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A fraction of light scalar dark matter, especially axions, may organize into Bose-Einstein condensates,
gravitationally bound clumps, “boson stars”, and be present in large number in galactic halos today. We
compute the expected number of gravitational microlensing events of clumps composed of the ordinary
QCD axion and axionlike particles and derive microlensing constraints from the EROS-2 survey and the
Subaru Hyper Suprime-Cam observation. We perform a detailed lensing calculation, including the finite
lens and source size effects in our analysis. We constrain the axion mass in terms of the fraction of dark
matter collapsed into clumps, the individual clump densities, and the axion self-coupling. We also consider
and constrain clumps composed of a generic scalar dark matter candidate with repulsive self-interactions.
Our analysis opens up a new window for the potential discovery of dark matter.
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I. INTRODUCTION

Several astrophysical observations, such as galactic
rotation curves, cosmic microwave background, and large
scale structure, are well explained by cold dark matter [1].
Although there are a lot of several well-motivated dark
matter candidates, the particle physics origin of cold dark
matter is currently unknown. Among them, the axion
motivated by the solution to the strong CP problem
[2–4] of quantum chromodynamics (QCD), and axionlike
particles whose existence are predicted in string theory [5],
are prominent cold dark matter candidates. Only a small
part of the most highly motivated region of the axion’s
parameter space has been probed experimentally, but
several interesting experiments have been proposed and/
or planned for the incoming years (see, for example,
Refs. [6–10] for new experimental approaches or ways
to test an axion, including indirect searches).

Axions are produced at high occupancy in the early
Universe by a misalignment mechanism [11–13]. Since a
total number of produced axions is approximately con-
served due to the extremely small coupling, axions form
the Bose-Einstein condensate (BEC) if they are in thermal
equilibrium. Thermalization of axions would be driven by
the gravitational interaction, and the possibility of axion
BEC is investigated in many literatures [14–18]. Different
from a conventional BEC, axion BEC has a short range
order driven by the attractive gravitational interaction as
pointed out by authors of Ref. [18]. As a result, axion BEC
forms gravitationally bound objects called axion clumps
[18,19] whose configuration can be adequately captured
by classical field theory as shown in Ref. [20]. In the
literature, these clumps are sometimes called axion stars
or boson stars (we use the words stars and clumps
interchangeably in this paper). Previous work includes
Refs. [21–33]. (There has also been related work on
complex scalars, including Refs. [34–38].) Axion clumps
would typically form in the scenario where the Peccei-
Quinn (PQ) symmetry breaking takes place after the
inflation (postinflationary scenario). In this case, the axion
field remains inhomogeneous from one Hubble patch to
the next by causality after the PQ symmetry breaking. In
such conditions, when the axion field becomes massive
during the QCD phase transition, the already present
axion fluctuations would begin to interact among them via
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strong gravitational mode-mode interactions, and even-
tually, axion clumps are formed after thermalization [18].
In the scenario where the PQ symmetry breaking takes

place before or during inflation (preinflationary scenario),
the axion field is driven to be highly homogeneous on large
scales, and thus, it is unclear if the axion may form a BEC
in the late Universe. However, some of us of the present
paper pointed out in Ref. [39] that the nucleation of clumps
composed of QCD axion or axionlike particles may occur
in dark matter minihalos around primordial black holes
(PBHs). Axion minihalos would satisfy the necessary
conditions for kinetic formation of axion clumps via
gravitational condensation in the so-called kinetic regime.
In this regime, the length scale of the system is much longer
than the wavelength of the axion field. The relaxation rate is
given by [40] Γkin ∼ nϕσgrvϕN , where σgr is the gravita-
tional scattering cross section [while the contribution from
self-interactions arises from the replacement σgr → σsi (the
cross section of the self-interactions), which is normally
negligible],N is the occupancy number associated with the
Bose enhancement, nϕ is the axion number density, and vϕ
is the typical speed of axions in minihalos.
In both scenarios, there is a constraint on the PQ

symmetry breaking scale Fa. In the postinflationary sce-
nario, the decay of topological defects critically affects the
axion abundance leading to the so-called domain wall
problem. To avoid such a problem, it is natural to consider a
domain wall number equal to the unity so that the QCD
axion may explain the dark matter of the Universe in the
mass range 10−4 eV≲ma ≲ 10−2 eV, e.g., a range for the
axion decay constant of 109 GeV≲ Fa ≲ 1011 GeV [41].
In the preinflationary scenario, where the PQ symmetry is
broken before or during inflation, the domain wall problem
is automatically solved by the exponential expansion of the
Universe, and the axion abundance is dominated by the
misalignment mechanism. If the initial misalignment angle
is the order of unity, the axion decay constant is bounded
from above as Fa ≲ 1012 GeV to avoid the overclosure of
the Universe. Combining with the lower bound on Fa from
the observation of neutrino burst duration of SN1987A
[42–44], the constraint is given by 108 GeV≲ Fa ≲
1012 GeV called the QCD axion window. However, if an
additional fine tuning is allowed in the frame of the axion
anthropic window [45–48], the axion decay constant may
take much larger values as suggested by unification ideas.
Axion dark matter clumps offer several ways for dark

matter indirect searches, such as the collapse and explosion
in relativistic axions of critical-mass axion clumps [49] or
the resonance of photons after the merger of axion clumps
[50,51]. In addition to these searches, it has been well
known that such a massive compact object can cause an
amplification of brightness of a background source star
when it passes close to a line of sight to that star, called
gravitational lensing events. For example, abundances of a
massive astrophysical compact halo objects (MACHOs)

and PBHs are stringently constrained by gravitational
lensing events such as EROS/MACHO survey [52,53],
the Optical Gravitational Lensing Experiment (OGLE)
[54–56], and the Subaru Hyper Suprime-Cam (HSC)
observation [57].
A main purpose of the present paper is to derive

microlensing constraints coming from these surveys on
axion clumps. Axion clumps have an internal structure, and
hence, they generally cannot be considered as pointlike
massive objects for microlensing events. This differs from
the case of MACHOs and PBHs. Thus, in order to correctly
derive microlensing constraints on axion clumps, one needs
to study effects on gravitational lensing from the finite
extent of axion clumps (the finite lens size effect). There are
several studies of microlensing events caused by astro-
physical objects which possess finite extent. For example,
gravitational lensing constraints on extended compact
objects such as boson stars and self-similar subhalos are
investigated in Refs [58,59]. With respect to axion dark
matter substructures, gravitational lensing of axion mini-
clusters is studied in Refs. [60–62]. The authors of Ref. [63]
investigate microlensing constraints on fermi-balls.
In particular, we find that when the size of axion clumps

is longer than the typical length scale of microlensing,
which is Einstein ring radius, axion clumps cannot be
considered as a pointlike massive object. (See Sec. II A and
Sec III A for definitions of a size of axion clumps and the
Einstein ring radius, respectively.) Resultant magnifications
of source stars are significantly suppressed due to the extent
of axion clumps, and hence, microlensing constraints
become weak even if masses of axion clumps are suffi-
ciently heavy so that microlensing events are triggered. We
perform numerical calculations of an expected number of
microlensing events in the EROS-2 survey and Subaru
HSC observation including finite lens and finite source size
effects. Microlensing constraints on clumps composed of
the ordinary QCD axion, axionlike particles, and the
generic light scalar fields with repulsive self-interactions
are clarified. It turns out that observations of microlensing
events cannot constrain the traditional QCD axion window
due to the significant finite source size effect, but a higher
breaking scale Fa ≳ 1012 GeV can be constrained.
Recently, authors of Ref. [64] also focus on axion clumps
and clarify the allowed parameter space leading to the
microlensing events reported by Subaru HSC and OGLE
observations.
The outline of this paper is as follows. In Sec. II, we

describe the basics of axion dark matter clumps with a
spherical symmetry. We discuss the parameter space of
solutions in the nonrelativistic regime and current abun-
dance of axion clumps in galactic halos. In Sec. III, we
briefly review the basics of gravitational microlensing and
calculate threshold impact parameters of clumps with the
inclusion of finite lens and source size effects. In Sec. IV,
we calculate the allowed region in the axion parameter
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space by estimating the expected number of microlensing
events using the data obtained by EROS-2 survey and the
Subaru HSC observation. In Sec. V, we discuss micro-
lensing constraints of clumps composed of a generic light
scalar dark matter candidate with repulsive self-
interactions. Section VI is devoted to the conclusion.
Finally, in the Appendix, we derive the lens equation
including the finite lens size effect.

II. AXION STARS

In this section, we review the dynamics of axion clumps
which is relevant for this work. For a general review about
axions and axionlike particles as dark matter particles, see
Refs. [65–68] for examples.

A. Axion stars with a spherical symmetry

In this subsection, we briefly review general features of
axion dark matter clumps with a spherical symmetry. These
gravitationally bounded astrophysical objects were studied
in detail in Refs. [19,29,30].
In the effective theory for axions, the Lagrangian density

of an axion field is given by1

L ¼ ffiffiffiffiffiffi
−g

p �
1

2
gμν∇μϕ∇νϕ − VðϕÞ

�
; ð1Þ

where VðϕÞ is the scalar potential of a real scalar field ϕ
representing an axion. It was shown in Ref. [69] that VðϕÞ
can be calculated by integrating out the neutral pion. The
resultant axion potential takes the following form:

VðϕÞ ¼ Λ4

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4mumd

ðmu þmdÞ2
sin2

�
ϕ

2Fa

�s �
; ð2Þ

where mu ≃ 2.2 MeV; md ≃ 4.7 MeV, and Fa are the up
and down quark masses and the axion decay constant,
respectively. The overall scale of the potential, Λ, is given
by [69]

Λ4 ¼ f2πm2
π; ð3Þ

where fπ ≃ 92 MeV and mπ ≃ 135 MeV are the pion
decay constant and the neutral pion mass, respectively.
On the other hand, for axionlike particles, we treat Λ as a
free parameter in the following discussion.
At a small field values, e.g., ϕ=Fa ≪ 1, we can expand

the sine function in Eq. (2) to obtain2

VðϕÞ ¼ 1

2
m2

aϕ
2 −

λ

4!
ϕ4 þO

�
ϕ6

F6
a

�
; ð4Þ

where

m2
a ≡ mumd

ðmu þmdÞ2
f2πm2

π

F2
a

; λ≡ γ
m2

a

F2
a
≡ m2

a

F02
a
; ð5Þ

and γ ≡ 1–3mumd=ðmu þmdÞ2 ≃ 0.34. Note that we have
absorbed the parameter γ into the axion decay constant by
defining F0

a ¼ Fa=γ1=2.
Let us next derive a spherically symmetric localized

configuration for the field ϕ. In the nonrelativistic regime, it
is convenient to express the real scalar field ϕ in terms of a
complex scalar field ψðx; tÞ as

ϕðx; tÞ ¼ 1ffiffiffiffiffiffiffiffiffi
2ma

p ðe−imatψðx; tÞ þ eimatψ�ðx; tÞÞ: ð6Þ

Here, ψðx; tÞ is a slowly varying function satisfying
j _ψðx; tÞ=maj ≪ jψðx; tÞj. Using the weak field gravita-
tional approximation, the dynamics of ψ is governed by
the following nonrelativistic Hamiltonian [19],

Htot ≡Hkin þHint þHgravity; ð7Þ

where

Hkin ¼
1

2ma

Z
d3x∇ψ�ðxÞ∇ψðxÞ;

Hint ¼ −
λ

16m2
a

Z
d3xjψðxÞj4;

Hgravity ¼ −
GNm2

a

2

Z
d3x

Z
d3x0

jψðxÞj2jψðx0Þj2
jx − x0j : ð8Þ

Here, GN is the Newtonian constant of gravitation as usual,
and Hkin; Hint, and Hgravity are the kinetic energy, the self-
interacting energy, and the gravitational energy of an axion
configuration, respectively. The above Hamiltonian pos-
sesses a global U(1) symmetry whose transformation is
defined by ψ → eiθψ. This global symmetry implies that the
total number of axionsN is conserved, whichwas defined as

N ≡
Z

d3xjψ j2: ð9Þ

This conserved quantity ensures the stability of the axion
clump from the viewpoint of particle-number violated
processes, which are usually highly suppressed in the
nonrelativistic limit.3

1Here, we use natural units (ℏ ¼ c ¼ 1) and the metric
signature (þ − −−).

2One should note that the axion potential is usually calculated
by assuming dilute gas approximation, which leads to VðϕÞ ¼
Λ4½1 − cos ðϕ=FaÞ�. By expanding the cosine function in this
expression, the resulting axion potential takes the same form as
Eq. (4), with m2

a ≡ Λ4=F2
a and λ≡m2

a=F2
a.

3However, there may be present unavoidable number changing
processes through the coupling between the axion and photons,
as is discussed by some of us in Refs. [50,51]. We comment on
this effect later.
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In this paper, we are mainly interested in spherically
symmetric axion clumps, which correspond to a true BEC
defined by a fixed number of particles.4 A spherically
symmetric stationary configuration can be obtained by
expressing the complex field ψðxÞ as

ψðr; tÞ ¼ ΨðrÞe−iμt; ð10Þ

where r ¼ jxj, and μ is much smaller than the axion mass
as expected in the nonrelativistic approximation, and ΨðrÞ
is the clump radial profile. It was shown in Ref. [19] that
this radial profile can be well fitted by an exponential ×
linear ansatz according to

ΨðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
N

7πR3

r �
1þ r

R

�
e−r=R; ð11Þ

where the prefactor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N=ð7πR3Þ

p
ensures the normalization

given by Eq. (9), and R is the length scale which controls
the shape of the profile. For later convenience, let us rewrite
the clump number of particles, the length scale, and the
total Hamiltonian of the system in their respective dimen-
sionless correspondences as follows:

Ñ ≡m2
a

ffiffiffiffiffiffiffi
GN

p
F0
a

N; ð12Þ

R̃ ¼ ma

ffiffiffiffiffiffiffi
GN

p
F0
aR; ð13Þ

H̃ ≡ ma

F0
a
3

ffiffiffiffiffiffiffi
GN

p H: ð14Þ

With the ansatz given in Eq. (11), the total Hamiltonian in
Eq. (7) can be rewritten as

H̃tot ¼ a
Ñ

R̃2
− b

Ñ2

R̃
− c

Ñ2

R̃3
; ð15Þ

where

a ¼ 3

14
; b ¼ 5373

25088
; c ¼ 437

200704π
: ð16Þ

Extremizing Htot with respect to the length scale R̃ at a
fixed number of particles, we obtain the parameter space of
solutions for the axion self-gravitating system in the non-
relativistic approximation according to

R̃ ¼ a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − 3bcÑ2

p

bÑ
: ð17Þ

There are two branches of solutions in the ðÑ; R̃Þ space as
shown in Fig. 1 (left panel).5 Keeping the negative sign in
front of the square root in Eq. (17) leads to a branch in

FIG. 1. (Left) Two branches of solutions for the axion clump in the parameter space given by the dimensionless radius R̃90 (which
encloses the 90% of the total mass) and the dimensionless number of particles Ñ. While the upper blue curve corresponds to stable
solutions under radial perturbations, the lower red curve refers to unstable solutions. Both solutions are obtained using the exponential ×
linear ansatz, Eq. (11), where R̃90 ≈ 3.610R̃. (Right) Single (stable) branch of solutions for the case of generic scalar dark matter with
repulsive self-interactions (see Sec. V). The subscript r in R̃90

r just indicates the flipped sign in the expression for the length scale,
Eq. (17), as explained in the main text. In both panels, the system is treated in the nonrelativistic regime.

4The inclusion of nonzero angular momentum leads to higher
eigenstates of the axion condensate. These configurations may
contain a larger number of particles than the corresponding
spherically symmetric clumps. This feature enhances the pos-
sibility that rotating clumps undergo parametric resonance of
photons under a suitable value for the axion-photon coupling
constant [33,50].

5Note that for a2 − 3bcÑ < 0, the negative energy from
attractive self-interactions and the Newton potential dominate
over the entire R̃ region giving rise to the absence of the
extremum of H̃tot.
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which the axion attractive self-interaction dominates over
gravity (red curve).6 Clumps on this branch are unstable
under small radial perturbations. By contrast, keeping the
positive sign instead of the negative one leads to a branch in
which gravity dominates over the axion self-interaction and
clumps are stable (blue curve).
For completeness, we also show in Fig. 1 (right panel) the

case of a generic light scalar dark matter holding a quartic
repulsive self-interaction. We analyze such system in detail
in Sec. V. After suitable transformations, the dimensionless
Hamiltonian of any localized (spherically symmetric) clump
ansatz is given by Eq. (15), but with the sign of the self-
interacting term (that is, the coefficient c) flipped. As a
result, there is only one (stable) branch of solutions as the
dashed blue curve shows in Fig. 1 (right panel).
Now, we return to the case of the attractive interactions,

which is the main topic in this paper since it applies to
axions. The upper branch is stable under radial perturbations
[19]. So the clumps on this branch are astrophysical objects
that we focus on, as they can give rise to gravitational
lensing effects thanks to their largemasses. Both branches of
solutions converge into a point which corresponds to the
clump with a maximum number of particles, Ñmax, having
the minimum size, R̃min. In this point, gravity and the axion
self-interaction are comparable. For the exponential × linear
ansatz that we are using, we have

Ñmax ¼
affiffiffiffiffiffiffiffi
3bc

p ≃ 10.2; ð18Þ

R̃min ¼
a

bÑmax
≃ 0.098: ð19Þ

By using Ñmax and R̃min, we can express generic Ñ and R̃ in
terms of one parameter α as

Ñ ¼ αÑmax; R̃ ¼ 1

α
R̃minð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
Þ; ð20Þ

where 0 < α < 1. For the QCD axion and axionlike par-
ticles, the typical total number of particles, size, and mass of
clumps are estimated as

N ≃ 1.7 × 1060 × α

�
10−5 eV

ma

�
2

×

�
Fa

1012 GeV

��
0.3
γ

�1
2

; ð21Þ

R ≃ 1.8 × 104 m×

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p

α

��
10−5 eV

ma

�

×

�
1012 GeV

Fa

��
γ

0.3

�1
2

; ð22Þ

Mclump ¼ Nma ≃ 1.5 × 10−11 M⊙ × α

�
10−5 eV

ma

�

×

�
Fa

1012 GeV

��
0.3
γ

�1
2

; ð23Þ

where M⊙ is the solar mass. For the QCD axion, we have
ma ¼ 10−5 eVð6 × 1011 GeV=FaÞ in the above equations.
Note that when α ¼ 1, we have the maximum number of
particles, theminimum length scale, and themaximummass
for a spherically symmetric axion clump in Eqs. (21)–(23),
respectively. By imposing the QCD axion window in
Eq. (23), 108 GeV≲ Fa ≲ 1012 GeV, one can see that there
is an upper bound for masses of axion clumps composed of
QCD axionMclump=M⊙ ≲ 10−11, where equality is realized
for Fa ¼ 1012 GeV and α ¼ 1.
Before closing this subsection, we consider the

validity of the weak field approximation and nonrelativistic
treatment of axion clumps. To justify the weak field
approximation, R should be much longer than the
Schwarzschild radius of the clump, RS ¼ 2GNM. This
condition is given by

R
RS

≥
Rmin

2GNNmaxma
¼ R̃min

2δÑmax

≃
0.5 × 10−2

δ
≫ 1; ð24Þ

where δ≡GNF0
a
2 ≃ 2 × 10−14ð1012 GeV=FaÞ−2ð0.3=γÞ.

Therefore, we see that the weak field approximation holds
even for very large axion decay constant. We next consider
the condition of nonrelativistic treatment of axion clumps.
In the original (relativistic) axion potential Eq. (2), the
axion field respects the periodocity ϕðxÞ → ϕðxÞ þ 2πFa,
while the nonrelativistic axion potential does not. To safely
neglect the relativistic corrections to the axion clump
configuration, the amplitude of axion field should satisfy
the following condition [19]:

ϕ0

2πFa
¼ Ψ0

2πF
ffiffiffiffiffiffiffiffiffi
2ma

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

δÑ

56π3γR̃3

s
≪ 1; ð25Þ

where Ψ0 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N=7πR3

p
is the amplitude of the axion field

for the exponential × linear ansatz. This condition can be
reexpressed as

6For very small axion clumps, higher order terms of the
potential VðϕÞ eventually become important, and the nonrela-
tivistic approximation breaks down. A relativistic treatment in
this regime shows the presence of new solutions called axitons.
These clumps are short lived due to the emission of relativistic
axions [19,70].
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R̃ ≫
�

δÑ
56π3γ

�
1=3

≃ 4 × 10−6Ñ1=3

�
Fa

1012 GeV

�
2=3

�
0.3
γ

�
2=3

; ð26Þ

which is always satisfied for the stable branch because
δ ≪ 1 and R̃ increases as Ñ decreases. By contrast, for the
case of the unstable branch, the size of the clump decreases
as the number of particles decreases. The condition in
Eq. (26) is no longer justified, and the nonrelativistic
approximation breaks down for sufficiently small clump
size. In this regime, when the system is analyzed using the
relativistic theory, the quasistable branch of axitons
emerges as we mentioned before [19,70].

B. Fraction of dark matter in axion stars

In this subsection, we give some assumptions to simplify
the analysis of the gravitational lensing constraint on the
axion clump.
We first assume that axion clumps share the same

number of particles Ñ having a zero-angular momentum.
This assumption is similar to that of a monochromatic mass
function, which is usually assumed in the case of gravi-
tational lensing constraint on PBHs.7 With this assumption,
axion clumps are characterized by four parameters:ma, Fa,
α and the current fraction of dark matter (DM) in the axion
clump, Ωclump=ΩDM. For the axion clump formed by the
ordinary QCD axion, the axion mass and its decay constant
are related. The fraction of axion clumps in DM depends on
the scenario of their formation. In the standard postinfla-
tionary scenario, Ωclump=ΩDM ≃ 1=10 [18,19]. When the
PQ symmetry breaking takes place after the inflation, the
correlation length of the axion before the QCD phase
transition is the order of particle horizon 1=HðTQCDÞ. Here,
HðTQCDÞ is the Hubble parameter at the temperature of the
QCD phase transition, TQCD.
Assuming that the axion constitutes the whole DM

density, we can estimate the axion number density at
TQCD as

nðTQCDÞ ¼
ρDMðTQCDÞ

ma
¼ Teq

TQCD

ρradðTQCDÞ
ma

∼
TeqT3

QCD

ma
; ð27Þ

where Teq ∼ 0.1 eV is the temperature at matter-radiation
equality, ρDM is the DM density, and ρradðTÞ is the radiation

density at temperature T. Within the correlation length
1=HðTQCDÞ, the total number of axions is therefore esti-
mated as

N ∼
nðTQCDÞ
H3ðTQCDÞ

∼
TeqM3

Pl

T3
QCDma

∼ 10 × NQCD
max ; ð28Þ

where NQCD
max ∼ 1060 [see Eqs. (12), (18), and (21)] is the

maximum number of ordinary QCD axions within the axion
clump. Thus, we may expect that the current dark matter
fraction in axion clumps is about 10% or less.8

On the other hand, in the preinflationary scenario, when
the PQ symmetry breaking takes place before or during
inflation, the axion field becomes highly homogeneous on
large scales. Thus, it is unclear that axions may form a BEC
in the late Universe in the standard way that we explained
above. However, as we mentioned in the Introduction, the
kinetic nucleation of QCD or string axion clumps in
minihalos around PBHs [39] and axionlike particle clumps
formed via tachyonic instability driven by a multiple cosine
potential [71] can occur for general values of the PQ scale.
In these cases, the estimation of the fraction of dark matter
in axion clumps needs numerical simulations. For example,
for the case of axion clumps nucleation around PBHs, the
final fraction of axion clumps in DM significantly depends
on the factors such as the fraction of PBHs and the number
of clumps nucleated by minihalos.
Keeping in mind the above discussion, we leave the

fraction Ωclumps=ΩDM as a free parameter when we discuss
gravitational lensing constraints in the next sections.

III. MICROLENSING BY AXION STARS

In this section, we briefly review basics of gravitational
microlensing events [72]. In particular, we calculate the
threshold impact parameter for a spherically symmetric
axion clump configuration by solving the lens equation
including the finite lens and source size effects.
Microlensing constraints on other compact objects such
as boson stars and axion miniclusters were investigated in
Refs. [58–61,63].
This section is organized as follows. In Sec. III A, we

estimate a magnification caused by a pointlike lens and
calculate the threshold impact parameter. In Sec. III B, we
take into account a finite lens size effect for the calculation
of the threshold impact parameter. In Sec. III C, the finite
source size effect is dealt with in addition to the finite lens

7This assumption naturally arises if the axion-photon coupling
constant gϕγγ is large enough so that axion clumps may undergo
parametric resonance of photons in the early Universe. Since
axion clumps can undergo resonance if they have a mass larger
than a critical value, we expect today in galactic halos the
presence of a pileup of axion clumps at a unique value of mass.
For a detailed discussion, see Secs. 8.1 and 4.2 in Refs. [50,51],
respectively.

8Here, we are only considering spherically symmetric clumps.
Including a nonzero angular momentum leads to a maximum
number of particles which depends on the clump angular
configuration. In particular, for quantum numbers l ¼ jmj ¼ 5,
we have NQCD

max ≳ 1061. This number now is large enough to
accommodate all the available axions in a typical correlation
length (for further details, see Secs. 3 and 6 in Ref. [33]).

KOHEI FUJIKURA et al. PHYS. REV. D 104, 123012 (2021)

123012-6



size effect. A detailed derivation of the lens equation is
summarized in the Appendix. A theoretical estimate of the
expected number of microlensing events with a given
threshold impact parameter is discussed in Sec. IV.
Before going to the detailed analysis, let us give a basic

setupof amicrolensingevent.Wemainly follow the treatment
discussed in Ref. [73]. A geometrical setup of a microlensing
event is shown in Fig. 2. In the figure, we take an optic axis in
such a way that an observer and the center of the lens (the
axion clump) are aligned with each other assuming that a
source star is a pointlike (although we consider finite source
size effect in Sec. III C). Mass distribution of the lens (the
pink colored circle) is projected onto the lens plane, which is
taken to be orthogonal to the line of sight. A light ray emitted
by the source star is deflectedwith the angle α̂ at the lens plane
and reaches to the observer. The diameter distances from the
observer to the source, to the lens, and from the lens to the
source areDS; DL, andDLS, respectively. The reduced angle
of α̂, α, is explicitly estimated in the Appendix. The angle
between the optic axis and the line from the observer to the
true position of the source, and that between the optic axis and
the line from the observer to an image of the source, are
denoted by β and θ, respectively. Note thatmultiple images θi
(i ¼ 1; 2;…), corresponding to the single source position β,
are generally observed, but we only show one example in the
figure for simplicity.

A. Microlensing by a point lens with a point source

With the setup shown in Fig. 2, a lens equation with a
point lens and a point source is given by [73]

β ¼ θ −
DLS

DLDS

4GNMclump

θ
: ð29Þ

The derivation of the above equation is shown in the
Appendix. The pointlike Einstein ring angle θE is defined
as a solution of the above equation with βðθEÞ≡ 0,

θE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4GNMclump

DLS

DSDL

s
: ð30Þ

The pointlike Einstein ring radius on the lens plane is given
by RE ≡DLθE. The typical value of the Einstein ring radius
is estimated as

RE ≃ 1.9 × 103 × R⊙

�
Mclump

M⊙

�1
2

×

�
DS

10 kpc

�1
2

; ð31Þ

where R⊙ ≃ 7.0 × 108 m is the solar radius. In this calcu-
lation, we have used DS ∼DL ∼DLS, which gives a good
order estimation. Then, the lens equation, Eq. (29), takes a
simple form and has the following two solutions:

u ¼ t −
1

t
;

t1 ¼
u
2

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4

u2

r �
;

t2 ¼
u
2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4

u2

r �
; ð32Þ

where u ¼ β=θE and ti ¼ θi=θE.
The gravitational lensing does not change the surface

brightness of the source star, but does change the apparent
area of the source image because the observer receives a
total flux magnified by the lens. Throughout this paper, we
assume that the coupling between the lens (the axion
clump) and a photon (a light ray) is not so large to distort
the image of the source, that is, the lensing event is purely
caused by the gravitational effect.9 For a cylindrically
symmetric lens, a magnification μi caused by the source
image θi is defined by the ratio of an image area to a source
area. For a pointlike source, it is given by the ratio of the
solid angle of the image area to that of the source area,

μi ≡ θi
β

dθi
dβ

¼ ti
u
dti
du

; ð33Þ

where θi (i ¼ 1, 2) is the solution of the lens
equation, Eq. (32). A total magnification of two images
is given by

μtotðuÞ ¼ jμ1j þ jμ2j ¼
u2 þ 2

u
ffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ 4

p ; u≡ β=θE: ð34Þ

The EROS-2 survey and Subaru HSC observation use
microlensing event selections through the criterion that
magnifications of source stars exceed the threshold value
μT ¼ 1.34. According to this criterion, a microlensing

FIG. 2. A geometrical setup of the gravitational lensing event is
shown. A light ray (the red color line) is deflected by the lens (the
pink colored circle) and reaches to the observer (the blue colored
human).

9A lensing event induced by the photon-axion coupling was
investigated in Ref. [74].
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event therefore occurs when μ > 1.34 is realized. A thresh-
old impact parameter, uT , is defined by

μtotðu ¼ uTÞ ¼ 1.34: ð35Þ

This implies that impact parameters smaller than this
threshold value cause a microlensing event. Since we
assume a point lens and a point source, the threshold
impact parameter is given by uT ¼ 1, which is completely
the same as that of PBHs with a point source. As we see
later, the value of threshold impact parameter becomes
different from this value when we take account of the finite
lens and the finite source effects.

B. A finite lens size effect

The main purpose of this subsection is to calculate the
threshold impact parameter including the finite size lens
effect, which was neglected in the previous subsection.
The lens equation including the extent of the axion

clump is derived in the Appendix and is given by

βðθÞ ¼ θ −
DLS

DLDS

4GMðξLÞ
θ

; ð36Þ

where M is the total mass of the axion clump projected
onto the lens plane defined in (A5) and ξL ≡DLθ. For the
axion field configuration given by Eq. (11), MðξÞ can be
expressed as

MðξÞ ¼ MGðwÞ; w≡ ξ=R; ð37Þ

GðwÞ≡ 2

7

Z
∞

−∞
dz0

×
Z

w

0

dw0w0ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w02 þ z02

p
Þ2e−2

ffiffiffiffiffiffiffiffiffiffiffi
z02þw02

p
: ð38Þ

Here, M and GðwÞ represent the effective mass of the
axion clump within the radius ξ and the axion clump
configuration projected onto a lens plane, respectively. The
lens equation including the extent of the axion clump
becomes

u ¼ t −
GðwEtÞ

t
; ð39Þ

where wE ≡DLθE ¼ RE=R. In this expression, the func-
tion GðwEtÞ represents the finite size lens effect para-
metrized by the parameter wE.
We now qualitatively discuss the finite lens size effect.

For large wE ≫ 1, since the pointlike Einstein ring
radius, which is the characteristic length scale of the
microlensing event, is much longer than the characteristic
length scale of the axion clump, the finite size lens effect
becomes unimportant. Indeed, wE → ∞ with fixed t gives
GðwEtÞ → 1, which recovers the lens equation for a

pointlike lens given by Eq. (32). On the other hand, in
the opposite case wE ≪ 1, the extent of the axion clump
becomes important. In this regime, since the mass of the
axion clump within the pointlike Einstein ring radius is
small compared to the point lens one, the total magnifi-
cation is significantly suppressed by the finite lens size
effect. Indeed, wE → 0 with fixed t gives GðwEtÞ → 0, and
hence, one immediately obtains u ¼ t corresponding to no
magnification μtot ¼ 1. Thus, there is no microlensing
constraint in this regime.
To quantitatively discuss the finite lens size effect, let us

exactly solve the lens equation, Eq. (39), and compute a
magnification with given wE. Unfortunately, GðwEtÞ is a
highly nonlinear function, and thus, one cannot analytically
solve Eq. (39).10 By numerically solving this equation
with given u and wE, one obtains multiple solutions
ti ¼ tiðu; wEÞ. From the definition of the magnification
by a point source given by Eq. (33), a magnification can be
expressed in terms of u and wE through wLi

≡ wEti as

μiðu; wEÞ ¼
1

ð1 − BiÞð1þ Bi − CiÞ
; ð40Þ

where

Bi ¼
w2
E

w2
Li

GðwLi
Þ; Ci ¼

w2
E

wLi

G0ðwLi
Þ: ð41Þ

In this expression, the prime denotes the derivative with
respect to wLi

. The total magnification is given by the
sum of absolute values of μi, μtot ¼

P
i jμij. Imposing

μtotðu ¼ uTÞ ¼ 1.34, one can evaluate the threshold impact
parameter uTðwEÞ including the extent of the axion clump.
Note that Ci in the above expression represents a gradient
contribution of the lens, which is absent in the pointlike
lens limit. This gives an additional contribution to the
magnification, which is discussed later.
We show solutions of the lens equation, Eq. (39), in

Fig. 3. In the figure, the axion field configuration is
approximated by the exponential × linear ansatz given
by Eq. (11). The number of solutions are maximally three,
t1;2;3, depending on the values of wE and u. At wE → ∞
with fixed u, t1;2 solutions become those given by Eq. (32),
leading to the magnification by a pointlike lens, Eq. (34).
At the same time, t3 solution is nonzero, but it is vanish-
ingly small t3 ≃ 0, which leads to a negligible magnifica-
tion μ3 ≃ 0. Thus, wE → ∞ can be regarded as a pointlike
lens limit. When we make wE small with fixed u, t2 and t3
solutions eventually coincide with each other, t2 ¼ t3, and
these solutions t2 and t3 discontinuously vanish, t2;3 ¼ 0

(see the middle and right panels of Fig. 3). For smaller wE, a

10Even if one fits the GðwÞ function with polynomial func-
tions, the lens equation becomes a polynomial equation higher
than a quintic equation, which cannot be analytically solved.
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single image t1 ≠ 0 still remains. Magnifications caused
by these sudden change of degenerated t2;3 are strongly
enhanced because du=dt ≃ 0 is realized.11 In the limit of
wE → 0, one obtains t1 → u leading to a no magnification
μ1 ¼ 1 due to the significant finite lens size effect. We
confirm that these behaviors are in agreement with the
results obtained in Ref. [58] for a spherical lens with
uniform density.
The threshold impact parameters evaluated by using the

linear × exponential ansatz are shown in Fig. 4. As is
expected, the point lens result with uT ¼ 1 can be obtained
for a large wE. We confirm that the axion clump can be
identified with a pointlike lens for wE ≳ 7 within 1%
accuracy. For intermediate regime 0.6≲ wE ≲ 7, a finite
lens size correction is non-negligible, and we can observe
interesting behavior of uT . As we noted in the previous
paragraph, a magnification caused by degenerated t2;3 is
enhanced, and thus,uT > 1 can be realized at aroundwE ≃ 5.
For a smallerwE, a magnification is only sourced by an image
tþ but it is also slightly enhanced, uT > 1, by the gradient
term Ci in Eq. (41). For very small wE ≲ 0.6, one obtains
uT ¼ 0 due to a significant suppression from the finite lens
size effect, and thus, there is nomicrolensing constraint in this
parameter region. We confirm that this behavior is in agree-
ment with that for boson stars shown by Fig. 2 in Ref. [58].
We have seen that the threshold impact parameter

including the finite lens size effect is parametrized by
wE. It is helpful to express the wE parameter in terms of
fundamental parameters such as ma, Fa, and α as follows:

wE ≃ 102 ×

�
ma

10−5 eV

�1
2

�
Fa

1012 GeV

�3
2

×
�

γ

0.3

�3
4

�
DS

10 kpc

�1
2

�
α

3
2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2

p
�
: ð42Þ

In this calculation, we have taken DS ∼DLS ∼DL, which
gives a good order estimation. This order estimate helps us
to understand the behavior of the microlensing constraint
including the finite lens size effect.

C. Finite lens size and finite source size effects

So far, we have estimated the threshold impact parameter
assuming that source stars are pointlike, which is only valid
when source star radii are much smaller than the pointlike
Einstein ring radius. We follow the method described in
Ref. [59,75,76] to include the finite source size effect in this
subsection.
Since radii of source stars are, typically, many orders of

magnitude shorter than DS; DL, and DLS, we only need to
consider the extent of the source projected onto a lens
plane. For simplicity, we assume that a source star is
spherically symmetric. We show our setup in Fig. 5. In the
figure, all distances are normalized by the pointlike
Einstein ring radius. u and rs are the impact parameters
from the center of the source star and a source radius on the
lens plane defined as rs ≡ xRS=RE, respectively, where
x≡DL=DS, and RS is the source star radius.
An impact parameter on the edge of the source

ūðu;ϕ; wsÞ can be expressed as follows:

FIG. 3. Solutions of the lens equation, Eq. (36): t1 (left), t2 (middle), and t3 (right) are shown as a color code for the axion field
configuration approximated by an exponential × linear ansatz. In each panel, the black dashed contour curves for ti are shown.

FIG. 4. Threshold impact parameters with a linear × exponen-
tial ansatz is shown as a function of wE ≡ RE=R.

11However, the magnification never diverges because it is
regulated by the finite source size.
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ūðu;ϕ; rsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ r2s þ 2urs cosϕ

q
: ð43Þ

Then, a lens equation for ūðu;ϕ; rsÞ becomes

ūðu;ϕ; rsÞ ¼ t −
GðwEtÞ

t
: ð44Þ

By numerically solving the above equation with given
u; wE;ϕ, and rs, one obtains multiple solutions
ti ¼ tiðu; wE;ϕ; rsÞ. As was seen in the previous subsec-
tion, the number of solutions of the above equation is again
maximally three, t1;2;3, which are shown in Fig. 3 with a
replacement of u → ūðu;ϕ; rsÞ. The magnification caused
by the image ti is defined by the ratio of the image area to
the source area [75,76],

μiðu; wE; rsÞ ¼
ð−ÞPi

2πr2s

I
dΨt2i ;

tanΨ≡ rs sinϕ
uþ rs cosϕ

; ð45Þ

where ð−ÞPi represents the parity factor of the image, and
the integration is taken over the edge of the source
corresponding to ϕ ¼ 0 to ϕ ¼ 2π. Here, ð−ÞPi ¼ þ1

(i ¼ 1, 3), and ð−ÞPi ¼ −1 (i ¼ 2). The total magnification
is then given by μtotðu; wE; rsÞ ¼

P
3
i¼1 μi. The threshold

impact parameter is thus estimated by imposing the
condition μtotðu ¼ uT; wE; rsÞ ¼ 1.34 for fixed wE and rs.
Let us here qualitatively discuss the finite source size and

the finite lens size effects. From Eq. (43), it is obvious that
the impact parameter on the edge of the source is bounded
below ūðu;ϕ; rsÞ≳ rs for u ≪ rs. This reflects the fact that
the impact parameter cannot be zero due to the finite source
size effect. In the limit of rs → ∞ with fixed wE, one
immediately obtains ū ¼ t1 corresponding to no magnifi-
cation. Thus, the threshold impact parameter is signifi-
cantly suppressed by the finite source size effect for rs ≳ 1.
We now quantitatively discuss the finite source size

effect. The threshold impact parameter including the finite
source and lens size effects is shown in Fig. 6 as a color
code. We confirm that a large source radius rs ≳ 2.3 with

arbitrary wE gives uT ¼ 0 due to the suppression from a
finite source size effect. Furthermore, for wE ≲ 0.6, one
obtains uT ¼ 0 with arbitrary rs due to the suppression
from the finite lens size effect, which was discussed in the
previous subsection. Hence, these parameter regions cannot
be constrained by observations of microlensing events.
Note that, in the limit rs → 0 with wE ≠ 0, the pointlike
source result shown in Fig. 4 is reproduced. Moreover, in
the limit wE → ∞ with rs ≠ 0, the pointlike lens result,
which was obtained in the context of PBHs [77], is also
reproduced.

IV. EVENT RATES AND MICROLENSING
CONSTRAINTS

In the previous section, we have calculated the threshold
impact parameter including the finite lens and source size
effects, which must be included to give microlensing
constraints on axion clumps. In this section, we estimate
the expected number of microlensing events with given uT .
In particular, we focus on the EROS-2 survey [53] as well
as the Subaru HSC observation [57].
A differential event rate per unit source star and per unit

time with given uT was estimated in Refs. [78,79] for
generic compact objects where a velocity distribution of
the compact object is assumed to be a Maxwell-Boltzmann
distribution. It can be expressed as

dΓ
dt̂

¼ ϵðt̂Þ2DS
Ωclump

ΩDM

Z
1

0

ρDMðxÞ
M

QðxÞ2v2ce−QðxÞdx; ð46Þ

FIG. 5. A source star (the black circle) and the lens (the blue
colored blob circle) projected onto the lens plane are shown in the
figure. All distances are normalized by the Einstein ring radius.

FIG. 6. A threshold impact parameter uT on the ðwE; rsÞ plane
is shown as a color code combined with black dashed contour
curves for uT ¼ 0, 0.8, 1.0, 1.2, 1.5, 1.8.
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where QðxÞ≡ 4R2
EðxÞu2TðxÞ=t̂2v2c. In this expression,

vc; t̂; ϵðt̂Þ, and ρDM are the dark matter circular velocity
in the galaxy, the time to cross the Einstein ring diameter,
the efficiency factor, and the dark matter density in the halo,
respectively. The expected number of events Nexp is then
estimated as

Nexp ¼ E
Z

∞

0

dΓ
dt̂

dt̂; ð47Þ

where E is the exposure time in sidereal years.
We also assume that the number of microlensing events
follows the Poisson distribution. Under this assumption,
the probability to observe Nobs numbers of microlensing
events with a given Nexp can be estimated as
PðNobs; NexpÞ ¼ ðNexpÞNobse−Nexp=Nobs!. Therefore, one
can exclude the parameter region leading toPNobs

k¼0 Pðk; NexpÞ < 0.05 with given Nobs corresponding
to a 95% confidence level. In order to calculate Nexp,
the variables DS; ϵðt̂Þ; ρDMðxÞ; E; vc, and Nobs need to be
specified, but these variables highly depend on which
observation we used. Hence, we explicitly clarify the
setups of the EROS-2 survey and the Subaru HSC
observation in the following subsections.

A. The EROS-2 survey

In this subsection, we show microlensing constraints on
the axion clump by using the EROS-2 survey.
Let us first clarify the setup of the EROS-2 survey. The

EROS-2 survey focuses on the source stars in the large
Magellanic cloud (LMC), whose distance is given by
DS ≃ 50 kpc, and the circular velocity for the Milky

Way (MW) is approximately given by vc ≃ 220 km=s
[80]. We do not include the small Magellanic cloud data
in our analysis since its effect is subdominant and does not
change our conclusion significantly. We here assume an
isothermal profile for the MW halo [58,81],

ρDMðDLÞ ¼
ρs

1þ ðr=risoÞ2
;

r2ðDLÞ ¼ R2
sol − 2RsolDL cosðlÞ cosðbÞ þD2

L; ð48Þ
where ρs ¼ 1.39GeV=cm3;riso ¼ 4.38 kpc;Rsol¼ 8.5 kpc
and ðl; bÞ ¼ ð280°;−33°Þ, respectively. The exposure time
is E ≃ 3.77 × 107 sidereal years. The efficiency factor, ϵðt̂Þ,
is taken from Fig. 11 shown in Ref. [53]. Note that the
efficiency factor is given in terms of the time to cross the
Einstein ring radius, tE ¼ t̂=2. Under this setup, one can
evaluate Nexp defined by Eq. (47) with fixed ma, α,
and Ωclump=ΩDM for the ordinary QCD axion and
with fixed ma; Fa; α, and Ωclump=ΩDM for axionlike
particles. The EROS-2 LMC survey observed no micro-
lensing events, Nobs ¼ 0, and thus, the parameter region
PðNobs ¼ 0; NexpÞ < 0.95 corresponding to Nexp ≳ 3.0 is
excluded.
Figure 7 shows the parameter regions excluded by the

EROS-2 survey on the ðF;maÞ plane for Ωclump=ΩDM ¼ 1
and Ωclump=ΩDM ¼ 0.1 with fixed α ¼ 1. The gray dotted-
dashed line corresponds to the parameter region of the
ordinary QCD axion. The magenta colored dashed contour
line corresponds to wE ¼ 0.6, where we use approximate
expression of wE given by Eq. (42). From the Fig. 7, we can
find that the finite lens size effect becomes significant,
and the constraint disappears around the contour wE ≃ 0.6.
This is expected from Fig. 4 since the threshold impact

FIG. 7. Parameter regions on the ðFa;maÞ plane excluded by the EROS-2 survey are shown for Ωclump=ΩDM ¼ 1 (red curve) and
Ωclump=ΩDM ¼ 0.1 (blue dotted curve) with α ¼ 1 (left) and with α ¼ 10−2 (right). The gray colored dotted-dashed contour and magenta
colored dashed contour correspond to the parameter of the ordinary QCD axion and wE ¼ 0.6, respectively.
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parameter becomes zero around wE ≃ 0.6 as discussed in
the previous section. For a smaller fraction Ωclump=ΩDM,
the width of the contour becomes narrower and eventually
disappears. When we focus on the QCD axion, a breaking
scale much higher than the axion window can be
constrained.
Figure 8 shows the parameter regions excluded by the

EROS-2 survey on the ðMclump=M⊙;Ωclump=ΩDMÞ plane
(left) and on the ðma;Ωclump=ΩDMÞ plane (right) with fixed
α ¼ 1 for several fixed breaking scales Fa and for the
ordinary QCD axion. When the finite lens size effect is
negligible, 10−4 ≲Mclump=M⊙ ≲ 10 can be constrained by
the EROS-2 survey, which is in agreement with the original

results [53,82]. When the finite lens size effect becomes
important, contour curves have spikes as can be seen in the
blue colored dashed and green colored dotted-dashed
contour. This behavior reflects that of the threshold impact
parameter shown in Fig. 4.
Before closing this subsection, we comment on the finite

source size effect. We can approximately estimate rs by
using DS ∼DL ∼DLS with the assumption that source star
radii are order of R⊙. As we confirmed, axion clumps
whose masses are within 10−4 ≲Mclump=M⊙ ≲ 10 are
constrained in the EROS-2 survey. In this parameter region,
we find rs ≪ 1, and thus, we conclude that the finite source
size effect is completely irrelevant.

FIG. 8. Parameter regions on the ðma;Ωclump=ΩDMÞ plane excluded by the EROS-2 survey are shown with α ¼ 1 (upper left) and with
α ¼ 10−2 (upper right) for the axionlike particles with fixed Fa and for the ordinary QCD axion. Excluded parameter regions on the
ðma;Ωclump=ΩDMÞ plane are shown for the same Fa with α ¼ 1 (lower left) and with α ¼ 10−2 (lower right).
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B. The Subaru HSC survey

In this subsection, we give a microlensing constraint to
the axion clump by using the observation data obtained by
the Subaru Hyper Surprime-Cam (Subaru HSC). A micro-
lensing constraint on the PBH from the Subaru HSC
observation is originally investigated in Ref. [57]. The
microlensing constraint from the Subaru HSC observation
on generic compact objects such as boson stars is inves-
tigated in Ref. [59] with including the finite source and lens
size effects.
First of all, let us clarify the setup of the Subaru

HSC survey. The Subaru HSC survey focuses on source
stars in MW and M31, whose distances from us are
given by DS ≃ 770 kpc. Since M31 contains high dark
matter density, microlensing events may occur not
only inside MW but also inside the M31 itself. The
differential event rate is thus given by the sum of these:
dΓ ¼ dΓMW þ dΓM31, where dΓMWðM31Þ is the differential
event rate calculated in the MW (M31). The circular
velocity for the M31 is given in Ref. [83], which is
approximately given by vc ≃ 250 km=s. As done in
Ref [57], spatial DM distributions in MW and M31 are
assumed to be given by the Navarro-Frenk-White (NFW)
profile,

ρNFW ¼ ρc
ðr=rSÞð1þ r=rSÞ2

; ð49Þ

where r; rS, and ρc are radii from the center, the scale
radius, and the central density parameter of MW or M31,
respectively. For the MW, we have rS ¼ 21.5 kpc;
ρc ¼ 0.184 GeV=cm3, and r ¼ rMW given by

rMWðDLÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
sun − 2RsunDL cos l0 cos b0 þD2

L

q
; ð50Þ

where ðl0; b0Þ ¼ ð121.2°;−21.6°Þ [84]. For M31, we have
rS ¼ 25 kpc; ρc ¼ 0.19 GeV=cm3, and r ¼ rM31 given by

rM31ðDLÞ ¼ DS −DL: ð51Þ

The number of stars used in the Subaru HSC survey,
Nstar ¼ 8.7 × 107, with the observation time Tobs ¼ 7

hours, gives the exposure time E ¼ NstarT ≃ 7.0 × 104

sidereal years. The detection efficiency is given by
Fig. 19 in Ref. [57] in terms of full-width-half-maximum
(FWHM) timescale, tFWHM. In our analysis, for simplicity,
we use tFWHM ¼ t̂ and approximate the detection efficiency
as ϵ ¼ 0.5 in the region with 2 min ≤ t̂ ≤ 7 hr.
As we see later, the constrained mass of an axion clump

in the Subaru HSC survey is much lighter than that in the
EROS-2 survey. Hence, the Einstein ring radius is smaller,
and thus, the finite source size corrections are important,
different from the EROS-2 survey. Therefore, we must
include the finite source size effect otherwise the micro-
lensing constraint is overestimated. To estimate Nexp, we
need a distribution of source star radii. In our analysis,
we use the distribution of source star radii shown by
Fig. 4 in Ref. [77]. With this setup, the Subaru HSC
observation observed single microlensing event candidate,
that is Nobs ¼ 1, and hence, the parameter region PðNobs ¼
0; NexpÞ þ PðNobs ¼ 1; NexpÞ < 0.05 corresponding to
Nexp ≳ 4.74 is excluded with a 95% confidence level.
Figure 9 shows the parameter region excluded by the

Subaru HSC observation on the ðF;maÞ plane for

FIG. 9. Parameter regions on the ðFa;maÞ plane excluded by the Subaru HSC observation are shown for Ωclump=ΩDM ¼ 1 (red curve),
Ωclump=ΩDM ¼ 0.1 (blue dotted curve), and Ωclump=ΩDM ¼ 0.01 (purple dashed curve) with α ¼ 1 (left) and with α ¼ 10−2 (right). The
gray colored dotted-dashed contour and magenta colored dashed contour correspond to the parameter of the ordinary QCD axion and
wE ¼ 0.6, respectively.
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Ωclump=ΩDM ¼ 1;Ωclump=ΩDM ¼ 0.1, and Ωclump=ΩDM ¼
0.01 with fixed α ¼ 1. The magenta colored dashed
contour line corresponds to wE ¼ 0.6, where we use the
approximate expression of wE given by Eq. (42). Similar to
the EROS-2 survey discussed in the previous subsection,
the finite lens size effect becomes important, and the
constraint disappears around wE ≃ 0.6. Also, a smaller
fraction Ωclump=ΩDM makes the width of the contour
narrower. In comparison to the EROS-2 survey, a smaller
breaking scale of the QCD axion can be constrained. In
particular, for α ¼ 1, axion clumps composed of the QCD
axion can be constrained around Fa ≳ 1012 GeV.
Figure 10 shows the parameter region excluded by the

Subaru HSC observation on the ðMclump=M⊙;Ωclump=ΩDMÞ

plane (left) and on the ðma;Ωclump=ΩDMÞ plane (right) with
fixed α ¼ 1 for several fixed breaking scales Fa and for the
ordinary QCD axion. When the finite lens size effect is
negligible, 10−11 ≲Mclump=M⊙ ≲ 10−5 can be constrained.
It should be noted that a lower bound ofMclump is cut off by
the finite source size effect where the pointlike Einstein ring
radius is comparable to the source star radius in that region.

V. REPULSIVE SELF-INTERACTIONS

In the previous sections, we discussed the microlensing
constraints on clumps composed of axions where the
quartic coupling is negative, λ < 0, leading to the attractive
self-interaction. In this section, we consider the

FIG. 10. Parameter regions on the ðma;Ωclump=ΩDMÞ plane excluded by the Subaru HSC observation are shown with α ¼ 1 (upper
left) and with α ¼ 10−2 (upper right) for the axionlike particles with several fixed Fa and the ordinary QCD axion. Excluded parameter
regions on the ðma;Ωclump=ΩDMÞ plane are shown for the same Fa with α ¼ 1 (lower left) and with α ¼ 10−2 (lower right).
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microlensing constraints on clumps composed of generic
light scalar fields whose potentials are described by

VðϕÞ ¼ 1

2
m2

rϕ
2 þ λr

4!
ϕ4; ð52Þ

with λr > 0 leading to repulsive self-interactions.
An analysis of a spherically symmetric classical field

configuration in the nonrelativistic regime is essentially the
same as the case with the attractive self-interaction. It is
convenient to parametrize the tiny positive quartic coupling
λr in term of Fr defined by the relation λr ≡m4

r=F4
r . We

also assume a linear × exponential ansatz for the clump
configuration,

ΦðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
N

7πR3
r

s �
1þ r

Rr

�
e−

r
Rr ; ð53Þ

where Rr is the length scale, which controls the shape of the
clump. Then, the Hamiltonian of the clump is given by

H̃ ≃ a
Ñ

R̃2
r
− b

Ñ2

R̃r
þ c

Ñ2

R̃3
r
; ð54Þ

where constants a, b, and c are given by Eq. (16), while Ñ
and fRr are defined by

Ñ ≡m2
r

ffiffiffiffiffiffiffi
GN

p
Fr

N; ð55Þ

R̃r ≡ mr

F3
r

ffiffiffiffiffiffiffi
GN

p fRr: ð56Þ

From the above Hamiltonian, we obtain the extremum of R̃
given by

R̃r ¼
aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 3bcÑ2

p
bÑ

: ð57Þ

The other branch is an unphysical solution, which has a
negative radius. In the presence of the repulsive self-
interactions, the clump can have an arbitrary large particle
number Ñ. Similar to the attractive self-interaction case, it
is convenient to express R̃r in term of α and R̃min
parameters defined by Eq. (20) as

Ñ ≡ αÑr; Ñr ≡ affiffiffiffiffiffiffiffi
3bc

p ;

fRr ¼
1

α
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α2

p
ÞR̃min: ð58Þ

In comparison to the case with the attractive self-
interaction, α can become arbitrarily large, and the mini-
mum size of the clump, R̃min, is realized for α → ∞. For
fixed particle number Ñ, clump configurations are slightly
different between the positive and negative quartic cou-
plings (see Fig. 1 in Sec. II A). Note that the clump
configuration with a repulsive self-interaction is very
similar to that with the attractive self-interaction for
α ≤ 1. Hence, microlensing constraints on clumps with a
repulsive self-interaction are almost the same as that with
the attractive self-interaction in that regime. For this reason,
we investigate microlensing constraints on clumps with a
repulsive self-interaction for large α ≫ 1.

A. Microlensing constraints on clumps with
repulsive self-interactions

In this subsection, we give microlensing constraints on
clumps with repulsive self-interactions. Since the clump

FIG. 11. Parameter regions on the ðFr;mrÞ plane excluded by the EROS-2 survey (left) and (right) are shown forΩclump=ΩDM ¼ 1 (the
red curve), Ωclump=ΩDM ¼ 0.1 (the blue dotted curve), and Ωclump=ΩDM ¼ 0.01 (the purple dashed curve) with α ¼ 102. The magenta
colored dashed contour correspond to wE ¼ 0.6.
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configuration is approximated by a linear × exponential
ansatz, the threshold impact parameter including the finite
lens and source size effects is the same as that in the
attractive self-interaction case, which is shown in Fig. 6. By
computing the expected number of events, Nexp, defined by
Eq. (47) with the setups of the EROS-2 survey and the
Subaru HSC observation explained in Secs. IVA and IV B,
we can give microlensing constraints.
In Fig. 11, we show microlensing constraints from

the EROS-2 survery and the Subaru HSC observations
on the scalar clump with a positive quartic coupling in the
ðmr; FrÞ plane for Ωclump=ΩDM ¼ 1, 0.1, 0.01 with fixed

α ¼ 102. We also draw a contour line of wE ¼ 0.6 with
assuming DS ∼DLS ∼DL for a repulsive self-interaction.
As is the same as the attractive self-interaction case, the
finite lens size effect gives a significant effect, and micro-
lensing constraints disappear at around wE ¼ 0.6. Since we
take α ¼ 102, a heavier mass of the scalar field, mr, and a
higher breaking scale, Fr, are more constrained compared
to the results for the attractive self-interaction with
α ¼ 1; 10−2. In Fig. 12, we show microlensing constraints
on the ðMclump=M⊙;Ωclump=ΩDMÞ plane and on the
ðmr;Ωclump;ΩDMÞ plane for several fixed Fr with fixed
α ¼ 102. As is the same as the attractive self-interaction

FIG. 12. Parameter regions excluded by the EROS-2 survey on the ðMclump=M⊙;Ωclump=ΩDMÞ plane (upper left) and on the
ðmr;Ωclump=ΩDMÞ plane (upper right) are shown with α ¼ 102 for several fixed Fr. Parameter regions excluded by the Subaru HSC
observations on the ðMclump=M⊙;Ωclump=ΩDMÞ plane (lower left) and the ðmr;Ωclump=ΩDMÞ plane (lower right) are shown for α ¼ 102

for fixed Fr.
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case, the finite source size effect is not important in the
EROS-2 survey, while it becomes important in the Subaru
HSC observation.

VI. CONCLUSIONS

In this paper, we have derived microlensing constraints
from the EROS-2 survey and the Subaru HSC observations
on spherically symmetric axion clumps (“boson stars”)
composed of the ordinary QCD axion and axionlike
particles. Since axion clumps are not generally pointlike
massive objects (to be contrasted with PBHs), we calcu-
lated the threshold impact parameter by solving the lens
equation, including the finite lens and source size effects.
By using the evaluated threshold impact parameters, we
computed the expected number of microlensing events and
gave microlensing constraints on axion clumps with a
95% confidence level by using the EROS-2 survey and the
Subaru HSC observation. We have also investigated the
microlensing constraints on scalar clumps composed of
generic light scalar fields with a repulsive self-interaction.
In our analysis, we found that the finite lens size effect

can be parametrized by one parameter wE, which is defined
by the ratio of the pointlike Einstein ring radius to the
typical size of a clump. In particular, we confirmed that
magnifications of source stars are significantly suppressed
due to finite extent of a clump for wE ≲ 1 (see Fig. 4). As a
result, in this parameter region, microlensing events are
suppressed, and thus, microlensing constraints become
very weak even if clump masses are within targets of
the EROS-2 survey and the Subaru HSC observation.
Microlensing constraints on axion clumps from the
EROS-2 survey are shown in Figs. 7 and 8. In addition
to the finite lens size effect, when clump masses are light so
that the pointlike Einstein ring radii are comparable to the
source star, the finite source size effect becomes very
important. We appropriately included this effect on micro-
lensing constraints when we consider the Subaru HSC
observation. Microlensing constraints on axion clumps
from the Subaru HSC observation are shown in Figs. 9
and 10.
Assuming the clumps are plentiful in the galaxy,

our numerical results showed that the EROS-2 survey
and the Subaru HSC observation can constrain clumps
whose masses are within 10−4 ≲Mclump=M⊙ ≲ 10 and
10−11 ≲Mclump=M⊙ ≲ 10−5, respectively, when axion
clumps can be identified with a point lens. For clumps
composed of the ordinary QCD axion, a high breaking
scale regime Fa ≳ 1012 GeV can be constrained, while a
lower breaking scale Fa ≲ 1012 GeV, which corresponds to
the traditional axion window cannot be constrained due to
the finite source size effect.
Here, we briefly comment about OGLE-IV microlensing

survey [55,85]. According to the original analysis [56],
such a survey provides the tightest microlensing constraint

on PBHs in the mass range ½10−6 M⊙; 10−3 M⊙�. Hence, if
we include the OGLE-IV survey, we expect that a tighter
constraint is obtained for 10−6 ≲Mclump=M⊙ ≲ 10−3 and
wE > 1, where the latter condition is necessary to cause
microlensing events. For the case of the QCD axion, such a
mass regime requires a large axion decay constant,
Fa ≳ 1014 GeV, as shown in Eq. (23), which is ruled
out in the standard scenario. In the present work, we have
focused on the EROS-2 and the Subaru HSC surveys. We
leave a detailed study of microlensing constraint from the
OGLE survey for future study.
A femto-lensing constraint is another appealing experi-

ment, but it was pointed out by the authors of Ref. [86] that
the inclusion of the finite source size effect removes this
constraint.
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APPENDIX: A DERIVATION OF THE LENS
EQUATION

In this Appendix, we derive the lens equation given by
(36) including the extent of the lens.
A microlensing geometrical setup is shown in Fig. 2 of

Sec. III A. From the definition of angles, we obtain

β ¼ θ − α: ðA1Þ

From the definition of the angular diameter distance, we
also obtain

DLSα̂ ¼ DSθ −DSβ: ðA2Þ

Moreover, the reduced deflection angle α can be expressed
by α̂ as

α ¼ DLS

DS
α̂: ðA3Þ

Let us next estimate the deflection angle α̂. When a
typical radius of an axion clump is much smaller than the
length scale of the line of sight such asDS; DL, andDLS, we
can neglect the effect of a lens thickness. Under this
assumption, one can project the mass distribution onto a
plane orthogonal to the line of sight, called the lens plane.
We introduce 3D cylindrical coordinate ðξ; χ; zÞ, where ξ,
χ, and z represent a radial distance, an azimuthal angle, and
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a height on the lens plane, respectively. A surface mass
density of the lens projected onto the lens plane, Σðξ; χÞ, is
then defined by the following equation:

Σðξ; χÞ ¼
Z

∞

−∞
ρðξ; χ; zÞdz; ðA4Þ

where ρðξ; χ; zÞ ¼ manðξ; χ; zÞ is the energy density of the
axion clump. The total mass of the axion clump on the lens
plane within the distance ξ is given by integration of the
surface mass density,

MðξÞ ¼ 2π

Z
ξ

0

Σðξ0Þξ0dξ0: ðA5Þ

In this calculation, we have assumed that the lens is
circular symmetric; i.e., the lens object is spherically
symmetric. The deflection angle α̂ is then estimated as

α̂ ¼ 4GMðξLÞ=ξL, where ξL ≡DLθ [73]. This implies that
MðξLÞ can be regarded as the effective mass within the
radius ξL causing the gravitational lens. From Eq. (A3), α
can be expressed by

αðξLÞ ¼
DLS

DL
4G

MðξLÞ
ξL

: ðA6Þ

Combining Eqs. (A1) and (A2), we obtain

βðθÞ ¼ θ −
DLS

DLDS

4GMðξLÞ
θ

: ðA7Þ

For a pointlike lens, the lens equation is simply given by the
replacement with MðξLÞ → M, which is the total mass of
the axion clump.
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