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The β decays of the ground state (gs) and isomeric state (m) of 96Y have been studied with the total absorption
γ -ray spectroscopy technique at the Ion Guide Isotope Separator On-Line facility. The separation of the 8+

isomeric state from the 0− ground state was achieved thanks to the purification capabilities of the JYFLTRAP
double Penning trap system. The β-intensity distributions of both decays have been independently determined.
In the analyses the deexcitation of the 1581.6 keV level in 96Zr, in which conversion electron emission competes
with pair production, has been carefully considered and found to have significant impact on the β-detector
efficiency, influencing the β-intensity distribution obtained. Our results for 96gsY (0−) confirm the large ground
state to ground state β-intensity probability, although a slightly larger value than reported in previous studies
was obtained, amounting to 96.6+0.3

−2.1% of the total β intensity. Given that the decay of 96gsY is the second most
important contributor to the reactor antineutrino spectrum between 5 and 7 MeV, the impact of the present
results on reactor antineutrino summation calculations has been evaluated. In the decay of 96mY (8+), previously
undetected β intensity in transitions to states above 6 MeV has been observed. This shows the importance of
total absorption γ -ray spectroscopy measurements of β decays with highly fragmented deexcitation patterns.
96mY (8+) is a major contributor to reactor decay heat in uranium-plutonium and thorium-uranium fuels around
10 s after fission pulses, and the newly measured average β and γ energies differ significantly from the previous
values in evaluated databases. The discrepancy is far above the previously quoted uncertainties. Finally, we also
report on the successful implementation of an innovative total absorption γ -ray spectroscopy analysis of the
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module-multiplicity gated spectra, as a first proof of principle to distinguish between decaying states with very
different spin-parity values.

DOI: 10.1103/PhysRevC.106.014306

I. INTRODUCTION

The β decay of neutron-rich nuclei produced in the fission
of nuclear reactor fuel is the source of a large part of the
reactor decay heat, producing antineutrinos and β-delayed
neutrons. The accurate prediction of the reactor decay heat
is crucial for safe control of nuclear reactors, as it is the
dominant source of energy when reactors are turned off, as
well as for reactor waste management. A summation method
based on nuclear data can be employed to compute the decay
heat, offering a flexible approach that allows one to make
predictions for new reactors and new fuel compositions. The
understanding of the reactor antineutrino spectrum is impor-
tant for reactor-based experiments on fundamental neutrino
physics [1–3] and for reactor monitoring in safeguard inspec-
tion [4]. Regarding antineutrinos, two computing approaches
are used: (a) the summation method [5,6] and (b) the con-
version of integral β-spectrum measurements for the main
fissile isotopes [7,8]. Recently the observation of discrepan-
cies between the experimental spectra and the calculated ones
in terms of the absolute flux (called the “reactor antineu-
trino anomaly”) [9] and in spectral shape (called the “shape
anomaly”) [10–12] has triggered new efforts to improve the
accuracy of antineutrino spectrum calculations using the sum-
mation method.

The summation methods applied to reactor decay heat
and reactor antineutrino spectrum calculations depend on the
quality of the available nuclear data. One of the ingredients
used as input are the β-intensity probabilities of populating
the daughter levels in the β decay of each fission fragment. In
particular, the average γ and β energies, calculated from the
β-decay probabilities, are employed to determine the decay
heat as a function of time by summing the energy released
by the decay of each nucleus weighted by its correspond-
ing activity at that time. In the same way, the antineutrino
spectrum associated with the decay of each fission product
is determined by using the β-intensity probabilities. These
individual spectra are summed, assuming β-transition types
and weighted by their corresponding activity, to calculate the
total reactor antineutrino spectrum at a given time.

It is important to note that many of the fission frag-
ments of interest for reactor calculations are short-lived nuclei
and have large β-decay energy windows Qβ . Such cases
are associated with more complex decay patterns, involv-
ing high-γ -multiplicity cascades in the deexcitation of the
numerous levels fed in β decay. Traditional high-resolution
γ -spectroscopy approaches based on HPGe detectors are
known to be impaired by their limited efficiency. This leads
to the nondetection of part of these γ cascades, with the
resulting underestimation of the β feeding of levels at high
excitation energy, called the Pandemonium effect [13]. The
Total Absorption γ -ray Spectroscopy (TAGS) technique of-
fers an alternative high-efficiency approach to overcome this

problem [14], by covering almost the full solid angle with
large scintillator crystals. In recent years, TAGS has proven to
be a suitable tool to investigate the β decay of neutron-rich
nuclei, with enough sensitivity even to detect γ rays from
neutron-unbound states [15–18].

The summation method allows one to identify the nuclei
that contribute most to the reactor antineutrino spectrum and
to the reactor decay heat [5,6,19]. This was first done in
the case of reactor decay heat in the pioneering work of
Yoshida and Nichols and the Working Party on International
Evaluation Co-operation of the NEA Nuclear Science Com-
mittee (WPEC 25) group [20], highlighting the important
role of the Pandemonium effect in the decay data of im-
portant contributors and providing lists of nuclei that would
deserve new TAGS measurements. The first TAGS measure-
ments of some of these key nuclei had a very large impact
on the decay heat after a thermal fission pulse of 239Pu, thus
solving a long-lasting discrepancy between integral measure-
ments and summation calculations [21]. It was evinced in
Ref. [5] that the reactor antineutrino spectra computed with
the summation method also suffer from the Pandemonium
decay data, similarly to the decay heat. Since then, many other
studies [16,19,22–25] have also helped to improve reactor
summation calculations.

Recently, the Nantes summation method for the calculation
of the reactor antineutrino spectrum was updated with the
published results of the TAGS campaigns carried out by our
collaboration during the last decade, significantly improving
the agreement between the experimental reactor antineutrino
results and the calculation of the absolute flux [26] and show-
ing that the remaining flux discrepancy should be even further
reduced with additional Pandemonium-free data. This rein-
forces the need for decay data free from the Pandemonium
effect to improve the summation method. For a review of the
impact of our TAGS campaigns during the last decade, we
refer the interested reader to the recent review article [27].

In this article we present the study of the β decays of the
ground state (gs) and isomeric state (m) of 96Y. These decays
are estimated to produce almost 5% of the decay heat around
10 s after fission in 235U [20]. The TAGS study of the decay
of the 0− ground state was ranked as priority two for U/Pu
and Th/U fuels by a committee of experts of the International
Atomic Energy Agency (IAEA) [25], while the TAGS study
of the decay of the 8+ isomeric state was considered priority
one for Th/U fuel. The TAGS measurements of these cases
are thus of enormous importance in order to increase con-
fidence in decay heat calculations. In addition, the decay of
the 0− ground state is one of the main contributors to the
reactor antineutrino spectrum in the region of the spectral
shape distortion between 5 and 7 MeV, adding almost 11%
of the antineutrino spectrum of a pressurized water reactor
(PWR) in the 5–6 MeV energy range and 14% between 6 and
7 MeV [19]. Its TAGS measurement was ranked of the highest
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priority by the IAEA [25] for the improvement of the reactor
antineutrino spectrum.

On the other hand, the decay of the 8+ isomeric state
is also important if we are to understand the structure of
the daughter nucleus, 96Zr, which lies in a region of shape
transition [28] and emergence of shape-coexisting states and
intertwined quantum phase transitions [29]. In the β decay of
96mY moderately high-spin levels are expected to be accessed,
in contrast with the decay of the ground state that mainly
populates low-spin levels. Shape coexistence in 96Zr has been
established in experiment recently [30] triggering many the-
oretical works to elucidate the properties of this nucleus and
reinforcing the interest in even-even Zr isotopes [31–33]. In
particular, recent beyond-mean field calculations [34] have
studied the triple shape coexistence of the 0+ states in 96Zr,
as well as the dominance of a prolate configuration in the 8+
state in 96Zr, predominately populated in the decay of 96mY.

In recent previous measurements of the β decay of 96Y
either the 8+ isomer was not produced and could not be
studied [22], or the β decays of the ground state and the
isomer were mixed [35]. Therefore, the analysis of their decay
patterns had to rely to some extent on the previous high-
resolution spectroscopy measurements [36] to disentangle the
two components, especially at high energy. The measurements
of the β decays of the ground state and the isomer of 96Y
presented here are unambiguously separated thanks to the use
of the JYFLTRAP double Penning trap system [37], as will be
described later. We have also carefully taken into account in
the TAGS analyses the electric monopole (E0) transition from
the 1581.6 keV state in 96Zr and we show the impact on the
obtained results.

The present article is organized as follows: in Sec. II we
give details about the experimental TAGS measurements and
the analysis procedure is detailed in Sec. III, where the main
results are discussed. In particular, the first application of a
novel analysis approach for module-multiplicity gated spectra
is presented in Sec. III D, the impact on reactor summation
calculations is discussed in Sec. III E and in Sec. III F we
determine the β-energy spectrum of the decay of 96gsY from
the results of this work and we compare it with previous β-
spectra measurements. Finally, general conclusions are drawn
in Sec. IV.

II. EXPERIMENT

The measurement of the decays of 96gs,mY was performed
as part of a TAGS campaign at the upgraded IGISOL
IV facility of the University of Jyväskylä (Finland) [38].
The segmented Decay Total Absorption γ -ray Spectrometer
(DTAS) [39], composed of eighteen NaI(Tl) crystals, was
employed in coincidence with a thin plastic β detector (see
Ref. [40] for more details about the experimental setup).
Proton-induced fission on natural uranium produced the nu-
clear species of interest, extracted with the fission ion guide
technique, separated in mass with the mass separator magnet
and further purified in the JYFLTRAP double Penning trap
system [37] to select the isobaric component of interest. The
half-lives of the two β-decaying states, 96gs,mY, are 5.34(5)
and 9.6(2) s [41], respectively, and the Qβ value of the de-
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FIG. 1. JYFLTRAP purification trap mass scans for A = 96. The
frequency is selected to extract the isobar of interest from the trap.

cay of the ground state is 7103(6) keV (based on NUBASE
2016 [42], slightly smaller than the 7109(6) keV value quoted
in the recent NUBASE 2020 [43], a negligible difference
for our 40 keV-binned analyses). In this case no β-delayed
neutron branch is energetically possible. For the energy of
the 8+ isomer in this work we use the 1540(9) keV value
from NUBASE 2020 [43] (also quoted in Refs. [42,44]) based
on a precision mass measurement with JYFLTRAP [45]. A
1540.5(4) keV value has recently been deduced from the study
of a (6+) 181(9) ns isomer at 1655 keV excitation energy
in 96Y [46], thus reinforcing the current NUBASE value.
Note that in NUBASE 2003 [47] the quoted value for the
8+ isomer was 1140(30) keV, which is the value available
in the Evaluated Nuclear Structure Data File (ENSDF) [41]
and National Nuclear Data Center (NNDC) [48] databases.
In our experiment, the energy difference between the ground
state and the 8+ isomeric state of 96Y was resolved with
JYFLTRAP using the buffer-gas cooling technique [49] in the
first trap, known as the purification trap. An example of such
a mass scan is shown in Fig. 1.

The β-gated total absorption spectrum of the DTAS de-
tector was reconstructed offline following the procedure
described in Ref. [50] by summing the signals from the in-
dividual modules in coincidence with the β-plastic detector.
The experimental β-gated spectra corresponding to the de-
cays of 96gs,mY are presented in Fig. 2 free of contaminants.
The contaminants which were subtracted from the spectra
include several contributions. In both cases the summing-
pileup distortion was considered, and it was calculated and
normalized as explained in Ref. [50], based on the Monte
Carlo (MC) method developed by the group of Valencia [51].
In the decay of the ground state this was the only source of
contamination subtracted. In the decay of the 8+ isomeric
state, in addition to the summing-pileup contribution, we also
considered a contamination coming from the decays of 96gsY
and 96Sr, due to problems in the purification in JYFLTRAP for
some experimental runs. The decay of 96Sr was measured in
the same experimental campaign and it was subtracted from
the 8+ isomeric spectrum by normalizing with the peak at
931.7 keV, coming from the deexcitation of the most
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FIG. 2. Experimental β-gated spectra of the measurements for
96gsY (black) and 96mY (gray) free of contaminants. The sum peak of
the two 511 keV γ rays emitted in the positron annihilation from the
pair emission of the 1581.6 keV level in 96Zr is indicated (see text
for details).

populated level in the decay of 96Sr. The contamination of
96gsY in the 96mY spectrum was normalized by matching
the low-energy region of the spectrum, associated with the
penetration in DTAS of high-energy β particles from the
ground-state to ground-state transition (only allowed in the
decay of 96gsY).

III. ANALYSIS AND RESULTS

For the TAGS analyses of the experimental spectra, we fol-
lowed the method developed by the group of Valencia [52–54]
to determine the β intensities. The inverse problem di =
∑levels

j Ri j (B) f j + Ci has to be solved in order to determine f j ,
the number of decay events that feed level j in the daughter
nucleus, where di represents the number of counts in channel
i of the total absorption spectrum, Ci represents all contami-
nants in channel i, and Ri j is the response function of the total
absorption spectrometer. The response function depends on
the branching ratios (B) for the different deexcitation paths of
the states populated in the decay. At low excitation energies,
these branching ratios are taken from the literature, assuming
a good knowledge of the level scheme. When the information
starts to be incomplete, we introduce a continuum region of
40 keV bins, where the branching ratios are calculated based
on a statistical model [54].

With regard to the decays of 96gs,mY into 96Zr, we have
considered the known level scheme in the daughter nucleus
up to 4389.5 keV excitation energy (an 8+ level strongly
fed in the decay of the 8+ 96mY isomer [55]), taking the
ENSDF data [41] as input. For those levels without firm
spin-parity assignment in the ENSDF database, we have cho-
sen the values according to the recommendations given by
the Reference Input Parameter Library (RIPL-3) [56] up to
3772.2 keV excitation energy, except for the level at 3309.19
keV (a 6+ is recommended by RIPL), because the analysis of
the decay of the 8+ isomer was improved with a 4+ value.
From 3772.2 keV excitation energy up to 4389.5 keV RIPL
does not give any recommendation for those levels without

spin-parity value assigned and our choices among the possi-
ble values quoted in the ENSDF evaluation are justified as
follows: the 1+ selection for the levels at 3947.19 and 4037.89
keV as well as the 1− value for the level at 4132.4 keV
improve the reproduction of the experimental spectra for the
decay of the 0− 96gsY. The level at 4261.3 keV excitation
energy has been chosen to be a 6+ although the 5+ value
was also considered for the calculation of the uncertainties
(with no effect in any of the analyses). There are three levels
without any tentative spin-parity value. Those at 3924.6 and
4024.5 keV have been chosen not to be directly fed in any of
the decays (assuming 4+ and 5+ values, respectively), since
we have verified that those levels are not seen in the spectra.
Finally, the level lying at 3865.16 keV excitation energy has
been chosen to be a 2+, because the reproduction of the exper-
imental 96gsY spectrum was found to improve slightly when
this level is directly fed (first forbidden transition). The pos-
sible influence of the spin-parity values of these three levels
has been investigated and in the evaluation of the uncertainties
alternative 3±, 4±, and 5± values were also considered for
them. It turned out that any effects are negligible as we shall
see later.

From 4389.5 keV excitation energy up to the Qβ value, the
branching ratios have been calculated based on a statistical
model that uses the parameters given in Table I as input,
and taken from RIPL-3 [56]. As presented in Table I, two
β-deformation parameters used for the Photon Strength Func-
tion (PSF) calculation have been considered: the reference one
based on experimental results [57] and an alternative value
coming from the finite range droplet model (FRDM) calcula-
tions available at RIPL-3, which predict a larger deformation.
The level-density parameter “a” at the neutron binding energy
employed for the calculation of the E1γ -strength function is
the one obtained with the TALYS code [58], since no value for
96Zr is available at RIPL-3. We have used the nuclear level
density from the Hartree-Fock-Bogoliubov (HFB) plus com-
binatorial model [59,60], retrieved from RIPL-3. It is adjusted
to reproduce the experimental accumulated number of levels
in the known part of the level scheme.

Once the branching-ratio matrix for each decay was de-
termined, the response function was calculated by means of
MC simulations [52], using the GEANT4 simulation pack-
age [61]. For this, monoenergetic γ -ray MC responses are
normally folded with the response to the β continuum for each
level [52]. In the next section we will comment on a slight
modification of this procedure introduced to treat properly
the deexcitation of the 1581.6 keV level. The MC simula-
tions were validated by comparison with measurements of
well-known radioactive sources (60Co, 137Cs, 22Na, 24Na, and
a mixture of 152Eu and 133Ba) [50]. Finally, the β-intensity
distributions were determined by applying an expectation
maximization (EM) algorithm [53].

A. Deexcitation of the 1581.6 keV level

In the calculation of the response matrices of the decays
of 96gs,mY one special feature of the level scheme of 96Zr
was taken into account. The deexcitation of the 0+ level
at 1581.6 keV, presented in Fig. 3, occurs by means of
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TABLE I. Parameters used in the statistical model calculation of the branching-ratio matrix (B) of the daughter nucleus 96Zr. The upper set
of E1 parameters is calculated with an experimental deformation parameter, whereas the lower one is calculated with a deformation parameter
coming from FRDM calculations.

Level-density Deformation Photon strength function parameters

parameter parameter E1 M1 E2

a β E � σ E � σ E � σ

[MeV−1] [MeV] [MeV] [mb] [MeV] [MeV] [mb] [MeV] [MeV] [mb]

15.720 4.878 63.953
0.08 0.681

16.832 5.554 112.329
14.57370 8.968 4.000 13.780 4.958 2.010

14.655 4.269 73.064
0.217 0.736

17.598 6.044 103.216

conversion electrons in competition with pair production, due
to the fact that the energy involved exceeds the pair production
threshold 2me (1022 keV). A careful study of the absolute E0
intensity was performed by Mach et al. [36], where a probabil-
ity for pair production Pe−e+ = 0.170 was used, based on the
Wilkinson formulation [62,63]. In the present work, we took
Pe−e+ = 0.143 from the BrIcc (v2.3) conversion coefficient
calculator [64,65], compatible with the value used by Mach
et al. [36] within an uncertainty of 25%. A recent tabulation
for the upcoming BrIcc (v3.1) gives a value for Pe−e+ of
0.138 [66]. No experimental value is available for Pe−e+ in
this case, but in the case of 90Zr, with an E0 transition of
1760.7 keV, BrIcc (v2.3) gives a probability for pair emission
with a maximum 15% discrepancy with respect to experimen-
tal values (considering only K shell electrons).

To take into account the response of this level when con-
structing the response function, we have replaced the usual
γ response by a MC simulation of this deexcitation pattern.
In this MC simulation we generated an electron-positron pair
with a probability Pe−e+ and a conversion electron with a
probability 1 − Pe−e+ . The simulated energy of the conversion
electron corresponded to the energy of the level minus the
binding energy of the K electron in Zr (18.0 keV). The energy
of the pair corresponded to the energy of the level minus 2me

Pe−0+ Pe−e+ 1581.6 keV

96Zr

0+ 0 keV

2m2
e

e− e+e−

FIG. 3. Scheme of the possible E0 deexcitations of the level at
1581.6 keV excitation energy in 96Zr. Pair production occurs with a
probability Pe−e+ .

and it was randomly shared between the electron and positron,
that were simulated as being emitted back to back. For the case
of direct β feeding the resulting MC response for this level is
shown in Fig. 4, in comparison with the response that only
takes into account the β particles emitted.

Apart from drastically modifying the MC response for this
level, taking into account the effect of conversion electrons
and pair production also modifies the efficiency of the plastic
β detector associated with the decay to each level of the
daughter nucleus that deexcites through the 1581.6 keV level,
which is employed to normalize the MC responses in β-gated
TAGS spectra. One expects an efficiency increase due to con-
version electrons (and electrons from the pair) with respect to
a situation where only β electrons are emitted. Note that the
sensitivity of the β detector to γ rays is very small and this
effect is neglected. This change in the efficiency affects not
only the response to the deexcitation of the 1581.6 keV level,

Energy [keV] 
0 1000 2000 3000 4000 5000

C
ou

nt
s 

  

1

10

210

310

410  + E0 + pairβ
βonly 

 + E0β
 + pairβ

FIG. 4. MC response for the 1581.6 keV level of the β-gated
TAGS spectrum. The solid gray line shows the normal penetration of
β particles in the spectrometer, whereas the solid black line shows the
effect of also taking into account conversion electrons and the pair
production for the deexcitation of this level. For more detail we add
the dotted blue line that corresponds to considering only conversion
electrons together with β particles, and the red dashed line showing
the contribution of pair production and β electrons.
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FIG. 5. Efficiency of the β detector as a function of the excitation
energy in the daughter nucleus (96Zr). The efficiency considering
only β particles (gray line) is compared with that obtained taking
conversion electrons and pair production into account as well (black
squares). The upper and lower panels show the comparisons for 96gsY
and 96mY, respectively. See text for more details.

but also that of all those levels deexciting through it. To correct
the β efficiency of the MC simulations, we have introduced a
novel approach that will be further exploited in Sec. III D. By
means of a modified DECAYGEN event generator [54] we have
constructed an event file for each of the levels of 96Zr. The DE-
CAYGEN program uses the branching ratio matrix as input and
it has been modified to include the conversion electrons and
the pair production. For each level in 96Zr we have performed
a MC simulation with the corresponding event file as input and
we have determined the efficiency of the plastic β detector. In
Fig. 5 we present a comparison between the β efficiency of
the plastic detector when only β particles are considered and
the one that also takes into account conversion electrons and
pair production.

As expected, the most important effect in the β-detector
efficiency is observed for the 1581.6 keV level (with an in-
crease from 34% to 58%), but a noticeable effect is also seen
for those levels in the known part of the level scheme of 96Zr
that are connected with it. In addition, since we consider 0−
and 1− levels in the continuum region of 96Zr for the decay

of the 0− ground state of 96Y (i.e., allowed β transitions,
including unlikely 0− → 0− Fermi transitions), the efficiency
for those levels is also affected due to their likely connection
with the 0+ 1581.6 keV level (see enhanced β efficiency at
high excitation energies in Fig. 5 top). On the contrary, for
the decay of the 8+ isomer allowed β transitions to 7+, 8+,
and 9+ levels in the continuum region have been considered,
and they deexcite through γ cascades that do not pass through
the 0+ 1581.6 keV level (see β efficiency at high excitation
energies in Fig. 5 bottom).

Note that this is the first time that the decay through
pair production and conversion electrons is taken into ac-
count in published TAGS analyses, allowing an independent
determination of the β feeding of this level from previous
measurements. Indeed in a recent independent measurement
with the TAGS technique of the decay of 96gsY [22,67] the
authors do not consider the pair production in their response
(although the 1022 keV peak is clearly seen in Fig. 1 from
Ref. [67]). They also do not consider conversion electrons,
and their MC response of the 1581.6 keV level is analogous
to the response for the ground state. In other words they only
consider β electrons, as shown by the gray line in Fig. 4.
The authors mention an “inefficiency of MTAS to clearly
detect the conversion electrons” [67] and they had to fix the
feeding to the 1581.6 keV level to the value previously known
(1.26% [41]), thus omitting the effect of these conversion
electrons on the efficiency of their β detector.

As a final comment, in our analyses we have neglected the
pair production branch for other minor E0 transitions in 96Zr:
the 1113.53 and 2695.17 keV transitions from the 0+ level
at 2695.18 keV and the 1343.89 and 2925.50 keV transitions
from the 0+ level at 2925.5 keV. In contrast with the level
at 1581.6 keV, these levels deexcite predominantly through
γ branches and not by conversion electrons. In addition, the
probability of pair emission for those E0 branches cannot be
calculated with BrIcc (v2.3) because either they are too close
to the 2me threshold energy (the 1113.53 and 1343.89 keV
transitions) or they are outside the energy range of BrIcc (as it
is the case of the 2695.17 and 2925.50 keV transitions). Note
that together, those two levels are directly fed with 0.2% prob-
ability in the decay of 96gsY (and 0.02% indirectly) according
to ENSDF [41], with no feeding in the case of the decay
of 96mY.

B. 96gsY

For the analysis of the decay of 96gsY we considered al-
lowed transitions plus first forbidden transitions to levels in
the known part of the level scheme of 96Zr, and only allowed
transitions in the continuum part, as mentioned earlier. The
quality of the TAGS analysis can be seen in the top panel
of Fig. 6 by comparing the experimental spectrum with the
spectrum reconstructed by the convolution of the β intensi-
ties obtained in the analysis with the corresponding response
function of the spectrometer.

In the bottom panel of Fig. 6 the β-intensity distribu-
tion obtained in this work (supplied in the Supplemental
Material [68]) is compared with the high-resolution spec-
troscopy values from ENSDF [41] based on Ref. [36]. The
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FIG. 6. (Top panel) Experimental β-gated spectrum summing-
pileup subtracted for 96gsY (gray) and reconstructed spectrum (red).
The MC responses of each level fed in the daughter nucleus are
shown with thinner lines and the 1022 keV peak due to the positron
annihilation is highlighted. The relative deviations between exper-
imental and reconstructed spectra are shown. (Bottom panel) β

intensities for the present TAGS results (red dots with error bars)
and high-resolution γ -spectroscopy data from ENSDF (green line).

decay is dominated by the ground-state to ground-state
feeding intensity. We determine a value of 96.6+0.3

−2.1%, com-
patible within uncertainties with the 95.5(5)% value quoted
in ENSDF based on Ref. [36] [equal to the 95.5(20)%
value determined in the recent TAGS study previously men-
tioned [22]]. The present value is found to be affected by the
change in the efficiency due to conversion electrons discussed
in the previous section, and a 95.7% value is obtained without
applying this correction. In addition, if we only take the re-
sponse to β particles for the level at 1581.6 keV excitation
energy (see gray line in Fig. 4), the β intensity is shared
between the ground state (74.7%) and the 0+ level at 1581.6
keV (22.9%), since the MC responses for both levels are
very similar. To get reasonable results, we need to fix the β

intensity to the 1581.6 keV level to the 1.26% value from
ENSDF [41], as done in Ref. [22], thus obtaining a value of
96.4%. We have not taken into account such a solution with
only β particles in the MC response of the level at 1581.6
keV, because it does not reproduce the clear 1022 keV peak

seen in our experimental spectrum (as highlighted in Figs. 2
and 6). Our analysis with the correct response function natu-
rally gives a 1.03+1.83

−0.23% β intensity to the 0+ level at 1581.6
keV, in agreement within the uncertainties with the 1.26(10)%
ENSDF value. On the other hand, the effect of the first bin
included in the analysis (with each bin equivalent to 40 keV)
was also found to affect the value of the ground-state feeding
probability by up to ±0.4%. Similarly, we have observed that
the ground-state feeding intensity value is very sensitive to
variations of the Pe−e+ value: a ±50% variation has been ob-
served to change the ground-state feeding intensity to 97.0%
and 95.5%, respectively. However, such a large error in Pe−e+

is not justified and we have considered a ±25% variation in
the estimation of the uncertainties, as discussed in Sec. III A.
Finally, we have also applied the 4πγ − β counting method
introduced by Greenwood et al. [69] and recently revisited in
Ref. [70]. It is based on the number of counts registered in the
DTAS β-gated spectrum together with the number of counts
registered in the β detector. We obtain a value of 93(3)%,
compatible within uncertainties with the TAGS result. The
large uncertainty is due to the influence of the conversion
electrons both in the efficiencies and in the number of counts
from DTAS and the plastic β detector.

Different sources of systematic error have been considered
that may contribute to the uncertainties of the β intensities in
this work. The statistical errors are negligible in comparison.
Solutions without correcting the β-detector efficiency have
been included in the error budget, as well as changing the
Pe−e+ value by up to ±25%. The different spin-parity values
discussed above for the branching-ratio matrix were consid-
ered for the estimation of the uncertainties, and resulted in
a negligible impact on the β-intensity distribution. In addi-
tion, two possible sets of correction factors for the HFB+c
level-density distribution were employed (the one available
at RIPL-3 and another set of correction factors that slightly
improves the reproduction of the accumulated number of
known levels in 96Zr at low excitation energies). The differ-
ence between the two sets of corrections was also negligible.
Similarly, the two possible sets of PSF parameters for E1
transitions presented in Table I gave equivalent results in the
analysis.

We also modified the normalization of the summing-pileup
by ±50% until the reproduction of the experimental spectrum
with the result of the analysis was not acceptable. Due to
the large ground-state to ground-state branch, random coin-
cidences between β particles detected in the β detector and
environmental γ background in DTAS may be enhanced [71].
We have considered the influence in our analysis of sub-
tracting an environmental background component without
noticing any significant difference. The possible influence
of the deconvolution algorithm has also been evaluated by
employing the maximum-entropy algorithm in addition to the
expectation-maximization one. Finally, errors in the energy
and resolution calibrations have been considered in the uncer-
tainties seen in the bottom panel of Fig. 6, as well as the effect
of the threshold of the β detector (which affects the energy
dependence of the efficiency of this detector).

As a cross-check of our branching ratio matrix and our
response function, we have investigated the reproduction of
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FIG. 7. Module-multiplicity gated TAGS spectra for Mm = 1–8. The experimental spectra free of contaminants and the MC spectra
obtained with the results of the TAGS analysis are compared for the decay of 96gsY (experiment: light gray, MC: red) and the decay of
96mY (experiment: gray, MC: black).

other experimental observables with the results of the refer-
ence analysis, in line with our recent works [18,72]. For this
the previously mentioned DECAYGEN event generator has been
employed, with the branching-ratio matrix and the β-intensity
probabilities of the TAGS analysis as input. It allowed us to
study the reproduction of the spectra of the individual mod-
ules of DTAS, as well as the total absorption spectra with
module-multiplicity (Mm) conditions (where Mm represents
the number of modules of DTAS that register a signal above
the threshold for a given event). In both cases we found a
nice reproduction of the experimental spectra, as shown in
Fig. 7 for the Mm-gated spectra. Even though the β-intensity
distributions determined in the TAGS analyses are known to
be quite independent on the assumptions made to construct the
branching-ratio matrices, as shown in Ref. [54], the reproduc-
tion of Mm-gated spectra can be sensitive to possible defects.
The good reproduction found for the present cases reinforces
our confidence in the branching-ratio matrices employed.

We have also checked the reproduction of the absolute
intensities of the strongest γ transitions of the decay, corre-
sponding to the 2+ level at 1750 keV excitation energy in 96Zr.
Our reference analysis gives a value of 0.016 and a solution
obtained with a branching-ratio matrix modified to reproduce
the 0.024 value of this γ intensity quoted in ENSDF [41]
has also been tried. However, the latter value worsened the
reproduction of the experimental total absorption spectrum
and it was not included in the error budget.

C. 96mY

For the TAGS analysis of the decay of the 8+ isomeric
state, direct feeding to 7+, 8+, and 9+ levels in 96Zr (allowed
transitions) was considered both in the known part of the
level scheme and in the continuum region. We thus avoid
direct feeding to the 7− level at 4234.7 keV excitation energy,
populated with 1.6% β intensity according to previous high-
resolution studies [55], since it did not affect the quality of the
reproduction of the experimental spectrum. In the top panel of
Fig. 8 we show the reproduction of the experimental spectrum
with the results of the TAGS analysis.

In this case it was possible to modify the branching-ratio
matrix to achieve an improved reproduction of the known γ

intensities Iγ of the low-energy levels without deteriorating
the reproduction of the experimental spectrum. With regard
to the normalization of the Iγ to absolute intensities per 100
decays, the 0.088 factor of the ENSDF evaluation [41] was
used. Note that with such a factor, however, the Iβ obtained
from Iγ balance are not those quoted in ENSDF (based on
Ref. [55]), as explained in the ENSDF evaluation [41]. This
is due to the fact that in Ref. [55] Iγ+ce of the 1581.6 keV E0
transition was neglected, even though the 0+ level at 1581.6
keV was found to be indirectly populated from a 2+ level at
2226.2 keV. In Table II the γ intensities from ENSDF [41]
and those obtained in the TAGS analysis with and without
the modified branching-ratio matrix are presented. The β-
intensity distribution determined with the modified branching-
ratio matrix was considered inside the error budget as an alter-
native to the reference one shown in the lower panel of Fig. 8.

We have investigated the same sources of systematic uncer-
tainty mentioned above in the analysis of the 96gsY. In this case
the normalization factor of the summing-pileup component
could be changed by up to ±80%, while still obtaining a
good reproduction of the experimental spectrum. Likewise,
the parent activity normalization factor and the normaliza-
tion factor of the 96gsY contamination have been changed by
±10%. All these sources of uncertainty define the error bars of
the Iβ distribution presented in Fig. 8 bottom (available in the
Supplemental Material [68]), where the β feedings from the
ENSDF evaluation [41] are shown for comparison. A sizable
Pandemonium effect is observed in the ENSDF data, based
on high-resolution results [55]. In particular, we obtain 6% of
the β intensity above 5900.1 keV excitation energy, the last
level in 96Zr previously known to be populated in the β decay
of the 8+ isomer [55]. Note that recent beyond-mean-field
calculations [34] predict significant β strength associated with
allowed transitions to 7+, 8+, and 9+ states in this last part
of the β-energy window, where no experimental data were
available until now.

As in the decay of the ground state, we have investigated
the reproduction of the Mm-gated spectra and the individual
spectra with the results of the analysis of the decay of 96mY.
Good agreement was found within statistical uncertainties, as
shown in Fig. 7 for the TAGS spectra gated in Mm from 1
to 8.
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FIG. 8. (Top panel) Experimental β-gated spectrum summing-
pileup subtracted for 96mY (gray) and reconstructed spectrum (red).
The MC responses of each level fed in the daughter nucleus are
shown with thinner lines. The dominant level fed is shown as a blue
line. The relative deviations between experimental and reconstructed
spectra are shown. (Bottom panel) β intensity for the present TAGS
results (red dots with error bars) and high-resolution γ -spectroscopy
data from ENSDF (green line).

D. Analysis of the Mm-gated spectra

Due to the different spin-parity values of 96gsY (0−) and
96mY (8+), the decay patterns are found to be quite dissimilar,
as shown in Fig. 2. It also implies a difference in the γ mul-
tiplicity (Mγ ) of the cascades deexciting the levels populated
in β decay, which translates, in turn, into differences in the
experimental module-multiplicity Mm spectra. As can be seen
in the study of the reproduction of the Mm-gated spectra of
Fig. 7, the decay of 96gsY favors low-Mm spectra (Mm = 1
and 2 dominate), while the decay of 96mY preferentially favors
high-Mm spectra (Mm = 3–6 dominate in this case). This sug-
gests the possibility of studying the β decay of the 8+ isomer
by looking at high-Mm spectra in a combined measurement of
both β-decaying states. It would be a useful strategy for other
cases with decaying isomers lying very close in energy to the
ground states and such a strong difference in spin-parity val-
ues, for which an assisted-trap separation cannot be achieved.

TABLE II. Absolute γ intensities per 100 decays deexciting the
main levels in the known part of the level scheme populated in the
decay of 96mY. The second column corresponds to the intensities
obtained from high-resolution γ -ray spectroscopy studies [41]. The
third column gives the intensities obtained with DTAS for the ref-
erence analysis, whereas the intensities obtained with a modified
branching-ratio matrix are presented in the fourth column (DTAS∗).

Energy [keV] Iγ ENSDF Iγ DTAS Iγ DTAS∗

1750.5 0.88 0.88 0.87
1897.2 0.39 0.47 0.41
2225.8 0.11 0.08 0.09
2857.4 0.60 0.49 0.60
3119.9 0.27 0.38 0.32
3483.4 0.26 0.22 0.25
3772.2 0.63 0.51 0.63
4389.5 0.76 0.69 0.75

It would also allow us to implant a mixture of the decaying
states instead of applying extra purification techniques that
normally significantly lower the implantation rate. For the
present case we can explore this innovative possibility thanks
to some runs where we implanted 96mY with a contamination
of 96gsY.

Regarding the TAGS analysis of the Mm-gated spectra, we
have applied the same strategy presented in Sec. III A, i.e., to
use a modified DECAYGEN event generator [54] to construct
an event file for each of the levels of 96Zr. The MC simu-
lations with such event files are then employed to construct
the response function of the spectrometer for each Mm, using
the same branching-ratio matrix employed for the normal
analysis. Recently a similar approach was used to construct
the response function for the decay of 186Hg [73], in order
to take properly into account a summing effect with x-rays.
The β-intensity distribution is determined for each Mm spec-
trum with the EM algorithm [53]. We have applied this new
method to the high module-multiplicity spectra of the runs
where the two decaying components, 96gs,mY, were implanted
together. As shown in Fig. 7, the decay of the ground state
hardly produces events of Mm > 4, and we can thus treat these
spectra as coming only from the decay of the 8+ isomer. We
have performed the TAGS analyses of the Mm = 5, 6 spec-
tra, and the quality of the reproduction of the experimental
data with the results of the analyses is shown in Fig. 9 after
considering the corresponding summing-pileup contribution.
In Fig. 10 the β-intensity distributions determined in these
TAGS analyses are compared with the reference β feedings
obtained in Sec. III C for the total spectrum. A reasonable
agreement is found, proving the validity of this method to
determine β-intensity distributions with the TAGS technique
from the Mm spectra. In a second step, one should employ the
β-intensity distribution determined from the high-Mm spectra
(for example from the Mm = 5 spectrum, the one with more
statistics) in a MC simulation using the DECAYGEN event
generator. The results of these simulations should be used to
subtract the decay of the 8+ isomer from the low-Mm spectra
of the measurement with the two decaying components in
order to isolate the 96gsY one. Unfortunately, in this particular
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FIG. 9. Experimental β-gated TAGS spectra (gray line) with
conditions in Mm = 5 (top) and Mm = 6 (bottom) for a measurement
of 96mY with a contamination of 96gsY. The experimental spectra
are summing-pileup subtracted. The reconstructed spectra with the
results of the corresponding TAGS analyses are shown by the red
line. The relative deviations between experimental and reconstructed
spectra are shown in both cases.

case we could not obtain useful 96gsY Mm-gated spectra in
this way, due to limited statistics in the low-Mm spectra of
the measurement with the two decaying components. This is
due to the fact that we were accidentally implanting some
96gsY in a measurement of 96mY and not intentionally a real
mixture of both β-decaying states, which in this case are
almost equally produced, as shown in the mass scan of Fig. 1
and in accordance with previous proton-induced fission yield
measurements at IGISOL [74].

E. Reactor summation calculations

As mentioned in the introduction, the decay of 96gsY is one
of the most important contributors to the reactor antineutrino
spectrum in the high-energy region. The summation method
developed by the group of Nantes [5,26] has been employed
to study the impact of the present TAGS results for each
of the four main fissile isotopes in a PWR: 235U, 239Pu,
241Pu, and 238U. Until now, in the Nantes summation method
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FIG. 10. β-intensity distribution determined in the normal TAGS
analysis (gray dots with error bars) compared with those obtained in
the TAGS analyses of the Mm = 5 (solid black) and Mm = 6 (dotted
red) TAGS spectra.

the data from the Joint Evaluated Fission and Fusion File
(JEFF-3.3) database [75] were used as input for the decay of
96mY, while the data from Rudstam et al. [76] were used for
96gsY. The latter are based on the β-spectra measurements per-
formed by Tengblad et al. at OSIRIS-ISOLDE with another
Pandemonium-free technique that employed a β spectrom-
eter [77]. The impact of replacing those data by our TAGS
results was found to be small. As shown in Fig. 11 for 235U,
a difference below 0.5% is obtained in the ratio between the
new summation calculation and the one with previous data.
Similar figures are obtained for the other three fissile iso-
topes, with the largest impact in the region of the antineutrino
spectral shape distortion between 5 and 7 MeV. The reason
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FIG. 11. Ratio of reactor antineutrino spectra for 235U, with and
without the present new data, as a function of energy when the results
obtained in the present work replace Rudstam’s [76] data for 96gsY
and JEFF-3.3 data for 96mY. The effect of 96gsY (solid line) and 96mY
(dotted line) are presented separately. The spike observed for 96gsY is
due to a difference in the Qβ value between the original calculation
and the current value.
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TABLE III. Average γ , β, and conversion electron energies of
the decays of 96gs,mY. The present TAGS results are compared with
the values available in the ENDF/B-VII.1 [78] and JEFF-3.3 [75]
databases.

DTAS JEFF ENDF
Decay E [keV] [keV] [keV]

γ 66.8+12.4
−1.5 80.1(44) 80.1(44)

96gsY β 3193.0+2.4
−18.6 3180.6(200) 3184.0(173)

e− 15.6+24.9
−3.2 22.1(19) 22.4(44)a

γ 4669.2+20.6
−12.1 4479.1(823) 4308.4(3)

96mY β 1720.5+5.3
−8.5 1821.2(1607) 1602.0(1625)

e− 17.7+1.2
−2.7 29.7b 28.2(47)a

aThis value also includes Auger electrons.
bNo error value is given in the database.

for this modest impact is twofold: on the one hand because
of the similar β intensities obtained with respect to previous
measurements for 96gsY, in particular for the ground-state
feeding probability, the dominant branch of the decay, and on
the other hand because of the low cumulative fission yield of
96mY, which amounts to 0.011(2) for 235U in comparison with
0.047(2) for the ground state [75]. The confirmation of the
role of the decay of 96gsY with the present results is specially
important given that it is one of the decays contributing more
in the region of the spectral shape distortion, adding more than
12% of the antineutrino spectrum of a PWR in the 5–7 MeV
energy range [19].

We have evaluated the average γ and β energies obtained
with the present TAGS results. Due to the strong E0 transi-
tion of the level at 1581.6 keV excitation energy in 96Zr, we
have separately evaluated the mean energy of the conversion
electrons (as well as the average x-ray energy and the aver-
age annihilation energy). The average energies are listed in
Table III and for comparison we present the corresponding
average energies from two decay databases: Evaluated Nu-
clear Data File (ENDF/B-VII.1) [78] and JEFF-3.3 [75]. In
all cases, the energy of the corresponding x-rays has been
combined with the mean γ energy, as well as the energy com-
ing from the annihilation of the positron when pair production
competes with electron conversion. The errors associated with
the present results correspond to the evaluation of the average
energies for all the solutions used for the estimation of the
uncertainties of the β intensities presented in the lower panels
of Figs. 6 and 8. Large asymmetric error bars are quoted for
96gsY, specially for the average conversion electron energy,
due to the influence of the three main factors affecting the
ground-state feeding value mentioned before: (1) using the
modified efficiency discussed in Sec. III A decreases the γ

and conversion electron mean energies in comparison to em-
ploying the original one, (2) decreasing the BrIcc factor has
the opposite effect, increasing both γ and conversion electron
average energies, and (3) reducing by one unit the first bin
considered in the analysis also increases γ and conversion
electron average energies.

The newly obtained average β and γ energies for 96gsY
are close to the JEFF-3.3 [75] and ENDF/B-VII.1 [78] values
quoted in Table III. As we mentioned before, this is due to
the fact that, for this case, the β intensities obtained in the
present work are similar to previous results obtained from
high-resolution γ -spectroscopy measurements. Nevertheless
the uncertainties are reduced, especially in the case of the
average β energy. With 96gsY contributing importantly to the
DH at short cooling times, we expect that these reduced un-
certainties impact the future uncertainty calculations on DH.

The average values obtained in the case of 96mY reflect
the Pandemonium effect found in the β-feeding distribution.
The average γ energy is larger by about 200 keV to more
than 300 keV with respect to the JEFF-3.3 and ENDF/B-
VII.1 databases. The average β energy is lower than the value
quoted in JEFF-3.3 but larger than in ENDF/B-VII.1 due to
the different excitation energy attributed to the 8+ isomer in
ENDF/B-VII.1.

The average γ and β energies were used as input for
decay heat summation calculations developed by the group
of Nantes [79], performed with the SERPENT2 [80] reactor
burnup MC code coupled to the JEFF-3.3 [75] decay data
library, which was used as a reference for the calculations. As
in the case of antineutrino spectrum summation calculations,
the impact of the new results was found to be very small, both
for the electromagnetic component (that accounts for γ rays,
x-rays and annihilation) and the light particle component (β
electrons and conversion electrons), with a ratio below 0.5%
between the calculations that include the present TAGS results
and those with the reference data from JEFF-3.3.

F. β spectra

Finally, we have employed the β-intensity distribution ob-
tained in the present work for the decay of 96gsY to determine
the corresponding β-energy spectrum associated with this
decay by means of subroutines from the logft program of
NNDC [81]. In Fig. 12 we compare the resulting spectrum
with that measured by Tengblad et al. [77] mentioned earlier.
Discrepancies are found in the range 2–4 MeV between the
experimental β spectrum and that calculated with our TAGS
results, in line with the disagreement found in previous works
for 86Br, 91Rb [82], 87,88Br, 94Rb [16], 137I, and 95Rb [18].
In our calculations we have assumed the shape of allowed
transitions for all decay branches. Due to the dominance of the
forbidden 0− → 0+ ground-state to ground-state transition in
the decay of 96gsY, we have also tested the assumption of
first-forbidden unique transitions, observing an even larger
disagreement with the experimental spectrum. Provided that
conversion electrons were also measured together with β elec-
trons by Tengblad et al., in order to evaluate their influence
in this comparison we have determined the electron spectrum
simulated with the modified DECAYGEN event generator pre-
sented before. This allowed us to include the contribution
of conversion electrons together with β electrons (assuming
again allowed β shapes). As shown in Fig. 12 the global
shape of the spectrum does not change significantly, but a
conversion electron peak is seen in the same position as in
the experimental spectrum, corresponding to the 1581.6 keV
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FIG. 12. Electron spectrum for the decay of 96gsY from a MC
simulation with the β-intensity distributions obtained in this work
(solid blue line) compared with the experimental data of Tengblad
et al. [77] (black points with error bars). The spike corresponds to
the E0 transition from the level at 1581.6 keV. Note that we do not
apply any experimental resolution to the MC β spectra. Additional
calculations without conversion electrons (dotted red) and assuming
first forbidden unique β shapes (dashed green) are also included for
comparison. All spectra are normalized to 1. The relative deviations
between calculated and experimental spectra are shown.

level. Note that we do not apply any experimental resolution
to the MC electron spectrum.

IV. CONCLUSIONS

In summary, we have studied the β decays of 96gs,mY by
means of the TAGS technique. The isomeric 8+ state was
separated from the ground state with the JYFLTRAP double
Penning trap system, which allowed us to study both decays
separately, in contrast with recent studies where only one
component or both decays mixed were investigated. The first-
excited state in the daughter nucleus 96Zr, a 0+ that deexcites
through conversion electrons in competition with pair pro-
duction, was carefully treated in the response functions of
our TAGS analyses. The conversion electron emission was
found to have an impact on the efficiency of the β detector,
and the positron annihilation photons were clearly seen in
our spectrometer, thus changing dramatically the shape of the
response to this 0+ level. The strong ground-state to ground-
state feeding transition observed in the decay of 96gsY was
found to be sensitive to these effects, overlooked in recent in-
dependent TAGS studies. We have determined a ground state
β intensity of 96.6+0.3

−2.1%, slightly larger than the previously re-
ported value of 95.5(5)% but compatible within uncertainties.
However, the impact of this change in reactor antineutrino
summation calculations, where the decay of 96gsY plays a ma-
jor role between 5 and 7 MeV, was found to be small. A minor
impact of the present results in reactor decay heat summation
calculations was also observed. However, the uncertainties on
the β feeding of these two nuclei have been reduced by the
new measurements presented here. This is reflected in the new

average β and γ energies and their uncertainties, which are
diminished significantly. The tools developed for the precise
evaluation of the conversion electron branch will be applied
to the study of the decay of the ground state of 98Nb, another
case of interest for antineutrino spectrum studies with a strong
E0 line.

The TAGS analysis of the decay of the 8+ isomer
confirmed the dominant population of the 8+ state at
4389.8 keV excitation energy in 96Zr. However, previously
unseen β intensity was determined between 6 and 8 MeV,
showing a clear Pandemonium effect in the high-resolution
spectroscopy data available in ENSDF [41] and leading to
average β and γ values differing by more than 100 and 200
keV respectively with respect to evaluated decay databases.

The segmentation of our spectrometer allowed us to inves-
tigate the application of the TAGS analysis methodology to
the Mm-gated spectra. We have used a modified DECAYGEN

event generator [54] to construct the response function for
each Mm for the decay of 96mY, and the results of the deconvo-
lution of Mm = 5, 6 gated TAGS spectra were found to be in
good agreement with the β-intensity distribution determined
in the normal TAGS analysis. This method will be useful for
future measurements of cases where the ground states and the
isomeric states are very close in energy and have very different
spin-parity values.

As a final comment, we would like to stress that the con-
clusion recently derived in Ref. [35] about the capabilities
of modern high-resolution γ -spectroscopy HPGe arrays to
overcome the Pandemonium effect, is totally case dependent,
as can be seen from the results presented in this work. For
a decay level scheme with low-γ -multiplicity cascades and
a relatively low number of levels involved, as in the case
of 96gsY, it is known that high-resolution γ -spectroscopy
measurements do not necessarily suffer a dramatic bias. How-
ever, for cases with high-γ -multiplicity cascades, as in the
case of 96mY, as well as in cases with large level densi-
ties and large Qβ energy windows, where the β-intensity
distribution is very fragmented, even the cutting-edge γ -
spectroscopy arrays are handicapped, because of the limited
efficiency of HPGe detectors and the characteristics of the
technique, that relies on the detection of γ rays in coinci-
dence. Sufficiently far from stability, this approach always
implies the loss of some γ rays involved in the deexcitation
cascades, thus shifting the deduced β-feedings as stated by
Hardy et al. in 1977 [13].
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