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We explore consequences of the existence of gluonic hot spots inside the proton for coherent and
incoherent exclusive vector meson production cross sections in deep inelastic scattering. By working in the
dilute limit of the Color Glass Condensate framework to compute the cross sections for Gaussian hot spots
of fluctuating color charges and employing a nonrelativistic vector meson wave function, we are able to
perform large parts of the calculation analytically. We find that the coherent cross section is sensitive to
both the size of the target and the structure of the probe. The incoherent cross section is dominated by color
fluctuations at small transverse momentum transfer (t), by proton and hot spot sizes as well as the structure
of the probe at medium t and again by color fluctuations at large t. While the t-dependence of the cross
section is well reproduced in our model, the relative normalization between the coherent and the incoherent
cross sections points to the need for additional fluctuations in the proton.
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I. INTRODUCTION

Understanding the structure of the proton in terms of its
fundamental quark and gluon constituents is an ever-
important question in high-energy physics. Since the
proton is a composite bound state of QCD, its partonic
structure is, in general, nonperturbative and can only be
accessed within nonperturbative calculations, e.g., in lattice
QCD, or extracted from experiments. One of the cleanest
ways to study this structure experimentally is by deeply
inelastic eþ p scattering (DIS) experiments. Perhaps the
most widely used experimental data comes from the H1
and ZEUS experiments performed at the Hadron-Electron
Ring Accelerator (HERA) [1–5]. Currently, the active
experimental program of ultraperipheral, photon mediated,
interactions [6,7] at the LHC and RHIC also gives clean
access to proton structure via γ þ p collisions. In the
future, a much more detailed picture of the structure of the
proton will be reached with the Electron-Ion Collider
(EIC) [8–10].
For a long time it has been standard to describe the

proton in terms of collinear parton distribution functions
(PDFs), which describe the (longitudinal) momentum
distributions of partons inside the proton. However, in
recent years it has become increasingly well understood

that the (transverse) spatial distribution of partons in the
proton can also have a significant impact on hadron
production in p − p and p − Pb collisions [11–23]. In
particular, experimental observations of so-called collective
flow of soft hadrons in pþ p and pþ Pb collisions
provide a strong motivation to study the (transverse) spatial
distribution of partons in the proton.
A common approach to the internal transverse coordi-

nate structure that is frequently employed in phenomeno-
logical studies of p − p and p − Pb collisions is based on a
picture of the proton consisting of a certain number of
gluonic “hot spots” [13,20–28]. Evidently, such a model is
motivated by the valence quark picture of the proton, from
which one can conjecture that perhaps most of the partons
in the proton should be close to these valence quarks, which
ultimately are the source of the smaller-x ones (see
Refs. [29,30] for a recent explicit realization of this idea).
For a review on proton and nuclear shape fluctuations
see [18].
Our aim in this paper is to understand to what extent one

can probe and constrain different aspects of such a hot spot
model using eþ p → eþ pð�Þ þ V exclusive vector meson
(V) production cross sections in DIS. To this end we use the
formulation of the hot spot model from our previous work
[26], which shares the basic physics ingredients with
several hot spot models recently used in the literature,
see e.g., Refs. [20–22,24,25]. Our approach leads to a
simple, analytically tractable model for the cross sections
which includes different sources of fluctuations in the
subnucleon degrees of freedom inside the proton. By
exploiting this analytic approach, our aim is to understand
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how much one can actually learn about the impact
parameter dependent structure of the proton independently
of the properties of the probe in exclusive vector meson
production.
The starting point for our approach is the Color Glass

Condensate (CGC) formalism [31] to describe the partonic
structure of the high-energy proton. In this framework
the large-x partons act as color charges which produce the
small-x gluons. These dominate the small-x part of the
proton and are taken to be sufficiently dense to be described
by classical color fields. The correlations of the color
charges are taken to be Gaussian as in the McLerran-
Venugopalan (MV) model [32–34]. In this work we assume
the proton to be dilute meaning that we expand the
operators defining the observables into the lowest nontrivial
order in the field strength, akin to the leading order in the
twist expansion.
In our model [26] a nontrivial spatial structure of the

proton emerges, as the large-x color charges of the proton
are taken to be distributed into hot spots. These hot spots
have a Gaussian shape and are statistically distributed
according to a Gaussian distribution, in such a way that
the center of mass is at the center of the proton.
Nevertheless, the locations of individual hot spots fluctuate
from event to event and have to be averaged over to
calculate the cross section. By taking into consideration the
number of valence quarks, which generally carry a large
fraction of the proton momentum and are thus part of the
CGC color charge, it would be natural to assume that the
number of hot spots would be Nq ¼ 3. However, this is not
a necessity as the valence quarks can also emit large-x
gluons, which can proceed and emit other large-x partons.
Such kind of processes could increase the number of hot
spots in the proton, and it is also conceivable that the
number of hot spots fluctuates on event-by-event basis.
Within our work we allow the number of hot spots (Nq) to
be a free parameter in our calculations until the numerical
analysis, but we do not take into account event-by-event
fluctuations of the number of hot spots (Nq).
We combine our hot spot model with other commonly

used physics ingredients to calculate exclusive vector
meson production cross sections in γð�Þp collisions. The
scattering process is modelled using the dipole picture [35].
In this picture the incoming photon fluctuates into a quark-
antiquark dipole which interacts with the classical color
field of the proton, after which the dipole forms a vector
meson. This calculation requires the use of a photon and a
vector meson wave function, or more specifically the
overlap of the two [35]. We take the vector meson wave
function to be nonrelativistic to make the model as simple
and the calculation as analytically tractable as possible. We
use the nonrelativistic wave function from Ref. [36].
The dipole picture naturally has an impact parameter

dependence. This makes it a good way to understand the
transverse structure of the target proton. The impact

parameter is the Fourier conjugate of the Mandelstam
variable t, which describes the squared momentum change
of the proton, approximated to be purely transverse due to
the high energy nature of the collision. This means that
larger transverse momentum transfers probe smaller size-
structures inside the proton.
When the virtuality of the photon or the mass of the

quark in the dipole is large, the photon wave function
greatly favors small dipole sizes. This is an approximation
one might use when computing J=Ψ exclusive vector
meson production cross sections. We will study how good
this approximation actually is in our model. For this
reason we study processes where the dipole consists of a
cc̄, bb̄ or tt̄ pairs. The first two are phenomenologically
relevant and the last acts as the true nonrelativistic limit
and is studied as a way to give a reference point for the
other two cases.
We use the Good-Walker [37,38] framework to compute

coherent (target proton remains intact) and incoherent
(target proton dissociates) exclusive vector meson produc-
tion cross sections, both of which have been measured
experimentally at HERA. The coherent cross section is
proportional to the square of the average of the scattering
amplitude [35]. This means that it is sensitive to the
averages of the hot spot and color field fluctuations. The
sum of the coherent and incoherent cross sections is
proportional to the average of the square of the scattering
amplitude [18,38,39]. Now because the incoherent cross
section is the difference of the two, it is sensitive to the
fluctuations in the scattering amplitude. In our work the
sources for fluctuations are the event-by-event fluctuations
of the color field of the proton and the fluctuating positions
of the hot spots. Both of these two sources of fluctuations
are averaged over analytically in the dilute limit for the
proton. We study different contributions to the incoherent
cross section separately to see how different features of the
cross section are sensitive to different properties of the
target, and to what extent they are independent of the probe.
The paper is organized as follows. First we briefly review

the dipole picture for exclusive vector meson production in
Sec. II A and the photon and vector meson wave function
overlap needed for the scattering amplitude in Sec. II B.
Next we recall in Sec. II C the basic properties of the hot
spot model that we developed in Ref. [26] and discuss how
the color and hot spot averages of the dipole cross section
and its square are computed in Sec. II D. Subsequently we
compute the coherent and incoherent exclusive vector
meson production cross sections and separate the color
and hot spot fluctuation parts of the incoherent cross
section in Sec. II E. Next we discuss our results, present
numerical evaluations of the cross sections and explain how
our model depends on different parameters in Sec. III. We
finish with a brief summary of our most important findings
and conclusions in Sec. IV. In the appendixes we discuss
the computation of the scattering amplitude averages in
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more detail, and also study the small dipole size approxi-
mation and the asymptotic behavior of the cross section in
different limits.

II. THEORETICAL FRAMEWORK

A. Exclusive vector meson production
in the dipole picture

We describe exclusive vector meson production in the
dipole picture using the Color Glass Condensate (CGC)
formalism. In this picture, at the lowest order, the incoming
virtual photon fluctuates into a quark-antiquark dipole
which interacts with the color field of the proton. After
the scattering the dipole forms the vector meson in the final
state of the interaction, which can still decay before it is
measured by a detector.
The scattering amplitude for the exclusive production of

a transversely (T) or longitudinally (L) polarized vector
meson can be expressed as [18,35]

Aγ�p→Vp
T;L ðQ2;ΔÞ

¼ i
Z

d2r
Z

d2b
Z

dz
4π

ðΨ�ΨVÞT;LðQ2; r; zÞ

× exp

�
−i
�
bþ

�
1

2
− z

�
r

�
· Δ

�
dσpdip
d2b

ðb; rÞ: ð1Þ

Here b refers to the impact parameter of the dipole with
respect to the target proton, r is the transverse size vector of
the dipole, Q2 is the virtuality of the photon and z is the
fraction of the plus component of the light cone momentum
of the photon carried by the quark in the dipole. The
transverse momentum transfer to the target is denoted byΔ,
which according to Eq. (1) is the Fourier conjugate to
bþ ð1

2
− zÞr.1 The kinematic variables are visualized in

the Fig. 1.
By using the Good-Walker [37–39,42,43] picture for

fluctuations in the target, the coherent cross section can be
written as a square of the average of the amplitude [35]

dσγ
�p→Vp
T;L

dt
¼ 1

16π
j⟪Aγ�p→Vp

T;L ðQ2;ΔÞ⟫j2; ð2Þ

whereas the incoherent cross section can be written as the
variance of the scattering amplitude as [18,38,39,43]

dσγ
�p→Vp�
T;L

dt
¼ 1

16π
ð⟪jAγ�p→Vp

T;L ðQ2;ΔÞj2⟫
− j⟪Aγ�p→Vp

T;L ðQ2;ΔÞ⟫j2Þ: ð3Þ

While the wave function overlap ðΨ�ΨVÞT;LðQ2; r; zÞ
characterizes the properties of the probe, the information
on the target color fields is contained in what is called the

dipole cross section,
dσpdip
d2b ðb; rÞ. Hence, the computation of

exclusive vector meson cross sections can be separated into
computing the expectation value and variance of the dipole
cross section in the proton hot spot model on one hand, and
computing the wave function overlap ðΨ�ΨVÞT;LðQ2; r; zÞ
describing the overlap of the dipole with the (virtual)
photon and vector meson states on the other hand. We
will first discuss the latter one, before moving to the
calculation of the dipole cross section in the hot spot
model of Ref. [26].

B. Wave function overlap in the nonrelativistic limit

Within this study we will employ the leading order
photon wave functions along with the strict nonrelativistic
limit for the vector meson wave function to compute their
overlap. Below we provide the relevant expressions,
separately for the transverse and longitudinal polarizations.
We first recall that the definition of the overlap is [35]

ðΨ�
VΨγÞT ¼ 1

2

X
λ¼þ1;−1
h;h0¼þ;−

ðΨλ
V;hh0 Þ�Ψλ

γ;hh0

ðΨ�
VΨγÞL ¼

X
h;h0¼þ;−

ðΨλ¼0
V;hh0 Þ�Ψλ¼0

γ;hh0 ; ð4Þ

where h, h0 refer to the helicities of the two quarks in the
dipole and where λ refers to the polarization of the photon.
The longitudinally and transversely polarized photon wave
functions read [36]

FIG. 1. Illustration of the scattering process with an incoming
photon, target proton and its color field and the outgoing vector
meson. The relevant kinematic variables have been shown in the
figure. The virtuality of the incoming photon γ� isQ2, p=p� is the
proton/dissociated proton, z is the fraction of the photon
momentum carried by the quark (or antiquark), V is the outgoing
vector meson, r is the size of the dipole, b is the impact parameter
of the dipole, Δ is the momentum transfer between the dipole and
the proton system and the red rectangle represents the classical
color field of the proton.

1Note Eq. (1) contains the corrected phase factor [40,41]
ð1
2
− zÞr · Δ (instead of the ð1 − zÞr · Δ that has been used in

e.g., [35] and several other previous works). However, the r
dependent phase factor does not influence the final results much
[18] and will in fact completely vanish in the nonrelativistic limit,
where the light cone momentum fraction is fixed to z ¼ 1=2,
which we use in the following.
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Ψλ¼0
γ;hh0 ðz; jrjÞ ¼ −eQe

ffiffiffiffiffiffi
Nc

p
δh;−h02Qzð1 − zÞK0ðεjrjÞ

2π
ð5Þ

and

Ψλ¼�1
γ;hh0 ðz; jrjÞ

¼−eQe
ffiffiffiffiffiffiffiffi
2Nc

p �
mQ

K0ðεjrjÞ
2π

δh�δh0�

� ie�iθr
εK1ðεjrjÞ

2π
ðzδh�δh0∓− ð1− zÞδh∓δh0�Þ

�
; ð6Þ

where

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2zð1 − zÞ þm2

Q

q
: ð7Þ

Here e ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
4παem

p
denotes the electric charge, and eQ refers

to the fractional charge of the quark, i.e., ec ¼ et ¼ 2
3
for

charm (c) and top (t) quarks and eb ¼ − 1
3
for bottom

(b) quarks.
In the nonrelativistic limit, the nonvanishing components

of the vector meson wave function are given by [36]

Ψλ¼0
V;þ−ðz; jrjÞ ¼ Ψλ¼0

V;−þðz; jrjÞ ¼ AQ

ffiffiffi
2

p
πffiffiffiffiffiffiffimQ

p δ

�
z −

1

2

�
ð8Þ

and

Ψλ¼1
V;þþðz; jrjÞ ¼ Ψλ¼−1

V;−−ðz; jrjÞ ¼ AQ
2πffiffiffiffiffiffiffimQ

p δ

�
z −

1

2

�
; ð9Þ

where mQ refers to the mass of the nonrelativistic heavy
quark. The constant AQ can be found from the leptonic
decay width of the vector meson, which can be calculated
from the same light cone wave function. Specifically for the
cc̄ case, the numerical value can be obtained from the decay
width of the J=Ψ as [36]

ΓðJ=Ψ → e−eþÞ ¼ A2
c
4πe2cαem

m2
c

: ð10Þ

Using the experimental leptonic decay width the value of
Ac is found in Ref. [36] to be

Ac ¼ 0.211 GeV
3
2: ð11Þ

When studying the cases with different quark masses, we
do not want to introduce uncertainties related to the decay
constants into our calculation. Thus for heavier mesons we
always compare cross sections divided by the leptonic
decay widths, which cancels the constant AQ.
By combining Eqs. (5), (6), (8), and (9), one can then

compute the overlaps of the wave functions as

ðΨ�
VΨγÞT ¼ −AQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mQNc

p
eQeK0ðεjrjÞδ

�
z −

1

2

�
ð12Þ

and

ðΨ�
VΨγÞL ¼−AQ

ffiffiffiffiffiffiffiffi
2Nc

mQ

s
2eQeQzð1− zÞK0ðεjrjÞδ

�
z−

1

2

�
;

ð13Þ

which can be employed directly in the calculation of the
exclusive vector meson production cross sections.

C. The hot spot model

We use the hot spot model formulated in Ref. [26] to
quantify the event-by-event fluctuations of the structure of
the proton. Within this model, an expectation value
averaged over target fluctuations can be computed as a
double average over the positions bi of i ¼ 1;…; Nq hot
spots inside the proton on the one hand, and individual
realizations of color charges ρaðxÞ inside the hot spots on
the other hand. Event-by-event fluctuations of the proton
structure thus consist of both color charge fluctuations as
well as hot spot location fluctuations, and we will sepa-
rately investigate the effects of both sources of fluctuations
on the incoherent cross section.
Within the CGC description, the partons in the proton are

divided into large-x color charges acting as sources for
small-x classical gluon fields. Hence, it is natural to express
the hot spot structure of the proton in terms of the impact
parameter dependence of the color charge density ρaðxÞ,
which vanishes on average hρaðxÞiCGC ¼ 0 to satisfy color
neutrality, but fluctuates on an event by event basis.
Specifically, we consider the color charge density ρaðxÞ
to be concentrated around the location bi of the hot spots,
such that fluctuations of the color charge density are
determined by

hρaðxÞρbðyÞiCGC ¼
XNq

i¼1

μ2
�
xþ y
2

− bi

�
δð2Þðx − yÞδab;

ð14Þ

where μ2ðxÞ denotes the transverse profile of the hot spot,
and following the MV model [32–34] we take the corre-
lations of the color charges at different transverse points to
be independent. We take a Gaussian profile for the hot spots
in transverse coordinate space

μ2ðxÞ ¼ μ20
2πr2H

exp

�
−

x2

2r2H

�
; ð15Þ

where rH is the radius of the hot spot and μ20 is a parameter
describing the amount of color charge in the hot spot.
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We note that the normalization in Eq. (15) is such that the
dimensions of μ2ðxÞ and μ20 are different.
By performing the CGC average of the correlation

functions of the color charge density ρaðxÞ, the model
thus accounts for color charge fluctuations inside the
proton. When performing these averages, we will assume
Gaussian statistics for the color charges as in the MVmodel
[32–34]. This means that the CGC averages of higher order
correlators such as hρaðxÞρbðyÞρcðx0Þρdðy0ÞiCGC, can be
expressed in terms of the two-point function in Eq. (14)
using Wick’s theorem.
The spatial positions of the hot spots fluctuate on an

event-by-event basis, and the distribution of the hot spot
positions in the transverse plane is taken to be Gaussian

TðbÞ ¼ 1

2πR2
exp

�
−

b2

2R2

�
: ð16Þ

where R characterizes the size of the proton. By following
our previous paper [26] the averages over the positions of
the hot spots and the color charge fluctuations around the
hot spots can be combined into a double average, such that
the expectation value of an observable O is determined by

⟪O⟫ ¼
�
2πR2

Nq

�Z YNq

i¼1

½d2biTðbi − BÞ�

× δð2Þ
�

1

Nq

XNq

i¼1

bi − B

�
hOiCGC; ð17Þ

where, as illustrated in Fig. 2, Nq is the number of hot
spots, bi is the center of the ith hot spot and B is the center
of mass of the proton. The prefactor is chosen in such a way
that the double average is normalized, i.e., ⟪1⟫ ¼ 1. We
note that the δ constraint in Eq. (17) fixes the center of mass

of the hot spot system 1
Nq

PNq

i¼1 bi to the center of mass of

the protonB. This procedure does not take into account the
color charge fluctuations, but we believe that they give a
much smaller contribution to it than the hot spot fluctua-
tions. Since in this work the proton acts as a target for a
dipole probe, we can further set B ¼ 0 without loss of
generality and instead let the impact parameter of the dipole
change.
We finally note that very similar hot spot models have

been used in a variety of studies. In particular our model has
most of the same physics ingredients and parameters as the
so called IP-Glasma model [19,20]. The averaging over hot
spot configurations and color charges in the IP-Glasma
model is performed numerically by a Monte Carlo pro-
cedure. In our work we take the dilute limit in the color
charges of the proton, which allows us to perform the
averages analytically. In addition to taking the dilute limit,
we also do not include the so called Qs fluctuations in our
model which were used in Ref. [20] by letting the saturation

scale of each hot spot fluctuate independently. We also do
not have repulsion between individual hot spots as in
Refs. [13,28].

D. Average of the dipole cross section and its square

Next we proceed to calculate the two quantities

		
dσpdip
d2b

ðb; rÞ




and

		
dσpdip
d2b

ðb; rÞdσ
p
dip

d2b̄
ðb̄; r̄Þ




; ð18Þ

as well as their Fourier transforms, where the double
average now refers to averaging over both the color fields
and the hot spot positions of the proton as discussed above.
The starting point of the calculation is the operator

expression for the dipole cross section, which is given by
twice the forward elastic scattering amplitude for a color
neutral dipole to scatter off the target color field

dσpdip
d2b

ðb; rÞ ¼ 2Nðb; rÞ: ð19Þ

The dipole scattering amplitudeNðb; rÞ is obtained from the
target color fields as a two-point function of Wilson lines

Nðb; rÞ ¼ 1 −
1

Nc
Tr½VðxÞV†ðyÞ�; ð20Þ

where the (anti)quark transverse positions ðx; yÞ are con-
nected to the dipole impact parameter ðbÞ and dipole
radius (r) coordinates ðb; rÞ by the transformations

FIG. 2. The transverse profile of a hot spot model proton with a
dipole probe. The red circles represent the hot spots containing
the large-x color charges of the proton. The blue circle represents
the classical color field of small-x gluons generated by a pointlike
color charge within the hot spot. The other quantities are as
follows: B is the center of mass of the proton, bi is the position of
the center of the ith hot spot, rH is the radius of a hot spot, R is the
radius parameter of the proton. The quark and antiquark forming
the dipole are denoted by QðQ̄Þ. The impact parameter of the
dipole (with respect to the center of mass of the target) is denoted
by b, and r is the size of the dipole.
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b ¼ xþ y
2

; r ¼ x − y ð21Þ

or equivalently

x ¼ bþ r
2
; y ¼ b −

r
2
; ð22Þ

as illustrated in Fig. 2. By Nc ¼ 3 we denote the number
of colors and VðxÞ is a lightlike fundamental Wilson line
at the transverse coordinate x, defined as a path-ordered
exponential

VðxÞ¼Pþ exp
�
ig
Z

∞

−∞
dzþA−

a ðzþ;xÞta
�

¼Pþ exp
�
ig
Z

∞

−∞
dzþ

Z
d2zGðx−zÞρaðzþ;zÞta

�
:

ð23Þ
It describes the eikonal multiple scattering of a color charge
off a classical color field. The connection between the
classical color field and the color charge densities is found
by solving the classical Yang-Mills equation. These Wilson
lines are the basic building blocks of observables in the
CGC. To get the final result one needs to average over the
color charge densities ρ that the Wilson lines depend on.
The Green’s function relating the color field in the Wilson
line to the color charge is defined as

Gðx − yÞ ¼
Z

d2k
ð2πÞ2

exp ðik · ðx − yÞÞ
k2 þm2

; ð24Þ

wherem is an infrared regulator. The IR regulator suppresses
the Coulomb-like long range tails of the color fields, so that
the field of an individual point charge extends to a distance of
order 1

m.
Now we invoke the dilute expansion for the proton and

expand the dipole cross section to the first order in the proton
color-charge density, or equivalently, the field strength.
Expressing the Wilson lines in terms of color charges,
expanding in the dilute limit and performing the double
average over the color and hot spot fluctuations then yields

		
dσpdip
d2b

ðb;rÞ




¼ g2ðN2
c−1ÞNq

2Nc

×
Z

d2zΩ
�
bþ r

2
;b−

r
2
;z;z

�
F1ðz;BÞ;

ð25Þ

where the functionF1ðz;BÞ≡ hμ2ðz − biÞiHS describes the
average color charge density. We have also defined the
shorthand notation

Ωðx; y; z; vÞ≡Gðx − zÞGðx − vÞ þ Gðy − zÞGðy − vÞ
− 2Gðx − zÞGðy − vÞ; ð26Þ

which is convenient as the dilute expansion of the Wilson
lines always has this structure of disconnected and
connected transverse coordinate parts. Specifically, this
structure ensures that the dipole cross section vanishes
identically in the limit x ¼ y, where the quark and antiquark
hit the target at the same transverse position. In this
configuration theQQ̄-dipole appears color neutral and thus
does not interact with the color field of the target. More
details on this derivation are given in Appendix A.
Within our hot spot model the average color charge

density of the proton in the transverse plane F1ðz;BÞ has
already been computed in [26] and is given by

F1ðz;BÞ≡ hμ2ðz−biÞiHot spot

¼

0
B@

μ2
0

2πr2H

1þ
�
Nq−1
Nq

�
R2

r2H

1
CAexp

8<
:−

1

2

ðz−BÞ2
r2Hþ

�
Nq−1
Nq

�
R2

9=
;:

ð27Þ
Note that while to a first approximation (in the limit
R ≫ rH; Nq ≫ 1) this is just a Gaussian whose width is
given by the proton radius parameter R, the constraint of
fixing the center of mass of the hot spot system gives a
nontrivial dependence on the number of hot spots Nq and
the hot spot radius rH. We will call the quantity setting the
scale of the impact parameter dependence in the exponen-
tial the coherent radius,

R2
C ¼ r2H þ

�
Nq − 1

Nq

�
R2: ð28Þ

This quantity represents the effective size of the hot spot
systemof color charges, taking into account both the locations
of the hot spots and the size of an individual hot spot.
Next, as the Ψ�

VΨγ wave function overlap does not
depend on the impact parameter (b) of the dipole, we
can compute the Fourier transform of the dipole cross
sections with respect to the impact parameter

Z
d2be−ib·Δ

		
dσpdip
d2b

ðb; rÞ




¼ g2μ20ðN2
c − 1ÞNq

2πNc
exp

�
−
1

2

�
r2H þ

�
Nq − 1

Nq

�
R2

�
Δ2

�

×

�
cos

�
1

2
Δ · r

�
Ψð0;Δ;m2Þ−Ψðr;Δ;m2Þ

�
: ð29Þ

which then directly enters the scattering amplitude in
Eq. (1). In order to obtain Eq. (29) we have expressed
the products of Green functions in Eq. (26) in momentum
space, and evaluated the integrals by a Feynman para-
metrization. This provides the following integral represen-
tation of the function Ψðr;Δ; m2Þ
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Ψðr;Δ; m2Þ ¼
Z

1
2

0

dλ cos ðλΔ · rÞ

×
jrjK1

�
jrj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Δ2λ2 þ 1

4
Δ2 þm2

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Δ2λ2 þ 1

4
Δ2 þm2

q ; ð30Þ

where λ is a Feynman parameter, Δ is the momentum
transfer between the dipole and the proton system and m is
the IR regulator. We note that the Feynman parameter
integral can be evaluated exactly in the limit r → 0 of a zero
size dipole as

Ψð0;Δ; m2Þ ¼
Z

1
2

0

dλ
1

−Δ2λ2 þ 1
4
Δ2 þm2

¼
2arctanh

�
jΔjffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2þ4m2
p

�
jΔj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ 4m2

p ; ð31Þ

and it can be expanded to in powers of r, to obtain an
analytical expression of the coherent amplitude in the small
dipole size limit ðmjrj; jΔrj ≪ 1Þ. This limit is discussed in
more detail in Appendix D. In Appendix D 1 we compute
the cross sections at the limit of small r, in D 2 and D 3 we
discuss some analytical limits attainable at some regions of
t in the small-r limit and in D 4 we compare the limits to the
full results.
Next we will calculate the Fourier transform of the

average of the square of the dipole cross section,

⟪
dσpdip
d2b ðb; rÞ dσ

p
dip

d2b̄ ðb̄; r̄Þ⟫ which is needed for the calculation
of the incoherent cross section. We will separate this
contribution into four parts, based on the criteria a) whether
the color structure in the amplitude and conjugate ampli-
tude is connected (C) or disconnected (DC), and b) whether
the gluon fields in the amplitude and conjugate amplitude
originate from the same single (1) hot spot or two different
(2) hot spots. Based on this separation the four individual
parts can be evaluated as

�Z
d2bd2b̄e−ib·Δþib̄·Δ

		
dσpdip
d2b

ðb; rÞ dσ
p
dip

d2b̄
ðb̄; r̄Þ



�
1;DC

¼ g4μ40ðN2
c − 1Þ2Nq

ð2πÞ2N2
c

exp ð−r2HΔ2Þ
�
ΨðrÞΨðr̄Þ þ cos

�
1

2
Δ · r

�
cos

�
1

2
Δ · r̄

�
Ψð0ÞΨð0Þ

− cos

�
1

2
Δ · r̄

�
ΨðrÞΨð0Þ − cos

�
1

2
Δ · r

�
Ψðr̄ÞΨð0Þ

�
ð32Þ

�Z
d2bd2b̄e−ib·Δþib̄·Δ

		
dσpdip
d2b

ðb; rÞ dσ
p
dip

d2b̄
ðb̄; r̄Þ



�
2;DC

¼ g4μ40ðN2
c − 1Þ2NqðNq − 1Þ
N2

cð2πÞ2
exp ð−ðR2 þ r2HÞΔ2Þ

�
ΨðrÞΨðr̄Þ þ cos

�
1

2
Δ · r

�
cos

�
1

2
Δ · r̄

�
Ψð0ÞΨð0Þ

− cos
�
1

2
Δ · r̄

�
ΨðrÞΨð0Þ − cos

�
1

2
Δ · r

�
Ψðr̄ÞΨð0Þ

�
ð33Þ

�Z
d2bd2b̄e−ib·Δþib̄·Δ

		
dσpdip
d2b

ðb; rÞ dσ
p
dip

d2b̄
ðb̄; r̄Þ



�
1;C

¼ g4μ40ðN2
c − 1Þ

64π4N2
c

Nq

Z
d2kd2k̄

exp ð−r2Hðkþ k̄Þ2Þ
ððkþ Δ

2
Þ2 þm2Þððk − Δ

2
Þ2 þm2Þ

1

ððk̄þ Δ
2
Þ2 þm2Þððk̄ − Δ

2
Þ2 þm2Þ

×

�
8 cos

�
Δ
2
· r

�
cos

�
Δ
2
· r̄

�
− 8 cos

�
Δ
2
· r

�
exp ðik̄ · r̄Þ − 8 cos

�
Δ
2
· r̄

�
exp ðik · rÞ

þ 4 exp ðik · rþ ik̄ · r̄Þ þ 4 exp ðik · r − ik̄ · r̄Þ
�

ð34Þ

and
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�Z
d2bd2b̄e−ib·Δþib̄·Δ

		
dσpdip
d2b

ðb; rÞ dσ
p
dip

d2b̄
ðb̄; r̄Þ



�
2;C

¼ g4μ40ðN2
c − 1Þ

64π4N2
c

NqðNq − 1Þ
Z

d2kd2k̄
exp ð−ðR2 þ r2HÞðkþ k̄Þ2Þ

ððkþ Δ
2
Þ2 þm2Þððk − Δ

2
Þ2 þm2Þ

1

ððk̄þ Δ
2
Þ2 þm2Þððk̄ − Δ

2
Þ2 þm2Þ

×

�
8 cos

�
Δ
2
· r

�
cos

�
Δ
2
· r̄

�
− 8 cos

�
Δ
2
· r

�
exp ðik̄ · r̄Þ − 8 cos

�
Δ
2
· r̄

�
exp ðik · rÞ

þ 4 exp ðik · rþ ik̄ · r̄Þ þ 4 exp ðik · r − ik̄ · r̄Þ
�
: ð35Þ

While the incoherent cross section is of course only
sensitive to the sum of all of these contributions, the above
distinction is useful to organize the calculation and separate
the effects of different sources of fluctuations. Specifically,
for the contributions labeled 1 (as in “1 hot spot”) the gluon
fields in both the amplitude and the conjugate amplitude
originate from the same hot spot, making the contribution
correlated in the hot spot sense. These contributions are
explicitly proportional to the number of hot spots Nq. On
the other hand for the contributions labeled 2 (as in “2 hot
spot”), the gluon fields originate from two different hot
spots and these terms are proportional to the number of hot
spot pairs NqðNq − 1Þ. Somewhat counterintuitively these
two hot spot contributions are also correlated in terms of
hot spot location fluctuations, due to the fact that the center
of mass of the hot spot system is fixed. A more detailed
derivation of these expressions in presented in Appendix B.
Since for the color-disconnected (DC) diagrams, theCGC

averages can be performed separately in the amplitude and
its conjugate, the structure of the resulting expressions is

similar to the coherent amplitude in Eq. (29) and again
involves the same function Ψðr;Δ; m2Þ defined in Eq. (30).
Conversely, the color-connected (C) contributions contain
nontrivial color correlations between the amplitude and
conjugate amplitude, which are suppressed by a relative
factor 1=ðN2

c − 1Þ and involve a different structure of the
Green’s functions. We note that in our calculation, the clear
separation into color connected and disconnected parts is
easily possible due to the dilute expansion and the fact that
correlations of color charges are assumed to be Gaussian.

E. Cross sections

Now we will use the results obtained above for the target
averages of the dipole amplitude and its square to compute
the average and the square average of the vector meson
scattering amplitude in Eq. (1). This will allow us to
evaluate the coherent and incoherent cross sections in the
hot spot model. Evaluating the square of the average,
one has


		
Aγ�p→Vp

T;L ðQ2;ΔÞ


2¼

Z
d2rd2r̄

Z
d2bd2b̄

Z
dz
4π

dz̄
4π

ðΨ�ΨVÞT;LðQ2;r;zÞðΨ�ΨVÞ�T;LðQ2;r̄;z̄Þexp
�
−i
�
bþ

�
1

2
−z

�
r

�
·Δ

�

×exp

�
i

�
b̄þ

�
1

2
− z̄

�
r̄

�
·Δ

�		
dσpdip
d2b

ðb;rÞ


		

dσpdip
d2b̄

ðb̄;r̄Þ



; ð36Þ

whereas the average of the square reads		
jAγ�p→Vp

T;L ðQ2;ΔÞj2




¼
Z

d2rd2r̄
Z

d2bd2b̄
Z

dz
4π

dz̄
4π

ðΨ�ΨVÞT;LðQ2;r; zÞðΨ�ΨVÞ�T;LðQ2; r̄; z̄Þ

×exp

�
−i
�
bþ

�
1

2
− z

�
r

�
·Δ

�
exp

�
i

�
b̄þ

�
1

2
− z̄

�
r̄

�
·Δ

�		
dσpdip
d2b

ðb;rÞdσ
p
dip

d2b̄
ðb̄; r̄Þ




: ð37Þ

We first note, that in the nonrelativistic approximation,
the z-integral can trivially be performed. The z-dependent
piece of the scattering amplitude reads

Z
dz
4π

ðΨ�
VΨγÞT;Le−ið12−zÞr·Δ; ð38Þ

which, for the transverse and longitudinal amplitude
respectively, yieldsZ

dz
4π

ðΨ�
VΨγÞTe−ið12−zÞr·Δ

¼ −AQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mQNc

p
4π

eQeK0ðε0jrjÞ≡ CTK0ðε0jrjÞ ð39Þ
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and

Z
dz
4π

ðΨ�
VΨγÞLe−ið12−zÞr·Δ

¼ −AQ

ffiffiffiffiffiffiffiffi
2Nc

mQ

s
eQeQ
8π

K0ðε0jrjÞ≡ CLK0ðε0jrjÞ; ð40Þ

where

ε0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

4
þm2

Q

r
: ð41Þ

We have also defined the notations

CT ≡ −AQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mQNc

p
4π

eQe; ð42Þ

CL ≡ −AQ

ffiffiffiffiffiffiffiffi
2Nc

mQ

s
eQeQ
8π

; ð43Þ

for the different coefficients for the transverse and longi-
tudinal scattering amplitudes.
Now by plugging the wave function overlap (39), (40)

and the dipole cross section average (29) into the definition
of the amplitude (1), we get

j⟪Aγ�p→Vp
T;L ðQ2;ΔÞ⟫j2

¼C2
T;L

g4μ40ðN2
c−1Þ2N2

q

ð2πNcÞ2
exp

�
−
�
r2Hþ

�
Nq−1

Nq

�
R2

�
Δ2

�

×

�Z
d2rK0ðε0jrjÞ

×

�
cos

�
1

2
Δ · r

�
Ψð0;Δ;m2Þ−Ψðr;Δ;m2Þ

��
2

: ð44Þ

Since the coherent cross section, as well as all color-
disconnected contributions to the incoherent cross section
give rise to the same contribution for the dipole size
dependent part of the expressions, it is convenient to define
the notation

ZðΔ;m2;ε0Þ

≡
Z

d2rK0ðε0jrjÞ
�
cos

�
1

2
Δ ·r

�
Ψð0;Δ;m2Þ−Ψðr;Δ;m2Þ

�
:

ð45Þ

In terms of this function the coherent vector meson
production cross section in Eq. (2) is then given by

dσγ
�p→Vp
T;L

dt
¼C2

T;L

16π

g4μ40ðN2
c−1Þ2N2

q

ð2πNcÞ2

×exp

�
−
�
r2Hþ

�
Nq−1

Nq

�
R2

�
Δ2

�
ZðΔ;m2;ε0Þ2:

ð46Þ

Nowwe can clearly see the structure of this expression. It
is factorized into a constant times a Gaussian in Δ times
some function Z. The width of the Gaussian depends on the
parameters R and rH characterizing the sizes of the proton
and the hot spot in the combination that we call the coherent
radius (28). In a naive picture these would be the only
parameters determining the t-dependence of the cross
section. Here, however, this t-dependence is modified by
the Z-function, which depends on Coulomb tails of the
color charges (through the IR regulator m), and the photon
and vector meson wave functions. In the fully nonrelativ-
istic limit the photon wave function forces the dipole size r
to be small. In this limit one can further evaluate the
Feynman parameter and dipole size (r) integrals analyti-
cally. This limit is discussed in more detail in Appendix D.
Let us now turn to the incoherent cross section. We

separate it into four distinct parts

dσγ
�p→Vp�
T;L

dt
¼ 1

16π
ð⟪jAγ�p→Vp

T;L ðQ2;ΔÞj2⟫
− j⟪Aγ�p→Vp

T;L ðQ2;ΔÞ⟫j2Þ

¼ dσγ
�p→Vp�
T;L

dt


1;DC

þ dσγ
�p→Vp�
T;L

dt


2;DC

þ dσγ
�p→Vp�
T;L

dt


1;C

þ dσγ
�p→Vp�
T;L

dt


2;C

; ð47Þ

which correspond to the contributions from hot spot
fluctuations with gluons coming from one (1,DC) or two
(2,DC) hot spots, and the contributions due to color charge
fluctuations with gluons from one (1,C) or two (2,C) hot
spots. Due to its disconnected color structure, the square of
the coherent amplitude is subtracted from the color dis-
connected contribution, and distributed proportionally in
Nq between the one and two hot spot contributions. Using
the function Z introduced for the coherent case in Eq. (45),
the contributions due to hot spot fluctuations can then be
expressed as

dσγ
�p→Vp�
T;L

dt


1;DC

¼ C2
T;L

16π

g4μ40ðN2
c − 1Þ2

ð2πNcÞ2
Nq

�
expð−Δ2r2HÞ

− exp

�
−
�
r2H þ

�
Nq − 1

Nq

�
R2

�
Δ2

��

× ZðΔ; m2; ε0Þ2 ð48Þ
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and

dσγ
�p→Vp�
T;L

dt


2;DC

¼ C2
T;L

16π

g4μ40ðN2
c − 1Þ2

ð2πNcÞ2
NqðNq − 1Þ

×

�
exp ð−Δ2½R2 þ r2H�Þ − exp

�
−
�
r2H þ

�
Nq − 1

Nq

�
R2

�
Δ2

��
ZðΔ; m2; ε0Þ2: ð49Þ

The contributions due to color charge fluctuations have a more complicated structure due to the two nonfactorizing color
charge two-point correlators, and we were not able to find an equally simple form for them as we have for the function Z.
For these contributions we are forced to leave the two transverse momentum integrals for numerical evaluation. Let use
define another auxiliary notation for these integrals as

KðA;Δ; m2; ε02Þ≡
Z

d2kd2k̄
exp ð−Aðkþ k̄Þ2Þ

ððkþ Δ
2
Þ2 þm2Þððk − Δ

2
Þ2 þm2Þ ×

1

ððk̄þ Δ
2
Þ2 þm2Þððk̄ − Δ

2
Þ2 þm2Þ

×

�
1

ε02 þ Δ2

4

−
1

ε02 þ k2

��
1

ε02 þ Δ2

4

−
1

ε02 þ k̄2

�
: ð50Þ

Using this notation the contributions due to color charges fluctuations can be expressed in a similarly compact form as

dσγ
�p→Vp�
T;L

dt


1;C

¼ C2
T;L

16π

g4μ40ðN2
c − 1Þ

2π2N2
c

NqKðr2H;Δ; m2; ε02Þ ð51Þ

and

dσγ
�p→Vp�
T;L

dt


2;C

¼ C2
T;L

16π

g4μ40ðN2
c − 1Þ

2π2N2
c

NqðNq − 1ÞKðR2 þ r2H;Δ; m2; ε02Þ: ð52Þ

Before we proceed to evaluate the cross section
numerically, some important comments are in order. We
first note that in the limit of a single hot spot Nq ¼ 1, the
color disconnected (DC) contributions vanish as they
should. This is due to the fact that for Nq ¼ 1 the only
hot spot is always at the center of mass of the proton, and
thus there are no hot spot fluctuations. In this case all
contributions to the incoherent cross section come from the
color charge fluctuations associated with the color con-
nected (C) contributions. We further note that at first sight
the two hot spot disconnected (“2,DC”) contribution might
seem like an uncorrelated contribution that should not
influence the incoherent cross section since it is discon-
nected in both color and the hot spot averaging. However,
in reality it is correlated through the fixed center of mass of
the hot spot system and thus contributes to the incoherent
cross section.
By closer inspection of Eqs. (48) and (49) one finds that,

similarly to the coherent cross section Eq. (46), the color
disconnected contributions to the incoherent cross section
factorize into two parts. Firstly, there are parts that are
Gaussian in Δ, depending on the parameters of the hot
spot system. The t-dependence is then modified by the
Δ-dependence of the residual part of the cross section
ZðΔ; m2; ε0Þ2, which also depends on the IR regulator (m)

and the properties of the probe ðε0Þ. In contrast, the color
connected contributions to the incoherent cross section in
Eqs. (51) and (52) do not factorize like this except for the
−t → ∞ limit with the small dipole size approximation that
is true in the nonrelativistic quark limit. We again discuss
the small dipole size approximation of these results in
Appendix D.

III. ANALYSIS OF RESULTS

In this section we will study the coherent and incoherent
cross sections and their dependence on themodel parameters.
If not stated otherwise, we will be using the following set

of default parameters, where the proton size parameter
R ¼ ffiffiffiffiffiffiffi

3.3
p

GeV−1, the hot spot radius rH ¼ ffiffiffiffiffiffiffi
0.7

p
GeV−1,

the IR regulator m ¼ 0.22 GeV, the number of hot spots
Nq ¼ 3 and the photon virtualityQ2 ¼ 0.1 GeV2. The radii
are the same as the ones used in [21], the IR regulator was
chosen to be of the order of the QCD scale and the number
of hot spots was motivated by the number of valence quarks
in a proton. For the charm quark we use the mass of
mc ¼ 1.275 GeV, for the bottom quark mb ¼ 4.18 GeV
and for the top quark we use mt ¼ 173 GeV.
The full cross section measured experimentally in

electron-proton scattering can be approximately expressed
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as the sum of the transverse and longitudinal cross sections
as [35]

σ ≈ σT þ σL: ð53Þ

In Fig. 3 we compare the predictions of our model for the
coherent and incoherent exclusive J=Ψ cross sections to
HERA data. We note that our model has a free normali-
zation parameter g4μ40 which can be adjusted e.g., to the
coherent cross section at low momentum transfer jtj. We
use the value g4μ40 ¼ 43.222. Note that this parameter is
dimensionless due to the way we define the profile of a hot
spot in Eq. (15). However, we find that the model under-
predicts the ratio of the incoherent to the coherent cross
section. This clearly points to the absence of a necessary
additional physical source of fluctuations, operative over
a broad range in t, from our model. In order to better
compare the jtj-dependence in spite of this mismatch, we
have separately adjusted the normalization of the incoher-
ent cross section in Fig. 3, increasing it by a factor of
2.5 relative to the coherent cross section, to better match
the experimental data. While the relative normalization
does not work as well as one could have hoped, by
normalizing the two cross sections separately, the model
seems to reproduce the general features of jtj-dependence
of the data rather well. The normalization mismatch
prevents us from performing a fit of the parameters of
our model to experimental data. Instead, we will now focus
on investigating further how the different features of the
t-dependence emerge and how they depend on the physical
parameters.
In Fig. 4 one can see plots of the cross sections with our

default parameters for the three quarks masses. The figures
in the top row show the c-quark, the middle row the

b-quark, and the bottom row the t-quark. The left-hand side
plots have a linear scale in t and the right-hand side plots a
logarithmic one. We show both in order to highlight
different aspects of the cross sections. The top panels of
the subfigures show the total coherent and the incoherent
cross sections, where—unlike in Fig. 3—the relative
normalization of the coherent and incoherent cross sections
is the same. However we have scaled the cross sections
with the ratio of the decay widths, and by the quark masses
to the fifth power. This scaling cancels out the leading
quark mass dependence in the fully nonrelativistic limit,
which corresponds to the small dipole size approximation
discussed in Appendix D. This limit can also be seen, up to
a logarithmic dependence on the mass, from the coherent
cross section at t ¼ 0 without an expansion in r, as shown
in Appendix C. Scaling with the decay width also fully
cancels out the dependence on the wave function normali-
zation constant Aq [see Eq. (10)] so that we do not need to
pick any specific value for Aq.
The total incoherent cross section is further separated

into its color and hot spot fluctuation contributions. These
can be seen in the top panels as well. The bottom panels
show the relative contributions of all four different parts of
the incoherent cross section to the full incoherent cross
section. The two hot spot color disconnected contribution
becomes negative due to the way we subtract the coherent
cross section proportionally in Nq. However the sum of all
contributions is always equal to unity, which is why the one
hot spot color disconnected contribution can be larger than
the total incoherent cross section.
We have also added lines to Fig. 4 representing the

behavior of the cross sections that could be expected from a
nonrelativistic heavy quark limit in specific ranges in t. The
normalization of these lines is adjusted by hand for better

FIG. 3. Coherent and incoherent exclusive J=Ψ production cross sections compared to HERA data. The normalization of the
incoherent cross section has been increased by a factor of 2.5 as explained in the text. The H1 coherent data is from [3], the lower-jtj
incoherent data is also from [3] and the higher-jtj data is from [2]. Note that the different incoherent data sets have a slightly differentQ2

and a different center of mass energy range. Note also that the t range for the incoherent cross section data goes much further than in
most works except for at least [25].
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FIG. 4. Coherent and incoherent cross sections as a function of t for cc̄ (top panel), bb̄ (middle panel) and tt̄ (bottom panel). Cross
sections for the bb̄ and tt̄ mesons V are scaled as ðdσ=dtÞðΓJ=Ψ=ΓVÞðmQ=mcÞ5 to absorb the leading quark mass dependence. We also
show a breakup of the incoherent cross section into different contributions. The top plots in each subfigure show the coherent cross
section and the incoherent cross section with an additional separation of the incoherent cross section into hot spot and color fluctuation
contributions. The bottom plots of the subfigures show the relative contribution of each part of the incoherent cross section to the total
incoherent cross section. Also shown is the expected behavior of the cross sections in specific ranges of jtj, as discussed in the text.
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visibility. Plots using the actual normalization constants
of the limits are shown in Fig. 7 in Appendix D. The
nonrelativistic expectations shown in the figure are the
following ones:

(i) By looking at the coherent cross section Eq. (46),
one would be tempted to neglect the dependence of
the function Z on Δ. Thus, to a first approximation
the coherent cross section at small t is expected to
behave as

dσγ
�p→Vp
T;L

dt
∝ expðR2

CtÞ; ð54Þ

with the coherent radius given by Eq. (28). This
behavior, however, receives corrections from the long
range Coulomb tails regulated by m. These correc-
tions to the slope, as discussed in Appendix D 2, are
only extremely slowly suppressed in the nonrelativ-
istic limit, as ∼1= lnmQ.

(ii) Similarly, the hot spot fluctuation part is expected to
dominate the cross section in the range−t ∼ 1=r2H ≫
1=R2

C where one is probing distance scales of the hot
spot radius, but not yet the very smallest scale color
charge fluctuations. Here the first term of Eq. (48)
dominates and one may expect

dσγ
�p→Vp�
T;L

dt
∝ expðr2HtÞ: ð55Þ

(iii) Ultimately, at very large t color charge fluctuations
dominate the incoherent cross section. In this region
the expectation in the non-relativistic limit takes the
form

dσγ
�p→Vp�
T;L

dt
∝
1þ ln m2

−t
t

; ð56Þ

resulting from the power-law Coulomb tails of
the color fields around the color charges, regulated
by m as discussed in more detail in Appendix D 3
[see Eq. (D18)].

Now let us discuss what we see in the plots of Fig. 4. The
coherent cross section is much larger than the incoherent
cross section at small values of t. This is due to coherent
cross section measuring averages of the system which are
smoother as functions of the transverse position b that is the
Fourier conjugate to Δ ¼ ffiffiffiffiffi

−t
p

. The incoherent cross
section on the other hand measures fluctuations of the
system and is therefore a mix of exponentially decaying hot
spot fluctuation parts and color fluctuation parts that decay
approximately like a power law in t. This is also why the
incoherent cross section is dominated by color fluctuations
at both very small and large t. The influence of the different
contributions to the incoherent cross section as a function
of t can best be seen in the bottom panels. Here we clearly

see that, at intermediate values of t the hot spot fluctuations
dominate. Then the color fluctuation contributions start to
take over at large t, where one starts to resolve the color
charge fluctuations inside the target (see also discussion in
Refs. [44,45]).
Finally let us discuss what changes as we change the

mass of the heavy quark. Let us start from our non-
relativistic limit of the top quark. Here our dipole is truly
small due the large ε0 ∼mQ in the photon wave function.
We see that in this case the analytic expectations in the
nonrelativistic limit are well satisfied, apart from the
change in slope at small t caused by the Coulomb tails
[see discussion in Appendix D 2, Eq. (D12)]. This is due to
the fact that a large quark mass renders the Z-function
almost independent of t. However, when we study the
phenomenologically relevant cases of the bottom and the
charm quark, we see that this is not the case. Especially
the large t tail of the incoherent cross section ð−½1þ
logðm2= − tÞ�= − tÞ does not describe the cross section for
the charm and the bottom at all, which means that the large-
t and small-r approximation is not valid for realistic quark
masses. Similarly, the exponential behavior of the coherent
and incoherent cross section at small to moderate t is not
entirely determined by the properties of the target. Instead,
the Z-function that describes the interaction of the target
with a color dipole dominates the t-dependence. Due to this
discrepancy, the slope of the coherent cross section does not
have a clear interpretation as a measure of the overall size of
the proton as one might expect. This is one of the main
results of this paper. The cross sections for realistic quark
masses do not only measure the target but some more
involved convolution of the target and probe structures.
Now let us move to the plots in Fig. 5. Here we vary our

model parameters m; rH and Nq that describe the hot spot
structure of the proton to see how the cross sections depend
on them. In all cases, the plots are made so that the coherent
radius RC defined in Eq. (28) is kept constant. Thus, when
we vary the hot spot radius rH, the proton size parameter R
is changed to compensate. Similarly, when we vary the
number of hot spots Nq, we keep the hot spot radius rH
fixed and vary the proton size parameter R to keep RC
fixed. With a constant coherent radius RC the only
parameter affecting the t-slope of the coherent cross section
is the IR regulatorm, which affects the t-distribution via the
Z-function. We also normalize all cases to have the same
amount of color charge, which in practice means that we
add a normalizing factor of 3

Nq
in front of the sum over the

hot spots in the color charge density two point correlator in
Eq. (14). This ensures that the proton always has the same
overall amount of color charges as in the case of Nq ¼ 3.
We thus remove the trivial effect of the Nq variation on the
normalization of the cross section. We do not plot sepa-
rately a variation of the proton size parameter R, since this
case would either result in a variation of the coherent radius

PROTON HOT SPOTS AND EXCLUSIVE VECTOR MESON … PHYS. REV. D 106, 074025 (2022)

074025-13



RC, or when keeping RC fixed is already included in the
other cases.
We see that the larger the quark mass is, the smaller the

effect of varying the IR regulator m has on the cross
sections. This can be understood by noting that a large
quark mass forces the dipoles to be small. In terms of
equations, we can see that taking the small-r limit and

expand at large −t=m2 (i.e., small m), the Z-function goes
as logðε0=tÞ with corrections of Oðm2Þ [see Eq. (D10) in
Appendix D 2]. Thus, for small dipoles, the cross section
becomes independent of m in the limit −t ≫ m2. For the c
and b quarks, however, the IR regulatorm has a significant
effect on the coherent cross section at small t. Overall in
the hot spot picture it is not very straightforward to

FIG. 5. Effect of variations of the model parameters m; rH and Nq on the t-dependence of the coherent and incoherent cross sections
for cc̄ (top panel), bb̄ (middle panel) and tt̄ (bottom panel). Cross sections are scaled as ðdσ=dtÞðΓJ=Ψ=ΓVÞðmQ=mcÞ5ð3=NqÞ2 to absorb
the leading mQ and Nq dependence. The legend in the top-left plot is valid for all the other plots. The parameter variations are made in
such a way that the coherent radius RC is kept fixed, as discussed in the text.
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interpret the t-dependence of the coherent cross section in
terms of the spatial distribution of color charges, because
one is very sensitive to the Coulomb tail of the field
around them. On the other hand, the t-dependence of the
incoherent cross section is, perhaps surprisingly, not very
sensitive to the IR cutoffm apart from the behavior at very
small values of t.
Varying the hot spot radius, in the charm quark case,

does not really change the slope of the medium-jtj
incoherent cross section. This is due to the dominance
of the Z-function in this region as discussed before. The hot
spot radius does, however, have an effect on the normali-
zation. But when looking at the heavier quarks, we can see
that eventually one recovers the nonrelativistic expectation,
where the slope changes with a changing rH. This effect is
especially noticeable for the top quark case.
Now let us discuss the variation of Nq. By normalizing

the amount of color charge in the proton with the
normalization factor ð3=NqÞ2 and by changing the proton
size parameter R to keep the coherent radius RC fixed, we
keep the coherent cross section unchanged when varying
Nq. For the incoherent cross section a variation in Nq most
importantly means a change in the Nq weighting between
the one and two hot spot contributions. After the nor-
malization by ð3=NqÞ2, the coefficient of the one hot spot
contributions (48), (51) goes as ∝ 1=Nq and the coeffi-
cient of the two hot spot contributions (49), (52) as
∝ ðNq − 1Þ=Nq. Thus as Nq increases, the one hot spot
contributions go down and the two hot spot contributions
go up. However, as we see in Fig. 4 for Nq ¼ 3, the one
hot spot contribution is dominant at all values of t.
Correspondingly, the incoherent cross section always
increases with decreasing Nq and vice versa. The increase
is not fully uniform in t, however, because of the varying
secondary effect from the two hot spot contributions,
which have a different Nq scaling.
In Fig. 6 we combine cross sections with different quark

masses in the same plot, in order to better visualize the
quark mass dependence. As we know, the larger the quark
mass, the smaller the dipole tends to be due to the larger
ε0 ∼mQ in the photon wave function. We again see that the
larger the mass of the quark, the better the expected
behaviors of the cross sections work. The cross sections
have been scaled by the meson leptonic decay width and
m5

Q. This cancels the expected power law quark mass
dependence, as discussed in Appendixes C and D, but
leaves a logarithmic one in the coherent cross section [see
Eq. (C3)] and the hot spot fluctuation part of the incoherent
cross section [see Eq. (D2)]. In the numerical evaluation we
see that e.g., the normalization of the charm and bottom
cross sections differ from the power law by roughly an
order of magnitude, so the deviations from the expected
power law dependence because of these logarithms are
quite substantial.

IV. CONCLUSIONS

In our previous work [26] we took commonly used
physics ingredients used to describe collisions involving
hadrons and built an analytical model for the hot spot
structure of the color field of a high energy nucleon. In this
paper we have computed coherent and incoherent exclusive
vector meson cross sections in this model, in order to study
how such measurements can be used to understand the
subnucleon scale geometry. Our emphasis has been on
keeping the model simple and analytically tractable, for

FIG. 6. Quark mass dependence of the cross section
ðdσ=dtÞðΓJ=Ψ=ΓVÞðmQ=mcÞ5. Numerical results for cc̄, bb̄ and
tt̄ vector meson production are compared to the expected
behavior of the cross sections in the relevant t-ranges.

PROTON HOT SPOTS AND EXCLUSIVE VECTOR MESON … PHYS. REV. D 106, 074025 (2022)

074025-15



instance by using the dilute expansion of the proton. This
has allowed us to perform averages over both color and hot
spot degrees of freedom in an analytical fashion.
Using parameter values which we think are in an

acceptable, physically relevant range, we have found a
clear separation into contributions sensitive to different
types of fluctuations for the incoherent cross section. The
hot spot fluctuations parts vanish at zero momentum
transfer (t ¼ 0) but become the dominant contribution
quickly as t increases. After this, as t increases and the
probe starts resolving the color fluctuations in the target,
the color fluctuation contributions become dominant. We
found that the hot spot fluctuation parts, as well as the
coherent cross section, depend on the geometrical param-
eters of the hot spot system through an exponential in t,
modified by logarithms, whereas the color fluctuation
contributions decrease as power law in t, up to logarithmic
corrections.
Our analytically tractable approach allowed us to gain

several important insights into the relation of the hot spot
structure of the nucleon and the exclusive vector meson
production cross section. Firstly, in our model the nor-
malization between the coherent and incoherent cross
sections did not match experimental observations at
HERA; however, the form of the t-distribution does look
mostly correct as seen in Fig. 3, pointing to the presence of
additional fluctuations not included in the model. Secondly
we found that any realistic quark mass (c, b) results in a t-
dependence of the cross section, which is sensitive to both
the structure of the target and the probe, and not only the
target. Thirdly we found that we can not use the small
dipole size approximation in this model when studying
J=Ψ production, and not even in the case of ϒ when
studying the incoherent cross section.
Generally, the sensitivity of the t-dependence of the cross

section on the meson wave function, or the wave function
overlap, dependence seems to be larger than anticipated.
Usually one assumes that already for the J=Ψ the charm
quarks form a dipole probe that can be treated as small.
However in our model it seems that with charm, or even
bottom quarks, we are still sensitive to the structure of
the probe. Thus the usual intuition that the slope of the
coherent cross section measures the overall size of the
proton breaks down. This can also be seen when we
expand the cross sections in the small dipole size
approximation, which yields a drastically different asymp-
totic behavior of the cross sections for realistically heavy
quark masses. By studying different quark masses we
have seen that for heavier quarks the t-distribution does
eventually become less dependent on the probe. We
therefore conclude, that in order to disentangle projectile
and target properties from exclusive vector meson pro-
duction, it will be interesting and important to simulta-
neously study charmonium and bottomonium production
in future experimental measurements.

Due to the discrepancy in the relative normalization of
the coherent and incoherent cross section, between the
experimental data and our microscopic model, we did not
perform an actual fit to experimental data. We instead
considered values of the model parameters that are, in our
estimation, physically relevant and that have been used in
previous applications to both exclusive vector meson and
proton-nucleus collisions.
There are studies, using similar versions of the hot spot

model, where the normalization of the cross sections works
significantly better [21,28], but at this stage we can only
speculate on the reasons for this discrepancy. In a
Monte Carlo implementation one can define the center
of mass for the gluon field, whereas we fix the center of
mass of the proton to be the center of the hot spot system of
color charges, but this we expect to have a negligible effect.
One thing that is clearly different is the dilute expansion,
which actually removes the gluon saturation aspect of our
model. This might, and probably does, reduce the magni-
tude of gluon field fluctuations in the proton and could
contribute to the normalization discrepancy, although not
obviously in the correct direction. In addition to the sources
of fluctuation included here, many models include addi-
tional saturation scale ðQsÞ fluctuations, letting the amount
of color charge change in individual hot spots fluctuate on
an event-by-event basis. Such additional fluctuations
clearly do increase the incoherent cross section across
the t-spectrum [20]. One simplification used here is also the
treatment of the wave function overlap, for which we used
the nonrelativistic wave functions to keep our model simple
and analytically tractable. In this limit the quark and the
anti-quark in the dipole always carry half of the photon
momentum ðz ¼ 1=2Þ, which decouples the dipole size r
from the transverse momentum transfer Δ. This can
actually make the t-distribution at large t behave differ-
ently, as such a coupling would effectively make the typical
dipoles smaller at large momentum transfer.
Clearly, as a possible future direction, it would be

interesting to study how exactly the aforementioned
differences to Monte Carlo implementations affect the
cross sections we found here. One could e.g., try use a
more general wave function with an actual dipole momen-
tum fraction (z) dependence and see how, in general, the
change of the wave function affects the results. This would
be interesting because we found a large wave function
dependence on the cross sections. One could also try to
incorporate the Qs fluctuations or saturation to our simple
model, but it is not obvious how to do this maintaining the
analytical treatment of the fluctuations. One could also
include Nq fluctuations which should not be very difficult
to do in our model. Finally, one additional possibility for
further work could be to try and fit the microscopic hot
spot model to experimental data, with or without separate
normalizations for the coherent and incoherent cross
sections.
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APPENDIX A: AVERAGE OF THE DIPOLE
CROSS SECTION

We start from the definition of the dipole scattering
amplitude written with respect to the Wilson line dipole as

dσpdip
d2b

ðb; rÞ ¼ 2

�
1 −

1

Nc
Tr½VðxÞV†ðyÞ�

�
; ðA1Þ

where the Wilson lines V are the path ordered exponentials
of the color field (23). We work in the dilute limit of the
proton and we proceed to expand the Wilson lines to the
lowest order in the proton color charge density or equiv-
alently the proton saturation scale. This yields

dσpdip
d2b

ðb;rÞ≈−
2g2

Nc

�
Tr

�Z
d2zd2wGðx−zÞGðy−wÞρaðzÞρbðwÞtatb

�

−
1

2
Tr

�Z
d2zd2wGðx−zÞGðx−wÞρaðzÞρbðwÞtatb

�
−
1

2
Tr

�Z
d2zd2wGðy−zÞGðy−wÞρaðzÞρbðwÞtatb

��
;

ðA2Þ

where G is the Green’s function

Gðx − yÞ ¼
Z

d2k
ð2πÞ2

expðik · ðx − yÞÞ
k2 þm2

: ðA3Þ

Next we take the trace over the SUðNcÞ generators and take the Gaussian averages over the color charge configurations with
an MV-model color charge two point function with the added hot spot model distribution of color charges as defined in

hρaðxÞρbðyÞiCGC ¼
XNq

i¼1

μ2
�
x − y
2

− bi

�
δð2Þðx − yÞδab; ðA4Þ

where bi are the coordinates for the centers of the hot spots in the proton.
Now by taking the trace and the color charge average, and integrating over the transverse coordinate delta function, the

dipole cross section takes the form

	
dσpdip
d2b

ðb;rÞ



CGC
≈
g2ðN2

c−1Þ
2Nc

Z
d2z½Gðx−zÞGðx−zÞþGðy−zÞGðy−zÞ−2Gðx−zÞGðy−zÞ�

XNq

i¼1

μ2ðz−biÞ: ðA5Þ

By taking the hot spot average, we get

		
dσpdip
d2b

ðb; rÞ




≈
g2ðN2 − 1ÞNq

2N

Z
d2z½Gðx − zÞGðx − zÞ þGðy − zÞGðy − zÞ − 2Gðx − zÞGðy − zÞ�F1ðz;BÞÞ; ðA6Þ

where F1 is the same function as defined before in Eq. (27). This can be written more compactly by defining

Ωðx; y; z; vÞ ¼ Gðx − zÞGðx − vÞ þ Gðy − zÞGðy − vÞ − 2Gðx − zÞGðy − vÞ; ðA7Þ

and writing
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dσpdip
d2b

ðb; rÞ




≈
g2ðN2

c − 1ÞNq

2Nc

Z
d2zΩðx; y; z; zÞF1ðz;BÞ; ðA8Þ

which can be written as

		
dσpdip
d2b

ðb; rÞ




¼ g2ðN2
c − 1ÞNq

2Nc

Z
d2zΩ

�
bþ r

2
;b −

r
2
; z; z

�
F1ðz;BÞ: ðA9Þ

APPENDIX B: AVERAGE OF THE DIPOLE
CROSS SECTION SQUARED

Now we start from the definition of the dipole cross
section squared. It is easy get from the definition of the
cross section and it reads

dσpdip
d2b

ðb;rÞdσ
p
dip

d2b̄
ðb̄; r̄Þ

¼ 2

�
1−

1

Nc
Tr½VðxÞV†ðyÞ�

�
2

�
1−

1

Nc
Tr½Vðx̄ÞV†ðȳÞ�

�
:

ðB1Þ

We again expand the Wilson lines to the lowest
nontrivial order in the proton color charge. After
this, we take the contractions of the color charges as
we did before. Now when we take hot spot averages,
we take averages of two hot spots instead of just
one. Thus we get a term proportional to Nq, which
corresponds to measuring two gluons originating from
the same hot spot, and then we have a term proportional to
NqðNq − 1Þ that corresponds to measuring the gluons
from different hot spots. After taking both of these
averages, we get

		
dσpdip
d2b

ðb; rÞ dσ
p
dip

d2b̄
ðb̄; r̄Þ




¼ g4

4N2
c

Z
d2zd2vfðN2

c − 1Þ2Ωðx; y; z; zÞΩðx̄; ȳ; v; vÞ þ ðN2
c − 1ÞΩðx; y; z; vÞΩðx̄; ȳ; z; vÞ

þ ðN2
c − 1ÞΩðx; y; z; vÞΩðx̄; ȳ; v; zÞgfNqF2ðz; v;BÞ þ NqðNq − 1ÞF3ðz; v;BÞg; ðB2Þ

which can be written, in the impact parameter and dipole size coordinates, as		
dσpdip
d2b

ðb; rÞ dσ
p
dip

d2b̄
ðb̄; r̄Þ




¼ g4

4N2
c

Z
d2zd2v

�
ðN2

c − 1Þ2Ω
�
bþ r

2
;b −

r
2
; z; z

�
Ω
�
b̄þ r̄

2
; b̄ −

r̄
2
; v; v

�

þ ðN2
c − 1ÞΩ

�
bþ r

2
;b −

r
2
; z; v

�
Ω
�
b̄þ r̄

2
; b̄ −

r̄
2
; z; v

�

þ ðN2
c − 1ÞΩ

�
bþ r

2
;b −

r
2
; z; v

�
Ω
�
b̄þ r̄

2
; b̄ −

r̄
2
; v; z

��
× fNqF2ðz; v;BÞ þ NqðNq − 1ÞF3ðz; v;BÞg: ðB3Þ

Here we have defined

F2ðz; v;BÞ≡ hμ2ðz − biÞμ2ðv − biÞiHot spot
¼

�
μ20

2πr2H

�
2
�

1

1þ 2ðNq−1
Nq

Þ R2

r2H

�
exp

�
−

ðzþ v − 2BÞ2
4r2Hð1þ 2ðNq−1

Nq
Þ R2

r2H
Þ
−
ðz − vÞ2
4r2H

�
ðB4Þ

and

F3ðz; v;BÞ≡ hμ2ðz − biÞμ2ðv − bjÞiHot spot
¼

�
μ40

ð2πÞ2ðR2 þ r2HÞ
��

1

r2H þ ðNq−2
Nq

ÞR2

�
exp

�
−

ðzþ v − 2BÞ2
4ðr2H þ ðNq−2

Nq
ÞR2Þ

−
ðz − vÞ2

4ðR2 þ r2HÞ
�
; ðB5Þ

which we first computed in [26].
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The integrals in the first term, the term proportional to ðN2
c − 1Þ2, decouple and the result is proportional to the coherent

amplitude squared. The second two terms however are different. For the Fourier transformof the latter termswe use the identity

Z
d2bd2b̄d2vd2we−ib·Δþib̄·ΔGðbþR1 − vÞGðbþR2 − wÞGðb̄þ R̄1 − vÞGðb̄þ R̄2 − wÞe−BðvþwÞ2−Cðv−wÞ2

¼ 1

16ð2πÞ2
1

BC

Z
d2kd2k̄ exp

�
−

1

4C
ðkþ k̄Þ2 þ ik · ðR2 −R1Þ þ ik̄ · ðR̄2 − R̄1Þ þ

iΔ
2
· ðR1 þR2 − R̄1 − R̄2Þ

�

×
1

ððkþ Δ
2
Þ2 þm2Þððk − Δ

2
Þ2 þm2Þ

1

ððk̄þ Δ
2
Þ2 þm2Þððk̄ − Δ

2
Þ2 þm2Þ : ðB6Þ

Here B and C are the coefficients of the exponentials (B4) or (B5) depending on which term we are calculating.
Now focusing on the latter two terms of (B3), using the identity (B6) and simplifying, we may write

Z
d2bd2b̄e−ib·Δþib̄·Δ

Z
d2zd2v expf−Bðzþ vÞ2 − Cðz − vÞ2g

�
Ω
�
bþ r

2
;b −

r
2
; z; v

�
Ω
�
b̄þ r̄

2
; b̄ −

r̄
2
; z; v

�

þ Ω
�
bþ r

2
;b −

r
2
; z; v

�
Ω
�
b̄þ r̄

2
; b̄ −

r̄
2
; v; z

��

¼ 1

16ð2πÞ2BC
Z

d2kd2k̄
expf− 1

4C ðkþ k̄Þ2g
ððkþ Δ

2
Þ2 þm2Þððk − Δ

2
Þ2 þm2Þ

1

ððk̄þ Δ
2
Þ2 þm2Þððk̄ − Δ

2
Þ2 þm2Þ
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: ðB7Þ

Using this and the definitions (B4) and (B5) we can substitute the appropriate values for B and C. This is enough to find
the color connected contributions to the Fourier transform of (B3) i.e., the average of the Fourier transformed dipole cross
section squared.
Now we can write the Fourier transform of the different parts of the dipole cross section squared as
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dσpdip
d2b

ðb; rÞ dσ
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�Z
d2bd2b̄e−ib·Δþib̄·Δ

		
dσpdip
d2b

ðb; rÞ dσ
p
dip

d2b̄
ðb̄; r̄Þ



�
2;DC

¼ g4μ40ðN2
c − 1Þ2NqðNq − 1Þ
N2

cð2πÞ2
exp ð−ðR2 þ r2HÞΔ2Þ

�
ΨðrÞΨðr̄Þ þ cos

�
1

2
Δ · r

�
cos

�
1

2
Δ · r̄

�
Ψð0ÞΨð0Þ

− cos

�
1

2
Δ · r̄

�
ΨðrÞΨð0Þ − cos

�
1

2
Δ · r

�
Ψðr̄ÞΨð0Þ

�
ðB9Þ
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and
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The latter two color connected terms can be integrated over the angles of the dipole size r; r̄ as the nonrelativistic wave
functions remove the Fourier exponent depending on the dipole orientation. This yields
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and
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These are now the forms of the parts of the cross section
that we can convolute with the vector meson-photon
overlaps and integrate over the dipole sizes. This is also
the form which we can easily expand in the small-r limit as
we do in Appendix D.

APPENDIX C: Δ= 0 EXPANSION OF THE
COHERENT CROSS SECTION

The Z-and K functions have a nontrivial dependence
on m and Δ. To proceed further we must look at specific
limits in terms of these variables. In particular we are
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interested in the behavior in the limits of small and
large Δ.
Using the definitions (45), (30), and (31), the coherent

cross section (46) at the limit of Δ ¼ 0, or t ¼ 0, can be
written as

dσγ
�p→Vp
T;L

dt


t¼0

¼ 1

16π
½C2

T þC2
L�
g4μ40ðN2

c−1Þ2N2
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�Z
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�
1

2m2
−
jrjK1ðmjrjÞ

2m

��
2

:

ðC1Þ

The r-integral yields

dσγ
�p→Vp
T;L

dt


t¼0

¼ 1

16π
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�
π
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�
1

ε02
−
ε02 −m2 þ 2m2 logðmε0Þ

ðε02 −m2Þ2
��

2

:

ðC2Þ

Expanding this at small m to the lowest nontrivial order
yields

dσγ
�p→Vp
T;L

dt


t¼0

≈
1

16π
½C2

T þ C2
L�
g4μ40ðN2

c − 1Þ2N2
q

ð2πNcÞ2

×

�
−
πð1þ 2 logðmε0ÞÞ

ε04

�
2

þOðm2Þ: ðC3Þ

Firstly, this limit serves as a convenient check of the
numerical evaluation of the coherent cross section.
Moreover, it demonstrates the important effect of the IR
regulator m on the magnitude of the coherent cross section.
From this expression, using ε0 ∼mQ for m2

Q ≫ Q2 and the
definition of the constants CT;L from (42) and (43) one can
deduce the power-law dependence of the cross section in
the heavy quark limit dσ=dt ∼ ΓV=m5

Q.

APPENDIX D: THE SMALL DIPOLE SIZE
EXPANSION OF THE CROSS SECTIONS

1. The small dipole size approximation

In this appendix we study the small dipole size expan-
sion of our results. Here the argument is that for a heavy
quark, we would expect the photon wave function to set
r ∼ 1=mQ, so that both the meson wave function and the
dipole amplitude can be expanded to lowest nontrivial
order in r. In this limit several of the integrals that we were
left with in the full case can be calculated analytically.
We expand the dipole cross section Fourier transforms to
the lowest nontrivial order in the dipole size r. We keep the
photon wave function contribution intact as it kills off the

large dipole size contributions at a scale dependent on the
quark masses and the photon virtuality.
The Fourier-transform of the coherent amplitude (29) has

a small r expansion which reads

Z
d2be−ib·Δ
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arccoth
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r ���
: ðD1Þ

Here one should note that the term depending on the
orientation of the dipole with respect to the momentum
transfer (the ðΔ · rÞ2-term) does not vanish in the lowest
order in the dipole size. This feature has an interpretation in
terms of the Wigner distribution of the proton, and
corresponds to an angular correlation between the jet axis
and momentum transfer in exclusive dijet production
[46–49], in particular see Appendix D of Ref. [50] for
analytical results very similar to ours. However, this term
vanishes in the limit of large m=Δ. This effect has an
interesting interpretation in terms of the shape of the
proton. When m is large, the gluon field generated by a
pointlike color charge is more or less pointlike, which
translates to the gluon field of the proton being Gaussian
because the color charges are distributed as a Gaussian.
This reduces the size of the boundary, which is where the
orientation of the small dipole matters, and this makes the
angle dependence vanish at the lowest order of the dipole
size. On the other hand when them is not large, the shape of
the gluon field of the proton is decreasing more as a power
law (in momentum space, a modified Bessel function in
coordinate space), which makes the boundary more rel-
evant than in the Gaussian shape and results in the angle
dependent term having a significant contribution.
To get the small-r expressions for the cross sections, we

expand the dipole cross section to the lowest nontrivial
order in the dipole size r before integrating it with the wave
function overlap. The small-r expressions for the Z—and
K-functions defined in (45) and (50) then read

Zr≈0ðΔ;m2;ε0Þ

≡2π

ε04
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Δ
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�
þ log

�
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��
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and
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Kr≈0ðA;Δ; m2; ε0Þ≡ 1

ε08
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�
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We see that the Z-function, and consequently the coherent and hot spot fluctuation parts of the cross section, retain a
logarithmic dependence on ε0 and thus the quark mass even in the small dipole limit. Only in the color fluctuation part, i.e.,
the function K, the dependence on the quark mass becomes a pure power law.
In the small r=r̄ limit of the dipole cross section, the coherent cross section becomes

dσγ
�p→Vp
T;L

dt
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¼ 1

16π
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Now by also expanding (50), the parts of the incoherent cross section, in the small-r limit, read
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where the subscripts are the same as before, referring to the number of hot spots and whether the color structure is connected
or not.

2. Small-r coherent cross section at Δ=∞ and Δ= 0

The small-r limit of the coherent cross section reads
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Now to approximate this at large t, we expand the function in the square brackets in large −t ¼ Δ2. This yields
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This result also coincides with the small-m expansion of (D9).
On the other hand, we can approximate the slope at −t ¼ Δ2 ¼ 0 by first expanding the square bracket at small t. Doing

this we get
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Near t ¼ 0 we can use this to get an expression that is an
exponential in t, but with a slope that takes into account the
Coulomb tails regulated by m.

dσγ
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dt
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For a finite IR regulator m, the correction to the slope
∼1=½m2 logðmQ=mÞ� does indeed vanish in the limit
mQ → ∞, but this happens only extremely slowly. Note
also that this reexponentiation that gives an interpretation as
a correction to the coherent slope is based in an expansion
in t=m2, and is thus valid for only very small values of t.

3. Large-t behavior of the small-r
incoherent cross section

In the large t limit the incoherent cross section is
dominated by the color fluctuation contributions. For this
we need to look at the large t behavior of the integral

Z
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4
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4
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�
; ðD13Þ

with A ¼ R2 þ r2H for the two hot spot case and A ¼ r2H for
the one hot spot case. Here the former has a much smaller
effect for the large-t tail, as we shall see.
Firstly let us change the coordinates to q ¼ kþ k̄ and

q̄ ¼ k − k̄. Doing this, and by simplifying a bit, we get

¼ 4

Z
d2qd2q̄

expð−Aq2Þ
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ðD14Þ

Now by assuming that the Gaussian restricts q to small
values, we can set q ¼ 0 everywhere else. Performing the
Gaussian integration, we get

¼ 4π

A

Z
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Δ4 − 2Δ2q̄2 þ q̄4
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ðD15Þ

The angle of Δ does not matter in our calculation so we can
choose Δ to be fully in the x direction. This integration can
be performed in the Cartesian coordinates, and it yields
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Now expanding this to the leading order at large Δ, we get

≈ −
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We can also write this as

≈
π2ð1þ log ð− m2

t ÞÞ
At

þO
�
1

t2

�
: ðD18Þ

Now it is clear that the smaller A term with A ¼ r2H
dominates over the A¼R2þr2H one. Thus, setting A¼r2H
in Eq. (D18) gives the large-t limit for the incoherent cross
section.

4. Comparing the full result with the analytical limits

In Fig. 7 we have plotted the cross sections for both the
full and small-r expressions together with their expected
behavior in the different regimes. For the coherent cross
section we have plotted the full result (2), its small-r
expansion (D4), an exponential ∝ exp ðtR2

CÞ with the
coherent radius (28) and the two limits where we approxi-
mate the t behavior with exponentials obtained from the
slope of the small-r expansion at Δ ¼ 0 (D12) and Δ ¼ ∞
(D10). In these plots we use the actual normalizations of the
limits as they are seen in the equations.
Firstly looking at the charm quark coherent cross

sections, we see that both the full and the small-r cross
sections stray from both the expected exponential and from
each other already at small jtj. We also see a dip in the
small-r limit of the coherent cross section. This dip appears
because the Zr≈0-function changes sign. It also exists for
the heavier quarks but its location is at a higher value of t
the higher the quark mass mQ, or photon virtuality Q2, is.
We see that in the range of t we study here, the bottom
quark mass is sufficient to make the full and small-r results
of the coherent cross section coincide quite well. Also the
t ¼ ∞ limit expansion of the coherent cross section works
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quite well except for the very low t values. For the top quark
case, we see that both the full and the small-r coherent cross
sections almost have the expected exponential decay
and thus measure the overall size of the proton much
better than the c and b quarks. The t ¼ 0 limit expansion of
the coherent cross section does not work very well for any
of the quark masses except at very low values of t.
Next let us look at the incoherent cross section. In

Fig. 7 we have also plotted the full incoherent cross

section (48), (49), (51), and (52), the small-r expansion
of the incoherent cross section (D5), (D6), (D7), (D8), and
the small-r and large-t expansion of the incoherent cross
section [(D7) with the integral substituted with (D17)].
Also, here we use also the normalization resulting from the
calculation in the plot.
Firstly we notice that for the charm quark, the small-r

incoherent cross section goes down much too slowly in
comparison to the full-r result. The large-t expansion does

FIG. 7. Comparison of the analytic small-r limits of the coherent (D4) and incoherent cross sections (D5), (D6), (D7), and (D8) to the
full numerical result. Also shown are analytical results obtained in the small or large t limits, Eqs. (D12), (D10), and (D17) and an
exponential with a value at t ¼ 0, which can be easily seen from Eq. (D11) by setting t ¼ 0, and a slope given by the coherent radius.
As usual, the top row shows the result for the c mass, the middle row for b and the bottom row for t.
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capture the behavior of the small-r limit of the incoherent
cross section, however. We seem to have to have extremely
heavy quarks to make the dipole size to be small enough to
warrant for the small-r expansion. This can be seen in the

bottom quark plot where the mass of this quark is not high
enough to really make the expansion work. Only in the top
quark case dowe see that our small-r limit is the correct one
for the asymptotically heavy quark limit.
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