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Spin-split superconductors exhibit an electron-hole asymmetric spin-resolved density of states, but the
symmetry is restored upon averaging over spin. On the other hand, asymmetry appears again in tunneling
junctions of spin-split superconductors with a spin-polarized barrier. As demonstrated recently in both
theory and experiment, this fact leads to a particularly strong thermoelectric effect in superconductor-
ferromagnet structures. In this work we show another important effect stemming from the electron-hole
asymmetry: current rectification. We calculate the charge current in spin-polarized tunnel junctions of a
normal metal and a spin-split superconductor with ac and dc voltage bias. In the dc case, the /-V curve is
not fully antisymmetric and has a voltage-symmetric component due to spin polarization. This translates
to the existence of a rectified current in the ac case, which is proportional to the spin polarization of
the junction and strongly depends on the frequency of the applied bias. We discuss possible applications
of the rectification effect, including a diode for superconducting electronics and radiation detectors. The
analysis of the rectified charge current is supplemented by the discussion of heat current and relevant
noise correlators, where electron-hole asymmetry also plays an important role, and which are useful for

applications in detectors.

DOL: 10.1103/PhysRevApplied.17.034049

I. INTRODUCTION

Superconductors in the presence of an exchange field
become spin-split, with a different density of states (DOS)
for spin-up and spin-down quasiparticles (see Fig. 1).
Spin-split superconductors have already been intensively
studied for several decades [1], but there has lately been
renewed interest in them, as they have been identified as
an important ingredient for many applications, including
superconducting spintronics [2—4], topological supercon-
ductivity [5,6], and radiation detectors [4,7].

Spin-split DOS can be achieved by applying an exter-
nal in-plane magnetic field to a thin superconductor [1],
but this approach requires strong magnets and precise
alignment of the field in order to avoid suppression of
superconductivity by the orbital effect [8]. An alternative
way, which is more suitable for applications, is to attach a
magnetic material to the superconductor. In this way the
magnetic proximity effect leads to an exchange field in
the superconductor [9]. The most promising structures of
this type are junctions of ferromagnetic insulator (¥7) and
a superconductor (S) [7,10]. Well-defined and sharp spin
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splitting was demonstrated in numerous experiments in
which § is an aluminum layer, and F7 is a europium chalco-
genide (EuO, EuS, EuSe) [11-19], even in the absence of
externally applied magnetic fields. The induced exchange
field in the superconducting film ' is homogeneous if it is
thinner than the coherence length [20].

As illustrated in Fig. 1(a), the spin-resolved DOS N,(E)
(where s =1, and E is the energy) in a spin-split
superconductor is strongly electron-hole (e-#) asymmet-
ric, N;(E) # Ny(—E). The symmetry is, however, restored
in total DOS: N4(E) + N (E) = Ny (=E) + N, (=E). On
the other hand, the asymmetry appears again if the spin-
split superconductor is incorporated in a junction with
some spin-filtering element. For instance, in FI/-S junc-
tions, in addition to being a source of the spin-splitting
field, FI can act also as a spin-filtering tunneling barrier
[7]. This is demonstrated in several experiments with F7-
S junctions [11-13,19,21], where the measured differential
conductance is not fully symmetric in voltage due to the
combination of spin splitting and spin filtering.

One important consequence of e-A symmetry breaking
is coupling of charge transport and temperature gradients,
leading to thermoelectric effects, as is well established
in conventional semiconducting structures. Similar effects

© 2022 American Physical Society


https://orcid.org/0000-0002-7732-691X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.17.034049&domain=pdf&date_stamp=2022-03-17
http://dx.doi.org/10.1103/PhysRevApplied.17.034049

ILIC, VIRTANEN, HEIKKILA, and BERGERET

PHYS. REV. APPLIED 17, 034049 (2022)

(a) (b) I
<«

w Ny——

2 N NIVFI| S

< = —
P,Gz| A, h

S S
—-A-h —A+h 0 A-h A+h
€

FIG. 1.

(a) Density of states for spin-up (;) and spin-down (V) in a spin-split superconductor. A is the superconducting gap, and

h is the exchange field. (b) Schematic representation of the N-FI-S junction. F7 layer acts as a tunneling barrier with a conductance Gr
and spin polarization P. The arrow denotes the direction of the rectified current when 2P > 0 (the direction is opposite for AP < 0).

were predicted in N-FI-S junctions [22,23] (N is a normal
metal), and recently demonstrated experimentally [24,25].
This effect can be exploited to engineer an ultrasensi-
tive terahertz radiation detector based on superconducting
junctions [26].

The main focus of this work is another manifestation of
e-h symmetry breaking in N-F7-S junctions: nonreciprocal
charge transport, or the diode effect. This means that in the
case of dc bias, the /-V characteristic of the junction is not
fully antisymmetric, / (V) = —I(—V), and thus one current
direction is preferred. Consequentially, ac currents will be
rectified. Therefore, N-FI-S junctions act as a current rec-
tifier—an element with numerous possible applications in
cryogenic and superconducting electronics and spintron-
ics. In contrast to conventional semiconducting diodes, a
N-FI-S diode operates at much lower temperatures and
voltages, and therefore has much less dissipation. More-
over, the rectification effect in these junctions can be used
together with thermoelectric effect (or instead of it) in
the realization of the above-mentioned superconducting
radiation detectors.

The realization of a superconducting diode has been a
particularly active topic in the past couple of years. Most
theoretical [27,28] and experimental [29,30] efforts have
focused on exploiting the so-called magnetochiral anomaly
in systems with spin-orbit coupling and an applied mag-
netic field, which leads to a nonreciprocal critical current.
This leads to rectification of supercurrents, but only in a
limited current range. The N-FI-S junction is conceptually
different, as it rectifies quasiparticle currents and oper-
ates at arbitrary currents. Moreover, it does not require an
external field.

In addition to rectification of charge current, e-h sym-
metry breaking in N-FI-S has important consequences for
other transport quantities: electronic heat currents and rel-
evant noise correlators. For instance, voltage-driven heat
current has as a component antisymmetric in dc voltage
bias, and odd-order harmonics in ac bias, both of which
cannot exist if e-h symmetry is satisfied. Moreover, in the

presence of an electromagnetic environment, N-F/-S junc-
tions will rectify the environmental noise, leading to a
finite current even without a bias voltage or temperature
gradient. These findings are particularly important for
applications in detectors, where both charge and heat trans-
port need to be taken into account, and noise is a limiting
factor for the performance.

In this work we provide a complete theoretical charac-
terization of charge and heat transport in N-F7-S junctions,
including the noise, for both dc and ac voltage bias. We dis-
cuss the charge transport in Sec. II, heat transport in Sec.
111, and analyze the noise in Sec. IV. In Sec. V we discuss
the interplay of the rectification and thermoelectric effects
in N-FI-S junctions, which has important implications for
possible applications of these structures in radiation detec-
tion. Finally, in Sec. VI, we investigate the junction in the
presence of an electromagnetic environment. For brevity,
in the main text we discuss only the main results of our
calculations. Additional details are presented in Appen-
dices A and B, where we derive all our results using the
nonequilibrium Keldysh Green function formalism [2,31].

In this work we primarily focus on the N-FI-S junction,
shown in Fig. 1(b), in which FT acts both as a source of the
exchange field in the superconductor, and the spin-filtering
barrier. However, note that all our results should also hold
in any superconducting structure where both spin splitting
and spin filtering are present, so that the e-4 symmetry is
broken.

II. RECTIFICATION OF THE CHARGE CURRENT

In this section we analyze the charge current in N-FI-
S junctions. We start from the dc-biased case in Sec. II A,
where we show that the /-V characteristic is not fully anti-
symmetric due to e-h symmetry breaking. We proceed to
analyze the ac-biased case in Sec. II B, where we show the
existence of a rectified current, which is proportional to
the spin polarization of the junction. Derivations of main
expressions from this section can be found in Appendix A.
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A. Direct current case

The current flowing through the N-FI-S junction in the
dc bias is given by the tunneling formula [22,32] (we use
the units h = kg = 1)

A —
e

dE[N:+PN_]Ifv(E) — fs(E)]. (1)

Here G7 is the tunneling conductance, and fy s(E) = [1 +
exp(E/T, N,S)]_1 are the Fermi functions, with 7y and T
being the temperatures of the normal and superconduct-
ing side of the junction, respectively. We introduced £ =
E — eVy4., where Vg4, is the voltage bias, and Ny(F) =
%[NT(E) £ N, (E)]. Ni is the total DOS of the super-
conductor, whereas N_ corresponds to the difference of
DOS for spin-up and spin-down, and therefore it only
exists in a spin-split superconductor. Finally, the parameter
P € [—1,1] describes the spin polarization of the junc-
tion, where P = 0 corresponds to absence of polarization,
and |P| =1 is perfect polarization. In the following, we
assume that the DOS is given by the spin-split Bardeen-

Cooper-Schrieffer (BCS) expression N | (E) = Re|:(E +

h+in)//(E £ h +in)? — A2 |, where A is the supercon-

ducting gap, & is the exchange field responsible for spin
splitting, and n is the so-called Dynes parameter [33],
which accounts for inelastic scattering.

The differential conductance dI /dVy. obtained from Eq.
(1) for N-FI-S junctions, or analogous tunneling formu-
las for other types of FI-S structures, have been used with
great success to fit the results of tunneling spectroscopy
experiments, and extract the parameters of the junction
[4,7]. Typical values obtained this way are a few tesla for
h, up to 90% or more for P, and n ~ 1073 A (see Table 1
of Ref. [4]). Importantly, the exchange field must be suf-
ficiently small so that superconductivity is not suppressed
by the paramagnetic effect. At low temperatures, the criti-
cal magnetic field is given by the Clogston-Chandrasekhar
limit [34,35] hey = Ag/+/2, where Ay ~ 1.767T, and T, is
the critical temperature in the absence of exchange field.

Note that we ignore spin-flip and spin-orbit scattering,
which are expected to be weak in many experimentally
available FI-§ structures [19,20]. Strong disorder of this
kind would introduce significant “smearing” to the DOS,
thus reducing the asymmetry of the /-V curve, in turn neg-
atively impacting the rectification properties of the N-FI-S
junction.

Upon applying the voltage to a N-FI-S junction, in
general a heat current will flow in addition to the charge
current (see Sec. III). In the following, we assume that
this heat current does not lead to a temperature difference
between N and S (AT = 0). This is justified if the junc-
tion is opaque enough, namely, if the resistance of the
junction is much larger than the resistances of N and S

wires. Then heat and charge transport can be decoupled,
and the thermoelectric effect can be neglected. We make
the same assumption in Secs. III, IV, and V1. In Sec. V, we
allow for finite AT on an example of a radiation detector,
and solve the charge transport and heat balance equations
self-consistently, assuming linear response in A7. The
magnitude of AT can be estimated from Egs. (26)—28).
This allows us to assess the interplay between the thermo-
electric and rectification effects in such structures.

First, let us analyze Eq. (1) in the limit of very low tem-
perature (n/A > /A]Te /T, with n, T < A). We plot
the current in Fig. 2(a). To illustrate the nonreciprocity
of the current, we split it into the symmetric component
Iym = %|I (Vae) +1(—=Vqe)|, and the antisymmetric com-
ponent lgym = %ll (Vae) — I(—V4c)|, which are plotted in
Figs. 2(c) and 2(b), respectively. Iy stems from the N,
contribution in Eq. (1): this is the conventional component.
The more important component for our discussion is Zgym,
which stems from PN_ in Eq. (1), and therefore it can only
exist if both spin filtering and spin polarization are present.
This component determines the rectification capabilities
of the junction (i.e. conversion of an ac to a dc cur-
rent). This conversion can be quantified by the rectification
coefficient R,

IS m
R="2. )
Iasym

As shown in Fig. 2, the rectification coefficient plateaus in
the voltage window eVy. € [A — h, A + h], and its max-
imum value is determined by the junction polarization
P.

Let us examine more closely the low-voltage regime,
eVe < A—h. In the low-temperature limit n/A >
VAJTe=®/T, all current stems from the subgap states
introduced by inelastic scattering. For a weak Dynes
parameter n << A — h, we find the expression

nG
I = TT[Fasym(eVdCa h) + PFsym(eVdu h)] 3)
for the current. Here we introduced the functions
Fasym(eVdc: h) = %[F(eVdC + h) + F(eVy — h)]) Fsym
(eVae,h) = L[F(eVae + h) — F(eVa. — h) — 2F (h)], with
F(x) = x/+/ A% — x2. The rectification coefficient is then

Fsym
R=P 2" 4)
Fasym

Equation (4) describes the low-voltage part (eVy. <
A — h) of the curve shown in Fig. 2(d). In the limit
h,eVy < A, we may approximate I ~ GrnVa./A[l +
3eVyPh/(2A%)], and R ~ 3PeVyh/(2A%).

Now let us turn to a regime of higher tempera-
tures /A /Te /T > n/A, with A > 1. At low voltages
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FIG. 2. Current in N-FI-S
junctions with applied dc bias V,
at Ty = Ts = 0. (a) I-V curve for
different values of the polariza-
tion P. (b) Voltage-asymmetric
component of the current. (c)
Voltage-symmetric ~ component
of the current. (d) Rectifica-
tion coefficient. The following
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GVdC/A

eVy. < A — h, we find that the current can be written in a
form of a nonideal Shockley diode equation [36]. Namely,
the current has three components / = I} + I, + I3 given by

I = I (e7e/T — 1),

12 — ]Sefzh/T(l _ efeVdC/T) ,

L=1I(1—e ) [cosh (6?) — 1] P-1, (5

where Is = Gr/eAK, (A/T) €T, and K, is the Bessel
K function. The component /; corresponds to the ideal
Shockley contribution, whereas I, and /5 describe devia-
tions from the ideal behavior. Importantly, /, vanishes if
h > T, whereas I3 vanishes if polarization is ideal, P = 1.
Therefore, if both these conditions are met, N-FI-S junc-
tions behave as ideal Shockley diodes. In Fig. 3(a), we plot
the different components given by Eq. (5), and compare the
total current / obtained this way with the exact numerical
solution.

Using Eq. (5), we find that the rectification coefficient is

_ h eVdC
R-Ptanh(T) tanh( 2T)' (6)

If the ideality conditions are met, 2 > T and P = 1, Eq.
(6) reduces to R = tanh (eVy4./27) . In Fig. 3(b), we plot
Eq. (6) and compare it to the exact numerical solution.
Let us summarize the discussion above. Depending
on the temperature, we found two rectification regimes.
At very low temperatures, n/A > /A /Te >/, the low-
voltage transport is dominated by the inelastic scattering,

1.0 1.5 2.0
eVdc/A

and Eq. (4) holds. On the other hand, if the temperature
is large enough, n/A < /A/Te */T, we find behavior
similar to the Shockley diode equation, and Eq. (6) holds.
Importantly, both regimes exhibit Ry,.x = P, and therefore
the junction can serve as an equally good rectifier in the
two regimes. However, note that Ry, is reached at differ-
ent voltages: at eVgo & A — h in the first regime, and at
eVy. ~ 4T in the second one.

So far, we have discussed the voltage-bias regime.
However, some experimental situations correspond to a
current-bias regime. To check the rectification properties in
this case we define the symmetrized and antisymmetrized
voltage, Viym = 31V(I) + V(=) and Vigym = 31V(UI) —
V(=V)|, and plot their ratio, Ry, in Fig. 4 for different
temperatures. We see that the rectification capabilities of
the junction are still substantial in this regime, but sig-
nificantly reduced in comparison with the voltage-biased
case. Specifically, for the parameters used in Fig. 4, we
find Ry = Viym/Vasym < P/2. We may model the finite-
temperature result (n = 0) by inverting Eq. (5) so that Vg,
is a function of the current /. This yields the rectification
coefficient

2
Ry=-1+ =) @)
+P

In ( —7+7?+\/1 1 ;72 0P )
+

1 —

where 7 =1 /Is. This has a maximum at / ~ [Ig and for
P < 0.9 the maximum rectification is Ry (I = Is) ~ P/3.

034049-4
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Comparison between the results obtained from the diode equation and the exact numerics. (a) Current and (b) rectification

coefficient. Full black curves correspond to analytical expressions given by Egs. (5) and (6). The red curve is obtained by numerically
evaluating energy integrals in Eq. (1). Dashed curves correspond to different current components /; that enter Eq. (5). Parameters used

inthe plot: 2 = 0.5A, P =04, T=0.1A, n = 107*A.

B. Alternating current case

In the ac voltage-biased case with V(¢) = V,. cos(wr),
the time-dependent current /() can be written as a sum of
harmonics

I=h+)_ [1,;; cos(mawt) + I, sin(ma)t):|. (8)

m=1

Here, Iy is the time-averaged, or rectified, component,
while I}, and I, are higher-order harmonics. The expres-
sion for the rectified current resembles the well-known
Tien-Gordon formula for photoassisted transport [37—39],
namely,

G
=Y I [ dE PN ED) ~£©) ©)

Here, J,, are Bessel functions, § = eV,./w, where V. is the
amplitude of the ac voltage, and w is its frequency, and we

0.25¢f

0.20f

> 0.15f

0.10f
0.05f

FIG. 4. Rectification ratio Viym/Vasym in the current-biased
regime. Parameters used: # = 0.3A, P = 0.5, n = 1073 A.

introduced £, = E + nw. Higher-order harmonics are

G
15 =25 M8 / AEVf (E,) — f5(E)]
€ n

y PN_, evenm, (10)
N+, odd m,
- —iGy PM_, evenm
I’ = - dEfy (E, ’ ’
ol . Xn:/\/l,,m(ﬂ)/ N (En) {M+, odd m.
(11)

Here M3, (B) = Ju(B)Jntm(B) £ Ju-m(B)]. Note that in
Eq. (11) we introduced My = 1[M}(E) £ M (E)], with

M, ((E) = iIm|:(E +h+in)//(E£h+in? — A2|.

Here, the quantity M comes from the so-called kinetic
inductance of the junction. Unlike the density of states NV,
the quantity M is finite inside the superconducting gap, and
vanishes outside of it. As we see from Egs. (9)(11), the
combination of finite spin splitting and spin filtering in the
junction generates a rectified current /y, as well as even
harmonics /5, and /3, .

We plot [y as a function of frequency in Fig. 5(a).
At a lower frequency, /p exhibits resonancelike features
which come from photon-assisted tunneling processes, and
decays at higher frequencies. In the high-frequency limit
w > A h eV > T, we find

Gre*V?
[OZP_TM;,_ (12)
2e w?

This expression is used in Sec. V, where we discuss the
implications of /, for radiation detectors based on N-FI-S
junctions. Importantly, the direction of the rectified cur-
rent in determined by the product Ph [40]. At Ph > 0,
(Ph < 0), this direction is from S to N (N to S), as shown
in Fig. 1(b). Therefore, the direction of the N-FI-S diode

034049-5
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(

FIG. 5.

Charge current in ac-biased N-FI-S junctions at Ty = Ts = 0. In all plots we use the following parameters: 7 = 0.3A,

n = 1073 A. (a) Time-averaged current as a function of frequency, at different amplitudes of the bias voltage. (b) First and second
harmonic of the charge current as a function of frequency, at eV, = A. (c¢) Time-dependent current, for various values of the frequency,
at P = 0.9 and eV, = A. For comparison we include the black dashed line, which describes an ideal half-wave rectifier. Note that we
choose a different normalization for the charge current in (a) from that in (b) and (c) in order to have better visibility of the different

curves.

can be changed by tuning the exchange field 4, for instance
by applying an external field, which could be particularly
useful for various applications in cryogenic electronics and
spintronics.

The first and second harmonics are plotted in Fig. 5(b).
They are of comparable magnitude at low frequency,
whereas at high frequencies /{ dominates so that /(f) ~
—GrVy cos(wf) (the standard Ohm’s law for alternating
currents). Finally, in Fig. 5(c), we plot the time-dependent
current using Eq. (8). Importantly, we see that at low fre-
quencies w < A the junction behaves as an almost ideal
half-wave rectifier.

Rectification of ac signals has already been noticed in a
recent experiment [41], in a structure consisting of a thin
Al superconductor, which is spin-split by a Zeeman field,
and a ferromagnet. The results of this section suggest a
few interesting directions that could be explored exper-
imentally in N-FI-S junctions: demonstrating the ideal
half-wave rectification at low frequencies, and directly
probing the second harmonic using lock-in measurements.

III. ELECTRONIC HEAT CURRENT

In this section we examine how the e-4 symmetry break-
ing manifests in heat transport in N-F7-S junctions, under
both dc and ac bias. The structure of this section is simi-
lar to that of Sec. II: first we consider the dc-biased case
in Sec. Il A, followed by the ac-biased case in Sec. Il B.
Technical details about the derivation of expressions from
this section can be found in Appendix A.

A. Direct current case

The electronic heat current flowing to the normal part of
the N-FI-S junction is given by

. G ~ -
0="7 / dEEIN, PN (E) B (13)

In Fig. 6, we plot the heat current at low temperatures
[panel (a)], its symmetric component Qg = %lQ(VdC) +
Q(—Vdc)l [panel (b)], and the antisymmetric component

Qasym = %lQ( Vdc) - Q(_Vdc)l [Panel (C)] In the absence
of polarization, the heat current is symmetric with respect

to voltage Q(V) = O(—V), but it acquires an antisymmet-
ric component at finite 2 and P. The ratio Qasym / stm
quantifies the asymmetry of the heat current, and it is plot-
ted in Fig. 6(d). Similarly to the results shown in Fig. 2(d),
the maximal asymmetry is achieved in the voltage win-
dow eVy. € [A — h, A+ K], and it is determined by the
polarization P.

The existence of a finite Qasym leads to an increased
cooling of N in N-FI-S junctions at low voltages V ~
A — h [42,43], which is comparable to the cooling found
in N-I-S at higher voltages V' ~ A [4,44]. This effect has
a potential to improve cooling for many applications in
systems where on-chip electron refrigeration is required.
Recently, N-FI-S junctions have also been proposed as
efficient thermal rectifiers [45], that is, systems in which
the heat current depends on the sign of the thermal gradient
across the junction.

B. Alternating current case

As discussed in Sec. II, e-2 symmetry breaking gener-
ates a voltage-symmetric component in the current in the
dc case, which translates to zero- and even-order harmon-
ics in the ac case. Analogously, the voltage-antisymmetric
component generated in the heat current in the dc case
translate to odd-order harmonics in the ac case, as we
discuss below.

The time-dependent heat current O(f) flowing to the N
layer in the ac-biased N-FI-S junction is given by

00 =00+ [Q; cos(mat) + O, sin(ma)t)]. (14)
m=1

034049-6
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FIG. 6. Electronic heat current
in N-FI-S junctions with applied
dc bias Vg at Ty = Ts = 0. (a)
O(V) curve for different values of
the polarization P. (b) Voltage-
symmetric component of the heat
current. (c¢) Voltage-asymmetric
component of the heat current. (d)
Ratio of the symmetric and asym-
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Here, the time-averaged component is
. G
0= "G Y 2B [ dE ENED BN (19

and the harmonics are

. G
0, = / dEY " L (B.E)  [fw(En) —f5(B)]

Ny, m even,
16
X{PN_, m odd, (16)
. —iGT _
o' =—; dEXn:Emn(ﬂ,E) Iv(En)
M, m even,
17
X{PM, m odd. a7

Here we have introduced Ef;n (B, E) = Ju(B)[Engm)2
Jn+m(,8) + Enfm/ZJnfm(IB)]a Wlth Enim/Z =F + ('l’l + m/Z)
w. As mentioned above, odd-order harmonics 05, and
05, exist if both 7 and P are finite.

In Figs. 7(a) and 7(b) we plot Oy and Qiz, respectively,
as a function of frequency. In the high-frequency limit w >
A, h,eVye, T, the Qg and O saturate to the value

. . 1
Q=03 ~ —ZVicGr, (18)

which is the well-known result for Joule heating in ac bias.
Note that the coefficient in Eq. (18) is 1/4 instead of the

1.0 1.5 2.0
GVdC/A

conventional 1/2 because we are considering only the heat
current flowing to the NV electrode. More interestingly, the
first-order harmonic also saturates at high frequencies to a
value

P Gr. (19)
Comparing Eqgs. (18) and (19), we see that the first har-
monic will actually dominate the time-dependent heat
current at high frequency if 2Ph > 2eV,.. The prominent
role of the first harmonic can also be seen in the plot of
O(1) in Fig. 7(c).

The time dependence of heat current, and the pecu-
liar manifestation of the first harmonic, might be difficult
to directly probe experimentally. Namely, heat current is
usually measured from heat balance using a separately
calibrated thermometer, which would need to operate in
the adiabatic regime even in the high-frequency limit of
the junction. Such a measurement might be feasible with
another N-/-S contact with a high-gap superconductor
A > w. Nevertheless, the time-dependent heat currents
could manifest indirectly in excess noise at low tempera-
tures [46], and also in structures where the heat and charge
transport are coupled by the thermoelectric effect, such as
detectors.

IV. ANALYSIS OF THE NOISE

In this section we turn to noise properties of N-FI-
S junctions, in both dc- and ac-driven regimes. This is
of particular interest for application of these junctions as
detectors, as the noise sets their performance limits. As
discussed in Appendix A, the heat and charge current pre-
sented in the previous sections are calculated using the
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FIG. 7.

Electronic heat current in ac-biased N-FI-S junctions at Ty = Ts = 0. In all plots we use the following parameters: 4 =

0.3A,n = 1073 A. (a) Time-averaged heat current as a function of frequency, at different amplitudes of the bias voltage. (b) First and
second harmonic of the heat current as a function of frequency, at eV, = A. (c) Time-dependent heat current, for various values of
the frequency, at P = 0.9 and eV, = A. Note that we choose a different normalization for heat current in (a) from that in (b) and (c)

in order to have a better visibility of the different curves.

Keldysh formalism of nonequilibrium Green functions.
This formalism can be neatly extended to describe the full
counting statistics of the junction, including the noise, by
using the so-called counting fields [47—49]. The details of
this approach applied to N-FI-S junctions are described in
Appendix B.

Zero-frequency noise correlators for N-FI-S junctions
in ac + dc bias are given by

(81%) = 2GTZ / dEB,(E),
o _& -
(8150) = —— Z / dEE,B,(E),

(80 = 267 Z / dEE*B,(E). (20)

2

In addition to the usual charge current correlator (/%) and
the heat current correlator (80?), the mixed charge-heat
current correlator (§7/8Q) is also finite, which is possible
only if e-h symmetry is broken. We introduced E, = E +

nw — eV, and B,(E) = J7(B)[Ny + PN][fN(En)[l -

fs(E)] + fs(E)[1 — fy(E»]|. Equation (20) is a general

expression valid at any temperature and bias voltages V.
and V.. In the following we discuss several regimes of
interest where significant simplifications are possible.

In the pure thermal regime (Ty = Ts > eVac, €Vyc), we
find the well-known expression for the thermal noise,
namely [44,50]

(8Q%) = 4T Gy,
1)

(81%) = 4TG, (8180) = —4Ta,

Here G is linearized conductance of the junction, « is the
thermoelectric coefficient, and Gy, is the linearized heat

conductance. These are given by

N.
G=GT/dE—+2 —,
4T cosh”(57)
E’N.
Gn = GT/ dEﬁ,
472 cosh”(5%)
EN_
o= GTP/dEﬁ. (22)
4T cosh”(57)

These quantities can be approximated analytically in the
limit A — & > T, as detailed in Ref. [22].

In the dc-biased regime (Vg # 0, V. = 0), we recover
the known relations for the shot noise (7' = 0) [44,50],
linking the charge current correlator and mixed charge-
heat correlator to the charge and heat current, respectively:

(81%) = 2ell|, |(8150)] = 2el0). (23)
Note that an analogous simple expression for a heat current
correlator (5Q2) does not exist.

Finally, we consider the ac-driven shot noise (V. # 0,
Vae = 0, T = 0). The correlators specified in Eq. (20) are
strongly dependent on frequency, as illustrated in Fig. 8. In
the high-frequency regime (w > A, h,eV,.), these expres-
sions can be approximated as

€2V2
8[2 — G ac
(817) Ay
(3[5Q)=PGT€2V§C]/[
e o
. 2
80% = gGﬂ/ﬁca). (24)

To probe the ac-driven shot noise in experiment, a particu-
larly useful technique is to study the differential noise and
its “steps” as functions of an applied dc voltage, as was
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FIG. 8. Alternating-current-driven shot noise correlators as a function of frequency, at different amplitudes of the ac bias voltage. (a)

Charge current noise correlator (72). (b) Mixed heat-charge noise current correlator (8/80). (c) Heat current noise correlator (80?).
Parameters used in the plots are 4 = 0.3A, Ty = Ts =0, n = 103 A.

done in Refs. [51,52] for a normal conductor and a N-S
junction. The differential noise current correlator at zero
temperature is given by

d(81°)
Ve

=—Gr Y JI (BN (nw — eVae)
— PN_(nw — eVy)]sgn(nw — eVy).  (25)

In a fully normal structure (N-/-N junction), the differen-
tial noise has “steps” at eVy. = nw, where the height of
each step is 2GTJ,12(,3). Such steps were indeed observed
in Ref. [51]. This is illustrated as a black curve in Fig. 9. In
N-I-S structure, every step acquires a sharp feature due to
the nontrivial BCS density of states, as seen in the blue
curve in Fig. 9. In N-FI-S junctions, every step addi-
tionally becomes spin-split. Moreover, due to the finite
polarization, the curve is no longer fully antisymmetric
with respect to voltage. Therefore, it is possible to see a
strong signature of both spin splitting and spin polarization
in the differential noise of N-FI-S.

G1o(51%)/0(eVye)

T

eVae/w

FIG. 9. Comparison of the differential ac+dc-driven shot noise
in different tunnel junctions. The black curve describes the nor-
mal tunnel junction, the blue curve the N-/-S junction, and the
red curve the N-FI-S junction. Curves are vertically shifted for
clarity. In all plots we set eV, = 3w; for the blue curve A = w;
for the red curve A = w, h = 0.3A, P = 0.5.

V. COMPARISON OF THE RECTIFICATION AND
THERMOELECTRIC EFFECT

One of the most striking consequences of e-2 symme-
try breaking in N-FI-S junctions is a particularly strong
thermoelectric effect [22], which can be used as a basis
for a radiation detector [26]. In such detectors, a radiation
source heats the junction, creating the temperature gradi-
ent, which leads to a finite current due to the thermoelectric
effect. However, such a radiation source can also create
an alternating voltage along the junction, which will cre-
ate an additional current due to the rectification effect, as
established in Sec. II B. In this section we address several
important questions that now arise. First, how do the rec-
tification and thermoelectric current compare? Second, do
the two currents compete or add up? And finally, how does
the presence of rectification affect the radiation detector?

We start from the expression for the rectification and
thermoelectric current,

PGr & V? AT
I = ac In = ——a, 26
2 ? o T (26)

which are valid at high frequencies w > A, h,eV,., and
assuming a linear response regime in the temperature A —
h> T > Ts — Ty = AT. The sign of ;. is determined by
the relative sign of 4 and P, that is, sign(/,.) = sign(hP).
On the other hand, we know that sign(«) = sign(#P), and
therefore sign(ly,) = sign(APAT). This means that 7. and
Iy, have the same sign if AT < 0, therefore, if the normal
side of the junction is heated more. On the other hand, if
the superconducting side of the junction is heated more,
the two currents compete.

Next, we take the N-FI-S junction as part of the radia-
tion detector circuit shown in Fig. 10(a). Here, the super-
conducting absorber is irradiated with high-frequency radi-
ation (w > A), leading both to the temperature gradient
AT and an ac bias voltage V,. across the junction. As in
this setup the superconductor heats more than the normal
side of the junction, the thermoelectric and rectification
effects will compete. The detector current / can be written
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as

AT Gré*V?
r—o2 gy PGre —Eh,
T 2@

(27)
where V is the readout voltage, which can be expressed
also as V' = IZ;, where Z; is the load impedance.

In order to determine AT, we write the heat balance
equation

2

1%
Py = GIEtAT— aV+ %GT. (28)

Here P, = V2,/(2R) is the total incoming power, where
R is the absorber resistance [53], R= R/(1 4+ RGy) is the
resistance of the parallel connection of the junction and
the absorber, Gy = Gy, + G is the total heat conduc-
tance, where Gy, and Gy, are heat conductances from
quasiparticles to the normal side of the junction, and from
quasiparticles to the phonons, respectively. The term oV
describes the Peltier heat current driven by the voltage V.
The last term in Eq. (27) stems from the Joule heating of
the junction.

The electron-phonon heat conductance for the supercon-
ducting absorber is given by [26,39]

Gyph = ZQT O (A4, ), (29)

where Q is the volume of the absorber and X is a
material-dependent electron-phonon coupling constant.
The function ® for 7' A —|h| 1s given by & =
1/[96¢ (5)][f1 (A) cosh he™ + n ASh(A)e 2], where
A = A/T, h=h/T. Moreover, we introduced f;(x) =
S Cu/x () = Y2 B,/x", with Cy ~ 440, C, ~
—500, C, =~ 1400, C; ~ —4700, By = 64, B} = 144, and
B, =258.

Solving Egs. (26)—(28), we find the voltage V' and
calculate the so-called voltage responsivity Ay as

Y _( RGTg
T p, 2

(30)
Here, 1Y = a/[GY'Y;otT — ?] is the responsivity in the
absence of the rectification effect [26], with Yo, = G +
Z; " being the total electrical admittance. The parameter

tot

- hTG
£ = ¢ePRGr— —2
w” o

€2))

determines the relative strength of rectification effect in
comparison to thermoelectric effect: at £ = 0 the rectifica-
tion effect vanishes, whereas & > 1 corresponds to a very
strong rectification effect. We plot this parameter as the
function of temperature in Fig. 10(b). In the case when

electron-phonon coupling gives the dominant contribution
to the heat conductance, G,.,n > G, We can approximate

_ eShT°®

— pL?. (32)

Here, we introduced the specific resistance of the absorber
o, and the length of the absorber L, and @ = a/(PGr).
Therefore, the relative strength of rectification and ther-
moelectric effect strongly depends on the length of the
junction, with the former being more pronounced in longer
junctions.

Next, we turn to the noise properties of the detector. We
write Kirchhoff’s law for the noise terms

GY'8T = 8Qyph + 60 + a8V,

YiotdV =81 + a8T/T. (33)
Here, 8T describes the temperature fluctuations, and we
introduced the noise due to electron-phonon coupling
(SQé_ph) = 4T>G,pn. In the following, we assume that the
temperature is high enough, so that thermal noise domi-
nates and shot noise can be neglected. In this case, we can
use the noise correlators specified in Eq. (21). Then from
Eq. (33) we find that

817 = |A)”? —G“"(GTG“" a?). (34)
Finally, we calculate the noise-equivalent power (NEP) of
the detector Png, which quantifies its noise-to-signal ratio

N2 Py
Pa= YO T (35)
vl - gy
Here
0 2T ot tot
POy = —\/ G (GTGY' — a2) (36)

is the NEP of the detector in the absence of rectification
effect, as established in Ref. [26].

In the pure rectification limit, that is, if we neglect
heat transport and the thermoelectric effect, we obtain the
following simplified expression for the NEP:

V4GTw?
Pag A (37)
ePhRGT

The minimal NEP for a fixed R is thus obtained when
GrR = 1.

There are three conductances that enter Eq. (35): G,
1/R, and ZQA3€?. In the following we set Gr =5 x
10742 QA3e?, which was estimated to be optimal for
thermoelectric effect in Ref. [26]. In Fig. 10(c), we plot
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FIG. 10.

(a) Schematic representation of the radiation detector based on rectification and thermoelectric effect. A superconducting

absorber, whose resistance is R, is irradiated with radiation of frequency w. This creates an ac voltage and a temperature gradient
across the N-F7-S junction, which both contribute to a finite current / due to the rectification and thermoelectric effect, respectively.
Two inductors, Ly, serve to prevent any alternating currents from reaching the load element, with an impedance Z;. The readout
voltage of the detector is denoted by V. (b) Plot of the parameter &, which describes the relative strength of the rectification effect in
comparison with the thermoelectric effect, as a function of temperature. (c) Noise-equivalent power (NEP) of the detector as a function
of temperature, for different absorber resistances R. The black dotted line corresponds to the NEP of a hot electron bolometer, given
by NEP=+/20ZQ7°. Colored dashed lines correspond to the NEP in the pure rectification limit, Eq. (37). In (b) and (c) we used the
following parameters: SQA3? =02 x 10°Gr, h = 02A, 0 = 3A, P = 0.5.

the NEP of the detector for different values of RGr. For
comparison, in the same plot we include the NEP of a
bolometer of the same volume, whose heat conductance
is limited by electron-phonon coupling, so that NEP =
V20X QT [54]. At RGr = 0, we recover the NEP of the
purely thermoelectric detector. Adding finite RG7 does not
significantly modify the low-temperature behavior of the
NEP, where the thermoelectric effect dominates. As the
temperature is increased, the role of the rectification effect
becomes more important, and at a certain temperature 7*
it can completely cancel out the thermoelectric effect lead-
ing to a vanishing signal and a divergence in the NEP. At
T > T*, the rectification effect dominates. Here, the NEP
improves and is well described by Eq. (37). Comparing the
performance of the pure thermoelectric and the pure recti-
fication detectors, we see that the former performs better
at low temperatures, whereas the latter performs better at
higher temperatures, as illustrated in Fig. 10(c).

These results show that the detector has a good perfor-
mance if either the rectification or thermoelectric effect
dominates. However, if they are of comparable strength,
they compete and performance is at its worst. Therefore,
special care must be taken when building the detector to
optimize the ratio of these two effects, which depends on
material-specific parameters such as p and X, the temper-
ature and the frequency of radiation, as well as length of
the junction.

VI. RECTIFICATION OF ENVIRONMENTAL
NOISE

In Sec. I we demonstrated that ac signals are rectified
in N-FI-S junctions, but we considered only an ideal sit-
uation in the absence of an electromagnetic environment.
Such environments can act as sources of noise, which can
also be rectified by the junction and lead to a finite current

even in the absence of applied voltages and temperature
gradients. A directly applicable tool to study this noise is
the P(E) theory of Coulomb blockade [55]. Namely, in the
presence of the noise described by P,(E), the tunneling
current expression becomes

I = % / dEdE'[N,(E) + PN_(E)]
X [Pn(E’ — EYyv(ED[1 — fs(E)]

— P,(E — ENfs(E)[1 —fN(E’)]], (38)

where we introduced £’ = E’ — eV,. For an ideal environ-
ment we have P,(E — E’) = §(E — E'), in which case we
recover Eq. (1).

One possibility is to describe the P,(E) due to a
high-temperature environment, as in Ref. [56]. There, for
E < Tenwh/(RenyCeny), the authors derive a very simple
Lorentzian function

1 7

i e

(39

where 7 = RenyTenv/Rp describes the noise source with
resistance Ren, at temperature Te,y and Rp = h/e? is the
resistance quantum (note A instead of 4). The presence
of such a noise source leads to a finite current even at
a vanishing voltage or temperature difference across the
junction:

PGr

I = / dEAE'N_(E)P,(E — EN[fv(E") — f5(E)].

(40)
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FIG. 11. Current resulting from the rectification of environ-

mental noise, as a function of the environment parameter 7,
for different temperatures 7 = Ty = Ts. We used 2 = 0.5A and
n=10"3A.

This finite current is plotted in Fig. 11 as a function of the
parameter 7. Notably, the current is a decreasing function
of temperature.

VII. CONCLUSION

Electron-hole symmetry breaking occurs in N-FI-S
junctions due to the combination of spin splitting and spin
filtering. As a consequence, N-FI-S junctions act as rec-
tifiers of charge current, and could therefore present a
promising platform to be utilized as a diode for emerg-
ing low-temperature electronics, or in radiation detectors.
The crucial parameter determining the efficiency of rec-
tification is the spin polarization of the tunneling barrier
‘P. Importantly, there might be rectification and thermo-
electric effects in competition, and the two effects need to
be considered simultaneously in realistic structures such as
detectors. The interplay of the two effects can be optimized
by varying the size of the junction and the choice of materi-
als. A first confirmation of the rectification effect discussed
in the present work has recently been reported in Ref. [57]
for an AI-EuS-Cu junction.

Our work also provides a full characterization of heat
transport and noise in N-FI-S junctions, for both ac and
dc bias, as well as analysis of the influence of an electro-
magnetic environment. All of these findings are important
to understand and achieve optimal performance of N-FI-
S junctions in numerous applications, such as radiation
detection [26], electron refrigeration [43], and thermom-

etry [32].
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APPENDIX A: DERIVATION OF I(t) AND Q(t)
FROM NONEQUILIBRIUM KELDYSH GREEN
FUNCTIONS

Within the nonequilibrium theory of Keldysh Green’s
functions (GFs), the charge current through a N-F7-S junc-
tion biased by the time-dependent voltage V() = — Vg4, +
Ve cos wt can be expressed as [58]

GTJT o o ,
1(6) = 7~ Trei Lyl &s)o (6 )l (A1)
The electronic heat current is [59]
. Grm
O®t) = _16Te2 Trn, (i, — idy
+2eV () T)[TENT, Es1o (8, 1) 1= - (A2)

Here, gy (1, 1) and gg(2, ¢') are the two-time GFs for the nor-
mal and superconducting side of the junction, respectively.
gn and gg are matrices in spin, Nambu, and Keldysh space,
spanned by the Pauli matrices o}, 7;, and n; (i = x,y,2),
respectively. The symbol o denotes a convolution over the
intermediate time variable. The spin polarization of the
junction is described by the matrix I' = ¢ + ut,0,, with
£ +u?=1and2tu="7P.

The nonequilibrium GFs, gy s(#, ), can be expressed in
terms of equilibrium ones, gy (¢ — ¢') and gs(t — '), as

gt 0) = e? 0% gy (1 — 1)e O,

gs(t,f) = &t —1). (A3)
Here, the bias voltage is introduced via the gauge trans-
formation of the normal-side GF, with ¢ (f) = — V.t +
Bsinwt and B = eV, /w. Next, the equilibrium GFs can
be expressed in energy representation as

dE _,
gi(t—1)= / e F-Dg(E), i=N,S. (Ad)
2
From here, using the Jacobi-Anger expansion, we may

write the normal-side GF as
. , dE
gv(tt) = Z,Jn(rzﬁ)mzﬂ) f o~

% e_i(t_t/)(E+Vdcr2)€iw(m_t,n/)é]\[ (E) (AS)

The GFs have the following structure in the Keldysh space:

5(E) = (gf(E) gf(E)), I—N.S,

0 gl (A0)
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where the superscripts R, 4, and K stand for the
retarded, advanced, and Keldysh component, respec-
tively. They are given by g\ (E)==xt. (i=R,A),
gy =2ntanh /2Ty, g, (E) = .(E+h+in)/&]  +
i AJE (i=RA), g& (E)=[g& (BE)—gd (E)]
tanh £/2Ts. Here £F | = &1 = \/(E £ h+in)? — A%

First, we calculate the charge current /(¢) in the ac 4 dc
bias. Combining Eqs. (A3){A6) with Eq. (Al), we find
1(¢) as a sum over harmonics,

I =1+ Z |:I,fl cos(mwt) + I, Sin(ma)l)], (A7)

m=1

with
1§ = @Z/W B) /dE
m e - mn

y PN_[fy"(Ey) — fs(E)] + Nify (E,) meven,
N[ (E) = fs(E)]+ PN_fy (E,)  m odd,

(A8)
I = _'GTZM* (,B)/dE
m e - mn
73M_fNJr (Ey) +Myfy (E,) meven, (A9)
M fy (E)) + PM_fy (E,) modd.

Here we use the notation E, = E + nw, we introduced
IN(E) = 3 (E — eVae) £fy(E + eVao)], and M is
introduced below Eq. (11) of the main text. The time-
averaged component of the current is /[y = %ICO. Set-
ting Vge # 0, Vae = 0 (dc regime) or Vg = 0, Vye £ 0 (ac
regime) in Eqs. (A7)+(A9), we obtain the results presented
in Secs. IT A and I B, respectively.

Next, we calculate the electronic heat current Q(z) in the
ac + dc bias. Combining Eqs. (A3)~(A6) with Eq. (A2),
we obtain

00 =00+ ['Q;; cos(mawt) + O, Sin(ma)t):|, (A10)
m=1

where

. G
0= f dEL;,, (B, E)

« NL[fH(EY) — fs(E)] + PN_fyy (E,) m even.
PN_[fy" (Ey) — fs(E)] 4+ Nofy (E,) modd,
(A1)

0, ="y / dEL,,,(B.E)

e

PM_f;"(E,) + Myfyy (E,) modd.
(A12)

y {M+fN+ (E,) + PM_f,7 (E,) m even.

The quantity £ is introduced below Eq. (17). The time-
averaged component of the heat current is Qy = %QS
Setting Vge # 0, Vae = 0 (de regime) or Vg =0, Vye # 0
(ac regime) in Egs. (A10)«(A12), we obtain the results
presented in Secs. 11l A and 111 B, respectively.

APPENDIX B: DERIVATION OF THE NOISE
CORRELATORS

Refs. [47,48] established a way to calculate the full
counting statistics for charge and heat transport in junc-
tions in the language of Keldysh GFs. The main quantity
of interest is the generating function S, which can be
used to calculate all quantities accessible in transport mea-
surements, such as currents, noise, and higher-order cor-
relators. The time-averaged generating function is given
by

G dE "
S(x,¥) = KeTz PIPAC) / S THrg?

X (E+na)_6VdcTz)F>gS(E)}~ (Bl)

The charge and heat current counting fields, x and ¥,
appear in the gauge transformation of the normal-side GF,

g])\(/»‘/f (E) = eli/Dexnxe: e(i/2)E1/fi7xéN (E)e*(i/z)ex 5%z o= /DEY 1
(B2)

Note that Eq. (B1) generalizes previous expressions found
in the tunneling limit in Refs. [47,48] by allowing for
a spin-polarized tunneling barrier, described by the spin-
space matrix I'.

The first moments of the generating function, given by
the first derivatives with respect to the relevant counting
field, yield the time-averaged charge and heat currents

S . S

Iy=— , Qo= .
Ix x¥=0 Iy x:¥=0

(B3)

One can readily check that Egs. (1), (9), (13), and (18) in
the main text can be reproduced using this approach.
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The second moments of the generating function are
related to noise correlators,

2
ory =225
X |y w=0

2
(818Q) =2 °s ,
XV |, 4o

. 928
(80 = —2— , (B4)

awz xX,¥=0

which yield Eq. (20) of the main text.
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