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mechanism of spontaneous breaking of the scale symmetry. Besides that, the fundamental theory must
include gravity, whereas all known extensions of the conformal invariance to the curved space-time
suffer from the Weyl anomaly. We show that conformal symmetry can be made free from quantum
anomaly only in flat space. The presence of gravity would reduce the global symmetry group of the
fundamental theory to the scale invariance only. We discuss how the effective Lagrangian respecting the
scale symmetry can be used for the description of particle phenomenology and cosmology.
© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

What is the global symmetry of Nature? In the absence of gravity the most obvious answer to this question is given by special relativity
and is associated with the Poincaré group. The Poincaré transformations - time and space translations, together with Lorentz boosts and
rotations — do not change the form of Maxwell equations. As was noted a long time ago, the Maxwell equations without external currents
have a wider symmetry group [1,2] - the 15 parameters conformal invariance, containing in addition to ten Poincaré generators, four
special conformal transformations, and dilatations. Dilatations change the length of the rulers, while special conformal transformations
can bend the lines but do not alter the angles between them. Could it be that the symmetry of all interactions is conformal?

The answer is certainly “no” if the ground state of the theory respects the conformal invariance. The theories enjoying the conformal
symmetry - CFTs - do not contain any intrinsic mass scale and do not have well-defined particle states, in contrast with observations.
However, if the conformal invariance (CI) is spontaneously broken, (O) ## 0 (here O is some operator with non-zero mass dimension), the
scale appears, massive particle excitations show up, and the resulting theory may happen to be relevant for the description of all particle
interactions.

The theories with exact but spontaneously broken conformal invariance are very interesting from many points of view:

- If the mass of the Higgs boson in the Lagrangian of the Standard Model is put to zero, this theory becomes conformally invariant at the
classical level. Perhaps, this is a key for an explanation of why the Fermi scale is much smaller than the Planck scale [3-7].

- The spontaneous breaking of CI leads to the existence of massless Goldstone particle - dilaton. The degeneracy of the vacuum ensures that
the energy of the ground state is equal to zero [8-11] - an intriguing fact given the astonishing small value of the observed cosmological
constant (dark energy).

- The Poincaré group has more representations for the massless states than were observed in Nature. In particular, particles with
continuous spin can exist (a textbook discussion can be found in [12], see also [13,14]) if the Nature is just Poincaré invariant. The
puzzling absence of these states gets explained as the conformal symmetry does not allow for this kind of irreducible representations
[15,16].

* Corresponding author.
E-mail addresses: mikhail.shaposhnikov@epfl.ch (M. Shaposhnikov), a.tokareva@imperial.ac.uk (A. Tokareva).
1 Current affiliation.

https://doi.org/10.1016/j.physletb.2023.137898
0370-2693/© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by
SCOAP3.


https://doi.org/10.1016/j.physletb.2023.137898
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2023.137898&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:mikhail.shaposhnikov@epfl.ch
mailto:a.tokareva@imperial.ac.uk
https://doi.org/10.1016/j.physletb.2023.137898
http://creativecommons.org/licenses/by/4.0/

M. Shaposhnikov and A. Tokareva Physics Letters B 840 (2023) 137898

All the points above (including those about the structure of the ground state) except the last one, are also true if the conformal
invariance is replaced by a weaker requirement of the scale invariance.

The list of known UV complete CFTs is very limited and contains only supersymmetric theories such as N=4 Yang-Mills or fishnet CFT
[17]. The relevance of these theories for the description of Nature is obscure. Coming from another end - low energies, it is possible to
construct phenomenologically viable (e.g. containing just the Standard Model) quantum effective field theories with exact but spontaneously
broken conformal symmetry [18,19], [11,20-23] (for a review see [24]). These theories are non-renormalizable but weakly coupled below
the energy scale of CI breaking. One may hope that their UV limit is given by some hypothetical well-defined CFT.

Suppose that indeed such a theory can be constructed in Minkowski space-time. Will it survive if gravity is added in such a way
that the flat space remains a solution to the Einstein equations? In more formal terms, the question can be formulated as follows. The
spectrum of spontaneously broken conformally invariant Minkowski theory contains several massive particles and one massless particle
- the dilaton.? In the low energy domain, all massive particles can be integrated out, leading to the most general CI action for the
dilaton. Consider now an arbitrary action containing two massless particles - a scalar field and graviton, invariant under local coordinate
transformations (Diffs). Actions with this field content can have additional symmetries restricting their form. Can one find such symmetry
transformations that if the general metric is replaced by the non-dynamical Minkowski one, the resulting scalar action will be the most
general conformally invariant one? Note that this problem is different from that of the construction of anomaly-free Weyl invariant theory
of gravity, addressed in [25].

It is often stated (see, e.g. [26]) that a natural extension of the conformal symmetry of flat space-time to curved space-time is the Weyl
symmetry, constituting in the replacement g, — ng,w, where 2 is an arbitrary function of space-time coordinates. Physically, Weyl
invariance is the local freedom of changing the length units. Now, the Weyl symmetry conflicts with quantum theory because of the Weyl
anomaly: the classical theory invariant with respect to Weyl transformations loses this property when quantum effects are accounted for
(see a review [27] and references therein) if the requirement of the locality of the effective action is imposed. Even the approach suggested
in [28] and developed in [11] based on defining the theory as Weyl-invariant in D =4 — 2¢ dimensions by identifying the mass parameter
of dimensional regularisation p with the dilaton field ¢ does not help to avoid the Weyl anomaly with D even (and in particular, in
D=4)*

This Letter aims to demonstrate that the only finite subgroup of the Weyl group, which can be made anomaly-free in any curved
spacetime corresponds to the dilatations. The conformal symmetry which was held in the flat space at the quantum level is lost, once
gravity is taken into account. The Weyl anomaly in the generic spacetime cannot be cancelled by the proper choice of counterterms and
conformal symmetry reduces to the scale symmetry. The latter can be kept anomaly-free at the quantum level.

2. General structure of the dilaton effective action in Minkowski space-time

Though our interest is in the theory in 4-dimensional space-time it would be convenient to consider arbitrary D dimensions. The
dilaton field is denoted by ¢ and is assumed to have a canonical kinetic term 9,¢d*¢. The mass dimension of ¢ is A =(D/2 — 1)
and equal to 1 for D =4, allowing for spontaneous breaking of conformal symmetry by the dilaton vacuum expectation value. The most
general local conformally invariant quantum effective action which includes all quantum fluctuations can be constructed with the use of
the following two ingredients [29]. The first one is the combination

ON=¢2(2N_JBUDN (¢%) . (1)

which changes like ¢ under special conformal transformation, ¢(x) — ¢'(xX') = Q™ 2¢(x), where Q = (1 + 2a,x* + a?x*)~1 and ay is an
arbitrary D-vector. The coordinates are to be transformed as

Xy +a,x?
SV, T . - (2)
1+2a,x, +ax
Here [J is the D-dimensional Laplacian and N is an integer number. The second ingredient is the differential operator
N 2N+1)
On=9¢ 20 OV, (3)
which can be applied to any scalar operator with mass dimension D/2 — N.
The conformally invariant Lagrangian can be written as a sum of all combinations of the form
P10, [¢% O, ...Om, ... 0N, [9%7 Os,... 04 ], (4)

where the powers ¢; are fixed in such a way that the mass dimension of the operators in square brackets is equal to D/2 — N; and the
power q is singled out from the requirement that the action is dimensionless. Not all of these operators are independent, some of them
can be related to each other via integration by parts. The key observation in the procedure of construction of conformal operators is that
the power of the [J operator has to be properly adjusted to the conformal weight of the operator which is differentiated. To the best of
our knowledge expression (4) is new and has not appeared in the literature.

The conformally invariant operators can be classified by the total number of derivatives (in what follows we take D = 4). There is one
operator ¢* without derivatives, one operator ¢ (¢ (the kinetic term) with two derivatives, two operators with 4 derivatives (there is one
more operator in scale-invariant but not CI theory, 03 = #(awp)‘*),

2 The realistic theory would also contain a massless photon. The addition of the massless vector field can be made without difficulties and thus is not considered in what
follows.

3 While the dilatation symmetry can be easily defined in a theory with gravity, this is not so for the special conformal transformations.

4 However, within this construction the scale [20] and conformal [21,29] symmetries can be kept at the quantum level in the flat space.
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1
Qi =11, sz;(mw, (5)

(here T =log(¢/1)°), 4 operators with 6 derivatives (while there are 7 scale-invariant ones),® etc. Note that the operator Q; (it will play

4N\ 2
an important role below) can be derived as the formal limit Q1 =limp_4 <ﬁ |:I¢DT4) .

3. Weyl anomaly versus Weyl symmetry

There is yet another way to construct the local dilaton effective action which is based on the following observation. Take an arbitrary
Diff-invariant action constructed from the metric only (i.e. consider pure gravity) and replace the metric g, by gwdyz/M,z,, where Mp
is any scale normally taken to coincide with the Planck mass. One gets in this way a scalar-tensor gravity which is Weyl-invariant (under
transformation g, — ngw, ¢ — Q7 1¢) by construction. Now, it is obvious that a Weyl-invariant theory is automatically conformal
invariant if the metric is taken to be flat because the metric rescaling can be substituted by the suitable transformation of coordinates
of the flat space. This method has been used for the construction of the dilaton action in spaces with different dimensions (see, e.g.
[26,30-32]).

This procedure leads to the impression that the natural extension of the conformal invariance to curved space-time is the Weyl
symmetry. However, the Weyl symmetry happened to be anomalous [27]. The reason why this is the case is based on a simple counting
of the available Diff-invariant operators. For D = 4, and for four derivatives, these are: RZ, RuvRHY, w2 = W pvpe WHYP? and R, where
R is the scalar curvature, R;;, and W, are the Ricci and Weyl tensors respectively. Out of these four operators, OR is a full derivative
and thus it cannot be used for construction of the conformal action in flat space, W2 is Weyl-invariant and thus it does not lead to any
non-trivial scalar action, whereas the combination E4 = Ryp0 R*V?7 — 4R, R*Y + R? is the Euler density which is a surface term.’

In D =4 only one conformally invariant operator, containing four derivatives - Q1 - failed to be constructed by the above procedure.
However, as it follows from the a-theorem [30] this operator must be present in the effective action of the dilaton obtained in any unitary
theory. All CI operators containing 2 derivatives, as well as 6 and more derivatives can be found in this way. A similar story happens
in higher even dimensions D = 2k, k > 2, namely the CI operators T (¥t cannot be derived from local Diff-invariant pure gravity action,
because of the existence of topological Euler densities in 2k-dimensional space. (However, non-local operators providing the Weyl invariant
action can be constructed [25,34].) This makes it clear that the extension of the flat space CI to the curved space cannot be the Weyl
symmetry if the dimension of space-time is even and the locality of the action is imposed.

4. How to extend the conformal symmetry to the curved space?

The conformal group in flat space depends on a finite number of parameters, whereas the Weyl symmetry is local and thus is controlled
by an arbitrary function of space. This poses the question of whether one can find a finite subgroup of the Weyl group which is anomaly-
free and matches the flat-space conformal symmetry.

To analyse this problem we note that the correspondence between the number of conformal operators with 4 derivatives in flat space
and the number of Diff-invariant operators in curved space is restored if D # 4. It is customary to take formally D # 4, as in dimensional
regularisation, and consider eventually the limit D — 4. Perhaps, the most compact Weyl-invariant extension of the Qi-type flat space
dilaton action to curved space is

. 1 1 R?
/d4x (‘L’ DZ‘L') —S= Ll)lgl4/dDX\/ —-g |:‘L’A4‘L' +27 <_6 OR + ZE4) + 36 +Lanom] ) (6)

where Ay is the so-called Riegert operator [35-37] which is conformally invariant for a scalar field with mass dimension zero,
2 1
Ag= 2 +2R*'V, Y, — §R O+ g(V“R)V,L

and
Eq4

2(D—4)° @)

Lanom =
The action S can be modified by adding the surface or Weyl-invariant terms such as [JR or W?2. The appearance of the formally singular
at D — 4 term in (6) is exactly the manifestation of the Weyl anomaly.® There is no way to construct a local operator in D = 4 with Weyl
transformation properties of Lgnom.
The infinitesimal Weyl transformation Q =1+ w, @ < 1 of the anomaly term is 8, Lanom = %E4a). It is finite and non-zero when
D — 4. The anomaly-free subgroup is singled out by the requirement that this variation for @ belonging to this subgroup must be zero
for an arbitrary metric. For this to happen E, = [ d*x./=gE4w must be a surface integral. Our main observation is that this is the case
only if

VoVgw =0, (8)

5 Note that the action does not depend on the dimensionful parameter 1, as it disappears after integration by parts.

6 According to [26], for unitary renormalisable perturbative theories in flat space-time the scale invariance implies conformal symmetry. It may be not so if the require-
ments of renormalisability and perturbativity are removed, leading to the mismatch between the number of scale-invariant and conformally invariant higher-dimensional
operators.

7 See [33] for discussion how the invariant ./—gE4 can be represented as a total derivative in 4 dimensions.

8 Notice that for the field with zero mass dimension the singularity in D =4 appears starting from Weyl-invariant extension of (13 operator [38].
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where V, is a covariant derivative. To see this, we consider the variation of E,, with respect to the metric, g1 — guv + v,

SEq = / d*xy/—gh,, TPV, Vi o. (9)
A tedious but straightforward computation gives

Euvaﬁ — ZR(ga“gﬂv _ gaﬁguv) +4legaﬂ +4g;wRocﬂ _ SguﬂRau _ 4R,uotvﬂ ) (10)

In a general metric and for arbitrary h,,, the integral (9) is zero only if eq. (8) is satisfied.

The equation (8) can easily be solved in the flat space and the solutions would correspond to the familiar conformal transformations,
w = c(1+ 2a,x"). This way, one can see that conformal symmetry can be made anomaly-free in a flat space.

Are there any solutions to the equation (8) on top of the generic gravitational background? Taking the covariant derivative of (8)
one obtains a commutator [V, Vg]Vqw = R,gymvka) = 0. Thus, all solutions of (8) must satisfy Raﬂvf’a) = 0. If the metric is not flat
this equation has only the trivial constant solution which corresponds to the dilatations. Thus, we see that, among all possible Weyl
transformations, only the scale symmetry can be kept non-anomalous in the presence of gravity. This conclusion holds even if one uses
the renormalization procedure which preserves the scale symmetry. In the flat space, the anomaly-free symmetry group is larger and
corresponds to the full conformal symmetry, however, the special conformal transformations cannot be matched to some subgroup of
Weyl transformations.

A remark is now in order. There are two other finite subgroups of the Weyl symmetry which were considered in the literature [38-41].
A covariant extension of the conformal transformations in curved space can be defined [38,39] (see also [42]) via the Killing vector &,
satisfying the equation

2
Viuéy + Vi€, = Bguvva&x . (11)

The corresponding infinitesimal Weyl factor is given by w = V4£%. One can check that for this choice Vo Vgw # 0 for generic non-flat
metric [29], meaning that this symmetry is anomalous.

Another related possibility for the extension of the conformal symmetry named restricted Weyl transformations was studied in [40,41].
In these works, it was shown that in D =4 the transformations satisfying 02 = 0 form a subgroup in the group of Weyl transformations.
This symmetry is also anomalous, only a subgroup of it with Q =const can survive at the quantum level.

5. Scale-invariant action

Here we present the first few operators in the derivative expansion of the Lagrangian for the dilaton and gravity in D =4 scale
symmetry. All the terms that could be written at the level of zero and two derivatives are

1 1 A
S :/d“xa/_—g [—isz + i:c(a,m)z - Z¢4]’ (12)

where ¢ and A are arbitrary constants and k = +1 (note that Weyl invariance would impose a specific value for the non-minimal coupling
4
¢ =—1/6k).” Making a transition to the Einstein frame one can see that the combination % is the vacuum energy. In these terms, the

cosmological constant problem is converted to the question of why A/¢2 « 1.
The general Lagrangian invariant under the scale transformations and respecting parity at the level of four derivatives can be written
as

S :/d4x4/_—g [ARm + BR(3,T)%) + CRMY 9,10y T + ETE4 + FR®* + GW},,,; , + H((3,7)*)* +
(13)

+J@D? +K(@OT + (aur)z)z] .

Here A,B,C,E,F,G,H, ] and K are arbitrary constants, G, is the Einstein tensor, T =log(¢/u) with p being an arbitrary scale.’” The
field T transforms under the dilatations as 7 — t — w.

The second line of (13) contains only the operators which are allowed by the conformal symmetry in the flat space limit. Given the
fact that the conformal symmetry is broken by gravity, the operators in the first line are expected to be suppressed by the Planck scale.
This is not necessarily the case for the two conformal operators since they have an enhanced symmetry in the flat space limit.

The structure of the action given by (12), (13) allows also us to clarify the situation with the energy-momentum tensor. It is well
known [43] that in CFT in flat space it is possible to define an (improved) stress-energy tensor T, with zero trace, T/ =0. If the theory
were Weyl invariant, this relation would remain in force in the gravitational background. However, when the quantum corrections are
incorporated in a Weyl-invariant way in D-dimensions as in [11,28], and the limit D — 4 is taken, T,’j receives several contributions
containing Diff invariants W2, E4, R? and OR [27]. One of them (E4, the so-called a-anomaly) cannot be removed by the Weyl-invariant
counter-term, signalling that the Weyl symmetry is anomalous.!! The scale symmetry in curved space does not impose that the trace of
stress-energy tensor is zero, only a weaker condition fd4xJ—_gTﬁw =0, where w =const must be satisfied.

9 At first sight, the value k¥ = —1 corresponds to the presence of the ghost particle in the theory. However, if 0 < ¢ < 1/6, the theory is ghost-free both in the scalar and
gravitational sectors, as can be seen in the Einstein frame.

10 Nothing depends on this scale in perturbative computations as it disappears after integrating by parts. This may not be the case for non-perturbative effects associated
with configurations with non-zero Euler characteristics coming from the term containing E.

11 Note that the term W? representing the so-called c-anomaly can be taken away by the Weyl-invariant counter-term ¢€W?2/e [28].
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Talking about phenomenology and cosmology, the graviton-dilaton action (12) can be complemented by all the fields of the Standard
Model or vMSM [44,45] in a scale-invariant way, the explicit equations can be found in [20]. Our findings reveal that scale invariance
implies conformal invariance at the level of the lowest order action in the flat space, however, when gravity is included, the symmetry
of the Higgs-dilaton action reduces back only to the subgroup of dilatations. We expect that the higher-order operators with conformal
symmetry in the flat space are less suppressed than those with only scale symmetry. This hierarchy is a key observation that is relevant
for phenomenology since the cutoff scale in the scalar sector in the Higgs-dilaton model is known to be much less than the Planck scale
[22].

It has been shown that this Higgs-dilaton Lagrangian can solve all the observational problems of the Standard Model (such as inflation,
neutrino masses, baryon asymmetry of the Universe, and Dark Matter), provided the scale symmetry is spontaneously broken (for discus-
sion of inflation see [22], and for review of other problems [46]). It is of crucial importance that the non-minimal couplings of the Higgs
and dilaton fields to the Ricci scalar are not constrained by any value (—% for the Weyl symmetry). We note also that the massless dilaton
does not lead to the fifth force and thus is harmless from the experimental point of view [18-20,47].

6. Conclusions

In this Letter, we found that the anomaly-free extension of the conformal symmetry of flat space-time to curved space-time reduces
to the scale symmetry. If this symmetry is spontaneously broken, it is consistent with all available experiments and observations and thus
may play a role as the global symmetry of Nature. All other subgroups of Weyl transformations cannot be made non-anomalous even
if the renormalization procedure is preserving the Weyl symmetry. Thus, in this framework, the conformal symmetry appears to be an
accidental symmetry of the Standard Model with the dilaton, being exact only for the action containing at most two derivatives.

Several important and very challenging problems need to be solved to complete the effective field theory picture discussed in this
Letter. One of the problems is connected to the tiny value of the cosmological constant which requires an extremely small value of the
dilaton self-coupling A. Yet another difficult task is building the connection between the low-energy effective theory with spontaneously
broken scale symmetry with some theory at high energy where the scale invariance is restored.
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