t0) — @ (x0, 10)(t — t0)| < f(lx — x0l) + 0 — o)
for all (x, t) € Bs(xg) x (tog — 8, tg + 95).

If Dy # 0, a C2-function is automatically admissible.

Definition 2.2 We say that ¢ touches u at (xg, fo) € Q7 (strictly) from below if

(1) u(xo, 10) = @(x0, fo), and
) u(x,t) > ¢(x,t) forall (x, t) € Qr such that (x, ) # (xo, to)-

The definition for touching (strictly) from above is analogous.

Definition 2.3 A function u : Q7 — R U {00} is a viscosity supersolution to (2.1) if
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(i) u is lower semicontinuous,
(ii) u is finite in a dense subset of Qr,
(iii) for all admissible ¢ € C 2(QT) touching u at (xg, fg) € Q7 from below

@i (x0, to) — F(De(xo, to), D> (x0,10)) > 0 if De(xo, t9) # 0,
@ (x0,10) =0 if Do(xg, 1) = 0.

The definition of a subsolution u : Q7 — R U {—o00} is analogous except that we require
upper semicontinuity, touching from above, and we reverse the inequalities above: in other
words if —u is a viscosity supersolution. If a continuous function is both a viscosity super-
and subsolution, it is a viscosity solution.

It is shown in [16] that if y = p — 2 > —1, then the above notion coincides with the
notion of p-super/subparabolic functions, having a direct connection to the distributional
weak super/subsolutions as well. Moreover, if y > 0, then viscosity solutions can be defined
in a standard way by using semicontinuous envelopes, see Proposition 2.2.8 in [12].

3 Plan of proof

In this section we explain the idea of the proof of Theorem 1.1 and our plan of the proof.

3.1 Derivation of a basic estimate

In order to prove second order estimates, we first derive a key basic estimate (3.4) (or actually
equality at this point). To this end, we regularize the original Eq. (1.1) and consider

Aso?
ut — (|Duf* + ¢ ”/Z(Aug—i- 2 L):o 3.1
F— (D’ + ) (=D 25 3.1
for small ¢ > 0. Solutions to this equation are smooth according to the standard theory.
We differentiate Eq. (3.1) with respect to x;, Kk = 1, ..., n, and find that the spatial partial
derivatives ufck, k=1,...,n,solve the equation

(D2 + &) 7 (ul); — div ((IDu’ 2 + &) ADuc,)

(3.2)

—4—
+(p—2—y)(IDuf P + ) T uf (Du’, Dut,) = 0
where
A=14( 2)Du‘9®Du‘8
- p |Dut|? + ¢

is a uniformly positive definite n x n-matrix. Here I denotes the identity matrix.
24
We continue with the intention to study the derivatives of | Du| e Du; in particular
the choice s = 2 — p corresponds to D?u. We multiply the differentiated Eq. (3.2) by

(|IDuf? + e)s/zuik and obtain

p—2—y—+s —2
(DU P+ )77 us, () — (1Duf P2 +8)72u, div (DU + )" ADuE,)

Xk Xk

(3.3)

p—4—y

+(p=2— DU +8) 7wl (Duf, Du, uf, =0,
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204 Page8of39 Y.Fengetal.

Using the chain rule

1 €
“)Eck(u)sck)’ = §<(“ik)2 + ;)t’

and summing (3.3) over k = 1, ..., n gives that
l’+ 4
(IDuf? +¢) " ) -
(« |+ - ) — (IDuf P + )"y " uf, div ((|Duf|? +e)”TADu;k)
prs—Vy k=1
2 p=2-y4s o Asou® _
+ (@ =2-y)(|Du’|" +¢) “DurPte

Observing that

div (

AD?u® Duf )

:}jmv(|Du|+wfﬂ€)m0fﬁ+ef?AD@Q)
k=1

n
)
= (1Duf > +)/* > us, div (1Du’]? + )T ADuS,)
k=1

—24s D?ué Duf|? Aoott®)?
5 {|D2M€|2+(p—2+s)| | ( 00 ) }

B S Sl A
Dufre P T DD tey

we obtain the identity

a4 |D2u® Du®|? (Asou®)?

Dut 2 5 D2 g2 ) M [y R S

(IDu”| {| u“l”+(p +) |Du5|2+8 +s(p )(|Du5|2+8)2
Aot
72— D v/2 SL
Hp = 2=y (Du P 4 o (3.4)
Duf|? a
= div ((|Du | + 8) DZMFD ) ((| | )t )
p+s—vy

Here we assume that s #= y — p. This is not restrictive, because eventually such value of s
violates the resulting range condition (1.4) in any case. It is important that the terms on the
right hand side are in divergence form and can thus be well estimated. An important step
towards the desired result would be a pointwise inequality

((|Duf?
pts—vy

which then could be integrated to obtain the final result and for this we need to estimate the
excess terms on the left hand side of (3.4).

'
=)
t

(1Du? + &) 22 D2 2 < div (¢ u® Dut) —

3.2 Formal calculation for smooth solutions with a nonvanishing gradient

Compared to our earlier work [11] where we treated the case y = p — 2, we now have two
extra difficulties for the general case —1 < y < oo. The first difficulty arises from the fourth
term on the left hand side of (3.4), that is,

Asot?

2 — Y)(IDuf)? + &)V Puf 2
(p—2—y)(IDu P +e)~ DwPte
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Note that this mixed term vanishes if y = p — 2. In general we regard the term mixed in the
sense that we cannot determine its sign by the sign of the coefficient p —2 — y.
We first discuss the difficulty of mixed terms in the formal case with ¢ = 0, and denote
a solution by u. In this case, we assume in addition that Du # 0. As indicated above, we
would like to estimate the excess term in (3.4) and obtain an estimate for | Du|P 25| D2u|?
with the range (1.4). To this end, we write the fundamental inequality (1.3) in the form
Aru)?
2|Dr|Dul? + % + (AN w)? < |Du)?
and employ it in identity (3.4) on the term |Du/|? —245| D2y)? to obtain that

1
|Du|P=?+ {mmw)z +(p+9)IDrIDull® + (p — D(s + D(ALw)?

+(p =2~ ) IDul™ AN} (3.5)
prs—y
< div (|Du|"~*" AD*uDu) — M
pt+s—vy
where
2 ._ |D*uDu|? N2 and o N
|D7 |Dul|” = W — (Auw)” and Agu:= Au— A_u.

Note that |Dy|Du||* > 0. Sometimes Azu is called the normalized 1-Laplacian for the
obvious reason.

Except the mixed term that is the last term on the left hand side in (3.5), the nonnegativity
of other terms in the left hand side of (3.5) can be easily obtained by the restriction s > —1.
In order to develop a systematic way of checking nonnegativity of the mixed term utilizing
other terms, we use Eq. (1.1) to rewrite

1Dul™" u;, AN u = Arudu + (p — (AN )2,

and view the mixed term A7uAY u as a part of a quadratic form of A7u and AY u. That s,
we consider

0:

L apuy? 1 1 AN w)? 2 AruA
AT+ (p = Dp = T4 s = y)(Ac)” + (p =2 = y) Aruloou
=: (x, Mx),
where x := (Aru, AZOVOM)T € R? and
1

M=, n—1
E(P—Z—)/) p=Dp—-1+s—-y)

1
5(17—2—3/)

is a symmetric 2 X 2-matrix.

It turns out that in order to derive the desired estimate, it suffices to ensure along with
few other conditions that the quadratic form Q is strictly positive in R?\{0}, that is, M is
positive definite. However, the range condition in (1.4) does not suffice to guarantee that the
positive definiteness of O, hence we need to improve the estimate. We employ the following
observation: If ¢ > 1, then

Dul4
| Dul 2 AN u = u; div (| Du|97> Du) = div (u;| Du|*">Du) — (Duf": (3.6)
q
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204 Page 100f39 Y.Fengetal.

holds for any smooth function # with nonvanishing gradient. In other words, the quantity on
the left hand side is a ‘good term’ with a hidden divergence structure.

It is easier to utilize this observation with inequality (3.5), if we rewrite the right hand
side of that inequality using Eq. (1.1). To be more precise,
(1Dul”77),

p+s—y 3.7
= div (|Du|P~*" (D*uDu — AuDu)) + u, div (|Dul?~*777 Du),

div (| Du|P~*** AD*uDu) —

where the last term now matches with (3.6) setting ¢ := p + s — y. On the other hand, for a
solution u, by Eq. (1.1), and by the definition of normalized g-Laplacian AfIV u, one has

u; = |Dul” (Aru+ (p — DAY w), and AY

pts—yU = Aru+(p—1+s— V)Aévou

and thus

uy div (|Du|P~*T577 Du)
= |Dul” (Aru+ (p = DALu) - |DulP 57 (Aru+ (p = 1+ — y)AXu)
= 1Dul” 2 {(Arw? + @p =245 = ) ATuALu+ (p = D(p — 1 +5 = ) aLw?].
(3.8)

The idea is to add u, div (| Du|P~>™~7 Du) with a suitable weight on both sides of (3.5):
then by the above equation, it produces new coefficients on the left hand side that can be
utilized later to get better range, and controllable terms on the right hand side by (3.7). We
also add another positive weight by using

|D2uDu 2
| Dul?
= div (|Du|”_2+s (D*uDu — AuDu))

|1)Li|')72+‘v{|D2Li|2 — (A +(p—2+9) —(p—2 +s)AuAgJou}

(3.9)

from Lemma 4.2 below which holds for any smooth function with nonvanishing gradient.
This allows us to obtain simplified coefficients in intermediate steps. Thus we obtain

_oas n—2
|Du|P=2+s {(wz— mwl) (Aru)* +wi(p +5) |Dr | Dull?

Fwa(p = D(p =145 = )AL + (w22p =245 = ) = wi(p + ) Aruslu]

< wy div (|DulP~*" (D*uDu — AuDu)) + wou, div (|DulP~>"7 Du),
(3.10)

which reduces to (3.5) if w; = 1 and wy = 1. Calculations reveal that if the range condition
(1.4) holds, then the weights w; and w, can be adjusted so that the weighted quadratic form

_n-2 2 _ _ _ N o2
wy — w1 J(Aru)" +wap = D(p = 145 = y)(Agou)
+(w2(2p—2+s—y)—w](p-l—s))ATuAévou

is positive in R?\{0}. This positivity in the formal case ¢ = 0 is shown in Lemma 5.2. By
Proposition 5.1, this then implies the desired estimate

p—2+s 2 C
‘D(|Du|] 7 Du)‘ dxdt < 7( \Du|P+dxdt + |Du|P+S—dedr).
Qr r2 Q2r Q2r
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Heuristically, in order to prove the above estimate, and setting s = 2 — p for simplicity,
we could have left a small piece of |D?u|*> when applying the fundamental inequality for
(3.5). Then the rest of the terms can be dropped by the above positivity result: in detail this is
implemented in Lemma 4.4 also for other values of s. The obtained pointwise estimate can
then be integrated by parts along with a cutoff function to get Proposition 5.1.

3.3 Solutions without smoothness assumptions and regularized equation

The second difficulty, which is related to the regularization, is that the left hand side of (3.4)
consists of regularized versions of second order derivative quantities,

|D?*uf Du? |? d Aottt
an R
|Dut|? + ¢ |Dut|? + ¢

whereas employing the fundamental inequality (1.3) results in quantities like

D?uf Du®|?
||I)T2| and Aévoug
This mismatch causes that some of the formal calculations do not work as such but have
further complications: in particular positive definiteness of the quadratic form becomes an
issue.

For a certain range of parameters, the main result is obtained by a straightforward gener-
alization of the formal calculation (¢ = 0) in the previous section. However, in the process
of extending the range, we consider

p—2+s
2

S :=wy div (| Duf)* +¢) (D*uf Du® — Auf Duf))

p=2+s—y

+ wouf div ((|Dus|2 +e) 2 Dug)

3.11)

p—2+s

+wszediv ((IDu? +&) 2 ~'(D*u® Du’ — Au Du®))

pP—2+s—y

+ wyeut div ((|Du* +e) 2 ' Duf),

where wy, wy, w3, wa € R. Compared to the right hand side of (3.10), or (6.3), this sum
has two additional terms with weights w3 and w4. The latter additional term has a hidden
divergence structure, similarly to (3.6). These divergence structures can be used to adjust
the coefficients on the left hand side of the estimate (3.10), and thus to improve the range of
parameters. To be more precise, we denote

| Duf|? €
fi=——— and k =1-0= ————, (3.12)
|Dut|? + ¢ |Dut|? + ¢
and obtain
D2u? Duf|? Asott®
D2 Dul” _ |D|Duf||” and —2"— = oAN .
|[Du|? + ¢ |Du?|? + ¢ *
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The second mixed term of (3.11) can also be written as a part of the quadratic form as follows

s\
eu; div <|Du8| +£) Du®

p—2+s

= 0w+ &) (A7 + (@p — 645 = )0 +2) Agus alut 1)

+((p=20+1)((p—4+s—1)0+ 1)(A§ou8)2)
with weight w4, where
uf = (|Du’* + e)y/z(ATuS +((p—20+ 1)A10Vou8)

by using the regularized equation and recalling the shorthand notation A7u® := Au®—AN u®.
This will give rise to new coefficients and thus to a better range condition.

In order to produce new coefficients on the left hand side of (3.4), especially for the second
—2+s
order term (| Dut|* + ¢) bt ’Dzu‘S

add another divergence structure

2 .
, and also to improve the range of the parameters, we

p—2+s

ediv ((|Duf|* + &) ~1(D*f Duf — Au’ Du))

p—2+s

=0(|Du* + &)= 1D = (Au) + (p = 4+ )0 |D | Duc|

P @14

—(p—4+ S)GAMEAIOVOMS}.

Also observe that the above choice of the power (p — 2 + 5)/2 — 1 will be useful in the
proof of Lemma 4.5 when deriving an upper bound for the left hand side of the estimate,
after integration by parts where we estimate ¢ /(| Du® |2 + &) < 1 and thus the additional —1
in the power gets canceled out. Besides, the error terms obtained in Lemmas 4.4 and 4.7 in
[10] can be seen as special cases of the error terms above.

Then combining (3.8), (3.9), (3.13) and (3.14) together with definition (3.11) of S, we get

(DU + )7 {cl ID?u® 2 4 c2| D7 | Du®| > + (3 — c1)(Aru’)>
+ ((C3 + C4)((p —2)6 + l) — Cl)(AéVous)z
+ (03((]7 —2)0+ 1)+ (c3 + ca) — 21 + cz))ATusAévoug} _s, (3.15)

where c1, ¢2, c3 and ¢4 depend on w1, wa, w3, ws and O as computed in detail in Sect.4.2.
Then we again use the fundamental inequality on part of ¢1|D?u?|? and find such weights
wi, w2, w3 and wy that the last three terms on the left hand side can be interpreted as a
positive definite quadratic form and thus removed. Finally, S on the right hand side can be
multiplied by a cutoff function and integrated by parts to get the final estimate. However, the
nonnegativity can only be checked in certain ranges, since it needs to hold uniformly for all
6 [0, 1).

4 Hidden divergence structures, the key estimate and auxiliary lemmas

In this section we prove several auxiliary tools. The lemmas in this section will be used to
prove estimates for both u?, that solves (3.1) with & > 0, and u, that solves (3.1) with e =0
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and Du # 0. Therefore we state the lemmas in such a generality that applies to both of these
cases.

4.1 Hidden divergence structures

In this subsection we gather some useful facts about generic smooth functions. First, if
u: Qr - R, Qr c R"H is a smooth function, then | Du| is locally Lipschitz continuous
and thus, by Rademacher’s theorem, differentiable almost everywhere on each time slice. Here
and in similar occurrences in what follows, we write that D|Du| exists almost everywhere
in space.

Note that if (xp,7) € Qr is a space-time point where |Du| is differentiable and
Du(xg, t9) = 0, then D|Du|(xg, t9) = 0. Indeed, if we had D|Du|(xo, t0) # 0, then we
could find a point & € Q x {fg} (close to (xq, tp)) such that | Du|(§) < 0, which is obviously
impossible. On the other hand, if Du(xg, fo) # 0 for some (xp, fp) € Q7, then |Du| is
differentiable at (xg, f9) and

Du(xo, to) Du(xo, to)

D|Du|(xo, to) =
[Du(xo, 1)
For each point in Q7 where Du # 0, we fix an orthonormal basis of R”, {e1, ..., e,},
such that e, = TDul Du| Hence we have, for those points where Du # 0,
DD _ o DIDul)er + ...+ (enr. DIDul)ens + {2 DIDuf) 2
= (e, ul)e e ul)e u .
|Du| 1 1 n—1, n—1 |D | |Du|

For those points where |Du| is differentiable, let us define the part of D|Du| which is
tangential to the spatial level sets of u as

(e1, D|Dul)er + ...+ (en—1, D|Dul)e,—1 it Du # 0,
Dr|Du| =

if Du =0,

and its orthogonal counterpart, the normalized infinity Laplacian, as

N
AU =

{(DMI, D|Dul) = I%o;{; if Du # 0,
if Du=0.
We employ these notation to write
|D|Du||*> = |Dr|Dul|* + (A¥ u)* ae.inspace in Qr, 4.1)
and
Aru=Au—ANu ae.inQr. 4.2)

Lemma 4.1 (Fundamental inequality) Let u: Q1 — R be a smooth function. Then

( Tu) + (AN u) a.e.inspace in Qr. 4.3)

|D?ul® = 2|Dr | Dul|® +
If n = 2, we have equality in the place ofinequality.

For the proof of Lemma 4.1, we refer to [11, 25].
The following lemmas show that certain terms that first appear to be in non-divergence
form, can actually be expressed in a divergence form. On the other hand, these structures can
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be utilized in tuning the coefficients in the quadratic form as explained in Sect. 3.3, and thus

they improve the range we obtain. The first Lemma 4.2 will mainly adjust the coefficient
—24s
of the term (| Du® |2 + &) bt ’Dzu‘S |2 . The second divergence structure, Lemma 4.3, will

produce certain new coefficients on the quadratic form as Q. The proofs of both of these
lemmas are direct calculations.

Lemma 4.2 (Hidden divergence structure 1) Let u: Q27 — R be a smooth function. Then
foranyo € Rand e > 0,

D*uDul? A
(Duf + e D% — (aw? a1 >

—_ — 0 AU——
[Du|? + ¢ |Du|? + ¢
=div ((|Dul* + &)*/*(D*uDu — AuDu)).

Furthermore, if Du # 0, then the above equality holds also for ¢ = Q.

Proof By the derivative rule of composite function, the right hand side

div (| Dul* + &)*/*(D*uDu — AuDu))
= (D*uDu — AuDu, D((|Dul* + )*/?)) + (| Du|* + )*/* div (D*uDu — AuDu)
= (D*uDu — AuDu, D((|Du|?* + £)*/?)) + (|1Du|* + &)*/*(|D*u|* — (Au)?)
|D?uDul? Asolt
— (Dul? a/lezz_Az N ]
(Dul”+ ey [ Dul” = (At oy ~ A

where
D((Dul® + &)%) = a(|Dul? + £)“T D*uDu.
m]

The next lemma demonstrates that a mixed term can be written in a divergence form.
On the other hand by using Eq. (3.1), as explained in (3.13), the mixed term adds up in the
quadratic form, and thus adding such mixed terms can be used to improve the range.

Lemma 4.3 (Hidden divergence structure 2) Let u: Qr — R be a smooth function. Then
forany B € Rand e > 0,

Aot
wDuf 0 (204 P )

= u, div ((|Dul? + £)/2 Du)

2 B2
div (u (| Dul? + £)2 Du) — ('D”/'gj,j)) ih £ -2,
- 2
div (u,(|1Du|* + &)~ Du) — (W) ifB=-2.
t

Furthermore, if Du # 0, then the above equality holds also for ¢ = 0.

Proof We give the proof when 8 # —2, the second case is similar. By the derivative rule of
composite function again, one has
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p+2
Dul? =
div (u,(|Du|2 + s)ﬂ/ZDu) _ <(|u|+8))

B+2

B+2
Dul®>+¢) 7
= u, div ((|Dul? + &)?>Du) + (| Du|* + &)?/> DuDu, — (M“>

B+2
= u, div ((|Du|2 + S)ﬁ/zDu)
= u,(D((|1Dul* + &)P/?), Du) + u, (| Dul* + &)P/* div (Du)

Aooll
= u,(|Du* + ¢)P/? (Au + ﬂmufi?ﬂ) )

For @ € R, we denote the ‘first good divergence structure’ as
GDi(e) := div ((|Du|* + &)**(D*uDu — AuDu))

and the ‘second good divergence structure’

o D 2 u—g+2
div (u(|Dul® + &) Du) — % ifo £y —2,
ope= b oy
div (i (1Dl + &)~ Du) — (%) ifoa =y —2.
t

Then as explained in (3.11), we consider the following weighted sum of these ‘good
structures’,

S:=wiGD1(p—2+5)+w2GDy(p —2+5)

4.4
+ew3GD1(p—4+5)+ecwsGDr(p —4+5) )

for some parameter s € R and some weights wy, wy, w3, ws € R. Observe that taking into
account Lemmas 4.2 and 4.3, then S introduced above coincides with S in (3.11), i.e. the
notation is consistent. The reason for using the mixed term form in S there was to emphasize
the idea that we can improve the range by adding the mixed terms. To derive the final estimate,
we need terms in the divergence form, and therefore this form was used in the above definition
of S, but as stated they are equivalent.

4.2 The key estimate

As explained in (3.15), S represents the right hand side in our key estimate, and on the left
we should have the second derivatives and a positive definite quadratic form. In this section,
we derive the key estimate corresponding to (3.15) in detail.

We use Lemmas 4.2 and 4.3 to rewrite S as a linear combination of time derivatives and
second order spatial derivative quantities, similarly to the left hand side of (3.4). First recall
shorthand notation 0 and « from (3.12)

| Du?|? e
=——>— and K = ———,

|Du¢|? + ¢ |Du¢|? + ¢
thus0 <0,k <1,0 +«x =1 and

| DZ ué Dué |2
|Dut|? + ¢

Asou’

:9’D|Dl/{€‘|2 and THoe2 1
|Dut|= 4 ¢

N
=0A u.
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In particular, if ¢ = 0 and the gradient does not vanish, then & = 1 and ¥ = 0. Next we recall
the definition of S from the above, and use the good divergence structures i.e. Lemma 4.2
(withae = p—2+s and p—4+s)and Lemma4.3 (with = p—2+s—y and p—4+s—y).
For a smooth solution and indeed for any smooth function, we have

2.¢€ 12
_ £2 p=Zts 2 62 e2 |D"u’ Du®|
S=wi(|Du’|"+¢) 2 {|Du| — (Au®) +(p—2+5)<m
_AMSLMS
|Dut|? + ¢
& &2 p=2ts—y e Asou®
+w2ut(|Du | +8) 2 [AM +(p_2+s—)/)m}
—dts |D2u£Du£|2
ews(|Duf > +6)2 D2uf|? — (Auf)? 44+ —
Fews(Du 40 5 D = au)? 4 p— ) (T
—AusiAooua
Du? +¢
—44+s—y A ug
ewqut (|Duf)? + )2 {Aue —4 45— L]
+ 4 [(| | + ) +(17 + y)|DM£|2+8

Then by simplifying, we get

§ =(Du P+ &) F fwr + wso (1D P — ()
+ (wi(p — 2+ 5) +ws(p — 4+ 9)k)0(D|Duf||* — Auf AN u®)
+ (w2 + war) (| Dut 1> 4 &) 7 2uf Au®
 (wa(p =245 = y) +walp — 4+ = )0 D’ P+ &) uf AL u |

p—2+s

=(1Du 2+ )3 fer (D% 2 = (Au)?) + e2(IDIDu | P = Aut AYu?)

+ c3(|Duf > + 8)_)’/2qu148 + ca(|Duf > + 8)_V/2quéVou8}

almost everywhere in Qr, where

cl = w + w3k, c2=(wl(p—2+s)—|—w3(p—4+s)fc)9, @.5)
c3=wy+wak, c4=(wa(p—2+4s5—y)+wip—4+s—yk)b. .
Observe that given p, y and s, if ¢ = 0, then c1, . . ., ¢4 reduce to constants that only depend

on w; and wy, which shows that in smooth case by adjusting w; and w», we can get the
desired estimate as explained in (3.10).
By employing expressions (4.1) and (4.2), we can write

—2+s
s = (Du' + )7 {1 D2+ ol Dr | Duf |2 = er (Arut)? = er (A u)?
— (2c1 + cz)ATugAéVoug +c3(|Duf > + 8)_V/2quTu8 (4.6)

+ (e3 + e (1D P + )7 2uf AL u |

almost everywhere in Q7. Next we use regularized Eq. (3.1) to replace time derivatives u;
in (4.6) with spatial derivatives. Thus we arrive to the key estimate for a smooth solution to
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the regularized equation (which is actually equality at this point)

—2+s
(DU + )7 [c1|D"‘u’3|2 + 2| Dr|Duf|? + (c3 — c1)(Aruf)?
+ ((c3+ e Py — c1) (AU 4.7

+ (C3Pg +(c3+c4) — 2cy + Cz))ATuSAéVOMS] =S,
where
Py:=(p—2)0+1¢€(0,00)

for the sake of brevity. We rewrite this as

p—2+s

(DU +e) 2 [cl|D2u£|2 + 2| Dr | Du|? + R} =5 (4.8)
where
R := (c3 — c)(ATu)? + ((c3 + ca) P — 1) (AN uf)?
+ (C3P0 + (c3+c¢4) — Q2cy + cz))ATueAﬁu‘s
is a quadratic form in variables Aru and Aévou. ‘We rewrite R as
R = (X, Nx),

where x = (Aru®, AIOVOMS)T eRZand N e R*?*?isa symmetric matrix whose entries N;;,
i, j =1,2,are given by

Nii = —C
Niz=Nai = 3(c3Po + (c3 4 c4) — (2c1 + 2))
N2 = (c3+c4) Py —cy.
Note that
N1 @) :=sup{IN(x, )| : (x,1) € Qr}
where

NG D1 = (N1 D)% + (Nia(, D) + (Nar (8, D) + (N, 1),

has an upper bound that only depends on p, y and s by fixing wi, wy, w3 and wy.

4.3 Auxiliary lemmas

In this subsection we state two technical lemmas that can be used to conclude our main
integral estimate.

We want to apply the fundamental inequality, Lemma4.1, to estimate | D>u¢ |? in (4.8) from
below to improve the range condition by using terms we obtain in this application. However,
the direct application will eliminate the full Hessian | D?u¢|? that we want to estimate. We
could leave a small fraction of |D%u¢|? (like the method was first described at the end of
Sect. 3.3 for simplicity) and apply the fundamental inequality only to a remaining part, but
actually this will not be necessary: The next lemma shows that already a seemingly weaker
lower bound is sufficient. This will simplify the exposition.
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Lemma4.4 Let u®: Qr — R be a smooth solution to (3.1), S as in (4.4), ci as in
4.5), and ¢ > 0. If ¢ = 0, we assume in addition that Du® # 0. Suppose that
we can select wi, wy, w3, ws € R such that ¢y = ci(n, p,y,s, wy, wy, w3, wsg) > 0,
c=c(n,p,y,s, wy, wy, ws, ws) > 0and

p—2+s

(Du+) 2 el DrIDu|P + @} = S ac.inspacein@r,  49)

where
0 = (x, Mx)
with X = (Aru®, Alovoue)T € R? and a uniformly bounded positive definite (with a uniform

constant) symmetric matrix M = M(n, p,y, s, wi, wy, w3, wWq) € R2%2, Then there is
A=A, p,y,s, wy, w2, w3, wa) > 0 such that

p—2+s . .
T |D*uf)? < S a.e.inspacein Q.

A(| DU’ + &)

Proof Recall that
S=wGDi(p—2+s5)+w2GDa(p —2+5)
+ew3GD(p —4+5)+ewsGDr(p —4+5)

which, as pointed out in (4.8), can be written as
—2+s
§ = (Du' 2 +&)" 7 {1 D' P + oo Dr | Du| P + (%, NF)

almost everywhere in space Q7, where X and N are as in (4.8). Observe that we utilized
Eq. (3.1) at this step to get rid of the time derivatives.
For any A € (0, 1), we write

S=A5+0-1S

and use the assumption (4.9) to estimate (1 — 1)S from below. We end up with

p—2+s

§ = (1Du 2 +0)" 7 [rer D2 P+ (¢ + 2ea — ) | Dr | Du’| 2

+(E (M 40N - M)F) .

We claim that we can select A > 0 such that ¢ + A(co —c¢) > 0and M + A(N — M) is a
positive definite matrix. Indeed, since ¢ > 0, then

c+Aca —c) = c—Allea = cllpeo(@y) > 0,

uniformly if A = A(n, p, ¥, s, wi, wa, w3, wg) > 0 is small enough. Next we recall that the
boundedness and positive definiteness of M implies

ML~ <C, and Mj; >c and det(M)>c in Q7

by Sylvester’s criterion and choosing small enough ¢ > 0. For the positive definiteness of
the matrix M + A(N — M) we can use Sylvester’s criterion again and check that the leading
principal minors are positive if A > 0 is small enough. The first principal minor is the
upper-left corner entry, i.e.

(M + AN —M)),, = My + A(Ni1 — M11) = ¢ — ANl L@y + 1M [ L @r)

and the second principal minor is the determinant, i.e.
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det (M + A(N — M)) = det(M) + A(M11 N2z + M2 N1y — 2M12N12 — 2 det(M))
+ 22 det(N — M)
> ¢ = 24 (2UM L= @p IN li=@r) + IMIE,))
2 2 2
— AN = M| 70y = ¢ = 42 (IM L@ + INllLx @) -

Hence we choose A such that
Cc Cc

0<A<mmﬁ, , ,
llcz = cllLeo@r) INlLe@r) + 1Ml Loy
C

2
4 (IMll=@r) + IN > @q))

Since we have now proven the nonnegativity of the excess terms, the result follows. O

The following lemma shows that we can derive the desired integral estimate from the
pointwise lower bound. The proof uses rather standard techniques and is based on localization
with a suitable cutoff function and then integration by parts. For the convenience of the reader,
we give the details in the appendix.

Lemma4.5 Let u®: Qr — R be a smooth solution to (3.1), and S as in (4.4). If ¢ = 0, we
assume in addition that Du® # 0. Suppose that we can find weights w1, wa, w3, wg € R
such that

p=2
2

A(Du P + )T |D2E R < S ace. inspacein Q, (4.10)

for some constant . = \(n, p,y,s, wy, w2, w3, ws) > 0. If s # y — p, then for any
concentric parabolic cylinders Q, C Qo € Qr with center point (xg, tg) € Qr, we have
the estimate

p—

T oot o500
Qr

2
dxdt

p—2+s pts—y

c
5—2< (IDuf>+¢&) 7 |Duf)Pdxdt + | (Duf)*>+¢) 2 dxdt) 4.11)
r QZr

Q2r
C &2
+el = |In(| Du’|* + &)|dxdt + C
r=Joo

By

| In(| Du® (x, 10)|* + a)\dx>

where C = C(n, p,y, s, A, wy, w2, w3, wg) > 0.

The last two integrals on the right hand side of (4.11) do not appear if s # y — p + 2. The
source of such error terms in the case s = y — p + 2 is the logarithm in Lemma 4.3 when
B=-2.

5 Smooth case with non-zero gradient
Letl < p <ocand —1 < y < oo. In this section we assume that #: Q7 — R is a smooth
solution to

uy — | Dul” (Au+ (p —2)ANu) =0, (5.1)

such that Du # 0. That is, u does not have critical points in space. Our main result in this
case is the following a priori estimate. Usually extending a regularity result to a general
nonsmooth case is quite straightforward.
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Proposition 5.1 Letn > 2,1 < p <ocoand —1 <y < oo. Letu: Qr — R be a smooth
solution to (5.1) such that Du # 0. If

s>max{—1—p7_1,y+l— } (5.2)

then for any concentric parabolic cylinders Q, C Q2 € Qr, we have the estimate

P2+ 2 C -
/ ‘D(lDu ; )’ dxdt < = / |Du\1’“dxdt+/ \DulPH 7 dxdr )
Qr r QZV Q2r

where C = C(n, p,y,s) > 0.

The following Lemma, Lemma 5.2, is the main ingredient in the proof of Proposition 5.1.
Thus we postpone the proof of Proposition 5.1 until after the proof of Lemma 5.2.
In the following lemma we consider the weighted sum

S=wiGD1(p—2+5)+w2GDy(p —2+s)

where w1, wy € R, and the notation was defined in (4.4). Note that since ¢ = 0 in this
section, the terms with weights w3 and w4 in (4.4) disappear. The purpose of Lemma 5.2 is
to show that under restriction (5.2), we can find positive weights w; = wi(n, p, y,s) > 0
and wy = wy(n, p, ¥,s) > 0 such that § has a suitably nonnegative lower bound to make
Lemma 4.4 applicable. Moreover, by the proof of Lemma 5.2 and Sylvester’s condition, we
can choose the value ¢ = c(n, p, y,s) > 0 small enough such that for M in the proof it
holds

Mi1 >c¢ and det(M) > c.

The proof of Proposition 5.1 is then finished by using Lemma 4.5.

Lemma5.2 Letn > 2,1 < p <ooand—1 <y < oo. Letu: Qr — R be asmooth solution
to (5.1) such that Du # 0. If (5.2) holds, then we can select w; = wi(n, p,y,s) > 0 and
wy = wa(n, p,y,s) > 0, such that

a2 el Dr | Dul? + 0} <
where c = c¢(n, p,y,s) > 0and
0 = (x, Mx)

with x = (Aru, Aévou)T € R? and a uniformly bounded positive definite (with a uniform
constant) symmetric matrix M = M (n, p,y,s) € R2x2,

Proof Similarly as in (4.7), recalling that ¢ = 0, by expressions (4.5), we arrive at
|Dul? =24 Ly |D2ul? 4wy (p = 2+ )| Dy | Dul? + (wy — wi) (A7)
+(wa(p = D(p =145 —p) = wi)(ALw)? (5.3)

+ (w2(2p —24s—y)—wi(p —}-s))ATuAéVou} =3S.

We estimate | D%u|* on the left hand side of (5.3) from below by the fundamental inequality,
Lemma 4.1. This yields the following lower bound for S

Dl wi(p +9)[Dr|Dull® + 0} < 5,
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where

n—2 2 N N2
+ (w2(2p —24s—y)—wi(p+ s))ATuAéVou.
We write Q more compactly as

Q = (x, Mx),

where x = (Aru, Agu)T € R? is a vector and

n—2
wy — w
M:: 1 n_l
Q(wz(Zp—2+s—y)—w1(p+s)) wa(p—D(p—1+s—7y)

1
! 5(w2(2p—2+s—y)—w1(p+s))

is a symmetric 2 x 2-matrix. We claim that under assumption (5.2) we can choose w1, wy € R
such that M is uniformly bounded positive definite (with a uniform constant).
If n = 2, this is easy to see by selecting

w;=2p—2+s—y and wy=p+s,

because then

M_[p+s 0 ]
L0 (Y -Dp-1+s—y)

and hence
0=+ (Arw? +(p =1 —1+s —yalu?).

In other words, with such choice of w; and w», the mixed term ATuAéVou vanishes. Notice
that (5.2) implies that w; > 0 and wy > 0.

For the higher dimensional case n > 3, we set w; = 1 and find wy = wa(n, p, y,s) >0
such that M is uniformly bounded positive definite (with a uniform constant). This is possible
precisely when (5.2) holds: Since the proof is quite tedious, we postpone it to Lemma B.1 in
the appendix. O

We are ready to give the proof of Proposition 5.1.

Proof of Proposition 5.1 Let us fix w; = w(n, p,y,s) > 0and wy = wa(n, p,y,s) >0
according to Lemma 5.2. Lemma 4.4 is then applicable because w; > 0, w3z = 0 implies that
c1 = w1 + w3k > 0 and the conclusion of Lemma 5.2 implies that (4.9) holds. Therefore,
by Lemma 4.4 there exists A = A(n, p, y, s, wi, w2, w3, wg) > 0 such that

AlDulP~2H D% < §
in Q7. Now the desired estimate follows from Lemma 4.5. ]

Range (5.2) in Proposition 5.1, is optimal in the following sense: In the elliptic case, [10] and
[25], the best known range is s > —1 — fl’f_ll. On the other hand, Example 5.1 below shows
that in the parabolic case we cannot hope to reach any better range thans > y + 1 — p. A
counterexample of this type was used in [10, Sect. 1.3] for the standard p-parabolic equation.
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Example 5.1 (Counterexample) Let u: R" x (0, c0) — R be given by
u(x,t) :=Ct+ |x1|*
for some C € R and o > 0. Note that
|Dul” Aju = (@ = D(p = D | @D+
Hence, if
a=1 +ﬁ and C=a"T'a—D(p-1

then u solves (2.1) in the classical sense whenever x| # 0. Indeed, by a direct computation,
we have

Uy, = alx [ 2x, uy, =0 for i =2,...,n,
and
-2
Uy x, = (@ — Dlxp|*77, Uxixj = 0,
wherei, j =1,...,n and i and j are not both 1.
Next we verify that the function u is a viscosity solution in the whole R” according to
Definition 2.3 also at those points where x; = 0. Whenever x; # 0, xo = (x1, ..., X,), and

the test function ¢ touches u at (xg, fp) from below (the argument is analogous from above),
we may use the facts that

Do(xo, to) = Du(xo, to) #0, ¢ (xo, t0) = us(x0,2) =0
and
D¢ (xo, 1) < D*u(xo, t0).

Let us consider the points where x; = 0. We study the degenerate case y > 0 and
the singular case —1 < y < 0 separately. If x; = 0 and y > 0, then there are no test
functions touching u from above and for a test function ¢ touching from below, we have
Dg(xg, ty) = Du(xg, tp) = 0 and

@ (x0, t0) = us(xo, t9) = C.

Since C > 0, the function u is a viscosity supersolution.

The given function is also a viscosity solution whenever —1 < y < 0: the proof for the
supersolution property is the same as in the degenerate case above. It is also a subsolution
because (similarly to the degenerate case) there are no admissible test functions touching u
from above. We provide a detailed proof of this fact. Thriving for a contradiction, suppose
that there is an admissible test function ¢ touching u at (xo, fo) with xo = (0, ..., 0) (for
simplicity) from above. Then necessarily

@1 (x0,10) = C > 0.
By the definition of a viscosity solution it holds that
¢ (x, 1) = u(xo, to) + ¢; (xo0, 20)(t — 10) + f(Ix]) + o (r —10)

is an admissible test function touching strictly from above. By strict touching and regularity
of u, by translating with respect to x; and lifting we may assume that ¢ touches u at a point
(x,19), x = (&,0,...,0), with small ¢ > 0. Also observe that by an approximation, we
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could assume that o is a C2 function, but we omit this step as well. Also recall the notation
g(y) = f(ly]) and that

lim F(D D? =0
[ im (Dg(y), D*g(»))

Then by this and the counter assumption it holds at a point (x, #y) for x close enough x¢ that
¢ (x, 10) — F(D$(x, 10), D*(x, 10)) = ¢ (x0, 19) — F(Dg(x), D*g(x)) > 0.  (5.4)
On the other hand, since u is now C2-function with the explicit formula, we have
1 (x, 10) — F(D¢(x, 10), D’ (x, 10)) = ¢ (x0, 19) — F(Dg(x), D*g(x))

= u,(x, 19) — F(Dg(x), D*g(x))
<u(x,ty) — F(Du(x, 10), D*u(x, to)) =

which contradicts inequality (5.4).
In the above inequality we used the fact that since ¢ touches u from above at (x, ty) we
have D?g(x) > D?u(x, to) and Dg(x) = Du(x, tp) # 0 and thus

F(Dg(x), D*g(x)) > F(Du(x, t0), D*u(x, 19)).

We study the local W!2-regularity of |Du| = Du for s € R and see what kind of
restrictions for s arise. We have

S

|D(Dul "3 ,a o= D(p + 9)lx |

=C(p,s, y)|x1|2W+‘>7
The function D(|Du| Du) locally belongs to L2(R" x (0, 00)) if and only if
2(L LRI 1) > 1,
2y + 1)
that is,

s>y+1—p

Observe that range condition (5.2) gives this in the plane, but in higher dimensions we have
an additional restriction, which is the same restriction as in the elliptic case.
When s = 2 — p, then for W>2-regularity, the range

-l<y<l1
is sharp in the plane.

Remark 5.1 Also the case n = 1 holds. Recall that the key point is identity (3.4), that is,

|D2uf Dut ? (Aoou®)?
D &2 1) D2 &2 _2 _2
(I Du”| {I ul”+(p +S)7|Du8|2+s +s(p )7(|Du5|2+8)2
Asou’
+ 2 — )(I1Duf)? + &)V Puf 2
(p—2—y)(IDuP* +e)~ ‘DuPte
4
(Dus 2 5
= div ((|Du’]> + )2 AD>u®Duf) — (4Dw] )’,
pts—vy
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provided that s # y — p. If n = 1 this reduces to

p—2+s
2

(|Du£|2+8)7{1 F(p =240 +s(p —2)02

-2 —2)0 4+ 1)0 [ |D%uf?
+(p yxw44>+ )6} 1% 55

=div ((|Du’|* +) 2 (D*u* Duf — Au® Duf))

p—2+s—y

+ufdiv (IDuf* +&)" 2 Duf).

The left hand side of (5.5) is

p—2+s
2

ADu P +&) 2 [ (0 = D(p = 145 = 1)67 + @p =245 = p)ox + 12} 1D

p—2+s

> A(IDuf > + ) 2 |D*uf|?,

for some constant A = A(p, v, s) > 0, provided that s > y 4+ 1 — p. From this it is easy to
derive the desired integral estimate. We conclude that Proposition 5.1 holds in case n = 1
without the additional smoothness assumptions for #, and with the interpretation

p—1

s>max{—1—7l,y+l—p}:max{—oo,y+1—p}:y+1—p.
n—

6 Removing the smoothness assumption

Section 5 gives a formal derivation of the regularity estimate under the assumption that the
gradient of a solution does not vanish. In this section, we remove the additional assumption
in a certain range of parameters by regularizing the equation and then finally pass to a limit
to obtain the result for the original equation.

6.1 Regularization

Let u®: Q7 — R be a smooth solution to the equation

¢ e vi2( n e Agou®
uf — (|1Duf* + ¢) (Au +(p-2)

— =0 6.1
|Du£|2+8) @1

where 1 < p < 00, —1 < y < o0, and ¢ > 0 is a regularization parameter. As explained in
Sect. 3.3, the mismatch between the second order differential quantities in the fundamental
inequality and the regularized equation and consequently in the basic estimate causes that
some of the formal calculations do not work as such even if most of the steps work for general
s. In particular positive definiteness of the quadratic form becomes an issue.

In this section, partly for the convenience of the reader, we have decided to limit ourselves
to the planar case n = 2 and focus on the square-integrability of the second order derivatives
D?u, that is, we consider the case s = 2 — p. In this case the range condition in (1.4) that is

p—1
s>max[—1—7,y+1—pl
n—1
reduces to

l<p<oo and —1<y <1
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Then range (i)
l<p<S5 and —-1<y<l, (6.2)

in Theorem 1.1 and the Proposition below will be obtained by a straightforward generalization
of the formal calculation (¢ = 0). That is, we consider the sum

S = wi div (D>’ Du® — Au’ Du®) + wauf div ((|Du > + &)~ % Du®), (6.3)
and show that if (6.2) holds, then we can find w;, wy > 0 such that
c|Dr|Duf|)* + 0 <.

where ¢ > 0 and Q is positive definite. For range (ii) in the Proposition below which is the
same as in Theorem 1.1, we instead consider the full S as defined in (3.11) or equivalently
in (4.4).

Our main result for u® is the following.

Proposition 6.1 Letn = 2. Let u®: Q7 — R be a smooth solution to (6.1). If p and y satisfy
one of the following conditions:

(l) 1<p§5and—1<y<1;0r
(ii) 1<p<ooand—l<y<f_%,

then for any concentric parabolic cylinders Q, C Q2 € Qr with center point (xo, ty) € Qr,
we have the estimate

C _
/ |D?u [*dxdt < = (/ | Duf |*dxdt + (|Du®> + 5)227‘ dxdt)
r r Qo Qo

C
+e (—2/ |ln(|Du8|2+£)|dxdt+Cf
r Qor B

where C = C(p,y) > 0.

| In(|Du’ (x, to)|> + s)|dx>

2

The proof of Proposition 6.1 is postponed to the end of the section. The main ingredients
of the proof of Proposition 6.1 are the following lemmas, Lemmas 6.2 and 6.3. The first
lemma, Lemma 6.2, yields case (i). The second lemma, Lemma 6.3 yields case (ii). In both
lemmas we consider the same weighted sum as before now selecting s =2 — p i.e.

S=wiGD1(p—2+s)+w2GDy(p—2+45s)+ewsGDi(p —4+5)
4+ ewsGDy(p — 4+ )
=w1GD1(0) + wrGD2(0) + w3eGD1(—2) + w4eG Dy (—2), 6.4)
where w1, wy, w3, ws € R are some weights, and the notation was defined in (4.4).
The purpose of Lemmas 6.2 and 6.3 is to show that under restrictions (i) and (ii), respec-

tively, we can find suitable weights w1, w», w3 and wy, that only depend on p and y, such
that S has a suitable lower bound.

Lemma 6.2 Letn =2, S be as in (6.4), and (i) in Proposition 6.1 hold. Forn = n(p,y) > 0
small enough, if

w3 =0, wy =0,

{wlzp—y—2¢<p—1)<1—y>+n, wy =2,
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then
S = ¢|Dr|Du|* + Q
where c = c(p, y) > 0 and
0 = (x, Mx)

with x = (Aru?, Aévous)T € R? and a uniformly bounded positive definite (with a uniform
constant) symmetric matrix M = M (p, y) € R**2,

Lemma 6.3 Letn =2, S be as in (6.4), and (ii) in Proposition 6.1 hold. If
wi=p-—y, wy =2
w3=4—p+y, wp=2,

then a statement similar to that in Lemma 6.2 holds.

To begin with, recall from (4.7) that S can be written as
S = 1| D*u’ > + 2| Dr D[] + (c3 — e))(A7u®)? + ((c3 + ca) Py — c1) (AN u®)?
+ (63P9 +(c3 +c4) — Qe + cz))ATuaAgus.

where
c1 = w; + w3k, ¢ = —2wsbk, 6.5)
c3 = w2 + w4k, c4=—(wary +wik(2+y))0,
and
Po=(p—20+1€(0,00), 6= |Duf? €0,1)
9 = (p 00, 0= . D),

Kk=1-0 € (0,1].

_ &
T |Duf2+¢
Fundamental equality (4.3) in the plane yields that
S =c1(21Dr|Duf|1* + (Aru®)? + (AN u®)?) + c2 D7 | Duf||* + (c3 — c1)(Aru)?
+ ((e3 4 ca) Py — c1 (AN uf) + (c3Pp + (c3 + c4) — (2c1 + c2)) Apuf AN uf

=(2c¢1 + ¢2)|Dr|Duf|> + Q. (6.6)
where
0 = c3(Aru®)? + (c3 + c4) Po(AY u®)?
+(c3Ps + (c3 + ca) — (2c1 + ) Arut AN u?, 6.7)

is a quadratic form in A7u® and A&us. We write Q compactly as
0 = (x, MX),
where ¥ = (Aru®, AN u®)T € R? is a vector and
1
c3 E(CSPG + (3 +ca) — 2c1 + C2))

M =

1
5(03 Py + (c3+cs) — 21 + ¢2)) (¢34 ca) Py
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is a symmetric 2 X 2-matrix.

To prove Lemmas 6.2 and 6.3, it now suffices to check that (6.6) satisfies all the require-
ments of the lemmas: The coefficient of | D7 | Du?||? in (6.6) needs to be bounded from below
by a positive constant, that is,

2¢1 + ¢ = 2(wy + w3k) —2wzbk > ¢ (6.8)

uniformly in Q7. For the quadratic form Q, we need to analyse the uniform boundedness and
uniform positive definiteness of matrix M. Uniform boundedness is quite straightforward,
so we focus our attention on the uniform positive definiteness. By Sylvester’s condition, it
suffices to check that

c3 = w2 + wak > c, (6.9)

and

2
3Py + (c34+c4) — Qe +c¢
(c3Ps + (c3+ c4) — 2c1 + 2)) = 6.10)
4
uniformly in Q7. Next we prove Lemma 6.2, which implies nonnegativity of the necessary

terms when 1 < p < 5and —1 < y < 1. In this case a simple choice of the weights
w3 = wy = 0 will work.

det(M) = c3(c3 + c4) Py —

Proof (Proof of Lemma 6.2) Similarly to the smooth case, we start with w3 = wq = 0, plug
these values into (6.5), and obtain

co=wy, =0,
3 =wz, c4=—wryb.
This together with (6.6) gives
S = 2w | D7 |Duf [|* + wa (Aru)? + wa Py Ro (AN uf)? + (w2 (Pp + Rg) — 2wi) Aru A u,

where we denote Rg := 1 — y8 € (0,2), for the sake of brevity. To simplify the above
identity, we select wy = 2. Thus

§ =2wy D7 Dt [P+ 2((Aru’) + PoRo(ANu) + (P + Ro — wi) Aru® Alu )
=2w;|Dr|Du’|* + Q,
where the matrix of the quadratic form Q is

. 2 Py + Rg — wy
M(©) := |:P9 + Ry — wy 2Py Ry i| ’

The determinant of M (@) is uniformly positive if and only if

w2
(P4 Rg —wy) .

PyRy 2

c>0,

that is,

X2(0) == (V' Py + VRo)* > wi > (/Ps — /Rg)? := X1(6)

uniformly in Q7. Thus it suffices to verify

iréf X2(0) > sup X1(6).
0
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Computing the derivative of X with respect to 6, one has

(P =2Ry —v Pk

Xi®) =p =2~ N
P = VR ((p ~ DR + 7 /F)
Py Ry '

Then in the eligible range of parameters X| () = 0 if and only if p — 2+ y = 0. Hence, by
considering the values at the endpoints, we obtain the supremum of X; with respect to 6:

sgp X1(0) = max{X(0), X1 (1)}

= max {0, (\/p -1-y/1- y)z}
=(Vp—T-VT=y)"
Similarly, we obtain the derivative of X, with respect of 6:

(VPy + VRo)((p = 2)v/Rg — y/Py)

/
X5(0) = N ,
and thus the eligible stationary point is
%zp—2—y
(r =2y
if (p —2)y > 0. Then
p—2—

inf X(6) = min {XZ(O), Xz((p_iz);/), X2(1)}

-2
=min{4,L+L+2,(\/p—l—i—\/l—y)z}

Y p—2

= min {4, (Wp—1+ M)z}

Obviously, we have

WP=1+V1=p) > (Vp-1-VI=y)"
Note that
4> (fp o1V
is equivalent to
l<p<S5and —1<y<l,

or5<p<7+4y/2and—1 <y < —2—p+4/p— L. Thusif p and y satisfy range (i),
for small enough n = n(p, y) > 0, in addition to the above choice wy = 2, we set

w = (p=T=Vi=pf +n.

The proof is finished. O

@ Springer



A systematic approach on the second order regularity of solutions... Page290f39 204

Next we prove Lemma 6.3, which implies nonnegativity of the necessary terms when 1 <
p<ooand —1 <y <2 — % In this case, we use a choice of the weights which leads to
the vanishing coefficient of the mixed term Aru® Aé\'oug in (6.7).

To be more precise, at the beginning of this section, we obtained three conditions (6.8),
(6.9) and (6.10), i.e. that

2c1 +cp =2(w; + w3k) — 2wibk > c,
c3 = wy + wyk > c, (6.11)
det(M) = c3(c3+ca)Py — (031"9-5—(63-&-02“)—(261+02))2 >

need to hold uniformly in Q7. Here

1
a3 —(c3Py + (c3 +ca) — Q1 + 2))
M = 2

1

§(C3Pe + (c3+c4) — 21 + 2)) (c3+ca)Po

is the coefficient matrix of quadratic form

Q = c3(Aru’)’ + (3 + ca) Po(ALu")? + (c3Po + (c3 + ca) — 21 + ¢2)) Arut Al u’

To simplify the computations in checking the last condition in (6.11), we will consider a
special case where the coefficient ¢3 Py + (c34c¢4) — (2¢1 +¢2) of the mixed term A7 u® Aévoug
vanishes.

Lemma 6.4 (Vanishing mixed term) The mixed term ATusAéVoug in Q vanishes, i.e.
3Py +(c3+cs) — Q2cy +c2) =0
uniformly in Qr if and only if
2wy = (p — y)wa,

2wz = (4= p + y)wy,
(p—2—-y)(wg —wz) =0.

Proof Recallthatd = 1—«,«x > 0,and Py = (p —2)0+ 1. Then recalling the expressions of
ci, ..., c4in(6.5), we can write the coefficient of the mixed term A7u® A g’ous as a polynomial
of k as

3Py + (c3 +c4) — 2c1 +¢2)
= (@ = p+y)ws —2w3)k? + (p — 2 — y)(ws — w2k + (p — Y)ws — 2wy.
Set all the coefficients to be zero, we have the desired condition. O
By the above Lemma, we can easily to obtain the following result.

Corollary 6.5 If

= —_ =2
{wl I ) w2 > (6.12)

w3=4—p+y, ws=2,
then the mixed term Aru® AN u® in Q vanishes.

The above corollary gives a choice of the coefficients wj, w2, w3 and w4 to obtain the
vanishing coefficient of mixed term Aru® A&ug. This then helps us in proving Lemma 6.3.
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Proofof Lemma 6.3 If w1, wy, w3 and wy satisfy (6.12), then by Corollary 6.5, the last
condition in (6.11) reduces to checking that

det(M) = c3(c3 +c4) Py > c.
Since
Po=(p—2)0+1>min{p—1,1} > 0,
sufficient conditions to obtain (6.11) can be written as
2c1 + ¢ =2(w; + w3k) — 2wi3bk > c,

c3 = wy + w4k = c,

c3+cqs = wy+ wek — (wzy + wak (2 + y))@ >c

uniformly in Q7.
First, using values (6.12) in the first condition and replacing 6 by 1 — «k, we have

2c1 + ¢ =2(p —y) + 24— p+ y)t.

Since « is positive, the sign of the derivative with respect to « that is 4(4 — p + y )« is fixed.
Then 2¢1 + ¢, with respect to k is monotone and the minimum point corresponds either
k = 0ork = 1. Thus

2c1 4+ ¢z = min{2(p — y), 8} > 0.
For the second condition, when wy = w4 = 2, it is obvious that
c3=2+4+2c>2>0.
Finally, for the last condition plugging values (6.12) in and rewriting as
c3+cs =2(1—y) — 2k +2Q2 + y)k>.
When the derivative of ¢3 + ¢4 with respect to « vanishes, thatis, —2 +4(2 + y)x = 0, one
has

K1 € (0, 1].

1
T 22+ y)

Then the minimum point is one of the boundary points or the extreme point «. Selecting
K = k1, we have

a3t =201-y)———>0 6.13
3+ =2(1-y) 22+7) (6.13)
if and only if
1
-1l<y< NG
2
If «k = 0, we have ¢3 + ¢4 = 2(1 — y), and if « = 1, then ¢3 + ¢4 = 4. It follows that the
minimum is given by strictly positive expression (6.13), and the proof is finished. O

The proof of Proposition 6.1 now immediately follows.

Proof of Proposition 6.1 The result immediately follows from the previous lemmas, since
under assumption (i), Lemma 6.2 implies that (4.9) holds and thus Lemma 4.4 is applicable.
Similarly under assumption (ii), Lemma 6.3 implies that Lemma 4.4 is applicable. Now the
desired estimate follows from Lemma 4.5. O
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6.2 Passing to the original equation

In this section we justify the limiting argument to let ¢ — 0 in Proposition 6.1 and thus
derive our main result, Theorem 1.1.

Proof of Theorem 1.1 Let u: Q7 — R be a viscosity solution to
ur — |Dul” (Au+ (p —2)ANu) = 0.

Let us fix concentric parabolic cylinders Q, C Q> € Q7 with center point (xo, o) € Qr
and moreover, let us fix a smooth subdomain U € Q and 0 < #; < t» < T such that
Q2 € Uy 1, @ Qr. For ¢ > 0 small, let us consider the Dirichlet problem

Aoolt®

|Dut|? + ¢
ue =u on 8PU71J2’

uf—(|Du8|2+8)}’/2<Au8+(p—2) ):O in Uy, 1;
where
U 1= (U x {1} U QU x (11, 12])

is the parabolic boundary of Uy, 1,. By the classical theory of uniformly parabolic equations,
the above problem has a unique solution u® € C*(Uy, 1,) N C(Uy, 1,)-
Proposition 6.1 is applicable to #® and we conclude that

C 2-
/ |D?uf Pdxdt < — (/ | Duf|2dxdt +/ (|1Duf* + S)Tydxdt>
r r Q2r Q2r

C
+e(— [ |n(DuP +e)|dxdr (6.14)
7'2 Qo

+C/ yln(|Du£(x,t0)|2+s)ydx>
By

where C = C(p,y) > 0. By [14], for any Qr € U,, 1, there exist positive constants
o € (0, 1) and C > 0, thatare allowed to dependon p, y, dist (Qr, Uy, ,1,) and [|u|| L (v,
such that

,tz)’

| Dufllceog) < C. (6.15)

Arzela-Ascoli theorem gives that u® and Du® both converge locally uniformly, up to a
subsequence, and

e—>0 _ e—0 _
u® ——= i and Du® —— Du

for some continuous function it: Uy, ;,, — R, which by a barrier argument is continuous up
to the parabolic boundary, and whose spatial gradient Du is locally continuous.

By the well known [12] stability properties of viscosity solutions,  is a viscosity solution
to

it, — |Di|” (A + (p —2)AN i) =0 in Uy,
u=u ondpU .

By the uniqueness theorem for viscosity solutions [22], we conclude that u = u.
By employing bound (6.15), we find that the right hand side of (6.14) is bounded from
above by a constant independent of . Thus {D%u¢}, isbounded in L2(Q,), and consequently
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we may extract a subsequence that converges weakly in L2(Q,). Further, using integration
by parts, we see that the limit is D?u, and thus D%u € leoc(QT)' Finally, we conclude that

/ |Dzu|2dxdz§hmigf/ |D%u® 2dxdt
e—> X

C _
< liminf (7 (/ \DutPdxdt + | (Duf? +6)" dxdt)
Qo Qo

e—0 r

e (%/ |1n(|Du8\2+e)\dxdr+c/ |ln(|DuS(x,lo)|2+5> |dx))
r Qo Bor

C
= </ |Du|*dxdt +/ |Du|2_ydxdt> ,
r Q2r QZr

which is the desired estimate. O

It is possible to improve the ranges in Theorem 1.1. However, the computations get more
technical, even if they follow the same ideas as above, and thus we have chosen to omit them.
In any case the question whether the full range obtained in the smooth case in Proposition 5.1
can also be obtained here remains an open problem.

Next we give the proof of Corollary 1.2.

Proof of Corollary 1.2 Assume that u° is a smooth solution to (6.1), and observe

Aocott®
el _ g2 y/2 € _ o
!ut!—‘(wm +) (Au +(p 2>|Du€|2+8)‘
<(IDuf* + )2 (|Auf| + [p — 21 | D*uf|)
<(p +2)(IDu’|* + &)"/? | D*u| .

As above, the spatial gradient is Holder continuous and since y is nonnegative, we have in

Q2r
(IDuf* + &) < C.

For all O, C Qy € Qr, we have

/ |uf|>dxdt
o)

<(p +2)2/ (1Du’)? + &) |D*u® |Pdxdt
O

< (p+2)2H(|Du€|2+e)V||LOO(Qr)/Q |D2uf [2dxdt .r

Then we use (6.14) estimate the right hand side of the above estimate. Similarly to the
proof of Theorem 1.1, up to a subsequence, {u¢ }, converges weakly in L?(Q,). By integration
by parts, the weak limit is u,. In particular u, exists as a function and u; € leoc(QT)' m]
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Appendix A: Proof of Lemma 4.5

Next we prove Lemma 4.5. For convenience of the reader, we recall its statement here: Let
S be as in (4.4), and u: Q7 — R be a smooth solution to (3.1). (If & = 0, we assume in
addition that Du # 0.) Suppose that we can find weights w1, w>, w3, ws € R such that

S > A(lDuI + 8) |D2u| a.e.inspacein Qr, (A.1)

for some constant A = A(n, p, y, s, wi, wa, w3, ws) > 0. If s # y — p, then for any
concentric parabolic cylinders Q, C Qi € Qr with center point (xg, fo) € 27 we have
the estimate

s 2
f ‘D((IDulz—f—s = )‘ dxdt
Or

C )
<= ( (IDul? + )2 2dxdt + | (Dul*+¢) )
r Qo Qo

+e <£2/ |In(| Dul* + &)| dxdt + C/ [in (1Dutx. 0)* +¢)| dx)
= J 0,

By,

where C = C(n, p, y, s, A, wy, wy, w3, wa) > 0.
Proof of Lemma 4.5 Let us assume thats # y — p ands # y — p + 2. As remarked after the
lemma when s # y — p + 2, the logarithmic term does not appear in S and in the estimate

of the lemma. Assumption (A.1) can be written as

ul2

(I DupP+e) "
< wj div ((|Du| + 8) (DzuDu — AuDu))
(|Dul?
p+s—y . (A2)

+ ews div ((|Du| + 8) (DzuDu AuDu))

(1DuP + &)+
) — EWy
p=2+s-v ]
Let us fix any concentric parabolic cylinders Q, C Q», € Qr and then select a nonnegative
cutoff function ¢: R" x [0, o] — [0, 1] such that

S~y

+ wy div (u,(|Du|2 +g)p7 2 Du) —

—Aps—
+ ewy div (u,(|Du|2+g bt

c c
¢=1inQ,, ¢=0outsideQy, [Dp|=<— and |§] =< 5 (A.3)
r r
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for some absolute constant C > 0. We multiply (A.2) with ¢? and integrate over O, apply
integration by parts to each integral on the right hand side to obtain

Al (DuP+e)” ul*¢p’dxdt
Qo
< 2w, 2 =" (D?uDu — AuDu, D$)pdxdt
Qo
— 2w, / T (Du, D)pdxdt
Qo
2 _
“2 (1Dul? + &)= ¢ppdxdr

_l’_i
Pt =V Jo,

—2ews [ ( ™ (D2uDu — AuDu, D$)pdxdi
Qo
— 2ewy / T (Du, D) pdxdt
Qor
2
wa (1Dul? + &)’ pdxdt.

pP=2+s-v Jo,

Above we dropped the nonpositive boundary terms that appear when we integrate by parts
with respect to time. Next we take absolute values and estimate ¢/(|Du|?> + €) < 1 in the
last three integrals of the above display. We arrive at

| (Dul? + &) | D2 dxdr
Q2r

<C ( (IDul?
Qo

ul|Du||Do|pdxdt

S
+/ |u; |(| Dul? + &) " 7
Q2r

+ (|Du|2+8 Dy
Qo

where C = C(n, p, y, s, w1, wa, w3, ws) > 0. By Young’s inequality

I(bdxdt) ,

O=2n) | (Dul? + &) 7" |D2uPp dxdi
Qo

2dxdt + C |pdxdt,

for any n > 0 and some C = C(n, p, v, s, wi, w2, w3, wa) > 0. Above we also employed
equation (5.1) and estimated

(1Dul*> + &)~ y/2|ut|—‘Au+(p 2) ‘<C|D2u| (A.4)

| Du |2 B

forsome C = C(n, p) > 0. Finally, we select n > 0 small enough and employ (A.3) together
with the fact that

ul? (A.5)

‘D (1Duf +6)"

o) =

where C = C(p, s) > 0, to arrive to the desired estimate.

@ Springer



A systematic approach on the second order regularity of solutions... Page350f39 204

Now, let us assume that s = y — p + 2. Assumption (A.1) is now

A(|Du* + &)"?|D*ul* < wi div ((|Du|* + &)"/*(D*uDu — AuDu))
1
+ wa div (u; Du) — Ew2(|Du|2 +e),

-2
+ewsdiv ((|Dul + )7 (D*uDu — AuDu))

. _ &
+ ewsdiv (u,(|Dul* + &)~ Du) — Ew4(1n(|Du|2 +9)),.
(A.6)

Let us fix any concentric parabolic cylinders Q, C Q», € Qr and then select a nonnegative
cutoff function ¢p: R" x [0, o] — [0, 1] such that (A.3) holds. We multiply (A.6) with ¢2,
integrate over Q,,, apply integration by parts to each integral on the right hand side to obtain

A | (Dul* + &)’/ D*u?p*dxdt
Qo

< 2w / (|Du|? + €)"*(D*uDu — AuDu, D$)pdxdt
Qo

- 2w2/ u;(Du, D)pdxdt + wZ/ (|Du)? + &)prpdxdt
QZr QZr
— 2.9w3/ (IDul? + £)'7 (D*uDu — AuDu, D)pdxdt
Qo

— 28w4/ u;(|Du® + &)~ (Du, Dp)pdxdt + 811)4/ In(|Du)? + &), pdxdt
2r QZr

EW.
- 7“ In(|Du(x, 10)1* + &) (x, to)dx
By

Above we dropped the nonpositive boundary term that appears when we integrate by parts
withrespect to time. However, we cannot drop the boundary term that appears from integrating
by parts the last term of the right hand side of (A.6), because logarithm may change sign.

Next we take absolute values and employ again the estimate /(| Du|? + €) < 1 to arrive
at

A | (Dul*+ &)\ D*ul?¢p*dxdt
Q2r

< c( (|Du|2+s)V/2|D2u||Du||D¢|¢dxdt+/ |us|| Dul|Do|¢pdxdt
Qo

Qo

+/ (|Du|2 + &)|¢:|pdxdt + 8/ | ln(|Du|2 + 8)’|¢,|¢dxdt
Qo

Qor

+s/ |1n(|Du(x,r0)|2+s)}¢2(x,zo)dx>,
By
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where C = C(n, p, y, wy, w2, w3, wg) > 0. By Young’s inequality
(=20 | (Dul*+¢&)""*|D*ul*$p?>dxdt
Qo

C
<= (|Dul* + )"?|Du|?| D¢ |*dxdt + C (/ (1Dul* + &)|¢y |pdxdt
Q2r Q2r

+g/ yln(|Du|2+e)y|¢,|¢dxdz+sf yln(|Du(x,z0)|2+e)y¢>2(x,to)dx)
QZr B: r

2,

for any n > 0 and some C = C(n, p, y, wi, wa, w3, wa) > 0. Above we also employed
estimate (A.4). Finally, we select > 0 small enough and employ (A.3) and (A.5) to arrive
to the desired estimate. ]

Appendix B: Positive definiteness condition for the coefficient matrix

In the proof of Lemma 5.2, we wrote one of the key estimates as
|Dul?~*** {wi(p +9)|Dr|Dul* + Q) < S

where

-2
0= (wz - ij) (Aru)? +wa(p — D(p— 1 +5 — y)(AYu)?

+ (w2(2p —24s—y)—wi(p+ s))ATuAévou.
This can also be written as
0 = (¥, MX),
where x = (A7ru, Aévou)T € R2 is a vector and

n—2
wy — w

M = | n—1
5(w2(2p—2+s—y)—w1(p+S)) wp—D(p—1+s—y)

1
1 5(w2(2p—2—|—S—y)—w1(p+s))

Then we stated that if w; = 1 and the range condition is satisfied, we can select wy =
wa(n, p,y,s) > 0in such a way that Q is positive definite, which then allows us to get rid
of the excess terms. Next we prove this fact.

LemmaB.1 Letn >2,1 < p <oo, —1 <y <00, w; = 1 and let M be as above. Then if

p—1
n—1

s>max{—1— ,y—l—l—p},

there is wy = wa(n, p, y,s) > 0such that M is uniformly bounded positive definite (with a
uniform constant).

Proof We will show that det(M) > 0 and wy — % > 0 with uniform lower bound, and thus

by Sylvester’s condition M is uniformly bounded positive definite with a uniform constant.
We fix w1 = 1 and introduce the following shorthand notation,

P:=p—1 and K:=y +1,

@ Springer



A systematic approach on the second order regularity of solutions... Page370f39 204

and

1
G:=p—1+4s—y and E: —s—l—l—l—il

We observe that P, K, G, E > 0 under the assumptions of the lemma. Using this notation,
one has

n—2 1
w) — S(w2(P +G) = (K +G))
M = ! n—1 2
5 W2(P+G) = (K +G) waP - G

Then we rewrite the determinant

n—2\> n—2
det(M):a(wz—ﬁ> +b(w2— 1)+c

n—

where

a:—i(G—P)z, b=P E+ - (G P)<i+1<—w>

n—1

and

_ (G L m=DP :
R n—1 '

The discriminant of such a polynomial is

G
b2—4ac:G-P-E< 1+K>.
n_

Notice that 5> — 4ac > 0 and hence our polynomial has two distinct roots, unless G = P,
in which case our polynomial is of the first order and has one root. Moreover det(M) > 0 if
and only if wy — hes between these roots, that is,

n
Rooty < wyp — p— < Root_,

where

—(PE+3G = P)(% + K = “2)) & Vb2 — dac

Rooty =
—1(G - P2
(\/ﬁx /G (S +1<)>

(G- P)?

VE O E )

VGivP Wi PG vm| =

These formulas are valid if G % P. Indeed, recall that a < 0 if G # P, then

b2 —dac
Root_ — Rooty = ————

@ Springer



204 Page380f39 Y.Fengetal.

JG P EGE +K)
—4

G Py > 0.

On the other hand, by

. . p—1 P
lim E=1lim(s+14+——) =
G—>P s—y n— n—1

and by I’Hopital’s rule, one has

We conclude that for the smaller root

2
P
Gor (Vi K m-2VP

2VP 20— 1)/ 55 +K

Root

For the bigger root, it is easy to see that

G—>P
Root_ —— oc.

The proof is finished. O
References
1. Andrade, P.D.S., Santos, M.S.: Improved regularity for the parabolic normalized p-Laplace equation.

Calc. Var. Partial Differ. Equ. 61(5), 196 (2022)

Attouchi, A.: Local regularity for quasi-linear parabolic equations in non-divergence form. Nonlinear
Anal. 199, 112051 (2020)

Attouchi, A., Parviainen, M.: Holder regularity for the gradient of the inhomogeneous parabolic
normalized p-Laplacian. Commun. Contemp. Math. 20(4), 1750035 (2018)

Attouchi, A., Ruosteenoja, E.: Gradient regularity for a singular parabolic equation in non-divergence
form. Discrete Contin. Dyn. Syst. 40(10), 5955-5972 (2020)

Banerjee, A., Garofalo, N.: Gradient bounds and monotonicity of the energy for some nonlinear singular
diffusion equations. Indiana Univ. Math. J. 62(2), 699-736 (2013)

Banerjee, A., Garofalo, N.: On the Dirichlet boundary value problem for the normalized p-Laplacian
evolution. Commun. Pure Appl. Anal. 14(1), 1-21 (2015)

Cianchi, A., Maz’ya, V.G.: Second-order regularity for parabolic p-Laplace problems. J. Geom. Anal.
30(2), 1565-1583 (2020)

DiBenedetto, E.: Degenerate Parabolic Equations. Universitext. Springer, New York (1993)

Does, K.: An evolution equation involving the normalized p-Laplacian. Commun. Pure Appl. Anal. 10(1),
361-396 (2011)

Dong, H., Peng, F., Zhang, Y., Zhou, Y.: Hessian estimates for equations involving p-Laplacian via a
fundamental inequality. Adv. Math. 370, 107212 (2020)

. Feng, Y., Parviainen, M., Sarsa, S.: On the second-order regularity of solutions to the parabolic p-Laplace

equation. J. Evol. Equ., 22(1), Paper No. 6, 17 pp (2022)

Giga, Y.: Surface Evolution Equations: A Level Set Approach, vol. 99 of Monographs in Mathematics.
Birkhauser Verlag (2006)

Hgeg, FA., Lindqvist, P.: Regularity of solutions of the parabolic normalized p-Laplace equation. Adv.
Nonlinear Anal. 9(1), 7-15 (2020)

Imbert, C., Jin, T., Silvestre, L.: Holder gradient estimates for a class of singular or degenerate parabolic
equations. Adv. Nonlinear Anal. 8(1), 845-867 (2019)

Jin, T., Silvestre, L.: Holder gradient estimates for parabolic homogeneous p-Laplacian equations. J.
Math. Pures Appl. 108(9), 63-87 (2017)

@ Springer



A systematic approach on the second order regularity of solutions... Page390f39 204

16.
17.
18.
19.
20.
21.
22.
23.
24.

25.

Juutinen, P., Lindqvist, P., Manfredi, J.J.: On the equivalence of viscosity solutions and weak solutions
for a quasi-linear equation. SIAM J. Math. Anal. 33(3), 699-717 (2001)

Kurkinen, T., Parviainen, M., Siltakoski, J.: Elliptic harnack’s inequality for a singular nonlinear parabolic
equation in non-divergence form. arXiv preprint arXiv:2202.02350 (2022)

Lindgqvist, P.: On the time derivative in a quasilinear equation. Skr. K. Nor. Vidensk. Selsk. 2, 1-7 (2008)
Lindqvist, P.: On the time derivative in an obstacle problem. Rev. Mat. Iberoam. 28(2), 577-590 (2012)
Lindqvist, P.: The time derivative in a singular parabolic equation. Differ. Integral Equ. 30(9-10), 795-808
(2017)

Manfredi, J.J., Parviainen, M., Rossi, J.D.: An asymptotic mean value characterization for p-harmonic
functions. Proc. Am. Math. Soc. 138, 881-889 (2010)

Ohnuma, M., Sato, K.: Singular degenerate parabolic equations with applications to the p-Laplace
diffusion equation. Commun. Partial Differ. Equ. 22(3—4), 381-411 (1997)

Parviainen, M., Ruosteenoja, E.: Local regularity for time-dependent tug-of-war games with varying
probabilities. J. Differ. Equ. 261(2), 1357-1398 (2016)

Parviainen, M., Vdzquez, J.L.: Equivalence between radial solutions of different parabolic gradient-
diffusion equations and applications. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 21, 303-359 (2020)
Sarsa, S.: Note on an elementary inequality and its application to the regularity of p-harmonic functions.
Ann. Fenn. Math. 47(1), 139-153 (2022)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://arxiv.org/abs/2202.02350

	A systematic approach on the second order regularity of solutions to the general parabolic p-Laplace equation
	Abstract
	1 Introduction
	2 Preliminaries
	3 Plan of proof
	3.1 Derivation of a basic estimate
	3.2 Formal calculation for smooth solutions with a nonvanishing gradient
	3.3 Solutions without smoothness assumptions and regularized equation

	4 Hidden divergence structures, the key estimate and auxiliary lemmas
	4.1 Hidden divergence structures
	4.2 The key estimate
	4.3 Auxiliary lemmas

	5 Smooth case with non-zero gradient
	6 Removing the smoothness assumption
	6.1 Regularization
	6.2 Passing to the original equation

	Acknowledgements
	Appendix A: Proof of Lemma 4.5
	Appendix B: Positive definiteness condition for the coefficient matrix
	References


