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Abstract
This note concerns Loomis—Whitney inequalities in Heisenberg groups H":
21 +1
KIS 1m0, K cH"
Jj=1
Herer;, j =1, ..., 2n, are the vertical Heisenberg projections to the hyperplanes {x; = 0},

respectively, and | - | refers to a natural Haar measure on either H", or one of the hyperplanes.
The Loomis—Whitney inequality in the first Heisenberg group H! is a direct consequence
of known L” improving properties of the standard Radon transform in R?. In this note, we
show how the Loomis—Whitney inequalities in higher dimensional Heisenberg groups can be
deduced by an elementary inductive argument from the inequality in H'. The same approach,
combined with multilinear interpolation, also yields the following strong type bound:
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for all nonnegative measurable functions fi, ..., fo, on R2". These inequalities and their
geometric corollaries are thus ultimately based on planar geometry. Among the applications
of Loomis—Whitney inequalities in H", we mention the following sharper version of the
classical geometric Sobolev inequality in H":
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where X, j =1, ..., 2n, are the standard horizontal vector fields in H". Finally, we also
establish an extension of the Loomis—Whitney inequality in H", where the Heisenberg vertical
coordinate projections 1, ..., 7, are replaced by more general families of mappings that
allow us to apply the same inductive approach based on the L3/%-L3 boundedness of an
operator in the plane.

Keywords Radon transform - Loomis—Whitney inequality - Heisenberg group - Sobolev
inequality - Isoperimetric inequality

Mathematics Subject Classification 28A75 primary; 52C99 - 46E35 - 35R03 secondary

1 Introduction

The Loomis—Whitney inequality in R? bounds the volume of a set K C R¢ by the areas of
its coordinate projections:

d
- 1
K| <[] 17 &7, (1.1)
j=1
where 7;(x1,...,xq) = (X1,...,Xj_1,Xj11,...,Xxq). Here |A] refers to k-dimensional

Lebesgue outer measure in R¥ whenever A C R¥. The inequality (1.1) is due to Loomis and
Whitney [37] from 1949. It is trivial for d = 2 and follows by induction, using Holder’s
inequalities, for d > 2. The Loomis—Whitney inequality is one of the fundamental inequali-
ties in geometry and has been studied intensively; we refer to [6,8,12,25,33] and references
therein for a historical account and some applications of the Loomis—Whitney inequality.

The present note discusses analogues of (1.1) in Heisenberg groups H". It arose as a
complement to manuscript [23] with Tuomas Orponen, in which we reduced the proof of
the Loomis—Whitney inequality for H' to an incidence geometric problem in the plane that
we resolved using the method of polynomial partitioning. Later we learned that the Loomis—
Whitney inequality in the first Heisenberg group—and inequalities of similar type—had
already been obtained earlier [18,19,32,38] by a Fourier-analytic approach or the so-called
method of refinements, albeit not phrased in terms of Heisenberg projections. In addition
to acknowledging previous work, the aim of the present note is to show how the Loomis—
Whitney inequality in H” for n > 1 can be proven by induction, similarly as the original
inequality [37], but now using the version in H! as a base case. Alternatively, one could
apply the method of refinements also for n > 1, see the related comment in [42, Sect. 4]. The
inductive approach in the present note has the advantage of easily yielding certain strong-type
endpoint inequalities, see Theorem 1.8, which are not covered by [42] or other literature we
are aware of. For applications to geometric Sobolev and isoperimetric inequalities in H”, the
weak-type inequalities would however be sufficient.

1.1 Heisenberg groups

The nth Heisenberg group H" is the group (R>"*!, .) with

n
(x,t)-(x',t) = x+x’,t+t’+%2xjx,’l+j —x,,_H-x} , (1.2)
Jj=1
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Loomis-Whitney inequalities in Heisenberg. . .

which makes it a nilpotent Lie group of step 2. Here, (x, f) denotes a point in R*"*+! with
x = (X1,...,Xx,) € R* andt € R. Forx € R* and k € {1,...,2n}, we will use the
symbol £ to denote either the point in R?”" that is obtained by replacing the k-th coordinate
of x with 0, or the point in R?*~! that is obtained by simply deleting the k-th coordinate of
x. The meaning should always be clear from the context.

In geometric measure theory of the sub-Riemannian Heisenberg group [41], an important
role is played by Heisenberg projections that are adapted to the group and dilation structure
of H" and that map onto homogeneous subgroups of H"”. We only consider projections
associated to the "coordinate" hyperplanes containing the ¢-axis, so we limit our discussion
to those. Let W; C H", j =1, ..., 2n, be the (1-codimensional) vertical subgroups of H"
given by the hyperplanes {(x, 1) € R?"*1 : x j = 0}, respectively. Write

]L/' = {(0,...,0,)6_/,0,...,0)Z)Cj ER}

for the span of the j-th standard basis vector. So L; is a complementary (1-dimensional)
horizontal subgroup of W ;. This means, for example, that every point p € H" has a unique
decomposition p = w; -I;, where w; € W; and/; € IL;. These decompositions give rise to
the vertical coordinate projections

prw;=mj(p)eW;, j=1,...,2n.
Using the group product in (1.2), it is easy to write down explicit expressions for 7 ;:

N XiXpti N XjXp4j .
(1) = Gyt + 255 and w0 = Gagot = 255, =10

(1.3)

Readers who are not comfortable with the Heisenberg group can simply identify W; with
R2" and consider the maps

XX, i .
(X, 0) = (X1s e X1 Xl s X0, £+ 255, forj=1,...,n,
and their analogs for j = n + 1, ..., 2n, without paying attention to their origin. It is clear
that the projections 1, ..., 72, are smooth, and hence locally Lipschitz with respect to the

Euclidean metric in R¥"*!, and they satisfy
det (Dm;(p)Dmj(p)') =1, j=1,...,2n, peR" (1.4)

Vertical projections are, in fact, not Lipschitz with respect to the Kordnyi distance d(p, q) =
llg~! - pll on H". Nonetheless they play a significant role in the geometric measure theory
of Heisenberg groups—as do orthogonal projections in R¢—so they have been actively
investigated in recent years, see [2,3,15,22,34,35]. The vertical projections are non-linear

maps, but their fibres 7 ; '{w} are nevertheless lines. In fact, the fibres of 7 j are precisely the
left translates of the line IL.;, that is, rr]fl {w}=w-L; forw e W;.

For subsets of H" = R?"*! the notation | - | will refer to Lebesgue (outer) measure on
R27+1 and for subsets of a vertical plane R = W j C H", the notation | - | will refer to
Lebesgue (outer) measure in R?”. Up to multiplicative constants, they could also be defined
as the (2n + 2)- and (2n + 1)-dimensional Hausdorff measures, respectively, relative to the
Koranyi metric on H". So, our measures coincide with canonical "intrinsic" objects in H".
All integrations on H" or W; will be performed with respect to Lebesgue measures.
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K. Féssler, A. Pinamonti

1.2 Loomis-Whitney inequalities in H" and their generalizations

We can now state a variant of the Loomis—Whitney inequality (1.1) for subsets of H" in terms
of the vertical coordinate projections ;. In RY, the inequality makes a reference to the d
orthogonal coordinate projections 7y, . . ., 4. These are, now, best viewed as the projections
whose fibres are translates of lines parallel to the coordinate axes. In H", we consider instead
the vertical projections 7z; whose fibres are left translates of I;, j = 1, ..., 2n; the precise
formulae were stated in (1.3). With this notation, the following variant of the Loomis—Whitney
inequality holds:

Theorem 1.5 (Loomis—Whitney inequality in H") Fixn € N. Let K C R+ (or K ¢ H")
be an arbitrary set. Then

2n
n+1
(K|S Ttk (1.6)
j=1

Here and in the following, the symbol < indicates that the inequality holds up to a positive
and finite multiplicative constant on the right-hand side. We only have to prove the inequality
for Lebesgue measurable sets K C R?**!. In the general case, we simply pick Gj-sets
K; C R2" with K; 2 mj(K) and |K;| = |7;(K)| for j = 1,...,2n, assuming that the
right-hand side of (1.6) is finite. Then K’ := ﬂ?"zl nj_l(K j) is a Lebesgue measurable
subset of R2"*! that contains K and it suffices to apply the Loomis—Whitney inequality to
K'.

So we consider only Lebesgue measurable sets K in the following. By the inner regularity
of the Lebesgue measure, Theorem 1.5 is then equivalent to the validity of (1.6) for all

compact sets K C R+ Since every such set satisfies xx (p) < ]_[3"21 X (K) (i (p)),

for all p € R¥"*!, and on the other hand, ﬂ?”: | nj_l (K ;) is compact in R*"*! whenever

K1, ..., Ky, are compact subsets of R2" Theorem 1.5 is equivalent to the statement that
2n 2n -
/ [ ]xx; Gy dp S 1K 17D (1.7)
R2n+1 7 .
j=1 j=1
holds for all compact sets K1, ..., K2, C R2", Here we have identified, for j=1,...,2n,
the {x; = O}-plane in R+ with R?", so that 71, . .., 72, are now mappings from R2*+1

to R?". Using this expression, it is evident that Theorem 1.5 follows from the next result:

Theorem 1.8 Fixn € N. Then

2n wm
mitp) dp S llagasn 1.9
/Rzn+lnf’(”’(p)) P S [T laeen (1.9)
j=1 j=1
for all nonnegative Lebesgue measurable functions f1, ..., fon on R2".

The coarea formula coupled with (1.4) shows that the preimages of Lebesgue null sets in R>"
under 7; are Lebesgue null sets in R?"*! and so fj o 7r; : R*"*! — [0, +-00] is Lebesgue
measurable under the assumptions of the theorem, and the integral on the left-hand side of
(1.9) makes sense.

The bilinear case (n = 1) of Theorem 1.8 follows directly from the L3/> — L3 boundedness
of the standard Radon transform in R?, and as such was known—by a Fourier-analytic proof—
at least since the work of Oberlin and Stein [38]; see Sect. 2. Theorem 1.8 for n = 1 is also
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an instance of [18, Theorem 1.1] (with b = (2, 2) in [18, (1.6)] and (p1, p2) = (3/2,3/2) in
[18, (1.8)]). The corresponding weak-type bound (Theorem 1.5 for n = 1) was also obtained
by Gressman as a special case of the endpoint restricted weak-type estimates in [32, Theorem
2]. Due to the nilpotent group structure of the Heisenberg group and the invariance of the
problem under Heisenberg dilations, it is a particularly simple instance of Gressman’s more
general theorem. The proofs in [18,32] used an adaptation of the method of refinements, which
was initiated by Christ [16] in order to prove L? — L4 bounds for certain convolution-type
operators.

To the best of our knowledge, Theorem 1.8 for n > 1 has not appeared in the literature
before. Stovall proved in [42] similar inequalities for multilinear Radon-like transforms, but
(1.9) for n > 1 constitutes a strong-type endpoint case that is not covered by her work. In
her notation, our setting corresponds to b(p) = ((n+1)/n, ..., (n+1)/n), which is a point
on the boundary of the polytope P mentioned in [42, Theorem 3].

Our approach to Theorem 1.8 can be applied to prove something a bit more general, see
Theorem 5.16 for the precise statement. The idea is to apply the same inductive procedure
and reduce the claim to an L3/?-L3 boundedness statement for a certain operator in the plane.
In the case of Theorem 1.8, this operator happens to be the standard Radon transform, but
other choices are possible as well, for instance convolution by a fixed parabola in R2, cf. the
use of (5.7) in connection with Example 5.4.

It is easy to see that the exponents in the Heisenberg Loomis—Whitney inequality (1.6)
are sharp by considering boxes of the form [—r, r1*" x [—r2, r2]. Besides the difference in
the definition of the projections 77; and 7, there is another obvious difference between (the
case d = 2n + 1 of) the standard Loomis—Whitney inequality (1.1), and (1.6): the former
bounds the volume of K in terms of 2n + 1 projections, and the latter in terms of only 2n
projections. One might therefore ask: is there a version of (1.1) for 2n orthogonal projections
R+ 5 R2"__and does it look like (1.6)? The answer is negative. This is a very special
case of [5, Theorem 1.13] (cf. also [20,42,43]), but perhaps it is illustrative to see an explicit
computation for n = 1:

Example 1.10 Consider the two standard orthogonal coordinate projections 7, 7, in R? to the
xpt-and x1z-planes. If K = [0, 112 x [0, 8], then | K | = &, and also |71 (K)| = § = |72(K)|.
So, for § > 0 small, an inequality of the form

K| S 171 (K" - 172K (1.11)

can only hold for A < % On the other hand, if Kz = [0, R]*, with R > 1, then |Kg| = R’

and |71 (Kg)| = R? = |#2(Kg)|, so (1.11) can only hold for A > %. The latter example

naturally does not contradict (1.6): note that |7 ; (Kg)| ~ R3for R > 1.

1.3 Gagliardo-Nirenberg-Sobolev inequalities in H"

In RY, it is well-known that the Loomis—Whitney inequality implies the Gagliardo—
Nirenberg—Sobolev inequality

d
I laja—n < [T 18,6114 f e Cl®). (1.12)

J=1

Similarly, an H"-analogue of (1.12) can be obtained as a corollary of Theorem 1.5:
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Theorem 1.13 Let f € BV (H). Then,
2n '
Il S TT0X5 A1 (1.14)
j=1

Here

Xj =0y — L8, and X,pj =0y, +30. (=1....n), (1.15)

are the standard left-invariant "horizontal" vector fields in H", and BV (H") refers to functions
f e L'(H") whose distributional X j derivatives are signed Radon measures with finite total
variation, denoted || - ||.

Theorem 1.13 presents a sharper version of the well-known "geometric" Sobolev inequal-

ity
Iz S AVESIL f € BV (H"), (1.16)

proven by Pansu [40] for n = 1 as a corollary of the isoperimetric inequality in H'. Here
Vuf = (X1 f,..., Xonf). Versions of geometric Sobolev inequalities and isoperimetric
inequalities were obtained in H" and even more general frameworks by several authors,
for instance in [14,30]. A proof of (1.16) for n = 1, using the fundamental solution of the
sub-Laplace operator Ay, is discussed in [13, Sect. 5.3], following the approach of [14]. On
the other hand, Theorem 1.13 can be derived from Theorem 1.5. This deduction follows a
standard argument, but we present it here to highlight the fact that the geometric Sobolev and
isoperimetric inequalities in all Heisenberg groups are ultimately based on planar geometry
and they can be deduced from boundedness properties of the Radon transform in R,

Theorem 1.8 is related to Brascamp-Lieb inequalities. We direct the reader to e.g. [4,5,10]
and the references therein. Euclidean Loomis—Whitney and Brascamp-Lieb inequalities can
be proven by the technique of heat flow monotonicity, see [5]. The same approach has been
attempted in Carnot groups by Bramati [9], but there seems to be a gap in the argument,
which has been confirmed with the author. More precisely, the exponents appearing in the
proof of [9, Theorem 3.2.3] have not been chosen consistently. It remains an open problem to
see whether the Loomis—Whitney inequalities in Carnot groups can be obtained by the heat
flow approach.

Structure of the paper. In Sect. 2, we explain how Theorems 1.5 and 1.8 for n = 1 follow
from known L? improving properties of the Radon transform in R2. In Sect. 3, we deduce
Theorems 1.5 and 1.8 for arbitrary n > 1 by induction from the corresponding inequalities in
H'. In Sect. 4, we show how to derive the Gagliardo—Nirenberg—Sobolev inequality, Theorem
1.13, as an application of the Loomis—Whitney inequality in H”. Finally, in Sect. 5 we explain
how to adapt the approach from Sect. 3 to prove the generalized Loomis—Whitney-type
inequality stated in Theorem 5.16.

2 Inequalities in the first Heisenberg group

In this section, we review the proof for the Loomis—Whitney inequality in the first Heisenberg
group. For this purpose it is more convenient to use slightly different notation. In particular,
points in R? will be denoted by (x, y, 7) (instead of (x, f) = (x1, x2, ¢)). The group product
of H! then reads in coordinates as follows:

x,y,0) -, Y, ) =(x+x,y+y,t+1t + %(xy/ — yx')). 2.1)
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The vertical Heisenberg projections to the yz- and the x¢-plane, respectively, are explicitly
given by

Ty, 1) =0,y 14+ %) and m(x,y.1) = (x,0,1 - %).
We recall the statement of Theorems 1.5 and 1.8 forn = 1:
Theorem 2.2 (Loomis—Whitney inequality in H') Ler K  H' be arbitrary. Then,
K| S Imi(K) PP - o (K13 (2.3)

Theorem 2.4 For all nonnegative Lebesgue measurable functions fi and f> on R? it holds
that

/R3 Nie(p) o (p)dp S fillz 1215 25)

On the left-hand side of (2.3), the notation "| - |" refers to Lebesgue outer measure on R3.
Similarly, on the right-hand side of (2.3), the notation "| - |" refers to Lebesgue outer measure
on R?. Clearly, Theorem 2.4 implies Theorem 2.2. We now explain how Theorem 2.4 itself
follows directly from known LP”-improving properties of the standard Radon transform in
the plane R2.

Let S! be the unit sphere in R%. For a smooth, compactly supported function f on R2, the
Radon transform (or X-ray transform) Rf is defined by

Rf (o, s) ::/ f()dz, (o,s) € S'xR. (2.6)
(z,0)=s

Here dz is the 1-dimensional Lebesgue measure on the line {z € R? : (z, o) = s}. Using
Fourier analysis (notably Plancherel’s theorem) and complex interpolation, Oberlin and Stein
[38] proved that R extends to a bounded operator from L32(R%) to L3(S! x R). Their result
is more general, but this is the only information one needs to deduce Theorem 2.4.

The connection between inequality (2.5) and the Radon transform is illustrated by the
formula

d(x,t)
/R3 fi(@i(p)) f2(r2(p)) dp = /Rz R (f1) (0(x), sx,1) fa(x, 1) N 27
with sy ; = t/+/1 +x% and o (x) := \/;7(—)@ 1) for smooth compactly supported func-

tions f1 and f> on R2. The proof of inequality (2.5) using the result in [38] is an instance
of a more general phenomenon that relates L”-improving properties of averaging operators
along curves to inequalities of the form (2.5) with two factors in the integral. The general
framework is explained in detail in [20, 9.5. Double fibration formulation] and [43, Sect. 1].
For our purpose it is convenient to work with a linear operator T that yields functions on
RR?, rather than S x R as in the case of the Radon transform, so instead of applying directly
(2.7), we will pass via an identity of the form

/3 S (p) fa(m2(p)) dp = /2 Tfi(x, 1) falx, ) d(x, 1);
R R
see the proof of Theorem 2.4. For smooth, compactly supported functions f on R?, we define

Tf(x,1) ::/f(y,t+xy)dy, (x,1) € R%. (2.8)
R

The next statement follows immediately from [38] by relating the operator T to the Radon
transform R, and we do not claim any novelty for it, see also [17, Sect. 2].
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Theorem 2.9 There exists a constant C such that the operator T defined in (2.8) satisfies
ITflls = Cllfls
for all smooth, compactly supported functions f.

Proof We reduce Theorem 2.9 to a statement about the Radon transform that was proven in
[38]. We fix a smooth compactly supported function f and start by writing

1

B 3 3
it =| [| [ o v a r)} @.10)
L R2 |JR
- X !
d(x,t) ;
— 2
= /Rz ‘/Rf(y,t—kxy)\/l +x dy‘ a +x2)3/2]
_ 1
- / fdx @, 1) .11
T e e, T @y |
Here dAg, , denotes the 1-dimensional Lebesgue measure on the line
Oy = {z eR*: (z,0(x)) = ;}
1 —x
= {(y,t+xy): ye R} witho(x) := 7( )
y y)oy Tre\l
Thus, recalling the definition of the Radon transform in (2.6), we obtain from (2.11) that
1
dx,t) 3
— 3
i1 = | [ 1Rr@s0P G |

—[/ (/ Rf (o), s ——2 )—d" }
- e \Ur T T a2) 12

with s, = t/+/1 + x2. Changing variables in the inner integral, and observing that x
o (x) parameterizes an arc in S', we then deduce that

ITf s = [/R (/Rmf(o(x),s)ﬁds) |a’<x)|dx]§
< [/S (mef(o, s>|3ds> do]g — RS s,

where o denotes the usual Lebesgue (arc-length) measure on S'. Now the theorem follows
from the inequality ||Rf||3 < C| f II% for the Radon transform, which was established as a
special case of [38, Theorem 1]. ]

Theorem 2.4 is an immediate corollary of Theorem 2.9.

Proof of Theorem 2.4 1t suffices to prove the theorem for nonnegative smooth, compactly
supported functions on R?. Indeed, if f; is an arbitrary nonnegative Lebesgue measurable
function on R2, we take a sequence ( f1,x)ken of nonnegative C2° functions which converges to
1 withrespectto ||-||3,2 and pointwise almost everywhere. In the same way, we approximate a
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given nonnegative Lebesgue measurable function f> by a sequence (f2 x)xen of nonnegative
C2° functions. Then, assuming that the theorem holds for nonnegative CZ° functions, we
apply it to the pair f] x, f2.x for every k € N. The desired inequality (2.5) for the functions
f1, f2 follows by Fatou’s lemma, observing that for j € {1, 2}, the sequence (f; x o ;) reN
converges pointwise almost everywhere to (f; o 1) jen since the preimage of a Lebesgue
null set in R? is a Lebesgue null set in R?, according to the remark below Theorem 1.8.

We now prove the theorem for nonnegative C° functions on R2. Let f; and f> be such
functions and let us prove that they satisfy the inequality (2.5). To this end, we rewrite the
left-hand side using the volume-preserving diffeomorphism

DR R D, y,0)=(x,0,0)-0,y,0) = (x,y,r+ sxy).
With this definition,
T (®x,y,1) = (y,t+xy) and m(P(x,y,1) = (x,1)

for all (x, y,t) € R3. Hence the left-hand side of (2.7) can be expressed as follows:

/RS S1@@(p)) f2(m2(p)) dp = /Rz/Rf1(m(<l>(x,y,t))fz(ﬂz(fb(x,y,t)))dyd(x,t)

=/ (/ fl(y,t+Xy)dy> folx,0)d(x, 1)
R2 R
=/ Tfi(x,t) fa(x,0)d(x,1),

RZ

using the linear operator 7 defined in (2.8). Thus, it follows from Hoélder’s inequality with
exponents p = 3 and p’ = 3/2, and the mapping property of T stated in Theorem 2.9, that

/RB fitri(p) f2(m2(p)) dp = ITfilsll 213 = ClLAl 215,

as desired. ]

3 Inequalities in higher-dimensional Heisenberg groups

In this section we prove Theorem 1.8 for arbitrary n > 1 by induction, using Theorem 2.4 as
a base case. To be precise, instead of directly aiming at inequality (1.9) in Theorem 1.8, we
will prove Theorem 3.1 first. Its statement reflects the algebraic structure of the Heisenberg
group. In brief, forafixed k € {1, ..., n}, the different Lebesgue exponents on the right-hand
side of (3.2) appear by applying once the commutator relation [ Xy, X, 4x] = 9;, where X}
and X+« are defined as in (1.15). This is done by employing the strong-type bound for
H' given by Theorem 2.4. After this initial step, the remaining steps of the induction use
only standard properties of integrals and elementary estimates by Holder’s and Minkowski’s
integral inequalities.

Theorem3.1 Fix n € N. Then, for all nonnegative Lebesgue measurable functions
fis.ov, fonon R we have

2n n
/R ]1:[1 Fi i (p)) dp S 1 il 2t | freil 2 }:[1 (L5 W1 1 fojlons1)
' J#k
kell,...,n}, (3.2)
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with an implicit constant that may depend on n. For n = 1, the right-hand side of (3.2) equals

1Al £l

The Lebesgue exponents in Theorem 3.1 correspond to vertex points on the boundary of the
Newton polytope in [42, Sect. 3] and as such are not covered by [42, Theorem 3]. For instance,
the exponents in (3.2) for k = 1 < n corresponds to b(p) = (2, 1,...,1,2,1,..., 1) in the
notation of [42, (2.5)].

For n = 1, the statements of Theorem 3.1 and Theorem 1.8 are equivalent. For n > 1,
Theorem 3.1, (3.2), consists of n separate inequalities. Knowing that they all hold for all
nonnegative measurable functions, one can deduce the inequality

2n 2n
[ s TR § (T e (3
j=1 j=1

postulated in Theorem 1.8 by multilinear interpolation, as we will explain below the next
remark.

Remark 3.4 1f one is only interested in the Loomis—Whitney inequality in H" (Theorem 1.5),
and not in the strong-type bound stated in Theorem 1.8, then one can finish the proof without
using multilinear interpolation. In particular all the geometric consequences that we list in
Sect. 4 can be obtained by this simpler argument. Indeed, let K € R?**! be a compact set.
Then Theorem 3.1 implies that

n
2 2 1 1
K1 S 1ROV 1 (KO T T (1 GOV [t (KO 7757 )

j=1
J#k

forall k € {1, ..., n}. Multiplying these n inequalities together, we obtain
2n +1
K" S [ )17,
j=1

from where the Loomis—Whitney inequality in H" follows by taking the n-th root.

To prove Theorem 1.8, we will rephrase Theorem 3.1 by duality as bounds of the type
2n—1
T s fanDllge S T ] Wfilpyer fork=1,....n, (3.5)
j=1

for a certain multilinear operator 7. Then multilinear interpolation will allow us to deduce
the bound

2n—1
ITCfrs-- s fan-Dllg < l_[ I Fillp; (3.6)
j=1
with
I 1
- *Z , and —=-Y —, j=1,....2n—1. (3.7)
i 9k Pj ni— Pjk

Finally, (3.6) will yield (3.3). Before turning to the details, we state the multilinear interpo-
lation theorem which will be applied repeatedly to infer (3.6) from (3.5). It can be proven by
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the method of complex interpolation [7,11] and we simply state here a version that is useful
for our purposes. The theorem is formulated for finitely simple functions on a measure space.
These are functions of the form ZlNzl ¢; xg; with the requirement that E; is a measurable set
of finite mass. In our application, the relevant measure spaces will all be equal to R*" with
the Lebesgue measure.

Theorem 3.8 (Corollary 7.2.11 in [31]) Assume that T is an m-linear operator on the m-
Jfold product of spaces of finitely simple functions of o -finite measure spaces (Y;, u;), and
suppose that T takes values in the set of measurable functions of a o -finite measure space
(Z,v). Let1 < p1j,p2,j,q1,q2 < ooforalll < j <m,0 <6 < 1. Suppose that for all
finitely simple f; on Y; one has

m m
1T oo Sl < My [T 50, and 1T Ao fadllgy < Mo [T 150,
j=1 j=1
Then for all finitely simple functions f; on Y; it holds that
m
1T e fdllg < METOMETT 1 £51p, -
Jj=1

where

1 1-6 0 1 1-6 0
= +— and — = +— forj=1,...,m.
q q1 q2 pj pi.j P2.j

Recalling Theorem 2.4, it suffices to prove Theorem 1.8 forn > 1.

Proof of Theorem 1.8 for n > 1 using Theorem 3.1

Assume that the statement of Theorem 3.1 holds for a fixed natural number n > 1. Our aim
is to verify (3.3) for all nonnegative measurable functions fi, ..., f2, on R?"_ The desired
inequality can be spelled out as follows:

n
/RW [T Gt 4+ 33504 7) fotj Gug ot = 3Xj%01))) d(x, 1)
j=1

2n

=y | /] ey (3.9)

Jj=1

Here we have used the same notational convention as at the beginning of Sect. 1.1. The
coordinate expressions appearing in (3.9) help us to define a multilinear operator 7 for
which a bound of the type (3.6) will yield (3.9). The idea is, essentially, to express the left-
hand side of (3.9) as the pairing of T'(f1, ..., fan—1) with f3,, similarly as we did in the
proof of Theorem 2.4. To bring the integral into this form, we first apply the Fubini-Tonelli
theorem and then the change of variables 7 = ¢ — %xnxz,l in the t-coordinate so that the
left-hand side of (3.3) equals
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2n
/R L TGy dp (3.10)
=1
2n—1
= /2 / fn(ﬁns T + XpX2) 1_[ fj(nj('xv f+%xnx2n)) dxap f2n(£2n7 ) d (%2, T).
R R .
j=1
J#n

This identity motivates the following definition of the operator 7. For all finitely simple
functions gi, ..., gay—1 ON R?", we define

2n—1
T(g1,-.-:&n—1)RX2p, T) 1= /Rgn()?n, T 4 XpX2n) 1_[ g (mj(x,, T+ 3x0x20)) dx2n.
j=1
Jj#n
Using (3.10), and applying Holder’s inequality with exponents n(2n + 1)/(n + 1) and its
dual exponent

n2n+1)
= 3.11
2n? —1 @11
we find for all nonnegative finitely simple functions fi, ..., f2,—1 and all nonnegative mea-
surable functions f7, that
2n
Lo TLemonde = [ 10 fae @) ) du
R2n+1 j=1 R2n
<IT(f1s -y fan=Dlg ||f2n||n<21+11>.
Hence, to prove (3.3) for such functions fi, ..., fa,—1, we aim to show
2n—1
ni2n +1)
ITCfrs s fanDllg S H I fillp;, forpr=...=py_1= 1 (3.12)
j=1

and ¢ as in (3.11). Having established (3.3) for nonnegative finitely simple functions, it
is straightforward to obtain the inequality also for all nonnegative measurable functions
f1, .., fon- Indeed, given nonnegative measurable functions fi, ..., f2,, we may assume
that the right-hand side of (3.3) is finite, and then each f; is the pointwise almost everywhere
limit of an increasing sequence of nonnegative finitely simple functions that converge to f;
alsoin || - ||, ;-norm, and Theorem 1.8 follows, by an analogous argument as described at the
beginning of the proof of Theorem 2.4.

Thus it remains to prove the claim (3.12) for nonnegative finitely simple functions. It may
be illustrative to compare this with the bound for the linear operator 7 in Theorem 2.9, which
is essentially the case n = 1 of what we aim to prove, albeit stated for smooth and compactly
supported functions.

Forn > 1, we will deduce (3.12) from Theorem 3.1. Recall that the left-hand sides of the
inequalities in (3.2) can be expressed as pairings of T(f1, ..., fon—1) wWith fa,, according
to the formula (3.10) and the definition of T if f, ..., f>,—1 are nonnegative finitely simple
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functions and f>, is an arbitrary nonnegative measurable function. Then the inequalities
stated in (3.2) for k = 1, ..., n imply by duality that

2n—1
T s Pl S T Wfillpyar fork=1,....n, (3.13)
j=1
for all nonnegative finitely simple functions fi, ..., f2,—1 on R?"_ and exponents

_[@n+n/en),  k=1,...,n—1,
E=len+1)/@n—1), k=n,

and

{Zn—l—l, ké¢{j,j+n,j—n},
Pjk =

Qn+1)/2. kel j+nj—n) j=1....2n—-1, k=1,...,n.

Here, for every k = 1, ..., n, we take the Lebesgue exponent associated to the f5,-term
on the right-hand side of the corresponding inequality in (3.2), and we let gx be the dual
of that exponent. This explains why the formula for g, is different from ¢; = ... = g,—1.
The exponent p;  is simply the Lebesgue exponent of the f;-term that appears in the k-th
inequality of (3.2).

The key property of the exponents in (3.12) and (3.13) is that they are related by convex
combinations as indicated in (3.7). Indeed, we compute that

n—1

1 2n- — 1 12n—1 1 2n 11
qg nn+1) n2n+1 n2n+1 klnqk

and similarly,

1 1 1 2 =
L_omwl 12, 3 7—277 S
p;j n@2n+1) n2n+1 P n2n+1 1N pjk

k¢{j.n—j}

To conclude the proof, we apply multilinear interpolation. Theorem 3.8 allows us to
interpolate between two operator bounds. In order to deduce (3.12) from the family of n
operator bounds stated in (3.13), we apply Theorem 3.8 for m = 2n — 1 iteratively (n — 1)-
times, noting that (3.13) also holds for finitely simple functions, as required by Theorem 3.8.
The specific form of the exponents is not used in this argument, we only need to know that
we are dealing with convex combinations as in (3.7), and observe the identity

Har+ o +ad = (1= ) (ylar + - + @) + fa,

for k > 1, which allows to obtain (3.12) by successive interpolation. More precisely, we
apply first Theorem 3.8 for 0 = % to the two operator bounds given by (3.13) for k = 1 and
k = 2. Then we apply Theorem 3.8 with § = % to interpolate between this newly obtained
bound and the operator bound stated in (3.13) for k = 3. We continue until, in the last step,
we apply the theorem with 6 = % to interpolate between the previously obtained bound
and the bound for k = n. This yields (3.12) for all nonnegative finitely simple functions
f1, ..., fon—1, and thus concludes the proof of the theorem. O

Proof of Theorem 3.1 First, by the same reasoning as at the beginning of the proof of Theorem
2.4, it suffices to verify the claim for nonnegative, smooth, and compactly supported functions.
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We fix n € N, n > 1, and assume that the statement of Theorem 3.1 has already been
proven for all natural numbers from 1 to n — 1. Recall that the base case of this induction
is the content of Theorem 2.4. Given nonnegative C2° functions fi, ..., f2,, Wwe now aim to
show the n inequalities stated in (3.2). We will explain the details only for k = 1, as the other
inequalities can be proven in exactly the same manner.

Throughout the following computation, points in R***+! will be denoted in coordinates
by (x,t) withx € R¥ andr € R.For 1 <i < 2n, we also write £ j1,...,j; t0 denote the point
in R?*~7 that is obtained by deleting the ji, ..., ji-th coordinates of x.

First, we apply the Fubini-Tonelli theorem and then the transformation ¢ +— ¢ — %xn Xop =
7 in the inner integral:

2n 2n
I ::/RZH/RJI:[1 fi(wj(x, 1) dr dx :/RZ/R/]:[I [, T+ Axpx)) drdx

2n

:/1; /%fn(ﬁnaf+xn-x2n)f2n()e2nvr) 1_[ fi(ﬂj(-xvf"'%xn-xZn))dfd-x
j=1

Jj#n,2n

2n
:/2 f2n(5€\2na 7) / fﬂ()%na T + XpX2n) 1_[ fj(”j(xs T+ %XHXZH)) dxoy
R n R N
=1
j;a]én,Zn

d(Xon, 1).
Here, dxp, = dxj ...dxp,—1, and similar notation will be used also below. The change of
variables was motivated by the observation that
1 N
T2n (x» T+ janQn) = (X2n, T),

so that the f>,-term becomes independent of the 2n-th coordinate of x. Applying Holder’s
inequality with exponents p = 2n + 1 and p’ = (2n + 1)/2n, we can split this factor off to
obtain I < || fanll2n+1 J with

2n
J = /RZ A.fn(ﬁnv T + XpX2n) H .fj(nj(xv T+ %XnXZn)) dxop d(Xon, 1)
j=1
jin,Zn
The remaining task is to show that
n—1
I Sl futllzag | fallzasr [T (LA N2t U fael20er) - (3.14)

Jj=2

We will next extract the f,-term from the expression J. First, by Minkowski’s integral

inequality, Fubini’s theorem, and the transformation t +— ¢t = 7 + x,x2,, we obtain the

bound
2n_
2n+1

2n+1 21 2n+1
~ 241 1 241 N
J < / / o f FuGu ) T £irje, t = Sxxan)) o0 dt dia, dxa.
R Ren=1JR

Jj=1
Jj#n,2n
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After this transformation, the f,-term is independent of the n-th coordinate of x. We can
separate it from the other factors by applying Holder’s inequality with exponents p = 2n
and p’ = 2n/(2n — 1) to the expression inside the square brackets. This yields

J 5/ F, Fridxap (3.15)
R

where

1
2n+1
Fn = |:f2 . fn()%na [)2n+l d()zn,Zn» t)]
R n—

and

2n
2n—1

2n
. 1 2n+1 N
= / / | | fj(ﬂj (x, 1 — janZn)) o dxy d(Xp,on, 1)
R2n—1 R j*l

j#n,2n

Applying once more Holder’s inequality, but now to the xp,-integral in (3.15), and with
exponents p = 2n + 1 and p’ = (2n + 1)/2n, yields

2 1 2n1+l 2n+1 23«”&]
J < f F" dxy, / Fg™ dxa, =J, - Jn.
R R

1

1
2n+1 2n+1
Jy = (A F;12n+1 dx2n> = (/];§2 Ju(Xn, t)2n+l d(Xp, t)) = |l full2ns1

is one of the factors in the desired upper bound for J, recall (3.14). Hence, in order to prove
(3.14), it suffices to show that

Here

n—1

2n+1 %
Jni= ( /R o dx2n> S iz W f Dz [T (U5 ns 1ot jllznsn) - Gu16)

2
j=2

To do so, we will finally use our induction hypothesis. We start by expanding

2n
2n—1
o %T 2n+1
2n—1

2n . 2ngl .
= /R /Rznfl fR ]Ul £ GGt = xaxan) 3 dxy (G 2ns 1) dxgy

j#n,2n

Applying Minkowski’s integral inequality inside the square brackets, then Fubini’s theorem
and the transformationt +— 7 = — %xnxzn yields

2n
-1 st

2n

2n+1 N
me| [N T s @t dGoen | doan | G
R2 R2n—1 i1
j;Jén,2n

We recall that
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f,()ej,z+1xjxn+,-) ifj=1,...,n—1,

fi&j. T = 5xj-nX)), lfj_n+1 - 1. (3.18)

fi(mj(x, 1) = {
We will continue the upper bound for Jij by applying the induction hypothesis to the expres-
sion inside the square brackets. To do so, we temporarily denote points in H ™! in coordinates
by (u,t) = (u1, ..., uz,—2, v). Here, u isapointin R2"=2 and similarly as before, ii; denotes
the point in R?"~3 that is obtained from u by deleting the k-th coordinate.
To write the inner integral on the right-hand side of (3.17) in a form where the induc-
tion hypothesis is applicable, we fix x,,x2, € R and define the functions gy, x,,;j»
jefl,...,2n—2} on R 2

gxn,xzy,,j(ﬁj» 1)

2n+1 .
fl(uZa ey Mnfla xnv unv M) u2n72a xZn, t)anl ] = 15
2n+1
Siur, oo w1 gty o Up— 1 Xy Uy ey UDp—2, X2, 1) 207
2<j=<n-2
2n+1 .
Jo—1(ui, oo up—2, X, Un, oo . Udp—2, X2, 1) 2T, J=n-—1,
(3.19)
and
gxn,XQ,,,j(uj! [)
2n+1 .
Jor1 Ui, oo Un—1, Xy Ul o ooy Udn—2, X2n, D) 27T, j = n,
2n+1
= ) iU, X U U1 UL U2, X2, 1) 2T
n+1<j<2n-3,
2n+1 .
Jon—1(U1, oo Up—1, Xy Uny o ooy UDp—3, X2p, 1) 20T, J=2n-2
(3.20)
With this notation in place, and recalling (3.18), we can restate (3.17) equivalently as follows
2
2n—1 2111]
2n—2 2n

Jn < /R /R y ,l:[ Gun o, j (T, 1)) d(u, 1) d(xn, X20) ,

where 7; now denotes the Heisenberg projection from H"~! to the vertical plane {u j =0}
(identified with R?"~2). The induction hypothesis applied to the inner integral yields

2 T
2n—2
Jn < / 182y 53011251 18y a0 [ | N8 ean. 1201 d(xp, X20)
R2 2 2 i
jéln
(3.21)
Next we apply the multilinear Holder inequality with exponents
pr=pon=n and py=...=py| = Ppt1 =...= P32 =20

Note that

2n—2
_ = =1

1
2::; n 2n ’
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as desired. Hence we deduce from (3.21) that

Jn S / ”gxn,xg,,,lnbd(xn»x2n) / ”gx,,,xzn,n||2n;|d(xn,x2n)
R2 2 R2 2

2n—-2

T ( /R N800, ,~||’§‘z:}d(xn,xzn>>

j=1
Jj¢ln

Recalling the definition of gy, x,,,j for j = 1,...,2n — 2 as stated in (3.19) and (3.20), we
obtain immediately

1
2n+1

n—1
I S il et llzags [T (15 20t Dot ll2nsn) -
j=2

as desired; recall (3.16). This proves (3.14) and thus establishes the statement about k = 1
in the induction claim (3.2) for n. The other values of k are treated analogously, and hence
we have established (3.2). O

4 Applications of the Loomis-Whitney inequalities in Heisenberg
groups

In this section, we derive the Gagliardo—Nirenberg—Sobolev inequality in H", and its variant
Theorem 1.13, from the Loomis—Whitney inequality, Theorem 1.5. As a corollary of Theorem
1.13, we obtain the isoperimetric inequality in H" (with a non-optimal constant). At the end
of the section, we also show how the Loomis—Whitney inequality can be used, directly, to
infer a variant of the isoperimetric inequality, without passing through the Sobolev inequality.

The arguments presented here are very standard ( [1,29,37]), and we claim no originality.
A version of this section, in the context of the first Heisenberg group, was already contained
in our joint work [23] with Tuomas Orponen. In his thesis [9], Bramati also gave an argument
to deduce the Gagliardo-Nirenberg—Sobolev and isoperimetric inequalities in H' from the
strong version of the Loomis—Whitney inequality stated in Theorem 2.4.

We start by recalling the statement of Theorem 1.13:

Theorem 4.1 Let f € BV (H"). Then,

2n
11z S TT0XA15. (42)
j=1
Recall that f € BV(H") if f € L'(H"), and the distributional derivatives X ifs
j = 1,...,2n, are finite signed Radon measures. Smooth compactly supported func-
tions are dense in BV (H") in the sense that if f € BV (H"), then there exists a sequence
{ortken C CS"(Rz”‘H) such that gy — f almost everywhere (and in L'(H") if desired),
and || Zoi |l = | Zf || for Z € {X1, ..., X2, }. For areference, see [27, Theorem 2.2.2]. With
this approximation in hand, it suffices to prove Theorem 4.1 for, say, f € C/ (R?*1). The
following lemma contains most of the proof:

Lemma4.3 Let f € CLR**Y), and write

Foi={p e R* .21 <1 r(p) <2, keZ (4.4)

@ Springer



K. Féssler, A. Pinamonti

Then,
|70 (Fi) 52—"”/ IX;fl, j=1,...2n. (4.5)
Fr—1
Proof By symmetry, it suffices to prove the inequality in (4.5) for j = 1,...,n. Letw =

(%j,1) € mj(Fy), denote by ¢; the j-th unit vector, and fix p = w - xje; € Fy such that
wj(p) = w. In particular, | f(p)| > 2%=1 Recall the notation L; = span(e;) = {xje; :
x; € R} and the definition of X; given below (1.2). Since f is compactly supported, we may
pick another point p’ € w - L; such that f(p’) = 0. Since | f| is continuous, we infer that
there is a non-degenerate line segment / on the line w - I; such that 2k=2 < fll < 2k=1
forall ¢ € I (hence I C Fj_1), and | f| takes the values 22 and 2¢~!, respectively, at the
endpoints g; = w - x; ;ej of I,i € {1,2}. Define y(x;) := w - xje; = (x,1 — %xjxnﬂ-).
With this notation,

Xj2
22 < | flq) — flg)| < /»I I(f o) (xp)ldx;

<

/ 1 IXj £t — 3xx00 )| dy.
{xj:(x,t—5xj x4 ;)€ Fk—1}

Writing @ (x, t) := ()?j, t)-xjej = (x,t — %xjxn_,_j), and integrating over
(xl,...,Xj,l,xjH, X, t) = ()ej,t) € JT]‘(Fk) C Wj,

it follows that

2527 (Fo)| < / U X f(®P(x, t))|dxj:| dz;dt. (4.6)
7 (Fi) {xj:@(x,1)€Fg—1}

Finally, we note that Jo = det D® = 1. Therefore, using Fubini’s theorem, and performing
a change of variables to the right-hand side of (4.6), we see that

22 (Fy)| 5/ X, (@ (e, )] dCx. 1)

{(x,))ERMH1:0 (x,1) € F—1 }
= / IX;f(x,Dld(x,1).
Fr—1
This completes the proof. O
We are then prepared to prove Theorem 4.1:

Proof of Theorem 4.1 Fix f € C!(R?'*1), and define the sets Fy, k € Z, as in (4.4). Using
first Theorem 1.5, then Lemma 4.3, then the generalized Holder’s inequality with p; = ... =
Pp2n = 2n, and finally the embedding 0l s pCn+D)/@n+D) e estimate as follows:

42 Qn+2)k
Vikzz NZZ Wt | F
keZ

(2n+2)k 2n n+1
< ZzTH 1_[ |7 (Fy)|7en+D

keZ j=1

2n n+1
n(2n+1)
SLII(f, o)

keZ j=1
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2n 2n42 _ 1
l—[ Z / |X f| 2n+1 ]
j=1 kez YTk
2n 2n+2 2n+42
l_[ Z/ |X]f| 2n<2n+1> 1—[ IX £ 7D
j=1 keZ
Raising both sides to the power (2n + 1)/(2n + 2) completes the proof. O

We conclude the section by discussing isoperimetric inequalities. A measurable set E C
H" has finite horizontal perimeter if xg € BV (H"). Here x is the characteristic function
of E. Note that our definition of BV (H") implies, in particular, that |E| < oco. We follow
common practice, and write Pg(E) := ||[Vmxgll. For more information on sets of finite
horizontal perimeter, see [26]. Now, applying Theorem 4.1 to f = xg, we recover the
following isoperimetric inequality (with a non-optimal constant):

Theorem 4.7 There exists a constant C > 0 such that
2+l
|[E|2¥2 < CPu(E) (4.8)
for any measurable set E C H" of finite horizontal perimeter.

For n = 1, this is Pansu’s isoperimetric inequality [40], which has later been generalized to
H" and beyond [14,30]. We remark that the a priori assumption |E| < oo is critical here;
for example the theorem evidently fails for £ = H", for which |E| = oo but || Vg xgl|l = 0.
We conclude the paper by deducing a weaker version of (4.8) (even) more directly from the
Loomis—Whitney inequality. Namely, we claim that

E|5 < CH2 OE) (4.9)

for any bounded measurable set £ C H", where Hé"“ denotes the 2n + 1-dimensional
Hausdorff measure on H" with respect to the Kordnyi distance (or the standard left-invariant
sub-Riemannian metric). This inequality is, in general, weaker than (4.8): at least for open
sets E C H", the property HZ"H(BE) < oo implies that Pg(E) < oo, and then Pg(E) <
Hz"+1 (0E), see [28, Theorem 4.18]. However, if E is a bounded open set with C 1 boundary,
then Hﬁ”“ (0E) ~ Pg(E), see [26, Corollary 7.7].

To prove (4.9), we need the following auxiliary result, see [15, Lemma 3.4] and [24,
Remark 4.7]:

Lemma4.10 Let n € N. There exists a constant C, > 0 such that the following holds. Let
W C H" be a vertical subgroup of codimension 1. Then,

lrw(A)| < CHIM(4), A CH" @.11)

Proofof (4.9) Let E C H be bounded and measurable. We first claim that
n;(E) Snj(0E), j=1,...,2n. 4.12)
Let w € 7;(E) and consider n/._l{w} = w - IL; where IL, = span(e;). By definition there

exists x; 1 € Rsuch that w - x; 1e; € E and since E is bounded there also exists x;» € R
such that w - xj > € H" \ E. Since w - L; is connected, there finally exists x; 3 € R such
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that w - xj 3e; € dE which immediately implies (4.12). Using Theorem 1.5 and (4.12), we
get

2n
n+1
1ELS [ 1By mm.
j=1
Now the isoperimetric inequality (4.9) follows using Lemma 4.11. O

5 Generalized Loomis-Whitney inequalities by induction

The approach described in Sect. 3 can be used to prove something a bit more general, namely
we can replace the vertical Heisenberg projections 1y, . . ., w2, by projection-type mappings
of the form

pj (RN S R pi(x ) = Ry, 4+ hj(x), j=1,...,2n, (5.1

for suitable C! maps hj : R?" — R. The precise condition is stated in Definition 5.2 and
it is tailored so that a Loomis—Whitney-type inequality for pq, ..., pa, can be established
based on the L3/2-L3 boundedness of a linear operator in the plane, analogously as we did
for my, ..., my, and the Radon transform in Sects. 2-3. By a simple change-of-variables, one
can generalize the setting even slightly further, see Remark 5.18.

For arbitrary C! functions & j» the mappings p; defined in (5.1) satisfy a condition analo-
gous to (1.4) for 7r;, which ensures by the coarea formula that the preimage of a Lebesgue
null set in R?” under p j is a Lebesgue null set in R?>"*1. More precisely, we have

1

det(Dp; Dpt) = det "-1 Vih | =14 0,0
Vi h 1+ |Vh?)

By the reasoning below Theorem 1.8 it follows that f o p; is Lebesgue measurable on R +1
if f is Lebesgue measurable on R?".

Definition 5.2 (L3/?-L3 property) We say that a family {A, ..., hy,} of C' functions hjon
R?" has the L3/2-L3 property if there exists a constant C < 0o such that the following holds
forallk =1,...,n:

e If n > 1, then for every £ ,1x € R?"~2, the operator Ty %y nii» defined by

T s S ks ) = /Rf(xn% 4 he(x) = hyk () dxnik,  f € CO(R?)

satisfies
2
1Tk e flI3 = ClLFN3, f € CZ(R7).
Here, the coordinates of X ,4x € R2=2 are xi, i € {1,...,2n} \ {k,n + k}, and
X = (X1, eeey Xy ooy Xnhs«--»X2n)-

e Ifn = 1, then the operator 71 = T, defined by

Tf(xy,1) 2=/I‘Kf(xz,t-i-hl(m,m)—hz(m,xz))dxz, feCP®RY
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satisfies
ITfls < Cllfllz. f € CERY).
We next give examples of functions {A1, ..., ha,} with the properties stated in Definition
5.2.Essentially, fork =1, ..., n, we take hy and h, 4 to be polynomials of second degree as

functions of x; and x,4x so that Theorem 5.5 is applicable. This class of examples includes
the functions

1 .
3XjXntj, J=1,...,n,
hj(x) = | . (5.3)
—5XjnXj, j=n+1,...,2n.
associated to the standard Heisenberg vertical coordinate projections p; = mj, j =
1,...,2n.
Example5.4 Fixn > 1,b; e Rand cj, € CI(RZ"_z) for j = 1, ..., 2n and multi-indices

aeA:={0,0),(,0),(0,1),(2,0),(0,2)}.Fork =1,...,n, we define
hix) = b xixnpk + Y haEronp)xg xo,
a=(ay,a2)€A
and
Pk (X) 5= byk XXk + D CatkaGknpr) g X
a=(ay,ay)eA

Then the operators appearing in Definition 5.2 are given by

Tz f (it 1) 1= / £ (s £+ Hionsk @) dnpier f € CO(R2),
R

where

Hi nik(x) == (b — bpgk) Xk Xn sk + Z [ckoa Ghnik) = CntkaGrona) | X X%

a=(aj,ar)eA

If by —bpx #0fork =1,...,n, then {hy, ..., hy,} has the L3/2-L3 property by Theorem
5.5 with constant C < (ming=y, ., |bx — bn+k|)’1/3‘ This is the case in particular for
{h1,..., ha,} as in (5.3). Hence, Theorems 3.1 and 1.8 are special cases of Theorems 5.8
and 5.16 below.

We claim no originality for Theorem 5.5 that was applied in the previous example. It is an
instance of much more general results available in the literature. We merely explain here how
the statement follows from the L3/?-L3 improving property of (i) the Radon transform and
(ii) convolution with a measure on a parabola. Even though (i) involves integration over lines
with different slopes, and (ii) concerns convolution with a fixed parabola, both operators fit
in the same framework [43, p. 606].

Theorem 5.5 Let«, B, v, 8, €,k € R If B # O, then the operator S, defined by
Sf(x, 1) = / fOut+ay? + Bxy +yx> +8x + ey +x)dy, feCPR?Y),
R
satisfies

1715 S 181721 f N5, f € C®2). (5.6)
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Proof We divide the proof in two cases: « = 0 and @ # 0. In the first case, we apply the
L32-L3 improving property of the Radon transform [38] (in the form of Theorem 2.9). In
the second case, we reduce matters to the L3/2-L3 improving property of the convolution
operator with a measure on a parabola [21,36,39].

First, if o = 0, then, for f € C° (R?), we relate Sf to the operator 7 from Theorem 2.9
as follows:

SFx 1) = / FOt +[Bx + €y + [ya® + 8x + &)
R

dy = Tf(ﬂx+e,t+yx2—|—5x+/c).
Thus

1

ISfls = (/2 ITf(Bx + €, 1+ yx®+68x +K)|3d(x,z))§
R

— 187 (fR TfE P deE, r>)3
= 1BI7 2T 15,

and hence Theorem 2.9 implies (5.6) in that case.
If « # 0, we instead reduce matters to [36], or the more general [21, Theorem 1]. A
special case of that theorem says that

3
lia % flls S 1f1l3. f € L2R?), (5.7)
with implicit constant independent of ¢, where
Ma ¥ [0, 1) = fR fl@n = oay’ el dy,
see also [39, Theorem 1]. To employ this result, we aim to relate Sf for f € CSO(Rz) to

o * f. We apply elementary transformations to one of the expressions that appear in the
definition of Sf, namely

t+ay2+,3xy+yx2+8x+ey+/<
2 2
=a[y+%(gx+§)] +[—%(§x+§) +)/x2+8x+i<+t:|.
Hence, by the change-of-variables y > n = —[y + % (gx + g)], we obtain
Sf(x, 1)
1 (B € 2 o (B € 2 2
=/ f y,a[y—i—j(gx%-a)] + _Z<&x+&> +yx +ox+x+t|)dy
R
1 (B € o (B € 2 2 2
= ]Rf —§<EX+&)—77, —Z<&X+&> +yx +6x +k+1t —(—Ol)ﬂ dn

=la| Py f(@(x,1),

with

—(_L1(8 e _a (B 52 2
D(x,t) := slex+3), G lgxty) tyx"+dx+re+1).
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Since
|det DO (x, 1)| = |B] 12| ",
we find that
1S£113 = letl ™2 (g f) 0 @3 = || 2 1BI73 122 e 5 f113.

Thus (5.6) in the case o # 0 follows from (5.7). ]

We next prove a generalization of Theorem 3.1 that applies in particular to mappings
P1y ..., p2pasin (5.1) for hy, ..., hy, asin Example 5.4.
Theorem 5.8 Let n € N. Assume that {hy, ..., hy,} is a family ofC1 Sfunctions on R2" with

the L3/2-L3 property and define
pj RS R¥™ pi(x, 1) = (R, 0+ ki), j=1,...,2n.

Then, for all nonnegative Lebesgue measurable functions f1, ..., fan on R*, we have

n

2n
fRz L Aion dp 1l Wiz [T (L5 l2net 1 llns)
j=

2
j=1
J#k
kefl,..., n}, (5.9)

with an implicit constant that may depend on n and the boundedness constant C associated
to the family {hy, ..., hop}. If n = 1, then (5.9) reads

/RS Silor(p) f2(p2(p) dp S U fill3 1213

The statement can be deduced by following the proof of Theorem 3.1 almost verbatim.
We decided to give the argument for Theorem 3.1 first in Sect. 3 since it is a bit easier to
read and helps motivate the more general discussion in the present section. Below we merely
explain how to adapt the proof of Theorem 3.1 to establish Theorem 5.8.

Proof Tt suffices to verify the claim for nonnegative, smooth, and compactly supported func-
tions f1, ..., fan. The case n = 1 follows directly from the L3/2-L3 property of {h1, h»} in
Definition 5.2, and a simple change-of-variables argument, observing that

/Rs f1(o1(p)) f2(p2(p))dp
= /ﬂ;z f1Gea, t +hy(xy, x2)) fo(x1, t + ho(xy, x2)) d(x1, x2, 1)
= /RZ Hlxr, 1) (/R Si(xa, T+ h(xq, x2) —hz(X1,X2))dx2> d(x1, 1)

:/2fz(xl,f)Tlfl(m,T)d(xl,f)
R

< ||T1f1||3||f2||% <Clh ||%||f2||%,
for nonnegative fi, f> € C° (R?),

Suppose next that the statement of Theorem 5.8 has already been established for all natural
numbers up to n — 1. We will argue that it holds also for the integer n. To this end, we fix an
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arbitrary family {A{, ..., h2,} of C' functions R*" — R with the L3/%-L3 property. Given
nonnegative C2° functions fi, ..., f2,, we aim to show the » inequalities stated in (5.9), and
by symmetry it suffices to discuss this for k = 1. By the same argument as in the proof of
Theorem 3.1, but now using the transformation ¢ — ¢ + hy,(x) = t, we find that

2n
I :=/ /Hfj(pj(x,t))dtdx (5.10)
R2n Rj:l

:/ f2n(122ns t)
R2n

2n

x /R FoGons T+ () —hou(0)) [ 10 (x, T = hon(x)) dxay | d (R, ).
j=1
Jj#n,2n

Applying Holder’s inequality, we can split off the factor with f>, (which no longer depends
on x3,) and we obtain I < || f2,|l2p+1 J with

2n
2n )
J = A7 /%ﬁl(inyf+]7n(x)_h2n(x)) 1_[ fj(pj(x’r_th(x)))dXZM d(Xon, 1)
L
j.,]-én.Zn
The remaining task is to show that
n—1
I Sne Wiz W sl | fullonsr [T (U5 I2nst ot lansn) s (511

j=2

and this is done as in the proof of Theorem 3.1, but using the transformation v — ¢t =
T 4 hy(x) — ho,(x). Then, as in the proof of Theorem 3.1, we find that in order to prove
(5.11), it suffices to show that

n—1
In Sue Wfillzgl faet iz TT QL Nnst 1 jllznsn) (5.12)
j=2
where
2 2n+1
Jn = / / / ]_[ filoj(x,t —hy(x))) 2 dxy d(Xpon, 1) dxay,
R R2n—1 R

j=1
Jj#n.2n

Applying Minkowski’s integral inequality inside the square brackets, then Fubini’s theorem
and the transformation t — t =t — h,(x) yields

2n
2’5;1 2n+T
2n
2n+1 ~
Jn < / / 1_[ fj(,Oj(x, T))Q”*I d(xn,Zns T) d(xn, x2n) . (513)
R2 R2n—1 i
j;Jén,Zn
We recall that
Litpj(x. 1) = fi(&j, T4+ hj(x). (5.14)
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We will continue the upper bound for Jr by applying the induction hypothesis to the expres-
sion inside the square brackets. To do so, we temporarily denote points in H" ! in coordinates
by (u,t) = (u1, ..., uz,—2, v). Here, u isapointin R2"=2 and similarly as before, it denotes
the point in R?"~3 that is obtained from u by deleting the k-th coordinate. With this notation
in place, and recalling (5.14), we can restate (5.13) equivalently as follows

2n
2n—1 2n+T
2n-2 2n

= / / l_[ 8yt j (B xyxag s 1)) d (., 1) d (X, X2n) ’
RrR2 R2n—1 =1

where gx, x,,, j (u j» 1) are defined exactly as in (3.19)—(3.20) and

(@, 0+ hj(ui, ... tn_1, Xn, Uns oo Udn—2,X20)), 1 < j<n—1,

Oj u,t) =1 a .
D] ox.xay (U ) {(u_,»,t+hj+l(u1a~~sun—1’xns“nv~'~”2n—27x2n))v n<j<2n-2.

Thus, the functions o i xa,x2, are as in the statement of Theorem 5.8 for n — 1, with

7 ) = hjuy, ... up—1, Xp, Up, ..., U2p—2,%20), 1=<j<n—1,
X, X = .
It Xom hj+1(u1a e Up 1, Xy, Up,y e Up2, X2p), NS j < 20— 2.

In part~icular, if {hy, T hyy,} has the L3213 property with constant C as assumed, then so
does {n1,x, x3» - - - » B2n—2,x, %0, } fOT EVETY (X1, X2,,) € R2. The induction hypothesis applied
to the inner integral therefore yields

2n

2n—1 41

'én 2n+1
2n—2

Jn Sc / | gs et 2t Iga onllzms [T gk jllnt | dCon, x20)
R .

=1
j¢ln

(5.15)

At the point, the proof can be concluded as in the case of Theorem 3.1, recalling that the
functions gy, ,,, ; have been defined exactly as in (3.19)—(3.20). O

As in the case of the Heisenberg vertical coordinate projections, we can use multilin-
ear interpolation to deduce a Loomis—Whitney type inequality for generalized projections

{p1, ..., p2n}.

Theorem 5.16 Fixn € N, n > 1. Given a family {h1, ..., ha,} of C! functions on R®" that
has the L3/2-L3 property with constant C, we define

pj RS R™ pi(x, 1) = (R, 0+ ki), j=1,...,2n.

Then
2n o
(PN dp S llagasn 5.17
/Rhﬂl_[f](p](p)) le_[||f]||% 5.17)
Jj=1 j=1
Jor all nonnegative Lebesgue measurable functions f1, ..., fa, on R*", where the implicit

constant may depend on n and C.

Remark 5.18 A straightforward generalization of Theorem 5.16 can be obtained for the family
{®jopj: j=1,...,2n}, where ®; : R — R2" gre C! diffeomorphisms with A :=
min;—i, 2, |det D®;| > 0 and p; are as in Theorem 5.16. Indeed, simply apply Theorem

.....
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5.16 to the functions g; := fj o ®;, j =1, ..., 2n, and then perform changes-of-variables
in the integrals in || g || neu+1) to deduce that
n+l

2n

2n
/RZM jlj[l fi(@jopi(p)dp Sn.c.a j]j[l Il f; ”"(ifﬁ”

for all nonnegative Lebesgue measurable functions fi, ..., fa, on R%".

Proof of Theorem 5.16 using Theorem 5.8

By the comment made at the beginning of the proof of Theorem 5.8, we already know the
case n = 1 of Theorem 5.16. Suppose that the statement of Theorem 5.8 holds for a given
integer n > 1. Fix mappings i and p;, j = 1, ..., 2n, as in the statement of Theorems 5.8
and 5.16. Our aim is to verify (5.17) for all nonnegative measurable functions fi, ..., fa,
on R?". The desired inequality can be spelled out as follows:

2n

2n
fR o L1 G 4R deen S T lew (5.19)
j=1 j=1

Similarly as in the proof of Theorem 1.8, we introduce a suitable multilinear operator 7.
Namely, for all finitely simple functions g1, ..., g2,—1 on R?", we define

T(g1,-..s 8m—1)(E2n, T)
2n—1
= /Rgn()?m T+ hy(x) = hop(x)) l_[ 8j ()Oj(x» T — h2,(x)))dx2,.
j=1
j#n
Hence, by the same computation that led to (5.10), we find for all finitely simple functions
f1, ..., fan—1 and nonnegative measurable function f7, that

2n
/ l_[ filpj(p)) dp =/ T(f1,-.., fan—1) (W) fon(w) dw.
R2n+1 j:1 R2n

From this point on, the argument is entirely abstract and does no longer use the specific form
of the operator 7. Analogously as in the proof of Theorem 1.8, the inequalities we obtained
in Theorem 5.8 yield bounds of the form (3.13) for the operator 7. These bounds can be
combined using multilinear interpolation, as in Theorem 3.8, to yield a bound of the form
(3.12) for the operator T', which eventually gives (5.19). O
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