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The electron spectral shapes corresponding to the low-Q β−-decay transitions 151Sm(5/2−
g.s.) →

151Eu(5/2+
g.s.), 151Sm(5/2−

g.s.) → 151Eu(7/2+
1 ), 171Tm(1/2+

g.s.) → 171Yb(1/2−
g.s.), 171Tm(1/2+

g.s.) →
171Yb(3/2−

1 ), 210Pb(0+
g.s.) → 210Bi(1−

g.s.), and 210Pb(0+
g.s.) → 210Bi(0−

1 ) have been computed using beta-
decay theory with several refinements for these first-forbidden nonunique (ff-nu) β− transitions. These 
ff-nu β− transitions have non-trivial electron spectral shapes with transition nuclear matrix elements 
(NMEs) computed by using the microscopic Interacting Boson-Fermion Model (IBFM-2) for the decays of 
151Sm and 171Tm, and the nuclear shell model (NSM) for the decay of 210Pb. Within the respective Q
windows, the computed ff-nu electron spectral shapes deviate maximally at sub-percent level from the 
universal allowed shape, except for the transition 210Pb(0+

g.s.) → 210Bi(1−
g.s.), where the maximal deviation 

is some 2.7%. This confirms that the so-called ξ approximation is fairly good for most of these low-Q
β− transitions and thus the allowed shape is a rather good first approximation. Our computed spectral 
shapes could be of interest for experiments aiming to measure the cosmic neutrino background (CνB), 
like the PTOLEMY experiment. We have also derived CνB cross sections for the ground-state transitions of 
the considered nuclei at the β endpoint. Our findings indicate that more work on the atomic mismatch 
correction is needed in the future in order to extract reliable and precise CνB cross sections for any 
nuclear target.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
Electron spectral shapes of forbidden nonunique β decays can 
play a prominent role in several contexts of the present-day nu-
clear and particle physics, e.g., when trying to pin down the ef-
fective value geff

A of the weak axial coupling in the context of 
gA-dependent spectral shapes (the Spectrum-Shape Method, SSM, 
introduced in [1,2] and applied in [3,4]), and when trying to ex-
plain the reactor antineutrino anomaly (RAA) [5–7] and the spec-
tral “bump” related to the measured antineutrino flux from nuclear 
reactors [8–12]. The problem of the effective value of gA can have 
serious consequences for the sensitivity of the running and future 
experiments trying to detect the neutrinoless double beta decay 
[13–16].

Another important context where the electron spectral shape of 
a forbidden nonunique β transition plays a decisive role is the de-
tection of the cosmic neutrino background (CνB) [17–19]. The CνB 
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is a relic of the early Universe and plays an essential role in un-
derstanding many key features of the microwave and dark-matter 
cosmology [20,21]. The wide evidence from cosmological surveys 
supports indirectly the existence of CνB, but direct evidence on 
the CνB is still lacking. Detection of CνB in controlled laboratory 
conditions would thus provide the first proof of the existence of 
non-relativistic neutrinos.

In the proposed experimental methods the detection of CνB 
leans on relic neutrino capture on an unstable but long-lived beta 
emitter with a sizable neutrino-capture cross section. In addition, 
a small decay energy (Q value) is desirable in order to improve 
the detection potential of the experiment [18]. The PTOLEMY col-
laboration [22] considered adsorption of target isotope Tritium on 
graphene layers [23]. Such a design allows to achieve sufficient 
event rate without spoiling the performance of energy measure-
ment of the emitted electrons. However, it was shown [24] that 
localization of Tritium on graphene layer leads to unacceptably 
large fluctuations of the energy of the emitted β electron due to 
the Heisenberg uncertainty principle. This problem may be over-
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come by using heavier target nuclei or weakening the bonding 
potential of graphene [25]. Heavy β emitters as target nuclei for 
the PTOLEMY experiment should have a sufficiently large CνB cap-
ture rate (e.g., small Q value) and small energy fluctuations of 
β electrons. In addition, it is crucial that the daughter nuclei do 
not experience β decay with larger Q value, creating a fatal back-
ground to the electron spectrum. The nuclei 151Sm and 171Tm are 
proposed as suitable candidates [24] and the capture cross sections 
are estimated in [26,27]. Another potential candidate is 241Pu [28]
if the α decays of the nuclide are proven to not create a back-
ground. Also the decays of the nuclei 210Pb and 228Ra are deemed 
interesting [27] but they are not suitable for PTOLEMY since their 
daughter isobars β decay with large Q values. However, they could 
be interesting for other type of experiments. All the mentioned nu-
clei decay via first-forbidden nonunique (ff-nu) β− transitions to 
the ground state and the first excited state. These are the only fi-
nal states in the β-decay Q windows due to the smallness of the 
Q values.

For low-Q -value ff-nu β transitions in heavy nuclei the so-
called ξ approximation, where the associated electron spectral 
shape can be well approximated by the allowed shape, is usu-
ally valid [29,30]. In particular cases, dictated by the nuclear wave 
functions of the initial and final states, this approximation can be 
insufficient and a nuclear-structure calculation has to be done for 
the involved nuclear matrix elements (NMEs) [29–31]. In [27] it 
was found indirectly that the ξ approximation should be valid for 
the decays of 151Sm and 171Tm to their daughter nuclei 151Eu and 
171Yb. In this work we want to verify if this indirect method really 
gives reliable electron spectral shapes for these transition by cal-
culating the NMEs involved in the transitions 151Sm(5/2−

g.s.) →
151Eu(5/2+

g.s.), 151Sm(5/2−
g.s.) → 151Eu(7/2+

1 ), 171Tm(1/2+
g.s.) →

171Yb(1/2−
g.s.), and 171Tm(1/2+

g.s.) → 171Yb(3/2−
1 ) by using a 

nuclear-structure model called the microscopic Interacting Boson-
Fermion Model (IBFM-2) [32], suitable for extracting wave func-
tions of heavy, possibly deformed, nuclei. For the transitions 
210Pb(0+

g.s.) → 210Bi(1−
g.s.) and 210Pb(0+

g.s.) → 210Bi(0−
1 ) the in-

volved NMEs have been calculated by using the nuclear shell 
model (MSM) [33]. This is possible owing to the (near) semi-
magicity of the involved nuclei.

In addition to the β spectral shapes we set out to determine 
the CνB scattering cross sections using the endpoint region of the 
computed β-electron spectra. The various corrective contributions 
to the cross sections are quantified and analyzed.

The beta-decay transitions discussed in this work are of the β−
type and the corresponding half-life can be cast into the form

t1/2 = κ

C̃
, (1)

where κ = 6289 s is a universal constant and C̃ is the so-called 
integrated shape function which is given by

C̃ =
w0∫

1

F0(Z , we)pwe(w0 − we)
2 K (Z , we)C(we)dwe, (2)

where F0(Z , we), is the Fermi function taking into account the 
final-state Coulomb distortion of the wave function of the emit-
ted electron, Z is the proton number of the final nucleus, and 
w0 = W0/me , we = We/me , and p = pe/me =

√
w2

e − 1 are di-
mensionless kinematic variables. Here pe and We are the momen-
tum and energy of the emitted electron, respectively, and W0 is 
the beta endpoint energy. The factor K (Z , we) includes all the cor-
rection terms. Here we follow the corrections discussed in [34]
taking into account finite size, finite mass, radiative corrections, 
2

atomic exchange effects, and screening effects. The quantity of spe-
cial interest in this work is the factor C(we), known as the shape 
factor [29] and given by

C(we) =
∑

ke,kν ,K

λke

[
MK (ke,kν)2 + mK (ke,kν)2

− 2γke μke

ke we
MK (ke,kν)mK (ke,kν)

]
, (3)

where ke and kν come from the partial-wave expansion of the 
lepton wave functions, γke =

√
k2

e − (αZ)2, μke ≈ 1, and λke =
Fke−1(Z , we)/F0(Z , we) is the Coulomb function with Fke−1(Z , we)

being the generalized Fermi function. The quantities MK (ke, kν)

and mK (ke, kν) have lengthy expressions which can be found 
from [29], and include both universal kinematic factors as well as 
model-dependent form factors. The form factors are either of the 
vector V F (N)

K Ls or axial-vector A F (N)
K Ls type, with K , L, s corresponding 

to the angular momenta of the operators and N = 0, 1, 2... emerge 
from a power expansion discussed in length in [29].

In order to evaluate these form factors, a common approach 
is to use the so-called impulse approximation, where the neutron 
turning into a proton is assumed not to interact with the other 
nucleons when the decay takes place. In this approximation the 
form factors can be related to nuclear matrix elements V/AM(N)

K Ls by

V F (N)
K Ls = (−1)K−L R−L gV

VM(N)
K Ls (4)

A F (N)
K Ls = (−1)K−L+1 R−L gA

AM(N)
K Ls, (5)

where R is the nuclear radius, K is the total and L is the orbital 
angular momentum of the operator, while s is the spin. VM(N)

K Ls
is a vector-type matrix element and is always multiplied by the 
vector coupling constant gV, while AM(N)

K Ls is an axial-vector-type 
matrix element and is always multiplied by the axial-vector cou-
pling gA. The couplings originate in the formalism when moving 
from the quark level to the nucleon level as a way to renormal-
ize the hadronic current. The sign convention is chosen as in, e.g., 
[2]. The nuclear matrix elements can be further broken down to 
single-particle matrix elements

V/AM(N)
K Ls =

√
4π

Ĵ i

∑
pn

V/Am(N)
K Ls(pn)(
 f ||[c†

pc̃n]K ||
i), (6)

where Ĵ i = √
2 J i + 1 with J i being the spin of the initial state 

in the nucleus, V /Am(N)
K Ls(pn) is the single-particle matrix element 

corresponding to the proton orbital p and neutron orbital n, and 
(
 f ||[c†

pc̃n]K ||
i) is the one-body transition density (OBTD), which 
contains the relevant nuclear-structure information. The choice of 
nuclear model enters the calculation through the evaluation of the 
OBTDs.

For the first-forbidden non-unique decays considered in this 
work, the relevant NMEs are those of the transition operators cor-
responding to spin-parity changes 0− , 1− , and 2− . In the expan-
sion of Behrens and Bühring [29] there are six matrix elements 
corresponding to the operators

O(0−) : gAεMEC(σ · pe), gA(σ · r) (7)

O(1−) : gVpe, gA(σ × r), gVr (8)

O(2−) : gA[σ r]2, (9)

where r is the radial coordinate and pe is the electron momen-
tum. For a given decay the relevant operators are those with a 
rank between | J i − J f | and J i + J f . For example, for the transition 
210Pb(0+

g.s.) → 210Bi(0−) only the two O(0−) operators contribute. 
1
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Fig. 1. The mismatch correction of Eq. (11) for 3H and the other three CνB candidates studied in this work.
In this work the well-known fundamental enhancement (see, e.g., 
[35]) of the axial-charge NME (σ · pe) is denoted by εMEC.

The Behrens-Bühring formalism is based on expanding the ma-
trix elements in the small quantities We R , me R , and Zα which 
allows for some power-series considerations. In the so-called ξ

approximation the complicated shape factor (3) is expressed in 
powers of 1/ξ , where ξ = Zα/((We −me)R). It can then be shown 
that the shape factor of a forbidden transition is that of an allowed 
one with corrections of the order Zα/Q R , where Q is the decay 
energy (Q value) of the transition. When 1/ξ is small, allowed 
approximation of the spectrum shape is reasonably accurate. For 
the transitions considered here ξ ≈ 150 for the ground-state-to-
ground-state decay of 171Tm and even larger for the other transi-
tions. Therefore, one would expect at most corrections of the order 
of 0.67% to the spectra. However, as pointed out in e.g. [27], there 
can be limitations to the applicability of the ξ approach, in par-
ticular if notable cancellations appear among the various terms of 
the shape factor (3) [31].

In order to see whether such cancellations appear, a proper mi-
croscopic calculation of the shape factor must be performed. As 
the spectrum shape depends on the nuclear matrix elements only 
through the ratio gA/gV (see [2]) the way uncertainties in the nu-
clear matrix elements propagate to the spectrum shape can be 
estimated by fixing gV to its free-nucleon value of unity and vary-
ing gA. Based on the papers [1,2,40,41] reasonable error estimates 
can be obtained by using an effective value for the axial-vector 
coupling constant gA = geff

A , and varying it between 0.80 and 1.20. 
However, since this method alone cannot address uncertainties in 
the ratios of all matrix elements (e.g., the two rank-1 vector matrix 
elements) and thus we also varied the matrix elements indepen-
dently by ±20% to get robust error estimates. Based on the studies 
[35–39] we vary the value of the mesonic enhancement factor 
εMEC of the axial-charge matrix element between 1.4 and 2.0.

The neutrino capture rate at the beta endpoint can be derived 
from equations (1) and (2) and can be expressed as [19]

σ̄ = F0(Z , we)pwe K (Z , we)C(we)
∣∣

we=w0
. (10)

Relevant corrections here are the finite size, atomic screening, 
radiative, and atomic exchange corrections for which we adopt 
the expressions given in the comprehensive review [34] on al-
lowed beta spectrum shape. The correction terms were evaluated 
at We = Q − 0.01 eV, up to which point they were stable in value. 
Here Q denotes the Q -value of the transition, i.e., the amount of 
energy released in the transition. The full correction term is rela-
tively stable up to this point. For forbidden transitions the shape 
factor is the most important correction. In addition to these cor-
rections, there is one more non-trivial correction related to the 
shake-up and shake-off effects, where the final atom is either left 
in an excited state or ionized. For the heavy nuclei considered 
3

here, the shake-off probability is the dominant one, occurring for 
roughly 20–30% of the decays [34,42]. These effects can be reason-
ably accounted for with the so-called atomic mismatch correction, 
which is of the form [42,43]

r(Z , We) = 1 − 1

W0 − We
(44.2Z 0.41 + 2.3196 × 10−7 Z 4.45)eV

+ small correction. (11)

The correction (11) is discussed in [34] in the context of spec-
tral shapes, where its wild behavior near the endpoint is greatly 
mitigated by the kinematic term (We − W0)

2 in Eq. (2) and is thus 
not problematic for the shape function and its integrated form (2). 
However, when considering the cross section (10), evaluated at the 
beta endpoint, the correction is problematic, as it is quite small be-
fore rapidly going to zero very close to the endpoint. In [27] this 
difficulty was dealt with by fixing this correction to its value at 
0.98Q for We > 0.98Q , but this procedure is arbitrary and leaves 
room for improvements. In order to see the problem with this 
correction term, its behavior is presented for 3H, a considered can-
didate for the CνB detection [19], and the three candidates studied 
in this work in Fig. 1 for the energy range We = [Q − 1 keV , Q ]. 
The Q value is now shifted downwards by the mean atomic exci-
tation energy. Also, the cross section near the new lower endpoint 
goes rapidly to zero. Since in reality the shake-up and shake-off 
processes have some finite probability (smaller than one) of occur-
ring, the Q -value shift would only happen for some fraction of the 
transitions. Thus, it is clear that for the CνB detection this effect 
needs to be considered in a more sophisticated way. Since details 
of the atomic corrections are out of the scope of the present pa-
per we leave this correction out from the present calculations and 
concentrate on nuclear structure of the shape factor and the other 
well-behaved corrections.

The shape factors related to the decay transitions in 151Sm and 
171Tm were treated in the nuclear-structure framework of the mi-
croscopic Interacting Boson-Fermion Model (IBFM-2) [32]. IBFM-2 
is an extension of the well-known microscopic Interacting Boson 
Model (IBM-2) [44,45] to odd-mass nuclear systems. The IBM-2 is 
a phenomenological approach that has been one of the most suc-
cessful models in reproducing collective features of the low-lying 
levels of medium-heavy as well as heavy nuclei. The IBM-2 deals 
with even-even nuclei, where one replaces valence-nucleon pairs 
with bosons with angular momentum 0 or 2. By coupling an extra 
fermion to this bosonic system, one is able to extend the IBM-2 to 
the study of odd-A nuclei. This extension is the IBFM-2.

The mapping of the single-fermion creation operator onto the 
IBFM-2 space follows the procedure introduced in Refs. [46,47]
where relevant terms, using exact values for the fermion matrix 
elements in the Generalized Seniority scheme, were worked out 
and thus use of the Number Operator Approximation (NOA) was 
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Fig. 2. Shape-factor corrections to the allowed shape of the normalized electron spectrum and the related uncertainties for each transition discussed in this work. The 
uncertainties have been obtained by varying the effective axial-vector coupling constant geff

A between 0.80 and 1.20 and the mesonic enhancement εMEC of the axial-charge 
matrix element between 1.4 and 2.0. In addition, each involved nuclear matrix element has been varied by ±20% in order to capture the possible uncertainties in the 
nuclear-structure calculations.
Table 1
Boson-fermion interaction parameters (in 
MeV) used in the IBFM-2 calculations.

ρ �ρ Aρ

151Sm −0.361 0.265 −0.150
151Eu −0.080 0.090 −0.050
171Tm −0.050 −0.027 0.580
171Yb −0.062 −0.021 0.200

avoided. This method has already been applied to allowed beta de-
cays in Ref. [48] and now we extend its use to ff-nu beta decays 
in the 151Sm and 171Tm nuclei. Since these nuclei are mid-shell 
nuclei they are best described by IBFM-2. Contrary to this, the nu-
clei 210Pb and 210Bi, for which the IBFM-2 model is not applicable 
since they are even-A nuclei, are in the vicinity of the doubly-
magic nucleus 208Pb, and thus can be best described using the 
nuclear shell model.

In the IBFM-2 calculations the even-even 150Sm nucleus was 
used as a common core for the odd 151Sm and 151Eu nuclei, and 
170Yb and 172Yb were adopted as cores for the 171Yb and 171Tm 
nuclei, respectively. The parameters for the core Sm and Yb nuclei 
were taken from Refs. [49,50], respectively. The valence space was 
chosen to span 2p, 1 f , 0h9/2, 0i13/2 neutron and 2s, 1d, 0g, 0h11/2
proton orbitals with unperturbed single-particle energies taken 
from [51], where the effect of single-particle energies on occupa-
tion probabilities was studied. The used boson-fermion interaction 
parameters are listed in Table 1.

The wave functions and one-body densities for the decay 
of 210Pb were calculated in the shell-model framework using 
the computer program NuShellX@MSU [52]. The calculations 
4

Table 2
Beta-spectrum endpoint corrections and their uncertainties. 
The uncertainties have been obtained by varying the effective 
axial-vector coupling constant geff

A between 0.80 and 1.20 and 
the mesonic enhancement εMEC of the axial-charge matrix el-
ement between 1.4 and 2.0, and by varying the individual nu-
clear matrix elements by ±20%.

Nucleus Jπf Endpoint correction (%)

151Sm 5/2+ −0.38+0.16
−0.22

7/2+ −0.31+0.15
−0.17

171Tm 1/2− 0.77+0.14
−0.17

3/2− −0.46+0.25
−0.32

210Pb 0− −0.031+0.004
−0.006

1− 2.66+0.67
−0.50

were done in the full model space spanning the proton orbitals 
0h9/2, 2p, 1 f ,0i13/2 and the neutron orbitals 0i11/2, 1g, 2d, 3s,
0 j15/2 using the effective Hamiltonian khpe [53].

The calculated shape factors for the decays of 151Sm, 171Tm, 
and 210Pb are compared with the allowed approximation in Fig. 2. 
For all six transitions the corrections to the allowed spectral 
shape are largest at the endpoint, which is the region of inter-
est for detecting the cosmic neutrino background. The endpoint 
corrections are given in Table 2. While the pure pseudoscalar 
transition 210Pb(0+

g.s.) → 210Bi(0−
1 ) gets only a tiny correction of 

−0.031+0.004
−0.006% the transition 210Pb(0+

g.s.) → 210Bi(1−
g.s.) gets a non-

trivial 2.66+0.67
−0.50% correction. The shape-factor corrections for the 

four other transitions are roughly 0.50%. Looking at the dominating 
ground-state-to-ground-state transitions the corrections are 0.7/ξ

for 151Sm, 1.2/ξ for 171Tm, and 7.1/ξ for 210Pb. In addition, for 
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Table 3
Endpoint cross sections and their leading errors for the ground-state transitions of the discussed mother nuclei. 
All relevant corrections except the atomic mismatch effect are included. The half-life and Q -value data have been 
taken from [55].

Nucleus σ̄ (cm2) Half-life error Q-value error Spectrum-shape error Total error
151Sm 4.79×10−48 0.44×10−48 0.01×10−48 0.01×10−48 0.44×10−48

171Tm 1.14×10−46 0.01×10−46 0.07×10−46 0.01×10−46 0.07×10−46

210Pb 3.27×10−48 0.04×10−48 0.02×10−48 0.01×10−48 0.05×10−48
the three decays to the excited states the corrections are roughly 
1/ξ . While these results are consistent with the O(1/ξ), the re-
sults highlight the fact that one should not assume that the error 
is necessarily exactly ≈ 1/ξ . The decay of 210Pb to the ground state 
is a good example of destructive interference, where the ξ approx-
imation does not hold very well.

The cross sections and the impacts of the relevant corrections 
for the ground-state-to-ground-state transitions of 151Sm, 171Tm, 
and 210Pb are given in Table 3. For 151Sm and 171Tm the obtained 
values (4.79 ±0.44) ×10−48 cm2 and (1.14 ±0.07) ×10−46 cm2 are 
somewhat larger than the values (4.77 ± 0.01) × 10−48 cm2 and 
(1.12 ± 0.01) × 10−46 cm2 reported in [27]. The small deviations 
in the estimates are due to some differences in how the correc-
tion terms are evaluated [54] and the larger uncertainties in the 
present work are due to the inclusion of all the relevant sources of 
uncertainty. From Table 3 it is clear that the error in the ξ approx-
imation is overwhelmed by the half-life error for 151Sm, by the 
Q -value error for 171Tm, and by a combination of both for 210Pb. 
But, nevertheless, our computations of the ff-nu spectral shapes 
quantitatively verify that there are no large accidental cancella-
tions of their various terms thus preserving a sufficient accuracy 
of the ξ approximation.

The errors in the computed cross sections affect directly the 
needed target mass in experiments. In [27] it was estimated that in 
an ideal case, for an experiment running for one year, the needed 
target mass would be some 6 tonnes for 151Sm and 350 kg for 
171Tm (for caveats in the case of 171Tm, see [27]). The presently 
obtained errors in the cross sections then indicate a variation in 
the needed target mass of the order of 10%, much more than the 
sub-1% level predicted in [27].

In this Letter we have calculated the endpoint cross sections for 
151Sm, 171Tm, and 210Pb using realistic microscopic nuclear models 
for the involved wave functions. These low-Q -value decays are po-
tential candidates for the detection of cosmic neutrino background. 
Out of these candidates the most promising one is 171Tm with 
σ̄ = (1.14 ± 0.07) × 10−46 cm2. The validity of the ξ approxima-
tion for forbidden spectral shapes was investigated and errors up 
to 7.1/ξ were recorded. While this can be considered consistent 
with an O(1/ξ) estimate, our results highlight the fact that one 
should not assume a-priori an error ≈ 1/ξ , but nuclear structure 
can alter the situation depending on the details of the initial and 
final nuclear wave functions.
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