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THE CALDERON PROBLEM FOR THE CONFORMAL
LAPLACIAN

MATTI LASSAS, TONY LIIMATAINEN, AND MIKKO SALO

ABSTRACT. We consider a conformally invariant version of the
Calderén problem, where the objective is to determine the con-
formal class of a Riemannian manifold with boundary from the
Dirichlet-to-Neumann map for the conformal Laplacian. The main
result states that a locally conformally real-analytic manifold in
dimensions > 3 can be determined in this way, giving a positive
answer to an earlier conjecture [LU02, Conjecture 6.3]. The proof
proceeds as in the standard Calderén problem on a real-analytic
Riemannian manifold, but new features appear due to the con-
formal structure. In particular, we introduce a new coordinate
system that replaces harmonic coordinates when determining the
conformal class in a neighborhood of the boundary.

1. INTRODUCTION

1.1. Calderdn problem. The anisotropic Calderén problem consists
in determining a conductivity matrix of a medium, up to a change of
coordinates fixing the boundary, from electrical voltage and current
measurements on the boundary. In dimensions > 3 this problem may
be written geometrically as the determination of a Riemannian metric
on a compact manifold with boundary from Dirichlet and Neumann
data of harmonic functions. More precisely, if (M, g) is a compact
oriented Riemannian manifold with smooth boundary, we consider the
Dirichlet problem for the Laplace-Beltrami operator Ay,

Ayu=0in M, ulon = f
and define the Dirichlet-to-Neumann map (DN map)
Ay : C®(OM) = C*(0OM), Ayf = d,ulom

where 0, is the normal derivative on M. In dimensions n > 3, one
has the coordinate invariance

Ag — A¢*g

Date: October 17, 2019.



2 M. LASSAS, T. LIIMATAINEN, AND M. SALO

for any diffeomorphism ¢ : M — M fixing the boundary. If n = 2, the
Laplace-Beltrami operator is additionally conformally invariant, and
one has

Ag = AC¢>*9

whenever ¢ : M — M is a diffeomorphism fixing the boundary, and
c € C*(M) is a positive function with c|spps = 1 and 9,¢|on = 0.

The geometric Calderén problem amounts to showing that the DN
map A, determines the manifold (M, g) modulo the above invariances.
This has been verified in [LU02] in the following cases. If (M,g) is a
compact connected C* Riemannian manifold with C'*° boundary, then:

(a) If n = 2, the DN map A, determines the conformal class of
(M, g).

(b) If n > 3 and if M, OM and ¢ are real-analytic, then the DN
map A, determines (M, g).

Related results are given in [LU89, [LTU03|, and an analogous re-
sult for Einstein manifolds (which are real-analytic in the interior) is
proved in [GS09]. It remains a major open problem to remove the real-
analyticity condition when n > 3; for recent progress in the case of con-
formally transversally anisotropic manifolds see [DKSU09, [DKLS16].

1.2. Conformal invariance. Given the conformal invariance of the
Calder6n problem when n = 2, [LU(O2] formulated an analogous inverse
problem that is conformally invariant in any dimension and involves
the conformal Laplacian. This inverse problem reduces to the usual
Calderén problem when n = 2, and it was conjectured that uniqueness
holds for locally conformally real-analytic manifolds in dimensions > 3
([LUO02, Conjecture 6.3], see also [UhO4, [Uh14]). In this work we give
a positive answer to this conjecture.

Inverse problems for the conformal Laplacian are closely related to
counterexamples for inverse problems and invisibility cloaking. In-
visibility cloaking means the possibility, both theoretical and practi-
cal, of shielding a region or object from detection via physical waves,
see [AE05, AET3, IGKLUa07, IGKLUbDO7, [GKLUOS, [GLU03, [GLU03,
KSVWO08, [MNO06 [Le06, [PSS06].

The first counterexamples for elliptic inverse problems using blow-
up maps were developed for the Laplace-Beltrami operator on two-
dimensional manifolds in [LTUO3] and they were based on the confor-
mal invariance of harmonic functions. In [LTUO3| it was shown that
if one removes one point from a compact manifold and blows up the
metric using a conformal transformation, one obtains a non-compact
manifold whose DN map coincides with that of a compact manifold.
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Thus the DN map for the Laplace-Beltrami operator does not deter-
mine even the topology of a non-compact manifold.

The blow-up of the metric near a point corresponds to making a
hole, or a cavity, in the manifold. In 2003, other types of blow-up
maps were used in |[GLUO3] to construct examples where objects were
hidden inside holes created by blow-up maps. This led to counterexam-
ples for Calderén’s problem and to invisibility cloaking constructions
for the conductivity equation. The interest in cloaking surged in 2006
when it was realized that practical cloaking constructions are possible
using so-called metamaterials. The construction of Leonhardt [Le06]
was based on conformal mapping on a nontrivial Riemann surface. At
the same time, Pendry et al [PSS06] proposed a cloaking construction
for Maxwell’s equations using a blow-up map and the idea was demon-
strated in laboratory experiments [Sc06]. For reviews on the topic,
see [GKLUD09, IGKT.Ua09].

The conformal Laplacian is also called the Yamabe operator due to
its role in the (nowadays solved) Yamabe problem on compact closed
manifolds. The solution of the Yamabe problem is a positive function
solving a nonlinear eigenvalue equation for the conformal Laplacian,
see e.g. [LP87] and references therein. The Yamabe problem also has
a counterpart on manifolds with boundary, which is settled in most
cases [Es92, Ma05, BC14]. Some other related works on the conformal
Laplacian are [PR87, [HJ99].

Finally, the conformal Laplacian and its higher order generalizations
have appeared quite recently in physics in connection with the so-called
AdS/CFT (Anti-de Sitter/Conformal Field Theory) correspondence in
quantum gravity. (See e.g. [Wi98, [An05] for AdS/CFT correspon-
dence.) The basic ingredients in this theory are Poincaré-Einstein
metrics and manifolds, which are special manifolds with boundary,
equipped with conformally compactified metrics [An05, [An10]. The
geometric nature of the theory has generated significant interest in
its mathematical aspects [FG84, [FG12]. In the seminal work [GZ03],
the scattering matrix of Poincaré-Einstein type manifolds is related
to the conformal Laplacian and other “conformally invariant powers
of the Laplacian”. DN type maps for these operators are studied
in [Go07, BGO1].

1.3. Inverse problem for the conformal Laplacian. Let (M, g)
be a compact connected oriented Riemannian manifold with smooth
boundary, with n = dim(M ). Consider the conformal Laplacian

n—2

Lg:—Ag—f—m

Sg
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where A, = —dd is the Laplace-Beltrami operator (with negative spec-
trum) and S, is the scalar curvature. The conformal Laplacian has the
conformal scaling property

n+2 n—2

Lyu=c % Ly(c* u)

for any smooth positive function c.

Assume that 0 is not a Dirichlet eigenvalue for L, (this is the case
for instance when S, > 0). Then for any f € C*°(0M) the Dirichlet
problem

Lyu=0in M, uloy = f,
has a unique solution u € C*°(M) and we may define the Dirichlet-to-
Neumann map (DN map) related to L, by

N, : C®(OM) — C*(0OM), N,f = d,ulom.

It follows that if ¢ € C*°(M) is a positive function satisfying c|ay = 1
and 0,c|gpr = 0, then

Neg = Ny.
Consequently, one can only expect to determine g up to such a confor-
mal transformation from N,.

It was conjectured in [LU02, Conjecture 6.3], see also [Uh04), [Uh14],
that if (M, g) is a manifold of dimension n > 3 that is locally conformal
to a real analytic manifold, and if 0 is not a Dirichlet eigenvalue of
L,, then N, determines a manifold conformal to (M, g). Generally
speaking, a Riemannian manifold is locally conformal to a real analytic
manifold if near each point there is a coordinate chart so that the
corresponding coordinate representation of the metric is a real analytic
matrix field up to a C*° conformal factor. We will make this precise in
Definition .2 below.

We give a positive answer to this conjecture in the following sense.

Theorem 1.1. Let (M, g) be a compact locally conformally real ana-
lytic Riemannian manifold with boundary, n = dim(M) > 3. Assume
that 0 is not a Dirichlet eigenvalue of the conformal Laplacian. Then
the DN map defines the manifold (M,g) up to a conformal scaling ¢
and a diffeomorphism F, which satisfy the following conditions:

(1.1) C|3M = 1, aVC|aM =0 and F|5M = Id.

The statement of the theorem precisely means that if (M, g;) and
(Ms, go) are compact locally conformally real analytic Riemannian man-
ifolds with mutual boundary OM and n = dim(M) > 3, then there is a
diffeomorphism F' : M; — M, with F*gy = c¢g;. The conformal map-
ping F' and the conformal scaling ¢ € C*°(M;) satisfies the properties
stated in the theorem (with 0, replaced with 0,,).



THE CALDERON PROBLEM FOR THE CONFORMAL LAPLACIAN 5
We proceed to define locally conformally real analytic manifolds.

1.4. Locally conformally real analytic manifolds. A Riemannian
manifold is said to be locally conformally real analytic if around each
of its points there are local coordinates where the coordinate repre-
sentation is real analytic up to a conformal scaling. If the point is a
boundary point, we assume (in this paper) boundary conditions for the
scaling. Precisely we define:

Definition 1.2. (a) A Riemannian manifold (M, g) without boundary
is locally conformally real analytic if near every point p € M there
are local coordinates ¢ : U — R", ¢(z) = (2°(z))™,, such that in
these coordinates g has the form

(1.2) 9ij(x) = s(x) hij(x),
with s € C*(Q) and h;; € C¥(Q) real analytic, Q = ¢(U) C R
open and connected.

(b) A Riemannian manifold (M, g) with boundary OM is locally con-
formally real analytic if interior points satisfy the condition in (a),
and if for every boundary point p € OM there is a boundary chart
¢ : U — R" with coordinates (z/,2"), ' € R*™!, " > 0, such that

9ij(x) = s(z)hi;(z)

where s € C®(Q) and hy; € C¥(Q), Q = ¢(U) C {x, > 0}, and
additionally

s(2',0) € C¥(T)
where I':= QN {z" =0} C R"%.

The notation h;; € C¥(§2) means that h;; is real analytic up to the
boundary and thus has a converging Taylor expansion with positive
radius of convergence also at points of I'. Also, by a boundary chart
near a point p € dM we mean a coordinate chart ¢ : U — H" =
{(2/,x,) e R": 2/ € R" 2" > 0} satisfying ¢(U NOM) C {z" = 0}.
Boundary normal coordinates provide an example of a boundary chart.

We remark that we do not assume in the definition of a locally con-
formally real analytic manifold that the manifold has a real analytic
atlas. However, we prove in Appendix [A| (Proposition that this is
true at least if the manifold has no boundary.

Examples of locally conformally real analytic manifolds (without
boundary) are those conformal to Einstein manifolds, but also Bach
and obstruction flat manifolds. Bach flat manifolds are conformally
invariant generalizations of Einstein manifolds in dimension 4, while
obstruction flat manifolds serve a similar purpose in even dimensions
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n > 4, see e.g. [FG84, [FG12]. That Bach and obstruction flat man-
ifolds are locally conformally real analytic can be seen for example
by using n-harmonic coordinates, so that the determinant normalized
metric satisfies an elliptic PDE in these coordinates [LS15].

1.5. Outline of proof. The proof of the main result may be divided
in three parts.

1. We will begin by determining the Taylor series of the metric on the
boundary following [DKSUQ09]. To do this, one needs to find a suit-
able conformal scaling and determine the Taylor series in boundary
normal coordinates for the scaled metric. One can think of this as
a gauge fixing process for the conformal and diffeomorphism invari-
ances of the DN map.

The boundary normal coordinates, where we determine the jet of
the (conformal) metric on the boundary, might not be real analytic.
This causes a difficulty in the next step where we determine the
metric near the boundary from its Taylor expansion.

2. Next we determine the metric near the boundary. For this we intro-
duce a new real analytic coordinate system associated with the con-
formal Laplacian. We call the new coordinate system Z-coordinates.
In these coordinates we can employ the assumption that the man-
ifolds are locally conformally real analytic. This technique is in
part motivated by the work [GS09] on inverse problems on Einstein
manifolds.

3. After determining the metric near the boundary, we follow the em-
bedding argument of [LTUO3|. There the authors give a new proof
for the result of [LU(02] stating that on real analytic manifolds
(n > 3) the DN map associated to the Laplace-Beltrami operator de-
termines the manifold up to a boundary preserving diffeomorphism.
We extend the methods of [LTUO3] to the conformally invariant
setting of this paper.

Finally, we remark that just knowing a real analytic metric near the
boundary does not determine the Riemannian manifold itself, as can
be seen from the following example.

Example. (Real analytic manifolds that are isometric near the bound-
ary) Let N; be the n-dimensional sphere S* C R"™ n > 3, and let
po € S™ be the North Pole. Also, let Ny be the n-dimensional pro-
jective space RIP", constructed by taking the closed upper half-sphere
S*N(R™x [0, 00)) and identifying the antipodal points on the boundary
S*t x {0} c R™*L
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This well known construction defines a 2-to-1 map H : Ny = S" —
Ny, = RP". We use on N; the metric g; that is inherited from R**! and
on N the metric go = H.g1. Also, let By = By, (po, %) be the ball of N;
having center at the North Pole py and radius 1/2. Let By = H(B).
Finally, define M; = N; \ By and My = Ny \ By. Then M; and M, are
real-analytic manifolds with boundary such that the 7-neighborhoods
of the boundaries with 7 < 7/2 — 1 are isometric. In particular, the
C jets of the metric tensors in their boundary normal coordinates on
these manifolds coincide. However, M; and M, are not isometric, nor
even homeomorphic (M; is simply connected, but M, is not since its
covering space S\ (B(po, 1)UB(—po, 1)) has two boundary components
whereas M, has only one).

We will see below that the symbol of the DN map (considered as
a pseudo-differential operator) of the conformal Laplacian on (M}, g;),
J = 1,2, determines the C'*° jet of a metric conformal to g; in boundary
normal coordinates of the conformal metric.

However, by Theorem the DN map of the conformal Laplacian
determines the manifold (M, g) up to a conformal transformation satis-
fying . Hence, the above elementary example of manifolds M; and
M, shows that symbol (modulo smoothing symbols in class S~°°) of the
DN map is not sufficient to determine uniquely the conformal type of
the real-analytic manifold. Rather, some additional global properties
of the DN map are needed.

Acknowledgements. The authors are grateful to Plamen Stefanov,
who pointed out a mistake in the boundary determination result in
[DKSU09, Section 8] and provided a corrected proof. All authors were
supported by the Academy of Finland (Centre of Excellence in Inverse
Problems Research). T.L. and M.S. were also partly supported by an
ERC Starting Grant (grant agreement no 307023).

2. BOUNDARY DETERMINATION

The first step is the following boundary determination result. It
shows that the DN map N, of the conformal Laplacian determines the
Taylor series of some conformal metric, in boundary normal coordinates
of the new metric.

Lemma 2.1. Let (M, g) be a compact oriented Riemannian manifold
with smooth boundary, with n = dim(M) > 3.
(a) Let U C M be open and assume that I' = UNIM is nonempty.
If c € C=(U) is a positive function satisfying
(2.1) clr =1, dyclr =0, LLH|lp=0 (j>1),
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where g = cg (defined in U), then the knowledge of Nyf|r for
any f € C(I') determines

(b) There exists a positive function ¢ € C(M) satisfying (2.1]) on
oM.

Here Ly is the Lie derivative of the 2-tensor g, N is the extension
of the g-inner unit normal vector of OM which is parallel along g-
normal geodesics, and H = Ng(dz(-,0M)) is the mean curvature of
the hypersurfaces with fixed g-distance from OM .

Remark. If p € T" and if (7/,%,) are g-boundary normal coordinates
in some neighbourhood of p in M, so that § = §ag d2® di” + (di"™)?
where o and 8 are summed from 1 to n — 1, then

E?Qgh“ = aéngaﬂ(j/7 0) dz® djﬁ (.7 > 1)7
so knowing Ny on I' in fact determines %n Gaplr for all j > 0.

Combining (a) and (b) above, we see that the knowledge of N, f|r
for any f € C*(I') determines the Taylor series of some conformal
metric g in g-boundary normal coordinates on I'. Lemma [2.1f implies
the following kind of result.

Lemma 2.2. Let (M, g) be a compact oriented Riemannian manifold
with smooth boundary, withn = dim(M) > 3. Letp € OM, and assume
that for some neighborhood U of p in M there is a positive function
c € C(U) satisfying for ' =UNOM. Then the knowledge of
Nyflr for any f € C2(I') determines

a}%nf]aﬂll“ (] > O)
i g-boundary normal coordinates at p.

Lemma (a) is essentially proved in [DKSUQ09, Section 8]. The
first step there was a conformal normalization, replacing the metric g
by a conformal metric § such that logdet(g) has suitable Taylor series
in g-boundary normal coordinates at the boundary. However, there is
a mistake in this part of [DKSUQ9, Section 8]. The authors are grate-
ful to Plamen Stefanov, who pointed out the mistake and provided a
corrected proof for the conformal normalization statement (a related
argument is given in [SY16]). Lemma [2.1] (b) gives an invariant formu-
lation of the conformal normalization condition in terms of the mean
curvature H. The proof is partly based on the argument of Stefanov.

We will use the following notation. If (M, g) is a compact oriented
manifold with smooth boundary, let r(z) = d,(z,0M) so that r is a
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smooth function near OM and I'y = {x € M ; r(z) = t} are smooth
submanifolds for ¢ small with I'g = M. The vector field

N = grad,(r)

is a unit normal vector field of I'; for ¢ small. If V is the Levi-Civita
connection of (M, g), let S be the (1, 1)-tensor field near OM,

S(X) = VxN,

so that S|r, is the shape operator of I'; and S(N) = 0. The 2-tensor h
obtained from S by lowering an index is given by

h = Hess(r), h(X,Y)=(VxN,Y),

and this corresponds to the scalar second fundamental form of I';. Fi-
nally let H be the mean curvature of the surfaces I'y,

H =Tr,(h) = Agr

where A, = —6,d is the (negative) Laplace-Beltrami operator. (We
omit the factor —5 usually included in the definition of H.)
Let (2/,z,) be any boundary normal coordinates, so that
g = gaﬁ d{L‘adiLﬂ + (dl‘n)Q

We use the Einstein summation convention so that a repeated Greek
index in upper and lower position is summed from 1 to n — 1, whereas
Roman indices are summed from 1 to n. Then one has

r =T, N =0,

the scalar second fundamental form is given by
1 m
h(aou 85) = <V<9aan7 aﬁ> = Flanglﬁ = 591 (aagnm + OnGam — amgom)glﬁ
1
— 9 nYafb,

and the mean curvature is given by

1
H == égaﬂangaﬁ'

If (M, g) is given, we consider the conformal metric § = e**¢g where
€ C*(M) is real valued. Denote by 7, N, S, h, H the above quantities
in (M,g). We first compare the normal derivatives 0,, and 9, with
respect to g and g, respectively.
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Lemma 2.3. Let (M, g) be a compact manifold with smooth boundary,
let p € C(M) satisfy plonr = Outloar = 0, and let g = e*'g. If f is a
smooth function in M, then

Onflonr = Onflon,

On Flosr = O flow,

O florr = 1. f — (034)0n flons
and for any m > 4

m—1

O floss = O f = (O~ w0t + Y T304 f)lons
j=0
where each T]" is a tangential differential operator on M depending on

w only through plons, Onftlonr, - - - O 2ulonr and their tangential deriva-
tives.

Proof. Let (', 2™) be g-boundary normal coordinates near a boundary
point p, and let 7(s) be any smooth curve through p. Write 7(s) =
27 (n(s)). We claim that for any m > 3, one has

(2:2) O (f(0(s)) = Ojreegn f ()P + -0 + O f ()07’

DILEVUI D ST SRS

i1+ +ig=m—I1
where each af ; is an absolute constant. In fact, one has
9(f(n ( ))) = 0;f (),
0:(f(n(s))) = gkf( )i’ + 9, f(n)iy
93(f(n(s))) = Oaf ()i + 3@#(?7)?’7"?'7’“ +0;f ()7’

which proves the case m = 3. The claim follows by induction.

Now choose 7(s) to be the normal g-unit speed g-geodesic through
p. Then n(0) = p, 7(0) = 0,|,, and representing 7 in terms of the
g-boundary normal coordinates (z’,z™) yields

ii'(s) = =Tu(n(s)) ()i ()

by the g-geodesic equation. The g-Christoffel symbols Flk are related
to g-Christoffel symbols ng by

[ =Tl 4 (91)6; + (Ok) s — ' (010) g
This implies that
asfll( ) Flkﬁ U] _2(asﬂ)n +e o qaq:u|77(s



THE CALDERON PROBLEM FOR THE CONFORMAL LAPLACIAN 11

where 9,11 = 95(pu(n(s))). Observe that one has T, = 0 for any [ since
(«',2™) are g-boundary normal coordinates. This gives

(2.3)  Ou(s) = —Thgn®n® — 2%, 00" — 2(0sp0))' + € g"10, 1] (o) -

By induction, one sees that for m > 1

(2.4) ' (s) = 2000w’ + e gMaT T (Ogue(n(s))) 4+ f™ ns)

where each f™|, ) depends on 9;,..;, p(n(s)) and 957y (s) for r < m—1,
and on 0;,...;, g;x for r < m. Here we also used ([2.2)).
_Restricting to OM, the condition plpar = 0 implies that 7(0) =
N(p) = N(p) = 0Oy, and thus

i |oar = O},
Now ([2.3) and the condition 0, u|gn = 0 give

ii'loas = 0.
Taking 0s of ([2.3)), evaluating on 9M and using the previous conditions
gives
.7'7'l|8M = _Q(agﬂ)ﬁl + glqanq,u,@M
= —(0ap)3,,-

Using ([2.4) and ({2.2)), it follows by induction that
(2.5) 07 |onr = —2(0711)0,, + ¢"10,0," e+ f™ |onr

for some new functions f™ depending on 8;,.., pt|oar for 1 < m — 1
and on 0;,...;, gjklan for < m. Since 0, f(n(s)) = 0s(f(n(s))), one has

" f(n(s)) = 07(f(n(s))). Thus inserting in gives that

m—1

O flons = O f— (0 )05 -9 (Da f)0p0iy 214> T (D4 f)|ons

Jj=0

where each T7" is a tangential differential operator on M with coef-
ficients depending on u and its derivatives up to order m — 2, and on
gpq and their derivatives. U

Lemma 2.4. Let (M, g) be a compact manifold with smooth boundary,
let u € C(M) satisfy pulopr = Ouptlonr = 0, and let g = e*qg. If
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7 =d(-,0M) and if (2',xz,) are g-boundary normal coordinates, then

ﬂaM = 07
anﬂdM - ]-a
O2F|onr = 0,

OF|onr = O plont,
O Flone = O ' plons + [ (m > 4)

where f™ depends on plons, Onptlons, - - -, O™ 2ulon and their tangential
derivatives.

Proof. Clearly 7|gps = 0. Note that if (Z/,%,) are g-boundary normal

coordinates, then 7 = 7,, and one has 0,7 = 1 and &Tf =0 for m > 2.
We use Lemma [2.3] to obtain

Onlonr = Onflons = 1,

O2F|onr = O2F|onr = 0,

O5Flon = O3 + (02 1)Onlons = Oopplons-
Finally, if m > 4 we obtain from Lemma that

0= O™ F|om
= OPF — (O DT+ Y TT(OF) ons

where T7" are tangential differential operators depending on o,
Onttlonr, -+, 0™ 2u|oar and their tangential derivatives. Inductively,

we see that for m > 3
O Flons = O plons + f

where f™ depends on |oar, Onftlonr, - - -, O™ 2 u|oar and their tangential
derivatives. U

Proof of Lemma 2.1 (b). We look for ¢ in the form ¢ = e** for some
p € C°(M) with

(2.6) ttlors = Oppilonr = 0.
If §=cg and 7 = dz(-,0M), we have

If f is any smooth function, a computation shows that

Asf = B_QH(Agf + (n = 2){du, df ),).
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Let now (2’,x,) be g-boundary normal coordinates, so that in these
coordinates g = gapdr®dz® + (dz")®. Then A, = ¢"*(9;x — T';0%)
where I'; = g;;[" and "' = gj’“Fé-k = —A,z'. In particular I, = —H. Tt
follows that

I = e (A7 + (n — 2)(dp, dF),)
— ¢\ O27 + [(n — 2)0p + O,

(2.7) + 9 (Oup + [(n = 2)Dass — Tal0s7)]
Using Lemma and (2.6, we have
Hlon = Hlonr

For the first normal derivative, we use Lemmas and (2.7) and
compute

én]::”aM - a77,-[:-/I|8M
=027+ (n—2)0%u + 0, H|anm
= (n—1)0*u+ 0,H|ons
Thus choosing p so that
1
O ptlonr = ————=0nH|onr
n—1
will ensure that ?nﬁ lorr = 0. If m > 2, we first use Lemma and
the fact that 0, H|sn = 0 to obtain that
m—1
O Hlon = O H+ Y 705 H)om
5=0
where T}" are tangential differential operators depending on tangential
derivatives of 9! uu|gas for r < m —2. We then differentiate (2.7)), which
gives B
O Hloar = 0327 + (n = 2)0 ™ p+ O H + f™[onr
where f™ depends on tangential derivatives of 0! u|gns for r < m, tan-

gential derivatives of 0]7|sy for r < m + 1, and on g;; and their
derivatives. Combining these facts with Lemma [2.4] yields that

O Hlops = (n— 1)O™ p+ 0™ H + f™|on

where f™ depends on tangential derivatives of O u|gp for r < m and
on g; and their derivatives. Thus we may choose 97 u|sp inductively
for all 7 > 2 and apply Borel summation to get a smooth function u
near p so that plon = Oyplonsr = 0 and 0" H|spy = 0 near p for all
m > 1. Covering OM with finitely many coordinate charts, doing this
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construction in each coordinate chart and applying a suitable partition
of unity gives a function p € C*°(M) so that ¢ = e* has the required
properties. 0

Proof of Lemma[2.1] (a). We use the results of [DKSUQ9, Section 8§].
The main point is that in the notation of [DKSUQ9| we have

Ng = Ag,07qg

where ¢, = 4(’;”1—121)55].
Let ¢ be as stated, let p € I and let Uy CC U be a neighborhood of p.
We extend ¢ outside Uy to obtain some positive function ¢; € C°(M)

with ¢1]oar = 1 and ¢1]gar = 0. Then the conformal metric

g=cyg
satisfies
Ny, =N; =14

g707q§'
By the assumptions, if (%, Z,) are g-boundary normal coordinates near
p, then ¢ also satisfies the normalization condition

az (gaﬁai’ngaﬂ)(xlao)7 ]Z 1a

near p.

Next, by computing the symbol of the pseudodifferential operator
Aj0,4, near p, [DKSUQY, Lemma 8.7] shows that knowledge of N, near
p determines on {Z,, = 0} the quantities

. g X 1. - .
9“5,6%ng“ﬂ,8K’<16knk“ﬂ+—qggaﬁ)

for any multi-index K, where k*% = 9; % — (3,605,57°)g*". Finally
an induction argument in the proof of [DKSUQ9, Theorem 8.4] shows
that these quantities determine

o2 g% (2',0), j>2.

This concludes the proof. O

3. DETERMINATION NEAR THE BOUNDARY

Next we combine the boundary determination result, Lemma [2.1]
with local conformal real-analyticity in order to determine the confor-
mal class of the metric near the boundary from the knowledge of the
DN map on the full boundary. The main result in this section is as
follows.
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Proposition 3.1. Let (My, g1) and (Ms,gs) be compact locally con-
formally real analytic manifolds with boundary OM = OM; = OMs.
Assume that Ny, = Ny, on OM. Then there is a function c € C*(M)
satisfying clopr = 1, Oyclom = 0, and a diffeomorphism F from a neigh-
borhood U of OM in My onto a neighborhood of OM in Msy, such that

The proof is in several steps. First, we have determined the formal
Taylor expansion, or the jet, of ¢g in Lemma[2.2)in c¢g-boundary normal
coordinates, where ¢ was some smooth scaling of g found in Lemma 2.1
satisfying

clonr = 1 and O,¢|anr = 0.
So far we have not used the assumption that the manifolds we are
considering are locally conformally real analytic.

We wish to determine the metric near the boundary by using the
assumption of local real analyticity to show that the Taylor expansion
of a conformal metric converges. Here we encounter a problem: even if
the original metric ¢ is conformally real analytic in some coordinates,
it does not follow that it is conformally real analytic in cg-boundary
normal coordinates. It follows that we cannot determine the metric
near the boundary using its formal Taylor series in cg-boundary normal
coordinates, at least in general.

To resolve this problem we use the following procedure. We first
determine the Taylor expansion of cg in cg-boundary normal coordi-
nates. Then we construct a new set of coordinates by solving suitable
Dirichlet problems for the conformal Laplacian of cg. The solutions of
the Dirichlet problems will constitute a coordinate system which we,
after a scaling, call Z-coordinates.

We will see that the Z-coordinates induce a real analytic change
of coordinates from the coordinate system where the metric is confor-
mally real analytic to the new Z-coordinates. Since a real analytic
transformation preserves conformal real analyticity,

gij = shij, hi; € C¥,

we conclude that after changing to Z-coordinates, the metric is still
conformally real analytic. In particular, we conclude that if the metric
is conformally real analytic in some boundary chart it is that in Z-
coordinates. (This is analogous to the fact that changing to harmonic
coordinates preserve C* regularity.)

We will see that if the jets of the metrics g; = ¢;¢; agree in g;-
boundary normal coordinates ;,

Jm(¢f1*§1) = Jx(¢51*§2)7
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and if the DN maps agree, then we will also have
(3.1) To((Zr o)™ 1) = Ju((Z2 093 "7)g).

After these steps we have determined the Taylor expansion of a confor-
mal metric in a coordinate system where it is conformally real analytic.

Finally we will normalize the determinant of the conformal metric
and argue that the resulting normalized metric is determined by its
Taylor expansion. The whole process is illustrated in the Figure
below.

=~

=~

/////

FiGURE 1. The abbreviation "lcra” refers to a coordi-
nate system where the metric is locally conformally real
analytic and ”bnc” refers to boundary normal coordi-
nates.

We remark that the procedure we described is analogous, though
more involved, to the one used in the work [GS09] in studying inverse
problems on Einstein manifolds. There the authors use first boundary
normal coordinates to determine the Taylor expansion of the metric
and then use harmonic coordinates and the fact that in harmonic co-
ordinates the metric of an Einstein manifold is real analytic.

We will now move to the details.
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3.1. Determining the jets. Let us make precise the conclusion of
Lemma [2.1} The lemma states that the formal Taylor expansion of
g = cg is determined on the boundary portion I' in g-boundary normal
coordinates. This means the following. Assume that there are two
Riemannian metrics ¢; and g, on manifolds M; and M, with common
boundary portion I' C 9M;,I" C OMs. Assume that the DN maps for
(M, g1) and (My, go) agree on I' C OM. Let p € T.

Let then ¢; and ¢y be the smooth functions found in part (b) of
Lemma and denote §; = ¢;g;, 1 = 1,2. Let o/ = (2!, 22,... 2" 1)
be some coordinates on I'; and let 1/, and ¥, be the g;- and go-boundary
normal coordinates constructed by using the same z’-coordinates. The
latter implies that

Y1|r = o|r = (2/,0).

Let us denote by J,S the jet of a tensor field S at p. A jet of tensor
field is defined in given coordinates (z1, ..., ™) as the coefficients of the
Taylor expansion of the coordinate representation of the tensor field.

With these in mind, the conclusion of Lemma [2.2| states that

(3.2) T (01 01) = Jo(43 " go).
Here we have denoted x = 91 (p) = 12(p).

3.2. Z-coordinates. We next construct the new coordinate system
that we call Z-coordinates. This is an n-tuple of functions constructed
from (global) solutions of Dirichlet problems for the conformal Lapla-
cian.

We will denote by W', I = 1,...,n, the corresponding n functions
that define a coordinate system on an open subset of M. Later, we will
denote by Z' the coordinate representations of W'. This is consistent
with Figure

Proposition 3.2. Let (M, g) be a Riemannian manifold with smooth
boundary, withn = dim(M) > 3. Letp € OM andlety = (y',...,y" ")
be coordinate chart on OM near p. Then there exists a boundary coor-
dinate system W = (W', ... . W") on some open neighborhood U C V
of p satisfying the following conditions:

W=

—W, lzl,...,n,

where each w' € C*(M) forl=1,...,n+ 1 solves
ngl =01 M,
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and the restrictions of w' to I' = U NOM are given by
wp =9, 1<1<n-—1,
w"p =0,
w"Hp = 1.
Proof. Let p € OM and let v = (y',...,4" ') be a coordinate chart

on OM mnear p. We first construct the functions w! € C°°(M) for
l=1,...,n—1 as the solutions of the global Dirichlet problems

Law'=0 in M,
w'=73" on dM,
where i € C*°(OM) are some smooth continuations of the functions

y!, defined near p on M, to functions on the whole of M.
We set w™ to be the solution of

Lyw"=0 in M,
w" =60 on JdM,
where the Dirichlet data 8 € C*°(9M) is chosen so that

=0 onVNoM,
dw" #0 onVNOoM.
Existence of such a 6 is not trivial, but is guaranteed by a Runge type
density argument given in Proposition [B.1]
We define the function w™ to be the solution of
ng"+1 =0 in M,
w"™™ =1 on M.

We extend 3 to a boundary chart y = (v/,4") near p, and denote
the coordinate representations of w' and W' by f' = w! o y~! and
Z' = W'oy~!. (This is consistent with Figure[3]) Let us notice that
the Jacobian matrix of Z = (Z',...,Z") is given by

I,., 0,77
DZ|y(P) = { 01 AL }

Here 0, Z" denotes the vector (0;Z%,...0,2™'). Note that the Jaco-
bian determinant of Z is non-zero at y(p) if

OnZ"|yp) # 0.
But now at y(p) we have

n_ L n fr
OnZ" = Onf T (fry2

o fn—i—l

Opf = 0nf" #0,
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since f""1(p) =1 and f*(p) = 0. Thus there exists a neighborhood U
of p in M such that W is boundary chart on U. This concludes the
proof. O

The construction of the coordinate system W in the proposition takes
coordinates ¢’ on the boundary as input, and thus those can be cho-
sen at will. In the next proposition, we will take the coordinates v’
to be gsy-harmonic coordinates on the boundary. Here ggy; denotes
the induced metric on the boundary. For the existence of harmonic
coordinates, see e.g. [DKS81] [LS14].

We will consider the functions W' introduced in the previous propo-
sition in boundary normal coordinates ¥. The boundary normal co-
ordinates v will chosen to be the ones constructed using the same
gon-harmonic coordinate system on the boundary that we will use in
constructing the W coordinates. Thus we will have ¢! = w!, | =
1,...,n — 1, on the boundary.

The coordinate representation W' o ¢~ of W' will be denoted by
Z!. We call the n-tuple Z = (Z',...,Z") Z-coordinates. These are
functions on an open subset of the upper half plane H" C R"™. We also
denote f! = w! ot

The next proposition shows that if the Riemannian metric is locally
conformally real analytic it is still that in Z-coordinates, at least if
the coordinates on the boundary 3’ in Proposition are chosen to be
gapr-harmonic coordinates. We formulate the proposition in the setting

of the Figure [3]

Proposition 3.3. Let (M, g) be a locally conformally real analytic Rie-
mannian manifold with boundary. Thus for given p € OM there is a
boundary coordinate chart (U, ) on a neighborhood of p where

¢ g = sh, with s € C®(Qy),h € C¥(Qy),

S’Q¢m{zn:0} < CW<Q¢ N {Qin = 0})
Here Q4 = ¢(U) C H".

Let ¢ € C*°(M) be a positive function on M satisfying c|lopy = 1 and
Oycloyr = 0. Let ¢ be boundary normal coordinates for (M, cg) defined
on a neighborhood V- C U of p constructed with respect to gynr-harmonic
coordinates on the boundary. Define

Zl — Wlowfl

where W' are constructed in Propositz'onfor (M, cg) with the choice
y' ='|p. Here ) = (', ¢™). Thus the coordinates y' on the boundary
are also ggpr-harmonic.
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Then the transition function
T=Zopod ' :Qy—Qy

from ¢-coordinates to Z-coordinates is a real analytic diffeomorphism
up to the boundary, at least after replacing V-C M by a smaller open
set near p. We denote this set still by V. Above Qz = Z(Y(V)). In
particular, the metric cg in Z-coordinates is conformally real analytic
up to the boundary,

Z7 ™ (cg) = 3h, € C™(Qy),h € C¥(Qy).
Here § = c|y-10z7-15|r-1 and h =T "h and Qy is an open subset of
H" intersecting {z™ = 0}.

Proof. We show that there is a function 7 such that yw'og™! € C*(£y),
with v independent of I. Here w' are the functions used to construct
the Z-coordinates in Proposition . (In particular, the functions w'
depend on the 1-coordinates at the boundary.)
The functions f! = w! o ¢~ satisfy
wal*(cg)fl =0on Q¢

with some real analytic Dirichlet boundary conditions on an open sub-
set of {z™ = 0}. We remove the index [ from our notation to simplify
our presentation. Applying (¢ o $~1)* to the above yields

0= (w e} ¢71>*Lw—1*(cg)f = L(¢_1*w*¢_1*(cg))(w o (bil)
=Ly, 1p1g(wo ™) =Ly, _n(wod™)

_n+2 n—2 _
= (clg15)"% L [(clg15) T (we o).
Thus .
Lo |(€ls1)"T (wog™)] =0,

Note that h is real analytic up to boundary by assumption and that
(c]¢_1s)nT (w o ¢71) has real analytic Dirichlet boundary values on
Qs N{z" =0} C H": First of all, we have

w™ o ¢~ (x) and w" ™ o ¢~ (x) are equal to 0 or 1
on Q4 N {z™ = 0} respectively. Then, for [ =1,...n — 1 we write
wog ™ = (woy o (oo t) € CYN N {2" = 0}).
—_——
Ecw(Rn—l)
Some explanations are in order. The functions 1! are gsy;-harmonic

on the boundary. By the coordinate invariance of A, , the functions
YPlop™! restricted to Q,N{z" = 0} are solutions to an elliptic equation
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with C*(R™!)-coefficients. Thus 1o ¢~! is real analytic on Q,N{z" =
0}. We have included the details of this argument in Proposition
in the appendix. We also have w'o¢~1(z) = !, for z € QyN {z" =0}
by assumption.

Also, ¢|,-1 = 1 on the boundary and s is real analytic on Q,N{z" =

n—

0} by assumption. By these facts, the functions (c|¢713)72 (who g1,
[ =1,...,n+ 1, indeed have real analytic Dirichlet boundary values
on Qs N {z" = 0}.

It follows from [MN57, Theorem A] that

(clg15)"T (wog™)

is real analytic up to the boundary near ¢(p). If necessary, we redefine
V' as a smaller open subset near p so that this function is real analytic
up to the boundary on ¢(V) for [ = 1,...,n+ 1. Thus we may take

7 = (clg18)"T .
Now, we have that
e w! = w'o g1 (c|p—1 $)" T w o ¢!
= (@) = =

wrt WO O™ (clyors) T w0 gl
is real analytic up to the boundary {z" = 0}. Thus T' = (T*,...,T") €
C“(Q4,82z), where Qy = ¢(V) and Qz = Z(¢(V)) are some open sets
on H" intersecting the set {z" = 0}.

That cg is conformally real analytic (up to boundary) in Z-coordinates
follows by noticing that

Z_1*¢_1*(cg) — C|1/F10Z*1Z_l*w_l*gb*(b_l*(g)
= C|f¢)*10Z71T_1*(dh) = C|,¢,710Z718|T71T_1*h.

Since h € C¥ and T is a C“-diffeomorphism up to boundary, we have
the claim. 0

3.3. Jets of Z-coordinates. Next we show that if two sets of Z-
coordinates are constructed for two Riemannian metrics H; and H,
such that a) the metrics satisfy H; = Hy+O(22°) on {z" = 0} in given
boundary normal coordinates, and b) these two sets of Z-coordinates
have the same Cauchy data on {z" = 0}, then the Z-coordinates agree
up to infinite order in the variable 2™ on the set {z" = 0}.

We begin with an auxiliary lemma.

Lemma 3.4. Let H, and Hy be smooth positive definite symmetric ma-
trixz fields on an open subset Q0 of the upper half plane H" = {(2/, x,,) €
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R" : 2/ € R 2" > 0} that intersects the boundary {x, = 0}. Set
['=Qn{z" =0}. Assume that these matriz fields have the form

Hy(2',x,) = da? + hy(2',3,), i=1,2.
Assume that Hy and Ho satisfy

Hy =Hy+0O(z°) onT.
Let f1 and fo be two functions on §2 such that

Ly fi=0 in{z">0}NQ, i=1,2

with the same C'*° smooth Cauchy data on the boundary
fi=Jf2 and Oy, fr = Oy, fo on I.
Then
fi=fo+O(@)).

Proof. Since Hy = Hy + O(x2°) on I, the coefficients of Ly, and Ly,
agree up to O(z5°) on I'. We have

(3.3) Ly fi = Ly, fa + O(z77),
which follows by differentiating the equation
(3.4) Ly, fi =0= Lpy,fo.

To see this, note first that since the Dirichlet data of f;, ¢ = 1,2,
is by assumption C*° smooth and H; and H, are C'**° smooth up to
boundary, we have that the equation above holds up to boundary (see
e.g. [Ev10, Theorem 5, Sec 6.3.2]). Let o € I and let us calculate at
ZIo:

O, (L, f2) = (Ou, L) fo + Lty (O, f2) = (On Lity) fo + Lz, (Os,, f2)
- aa:n(LH2f2> - aa:n(LHlfl)'

Here in the second equality we have used Hy = Hy + O(2°) at 2 and
in the last equality we have used that holds at xy. The higher
derivatives follow similarly and by using induction.

Now, the conformal Laplacian for the metrics of the given form reads

where P; is a partial differential operator containing only first order
derivatives in x, and 2’ derivatives up to second order, and whose
coefficients depend only on H;. Thus we can express second order x,,
derivatives as

2
8 " == P1 - LHl-

T

By assumption we have

fi=foand 0,,f1 = Oy, foon T,
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and consequently we have on I' that

8§n|xn:0f2 = P1|zn:0(f2) - LH1|a:n:0(f2)
= Pl’xn:(](fl) - LH1|CCn=0<f1) = agn‘IRZOfl-
The claim follows by induction and using (3.3)). U

The result is now a consequence of this lemma.

Proposition 3.5. Assume that the conditions of Lemma are sat-
isfied and let fl, i = 1,2 and l = 1,...,n+ 1, be functions satisfying
the assumptions for f; in that lemma. Then the functions Z.,

o f

l_W7 Z.:].,Q, l:17...,n,

satisfy
Zl = ZQ + O(.T%O)

onT. Here Z; = (Z},...,Z"),i=1,2.
In particular if Z; are coordinate systems, and if we have

Jo(H1) = Jo(Ha) for z €T,

then
J(Z7 Y Hy) = J.(Zy Y Hy).
(Here v = Zy(x) = Zy(x).)

Proof. The first claim follows directly from Lemma [3.4. The latter
claim can be proven by using the chain rule to calculate the Taylor
coefficients and using the knowledge that Z; and Z; have the same
Taylor coefficients at the boundary. U

3.4. Determination near the boundary by Taylor series. We are
ready to combine our results and newly developed tools to prove deter-
mination near the boundary. We remind the reader that the procedure
is illustrated in Figure [3]

We record one more lemma whose main function is to collect all
the required assumptions. Recall that Z-coordinates depend on given
local coordinates ¢ on the boundary as described in Proposition [3.2]
We choose these coordinates 3’ to be gsy-harmonic.

Lemma 3.6. Let (M;,g;), i = 1,2, be two Riemannian manifolds with
a common boundary portion I' C OM; N OMs. Let ¢; be functions on
M; satisfying

Ci|F =1 and E)l,icz-|p = 0.
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Let p € T' and assume that ; are c;g;-boundary normal coordinate
systems on neighborhoods U; C M; of p that agree on I':

Yilr = Yr.
Here v; = (V;,47). Assume that 1|r and ¥5|r are A

respectively on T.

Let Z;, = W; o w;l denote the Z;-coordinate systems constructed in
Proposition with respect to metrics c;g; and boundary coordinates
Y =vlr = ¢yl

Assume that a) The jets of the two conformal Riemannian metrics
cigi, 1 = 1,2, in Z; o ;-coordinates, satisfy

Jo(Z7 T (i) = Jo(Zy 0y (c2g2)),

for x near xy = Z; o ;(p) in {z™ = 0}.
b) There are coordinate systems ¢; on U; where the metric is confor-
mally real analytic,

Qbi_l*gi = s;ihi, 8 € COO(Q@')’ hi € Cw(Q¢i)’

S|Q¢ﬂ{xn=0} € CW(Q(ﬁ N {l’n = O})
Here Qs = ¢;(U;) is an open neighborhood of H" intersecting {z" = 0}.
If all these assumptions hold, then (after possibly shrinking Uy and
Us) we can determine the metrics g, and gs up to a diffeomorphism
F : Uy — Uy and a conformal scaling ¢ € C*(Uy) satisfying

Flr=1d, ¢jr=1and d,clr =0

9:)on ~R@TMONIC

in the sense that

g1 =cF*gy on Uj.
(Here we have denoted vy = vy = v.)
Proof. Let us denote

Gi = Z7 "7 (cigi)-

We define determinant normalized metrics by

G, = ﬁ
We first note that we have

)
=

(3.5) Gi = ———— € C“(Qy),

where
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Here Q is an open neighborhood of H" intersecting {z,, = 0}. To
see this, note that for ¢+ = 1,2, ¢;, s;, &4, Vi, gi, hi, Z; satisfy the
assumptions of Proposition [3.3] It follows that

E = ZZ (@) ¢”L @) ¢;1
is a real analytic change of coordinates, T; € C“(£,). Thus we

have ((3.5)) since the s; conformal factors cancel out.
Since by assumption we have that

JIOGI - JI0G27

it follows that we also have

Consequently, we have

h o4 Gy B G
Jxo (det(ﬁl)l/n) - JmoGl = Jmo (det<G1)1/n) - Jxo (det(Gz)l/”)

~ h
= JpGo = Jpy | ——— | .
det(hg)l/”

Here in the third equation, we used (3.6)).
Now we have that two matrix fields

hy ho
det(hl)l/” det(hg)l/”
defined on €2z C H"™ that are real analytic up to boundary have the
same Taylor expansion at xy € {z" = 0}. Thus

iLl o iLZ /
= = = on
det(hl)l/” det(hg)l/”

where ' is an open neighborhood of xy in R™ that intersects the set

{z" = 0}.
Unwinding all the scalings and coordinate transformations shows
first that

Y

. det(Gl)l/”
G = det(Gg)l/”GQ

and then

191 = ¢IZI G = ¢121 (#GQ)

=12 (W) Ui 2y Zy by (eage).
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Thus defining
F=u;t0Zy o Z oy

CQ|F % rr% det(Gl)l/”
= — Z _—
¢ C1 ¢1 ! (det(Gg)l/"

ensures the main claim, i.e. that g, = cF"™ g, since
Flr =1d and ¢|r =1,

where the latter holds since G|, -0 = G2|s,—0. That

(3.7) dyelr =0

holds follows by noticing that the gradient of all the factors in the
formula for ¢ above vanishes on I". More precisely, calculating in -
coordinates, we have that

o, {v{ 7 (M)} on T

and

det(Gq)l/™
reads y
On (%) o Zy on {z" =0} NQy,.
This is zero since that all the first order derivatives of
det(G1)
det(Gy)

vanish on {z" = 0} N Qy,, because the jets of Gy and G, agree there.
Similarly, in ¢;-coordinates we have that d,|rca o F' on I reads

On [c20 (3" 0 Zy" 0 Zy)] on {a™ =0} NQy,.

This is zero since all the first order derivatives of ¢y o ;' vanish by
the assumption on ¢y and by the fact that v is a boundary normal

coordinate system. These observations (and the assumptions on ¢;)
yield (3.7)), which concludes the proof. O

The determination result for the metric near the boundary is the
following.

Proposition 3.7. Let (M, g1) and (M, go) be locally conformally real
analytic manifolds of dimensionn = dim(M;) > 3. Let " be a nonempty
open common boundary portion of both M;, and assume that the DN
maps coincide on I': for any f € C°(I') we have

Ny, flr = Ng, flr-
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Then for any p € T there is a diffeomorphism F : Uy — Uy and a
positive function ¢ € C*(Uy), for some neighborhoods U; of p in M;,
such that

g1 =cF*gy in Uy
and
cloyar = 1, Ouelv,ar =0, Flyyar = 1d.
The diffeomorphism F' is of the form
F:wgloZgloZloz/;b

where V; and Z; are respectively boundary normal coordinates and Z -
coordinates with respect to scaled metrics c;g; introduced in Lemma|2.1

and Proposition[3.3.

Proof. We only need to verify the assumptions of the previous lemma.
Let p € " and let ¢; denote the coordinate systems where the metrics
g; are conformally real analytic.

By Lemma [2.1] in ¢;g;-boundary normal coordinates 1); we have

T (P17 (e191)) = Jo(¥5 " (cag2))
for x € {2" = 0} N¢Y;(T') after possibly decreasing I'. Note that ¢ |r =
ol

It follows that the induced metrics on the boundary (g;)r are the
same, and we can choose coordinates near p on IV C I' on the boundary
which are A(,,).-harmonic for ¢ = 1,2. Thus, we can apply Lemma
again to have the above equality for jets in ¢;g;-boundary normal co-
ordinates, where

Uil = sl
and where 9| and 9| are A,y ,,~-harmonic respectively on I". (Re-
call that boundary normal coordinates are constructed by first choosing
coordinates on the boundary and emitting geodesics in normal direc-
tions into the manifolds. Inverting this map gives boundary normal
coordinates.)

The Z;-coordinates are constructed by solving Dirichlet problems
with smooth continuations of the functions ¢|r+ as the Dirichlet data.
This is described in Proposition . Denote the continuations by v, €
C>°(0M;). Since 1| = 9|+, we can redefine I so that we still have
Y1|r = ol and that the continuations satisfy supp(i;) C I’. For
convenience, we denote I = I' in the following.

The crucial point is now to notice that since the Dirichlet-to-Neumann
maps agree

N0191f|F = Nc2g2f|F7
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for f € C(T"), we have that on I’

1 _ = - l
Vclglwl - N0191¢1 - N6292w2 - V6292w2'

In 1); coordinates the above reads that the coordinates Z; are con-
structed by using functions, call them f!, that have the same local
Cauchy data and thus satisfy the assumptions of Proposition |3.5|
Thus
Zl = ZQ + O(.T?LO)
on the intersection of {#™ = 0} and the common domain of the Z;
coordinates. It follows that after transforming into Z; coordinates it

still holds that

Jao (27 hy P (crgn)) = Jug(Zy by M (c292))

(Here zg = Z; o ¢;(po).)

By assumption, the manifolds M; and M, are locally conformally
real analytic. Thus the assumption b) in Lemma holds. All the
assumptions of previous proposition are now satisfied and we have the
claim. H

We prove next that the mapping F' generated in the previous theorem
using specifically chosen coordinates and scalings is actually indepen-
dent of these.

Proposition 3.8. Let F : U — F(U) and F : U — F(U) be the local
(conformal) diffeomorphisms generated in Proposition with respect
to
wi and ¢i, Zz and Zl

on connected open sets U and U respectively, i = 1,2. Assume OM N
Uunu # 0.

Assume that the Dirichlet-to-Neumann maps agree on the union of
the supports of the functions w' and W' used to construct Z;- and Z;-
coordinates (as in Proposition on U and U. Assume also that w}

and wh, 1 = 1,...,n+1, are constructed using the same Dirichlet data
on OM. Assume similarly for @} and @b,
We have L
F = W{l oW; and F = W2_1 oWy
and _
F=F
on UNU. Here W; = (W2,... . Wn), i =1,2, (similarly fVIZ) are as in
Proposition |3.4.
Also, since

g1 = cF* gy and gq :Eﬁ*gg, onUﬁﬁ,
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we have c=¢ on UNU.
Proof. We show that both the functions
wll and c’nT%F*?JJl2
satisfy the same equation
Lo @\ = 0= Ly ¢ T F*d),

on Int(U; N U;) with the same Cauchy data on I' N T. Note that there
is ' and c indeed in these formulas and not F' and ¢. The first equality
is a part of the definition of @}, I = 1,...,n + 1. For the second one,
we simply calculate

n—2

_ n—2
L91C 4

*,~1 - =1
Fy = Leprg,c”  F 0y

— ¢ e, FAh = ¢ % F* Ly, = 0.
The functions w! and @}, have the same Dirichlet data by assumption
on I'NT. Since the Dirichlet-to-Neumann maps agree on their support,
they also have the same Cauchy data on I' N I. We know that F is
identity on I and ¢ = 1 on I'. Thus @ and cTF *w), have the same
Dirichlet data on I' N T.

We also know that
F=u"0Zy 0 Z 0.
Viewing the differential of F' using 1, and 1y coordinates and recalling
that the jets of Zy and Z; agree on {z" = 0} shows that
F.0,, =0,, onT.

We conclude that @} and F*b have the same Cauchy data on T'N r.
Since the function c also satisfies

az/lc|l" = 07

it finally follows that @} and cTF *w), have the same Cauchy data
on ' NT. Since they solve the same elliptic equation in U N U , by
unique continuation [Is06, Theorem 3.3.1] (or e.g. [Le86, Section 4.3.])
we have B

wh = c’anQF*u?l2 on UNU.

Thus we have that

=l %,
Hll:~n-1i-1: *~n3_1:F*[[2ZOHUﬂU.
Wy s

(The factors ¢ “T° cancel out.)
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Since

F=95'0Z; 0 Z oy = Wyt o W,
we have that
F=W;'oW,=W;'oWaoF=F
holding on U N U. This proves the claims on F' and F. Since
cF gy = g1 = 5?*92 = ¢F*gy on Uunu,
we also have c =& on UNU. U

Proof of Proposition[3.1. Assume that M; and M; have a common
boundary 0M, and that N, = N, on OM. Proposition shows
that for each p € OM there is a neighborhood U, in M, a local dif-
feomorphism Fj, and a positive function ¢, so that g; = ¢,F;gs in U,
Proposition [3.8| shows that these locally defined diffeomorphisms and
functions agree on the overlaps of their domains. This yields smooth
maps F': U = M, and ¢ : U — Ry, where U is some neighborhood
of OM in M;. The mapping F' is injective on each U, it satisfies
g1 = cF*gy in U, and F|gp = 1d.

It remains to show that F'is globally injective in some neighborhood
of OM (cf. [KS13| Lemma 7.3]). By compactness of the boundary
inf,eanr Inj;(p) = ¢; > 0, where Inj,(p) is the injectivity radius at p. By
the continuity of F', and possibly after shrinking U, we may assume
U C UpeanBi(p,r) and F : U — Upeon Ba(p, ) where r < min(cq, ¢2).
Since we can cover M by sets U, where F is injective, we may further
assume that there is €, with » > ¢ > 0, such that F' is injective on each
“ball of injectivity” By(p,3e) for p € OM.

Since the boundary OM is the same for both manifolds, we may
assume that there is a boundary preserving diffeomorphism ¥ : U; C
Upean B1(p, 1) = Uz = Upeoanr Ba(p, 7). It follows that there is one-to-
one correspondence with paths in U; and U;. Consequently, since the
metrics g; and g, are continuous, there is C' > 1, such that

%dl{l (z,y) < dg?(%(x),X(y)) < Cdi* (2, ).

Here
d'(z,y) = inf Li(9).

YCUiyiz~y

(If we knew that M; and M, are diffeomorphic by a boundary preserv-
ing global diffeomorphism, we could just use the normal distances d; of
gi, 1=1,2.)
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If K is any compact subset of U; containing the boundary, uniform
continuity implies that there is ¢’ < ¢ such that

do(F(p), F(q)) < e/C whenever d;(p,q) < €', p,q € K.

In particular, for some €’ < € we have that By (p,&’) C U, for allp € OM
and

(3.8) F(Bi(p,€)) C Ba(p,e/C),  p€OM.

We redefine
U = Upconr Bi(p, €).

Now, if z1, x5 € Uy are such that F(x1) = F(x3), then x; € By(m;, &),
m; € OM, and we have
dy(m1,22) < di(mi, ma) + di(m2, 22) < di* (w1, m2) + €

< CdY? (my, my) + & < CdS?(my, F(z)) + CdS? (F(x5), m) + €.
Now, since we have dy(m;, F'(z;)) < ¢/C < r by (3.8), where r is less
than the injectivity radius of the point 7, it follows that dy(7;, F'(x;)) =
dS?(m;, F(x;)). Substituting this to the above, and using (3.§) again,
we have

d1(7r1,:c2) < C’dg(m,F(xl)) + CdQ(F(SEQ),ﬂ'Q) + 8/ < 3e.

Thus x5 belongs to the injectivity ball of 71, as does x1. Consequently
1 = X9, and F' is globally injective on Uj. U

4. GREEN’S FUNCTIONS AGREE LOCALLY

We proceed by showing that the Green’s functions for the conformal
Laplacians on (M, g1) and (Ms, go) agree on U x U up to a local
diffeomorphism F': U — F(U) and scaling ¢ found in Proposition .
The proof is analogous to the proof of [GS09, Corollary 3.5].

The (Dirichlet) Green’s function for the conformal Laplacian on a
Riemannian manifold (M, g) with boundary is the unique solution to

L,G(y,-) =0, on M
G(y,-) =0 on OM.

Here the Dirac mass 6, is the linear functional f — f(y), which in local
coordinates can be represented as d,(x) = |g|~¥/25(z — y), where &(-)
is the Dirac delta on R"™. See e.g. [Holhl, Section 6.3] how to define
distributions on manifolds. Note that GG is not necessarily positive.

We first record a fact about the Schwartz kernel of the Dirichlet-to-
Neumann map of the conformal Laplacian.
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Lemma 4.1. The Schwartz kernel N of Ny is given for p,p’ € OM,
p#p, by

N(pvp,) = auaV’G<m7x,)|x:p, z'=p’
where 0, and 0, are respectively the inward pointing normal vector
fields to the boundary in variable x and x’.

We omit the proof since it is identical to the proof of the same
result for the Dirichlet-to-Neumann map of the Laplace-Beltrami op-
erator [GS09].

Proposition 4.2. Let (M;,g;), i = 1,2, be two locally conformally real
analytic manifolds, with a common boundary portion I' C OM, and
whose Dirichlet-to-Neumann maps Ny, agree on I': for any f € C(T)
we have

N91f|F = Nng'F-
Then for any p € I there is an open neighborhood of U C My of p
such that the Green’s functions G;(x,y) of Lg, satisfy

Gi(e,y) = ——p—— Go(F(2), F(y)), (2,9) €U x U\ {z = 2'}.
o(2) T c(y)

Here F' is a local diffeomorphism and c is a positive smooth function

as in Proposition [3.7
IfT'=0M, we can take U to be a neighborhood of the whole bound-

ary.

Proof. By Proposition 3.7 we have that for any p € I there is an open
neighborhood U C M; of p such that

g1 =cF gy on U,
where ' : U — F(U) is diffeomorphism of the form
F=1y'0Zy" o7 0
and c is a conformal scaling satisfying
(4.1) clr=1, 0,cr =0.

We prove the claim by using v); coordinates on U and 5 coordinates
on F(U). Since the jets of Z; and Z, agree on I' by Proposition [3.5
we have that the differential of F' in these coordinates on I' is just the

n—2

identity matrix. Let us denote ¢ = ¢~ 7 .
We first show that

(4.2) Oy (¢(x)é(x)Go(F(x), F(2)) = 0,Gy(x, 2",
for x € U and o’ € ', x # 2/. For this, let 2’ € I'. We denote
Ti(z) = 0,Gy(x,2)
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and
Ty(x) = 0 (&(x)e(a")Ga(F (2), F(2'))).

We have by the diffeomorphism and conformal invariance of the con-
formal Laplacian that

LCF*g2 T2

= C_nTHF*Lg2 [(5|F71(.))_18,,/ (5|F71(,)5(I/)G2(-, F(:E,)))}

= ¢ (F* 0 ((2/) Ly, G-, 1))
Here the conformal Laplace operators are understood to operate on the
variable z, which is omitted or marked as (-) in the equations, and not
in the 2’ variable. For U 3 = # 2’ the above equals zero. On the other
hand, we have that the left hand side of the above equation equals
Ly, T, for € U and thus T5 solves

L,To=0,inU\ {z'}.
We also have,
L, Ty =0, inU\ {z'}.
Let us then show that the Cauchy data of 77 and T, agree on I'.

After this, the equation (4.2)) follows from unique continuation [Is06].
We have

Tilr\(ory = 0w G1 (2, 2)|per\(ory = 0
Tolr\fory = O (8(2)E(2")G2(F (), F(2'))) |ser\(ary = 0
The latter equation holds since F' is a local diffeomorphism that pre-

serves .
Since 2’ € I', and = # 2/, we have

al/TI‘F\{a:’} = 8Vazz’Gl (.T, .CL’/> |x€F\{x’} = Nl(x7 'T/)
by the previous lemma. Similarly, we have
9, Talr\(ary = 0,0, (€(x)E(2")Ga(F(2), F(2))) |zer\ {2y
= 0,0, (G2(F(x), F(2')) = 0,,0,,Ga(z, ") = Na(z,2').

Some explanations are in order. In the second equality we have used
that the function ¢ satisfies the boundary conditions (4.1)). In the
second to last equality we have used the facts that the differential of F’
is the identity matrix on the boundary in v; and 1, coordinates, and
that F' preserves I'. We have also distinguished the boundary normal
vector fields of My by using notations d,, and 0,;.

By the assumption, the Dirichlet-to-Neumann maps agree on I', thus
their Schwartz kernels agree on I', and it follows that

/T |\ fzy = O To|r\ fa}-
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We have now seen that T} and 75 solve the same elliptic equation and
they have the same Cauchy data. It follows by unique continuation
that 77 (z) = T2(x) on an open neighborhood of T.

We conclude the proof by using the above to show that also G1(z, 2')
and ¢(z)é(x")Go(F(z), F(«')) have the same Cauchy data for fixed 2’ €
U. This is sufficient by unique continuation: We have for z € U, x # 2/,
that

L91G1<',l’,) =0
and
Lg, (6(-)é(2")Go(F (-), F(2'))) = &(a") Lepe g, (€(-) Ga(F (), F(2'))) = 0,
and thus the functions in question satisfy the same elliptic equation.
Set
Si(x) = Gh(2',x) and Sa(z) = é(a')é(x)Go(F(2), F(x)).

(Recall that the point 2’ € U is now fixed.) We have Si|p\ (o} =
Sa|r\fy = 0. By what we have proved above, we have

0S1 |y = 0,G1 (2, @) |ser\(ory = Th(2")

= Ty(2") = 0, (é(2")é(x)Ga(F (2), F(x))) = 0,Sa|r\(ay

Thus the Cauchy data on I' for S; and S is the same. This concludes
the proof.

By Proposition together with the proof of Proposition we can
take U to be a neighborhood of whole OM. U

5. PROOF OF THE MAIN RESULT

We prove our main theorem, Theorem [1.1] We define scaled Green’s
functions as follows,

Gi(z,y)
Py(z)Pi(y)’
for z,y € Int(M;), and where the functions P; : Int(M;) — R, i = 1,2,
are defined as

1/2
P = ([ @Gy ase)
oM
This function is nonvanishing for « € Int(M;). This is because if we
had a point Z € Int(M;) such that P;(Z) = 0, we would have that
0, Gi(z,2") = 0 for 2’ € OM.

Since also G;(,2") = 0 for 2/ € OM and Ly, G,(z,-) = 0 it would follow
from elliptic unique continuation that G;(z,z’) is identically zero in

Hl(xay) =
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M; \ {2} (recall that M; is assumed to be connected). But this would
contradict the behavior of GG; when z and 2’ are close to each other.

We have the following basic lemma, which shows that the functions
H;(z,y) are real-analytic outside the diagonal in suitable coordinates.
We remove the subscript ¢ from our notation for the moment.

Lemma 5.1. Let (M, g) be a locally conformally real analytic manifold
with boundary. Fiz points p,p’ € Int(M) with p # p', and let ¢ and ¢’
be coordinates in some neighborhoods U and U’ of p and p’ so that

¢ Vg =sh and ¢ g = sh with h,h € C*.
Then the function
H(o™ (2), ¢' " (y))
is jointly real-analytic in (p(U) x ¢'(U)) \ {(z,y); ¢ 1 (z) = ¢ (y)}.

Proof. We need to show that both §(z)s(y)G(x,y) and §(x)P(z) are
(jointly) real-analytic in suitable coordinates. Then H(z,y) will also
be jointly real-analytic as the quotient of real-analytic functions (recall
that §(z)P(x) is nonvanishing in Int(M)).

Let first (po,qo) € Int(M) x OM and let ¢ and ¢’ be a coordinate
chart and a boundary chart near py and ¢y respectively where the metric
is of the form

¢ g =shand ¢ g =sh with h,h € C“.
Let us denote

K(p,q) = 3(p)3(¢)G(p, q)

and denote by K(x,y) the coordinate representation of K(p,q) in co-
ordinates (¢, ¢'):

K(z,y) = K¢~ (2), ¢ (y)).

Now the function K(z,y), whose domain is a subset of R™ x H",
satisfies an elliptic equation in an open subset of R?"

(L} + LYK (x,y) = 0 for x # v,

with real analytic coefficients and with real analytic boundary values
K(x,y)|{yn=0y = 0. Thus by C¥ elliptic regularity [MN57] K(z,y)
is jointly real-analytic up to the boundary in an open subset of R?".
The same argument proves that K (z,y) is jointly real-analytic also
for points in Int(M) x Int(M), showing the required statement for

5(2)5(y)G (2, y).
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Near (xq, o) := (é(po), #'(qo0)) we can express the function K(z,y)
as a convergent power series

0208 K (x0, yo
K(x,y>=z — ( y)(x—%)a(y—yo)ﬂ-

151
" alp!

agh
for (z,y) € B(xo, R) x B(yo, R) (i.e. X, 5 W}g\alﬂﬁ\ < 00)

-
for some R > 0. Since 05 K (0,y) = Y5 %ﬁmo’yo)(y — 40)?, we can

write the above in the form

Ko,y =Y ZEEY) (e

al

«

which holds for (z,y) € B(xo, R) X B(yo, R), and we also obtain
0y, 02 K (xy, N
8VyK(:E7y) = Z y—w(x - l’o)

al
o

for (2,y) € Blro, R) x (Blyo, ) N {y" = 0}).
Using these facts, we have

0,606 (.) = 0, (<K (w)

= —5(y) 72y, 5(y) K (x,) + 5(y) "0, K (2, )

-3 ( ) e

which continues to hold for (z,y) € B(zo, R) X (B(yo, R) N {y™ = 0}).
Finally, composing the above with ¢’ in the y variable, we have

S Y O o Ll

holding for x € B(xg, R) and g € Uy NOM where U; is an open neigh-
borhood of the boundary point qq.

By using the compactness of M, we can cover the boundary with
finitely many boundary charts U; so that the above holds in each u;
with R = R; > 0. Since power expansions are unique, we have that

Pu(sG0) = 537 (0G5 ) e o

holds for z € B(xy, R) and ¢ € OM where R = min R; > 0. It also
follows that the power series

(O, (3(2)G Z ao(q)(z — x0)”
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has a positive radius of convergence, again denoted by R, independent
of ¢ € OM (that is, > ||aa =@ R < 00). We can thus integrate
the power series over M and obtain that

(3(2) P())? = /8 (0,56

has a convergent power series near xy. Since P is positive, the square
root §(x)P(x) is real analytic near xy as required. O

We simplify our presentation by giving the interiors of the locally
conformally real analytic manifolds (M, g;) real analytic C¥-structures.
The existence of such a structure is proven in the appendix by using
n-harmonic coordinates. This allow us to speak about real analyticity
without constantly specifying the coordinates. The transition function
from the coordinates where the metric is conformally real analytic to
n-harmonic coordinates is real analytic (see proof of Proposition
in the appendix). Thus we have:

Corollary 5.2. Assume that Riemannian manifolds (M;, g;), i = 1,2,
are locally conformally real analytic. Then the functions H;(z;, 2.), i =
1,2, are real analytic for z;, zi € Int(M,;), z; # ..

We will define embeddings of the interiors of M; into a Sobolev space
(of negative index) to prove our main theorem, Theorem (1.1} Before
going there, we record the following.

Proposition 5.3. If
(5.1)

Gr(e,y) = ——p——— Go(F(2), F(y)), (2.9) €U x U\ {z = y}.
() Te(y)

on an open set U containing OM, where ¢ and F are the functions
found in Proposition then

Hy(x,y) = Hy(F(x), F(y)), (z,y) € Int(U) x Iny(U) \ {z = y}.

In addition, we have that
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Proof. Set ¢ = ¢ "7, We have for z € Int(U) that
(5.2)

P2(z) = /a i (0 G (x, 7)) dS(2') = &(x) /a i (0 Go(F(x), F()))* dS(2)
— 2(x) /6 (RGP (). )" dS (=)

— () /a (04 CaF @) ) ur-ri) dS()

=) [ (046 (F @) ) as(u) = F@PHF@),

In the second equality we have used assumptions on the boundary
behavior of ¢. In the fourth equality we have used that on M we have

F.8,, =3, (Z5" 0 Z1)1.0,, = 03,1 (Z5" 0 Z1).0,,
- ¢;}axn = auza

where the second to last equality holds since the Jacobian matrix of
Zy o Z, is identity matrix on M. We have also used that F is identity

on OM in (j5.2)).

Thus it follows that

Cilr.y) _ A GAF@). F@)
H(@9) = BRG]~ R B BEG) ~ T @Fw)
)

for (z,y) € Int(U) x Int(U) \ {x = 2'}.

O

Before continuing we make some general remarks about the functions
H(z,y) and P(x).

Lemma 5.4. Let (M, g) be a Riemannian manifold with boundary OM,
and let H(x,y) be the scaled (Dirichlet) Green’s function

G(z,y)
P(z)P(y)

Then, when x € Int(M) is fivzed and y € Int(M) is close to x, there are
c1,co > 0 so that

Cld(‘r7 y)Q—TL < H(I, y) < CQd(Iv y)2_n

H(ZB,y) =

We have
. H(z,y) 1
1 p—
o Ty P
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with constant c(n) depending only on the dimension n:

1 /2

e T )

Proof. The asymptotic behavior near the diagonal of the Green’s func-
tion of a uniformly elliptic operator is well known though an explicit
reference seems to be hard to find. We have (n > 3)

1

(5.3) G(z,y) = = 2w,

d(x,y)* " + o(d(z,y)"?).

We refer to [AS13, Lemma 25] on this result, which shows that in given
local coordinates there holds

)=

n—2

lg(@)["* (g™ (@) (x — y), (z — )=

for y near z. (Note that there is a typo in the power of (¢7!(x)(x —
y), (x — y)) in the reference.) Using normal coordinates centered at
x then shows , which is a coordinate invariant equation in the
leading term (the constants implied by the ”o0”-notation depend on

coordinates).
The results of the lemma follows since P is smooth and positive in
Int(M). O

5.1. The embedding. So far we have determined the metrics on an
open neighborhood U of the whole boundary 0M, see Proposition [3.1]
For this we have assumed the knowledge of the Dirichlet-to-Neumann
map on the whole boundary. Our next and final task is to extend the
conformal mapping F : U — F(U) obtained in Proposition to a
global conformal mapping J : My — M.

Since the boundary behavior of the functions P;, ¢ = 1, 2, might pose
some issues, we will work only on the interior parts of the manifold.
(The functions P; are integrals of Poissons kernels, which are singular
on the boundary.) Working only on the interiors is possible, since we
have already determined the conformal metric near the whole boundary
oM.

We make the following definitions to ease our work. Below the map-
ping F' is the one found in Proposition [3.1]

Definition 5.5. We set

(5.4) N(e) =4z € My : dy(z,0M;) < ¢}
C(e) ={x € M, : dy(z,0M;) > €},
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where € > 0 is small enough so that C'(¢) is connected and N(g) CC U.
Then we set . N
M, :=C(e) and U :=U \ N(e).
Since F is a diffeomorphism U — F(U) and it maps dM; to OM; (i.e.
OM — OM), we have that F(N(¢)) is a closed neighborhood of 9M;
in Ms. We set L
M2 = M2 \ F(N(&))

The manifolds ]\/4\1 are open manifolds.

With these definitions, we define the maps

H; - M; — H* (D)
by setting
Hi(21)(y) = Hi(z1,y) and Ha(22)(y) = Ha(22, F(y)).

Here z; € M; and y € U and s < 2 —n/2. For s < 1—n/2 these
mapping are C?, cf. [LTUO3].

A conformal mapping between locally conformally real analytic man-
ifolds is real analytic between the interiors of the manifolds. This fol-
lows from standard regularity theory, and the proof is also given in
Proposition in the appendix. It follows that Hs(zq, F'(y)) is real

analytic for zo # F(y).
We have the following result.

Lemma 5.6. H; : M, — HS((?) are C*-embeddings, for any s <
1—n/2.

Proof. The main point is to show that H,; is injective and its deriva-
tive DH;(z) : T,M; — H*(U) is injective at any z. Then H; is an
immersion (the range of DH;(x) is a closed split subspace since it is
finite dimensional), and since H; actually extends as an injective C*
immersion to the closure of ]\/Zi, which is compact, it is an embedding.

The proofs that H; and its derivative are injective are analogous to
the corresponding results in [LTUO03]. We only prove injectivity of Hs
to show what is/fhe idea of the proof.

Let xq, x5 € M5 be such that

Hg(l’l) = Hg(mg).
Thus

~

Hy(xy, z) = Hy(xo, 2) for z in the open set F(U).
Thus, by real analyticity, we have

Hy(xy1,2) = Hy(xa, 2) for z € M, \ {z1, 2}
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Since Hs(x,y) blows up only when z = y, we conclude that 1 = xo. O
By Proposition [5.3| we have

(55)  Hi(w,y) = Ha(F(2), F(y)), (x,y) € Ux U\ {z =y}
It follows that R
HooF =H,on U,

and thus Ha| .5 is a bijective map F(U) — Hy(U) (it is injective by
Lemma [5.6)). This shows that
(5.6) H;loleFon(Af.

In the following result, which will imply the main theorem of this
paper, the conformal diffeomorphism F : U — F(U) is extended to a
conformal diffeomorphism

J=M;" oMy : My — M.
Theorem 5.7. Assume that we have
Hy(z,y) = Hy(F(x), F(y)), for (z,y) € U x U\ {z =y}
Then the sets 7—[1(]\/4\1) and HQ(M\Q) are identical subsets of H*(U).

—

Moreover, the map J := Hy* oMy : My — J/\/f\g s conformal.
Proof. Define sets .
D, C By C My,
where B is the largest open set of points x € ]/\/[\1 such that
Hi(z) € Hg(]\/f\g) for x € By,

and where D, is the largest open set in B; where the mapping J =
H5 ' oMy is conformal with the conformal factor bounded by

4

max_ _— Pz n=2
o - (i)

minxleﬁl P1 (.’131)

_4
k _ <minx261\72 PQ(JJQ) ) n—2

max, .57, i (1)

from above and below respectively. Note that K and k are finite and
positive respectively, since the functions P; are continuous on M;, ¢ =
1,2.

The mapping H,' o H; and the notion of conformality of it are
defined on B; since H;, i = 1,2, are C*' smooth embeddings. The set
D, and thus also B; contains U and they are non-empty by ((5.6)), the
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assumption and Lemma presented after this proof. (Lemma

gives the bounds (5.7)).)

Let x1 be a boundary point of Dy in M\l. Let (px) € D; be a sequence
such that

(5.8) lim pp = 2.

k—o0

Since the closure of ]\/4\2 in M, is compact we can pick subsequence of
(px) such that

lim J(px) = x2 € M.
k—o0

If 3 € F(U) then z; € Dy and we are done. This is because F(U) is
open in M; and thus F' is a conformal diffeomorphism from a neigh-
borhood of x; to a neighborhood of x5 in this case. We remark that

this is the point where the determination near the whole boundary is
used. So, we assume that zo ¢ F(U) D F(N(¢)). It follows that

Ty € M.

We turn our attention to the points x; € M\l and x5 € ]\/4\2, and we
will show that xy € D;. Thus, we will have that D; is closed. Since
D, is also open and ]\/4\1 connected, it will then follow that D, = ]\71.

Define Q = U \ B(x1,6), where § is small enough so that Q is
nonempty and connected. Define the maps HS! : M, > H 5(2) by
restricting the distributions H;(z;), z; € ]\//Ti, to 0. The mappings H$
and HS! are real analytic on M, \ Q and M, \ F(Q), respectively.

Since on D; we have by its definition

(5.9) HE = HE o J,

and since the mappings H$ are continuous, it follows that there is a
distribution v € H*(Q2) such that

u=HE (1) = i HL(py) = lin HE (I (pr) = HE ().

Next we argue that there is an n-dimensional space
(5.10) V = DHNT,, M) = DHX(T,,M,).

The maps HS are also C'-embeddings with the same proof as above,
so the spaces DH(T,, M;) are n-dimensional. They also coincide: let

v = DHX(V) € DHY(T,,Ms), where V € T,, M,. We take a sequence

—

Vi € TJ(pk)MQ such that
Vi >V €Ty, My,
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which is bounded in the norm given by gs. Since DJ is isomorphism on
D, we have there a sequence is W, € T, ]\/4\k such that DJ(W}) = V;.
Note that by the definition of D; this sequence is bounded in the norm
given by ¢g; by the bounds 5.7 Thus, by passing to a subsequence we
may assume by compactness that

Wy — W € T, M,.
Now, by the continuity of the differentials of H;, we have that
DHE(W) = lim DHE(Wy) = lim DHZ(Vi.) = DHI(V).

Inverting the role of M; and M, then proves (5.10]).
Let £ C H*(2) be the orthogonal complement of V in H*(§2), and
let P: H*(2) — V be the orthogonal projection. We define the maps

©;=PoH?: M — V.

Now H$! is real analytic in M, \ Q and HE is real analytic in M, \ F(Q).
Also, the projection P is real analytic as it is linear, the derivatives of
the maps ©; at x;, ¢ = 1,2, are invertible, and ©(z1) = Oy(xs). It
follows from /t\he inverse function theorem that there are neighborhoods
W; of x; in M; and local real analytic inverses K; : U — W; satisfying

O;(K;(v)) =v.

Here U is some neighborhood of the point ©(x;) = ©Oy(x2) in V.
(In what follows, it is useful to think ¢/ as a mutual domain of local
parametrization of M; and M, near 21 and x5 respectively.)

Thus we can represent the graphs of real-analytic functions H{ as
graphs of real analytic mappings

(5.11) O U =L, Bi(v) =HIEK;(v)).

The real analytic maps ®; coincide in an open subset ©1(D;) NU be-
cause

@, (v)(-)

H\(Ky(v), ) = Hy(J 0 Ky (v), F (1)) = Ha(J 0 ©7" (v), F ("))
Hy(J o (P o)™ (v), (1)) = Ha(J o (PoHy 0 J)" (v), F())
Hy((PoHy) (v), F(-)) = Ha(Ka(v), F(-)) = Hy (K2(v))(-)

= Py(v)(+), forve ©1(D)NU.

Thus ®; and P, coincide in the whole set U by real analyticity.
It follows that x; is an interior point of B;: For y belonging to the
open neighborhood K;(U) C M; of x; we have

Hi(y)() = HP(EL(v))(-) = P1(0)() = a(v) () = Hy' (K2(v))()
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Here v is some element of . Thus H$}(y) € Hg(]/\iz) Since for z; € M;
we have

(5.12) H(z1) = H(22) if and only if Hy(z1) = Ha(2),
it follows that H1(y) € Ha(Ms) and consequently z; € Int(By). We

postpone the proof of the equivalence (5.12)) above to Lemma .
Using (5.12)), we have on U that

by = Py «— HgZOKQ:H?OKI <— Hyo0 Ky =H;0Kj.
Since J is defined as H, ' o H;, we have
J=KyoK;'on K\(U).
It also follows that
HE = H o J.
By the formula J = K, o K;' we know that J is real analytic, as a
composition of real analytic mappings. We have that

Hi(z,y) = Hao(J(2), J(y))

for  near ; and y € Q. (Recall that F = J on Q C U.) By real
analyticity of the both sides in the y variable we have that this holds
for x,y near x;.
By Lemma below, we have that J satisfies the equation of con-
formal mapping
g1(x) = ()" ga(x)

near x; with conformal factor

Since the conformal factor ¢ satisfies the bounds (5.7) we have that x;
in D;. This concludes the proof. We have found a mapping J that
extends the conformal mapping F': U — F(U) into a global conformal
mapping. O

Finally, we combine our results to prove our main theorem, Theo-

rem [I.11

Proof of Theorem[1.1. By Propositions [3.7 and [3.1 we can find a local
conformal mapping F' : U — F(U) where U is a neighborhood of oM
in M; and F(U) is a neighborhood of OM in M,. By Propositions
and [5.3] we have

Hi(z,y) = Hy(F(2), F(y)), (z,y) €U x U\ {z=y}.
Theorem [5.7] above now concludes the proof. O
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We are left to prove the lemmas used in the proof of Theorem

Lemma 5.8. Let U; C M; be open, and let J : (Uy, g1) — (Us, g2) be a
diffeomorphism satisfying
Hy(21,y) = Ha(J (1), J(y))

in (U xUy)\{(z,z); v € Ur}. Then J is conformal on Uy, g1 = c¢J*¢a,
and the conformal factor is given by

Py(J () )
= === Us.
C(xl) ( Pl (261) ) T €Uy
Proof. By the behavior (see Lemmalp.4) of Hy(z1,y) and Ha(J(21), J(y))
when y is near x;, we see that
Pi(21)*di (21, y)" " = Po(J (21))?da(J (1), T (y))" ™ + o(di (21, 9)" 7).
Let V € T,,U; and let y(t) be a g;-geodesic with y(0) = z; and ¢(0) =
V. We have

Pi(z1)2 VI3 = Pa(J (@) P LV 5

n—3
o (o )T o(t"7).

x1)

Thus, by the elementary polarization identity, we have that

91(x1) = c(x1)J" ga (1),

where
4
Py (J (xl))> "
c(r) = | = : O
o= (B
Lemma 5.9. In the setting of the proof of Theorem[1.1] above
(513)  HE() = HE (=) if and only if Ha (=) = Ha(zs).

Proof. Note that if

Hl(zluy) :H2(227F(y>)7 ?JGQ’

then by real analyticity of Hq(21,-) and Hy(z2, F/(+)) we have the above

for y € U\ {z1, F'(22)}. We also must have that F(z) = 2, due to
the diagonal behavior of the functions H; (see Lemma [5.4). Thus the
function

u = Hl(Zl, ) - H2<227F<'))

is identically zero outside its singular support {z;}. We argue that
u is actually the zero distribution. We calculate using g1 = cF*go
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holding on U, together with identity Pi(z) = c(x)’anzPQ(F(a:)) of
Proposition 5.3, as follows

Ly, Pr(z1) Pi(-)u(-) = Ly, G1(z1, )
—e(2) T Ly, [ Pa(F(20))e() "% Po(F () HaF (1), ()]

n—2

=0g12y — C(21)7 T Lepeg, [c(~)7anQG2(F(21)7 F())]

= S — (2) T ()T Loy Ga(F(21), F (1))
_ne2 . _ng2
= 591,21 - 6(21) 4 C() T F (692,F(Z1)) = 591721 - 591,2'1 = 0.
In the second to lasAt equality we have used again that g, = cF*g».
The above holds on U. We conclude by unique continuation [Is06] that
Pi(z1) Py (z)u(zx), and thus u(x), are indeed the zero distributions. The

equivalence ([5.13)) follows. O

APPENDIX A. REAL ANALYTIC STRUCTURE

We show that a locally conformally real analytic manifold (without
boundary) admits a real analytic structure. The proof is by using n-
harmonic coordinates |[LS14]. We also show that if a conformally real
analytic manifold has a boundary, then the boundary is real analytic
as a Riemannian manifold. In addition, we record the fact that a
conformal mapping between locally conformally real analytic manifolds
is real analytic.

An n-harmonic coordinate system is a conformal generalization of
harmonic coordinate system and also a generalization of isothermal
coordinates. We refer to [LS14) [LS15, [JL.S16] on details on n-harmonic
coordinates.

Proposition A.1. Let (M,g) be a locally conformally real analytic
manifold without boundary whose transition functions are C'*° smooth
(i.e. M as a manifold is C* smooth). Then M admits a real analytic
CY-structure compatible with the original C*°-structure.

The C¥-structure can be given by transforming from coordinates where
the metric is locally conformally real analytic to n-harmonic coordi-
nates. The metric is conformally real analytic in the coordinates of the
new atlas.

Proof. We only need to show that we can replace the C'**° smooth transi-
tion functions of M by real analytic ones by transforming to n-harmonic
coordinates. For this let ¢ and ¢ be two coordinate charts whose do-
mains contain a point zyp € M and the metric g of M is conformally
real analytic in both of these coordinates.
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Let T and T be transition functions from these coordinates to n-
harmonic coordinates near z5. We show that these mappings are C*“
smooth since their components satisfy a quasilinear elliptic equation
on R™:

A TH = —|g| 7120, (|g] 2™ (g™ 0T 0 T) %" 0, T") = 0, k = 1,... .

See [LS14] for details on the n-harmonic equation. (Similarly for 7'.)
In [LST4] it is also proven that each T* is C* smooth.

We establish the assumptions of [KNT15 Corollary 1.4] for a C* regu-
larity result for these type of equations with C“ coefficients in our case
where each dT* # 0. The latter holds since otherwise the Jacobian
determinant of T" would be zero contradicting the invertibility of T

For the reference [KN15, Corollary 1.4], we set for simplicity of the
notation 7% = w, and consider the above as a nonlinear elliptic equa-

tion:
Z 0;F7(z,du) = 0,
J

on U =Q x (R*\ B.(0)) C R" x R", with

. . n—2
Fi(z,p) = g]"*¢"™ (9" Paps) = P

Here ) is the domain of each 7% and we have restricted each F7 to
R™ \ B.(0), ¢ > 0, by the facts that each du = dT* # 0 and that
dT* continuous on . (We could also consider that the mapping T
satisfy an nonlinear elliptic system in the spirit of [KNI5], but since
the equations for T" are uncoupled, it makes no difference.)
In the notation of [KNI5, Corollary 1.4], we set
2

ij i im (T~ a n—-d . j j
a'’ = 0, F'(x,p) = |g|"?g (T(g Ppas) T §°H S pa + 8pe)pm

n—2 _:
+ (g“"papb)T%)

n—4

Y2(g"papy) 2 ((n — 2)P " pag™ P + (9" Paps) 9" )

= |g|

Here, as usual, repeated indices are summed over. We define a (scalar)
symbol A(¢), for 0 # £ € R”, as in [KN15]:

n—4

A(€) = a"&& = 191" (9™ paps) T (0 —2)(pag™&)? + (9™Paps) 97 E:E5).-
We trivially have
A(€) = 191" (g% paps) T IpI €]

and thus the assumptions [KNI15, Definition 1.1] are satisfied on U,
where |p| > . Thus u = T*, and consequently T', are real analytic.
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We have that the components
fkogz;oqb_loT, k=1,...,n,

of the mapping (f 0p) o (T o¢)! also satisfy an n-harmonic equation
with C“ coefficients in a suitable subset of R": first we see that

Nty T 0007 0T = (G007 0T AL T 0
where A™ is the n-Laplacian [LS14]. Then we note that
Tfl*(ﬁfl*g — S|T—1T71*h,

since ¢ was such that ¢~*g = sh with s € C*® and h € C¥, and
use this with the fact that the n-harmonic equation is invariant under
conformal scalings [LS14]. Thus

7%—1*hfk o g?) o gb_l oT 1 = 0,
where T-*h € C¥. As already mentioned above this can be seen as
a quasilinear elliptic equation [LS14] for TF o poptoT ! with C¥
coefficients. Thus it follows that the transition function (foq@)o(Togb)*l
is C* regular [KN15, Corollary 1.4].

Defining new coordinate charts as ¢ = T o ¢ and ¢/ = To o, and
extending this procedure over all charts of M where the metric is con-
formally real analytic gives an C*-structure for M, which is C'*° com-
patible with the original atlas. (The latter follows since T" and T are

actually even C¥ local diffeomorphisms of R™ as noted above.)
In the new coordinates the metric is still conformally real analytic:

¢ g=25h, s e€C>®andh cC¥,
and similarly for ¢'. O

Proposition A.2. Let (M,g) be a locally conformally real analytic
manifold with boundary and let goar be the induced metric on the
boundary OM .

Let 2’ = (x',... 2™ 1) be gonr-harmonic coordinates on a neighbor-
hood T' of p € OM on the boundary, and let ¢ = (¢',...,¢" 1, ¢") be
coordinates on U C M near the boundary point p such that

¢ g = sh, with s € C*(Q),h € C¥(),

slon{z.=0y € C*(Q2 N {z, = 0}).
Here Q = ¢(U) C H". Denote ¥ = QN {x, = 0} and denote ¢’ =
(¢',..., 0" ) : UNOM — 3.
Then, the induced transition function S = x’ o ¢/~ : ¥ — 2/(T') is
real analytic. In particular, changing to glaoa-harmonic coordinates on



THE CALDERON PROBLEM FOR THE CONFORMAL LAPLACIAN 49

the boundary gives OM a real analytic atlas. The coordinate represen-
tations of gaonr in the coordinates of this atlas are real analytic.

Proof. Let p € OM and let 2’ and ¢ be as in the assumption with
¢ g = sh.
Now, ¢ = (¢',...,¢" ') is a coordinate chart on U N M (by the
definition of boundary chart).
Let us decompose the matrix field A as

h(n—l) h#n
h= |: hn# hnn ’

where A=Y is the (n — 1) x (n — 1) upper left block of whole h-matrix
field. The coordinate representation of the boundary metric gy in
¢'-coordinates reads

¢ gors = slsh Vs
Let S =12’ 0 ¢'~! be the transition function ¥ — 2/(T"). We have
¢I*AS|Ehn—1‘ESl = Ad,/*(s‘zhn—lb)xl =A a:l = O, = 1, ... n.

(Here “A” is the (n—1)-dimensional Laplace-Beltrami operator.) Thus,
each component function S' of S is real analytic as a solution of an
elliptic equation with real analytic coefficients, see e.g. [Be87, Appendix
J]. That transforming to harmonic coordinates gives OM a real analytic
atlas follows as in the proof of previous proposition. O

gom

Proposition A.3. A conformal mapping F' between locally conformally
real analytic manifolds (M, g) and (N, h) is a real analytic diffeomor-
phism between the interiors of the manifolds.

Proof. The proof is similar to the one used to prove smoothness of con-
formal mappings in [LS14]. Let p € M and let ¢/ and ¢’ be coordinates
near p and F'(p) such that the metrics g and h are locally conformally
real analytic in the coordinates respectively.

The components

(@’)koFoé_l, k=1,...,n,
of the mapping F in the introduced coordinates satisfy

Afry(@) 0 Fogmt =0,

See [L.S14] for details on this argument. Since the matrix field ¢~'*¢ is
conformally real analytic, and A" is conformally invariant, this proves
the claim by elliptic regularity of quasilinear equations, see [KNI5,
Corollary 1.4]. O
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APPENDIX B. DENSITY

In this section we assume that (M, g) is a compact connected ori-
ented Riemannian manifold with boundary, and dim (M) > 2. We also
assume that ¢ € C*°(M) and that 0 is not a Dirichlet eigenvalue of
—A +qin M (i.e. the only solution u € H} (M) of (—A + q)u = 0 is
u=0).

The next Runge approximation type result implies that one may
solve (—A+¢q)u = 0 in M while approximately prescribing the Cauchy
data of u on a strict open subset of M.

Proposition B.1. Let T' be a nonempty open subset of M satisfying
' £ OM. Then the set

{Oulg; ue C®°(M), (—A+qu=0in M, ulr =0}
is dense in C*°(T).
As a consequence, for any € > 0 there exists w" € C°(M) satistying
(—A+quw" =0, w"|r=0,

and ||0,w"|r — 1||L=(r) < €.

The proof of Proposition requires a duality argument, Dirichlet
problems with boundary data in negative order Sobolev spaces, and
unique continuation.

Lemma B.2. Let P the operator C*°(OM) — C*®(M) which maps f
to the unique solution of (—A + q)u =0 in M satisfying ulonr = f.

(a) For any s € R, P has a bounded extension
P H*(OM) — D**V2(M)

where D5FY2(M) is a Hilbert space which has C*®°(M) as a dense
subspace and is continuously contained in H*T'/2(M), and there are
bounded trace operators

W DM — HI(OM),  j=0,1

Y )

extending Yo : u — ulap and 1 1 u — dyulan acting on C(M).
For any f € H*(OM), the function v = P® f ¢ H**/2(M) solves
(=A + q)u = 0 in M in the sense of distributions, has boundary
value 7w = f, and satisfies 7\"u € H*=1(OM).

(b) If f € H*(OM) is C* near some boundary point p, then there is a
neighborhood U of p in M so that w = P® f is C in U.
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(c) One has the following unique continuation statement: if ' C OM
is a nonempty open set and if v = P f for some f € H*(OM)
satisfies

U’r = aVU|F =0,
then v = 0.

Proof. (a) follows from [LMT72, Chapter 2|, with the final result given
in Section 7.3 of Chapter 2.

For (b), writing f = xf + (1 — x)f where x € C*(0OM) satisfies
X = 1 near p and yf € C=(0M), and noting that P®)(xf) € C=(M),
it is enough to show that v = P®((1 — x)f) is C™ near p. We use
a parametrix for this boundary value problem [Ta96, Theorem 12.6]:
there is a collar neighborhood C = [0, 1] x M and a distribution u* in
C with

ut —u € C®(C)
so that, using coordinates (y, ) in C, one has u* = Q((1 — x)f) where
Qh(y, ) = Q(y)h and Q(y) is a pseudodifferential operator on oM
whose symbol q(y, z, £) satisfies, for some C; > 0,

q(y,,€) = bly, x,&)e” e,
ykDéb(y, +) is bounded in S7{*(0M) for y € [0,1].

([Ta96] does not discuss @ acting on negative order Sobolev spaces,
but this can be justified since using [Ta96, Lemma 12.5] the operator
D} A(y) with A(y) as in [Ta96], Proposition 12.4] maps H~"(9M) to the
mixed norm space L;H;TH/Z_Z(C) for r > 0.) Suppose ¢ € C*(OM)
satisfies ¢ = 1 near p and supp(¢) CC {x = 1}. It is enough to show
that
P(@)Q((1 = x(x))f) € C=(C).

Since each Q(y) is in Op(S7((0M)) and thus has the pseudolocal prop-
erty, the operators 1(x)oQ(y) o (1 —x(x)) are in Op(S; g°(9M)). More-
over, these operators and their y-derivatives up to a fixed order have
uniform symbol bounds for y € [0, 1]. This shows the required result.

To prove (c), we note that by (b) the function v is C* near any com-
pact subset K of I'. Thus v is a smooth solution of (—A +¢)v = 0 near
K with v|r = 0,v|r = 0, and the unique continuation principle [Is06]
implies that v = 0 near K. Since v solves (—A + q)v = 0 in M, it
follows that v = 0. O

Lemma B.3. Let I’ be a nonempty open subset of OM with T # OM.
Let also s > 0. Then the set

S ={,ulr; ue HF (M), (A +qu =0 in M, ulp =0}



52 M. LASSAS, T. LIIMATAINEN, AND M. SALO
is dense in H*(T").
Proof. Let T be a bounded linear functional on H*(I') satisfying
T(0yulr) =0, ues.
It is enough to show that T' = 0. Define
T:H(OM)— R, T(h)=T(h|p).

Then |T(R)| < C|||r||ersry < C||h||zsanr), s0 T is bounded on H*(OM)
and by duality there exists f € H*(0M) satisfying

T(h) = (f,h),  he HOM).

(This is the place where the negative order Sobolev spaces appear in
this argument.) If supp(h) € dM\T, then (f,h) = T'(h) = T'(h|r) = 0.
It follows that supp(f) C T.

Choose a sequence (f;) C C*(0M) with f; — fin H *(0M). Let
v; = Pf; and v = P9 f with P as in Lemma Then for any
u € S, integrating by parts implies that

0=T(,ulp) = T(d,u) = (Oyu, f)
= lim (O, u, vj)onm = lim ((Vu, Vv;)a + (Au, v;)m)
= lim (u, 0,v;)om = (u, O,0)on-
Here we used the facts that (—A + ¢)v; = (—A + ¢)u = 0 and that
O,Pfilosr — Oyvlon in H5"1(OM). Since this is true for u = Ph
for any h € C*(0M) with hlr = 0, we see that J,v|5,nF = 0. Now
v= P9 f e HT/2(M) solves

(A +quv=0in M, v|gpnF = dv|pnr = 0.

The unique continuation statement in Lemma shows that v = 0,
which implies f = 0 and T" = 0 as required. U

Proof of Proposition[B.1. The proof is analogous to that of Lemma|[B.3]
with the space H*(T') replaced by C®°(T') etc. One also uses that the
dual of C*(0M) is 2'(0M) and that any element of 2'(0M) is in
H=*(0OM) for some s. O
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