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Abstract

The main subject of this dissertation is mean curvature type of flows, in particular the volume
preserving mean curvature flow. A classical flow in this context is seen as a smooth time evolution
of n-dimensional sets. An important question is when a given mean curvature type of flow exists at
all times, and thus does not form singularities. A singularity of a flow is a time where one cannot
continue the flow, and usually the evolving set experiences topological changes. The work consists
of three articles.

In the first article [A], the focus lies on a behavior of a volume preserving mean curvature
flow starting nearby a so-called strictly stable set in a three- or four-dimensional flat torus. The
contribution of the first article is to show that if the previous flow starts sufficiently close to
the strictly stable set in the H>-sense, then the flow exists at all times and converges, up to a
small translation, to the set at an exponential rate. In particular, such a flow does not experience
singularities.

The second article [B] and the third article [C] concern generalizations of mean curvature type
of flows, so-called flat flows, obtained via the minimizing movement method. Advantages of such a
generalization are that it is defined at all times and requires less regularity for a given initial set
compared to a mean curvature type of flow. In [B], it is shown that a flat flow of volume preserving
mean curvature flow, starting from a bounded set of finite perimeter, has a shape of a finite union
of equisized balls with mutually disjoint interiors in the asymptotical sense. The previous result
relies on a new quantitative Alexandrov’s theorem, also proven in [B]. This theorem says that
if a bounded C?-regular set, with a fixed upper bound on perimeter and a fixed lower bound on
volume in an n-dimensional Fuclidean space, has a boundary mean curvature close to a constant
value in the L™ !-sense, then the set is close to a finite union of equisized balls, with mutually
disjoint interiors, in the Hausdorff-sense.

In [C], it is shown that finite unions of n-dimensional tangent balls are not invariant under
flat flows of any mean curvature flow with a bounded forcing. This is already proven in the
two-dimensional case, so the third article generalizes this result to the higher dimensions.



Tiivistelma

Tamén vaitoksen padaiheena ovat keskikaarevuustyyppiset virtaukset, erityisesti tilavuuden
sdilyttava keskikaarevuusvirtaus. Klassinen virtaus ndhdaan tassa kontekstissa siledné n-ulotteisten
joukkojen aikaevoluutiona. Térked kysymys on, milloin annettu keskikaarevuustyyppinen virtaus
on olemassa kaikkina ajanhetkiné ja ei tdten muodosta singulariteetteja. Virtauksen singulariteetti
on ajanhetki, josta kyseista virtausta ei voida jatkaa, ja tavallisesti kehittyva joukko muuttuu
topologisesti. Tyo koostuu kolmesta artikkelista.

Ensimmaéisessé artikkelissa [A] tarkastelun kohteena on tilavuuden séilyttdvin keskikaarevu-
usvirtauksen kaytos ns. ehdottomasti vakaan joukon ldahella kolmi- tai neliulotteisessa litteassa
toruksessa. Ensimmaisen artikkelin panos on osoittaa, etté jos edellinen virtaus alkaa tarpeeksi
lihelts kyseistd joukkoa H3-mielessi, niin virtaus on olemassa kaiken aikaa ja pienti siirtoa
lukuunottamatta lahestyy eksponentiaalisella vauhdilla kohti samaa joukkoa. Erityisesti tallainen
virtaus ei muodosta singulariteetteja.

Toinen ja kolmas artikkeli kasittelevit keskikaarevuustyyppisten virtausten yleistyksia, ns.
litteitd virtauksia, jotka saadaan liikkeiden-minimointi-menetelmaélla. Téllaisen yleistyksen etuina
ovat, ettd se on madritelty kaikkina ajanhetkina ja vaatii vihemmaén saannéllisyytta lahtojoukolta
verrattuna keskikaarevuustyyppiseen virtaukseen. Artikkelissa [B] osoitetaan, etté litted virtaus
tilavuuden sailyttavalle keskikaarevuusvirtaukselle alkaen rajoitetusta dérellisen perimetrin joukosta
muistuttaa asymptoottisesti darellisen monen samankokoisen pallon yhdistetta siten, ettd pallojen
sisukset ovat pistevieraat. Edellinen tulos nojaa uuteen kvantitatiiviseen Alexandrovin lauseeseen,
joka my6skin todistetaan artikkelissa [B]. Tami lause sanoo, etti jos C2-sdannolliselld joukolla,
jolle perimetrillad on kiinnitetty ylaraja ja tilavuudelle kiinnitetty alaraja n-ulotteisessa euklidisessa
avaruudessa, reunan keskikaarevuus on L™ !-mielessi lihelld vakiota, niin joukko on Hausdorff-
mielessa ldhelld dérellisen monen samankokoisen pallon yhdistetta siten, ettd pallojen sisukset ovat
pistevieraat.

Artikkelissa [C] osoitetaan, ettd dérellisen monen toisiaan sivuavan n-ulotteisen pallon yhdiste ei
ole invariantti minkaan pakotetun keskikaarevuusvirtauksen littean virtauksen suhteen. Tama on
jo valmiiksi todistettu kaksiulotteisessa tapauksessa, joten kolmas artikkeli yleistda tdman tuloksen
korkeampiin ulottuvuuksiin.



INTRODUCTION

This dissertation focuses on certain perturbations of mean curvature flow (MCF) in the n-
dimensional Euclidean space R™ and in the n-dimensional flat torus T™. By a smooth flow we
always mean a smooth evolution of smooth sets ¢ — E; with ¢ € [0,a). An initial set Ey of a given
flow is called an initial datum and we say that the flow starts from Ey. A (classical) MCF is a
smooth flow, for which the motion of the boundary is described by the equation

(0.1) V, = —H,,

where V; is the normal velocity of the flow on OF; at time t and Hy is the scalar mean curvature
field on JF; associated with the inside-out orientation. MCF and its perturbations are widely used
to model different phenomena in material science such as an evolution of grain boundaries in a
metal sheet [44]. The perturbation of mean curvature flow we are mainly interested in here is
volume preserving mean curvature flow (VMCF), sometimes called surface tension flow. We say
that a smooth flow with finite perimeter P(E;) = H"1(0E;) is a VMCF, if the normal velocity
V; at time t obeys the law

(0.2) Vi = H, — H,.

Here H; = faEf H, dH" ! is the integral average of H; over OF,. As the name suggests, the
volume |Fy| is pfeserved under VMCF. Both MCF and VMCF decrease perimeter and they are
considered to be gradient flows of the perimeter functional. In fact, such flows can be seen as an
evolutionary counterpart of the classical Euclidean isoperimetric problem.

In study of MCF and its perturbations, singularities are a great matter of interest. By a
singularity, we mean a moment in time, beyond which one cannot smoothly extend a given flow.
In such a situation, topological changes usually occur. Thus, it is natural to ask under which
conditions there are no singularities at all. For instance, Gage [21] (in the planar case) and Huisken
[27] (in the higher dimensions) prove that a VMCF with a bounded, convex and smooth initial
datum does not experience singularities.

The structure of the dissertation can be divided into two separate parts. The first part concerns
the stability of VMCF near stationary sets. A set is called stationary, if a VMCF starting from
it preserves the set unchanged. These sets turn out to be bounded smooth sets with constant
boundary mean curvature, such as balls in R™ or cylinders in T". By stability near a stationary
set E, we broadly understand that any VMCF evolution starting from a set “sufficiently” close
to E and of volume |E| exists at all times and stays arbitrarily close to E in some C*%-sense.
In particular, such a VMCF does not experience singularities. It follows from the article [18]
by Escher-Simonett that stable and stationary sets for VMCF in R™ are exactly the single balls.
Moreover, they prove that a VMCF with an initial datum Ej of volume | B| sufficiently close to a
ball B converges to a small translate of the ball at an exponential rate. Such balls are asymptotically
stable with respect to VMCF. The main result of [A] states that in the flat torus T", with n = 3,4,
there are essentially more asymptotically stable and stationary sets besides trivial ones such as
balls and cylinders.

One way to work around singularities is to introduce a notion of a weak solution, see [4], [10],
[12], [15], [18] and [35]. The second part of the dissertation considers flat solutions for perturbations
of MCF constructed via the minimizing movement scheme. These are weak solutions to (0.1)
and its perturbations such as (0.2). The main advantages of flat solutions are that they exist
at all times and have lower regularity requirements for initial data. Indeed, a bounded set of
finite perimeter suffices. It is well-known that if a VMCEF converges to a bounded limit set in
the C2%-sense, then the limit must be bounded and have a constant boundary mean curvature. It
follows from Alezandrov’s theorem [8], that such sets in R™ are exactly finite unions of equisized
balls, where the balls have a positive distance to each other. In the second article [B] we generalize
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6 INTRODUCTION

this result, in a weakened form, to concern flat solutions to (0.2) in R™ with n = 2,3. We show that
a flat solution always converges asymptotically to a finite union of equisized balls with mutually
disjoint interiors. A new quantitative Alexandrov’s theorem, also proven in [B], is instrumental in
proving the previous result. This result roughly quantifies the following fact for a given bounded
C2-regular set E C R™ with a fixed lower bound on volume and an upper bound on perimeter. If
the quantity |Hg — FEHLnfl(aE) tends to zero, then F becomes arbitrarily close to a tangential
union of equisized balls with mutually disjoint interiors. In the last article [C] we extend the result
proven in [20] from the planar case to the higher dimensions. The main result in [C] says that a
flat solution to MCF with a bounded forcing term, see (5.6), starting from two tangential balls
“welds” the balls together for a short time period. From this and [16], one may conclude that a
stationary set for a MCF with a positive constant forcing term must always be a finite union of
equisized balls with a positive distance to each other.

1. NOTATIONS AND PRELIMINARIES

Our working space is R™ or the n-dimensional flat torus T™. We denote them by K™, if there is
no need to make a distinction. Also, our standing assumption through the presentation is that the
dimension n is at least two.

Flat torus. We consider the n-dimensional flat torus T™ as the quotient space R™/Z™. Tt should
be noted that many authors mean by this any quotient space R/ L, where L is a discrete subgroup
of R™ isomorphic to Z™. The corresponding quotient map is denoted by ¢. If x € T™ and v € R,
then the sum z + v in T” is defined as q(u + v), where u is any element from the lattice ¢~*(v).
For a function f : T® — RF its lift is f = fogq:R” — R¥, which is a unique expression. On
the other hand, every Z"-periodic function R” — RF induces a unique function T" — R* via
the quotient map. Again, for a map ¢ : T™ — T" its lift is any function ¢ : R™ — R™ satisfying
poqg=qo (;NS The topology and smooth structure on T" are induced by gq. Then T" is a smooth
and compact manifold (without boundary) and ¢ : R® — T" is a smooth universal cover. The
topology is metrizable with a compatible metric dp» given by the rule
dre (2,y) = min{lu —v| :u € ¢ (2),v € ¢ (y)}.

The Riemannian metric we consider on T™ is the pullback of the Euclidean inner product ( -, - )
via the quotient map. Then q is a local isometry and hence T™ can be locally seen just R™. That is
why T"™ is called flat. In particular, the volume element in T™ is the Euclidean one dx. Then for a
Borel set A C T™ its n-dimensional volume |A| is given by |A| = |[¢~1(A) N D,,|, where D,, = [0,1)"
is the fundamental domain of ¢. Similarly, integration with respect to n-dimensional volume dx
can be defined via lifts in the fundamental domain.

In the quotient topology, f : T® — R is continuous if and only its lift is continuous and
¢ : T" — T" is continuous if and only if it admits a continuous lift ¢. Such a ¢ is exactly
of the form ¢ = Ly + u, where Ly € M,(Z) is a unique and u : R® — R" is a continuous
and Z"-periodic function, unique modulo the Z"-valuable translations. Again, f : T" — R*
is C*“regular, with k € NU {co} and 0 < a < 1, exactly when its lift f is C*“-regular and
¢ : T" — T" is C*“-regular (diffeomorphic) exactly when its continuous lifts ¢ are C*“_regular
(diffeomorphic). Then the differentials Df and D¢ can be seen as the derivatives D f and D¢
respectively. If a diffeomorphism & : T™ — T" is close enough to the identity map idy» in the
sense that supp. dpn (®,idy») sufficiently small, then there is a unique diffeomorphic lift ® such
that ® = id + u and supp. dpn (®,idrn) = supg. |u|. In such a case, we set for every I € N and
0 < a <1 for which ® is Cl7a—regular

||q) — idTn ||Cl,u(‘]1‘n;jrn) = ||é) - ian HC[,Q(R"L;R"L).
Regular sets and mean curvature. For a given non-empty set A, its signed distance function
da : K" — [0, 00) is defined by setting
- dist(z, A), reR"\ A
da(a) = { LA, '
—dist(z,R"\ A), =z € A.
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In the case K™ = T"™, we use the previous metric dy» to define pointwise distance to a set. Then
the lift of d4 is the signed distance function of the Z"-periodic extension ¢~'(A) in R™.

We say that an non-empty open set E C K" is C*%regular, if int(E) = E and OF is a
C*>_hypersurface. In this discussion, by a C**-hypersurface we mean an embedded C*®-regular
submanifold (without boundary) of codimension one. We say that E is smooth, if k = co. Note
that E C T" is C*“-regular exactly when its Z"-periodic extension ¢~1(E) is a C*“-regular set.
Thus, regular sets in T" can be (canonically) seen as Z"-periodic regular sets in R™. In the case
K™ = T", the n — 1-dimensional volume element at © € OF can be seen as the volume element at
u € (g H(E)), where u € ¢~ *(z). Thus, an integration of an integrable Borel function f on OE
with respect to the volume element is effectively integration over the n — 1-dimensional Hausdorff
measure dH" ! restricted to F and we denote it by |, or dH™! just like in R®. When there is
no danger of confusion we denote by f an integral average of an integrable Borel function on OF.

For a C*“-regular set we use the inside-out orientation vz on OE. Further, we identify the
tangent space T, OF of OF at x as the orthogonal complement (vg(x))*t. If f € CL(OE;RF), its
tangential derivative D, f(x) at € OF is given by D, f(z) = Df(z)(I — vg(z) ® vg(z)), where f
is any local C''-extension of f. In the case k = 1, the tangential gradient V, f(x) is given as the
dual of D, f(z) and if k = n, then the tangential divergence is given by div, f(z) = tr(D, f(x)).
For ¢ € C%(JE) its tangential Hessian and tangential Laplace are defined as D2¢(z) = D,V p(x)
and A, ¢(z) = div,V,¢(x) respectively.

If £ > 2, then OF admits an open tubular neighborhood A" = OF + B(0,r), called regular
neighborhood, such that dg € C**(N), every y € N admits a unique distance minimizer or
projection Tp(y) on OF and the decomposition idg» = mpr + dgve holds in A/. Moreover,
Vdg = vg on OE. The second fundamental form Bg(z) at x € OE is now a symmetric bilinear
form T, 0F x T,0F — R given by the rule

Bg(x)(u,v) = (u, Drvg(x)v).

and the mean curvature of Hg(z) is the trace of the previous operator, that is, Hg(x) = div,vg(z).
Equivalently, Bg () can be associated with the Hessian D2dg(z) and it holds Hg(z) = Adg(x).
While the scalar field Hg on OF depends on the choice of orientation (which is in this case the
inside-out), the mean curvature vector field Hgy = —Hgvg : OF — R™ is invariant. With help of
mean curvature we may write the tangential divergence formula

(1.1) div,T dH" ' = [ Hp(T,vg) dH" !

OE )
for every compactly supported and C'-regular vector field T : K® — R™. If Hg is a constant, then
E is called a critical set.

If OF is smooth, then the space of smooth vector fields T(OF) on OF can be identified as the
collection {X € C*(OE,R"™) : (X,vg) = 0}. Again, we consider OF as an embededded Riemannian
manifold in K™ equipped with the induced metric. Keeping the previous identifications in mind,
we may regard the metric tensor g on JF as the restriction of Euclidean inner product to (vg(z))+
for every x € OF. Then for every ¢ € C*°(9JF) the tangential gradient V,¢ corresponds to the
gradient grad(y) induced by the metric g. Further, for ¢ its covariant derivatives V¥ ¢ are defined
via the Riemannian connection which, in this case, is the tangential connection. Pointwise tensor
norms are given as usual and further every Sobolev space W*P(QE) is just the LP(9F)-norm
completions of the space of the k-tuples (¢, Veow, ..., VE ¢), where ¢ € C*(9E). Recall, the
standard notation H¥ = W2k,

We say that (Fy)ren converges to E in the C*“-sense (k < co) in K", if there is a sequence of
C*2-diffeomorphisms (®4)ren such that ¢x(E) = By, and || @4 — idgn||ck.a(pa.pey — 0 as k — oo.
Again, if E is smooth, then there is § € Ry such that if ® : K» — K" is a C**-diffeomorphism
(k € NU{oo}) satisfying ||®; — idg»||c1(pn;rn) < 0, then there is a unique ¢ € C**(9FE) for which

(1.2) I(P(E)) ={z+¢(x)vp(x) :z € OE} C N,

where N' = 0F + B(0,r) is a fixed regular neighborhood of OE. In particular, it holds mog (2 +
Y(x)vg(x)) = ¢ and dg(z + Y (x)vp(z)) = ¥(z). Moreover, for every | € N there is a constant
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C € Ry such that |[Y|lciop) < C||® — idge||ci(rnyrny provided that I < k. Conversely, if
Y € CH*(OE) and sup |¢| < r, then 1 induces an orientation preserving C*“-diffeomorphism &
such that ® = idpg + ¢Yvg on OF and (1.2) holds. We use the notation £, = ®(E). We call
(1.2) a graph representation in the normal direction of F and ¢ the height function of Ey. The
orientation vg,, reads as
(1.3) ve,(id +vp) = ve — Ap(W)Vry on OFE,

V1+[Ap() V92
where Ag(y) = (I + ¥Bg)~! on OE. If (®;)es is a smoothly parametrized family of smooth
diffeomorphisms satisfying ||®; — idk» ||c1(rn;rn) < 6, then the corresponding height functions of
OF are smoothly paramterized in ¢.

On embedded smooth flows. Rather than seeing smooth flows as smooth evolutions of smoothly
immersed manifolds in K™ we consider them as smooth evolution of smooth (and bounded) sets
and their boundaries. One may imagine how a given initial set smoothly deformes along time while
topology is preserved. Then, an obvious way to describe such an evolution is to consider smooth
deformations of an initial set under a smoothly parametrized family of diffeomorphisms. By an
admissible family (Pt):cr, with a non-degenerate interval I, we mean a map ® € C*° (K" x I; K")
such that

- &, :=®( - ,t) is a (smooth) diffeomorphism for every t € I and ®,, is the identity map
with some tg € I.

- For every compact set K C I the set of exceptional values {(z,t) € K" x K : ®(x,t) # x} is
pre-compact, that is, every slice ®; belongs to Diffo(K"™), the space of compactly supported
diffeomomorphisms isotopic to idgn.

An admissible family ® can be seen as a smooth path in the space Diff(K™). Note that the
corresponding family of inverses t — [®( -t)]~! is also admissible. In the case K™ = T", the latter
requirement is redundant. We come up with the following definition.

Definition 1.1. For a given bounded and smooth initial set Ey C K™ and 0 < a < 0o a map
[0,a) — P(K"), t = Ei, is a smooth flow starting from FEj, also denoted by (E¢)¢co,q), if for
every t € [0,a) there exist an interval ¢t € I C [0,a), I open in [0,a), and an admissible family
(Ps)ser, with @, = id, such that ®,(E;) = E; for every s € I. Then we say that (®)er is a
local parametrization of the flow at t. If (®4);c(0,q) is an admissible family, with ®; = id and
®4(Ey) = E; for every t € [0,a), then we say that (®;);c(0,q) is a global parametrization of the flow.

It turns out that every smooth flow (E;);c[0,q) admits a global parametrization (®¢).c(0,q). A
smooth flow in T™ can be canonically lifted to a smooth evolution of Z"-periodic sets in R™. We say
that a smooth flow (E;)icjo,q) is autonomous, if it admits an autonomous global parametrization
(®t)ie[0,a) meaning that there is a smooth vector field X : K" — R" satisfying 0;®; = X o ®; for
every t € [0,a). Since (®¢);c0,q) is admissible, it follows that X must be compactly supported.

Usually, the parameter a is not emphasized and hence one simply denotes (®;);>0 and (E})¢>o.
Note that we also use abbreviations v = vg,, By = Bg,, H; = Hg, and so forth. For each t € [0, a)
we define a map ®* € C®(K" x [0,a — t); K") by setting ®(z,s) = ®(®; *(z),t + s). Then &t is
an admissible family and defines a smooth flow E! := ®.(E;), 0 < s < a — t, starting from Ej.
This expression has the following semi-group property

E; = FEys for every 0 <t < a and for every 0 < s < a —t,

which means that we can stop the flow (E;);>¢ at the time ¢ and start it again by using the local
parametrization (E!)s>o.

Obviously, there is no unique parametrization via admissible families of diffeomorphisms for
a smooth flow and, on the other hand, we are interested in an evolution of set in whole rather
than trajectories of single points. This motivates us to search an intrinsic way to describe such an
evolution. A natural approach to the issue is to consider how the boundaries evolve over time. For
fixed time ¢ let us consider the behavior O Fs nearby OF; when s is close to t. Let (®;)secr be any local
parametrization of the flow at ¢. Since now || @, —id| 1 (gnxn) — 0 as s — t and B, = ®4(Ey), then
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there are an interval t € I’ C I, I’ open in [0, a), and ¢ € C*°(0E; x I') such that dF; C N for every
s € I', where N is a regular neighborhood of OF};, and v provides a unique graph representation
for OF; in the normal direction of JE,. Recall, this means 0F; = {x + ¢, () (z) : x € OE,} for
every s € I', where ¢ = (- ,s), and mog(x + Vs(x)ve(x)) = x for every & € OF;. Therefore, the
evolution of the height function ¥s on 0F; purely determines the evolution of the flow nearby time
t. Now ¢, = 0, so at a given point z € JE; the quantity V;(x) = 85105(:43)|S:75 tells us the rate of
evolution of the boundary in the normal direction v¢(z) at time ¢. That is, the normal velocity of
the flow at the spatial-time coordinate (z,¢). On the other hand, we have

Vs omop, 0 &y =dg, o P, on OF;
so differentiating the identity with respect to s and evaluating it at s = t yields
Vi :asws| = <asq)s|s:tayt> on aE‘t

This expression is clearly independent of the choice of local parametrization. Thus, if (®y)ser is
any local parametrization of the flow, then using the re-parametrization (®(®; ", s))ses for time
t € I gives us

(1.4) V= <65(D5‘s=t o <I>;1, vt) on OFE;.

The quantity V; tells us the speed of JE; to its normal direction at time ¢ and, further, the
knowledge of a vector field V;v; on OF; at every time ¢ entirely determines the evolution of the
flow. For a given flow (E});>0 we call Vp the initial normal velocity of the flow.

Usually, a typical application, where the notion of normal velocity appears, is computing how
energy integrals, associated with potentials varies, along a given flow. If n € C1(K" x [0,a))
describes a (possibly time dependent) potential, then the energy | B, n( - ,t) do varies at the rate

s=t

d
(1.5) —/ n(-,t) de = om( - ,1) dx—i—/ n( -, )V, dH" L
dt Jp, E, OB,
The special case n = 1 gives us the formula of the first variation of volume along the flow
d
(1.6) —|E| = Vi dH™ L
dt OF,

Therefore, (E¢)¢>0 is volume preserving exactly when V; has a vanishing integral over OF; at every
time. Further, for the surface energy faEt n( - ,t) dH" 1, with n € CY(K" x [0,a)), one may
compute

d _ .
dt Jom, oE,
Again, substituting n = 1 yields the formula for the first variation of perimeter along the flow,

that is
d
(1.8) —P(E;) = / ViH, dH" L.
dt OF,
Sets of finite perimeter. In this case, we consider the setting only in R™ and generally refer to
[36]. Recall that a measurable set E C R™ is a set of finite perimeter provided that

P(E) = sup {/ div T dz : T € C§(R™;R"™), |T| < 1} < oo.
E

Then there exists a unique, finite and R™-valued Radon measure pug, called the Gauss-Green measure
of E, such that [, div T do = [,(T,dug) for every T € Cj(R™;R™). Here P(E) is the total
variation of ug called the perimeter of E. De Giorgi’s structure theorem gives us the representation
prp = vgH" 1L 0*E, where 0*E is the reduced boundary of E and vg : 0*E — 0B(0,1) the
measure theoretical outer unit normal. Then P(E) = H"~}(0*E) and the divergence theorem takes

the form
/ div T dx :/ (T,vg) dH" L.
E oFE
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Naturally, if E is C'-regular, then the reduced boundary agrees with the topological one and the
measure theoretical outer unit normal coincides with the classical inside-out orientation. Motivated
by (1.1) we say that Hg € L' (0*E;H" ') is a distributional or weak mean curvature of E, if for
every T € C§(R™;R")

(1.9) / div,T dH" ! = Hp(T,vg) dH" 1,
o*E o*E

where the tangential divergence div, T is given similarly as earlier, now in terms of the measure
theoretical outer unit normal. Again, if Hg is constant, we say that E is weakly critical.

The notion of flows via admissible families can be generalized to the bounded set of finite
perimeters. In this case, Definition 1.1 makes perfectly sense. The notion of normal velocity is
defined as in (1.4), now in terms of reduced boundary and measure theoretic outer unit normal, and
the equations (1.5) and (1.6) remain valid. Again, if E C R™ is a bounded set of finite perimeter
and (®;);>o is an admissible family with &y = id, then it holds

(1.10) %P(@t(E)) = /a |, dive (0:4],_,) dm .

2. EXISTENCE AND GRADIENT FLOW STRUCTURE

We shortly cover familiar existence results for MCF and VMCF over a short time period in
the case of a smooth and bounded initial datum. This is usually known as short time existence,
Furthermore, we introduce formal gradient flow structure these flows posses and also take a quick
look at stationary sets, i.e., the sets which are invariant under the flows.

Short time existence. In the case of MCF, short time existence is well-known in broader context
of immersed manifolds without boundary, see for instance [30] or [37, Theorem 1.5.1] for more
careful discussion. The short time existence for VMCEF is also proven in the case of smooth, compact
and connected hypersurfaces of R™ without boundary, see [18]. Naturally, the same methods can
be applied in proving a short time existence for MCF/VMCF as an evolution of bounded and
smooth sets in K.

The general strategy is to employ graph representation to reduce an evolution of a smooth flow
locally as a PDE of a height function on a fixed refence boundary. Let us consider a smooth flow
(Et)i>0 and a smooth and bounded set E in K”. Suppose that the set Ey is sufficiently close to £
in the C'-sense. Then, by the earlier discussion, there is a > 0 such that we may write E; = Ey,
with a unique height parametrization ¢ € C*°(0F X [0,a)), recall the shorthand ¢, = ¥( - ,t).
Moreover, we may assume that 1 induces a smooth family of smooth diffeomorphism (‘i)t)te[o,a)
from K" to K" such that E; = ®,(E), ®; = id + ¢yvg on OF and {(z,t) € K” x [0,a) : ®;(z) # z}
is bounded. Then ®, = ®, o <i>0_1, t € [0,a), is a local parametrization of the flow so by substituting
this into (1.4), recalling (1.3) and denoting 1y = ¢ we have 1 satisfying the initial value problem

(2.1) {WW) = VI+[Ap(@, b))V ? Vi(w + g (),

¢($, O) = (,0(33‘)7

where Ag(z,%) = (I +¢4Bg(x))~t. Conversely, if v € C*°(0E x [0,a)) satisfies 19 = ¢ and
sup |[¢| < r, where r € Ry is a maximal radius such that OE + B(0,r) is a regular neighborhood of
OF, then v induces a smooth flow (Ey,)ic[0,a) With a parametrization (®;)¢c(o,q) as before and ¢
satisfies (2.1). Thus, (2.1) describes completely the dynamics of the flow, starting nearby F, as
a motion of a graph surface over OF for a short time period. When dealing with a flow driven
by curvature, i.e., the normal velocity depends on the curvature of evolving boundary, the term
Vi(z + ¢ (z,t)vg(x)) contains higher order covariant derivatives of .
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Assume that the previous flow (Ey)¢>o is a MCF. We have for sufficiently small ¢ sup |¢;| < r,
where r is given as before, so starting from the graph representation and local level set characteri-
zation for mean curvature, see [1, p.10], one may compute

Vi(x +Yvp(z)) = —Hg,, (z + Yvp(z))
= _<QE(x7 1/%, vcowt)a v?o¢t> - SE(iC, wtv vcowt)v

where Qg : OE x (—r,r) x R" — TZ(JFE) is a symmetric smooth section, i.e. Qg(z,b,2) € TE(T,%)
is a symmetric bilinear form for every (z,b,z) € OF x R x R™, with Qg being locally elliptic and
Qr(z,0,0) = —gsp(x), and Sg : IE X (—r,r) x R™ = R is a smooth function with Sg(z,0,0) =
Hpg(z). This turns (2.1) into a quasilinear parabolic PDE on dF, which admits a unique smooth
solution for a short time e. For a detailed discussion, see [37, Appendix A]. The key idea here is to
linearize the PDE locally. The complexity of the problem increases in the case of VMCF, where

Vi(x +¢wp(x)) = Hg,, — Hg,, (z + ¢(2)ve(2))

Hence, the corresponding PDE has an integral term in its principal part, which requires an extra
work in [18]. Note that when [|9;||c1(9) — 0, then 0y%; asymptotically resembles A1), — Hp
for MCF and A,v; for VMCEF. Thus, these flows are heat equation like evolutions. Recalling the
semi-group property we obtain the following well-known existence result.

Theorem 2.1 (Short time existence). Let E C K" be a smooth and bounded set. There is
a unique (Ey)¢ecjo,ry MCF (respectively VMCF) starting from £ such that if (F})ic(0,q) @ MCF
(resp. VMCF) starting from F, then a < T and F; = E; for every t € [0,a). We call T a mazimal
lifetime of the flow.

Unless otherwise stated, we mean by a MCF (resp. VMCF) (E});>¢ a corresponding maximal
evolution and by a lifetime its maximal lifetime. These solutions are locally stable in sense of
local perturbations of an initial set £ C K" meaning that a small and continuous perturbation
of the initial set varies the flow continuously in a short time interval. In terms of graph surface
representation, a small perturbation means a smooth initial datum ¢ on OF sufficiently close to 0
in some norm. To be more precise, we have the following for a smooth and bounded set £ C K",
see [37, Theorem A.3.1.] and [18]. For 0 < o < 1 there are positive constants 6 = §(F,a) € R
and € = ¢(F, a) € Ry such that if p € C*(0F), with |[¢[|c1.a9) <, then there is a MCF (resp.
VMCF) (E;):>0 starting from E,,, with a lifetime at least €, and (¢,t) — OF} is continuous in the
Ch-sense in (Bei.agp)(0,0) NC®(IE)) x [0,¢).

Of course, MCF and VMCF can be treated similarly in lower regularity settings such as for
C?-sets or CM“-sets, see for instance [18]. The parabolic nature of these flows provides instant
smoothing. In certain cases, it is possible to start a MCF evolution from an unbounded set in R".
For instance, a MCF evolution starting from a smooth set in T™ corresponds a Z"-periodic MCF
evolution in R™.

Gradient flow structure. One motivation for the notion of MCF can be seen coming from an
attempt to decrease perimeter in a smooth and local way. Our starting point is a classical problem
where we want to decrease energy in a C'-potential field v : R® — R starting from a point = by
using a local minimizing strategy. This leads to the following gradient flow

22) {7<o> =z,
Y () = =Vu(y(1)).

We would like consider a similar problem for the perimeter functional P on the set of smooth
and bounded sets of K™. While it is possible to make a rigorous approach by introducing so called
shape spaces, see [9], we keep our discussion at heuristic level for sake of presentation. If we consider
smooth and bounded sets of K™, which are mutually diffeomorphich with diffeomorphisms from
the class Diffy(K™), as elements of an abstract configuration space, then smooth flows are a natural
choice to represent admissible paths here.

Now (1.5) and (1.7) give us a vague analogy between normal velocity and “time derivative” of a
path as well as between the function space C*°(9F) and a “tangent space” at given element F.
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Further, if we regard the L2-inner product of C*®°(9E) as a “metric tensor” gz on the tangent
space we may (formally) write

d
(dP)p(Vo) = aP(Et) = VoHg dH" ' = gg(Vo, Hg)

t=0 OFE

for every smooth flow (E,);>¢ starting from E. Now for every ¢ € C*°(0F) it is easy to construct
a smooth flow starting from F, with the initial velocity ¢, so we have (dP)g () = gr(v, Hg) for
every ¢ € C°(9FE). From this we infer that VP(E) = Hg at E with respect to the “metric”.
Thus, a VMCF starting from F can bee seen solving the problem

Ey=E,
(2:3) {dOE— VP(E
albr = —VP(E).

This heuristics motivates why MCF's are usually said to be gradient flows of perimeter.
We may also consider the same problem with a volume constraint

Ey=F,
(2.4) |Ey| = |E,

4B, =-VP(E,),

in a similar setting. Now, a MCF starting from E does not generally preserve volume and hence
is not a solution. Let (E);>o be a volume preserving flow starting from E. Recalling that the
condition |F;| = |E| for every ¢ implies fBEt Vi dH"~! = 0 we obtain from (1.8)
(2.5) iP(Et) :/ Vi(Hy — Hy) dH™ 1,
dt o,

where H; = f 0B, H; dH"!. Then we consider the bounded smooth sets diffeomorphich to each
other (via the class Diff(K™)), with a fixed volume, as a submanifold of the previous setting, where
the smooth volume preserving flows are the admissible paths and a tangent space at each element
E is identified as the space C™°(dE). Since now for every ¢ € C(JE) there is a smooth volume
preserving flow (E});>o starting from E with the initial velocity ¢, then VP(E) = Hg — Hp in
this submanifold and a VMCF starting from F is a solution to (2.4) in this configuration. Thus,
VMCFs are formally gradient flows of perimeter in the context of stationary volume.

While the previous discussion is heuristic, both MCF and VMCF do satisfy the dissipation
equation

(2.6) gP(Et) == V2 dH"
dt OE,

when they exist. This follows directly from (1.8) and (2.5). Note an analogy to a solution ~ of
(2.2) satisfying (uo~v) = —(v/,7'). We see later that (2.6) or rather its weak notions turn out to
be useful tools when analyzing global behavior of these flows. Note that Theorem 2.1 and the
stability property for a short time period can be seen saying that the problems (2.3) and (2.4)
are well-posed in a local sense. By comparison, (2.2) is locally well-posed, if we require u to be
Cll.gi -regular. That is, for every x there is an open neighborhood U of = and € € R, such that for

every y € U there is a unique maximal solution 6, : [0,t,) — R™ to (2.2), with ¢, > ¢, and the
local flow (not to be confused with Definition 1.1) U x [0,¢) — R", (y,t) = 6,(t), is continuous.

Stationary sets. In the context of gradient systems equilibrium points are naturally an essential
topic. We say that a smooth and bounded E C K" is stationary with respect to MCF (resp.
VMCF), if a corresponding solution (Fy);>o starting from F is a constant solution, i.e. By = E.
This is equivalent with the corresponding normal velocity V; being identically zero at every time
and hence the semi-group property and uniqueness imply that the solution has an infinite lifetime.
Then F is stationary if and only if the corresponding gradient of perimeter related to the problem
vanishes at E, which is analogous to the equlibrium points of (2.2) being exactly the critical
points of Vu. On the other hand, if for every admissible flow (E;):>¢ starting from E it holds
that %P(Et)h:o = 0 in the sense of the setting (2.3) or (2.4), then the corresponding gradient
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of perimeter must vanish at . For MCF the set E is stationary if and only if its boundary has
zero mean curvature, that is, OF is a minimal surface (we call it a minimal boundary). Again, for
VMCEF the condition is equivalent to E having a constant boundary mean curvature, i.e., F being
critical. Now, a stationary set with respect to MCF is always stationary with respect to VMCF.

It is easy to see that there is no bounded set of R™ with a minimal boundary. Therefore, MCF
does not have bounded stationary sets in R™ and (2.6) is always negative. Thus, it follows from the
already mentioned Alexandrov’s theorem [8] (see also [49]) that the only bounded and critical sets
in R™ are the finite unions of balls of equal size with a positive distance to each other. In the flat
torus T™ there are more (bounded) sets, with a constant boundary mean curvature, besides balls
such as cylinders and lamellae (regions between parallel hyperplanes) to mention the most trivial
structures. In particular, lamellae are the simplest stationary sets for MCF in T™. A suitable solid
of revolution having an unduloid as a boundary, when n > 3, is a simple example of a non-trivial
set, with a constant boundary mean curvature, in T™. Interesting examples of sets with a minimal
boundary in T? provide sets which are the Z3-quotients of smooth sets of R3 with a triply periodic
minimal surface as boundary. For instance, the classical Schwarz P surface and the lidinoid [33] are
examples of such boundaries. Overall, minimal hypersurfaces in the ambient dimension n = 3 are
a well-studied subject [39]. Although there are quite few concrete examples of nontrivial embedded
minimal hypersurfaces in the higher dimensions n > 4, we remark that a generalization of Schwarz
P surface can be constructed in the dimension n = 4, see [13].

RPN
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F1GURE 1. A fundamental part of Schwarz P surface

3. GLOBAL-IN-TIME BEHAVIOR AND SINGULARITIES

In this section, we make a short survey of the most fundamental results concerning global
behavior of MCF and VMCF, mainly in the context of R™. In particular, we are looking for cases
when such flows exist at all times. We say that a MCF or a VMCF with a finite lifetime has a
singularity at the end of its lifetime. Topological changes usually take place at such a moment. As
already discussed, the both flows behave stable for a short time period. Now we are interested in
stability (in a global sense) and vaguely say a smooth and bounded set E to be stable with respect
to MCF, if the corresponding solution, starting from any slight perturbation of E, has an infinite
lifetime and stays near E. In the case of VMCF, we also assume that an initial datum is of volume

Mean curvature flow. Global behavior and analysis of singularities of MCF are extensively
studied. Besides a smoothing effect, MCF has other properties known for general parabolic solutions
such as a comparison principle, see [37, Thm 2.2.1]. This says that if E, F' C K" are bounded
and smooth sets with dist(0F,dF) > 0 and (E})¢>0 and (F};);>o are MCFs starting from E and
F respectively, then the function t — dist(9E;, OF;) is non-decreasing as long as it is defined. In
particular, E CC F implies E; CC F;. If we purely consider an evolution of a (compact) embedded
hypersurface under MCF, then embeddedness is preserved [37, Prop. 2.2.7]. Together with the
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comparison principle, the previous property allows us quite freely to apply many properties of
MCEF, stated for immersed surfaces, in the context of bounded and smooth sets.

A standard example of MCF is to consider how a ball By = B(xq,79) C R™ behaviors under such a
motion. In this case, the corresponding MCF evolution consists of concentric balls E; = B(zg, r(t)),
where the radius evolves according to r(t) = \/r3 — 2(n — 1)t with the lifetime 7' = 73 /(2(n — 1)).
Thus, we have that a MCF evolution starting from a ball B(z, ) eventually collapses to xg just
by (strictly) decreasing the radius within a finite time. Therefore, it follows from the comparison
principle that for every smooth and bounded set £ C R™ a maximal MCF starting from E has a
finite lifetime and hence expreriences a singularity. This is in line with the observation that there
is no (bounded) stationary set for MCF in R™.

Although a ball collapses to its center under MCF, the evolution is just a smooth evolution of
concentric balls. Hence rescaling them around the center, in a way that perimeter is preserved,
yields the original ball. This kind of behviour generalizes to the category of convex sets. Huisken
proves in [27] that a bounded, smooth and uniformly convex set in R™, n > 3, shrinks under
MCF smoothly to a single point within a finite time and the rescaled flow (boundary area is kept
constant) converges to a ball in the C*-sense with any k € N. Result by Gage-Hamilton [22] states
the same result for a bounded, convex and smooth planar set. Further, Grayson in [23] generalizes
[22] to cover every bounded planar set with a closed and smooth curve as a boundary. These results
translates directly to the same dimensional flat torus T™ and correspond Z™-periodic MCFs in R".

In the previous cases, evolving boundary asymptotically converges to a sphere until collapsing
to a single point. It is also possible that something more complex happens. Indeed, there are
dumbbell shaped sets in R? such that a MCF starting from a such dumbbell eventually pinches
the neck of the dumbbell into two cusps with their tips touching each other, see [24]. Again, an
Angenent’s torus is an example of a toroidal set in R? which shrinks homothetically under MCF
before collapsing to a point, see [5]. The singularities of MCF are further classified as Type I and
Type II singularities, see [37, Def. 3.2.1]. Fundamental tools in analyzing singularities of MCF are
Huisken’s monotonicity formula [29] and its generalizations.

In the case of unbounded sets of R", a lifetime of a corresponding MCF evolution may be
infinite. For instance, Ecker-Huisken [17] prove that for a Lipschitz function u : R®~! — R there is
a MCF, with an infinite lifetime, starting from the subgraph of u. Moreover, if the solution does
not diverge to infinity, then it must converge to a half-space. A simple example of a self-similar set
under planar MCF is the epigraph of a function (—7/2,7/2) — R, 2 — —log(cos(x)). In this case,
the corresponding MCF is just a vertical motion at a constant speed. This example introduced in
[44] is called Grim Reaper by Grayson [23].

Since a MCF starting from a bounded and smooth set always experiences a singularity in R™,
the stability does not make sense here. On the contrary, the notion becomes relevant in T". For
instance, by combining [17] with the comparison principle we obtain the following stability result
in T". If E C T" is a lamella and ¢y € C*(0F) has supyy |1o| small enough, then the MCF
starting from Fy, has an infinite lifetime and converges to a lamella E,. Moreover, E — E in
the Hausdorff-sense as supyp |10 — 0.

Volume preserving mean curvature flow. Compared to MCF, a VMCF evolution too decreases
perimeter but additionally preserves volume. Thus, such an evolution cannot collapse to a single
point. Again, a VMCF evolution in T™ corresponds a smooth Z"-periodic evolution in R™, where
the integral average in (0.2) is taken over the intersection of the boundary and the fundamental
domain D,,. As we discussed in the previous section, VMCF has (bounded) stationary sets also in
R™ and those sets are exactly a finite unions of equisized balls, where the balls have a mutually
positive distance. On the other hand, if a VMCEF evolution (E¢);>¢ converges to a limit set
E., C K" in the C2-sense, one may show that the flow has an infinite lifetime and E, is stationary.
If we replace the C2-convergence with mere Hausdorff-convergence, then the limit set may fail to
be even C'-regular, see [20, Thm 1.4].

Although a VMCF evolution may exist at all times, there is a trade-off between the volume
preserving property and non-local characteristics induced by the integral average in (0.2). This
makes VMCF somewhat more rigid compared to a MCF evolution. To elaborate this, let us consider
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behavior of a VMCF evolution when an initial set is a finite union balls E = U, B(z;,7:0),
where the balls have mutually a positive distance, that is, |z; — ;| > 75,0 + rj,0 whenever i # j.
Then the VMCF (E;);>¢ starting from E is of the form E; = UY | B(x;,7;(t)), where r;(0) = r; 0,
|z; — xj| > r; +r; for i # j and 7;s evolve according to the system

-2
g_n—1 D iy (ri—ry)
[ i j'f‘;-l71 :

If the balls are equisized, nothing happens and F is stationary with respect to VMCF. If N > 2
and the balls are not of equal size, then a minimal radius start shrinking to zero within a finite time.
Correspondingly, the maximal radius increases constantly. The evolution reaches its singularity,
when the minimal radius reaches zero or possibly before that two balls with increasing radius
touch each other. Besides the fact that singularities are possible for VMCF, we make the following
observations from the previous example. First, VMCF enjoys no comparison principle in general.
Second, neither embeddedness is necessarily preserved in the context of compact (and embedded)
hypersurfaces. This means that it is possible for a VMCF evolution to drive boundary self-
intersecting and after that to exist as an evolution of immersed boundary. The phenomenon
may occur even when an initial boundary is connected, see [38]. Third, a stationary set may be
“unstable” in small perturbations, as in the previous example, where even a slight disparity between
the size of balls results the corresponding VMCF experiencing a singularity.

Naturally, this raises a question: When does a VMCF evolution not experience a singularity and
have a limit? As in the case of MCF, a behavior of VMCF in the convex setting is settled. Gage
proves in [21] that a VMCF starting from a bounded, convex and smooth planar set, has an infinite
lifetime, preserves convexity and converges to a ball of the initial volume (area) in the C*-sense
with any k& € N. Again, Huisken proves in [27] the same result for any VMCF starting from a
bounded, smooth and uniformly convex set in R™ with n > 3. In the both cases, the convergence of
the corresponding VMCF (E;);>0 has an exponential rate in the C*-topology with any k € N and,
in particular, the absolute value of the normal velocity |H; — H;| on OE; decays exponentially fast.

Escher-Simonett prove in [18] (see also [6]), using center manifold analysis, that a single ball is
always stable in the C'*“-sense. To be more precise, suppose that a reference ball B C R” and
0 < a < 1 are given. Then for any 1y € C*°(dB) with a sufficiently small C1*(9B)-norm the
VMCEF starting from By, has an infinite lifetime and converges exponentially fast to some ball B
in the C*-sense with any k € N. Moreover, the limit ball B, converges to the reference ball B
as the C1*(0B)-norm of v tends to zero. Note that here the initial set is not even assumed to
share the same volume with B. Recalling our earlier example, we see that single balls are only
stationary sets such that VMCEF behaviors stable nearby them. We also note that Li gives in [34]
an alternative condition for a compact and immersed hypersurface such that the VMCF starting
from it converges to a sphere in R™. Like in the case of MCF, the previous results hold also in T".

4. PERIMETER MINIMIZERS AND ASYMPTOTICAL STABILITY OF VMCF

We continue to investigate the notion of stability given heuristically in the previous section and
restrict our focus on VMCF asking how it behaves near a stationary set. In other words, we want
to understand how the system (2.4) behaves near an equilibrium point. For instance, a union of
multiple equisized balls in R™ as we discussed earlier gives us an example of “unstable” stationary
set with respect to VMCF. On the contrary, the main result of [18] roughly says that a single ball
in R™ is a stable set under VMCEF. Again, if a VMCF starts sufficiently close to a ball B and the
flow is of volume |B|, then the corresponding convergence to a translate of B always happens at
an exponential rate. Hence, one may regard B as an asymptotically stable set for VMCEF. Thus,
we want to find a reasonable condition for a stationary set £ C K" such that a VMCF starting
close to E behaves similarly to [18].

For a moment, let us consider the system (2.2). If u : R® — R is a C%-regular potential and
¥ is a critical point of u with D2?u(z¢) > 0, i.e., the corresponding Hessian is positive-definite,
then xg is a strict local minimum point of u and any solution of (2.2) starting sufficiently close to
T converges to xg at an exponential rate. In particular, z( is an asymptotically stable point of
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u. Motivated by this simple example, we would like to find an analogous condition D2P(E) > 0
for a stationary set E C K". The first problem is how to express a heuristic notion D?P(E) in
rigorous terms. If u : R? — R is a C?-regular function and x is a critical point of u, then for every
autonomous and smooth path v : [0,a) — R™, that is to say 7/ = X o~ with some smooth vector
field X, starting from x it holds

(4.1) (uo)"(0) = (7/(0), D*u(0)7'(0)).

If E C K" is a stationary set, then for any autonomous, smooth and volume preserving flow
(Ey)i>0 starting from E the corresponding second variation of the perimeter reads as
d2

(4.2) @P(Et)

= [ VP~ BelPVE ann

t=0 0E

where Vp is the initial normal velocity of the flow on JE. This gives rise to a symmetric form
QP(E) : C>®(0F) x C*(90F) — R by setting

QP(E)[p1, 2] = /OEWT%,VT%) — || Bel* o192 dH™ 1.
We further consider the quadratic form §2P(E) : C*(dE) — R associated with perimeter given by
0?P(E)[¢] = Q(E)[p, ¢]. Comparing to (4.1), 3> P(E) can be heuristically seen as the functional
o+ (p,D2P(E)p). Again, (4.1) gives us hint how to define a positive semi-definite condition for
D2P(E), i.e., D2P(E) > 0. Indeed, a stationary set E C K" is called volume preserving stable, or
shortly v.p. stable, if 9>P(E)[¢] > 0 for every ¢ € C>°(dE). Simple examples of such sets are
lamellae and single balls and cylinders in T™ as well as single balls in R™. It is easy to see that
lamellae are only possible v.p. stable sets with multiple boundary components. Thus, single balls
are only v.p. stable sets of R™ in the category bounded and smooth sets. In T2, there are v.p.
stable sets with a triply periodic minimal surface such as the Schwarz P-surface [46] as a boundary.
In fact, the v.p. stable sets are completely classified in T3, see [45].

While the heuristic notion D?P(E) > 0 directly translates to 9?P(F) being non-negative,
defining the condition D?P(E) > 0 has some obstacles, mainly due to a fact that 9> P(E) cannot
be strictly positive in C*(E) \ {0}. Namely, if we consider the finite dimensional subspace
T(OE) = {{vg,p) : p € R"} of C®(JE), called the infinitesimal translations of F then, recalling
that Hg is constant it is straightforward to compute that every element ¢ € T(OF) satisfies

(4.3) — Ar¢ = ||Bg|*¢ on OE.

Thus, 9> P(E) vanishes on this subspace. The space T(OF) consists of the normal velocities of the
local translates of E along a vector, that is F; = E + tp with p € R™ for a short time period. Since
perimeter is invariant under such operations, then (4.3) can be also seen valid via (4.2). Hence, we
want to neglect these directions. Taking into account this issue the following definition arises.

Definition 4.1 (Strictly stable set). Let E C K" be a bounded and v.p. critical set. We say
that E is v.p. strictly stable, if there is ¢ € R, such that

(4.4) PP(E)[¢] = cllelFzom for every € C®(IE)N T (0F),
where T+L° (OF) is the L2-orthogonal complement of T(OE) on OE.

Note that (4.4) in the definition can be relaxed to the condition 9*P(E)[u] > 0 for every
ue HY(OE)\TL*(9E), where HY(OE) = {u € H'(JE) : [, u dH" ' = 0} is the H'-completion
of C°(9E) and §2P(E) is considered to be a functional on it, see the proof of [2, Lemma 3.6]. By
the definition every v.p. strictly stable set is also v.p. stable. Conversely, using standard elliptic
estimates one may argue that a v.p. stable set £ C K" is v.p. strictly stable if and only if the
infinitesimal translations are the only classical solutions to (4.3) in C*°(9E), i.e., the kernel of the
operator —(A, + || Bg||) on C=(AE) is T(OE). This is trivially true for lamellae and well-known
for single balls and cylinders. Again, this also holds true for a set having the Schwarz P-surface as
boundary in T3, see [46] and [25, Lemma 17].
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If Definition 4.1 can be seen as a formalization of the notion D?P(E) > 0, then does it behave
analogously to a situation D?u(xg) > 0?7 By the previous, we mean whether a v.p. strictly stable
set is a unique (strict) local minimizer of perimeter, up to translates, when volume is unchanged.
In the case of R™, a v.p. strictly stable set F must be a single ball which is, up to translates, a
strict global minimizer of P among the set of finite perimeter of volume |E|. In the case of T™, [2]
generalizes the result in [41] by showing that in T™ a v.p. strictly stable set F is, up to translates,
an isolated local minimizer in the L'-sense among the set of finite perimeter of the same volume.
To be more precise, there are C, € Ry such that

P(F) > P(E) + Ca*(E, F)

for every set of finite perimeter F' C T™ satistying |F| = |E| and a(E, F') < §, where the translates
neglecting “distance” « is given by a(FE, F) = minyern |[EA(F + p)|.

In this light, the main result of [18] says that up to translates the v.p. strictly stable sets in
R”, i.e., the single balls, are asymptotically stable points for VMCF in the C'“-sense with an
exponential convergence rate. The main result of [A] says that the v.p. strictly stable sets in low
dimensional flat tori are asymptotically stable in the H3-sense. The result reads as follows.

Theorem 4.2 (Main result A). Let n = 3,4 and E C T™ be a v.p. strictly stable set. There
exists a positive constant 6 = §(E) € Ry such that the following hold. If a smooth set Ey C T"
satisfies |Eg| = |E| and Ey = Ey,, where 19 € C*°(9E) and ||¢o|| g3 @or) < do, then the VMCF
(Et)>o starting from Ey has an infinite lifetime and converges to a translate F'+p of F' exponentially
fast in the W2®(9(F + p))-sense with uniform constants. Moreover, [p| — 0 as ||t gz (o) — 0.

Note that the result well-known in T2, since only admissible sets are lamellae and single balls.
As we discussed previously, there are non-trivial v.p. strictly stable sets in T3. The proof of
Theorem 4.2 draws extensively upon the methods from [3]. This is also why the result is carried
out only in low dimensions, mainly due to heavy dependency on Sobolev interpolations. Thus, an
open question is whether it is possible to prove a similar result in higher dimensions n > 5. The
mentioned paper [3] is interesting in its own right. Here it is shown that the v.p. strictly stable
sets in T are asymptotically stable with respect to the surface diffusion flow and the modified
Mullins-Sekerka flow in a similar manner as in Theorem 4.2. These flows can also be seen as
gradient flows of perimeter.

5. MINIMIZING MOVEMENT SCHEME AND FLAT SOLUTIONS

As we observed, MCF and VMCF evolutions have two major issues. First, an initial datum of
a classical solution must have rather high regularity. The second issue is possible occurrence of
singularities, although for a MCF it is possible to do surgery to bypass singularities (before a final
termination) when an initial boundary is for instance two-convez [31]. We would like to find a
generalized notion of a solution which is well-defined for initial sets with low regularity, such as
sets of finite perimeter, and is defined at all-times. We call such generalizations weak solutions.
Now our framework is purely restricted to R™.

Weak solutions for MCF and its perturbations have gathered lot of attention in recent years.
The first step is due to Brakke in [10], where a weak solution to (0.1) is developed in the context
of varifolds. Again, a weak solution to (0.1) can be obtained by using so called minimial barriers
introduced by De Giorgi [15]. Since MCF satisfies a comparison principle, a viscosity type or level-set
solution to (0.1) is also possible, see independent works of Evans-Spruck [19] and Chen-Giga-Goto
[12]. The previous viscosity solutions are unique, exist at all times and agree with classical MCF
evolutions when latter exist. However, their regularity may be very rough. For instance, a level set
of such a solution may have a positive volume. This phenomenon is called fattening. While a level
set method in the spirit of the previous works is not directly applicable for VMCF due to lack of a
reasonable comparison principle, a modified notion of viscosity solution to (0.2) is possible, see [32].

There is yet another alternative which is so called minimizing movement method developed
independently by Almgren-Taylor-Wang [4] and Luckhaus-Sturzenhecker [35]. This method for
solids based on discretization of time and selection principle provides a viable approach from our
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perspective, since we are interested in an evolution of n-Hausdorff dimensional sets. In particular,
this approach yields weak solutions to (0.2), as we will see later.

To motivate the minimizing movement approach, let us again consider the problem (2.2) and
assume that u : R"® — R is Cl-regular and bounded from below. For a discrete time h € R, we
define an approximative solution 7, : [0,00) — R™ by the following recursive method. We set
first y,(t) = = for 0 <t < h and assuming -y, is defined in [kh, (k 4+ 1)h) for k =0,1,2,... we set
Y (t) = ((k + 1)h), for t € [(k + 1)h, (k + 2)h), where v, ((k + 1)h) minimizes the functional

1
(5.1) R™ =5 R,y uly) + oy — mm(kh) .

Here the assumption infu > —oo is needed to find a minimizer. For any sequence (h;);en of
discrete times converging to zero, the sequence (v, )ien converges, up to extracting a subsequence,
to a classical solution of (2.2) and the convergence is uniform on the compact intervals [0,7]. The
method resembles the classical Fuler’s method used to approximate gradient descent (2.2), since
now for every t > 0

W (t+h) —m(t)
h

This is kind of approach is used widely when one wants to generalize gradient flows to metric

context, see [7] for a basic reference. Once we have understood the gradient flow structure of MCF,

the minimizing movement method for MCF resembles the previous example.

(5.2) = —Vu(m(t + h)).

5.1. Minimizing movement method for MCF. Now we consider a heuristic problem given
by (2.3) and want to imitate the previous method. The potential u is naturally replaced with
the perimeter functional P but how to take account of the distance penalization term in (5.1)? If
E C R™ is a smooth and bounded set and (E;)¢>0 is a smooth flow starting from E, then for a
short time period we may write £, = E,, with a smooth height parametrization ¢, = ¥( - ,t) on
OF and for every x € OF we have dg(z + 1 (v)vg(z)) = ¥(2,t) — (x,0). If y = (z, h) € OF), is
a displacement of 2 € OF after small time period h € R, then recalling (2.1) and using uniform
convergence on compact sets we may approximately write

Lt Vi (o) and Vi) = Y.

Again, if (E});>0 is a MCF evolution, then recalling the heuristical interpretation Vj, = —VP(E})
and comparing to (5.2) leads one to replace the time penalization term in (5.1) with the degenerate
L2-distance 3 [, g, |de| dz. Thus, we minimize the functional

(5.3) Pr(E)[F] = P(F) + %/ |dg| dz.
EAF

From now on, we assume that E is a bounded set of finite perimeter and Py, (E) acts on the bounded
sets of finite perimeter. In general, we base our discussion on the papers [11], [20], [35] and [43].
Since modifications of E (even in a L'-negligible set) may lead to drastic value changes of the
functional F + [ EAF |dg| dz, we have to use a suitable convention for the sets. For instance, one
may always assume that OF agrees with the closure of the reduced boundary 9*E, see [36, Prop
12.19]. We denote the collection of such admissible sets by A. Now, we define for a small fixed
h € R, an approximative solution (E}');c[0,00) C A to (0.1), with a given initial datum E € A, by
using a recursive procedure as in the previous example.

- We set E! = E for every 0 < t < h.

- Assuming that EJ is defined in the interval [kh, (k + 1)h) for a given k = 0,1,2,... we set

El = E?kﬂ)h, for t € [(k+ 1)h, (k4 2)h), where Eé‘kﬂ)h is any minimizer of Py, (E},).

If B} is empty, it is natural to assume every set E|" to be empty for every ¢ > to. Thus, we use
the convention dp = 0o in (5.3), whenever E is empty, to ensure such a behavior. Then we take
a quick look at some properties of approximative sequences. First, the procedure is well-posed,
i.e., there is a minimizer in A for each Pp (E,’;h), although it remains an open question whether
such a selection is unique. Since for each ¢ > h the set EJ' is a minimizer of Py, (E! ;), the set E!
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enjoys higher regularity. Namely, one can show that E is so called (Ag,r)-minimizer, see [36].
Hence it follows from [36, Thm 26.5 and Thm 28.1] that 9* E}* is a relatively open and C'**-regular
part of OF, with any 0 < a < 1/2, and the dimension of the singular part OE! \ §* El' is at most
n — 8. Moreover, if E! is non-empty, it has a distributional mean curvature H Eh satisfying the
Euler-Lagrange equation

(5.4) HEth Y — L.

on 0*E! in the distributional sense. This is analogous to (5.2). Since the right hand side is
Lipschitz-continuous, then by the standard elliptic estimates we obtain C%®-regularity for §* El'.
In particular, (E!");>), consists of C?“-regular set when n < 7. Moreover, the perimeter P(E}')
is non-increasing in time and (EJ');>0 satisfies a weak notion of the dissipation equality (2.6) for
MCF. To be more precise, for every h <t < T — h we have the dissipation inequality

T
(5.5) / / HZ, dH"=tdt < C (P(EL,) - P(EL))
t - *E{}; t

with some uniform C € R, provided that h is sufficiently small.
Now, like in the motivating example, we are looking for a convergence of approximative solutions.
If ((E!)i0)ien with h; — 0 is a sequence of approximative solutions, then there is indeed a
parametrized family (E});>o C A such that, by possibly passing to subsequence, Ef — F, in the
L'-sense as i — oo. Moreover, (E;):>¢ satisfies the following properties.
(i) Boundedness: there is a ball B(0, R) containing the solution (E})¢>o.
(ii) Uniform Holder continuity in the L!-sense with respect to time: there is C' € R, such that
|E,AE,| < C|t — s|2 for every t,s > 0. If E is open or closed, then the previous holds for
every t,s > 0.
(iii) Perimeter P(F;) is bounded by the perimeter of the initial set E.
We call a family (E)¢>0, obtained via the previous procedure, a flat solution to (0.1) (or (2.3))
starting from E. Note that it always hold Ey = E. Thus, we have covered a simple minimizing
movement procedure for MCF among the bounded sets of finite perimeter. Further, it can be
shown that, like a MCF evolution, a flat solution to (0.1) terminates within a finite time meaning
that E; = () after some time to € Ry. Also, if a classical solution exists, then a corresponding flat
solution agrees with it. However, in general, there are many open questions concerning the flat
solutions. We list a couple of them.

- Is a flat solution (E})¢>o to (0.1) starting from E € A unique? This is closely related to
the selection procedure.

- Does there exist any partial regularity for (E});>0? In particular, does each set E; have a
distributional mean curvature at almost every time ¢?

5.2. Flat MCF with a forcing term and stationary sets. The previous procedure can be
generalized for vast amount of perturbations of MCF. In [20] authors consider flat solutions of
MCF with a time-dependent forcing term. That is, a smooth flow (E;)¢>o driven by a motion of
the form

(5.6) Vi=—H,+ f(t),

where f : [0,00) = R is a smooth and bounded function called a forcing term. The function f
represents an external time-dependent force. Note that in [35] authors already consider a similar
setting where a forcing term is a spatial function. Now a flat solution to (5.6) with a given initial
datum E € A is essentially obtained by the same procedure as earlier. Also, smoothness of f can
be relaxed to mere measurability. The major difference is that, when defining the approximating
sequence, the set E,}CL 1 in the recursive step is now taken as a minimizer of the functional

(5.7) F s Pn(EN)[F] - ][ fdt|F|.
[kh,(k+1)h]
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Note that this procedure is a generalization of the previous minimizing movement method for MCF.
The approximative solutions share same regularity results and (5.4) transfroms into

0 e,
Eh = — + f dt.
¢ h [kh,(k+1)h]

Again, a flat solution to (5.6) starting from E is obtained as earlier via approximative solutions
and it satisfies the properties (i) - (iii) though in a weakened form, see [20, Prop 2.3].

In particular, a flat solution to (5.6) with a bounded and measurable forcing term f starting
from E € A exists at all times. Thus, one may ask how such a solution behaviors globally. In R?,
it is proven that if the forcing term f is asymptotical to a positive constant in the L?-sense, then a
flat solution converges, up to a translation, to a finite union of equisized balls with mutually disjoint
interiors, see [20, Thm 1.3]. In the previous case, the convergence means that E; is arbitrarily
Hausdorff-close to such a union of balls provided that ¢ is big enough, and the unions of balls may
be time-dependent but the number and size of balls are not. To make the setting more interesting,
the generalization Alexandrov’s theorem proved in [16] states that the sets of finite perimeter with
a distributional constant mean curvature, i.e., weakly critical sets are exactly the finite union
of equisized balls with the interiors being disjoint to each other. Then the distributional mean
curvature is (n — 1)/r, where r is the shared radius. In this light, the previous convergence result is
weakly analogous to limit behavior of VMCF although it remains an open question whether there
is a real convergence to a fixed union of balls. Also, a higher dimensional version of [20, Thm 1.3]
is an open question.

An important special case of (5.6) is obtained, when f = A with A € R;. That is, we consider
a motion with a constant forcing

(5.8) Vi = —H, + A,

Recalling (1.6) and (1.8), such a flow can be seen as a gradient flow of the energy €4 on the bounded
and smooth sets of R™ given by Eo(E) = P(F) — A|E|. We say that a bounded and smooth set
is a critical point of the energy &y, if %EA (Et)‘t:O = 0 for every smooth flow starting from FE.
Compare the previous to equilibrium points of (2.3). Then the critical points of the energy are
exactly the stationary sets of (5.8), i.e., the bounded and critical set with the mean curvature A.
Again, by Alexandrov’s theorem, these are exactly the finite unions of ball, where balls have radius
(n —1)/A and a positive distance to each other.

The energy £x can be directly extended to the class A. Then we analogously say that E € A is
an critical point of the energy &, if for every admissible family (®),, it holds

(5.9) Cen@(p) =0
¢ t=0

Using (1.9) and (2.5) this is equivant to E having A as a distributional mean curvature. By the
earlier discussion such sets are exactly the finite union of balls, where balls have radius (n — 1)/A
and their interiors are disjoint to each other. Now one may ask how such sets are related to the
stationary sets under the flat solutions to (5.8). To be more precise, we say that set £ € A is
stationary under the flat solutions to (5.8), if for every flat solution (E¢);>o to (5.8), with the
initial datum E, it holds sup,~, |FAE:| = 0, see [20, Def 3.1]. First with help of [16, Cor 2] (see
[C, Lemma 3.6] for clarity) one may show that such stationary sets are critical in the sense of
(5.9). On the other hand, it is quite straightforward to check that a union of balls, having radius
(n —1)/A and a positive distance to each other, i.e., the stationary sets of (5.8) in the classical
sense is always stationary under the flat solutions to (5.8). This leaves us to consider the finite
unions of balls of radius (n — 1)/A, where the interiors are disjoint to each other and at least two
balls are tangential. The answer is that such unions are not stationary under the flat solutions.
Thus, a set F € A is stationary under the flat solutions to (5.8) if and only if it is critical in the
classical sense with the mean curvature A and the previous question is closed.

How is the negative answer concluded? We first restrict ourselves to consider a union of two
tangential balls of equal radius E = B(x1,7) U B(z2,r). In the dimension n = 2, [20, Thm 1.1]
states that any flat solution (E});>¢ to (5.6) with a bounded and measurable forcing term f
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starting from F immediately “welds” the balls together. To be more precise, there are concentric
balls B(x1,nr) and B(za,nr), 0 < n < 1, such that for a short time period E; contains a simply
connected and dumbbell-shaped set which, in turn, contains the shrunk balls. Moreover, we have a
lower estimate for the excess |F; \ E| > ct3. The third article [C] of this dissertation generalizes
[20, Thm 1.1] to any dimension n > 2.

Theorem 5.1 (Main result C). Let E C R", n > 2, be a union of two tangential balls B(xy,7)
and B(zg,r). Let (Et)t>0 be a flat solution to (5.6) with a measurable forcing term f bounded
by Cy € R4, starting from F. There exist positive numbers §, ¢; and ce depending only on n, r
and Cy such that for every ¢ € (0,d) the set F; contains a dumbbell shaped simply connected set
which, in turn, contains the balls B(x1,r — ¢1t), B(xa,r — ¢1t) and B((x1 + x2)/2, cat).

Now using a weak comparison principle for approximative solutions, see [20, Prop 2.1], the same
phenomenon can be seen true for any F € A containing a union of two tangential balls. This
closes the question concerning relation between the weakly critical (with the constant A) sets and
the stationary sets under the flat solutions to (5.8). We remark that a similar kind of fattening
phenomenon for viscosity solutions to (5.6) with f = f(x,t) in R™ is already established in [26].

5.3. Flat solutions for VMCF and quantitative Alexandrov’s theorem. In this last
subsection, we investigate how minimizing movement scheme is carried out in the case of VMCF.
While the term involving integral average in (0.2) is time-dependent, it is not a prescribed function
and hence we cannot use the previous approach for (5.6). We focus on the presentation of [43].
Now for a given non-empty initial set £ € A and A € R, the approximative solutions to (0.2) with
a sufficiently small h € R are defined in the same way as for (0.1), except now a set Eéfk 1)k in
the recursive step is chosen as a minimizer of the functional

A
Vi

where Pp,(ER, ) is defined as in (5.3). The weak volume penalization term here emulates the integral
average in (0.2).

Note that in [43] authors use fixed choice A = |E| =1 but clearly the same arguments hold in
the general case. Again, such approximative solutions (E!);>¢ to (0.2) share the same regularity
results as previously and satisfy a similar Euler-Lagrange equation compared to (5.4), see [43].
Moreover, the perimeter in the family (Ef)tzo is non-increasing and the dissipation inequality

F = Pr(Egy) + —=[IF| - |E]|,

T
(5.10) / / |Hpgn — Hpr|* dH" 't < C (P(E],) — P(E}))
t - *Eth t t

holds for every h < t < T — h with a uniform constant C' € R,. The flat solutions to (0.2) are
obtained similarly as clusters of the approximative solutions. According to [43, Thm 2.2] a flat
solution (E;);>0 C A to (0.2) starting from E € A has a constant volume |E| (so it preserves
volume like its classical counterpart) and satisfies the properties (ii) and (iii) listed for the flat
solutions to (0.1). Again, for every T' € R, the subfamily (E;)icjo,7] is bounded. Further, if we

assume that n < 7 and P(EM) — P(E;) in the distributional sense, i.e,
T T
(5.11) lilgn/ P(E!M) dt = / P(E;) dt for every T € Ry,
0 0

then t — P(F}) is non-increasing beyond a negligible set, almost every F; has a distributional
mean curvature and (E});>o satisfies (0.2) in a distributional sense, see [43, Thm 2.3]. This of
course gives rise to many new questions, not least whether the condition (5.11) can be relaxed.
Since a flat solution to (0.2) exists at all times and preserves volume, its behavior at infinity
becomes a matter of interest. Recalling the asymptotical convergence result [20, Thm 1.3] in the
planar case, we expect a similar kind of asymptotical behavior. Indeed, the second article [B] of
this dissertation provides such a result for the flat solutions to (0.2) in the dimensions n = 2, 3.

Theorem 5.2 (Main result B1l). Assume that F C R™ with n = 2,3 is in the class A of
volume |B;| and let (E});>0 be a flat solution to (0.2) starting from E. There is N € N such that
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the following holds: for every € > 0 there is T. > 0 such that for every ¢t > T, there are points
x1,...,2N, which may depend on time with |z; — x;| > 2r for i # j, and r = N~ = such that for
Fy, =UY, B,(x;) it holds

sup dar,(z) <e.

rz€EEAF;
The assumption |E| = |Bj| is purely for convenience, in the general case we have r =
(IE|/|B1 )w N~%. Again, one may ask if the flat solution convergences to a fixed union of balls. In

fact, the result established in [42] states that any approximative solution (EJ");>o to (0.2) converges
to a finite union of equisized balls with a positive distance to each other. Further, the convergence
happens at an exponential rate in any C*-sense. Since now there is no known control on the limit
set in the parameter h and, on the other hand, a classical VMCF may converge to tangential balls,
the previous convergence result is not at least directly applicable in the case of the flat solutions.

Obviously, the proof of Theorem 5.2 involves approximative solutions due to low known regularity
for the flat solutions themselves. The proof relies on the dissipation inequality (5.10) and a new
quantitative Alexandrov’s theorem also established in the second article. With help of (5.10), one
may conclude that if (EJ);>0 is an approximative solution to (0.2) starting from E and h € R is

sufficiently small, then there is a sequence (E}},)jen such that ¢} € [I%, (I 4 1)?] and
l

(5.12) / |HEh - HEh |2 dHn_ldt S Cl_%.
orEh, o
l

This is where the new quantitative Alexandrov’s theorem from [B] comes into play.

Theorem 5.3 (Main result B2). Let E C R" be a C?-regular set such that P(E) < Cy and
|E| > 1/Cy. There are positive constants ¢ = ¢(n) € (0,1], C = C(Cy,n) and § = §(Cp, n) such
that if |Hg — A|Ln-1(9p) < 0 for some A € R, then 1/C < A < C and there are points z1,..., 25
with |z; — x| > 2R, where R = n/\, such that for F = Uf;l Bpg(z;) it holds
sup dop(z) < C||Hg — Al
r€EAF
Moreover, by denoting w,, = H"~1(dBy), it holds

q
Ln-1(9E)

P(E) — Nnw,R" | < C||Hg — )|

q
Ln=1(9E)"

While there are many generalization of Alexandrov’s theorem, see for instance the survey [14],
the strength of Theorem 5.3 lies in the fact that it does not set any geometric requirements for
a given set, such as mean convexity. In the statement, the L"'-norm is the optimal choice in
order to get the first estimate works. For a finer analysis, it would be interesting to know what is
optimal value for the exponent g. The proof of Theorem 5.3 is based on the diameter control by
mean curvature provided by [47] and [48] and a modification of the Montiel-Ros argument used to
prove the Heinze-Karcher inequality, see [40]. We also remark that in the planar case Theorem 5.3
can be proven in a strengthened form, see [20, Lemma 3.2], although this argument works only in
the dimension n = 2.

Theorem 5.2 essentially follows from (5.12) and Theorem 5.3 via a suitable comparison argument.
This also shows us the limiting factor of the proof why it is only carried out in the dimensions
n = 2,3. The dissipation inequality provides only the L2-control over the quantity Hgz — Hg. A
new approach and probably a new quantitative version of Alexandrov’s theorem are needed to
generalize Theorem 5.2 to higher dimensions.
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1. Introduction

A smooth evolution of sets (E;);, that is, a smooth flow in R” is a volume preserving mean
curvature flow (VMCF), if for every time r the (outer) normal velocity of the flow on 9 E; obeys
the law

VtZHt—Ht,

where H; is the (scalar) mean curvature on d E; and H; its integral average over 3 E;. As the name
suggests, a VMCEF preserves the volume, which is in the contrast to a classical mean curvature
flow with a smooth and bounded initial set. Such a flow shrinks the initial volume to zero in finite
time.

The short time existence for a smooth VMCEF in R” is well-known. For any smooth (a closed
set with a smooth boundary) and compact set E Cc R" with n > 2 there is a unique VMCF
starting from E. However, a VMCF (E;); may develop singularities such as self-intersections
of the boundary 9 E; within a finite time, see [16]. Another type of singularities of VMCF
in a free boundary setting is studied in [5], where it is shown that certain thin necks have
to pinch-off under VMCF. A natural problem is to find a sufficient condition for the initial
set such that the VMCEF starting from the set does not form singularities and has infinite life-
time.

Several contributions concerning the previous question have been made over the years. The
classical result of Huisken [14] says that for any smooth, compact and convex set E C R” there
is a unique VMCEF (E;), starting from E such that the flow has infinite lifetime and converges
exponentially fast to a closed ball of the volume |E| in C*°-topology. Second, Li [15] has for-
mulated in R” an alternative condition for a connected initial boundary based on a certain energy
such that the corresponding VMCEF has infinite lifetime and converges exponentially fast to a ball,
when the dimension is at least three. Notice that if VMCF converges in C2-sense, then the limit
set is a finite union of balls with mutually positive distance. This follows from the Alexandrov
theorem.

This naturally raises questions about the stability of VMCF near stable sets, in this case the
closed Euclidean balls. Such problems are often called stability problems. Escher and Simonett
[9] used to center manifold analysis to prove that if E ¢ R” is a smooth compact set and B(x, r)
is a closed ball with the same volume such that 9E is C1-%-close to 9 B(x, r), then the VMCF
starting from E has infinite lifetime and converges to a translate of B(x, r) exponentially fast in
Ck-sense for any k € N.

Instead of having generic smooth sets in R”, we may focus on periodic smooth sets, that is,
the smooth sets in R” invariant under the lattice translations. This again leads us to consider the
flat torus T" in place of R". One motivation for this is that there then are more different types
of compact and critical sets than in R”. Also, the notion of VMCF generalizes to the flat torus
and corresponds to the periodic VMCFs in R”. We are interested in the subclass of compact
and critical sets in T” called strictly stable sets (with respect to perimeter), see Definition 2.12.
Examples of strictly stable sets (besides single balls, cylinders and strips) in T2 are those sets
having a Schwarz surface as a boundary, see [17]. Acerbi, Fusco and Morini prove that strictly
stable sets in T" are always isolated local perimeter minimizers (under the notion of volume in
T"), see [2, Theorem 1.1]. In contrast, the only smooth local perimeter minimizers in R” are just
the single balls. This essentially follows from [7], see also [18].
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Our goal is to prove the following stability result for VMCFs near strictly stable sets in the
flat torus T" with n = 3, 4 using the notion of graph surface representation in normal direction
and Sobolev spaces on smooth compact hypersurfaces.

Theorem (Main result). Let F c T", where n = 3, 4, be a strictly stable set and let vy be the unit
normal of d F with the inside-out orientation. There exists a positive constant 5o € R ;. depending
on F such that the following hold.

If Eg is a smooth set in T” with the same volume as F and having a boundary of the form

dEg ={x + Yo(x)vr(x):x € 9F},

where Yo € C*(dF) and (1Yol g3y Fy < do0, then the VMCF (E;), starting from Eg has infinite

lifetime and converges to a translate F + p of F exponentially fast in W2-°-sense from the point
of view of the boundary o(F + p). Moreover, |p| — 0 as [[%oll g3 57y — O

Remarks. Of course, using the same arguments we obtain a similar result in T?2. Since the con-
vergence happens exponentially fast in time, the flow is also said to be exponentially stable near
strictly stable set.

In terms of methods we are motivated by the paper Acerbi, Fusco, Julin and Morini [1],
where they prove similar kinds of stability results for other volume preserving flows, namely the
modified Mullins-Sekerka flow and the surface diffusion flow in the three dimensional flat torus
T3. The cornerstone of our analysis (see Section 3) is to prove that H3-closeness to a strictly
stable set implies for the VMCF (E;), that the L2-norm of the normal velocity over d E;, that is
|H, — H; I L2(5E,)» IS decaying exponentially in time while the L?-norm of its tangential gradient
over 0 E; is bounded in time. In proving this we are heavily dependent on Sobolev interpolation
inequalities, which is the reason we have to restrict ourselves to low dimensions.

2. Preliminaries

Flat torus. Recall that for given n > 2 the (unit) flat torus T" is defined as the quotient space
R"/ Z™. Here the equivalence relation is given in the obvious way: x ~ y exactly when x —
y € Z". Functions f : T" — R¢ (for d € N) can be (canonically) identified with the class of
D,-periodic maps R” — R¢, where D, = [0, 1[" is the dyadic unit cube. Again, the functions
from T” to itself are naturally identified with the maps f : R” — R” for which f —id are D, -
periodic. Further, the sets in T” can be identified with D, -periodic sets in R". If x € T", then
for any p € R” the notation x + p means the element ¢ (X + p) € T", where ¥ € ¢~ 1(x) and
q : R"™ — T" is the quotient map.

We consider T" as a smooth and compact manifold where the smooth structure is given via
the quotient map R" — R”/ Z". The natural flat Riemannian metric on T" is induced by the
standard Euclidean inner product { -, - ) of R” via the quotient map. Indeed, one can think T"
is “locally” the Euclidean R”. The compatible distance function T” x T" — [0, oo[ is given by

|x — ylTn =min{|X — J|: X €x, € y}.

A function f: T" — R< is locally a Ck-map at x € T" exactly when its periodic extension f
to R” is locally C¥ at every representative ¥ of x. Thus we set the j-th derivative D/ f(x) at
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x to be D/ f(%) for every 1 < j < k. This is done similarly in the case f:T” — T". Other
familiar function classes such as the Hélder spaces C**(T") are defined by similar means. For
every Borel set in A in T” its s-dimensional Hausdorff measure H*(A) is defined to be the
corresponding Hausdorff-measure of the intersection of the periodic extension and D,,.

Smooth hypersurfaces. A set ¥ c T” is a smooth hypersurface (a smooth embedded subman-
ifold with codimension 1) exactly when its D,,-periodic extension is a smooth hypersurface in
R”. Other classes such as CX«-hypersurfaces are defined similarly. From now on, we assume a
given hypersurface X (not necessarily smooth) to be compact and connected in our discussion.
The shorthand notation |Z| = H”~1(X) is used time to time without any further mention.

A function f belongs to CK(Z; R9) if and only if it admits a C*-extension to some open
neighborhood of X. For every x € X the geometric tangent space G, X is defined as a unique n —
1-dimensional subspace of R” such that x + G, X is the tangent plane of X at x. Equivalently we
can set G, X = D¢ (R*~1), where ¢ : U — T" is any local parametrization of ¥ at x. Moreover,
the orthogonal projection from R” onto G, X is denoted by Px(x). Then Py : ¥ — L(R"; R")
is a smooth map.

For any x € X, open neighborhood U of x in T" and f € C1(U; R¥) the tangential differen-
tial D; f(x) : R” — R¥ of f with respect to X at x is given by

D: f(x) =D f(x)Ps(x).

The definition does not depend on how f is extended beyond X. In the case k = 1 the dual
of D; f(x) is called the tangential gradient of f with respect to X at x denoted by V. f(x).
Then we can write V; f(x) = Px(x)V f(x) so V. f(x) € G, X. Further, in the case k = n the
tangential divergence div; f(x) of f with respect to X at x is defined as the trace of D, f(x).
These operations behave as their ordinary counterparts in T".

Since ¥ is compact and connected, then it is also orientable, i.e., it admits a smooth unit
normal field v : ¥ — R”, where v(x) € N, = := G, X for every x € X. The pair (Z, v) is called
an oriented hypersurface = with an orientation v. If ¥’ is a C1-hypersurface and @ : ¥ — ¥’ is
a C! diffeomorphism, then we have the change of variable formula. For any h € L1(X/, H"1)

fh dH" 1 = /(h o ®)J, d dH" 1,
3/ =

where the tangential Jacobian J; ® is given by J,® = |detD®||(D®)~ Tv| and @ is any diffeo-
morphic extension of ®. This is independent of the choice of orientation.

The second fundamental form B(x) of X associated with the orientation v at x can be seen as
the linear operator from G, X to itself or equivalently R” — R” given by

B(x) =D v(x),

where ¥ is any smooth extension of v. We use both of these conventions interchangeably. If we
use the latter one, then N, X C ker B(x) and Im B(x) C G, X. The operator is symmetric and
its eigenvalues and corresponding eigenspaces on G, X are called principal values and principal
directions. The mean curvature H (x) of X associated with the orientation at x is now defined
as the trace of B(x) or equivalently the sum of principal values on G, X. Again, the maps B :
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¥ — LR";R™ and H : ¥ — R are smooth. If H is constant, then X is said to be critical. The
Frobenius norm |B| on X does not depend on the used orientation. We define also the mean
curvature vector field H : ¥ — R” by setting H = — Hv. Notice that H is independent of the
choice of orientation. Since X is compact, then the divergence theorem for hypersurfaces says
that for any f € C1(T", R")

fdiv,f d?—l”_lz—f(f,H) dH”_lz/H(f,v) dH 1.
> >

)y

If f(x) e G, X forevery x € X, then the previous formula yields the integration by parts formula

f o dive f A" = — / (Veg, f) AR

z )y

for every ¢ € C1(X), in particular [ dive f dH"1=0.

While the concept of tangential derivative can be defined similarly on compact C?-
hypersurfaces, the classical notion of mean curvature is not generally possible for such surfaces
due to lack of regularity. However, the following generalization is possible. We say that a C*-
hypersurface I' € T” with orientation v has mean curvature in weak sense, if there exists a Borel
function 4 € L1(I") such that for every f € C®(T"; R")

fdivff dH"—1/h<f, vy dH" L.
r

r

In such case 4 is called a weak or distributional mean curvature of I'. Moreover, if & is constant,
then T is called stationary. By writing I" locally as a graph surface in an orthonormal coordinates
and applying the elliptic regularity results [4, Proposition 7.56] and [11, Theorem 9.19] we obtain
the following well-known result.

Lemma2.1. Let ' ¢ T” be a C1-*-hypersurface with 0 < « < 1. Then X is smooth and critical
if and only if it is stationary.

Vector fields, tensors and covariant derivatives on hyper surfaces. Since now for every ¢ €
C°°(X) there is a smooth extension ¢ to some open neighborhood of X and tangential differential
is independent of the way an ambient function is extended beyond X, we may define a tangential
gradient V. ¢(x) of ¢ at x by setting V. ¢(x) = V. ¢(x). Let T, I" be the tangent space of I at x.
Then foreveryv e T, X

V(@) = {2y, Veo(x))

with some unique z, € G, X. Thus the geometric tangent space G, X can be canonically iden-
tified with the tangent space 7 X and, from now on, we just use the notation 7 X. The tangent
bundle 7'X is then the union of ordered pair (x, 7, X) equipped with the corresponding smooth
structure. Further, we may canonically identify the set of smooth vector fields X(X) on %, that
is, the smooth sections ¥ — T X, with the collection
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X(X)={XeC®Z;R": X(x) e T, X forevery x € X},

and for X € X(X) its action on ¢ € C°°(X) can be seen as X¢ = (X, V. ¢) on X. As usual, for
X,Y € X(X) the vector field XY is determined by the rule XY¢ = X (Y ¢).

The Riemannian metric g on X is the naturally induced flat metric. Keeping the previous
identifications in mind this is just the restriction of the standard Euclidean inner product to the
hyperspace T, X. The usual flat and sharp operations induced by g for smooth vector and covector
fields on X are denoted by b and £ correspondingly. Then for ¢ € C°°(X) the gradient vector field
is grad ¢ = do* = V,¢.

Slightly abusing the notations we define for a vector field X € X(X) the (geometric) tangential
differential D; X (x) at x as the linear map R” — R” (or equivalently 7, X — T, X) by setting

D, X (x) = Ps(x)D; X (x),

where X is any smooth extension of X beyond X. The tangential divergence div; X (x) of X at x
is the trace of previous operator and div; X (x) = div; X (x). Now the mappings £ — L£(R"; R"),
x> DX (x)and £ — R, x — div; X (x), are smooth. Again, for any ¢ € C°°(X) the tangential
Hessian is given by D2 = D, V. ¢, which is a symmetric operator. Further, the Laplace-Beltrami
operator or the tangential Laplacian A, (of %) acting on ¢ can be seen as A,;¢ = tr D2¢ =
div; V; .

The compatible Riemannian connection on ¥ is the tangential connection V' : X(Z) —
X(X) given by the rule

VY = (D, Y)X.

Recall that this is a symmetric connection, i.e., V3 ¥ — V] X = [X, Y], where [X, Y] = XY —YX
is the corresponding commutator.

As usual, for every m € N U {0} and x € ¥ we denote the space of m-multilinear mappings or
m-covariant tensors 7, X x --- x T, ¥ — R by Ty" (T, X). Recall the special cases Tol(Tx Y) =

(T, X)* and TOO(Tx ¥)=R.Ifm >0, forgiven L, G € T;" (T, ) the inner product is given by

(L,G)= Z Ly, ..., 0,)Gig, ..., 0;,),

i1...Im

where vy, ..., v,_1 IS any orthonormal basis of 7, X. Thus the corresponding tensor norm for
L e Ty (T;%) is |L| = (L,L)%. If L e TOZ(TXE), then with help of any orthonormal basis
v1, ..., U,—1 OF T, = we may define the trace of L by setting

tr L = ZL(vi, ;).
i

The m-covariant tensor bundle 7" (%) is defined by similar means as 7'%. A covariant m-
tensor field or section 7' : ¥ — 7" (X) is smooth exactly when T'(X1, ..., X,,) € C*(X) for
every X1, ..., X, € X(X). We denote them by 77 (X). Recall that T1(X) is the collection of the
smooth covector fields or 1-forms and T%(X) = C® ().

Now for any (smooth) covariant m-tensor field 7 € 7™ (X) the covariant derivative of T,
denoted by Vo7, is defined as the element of 77%+1 (%) for which
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m
Vool (X1, Xins Xim1) = Xowst T (XL, X)) = ) T(X1, o, Vit Xy X
k=1

For ¢ € C°°(X) this simply means that Vo = de and again for T € 7" (X) the k£ + 1-th co-
variant derivative is defined recursively by setting VAH T = Vo (VA T). It is straightforward to
compute that for ¢ € C°°(X) the covariant Hessian VZ ¢ is now the symmetric 2-tensor field
obtained by

VZo(X,Y)=(X,D%pY) forevery X,Y e X(¥),
Acop :=1tr V29 = Arg and |VZ p| = |D2¢|, where |D?¢| is the standard Frobenius norm of

D%go.
Forany T € 7" () the C*-norm on X is given in the obvious way

m
1T | ok s, =Zs;p|VéoT|
i=0

and further we set [| X || cx sy = I| X" || cx g, for every X € X(X).

Sobolev and Holder spaces on hypersurfaces. Recall that the Riemannian measure on X in-
duced by the flat metric g is the restriction of the n — 1-dimensional Hausdorff measure #*~1
to . Then the corresponding p-Lebesgue space is L? (X, H"~1) forany 1 < p < oco. For every
smooth covariant tensor field 7 on X the L”-norm is now given by

Tl Lrs) = /|T|” a7
>

For a ¢ € C*(X) the Sobolev W*-P-norm with k € N U {0} and 1 < p < oo is given as usual

k P
lellwers) = [ D 1Vbel s,
j=0

Here V(?(,(p = ¢. Forany 1 < p < oo the space WX 7 () is now the norm completion of C*® (%),
where any of its element ¢ is considered as the k + 1-tuple (¢, Vi, ..., VX ¢). Again, we use
the conventional notation H*(%) for a Hilbert space W*-2(X), where the inner product is given
in the obvious way

k
(@1, @2) g = Z/<V<{o¢ls Viog2) du" 1t
jZOE

We have the standard Sobolev interpolation for L”-norms of covariant derivatives of smooth
maps, see [6, Theorem 3.70]. From now on, we denote the space of C°°(X)-maps with vanishing
integrals by C*°(%).
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Lemma 2.2 (Basic interpolation). Let ¥ ¢ T” be a smooth hypersurface and suppose that there
arel < p,qg <o00,1< p<ooandintegers 0 < j < m such that

1 ' 1 1-—
1 +<__ m >a+ o« 2.1)
r n-—1 q

where % < a < 1 and the condition r = % # 1 = « does not hold. Then there exists a constant
C depending on the previous numbers and X such that for every ¢ € C®(X)

IVoellLrz) < ClIVEelSr ) l0llials)- (22)
If j > 1, the estimate holds for every ¢ € C*°(X).

Remark 2.3. It follows from the previous theorem that in the case n < 4 there is a constant C
depending on X such that [ ]lc1(sy, ¥ lw2rs) < ClIY g3 forevery 1 < p <6and ¢ €
C® ().

We also recall the following interpolation inequality for covariant tensor fields, see [12, The-
orem 12.1].

Lemma 2.4 (Second order tensor interpolation). Let ¥ c T" be a smooth hypersurface and
suppose that

1 1 1
=4 (2.3)
p g r

for 1 < p,q,r < oo. Then for every smooth covariant k-tensor field 7 on X it holds
IVeoT 11225y < 2P =241 = DIVGT ) I T ll05)- (2.4)
Moreover, we need the following estimates, see [10, Lemma 2.3 and Remark 2.4].

Lemma 2.5. Let ¥ C T" be a smooth hypersurface. There are constants C,,, depending only on
n, and Cyx, depending on X, such that for every ¢ € C*° (%)

1V60 11225y < I1Aco@ll%2 5 + Ca f |BI?|Veop|? dH" (2.5)
>
V&1 205y < Voo (Aco@) 325 + ClllFy2 s (2.6)
For a continuous map f: ¥ — R and 0 < o < 1 the C¥(X)-Holder semi-norm is given by

I f@ = fO)
e = 8 =G
xXF£y
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where d, is the length metric induced by g. For every ¢ € C*°(X) we define clLe(x)-norm by
setting

[ fllctesy = ll@llcisy+  SUP [Veop(X)]Ice(x)
XeX(2)
X1 g, <1

and set the space C1%(X) to be the norm completion of the set of C°(X)-maps with finite
cL2(x)-norm. Then C1-* () is the space of continuous maps on X with C1-%-extension to some
open neighborhood of . Note that there is several equivalent ways to define C1-%(X)-norm.

The higher order Holder spaces are defined similarly, but we do not need them. By using
the Rellich-Kondarchov theorem, see [13, Thm 2.9] and Lemma 2.2 one obtains the following
embedding result.

Lemma 2.6. Let X ¢ T”" be a smooth hypersurface and suppose that £k > 3 is an integer and
1 < p < oo. If for given 0 < «a < 1 the condition

n—1
p

a<2—

is true, then the embedding W37 () c C1*(%) is compact.

In particular, Lemma 2.6 saysthatforn <4and 0 <« < % the embedding H3(X) c ¢ (%)
IS compact.

Smooth sets. A closed E C T" is called a smooth set, if the boundary 9 E is a smooth hypersur-
face. Then 9 E is always a finite disjoint union of compact and connected smooth hypersurfaces
in T" so the previous results can be applied on 0E. For the boundary o E we always use the
natural inside-out orientation denoted by vg. The classical divergence theorem takes now the
following form in T". For any Lipschitz function f: T" — R"

/divf dH" :/(f, vg) dH" L.
E

oE

Further, we denote by Bg the second fundamental form on o E associated with vg and by Hg the
corresponding boundary mean curvature. We use also the shorthand notation | E| for the volume
‘H"(E). We recall that there exists a regular neighborhood of 9 E say Ug such that the signed
distance function dg : T" - R

dp(x) = dist(x, 0E), xeT"\ E
EX77) Jdist(x, 9E), x € E

and the projection mapping w3 onto dE are smooth on Ug (in particular the latter is well-
defined). Again, we may write vp = Vdg and Bg = D?dg on dE. The C**-sets are defined
similarly.
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For any C*-sets E and E’ in T" the C*-distance is given by
IE, E'||cx = inf{||® — id|| ok (pn.Tn) : ® is @ CX-diffeomorphism with &(E) = E'}.

For a smooth set E and an open set E’ we denote E' = E.;, for some y € C(9E), if we may
write 0 E” as a graph of v in normal direction over 9 E, that is,

OE ={x + Y (x)vp(x) :x € 0E} (2.7)

and x + (s + ¥ (x))ve(x) € T \ E’ with a small positive s for every x € dE. Now small C?-
distance between E and a CX“-set E’ is equivalent to the graph representation E’' = Ey with a
C** (3 E)-map y having a small C1-norm.

Lemma2.7. Let E C T" be a smooth set. There exist positive constants C > 1 and § depending
on E such that the set {y € T" : |dg(y)| < 8} belongs to a regular neighborhood of 9 E and the
following hold forany k e N U {oc} and 0 <« < 1.

(i) For any ¢ € CA*(IE) with ||y [lc15) < 8 the set Ey, is defined as a C**-set, the map
by dE — 0Ey, given by

Qy (x) =x + Y (xX)vE(x),

is Ck-o-diffeomorphism and || E, Ey llc1 < ClI¥ [l crgp)-
(i) If E/ Cc T" isa Ck*-set with ||[E, E'|| 1 < 8, then there is a unique map v € CK*(JE) for
which E' = El/, and ||W||C1(3E) < CHE, E/”Cl.

When for ¥ € C*°(3E) its C1-norm is small enough, we may control Bg, and represent Hg,,
via &, on d E in the following way.

Lemma 2.8. Let E C T" be a smooth set. There are constants § = §(E) and C = C(E) and
smooth maps

A:DE x [—8,8] x [<8,8]" — TEZ(IE),
Z:9E x [—8,8] x [8,8]" = T(9E) and
P:0E x[-6,8] x[-6,8]" = R

depending on E with A( - ,0,0) =0 such that the following hold. If ¥ € C**(9E) and
¥ llctor) <9, then

Hg, o @y = —Acy + (A(- ¥, Veb), Vi)
|Bg, o ®y| < C(1+|D2y)) (2.9)

onoE.
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Moreover, with the same § and C we may assume that the following holds. If ¥ € C*°(0E)
with [ ]lc15g) < 8, then forevery 1 < p < oo, h € LP(dEy) and 9 € C*(IEy)

CHho®yllLror) < hlliroe,) < Clho®ylr@r) and (2.10)
CHIVe(@ o ®)lIre) < IVe@llLroE,) < CliVL(9 0 @y)llLr@oE).- (2.11)

Finally we need the following uniform estimates for low dimensions. The first one says that a
Poincaré-type estimate holds with a uniform constant when slightly varying a reference boundary
in C1-sense.

Lemma 2.9.Let E C T", n = 3,4, be a smooth set. There exist positive constants § and C
depending on E such that if v € C*°(dE) with ||| y3(3) < 8, then for every 1 < p <6 and

9 e C®WIEy)

lelliLree,) < Cllellgior,)-

The second one says that we can control uniformly L”-norm of V,¢ (up to p < 6) by the L?-
norm of V,¢ and the H1-norm of ¢ when slightly varying a reference boundary in H2-sense.

Lemma2.10. Let E C T", n = 3, 4, be a smooth set. There are constants § and C depending on
E suchthatif v € C*°(0E) and ||/ || c15) < d, thenforevery1 < p <6and ¢ € C*(9Ey)

1Ve0lraeg < C (180l 20, + 12l meE,))

Lemma 2.9 and Lemma 2.10 hold also in the case n > 4, if we replace the upper bound 6 with
smaller number depending on n. This number converges to 2 by above as » tends to infinity. We
will prove these results except Lemma 2.7 in Appendix.

Volume preserving mean curvature flow and strictly stable sets. Let us first give the formal
definition of smooth flow in this setting.

Definition 2.11 (Smooth flow). The parametrized family (E;);c[o, 71 of smooth sets in T” with
0 < T < oo is a smooth flow with an initial set or initial datum Ep, if there exists a smooth map
®:T" x [0, T[ — T" such that &g = id», &, := O( -, ¢) is a (smooth) diffeomorphism and
E; = ®,(Eg) forevery t € [0, T[. Again, for every 0 <t < T, the (outer) normal velocity of the
flow on 0 E; at the time ¢ is defined by setting

Vt:<8sq)s+t ; 0<Dt_1, VEZ>-

The normal velocity Vg on 9 Ej is called an initial velocity. If we do not emphasize the time
interval [0, T'[, we write (E;), for short. Also, for the unit normal field vg, the corresponding
second fundamental form Bg, and the boundary mean curvature Hg, we use the shorthand no-
tations v;, B; and H,, when there is no possibility of confusion. In the previous definition & is
called a smoothly parametrized family of diffeomorphisms and we may suggestively denote it
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by (®;)sefo, 71 OF (P;),. The normal velocity V; on dE, does not depend on the choice of the
parametrization ®. Recall the first variation of volume under the flow

d
3Bl = f Vv, dH L (2.12)
0E;

and again the first variation of perimeter

d
1B = / V,H, dH" 1. (2.13)

IE,

We say that (E;); is volume preserving, if | E;| is a constant function in time. According to
(2.12) this is possible exactly when V; has a vanishing integral over d E; for every ¢. Conversely,
one may show that if E is a smooth set in T" and ¢ € C®(3E), there is a smooth volume
preserving flow (E;), starting from E such that initial velocity on 9 E is ¢ and moreover there
IS a parametrization & of the flow autonomous with respect to time, i.e., 9,® = X (®) with a
X € C*°(T"; R"), see the proof of [2, Corollary 3.4]. Then, by using a simple approximation
argument, it follows from (2.13) that a smooth set E is critical if and only if for every smooth
volume preserving flow (E;); starting from E

d

—|0E =0.
o |0l

t=0 -

Further, if in the previous setting the flow admits a parametrization autonomous with respect
to time, then the second variation of perimeter at r =0 is

d2
WlaE”

=

0=/|vao|2—|BE|2V02 dH" L,
oE

see [2, Remark 3.3]. This motivates us to define for every smooth £ in T" the quadratic form
9?P(E): HY(IE) — R, where H(3E) is the space of H'(d E)-maps with vanishing integral
over d E, by setting first for every ¢ € C*°(9E)

82P(E)[¢] =f|vf<o|2 — |Bg[Pp? dH"
IE
and then extending 82 P (E) to H1(3E) in the obvious way. We say that a smooth and critical set

E in T" is stable, if 32 P(E)(p) > 0 for every ¢ € HX(JE).
For every smooth set E in T" the space of infinitesimal translations on 0 E is given by

T(E)={{ve,p):peR"}.
Notice that T(9E) C C®(JE). These maps correspond to the initial velocities of the linear
translations along a vector. It follows from [2, Theorem 3.1] that if E; = E + tp, then the second

variation at r = 0 of perimeter under this translation is 32 P (E)[ (v, p)]. Since translations do not
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change perimeter, then 82P(E)[(vg, p)] = 0. Thus d P2(dE) is always zero on T (3 E), which
is also easy to compute directly by using the definition. This leads us to define the strictly stable
sets in the following way, see [2].

Definition 2.12 (Strictly stable set). A smooth and critical set F in T”" is strictly stable, if
92P(E)[¢] > 0 for every nonzero map ¢ € H (@ F) N T-L*(3F), where THL* (3 F) is the
orthogonal complement of T(3F) in L2(3 F).

In the previous definition, we may replace the condition 3% P (E)[¢] > 0 for every nonzero
map ¢ € HYX(3F) N THL* (9 F) with 82 P (E)[¢] > 0 for every map ¢ € HX(9F) \ T(3F) due
to the fact that A;(vr, p) = —|Br|?(vr, p) for every p € R". As mentioned already in the
Introduction such sets are always isolated local perimeter minimizers. For a strictly stable set F
any critical set with the same volume being close enough to F in H3-sense is a translate of F.

Lemma2.13. Let F C T", n = 3, 4, be astrictly stable set. There exists a positive § = § (F') such
that if Fy is critical, |Fy|=[F|and ||| g3yp) < 61 for ¢ € C(IF), then Fy is a translate
of F.

This result follows from the proof of [2, Theorem 3.9] (for clarity see the proof of [1, Propo-
sition 2.7] although it concerns only the case n = 3) and Remark 2.3. Moreover, being near to
a strictly stable set in H3-sense implies that the quadratic form controls H1-norm for the C*°-
functions orthogonal to the infinitesimal translations in L2-sense, see [1, Lemma 2.6].

Lemma2.14. Let F C T", n = 3, 4, be a strictly stable set. Then there exist o1 = o1 (F) and § =
§(F) suchthatif ||/ || g3y < 81 for ¢y € C*(dF), then for every ¢ € (~?°°(8F¢) N TL’LZ(aFw)

o1llelip,, <02 P(Fylp).

The authors prove the previous result in the case n = 3 and H3-closeness being replaced by
W2P_closeness with any p > 2, but clearly the same arguments go through for any n > 2, if we
use the condition p > max{n — 1, 2} instead of p > 2. Hence the result follows from Remark 2.3.

As already presented in the Introduction, a volume preserving mean curvature flow (E;); in
T™ is a smooth flow obeying the rule

Vi= I:It — H;,
where H; is the integral average of H, over 3 E,. Then by (2.12) and (2.13) we see that
E|E |=0 and E|aE |=—/(H —H)*’dH" <0
dt t dt t t t =Y
E;

so the flow is volume preserving and decreases boundary area. The existence and uniqueness of
such flow for a given smooth initial datum is well-known. This is usually known as short time
existence. Also, the maximal lifetime of the flow is bounded by below when slightly varying the
initial set in C1-*-topology with « > 0.
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Theorem 2.15 (Short time existence). Let £ c T” be a smooth set and 0 < @ < 1. There are
positive constants § and 7' depending on E and « such that if Eq is a smooth set in T” of the
form 9 Eg = Ey,, where yo € C*(IE) and ||Yollcre ) < 3, then there exists a unique volume
preserving mean curvature flow in T” with the initial datum Eg and the maximal lifetime of flow
isatleast T.

The above result has been proved for bounded smooth sets in R”, see [9, Main Theorem]
and clearly it is similar to prove it in the setting of the flat torus T”. From now on, when there
is no danger of confusion, we denote the maximal lifetime of a given volume preserving mean
curvature flow (E;); by T*.

3. L2-monotonicity

In this section we prove a monotonicity result, which is the basis of our analysis. It states that
if (E;); is a volume preserving mean curvature flow with a smooth initial datum near enough
to a strictly stable set F in H3-sense, then it stays near F in H3-sense for the whole lifespan
of the flow, the initial velocity of flow decreases exponentially in L2-sense and the quantity
”fof”iZ(aEt) + CollH; — Hf”iZ(aE,) is decreasing in time with sufficiently large Co. More
precisely we have the following result.

Theorem 3.1 (Monotonicity near strictly stable set). Let F C T" (n = 3, 4) be a strictly stable
set. There are positive constants Co and ep depending on F such that for every 0 < ¢ < gg there
Is a positive y, < ¢ such that if (E;); is a volume preserving mean curvature flow starting from
a smooth set Eq = Fy,, Where yg € C*(dF) and 1Voll 3 ry < Ve then for every r € [0, T*(
(where T* > 0 is the maximal lifetime of flow) we may write E; = Fy, with ¢, € C*(9F),

Vel g3or) <€
1H; — Hill22 55, < 1ol gsarye ™ and (3.1)

d _
19 Hi oy, + Coll i = Hilla ] 0. (3.2)

where o1 IS as in Lemma 2.14.

Remark 3.2. As a byproduct of the proof of Theorem 3.1 we may replace zero with

—%|| A; H; ”iz(aE,) on the right-hand side of (3.2). However, we do not need that fact.

Before proving Theorem 3.1 we introduce the following useful geometric quantity employed,
for instance, in [1]. For any open set £ C T" we define the map Dg from the collection of the
open subsets of T to [0, oo[ by setting for any open E’ C T"

Dg(E') := / distyz d#H" =/cZE dn" L —fc?E dn" L. (3.3)
E'AE E’ E

In case of any smooth set E c T" this concept of “weak distance” turns out to be very useful in
terms of controlling the L2(3 E)-norm of the corresponding function of given C*-graph in normal
direction over 3 E, when the corresponding C*(3 F)-norm is sufficiently small. To observe this,
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choose 8§ = §(E) so small that by Lemma 2.7 for any ¢ € CL(3E) with 1Vl crag) <0 the

set Ey is defined as a Cl-set. Moreover, we may assume that for every s e [—8, 8] the map
®, = id + sVdg is defined as a smooth diffeomorphism from some tubular neighborhood of 0 E
to its image. With help of the coarea formula one may compute

Dp(Ey) = / s f J @ dH 4+ / Jr®_g dH" L ds.
[O,HWHLOO({)E)] {xed E:f(x)>s} {xed E:yr(x)<—s}

Since now J; ®; — 1 uniformly on 0 E as s — 0, then by decreasing §, if necessary, it follows
from the Cavalieri’s principle that there exists C > 1 depending on § such that for every ¢ €
CYQE) with |Vl c15) <8

CHVIZ 25 < DE(EY) < ClY 17205 (3.4)

Again, for any open subset E C T" the map Dg behaves well under any smooth flow. If (E;),
is a smooth flow in T” with a normal velocity V;, then Dg(E;) is differentiable in time and it is
straightforward to calculate

d _
3 DE(E) = f dgV, dH" L. (3.5)
0E;

Now the importance of this quantity D lies on the fact, that for any smooth critical set F C

T” and ¥ € C>®(3F) with sufficiently small C1-norm, IVeHE, 1255y @nd D (Fy) together
control the H3-norm of /.

Lemma 3.3. Let F C T” be a smooth critical set. There are positive constants K = K(F) > 1
and § = §(F) such that whenever y» € C*°(F) satisfies ||/ [ c15 ) < 6, then

Kt (”erFI/, l2GF,) DF(Fw)) =lgser =K (”erFI/, 22, ++/ DF(F¢)> :

Proof. We prove only the inequality

1 i30m) = K (IVeHEy 201, +/ DECFY))

The another one is easier to show. Again, it follows from (2.11) and (3.4), that it suffices to find
positive § and K such that for every ¢ € C*(3 F) with [[/]lc1yp) <6

||W||H3(8F) <K (||Vr (HF¢ © wa) ||L2(8F) + ||1/f||L2(aF)) ) (3.6)

where @, : dF — dFy is defined as in Lemma 2.7. To this end we will prove the following
auxiliary result. For suitable positive constants 8" and K’ the estimate
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|V‘L' (HFw o CD¢)|2 > |VCO(A2c0';”)|2 B |Vgg‘r¢|2 e

(1912 + 1Veow 2+ Vo 2+ Vo 1)
(3.7)

holds on 9 F for every y» € C*°(dF) with |||l c15g) < '. Due to the compactness of 3 F we
have only to show this holds locally. Let §” be the constant for F as in Lemma 2.8. Then for
every w S COO(BF) W|th ”'lp'Hcl(aF) S 8//

Hp, 0 @y =AY + (A, ¥, Vo), Vi)
+VCOW(Z(’w?VTW))+WP(7w’VTW)+HFv (38)

where

A:dF x[=8",8"]1x [=8",8"1" — TEF),
Z:0F x[-8",8"1x[-8",8"""— T(OF) and
P:oF x[-8",8"1x[-8",8""—>R
are smooth maps depending on F and A(-,0,0): 9F — T02(8F) is the zero tensor field. For

a fixed point xo € 9 F choose a local orthonormal vector frame (Eq, ..., E,_1) in some open
neighborhood Uy, C 8 F of xo. Then we may write for every v € C*° (0 F) with [/ || c15) < 8”

(AC Y, Vo), Vo) = D aij (-, Vo) Ve (EiL Ej) and (3.9)

ij

Veo (Z(-, 9, Vey)) =D zi (-9, Vey) Voo (Ed), (3.10)

where a;;,z; : Uy, x [=8",8"] x [—8",8"]" — R are the smooth functions given by

aij(x,t,2) = A(x,t,2)(E; (x), Ej(x)) and

zi(x,t,2) = (Ei(x), Z(x,1,2))
for every (x,1,z) € Uy, x [—8",8"] x [8", 8”]". Notice that then [(a;;(x,1,2)| < |A(x,1,2)|
and |z;(x,1,2)| < |Z(x,t,z)|. By taking tangential gradient over (3.8) (notice that for every

¢ € C®(F) we may write Vo =) ;(VE,@)E; in Up,) and using the expressions (3.9) and
(3.10) we obtain

Ve (Hp, 0 ®y) = —=Vi(Aco¥) + Y aij(-, ¥, Vo)V (i, Ej, Ex) Ey
ijk

+ 3 i Vew) (Vay (Ve i, E)) + Ve (Ei, Vi E)) Ex
ijk

+ Y Ve (Ei, Ej)Ve (aij (-, Vo))
ij
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+ 3z Vo) (Ve (Ei B + Voo (Vi D) Ex
ik
+ ) Vool (ED Ve (zi( -, ¥, Vo))
i

+ P, Y, Vo) Ve + Ve (P, ¥, V). (3.11)

Recall that Aoy = Ay and Hp is a constant thus vanishing after taking gradient over (3.8).
Again, for any smooth map u : Uy, x [—-8",8"] x [-8",8”]" — R one computes

VT (u( ) w7 Vrlﬁ)) = vfu( ) W, VTI//) + atu( ) W, vrl/f)vfw
+ D2y Vu( -, W, Velr) — (Vi Vau( -, 9, Vo)) Bar Ve, (3.12)

It follows from A( -, 0, 0) being the zero tensor field on 9 F and uniform continuity on compact
sets, that there exist 0 < 8’ < §” and C > 1 such that for every (x,t,z) € 0F x [—§,8] x
[—8/, 8/]11

1
A(x,t <—— and 3.13
G 1, D] = o3 (3.13)

|Z(x,t,2)|, |P(x,t,2)| = C. (3.14)
By shrinking U,, and increasing C, if necessary, we may assume that each |Vg, E;| is bounded by
C in Uy,. Since |V, ¥| = |Veor| and |D2y| = |VZ,%| on 3 F for every ¢ € C*(3F), then again
by shrinking Uy, and increasing C, if needed, it follows from (3.12) that for every ¢ € C*° (3 F)
with [V llc1gp) <&

Ve (aij C 9, Vey)) | Ve @i, Vo)) | Ve (PC- 9, Vo) | < C(L+ Ve YD) (3.15)

in Uy,. Recalling expression (3.11) for such v we denote

alﬂ:Zalj( ’w’ er)vgo (EI’EJ’Ek)Ek
ijk

and the sum of the lower order terms by by,. Thus we may write shortly in U,,
Vi (HEp, o ®y) = =V (Aco¥) +ay + by

Now by using (3.13) we have

|;c30‘ﬂ|
< 07! 3.16
|a\/f|_ 64 ( )

in U,. Again, by applying the estimates (3.14) and (3.15) on by, we find a positive constant C’
depending on C, 8’ and n such that in Uy,

byl = C' (V1 + Voot | + 19501 + VoW ). (3.17)
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Thus by using (3.16) and (3.17) as well as the Cauchy-Schwarz and Young’s inequalities, we
have in Uy,

|;t(HF OCI)I//)|2—| ;r(Acolﬁ) | ay —|—b¢|2
v
= |CI(ACOW)|2_2|CT(ACO¢)||(1¢/ +b1p|

1
> SIVe(Aco¥) | —8Blay + by |°

1
> S IV (Acoy) | = 16lay |* — 161y |

1 2
= §|Vr(Ac0W)|

FIVE 12— 64(C2 (1012 + Vo P+ V2 4+ W50 1)

= —|vco<Acow>|2
— ZIVSU P 64 (W + 1Veoy P V2w + 1V 1),

This implies (3.7). By integrating the both sides of (3.7) over 9 F and applying (2.6) with the
associated constant Cyr we obtain

”v (HFI/, © ch/f)“LZ(aF) ”VCO(ACOI/I)“LZ(BF) ”v w”LZ(aF)
(||1/f||H2(3F) + IV 1/f||L4(aF))

VSV o)~ (CaF+K/)(||w||H2(aF)+||V Ve

= 16 ”I’/IHH3(BF) + “v 1/f“Lz(aF)

—(Cor +K'+1) (||w||Hz(aF) +IVE W s ) (3.18)

Next we interpolate the last terms in (3.18). By using Lemma 2.2 and Lemma 2.4 (recall that

Veo(Vool) = Vi, Vio(Veo¥) = Vs and [[Veot [l < 1% llc1p ) we find a positive M
depending on F such that

”VCOIﬂHLZ(aF) = M”V 1/f”LZ(aF) ”vf”LZ(aF)s (319)
Ve 1320y < MIVE wn (mnwan(aF) and (3.20)
”V w”L“(BF) M“v w”LZ(aF)”wucl(aF) (321)

By applying Young’s inequality on (3.19) and (3.20) we find K” = K" (K’, M, CyF) such that
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1
(CaF + K/ + 1) ||W”§_12(3F) E g ||V§ow||i2(3p) + KU”WH%Z(BF)' (322)

Finally by choosing 0 < 8 < 8" with (Cyp + K’ + 1) M§? < 2 it follows from (3.18), (3.21) and
(3.22), that for every vy € C°(3F) With | [lc1pp) <8

1
IV (HEy © @)z 5y = 161V 15305 + K 1V 12255
which implies (3.6). O

The previous lemma and Lemma 2.8 together yield, that for every smooth critical set F c T”
there are § = §(F) and K = K (F) such that for every ¢y € C*QF) with || [lc155) <

||I‘_IF¢ —Hry llnior,) = KlIlY lgsor) (3.23)
||HF¢ ”Hl(f’Fw) <K (||W||H3(3F) + |HF|) . (3.24)

We will also use the following identities for the time derivatives of the L2-norms of H; — H,
and V. H,. For the proof see Appendix.

Lemma 3.4. Let (E;), be a volume preserving mean curvature flow in T”. Then for every 0 <
t<T*

d - - -
3 1A = Hill 2,y = — 20° P(EDUH, — Hil + / H,(H; — H)* dH"~! and  (3.25)
JdE;
d - _
IVl 2, = =2 f (AcH)? = (H, — H)| B/ A Hy dH"

dE;

-2 / (H, — H,)(V. H,, B,V H;) d®" !

dE;

+ / |V, H;|>(H, — H,)H, dH" 1. (3.26)
8E,

We are now ready to prove Theorem 3.1. We divide it into four steps.

Proof of Theorem 3.1. Step 1. We want first to utilize several lemmas and estimates we have
gathered by controlling C1- and W% ?-norms for 1 < p < 6. Indeed, by Remark 2.3 there is a
constant Ko € R, depending on F, such that for every v e C*°@F)and 1< p <6

||1ﬁ||cl(aF)’ ||W||W2,p(3F) = K0||¢||H3(3F)- (3.27)
Notice that the assumption n < 4 is really needed for this conclusion. Using the estimate (3.27)

we find 0 <§ <land 1 < K < oo so that for any ¢ € C*(dF) with ||| g3y ) < 8 the norm
1Vl c1a ) is SO small that the following four conditions hold.
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(i) Lemma 2.7 is satisfied, i.e., Fy is a well-defined smooth set. Moreover, we may assume

SF
IEy, F”Cl(’]rn) = o (3.28)

where §g is as in the Iemma._ )
(if) The inequalities (2.10) (for dr, then dr o &, = ) and (3.4) are satisfied with K, i.e.,

K_1||W||L2(3F) =< ||CzF||L2(3F¢)’ VDPF(Fy) =KV 25F)- (3.29)

(iii) Lemma 3.3 and (3.23) are satisfied with K, i.e.,

1l i30m < K (IVeHEy 20, +/ D (FY)) (3.30)

||HF¢ — Hryllgror,) < KIlY lg3or)- (3.31)

(iv) Lemma 2.9 is satisfied for I-_Ipw — Hp, and 1 < p <6 with K, i.e.,

IHF, — Hr, ILror,) < KIHF, — Hry, I gior,)- (3.32)

Moreover, we may assume § to be so small and K to be so large that by (3.27), (2.9),
Lemma 2.10 and Lemma 2.14

IVeHEy 14 F,) = K <||ArHF,,, Iz2@9F,) + IHF, — HF, ||H1(aF¢)) . (3.33)
| HF, Lr@Fy)s | BF, lLr@or,) <K for 1<p <6 and (3.34)

o1llHr, — HF, <0*P(Fy)lHr, — Hr,). (3.35)

I3
HY3Fy)

Next we fix the constants Co and gqg by setting

4K8 +1
Co= 2 T2 (3.36)
o1
. min{o1, 1}

=min{s§, —————¢. 3.37
£0 { 16K°© } (3:37)

Again, for given 0 < & < g9 set y, to be the maximal 0 < s < 5 satisfying
2 J5+ K22 < £ and K2(1+Co)s <> (3.38)

—aA/S S — S —. .
o1 = 16K2 %=1

Step 2. Suppose that (E;); is the volume preserving mean curvature flow with a smooth initial
datum Eo = Fy,, where o € C*°(dF) and [[Yoll 35y < ve- Since t = | Ey, F||c1 is contin-
uous on [0, T*[ (recall T* is the maximal lifetime), then it follows from Lemma 2.7 and (3.28)
that we may write E; = Fy, for unique ¢, € C°°(d F) with continuous ¢ — ||V || y3(5F) OVer a
short time period. Hence
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T, =sup{s € [0, T*[ : E, = Fy, for y, € C*OF), ¥l pysar) < € V1 €0, 51}

must be a positive number. The key idea is to show that the claim of theorem is satisfied for ¢ on
the time interval [0, T,[ and by virtue of the choice of y, we have in fact

™

Vil g3or) < 5 on [0, Te[. (3.39)

By using a similar continuity argument as before one shows that the condition (3.39) implies
Tg = T*.

Step 3. Forevery t € [0, T¢[

d - 2
& ”HI - HI ||L2(3Et)

O2) _202pP(E)H, — H1+ / H,(H, — H)® dH" 1
aEl
(3.35)
<

_201||I:It — Hl”ill(aE,) + / Ht(l:lt — Ht)3 d 1
0E;

< =201 H, = Hill 3o, + 1 Hill o) |1 i = Hill oo

34)

G - 7
< _201||H[ - Ht”ill(aE[) + K”Ht B Htlli“(aEt)

(3.32) — 2 I 3
= _ZGlHHl‘ - Hl‘llHl(aEt) + K ||Hl - Hl‘”Hl(aEt)

(3.31) 5 3 2
< (—261 + K ||1ﬁt||H3(aF)> 1 H; — H’”Hl(BEz)

< (—201 + K58) IH; — Hl”ill(aEt)

C2) ol — H 3.40
= Gl|| t t”Hl(aEt)' ( ' )
Since —o1 || H; — H, ”izl(aE,) < —o1||H, — Hf”iZ(aE,)’ by using Grénwall’s lemma we obtain

3 2 7 2 _
”Hl‘ - Hl‘“LZ(aEZ) =< ”HO - HO”LZ(BE,)e o1t

(3.3

31
=

) _
K210l pye "

(3.37) ot
< IYollg3are ™ (3.41)
so (3.1) holds on [0, T,[. Next we estimate D (E;) on [0, T,[. For the time derivative

169



J. Niinikoski Journal of Differential Equations 276 (2021) 149-186

d

3. - — _
= — Dp(E) &) / dr(H, — H)dH"

IE,;
< \drl2ce) 1 Hi — Hill 1203,

(3.29) -
< KlVillr2orlH — Hill 23k,

<Kel|lH, — HrllLZ(aE,)

(341) _1
< Kelllﬁolle(aF) 201t
( 1
||wo||H3(aF)
Thus integrating over time yields
_ 9
Dr(E) < = ||¢o||H3(aF) (1-¢7)+ Dr(Eo)

(
||wo||H3(8F) + K210l 25y
(3.38) 82

< ex7 (3.42)

Step 4. In this last step we finish the proof by showing that (3.2) and (3.39) are satisfied on
[0, Te[. To this end we have to estimate g ||VTH,|| on [0, T.[. Recall that by (3.26) we

have

L2(3E;)

d - _
S IVeH 2,y = =2 f (AcH)? = (Hy — Hy)|Bi|? A Hy dH"

JdE;

-2 / (H; — H;)(V. H;, B,V H;) dH" 4 / |VrHt|2([:It — H;)H; dH L
JE; 0E;

=T+ T+ Ts.

Next we estimate the terms T, 7> and T3. First we have

Young _ _
o —||A1Ht||iz(aEt)+4/ |y — Hi2|B,J* d

0E;
< —| A H,|? + 4| H, — H,|)? A
= Tiit LZ(aE;) t t LG(aEZ) t LG(BEZ)
(3.34) -
S _”A‘CHt”%}(aEt) + 4K4”HZ - Hl”iﬁ(aEt)
(3.32) -
< —IAH 255, + 4K H: = Hillg 5 - (3.43)

Second
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Ty <2 f |H, — H;||V. H;|?|B;| d}{"*
0E,

9 -
= 2||VrHt||L4(3Et)||Ht — Hillp2e)1Bell L2k,

(3.34) _
< 2K|IVeHill3 45 |1 Hi = Hill oo,

(3.33) 3 - 2 -
< 2K (||A1Ht||L2(aE,) + | H; — Ht||Hl(aE,)) | H; — Ht||L4(aE,)

(3.32) 4, A - 2
< 2K"||H; - Ht||H1(aEt) (||A1Ht||L2(aEt) + | H; — Ht”Hl(aEt))

(3.31) 5 - 2
< 2K ||Wt||H3(aF) (||ArHt||L2(aE,) + ||H; — Ht”Hl(aEt))

< 4K Wil gsop |l Ac HillS 2y + 4K Il so 1 He — Hill s

<4K%| AcHi |20y + 4K Il Hr — Hill

(3.3

=

7)

1 1 -
AN ACH 25 + 51— HillGp (3.44)

(VE)

Finally by estimating in a similar way as above we obtain

1 2 1 5 2
T3 S g || ATHZ ”LZ(aEt) + Z ”HZ - Hl ”Hl(aE,)' (345)
Hence (3.43), (3.44) and (3.45) together yield
d 2 1 2 6 7 2
Ve Hi 2, < =51 A Hi 2y, + (4K° + 1) 1 Hy = Hillys o,
336) 1 -
=" —SIAH 32,y + 01C0I B = Hillg o,
on [0, T.[. Then the previous estimate with (3.40) yields that for every ¢ € [0, T[
d 2 7 2 1 2
IV H 2 ) + ColBr = Hil gy | < =518 H 2y,
which implies (3.2). In particular
> Ve Hill7 25y + Coll He = HillZ 25
is decreasing map on [0, T,[ and therefore
Ve H; ||L2(8E,) < V¢ HO||L2(3E0) + C0||I:IO - H0||L2(3E0)- (3.46)

Finally for every r € [0, T¢[
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(3.30)
Willwsary = K (IVeHil 20, +VDr(E))

(3.46) -
<" K (Ve Holl .2y ) + Coll Ho — Holl 125 £5)) + Kv/Dr(Ey)
(3.42) - >
< K@+ Co)llHo— Hollg1ygy) + 2
(3.31) €
< K21+ Co) ol e, + 5
(3.38) ¢
< —. 0O
- 2

4. Themain result

In this section we will prove the main result. We give first the technical statement of the
theorem in contrast to the heuristical one we presented in the Introduction.

Theorem 4.1 (Main Theorem). Let T” be a flat torus with n = 3,4 and assume that F c T"
IS a strictly stable set. There exist positive constants 8p, op € R4 depending on F such that the
following hold.

If Eq is a smooth setin T" with |Eg| = |F| of the form Eq = Fy,,, where yo € C*°(dF) and
1Yol g3 ry < do, then the volume preserving mean curvature flow (E;), in T" with the initial
datum Ej satisfies the following conditions.

(i) The flow has infinite lifetime.

(if) There exist p = p(F, Ep) € R" and C = C(F, Ep) € R such that the flow converges to
F + p exponentially fast in W25-sense, that is, E; = (F + p),, for ¢, € C*(3(F + p))
and [lg; || y2s < Ce™ %,

(ii) [p| - 0and C — 0as (1Yol y35F) — O

Remark 4.2. In the statement of the main theorem the W2°-convergence can be replaced by
W?24-convergence, where 1 < ¢ < oo, if n =3, and 1 < g < 6, if n = 4. In this case the proof
would be similar to the original proof.

The main idea of the proof is obviously to employ the short time existence (Theorem 2.15)
and the monotonicity result (Theorem 3.1).

Proof of theMain Theorem. Let F C T" be a strictly stable set and let us fix the constants §g

and og for F as in the statement of the main theorem. Let g, 01 € R4 and 0 < y, < ¢ (for every
0 < & <¢gp) for F be as in Theorem 3.1. Choose first a positive ¢ so small that the following hold.

(1) The condition [[y/]lc1ypy < c for ¢ € Clv%(aF) implies via Lemma 2.7 that the set Ey, is

defined as a Cl’%-set, the map @, defined as in the same lemma is a Cl*%-diﬂ‘eomorphism
from o F to 9 Fy, and

K~ YoF| <|9Fy| < K[9F] (4.1)

172



J. Niinikoski Journal of Differential Equations 276 (2021) 149-186

for some real number K > 1 depending on ¢ and F'.
(i1) Further, if v is smooth, the same condition implies via (3.24) that by increasing K, if
necessary,

| HF, HHl(FW <K (||1/’||H3(3F) + |HF|) . (4.2)

(iii) Since a translate of F satisfies Lemma 3.3 and (3.4) with the same bounds as F, then by
using the previous lemmas and Lemma 2.7, possibly decreasing ¢ and increasing K, we
obtain the following. Assume F + p = F, with g € C*°(9F) and ||g|lc1(y ) < c. Then for
every € C*(9F) with [[¥ 15 < c there is a unique ¢ € C*(d(F + p)) such that
Fy = (F + p), and we have the following uniform estimates

K/ Dryp(Fy) <10l 120(r4py) < Ky DF4p(Fy) and (4.3)

K_1||VTHF¢ Iz2@rF,) < @l B30 F+p) = K (||VrHF,/, I223F,) +/ DF+p(F1//)> .
(4.4)

(iv) Finally the condition ||1p||cl’ < ¢ for ¢ € C*°(0F) means that Theorem 2.15 (in the

%(8F)
case 8 = %) is satisfied for the initial set E,.

Next choose 0 < 1 < g9 such that the condition ||{/[| y3yF) < &1 for ¢ € C*(dF) means
that first Lemma 2.13 is satisfied, provided that F is critical with |Fy | = |F|, and second via

Lemma 2.6 ||/ || c1(yp) < IWIIC;%(BF) < ¢ (here we really need the assumption n < 4). At this
point we set

1 n-1
50 =ys and ao:——<——” ) (4.5)

Fix an arbitrary ¥ € C*(3F) with [[Yoll g3y ) < o and |Fy,| = [F|. Then by Theorem 2.15
there exists a unique volume preserving mean curvature flow (E;), starting from Eq = Fy, and
the maximal lifetime 7* is bounded from below by T = T (F, %) > 0 as in Theorem 2.15. Again,
by Theorem 3.1 we may write E; = Fy,, where ¢, € C*(0F) With [[{[| 355y < €1, and the
inequalities (3.1) and (3.2) are satisfied for every r € [0, T*[. We divide the proof into three steps,
whose statements are listed below.

Step 1. The flow (E;); has infinite lifetime and there exists Vo, € H3(3 F) with Vool g3y ry <

& such that ¥, — ¥ in Cl’%(aF). Further, there exist a positive constant Cr indepen-
dent of the choice of v9 and a decreasing p : [0, §o] — [0, co[ with limg_. o4 p(s) =0
such that every ¢ € [0, oo[

Dg (E;) < CF||W0||H3(3F)€_GN and (4.6)
1Woollzo@r) < o (1Yol g3 » (4.7)

where Eo, = Fy,, is the corresponding CL-7 -limit set.
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Step 2. The limit set is of the form Eo = F + p, where p — 0 as [|¥oll g3 5 ) — 0.

Step 3. The W2>-convergence of the flow: For each ¢ € [0, oo[ there is ¢; € C® (9 Eo) With
El‘ = (EOO)QDt and “(pt”WZ'S(aF) < Ce_got, Whel’e C —> O as ||'(ﬁ0||H3(aF) —> 0

Since Yo € C*(dF) with Yol 355y < o Was arbitrarily chosen, the claim of theorem fol-
lows immediately from these statements. Let us prove them in order as listed.

Proof of Step 1. Assume by contradiction 7* < oo and choose 7 € [0, T*[ suchthat T* —f < T,
where T = T (F, %) as in Theorem 2.15. Now |[¥7] 35y < €1 SO ||W;||C1’%(8F) < c¢ and hence

by Theorem 2.15 there exists a unique volume preserving mean curvature flow (E,); starting
from E; with a maximal lifetime at least 7. It follows from the uniqueness and from the semi-

group property of (E;); that E; = Et_; for every ¢ € [¢, T*[. This means that the flow (E;); can
be extended beyond T*, which contradicts its maximality. Therefore it holds 7* = co.
Take a sequence (f)p—; C Ry with 7 — oo. Since [V |l y3sr) < €1 for every k and

H3(dF) is weakly compact, then, up to a subsequence, there is a weak limit ¥, € H3(3F)
With [|¥eoll g3y ) < €1 Further, it follows from Lemma 2.6 that the sequence converges to ¥

in Clw‘lt(aF). Now C!-convergence implies that [Voollciary < € SO Exo := Fy,, is defined as a

CL-7-set and the map Dy isa L7 -diffeomorphism from 8 F 10 9 Exo.
Next we check that (4.6) holds for every ¢. Notice first that |E;, A Eo| — 0, which implies
Dg,  (E; ) — 0. Forafixed ¢ € [0, oo[ and every # > t we may estimate

Ik

d
|DE(Ey) — DE (Ep)| = ‘/EDEOO(ES) ds

t

173
(L) //C?EOO(I-_IS—HS) dH"Lds
1 0E;

Ik
- f Mg 205 | Bs — Hol 2o, ds
t
Ik
=< \/7_1/ |aEs|||Hs - Hs”LZ(aES) ds
t

I

(@.) -

< ﬁKlaFlflle — Hllp2(5E,) Os
t

Tk

(31) )
< ﬁK|aF|||wo||Hs(aF)/e o1 g

t

o1t

JAK|OF| _
= G—”WOHHS(aF)e !
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Since Dg_ (E; ) — 0, then the previous estimate implies (4.6) for ¢. By doing a similar estimate
for Dr(Ey) — DF(Ep), using (4.3) for F and Lemma (4.7) and recalling that ||V, || g3(sr) < €1

we find a constant C not depending on the choice of g such that

= ;-1
Wy lle@r) < CrllYoll e, p

Thus by passing to limit we see that (4.7) holds for 1«. Finally we check that the full cli-
convergence in time holds. To this end, it suffices to show that every sequence (7)72; C R

with 7 — oo has a subsequence converging to v, in Cli%(aF). Indeed, by arguing as previ-
ously in a case of such sequence (7)$2, C R, we find a subsequence converging to some limit
Voo € H3(F) in CH4(3F) and F;_ is defined as a CL-7-set. We may again assume that the
subsequence is the whole sequence and hence |E; AFy | —0, which implies together (4.6) and
the boundedness of dg__ that

DEoo (Flzw) = |I]I('n DEoo (Efk) =0.
This implies that Eo, = Fy, and further ¢ = Voo. Thus the first step has been concluded.

Proof of Step 2. First we show that E, is a smooth and critical set. Since E isa Cl’%-set, then
thanks to Lemma 2.1 it suffices to show it to be stationary. We need to find Ao, € R such that for
every f € C*(T", R")

f div; f dH" ! = ao / (f, voo) dH" L, (4.8)

0Es 0Es

where v is the corresponding unit normal field of 0 E, with inside-out orientation. Since v, —
Voo IN CL@OF), then &y, — Dy, vy 0 Dy, — Voo 0 Dy and J; Oy, — J, Dy, uniformly on
d F'. Thus by using the change of variables formula we obtain for every f € C*(T"; R")

/ div, f dH" 1 — / div; f dH""1 and (4.9)
0E; 0Ec
f (f,v) dH" 1 — f (f, Vo) dH" L. (4.10)
JdE; 0Ec

By using (4.1), (4.2) and Holder’s inequality we see that H; is bounded in time and hence we
find a sequence (H;, )k, tx — oo, converging to some real number say 1. By the divergence
theorem

/ div, f "t = f Hy, (f, v;) dH" 1

dEy IE;,
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7 -1 3 -1
= H,, / (fovg) dH"™" + / (Hy — Hy)(f, v) dH"
8Etk aEtk

and thus by letting 7z — oo and recalling (4.9) and (4.10) we obtain (4.8), since

- _ l -
/(Htk—H,k)(f, vi) AL < sup | F118 Ey || (Hy — Hi) 120,
’]I‘n

dEy,

(4.2) 1 -
< 5¥p|f| (K[0F)2 ||(Hy, — sz)||L2(aE,k)

(3.1) —o1lk %
< SqlEJp|f|(K|3F|||1//0||H3(8F)e )?

Thus Eo is a smooth and critical set and since ||l 3¢5 ) < €1 (recall the choice of ¢1) and
|Ex| = |F| (by (4.4)), it follows from Lemma 2.13 that E,, = F + p for some p € R”. Since
now dg (F, Exo) < [[¥eoll L (aF), then it follows from (4.7) that dp (F, Ex) — 0as 1Yol g3 )
tends to zero. This implies that we may choose p in such a way that simultaneously p — 0.

Proof of Step 3. Since now E + p = Fo and Vol c19E)» 1Vt c1(9 ) < ¢, then by (iii) we may
write 0 E; as a smooth graph in normal direction over a(F + p), i.e., for every ¢ € [0, oo[ there
Is a unique ¢; € C*°(d Eoo) for which E; = (E)y, . Again, for every ¢ € [0, oo[

(4.3) (48 1 o,
lell 20y = KvDEL(E) < KCpe 2

and

llpx ||H3(8Eoo) S

Ve Hell12(3E,) + v PEs (Ev) )

K (“V Hollz 25k + Co | Ho — Hollr 25y + v PEs (Et))
(4.4)
< K\ KlYollgsor) + Co | Ho — Hollr 25y + v DES (Er)

/\

K Kllvollgzar) + Co ||w0”H3(aF) + v DEy (Ez)>
(K”Ir/fO”H3(3F) + C ||I/IO“H3(3F) ||1ﬁ0||H3(3F))
<K (KE]_ +CO +C ) ”'(,00”1_13(8[‘)

This means that there exists a positive constant C7. independent of the choice of g such that

leell L2, < C%“WO” H3HF)© e~ 7' and ol pspe,) < C; ||WO||H3(3F) for every 1 € [0, ool.
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Since d(F + p) shares same interpolation bounds than d F, then by using the previous estimates
and Lemma 2.2 in the case

1 J 1 3 l—«
g i 4.11
5 n—1+<2 n—1>a+ 2 (4.11)
with o = £ 3+ 5 L i—0,1,2andacorresponding interpolation constant (which we may assume
to be the same C/ ) We obtain
3_}_% 3—Jj n—l

||Vco§0t||L5(3EOO)<CF||V %”L2(8E )“%”LZ(B_E )

n—1 37j nfl

<CF“¢I||H3(3E )”(pl“LZ(aE )

< (CF) ||WO||H3(3F) : ( ° 10

5 (1)
< (CF) ||1/f0||H3(3F)
(4 5) —Got

- (CF) ||1”0||H3(3F) )
which implies that there exists such C as claimed. O

Let us finally recall Remark 4.2. In the last step of the previous proof we may replace 5 in
the left hand side of (4.11) with any ¢ > 1 as long as the corresponding « is strictly less than 1,
because o9 = & (1 — «) would then be strictly positive. In the case n = 3 by replacing 5 with any
1 < g < oo we obtain

Ot—l—i
3q°

so we see that any such ¢ will do. Whereas in the case n = 4 doing so yields

and hence ¢ may take any values in the interval [1, 6].
5. Appendix

C1- and H3-bounds. In this subsection we prove the estimates (2.10) and (2.11), Lemma 2.8,
Lemma 2.9 and Lemma 2.10. We will use the same notation as earlier without any further men-
tion. For sake of simplicity, we use the generic symbol C for a constant which may change line
to line in the estimates.

Let us first fix a smooth set E and let U be a regular neighborhood of 8 E. Recall that dg and
7y are C*-bounded in U for every k € N. For every ¥ € C*® (3 E) we set the smooth extension
YE =1 omyg. Then Vg = V4 on 9 E and moreover the following decomposition holds on
oE
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DZWEZ—\)E(@BEVIW—BEthﬂ@UE—l-Dglﬂ. (51)

For every v € C*°(0E) we set &y, : dE — T", Oy (x) =x + Yve(x), as_in Lemma 2.7. We
extend & to be the smooth map U — T" given by @y, (x) =x + ¥ £ (x)VdEg(x). Then

_ I+¢EDZL?F—|—Vd_F®V1ﬁH in U and

Db, =
VT I+ v Be +vE@ Ve on 9E.

Now D@y, — I uniformly in U as |||l c1(3 ) — 0. Thus @, is an orientation preserving diffeo-

morphism from U to its image and the set £y, is well-defined, when ||/ || c1(5 ) is small enough.t
The inverse matrix on 9 E is then

DY) = —ve® VoY) (I +¥Bg) L.

From now on, we assume [|y/||c1(y gy < & With § small enough so that the previous hold. Further,
we use the shorthand notation Ay = (I + ¥ Bg)™t on E. Set uy : @y (U) — R, uy =dg o
d>1/_,1. Then 9E, = u@l(O) and vg, = Vuy/|Vuy| ON I Ey. Again

Viuy o @y = (DCDw)_TUE =vE — Ay VY — vg

uniformly on dE as (¥ [ c15g) — 0. Thus vg, o @ also converges uniformly to v as ¢ goes
to zero in C1-sense. The second fundamental form on 8 E,, can be written, with help of u,, as
W) = - VE, ® VE¢,)D uy (I — VE, ® va)' (5.2)

R ()

Omitting the details we may further compute that

n

D2uy o ®y = Ay |:BE — Y (Z(w — Ay Ve, vg)dy, DZ&E> — DZwE}A,/, (5.3)

k=1

on oE, where vy, ..., v, is any orthonormal base of R”. Hence (5.1), (5.2) and (5.3) and the
C1-bound & imply that [D?uy, o ®| < C(1+ |D2y|) on 3 E with some constant C and so (2.9)
holds. Again, by combining the expressions (5.2) and (5.3) we may write on 0 E

Hg, 0 ®y =tr (Q( LY, Vr¢)|:BE — v <Z(vr — Ay Vi, vk>akaZcZE) - D%D ,
k=1
(5.4)
where Q : 0E x [—4,8] x [—6,8] = L(R"™; R™) is a smooth map with Q(-,0,0) = Pyg. Thus
by using Taylor’s expansion we may write on 9 E

Q( : ,’(/f, Vrlﬂ) = PyE +1ﬂS( : ’1//’ V'Ew)+ [<V‘L']/f’ rij( : »W,Vrl/f»]ij (55)

L This implies the first part of Lemma 2.7 for smooth functions (the other cases are similar to check). The details of
second part are left to the reader.
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with some smooth S and r;;. Thus by substituting (5.5) and (5.1) to (5.4) we obtain the expression
(2.8) after regrouping the terms and Lemma 2.8 is clear.

Suppose that & € LP(0Ey) with 1 < p < oo and ¢ € C*(dEy,). By using the change of
variable formula we have

/ \h|P dH”‘1:/|hoch|pJ,<D¢ d#"1 and
E

0Ly
[ 19t drrt = [ 1P, 9 (o 006 0 017 drr?
0Ly 0Ey

_ f |P3E¢(Dq>;1)TV((p o®y)E o c1>;1|” dp" 1
8E¢

= / |(I — VE, © Dy ® VE, © q)w)(Dqu)_TVt(ga o q)w)|p]rq)w dnm L.
E

Since now (I — vg, o ®y ® vg, o q>1/,)(DCI>¢)_T — Pyg and J;®y — 1 uniformly on 9F as
1Vl c15 ) tends to zero, then by decreasing 8, if necessary, we find a uniform constant C such
that

-1
Ch o @y liLrop) < 1AILroE,) < Clho @yl g and
CHPIVe@ o @I o) < V0l b5,y < CTHPIVE(@ 0 @I ooy

whenever (¥ [|c1(5) < 8. This establishes (2.10) and (2.11).

It follows from (2.10) that for every h € L6(8E1/,) the norm ||h||L6(aE¢) controls uniformly
every [|h|lLroE,) norm with 1 < p < 6. Hence it is sufficient to check Lemma 2.9 in the case

p = 6. Suppose that ¢ € C®(IEy) (S0 g = ok, ¢ d#H"~! = 0). Now Lemma 2.2 is satisfied
with p=6,r=¢qg =2, j =0, m=1and n =3, 4. In the case n = 3 the interpolation exponent
IS ag = % whereas for n = 4 we have ag = 1. Now we estimate

(2.10)
||§0||L5(8E1/,) < CllooPylrsiE)

S 5
SC”(pOCDl//—(pO(Dlp“LG(aE)‘FC'aE'_G ngOCDl/, dHn_l
0DE

_ 5
=Cllgo Py —@poDyllepp +CIIE|S /(1 —J: Dy )po Dy dr L
0E

<Cllpo®y —poDyllsr) + Crg%Xll — Jr Py |llo o PyllLe5E)

—ag

2.2 - — 1
= C”VT(QO © CI)W —@o q)lp)”(zGZ(SE)”(p o (Dlﬁ —@o CDW”LZ((‘)E)
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+ Crg%xll — Je Dy lllg o Pyl syE)

o6

1—
< ClIVe(@ 0 )l 10 © Py l2(, +CMaXIL— eyl 0 Py lsor

(2.10)
=

1—
CIVerl S o, 1017205, +CMaXIL = J:Pyllgl s,

= Clellmoe,) + CmaxX|l = L Qyllelopr,,)-

Thus by decreasing §, if necessary, we obtain

lellsor,) = Cllelizpe,)

with some constant C and Lemma 2.9 follows. Again, it is enough to prove Lemma 2.10 for p =
6. For that choose an arbitrary ¢ € C*(d Ey,). We define the smooth extension gz, = ¢ o myE,
to some regular neighborhood of d £y, as before. A straightforward but rather long computation
yields

DZ(¢ o ®y) = Pyr(D?pg, o ®y)Ddy Pyk + (v, Vip 0 @y )(D2Y — Br)

+U Y Pape; ® Py (0iDp) (Veg 0 By) + (D) D20, 0,V )
i=1

+ Be(Vepo ch//) Vi + Vi ® BE(Vegpo wa)
+ Vi ® PE)E(DCDw)T(DZ(PEV, o ®y)vg.

Hence with help of the previous identity

IDZ(p 0 @y)| < C|D?pg, 0 Dy |+ (C + D2y )| Vip o Dy |

(5.1)
< CID2p o dy|+C (1+ Bk, o Oy + |D§w|) Vepo®y|

@9 | 2 2
< CIDTgooCDI/,I—i—C(l-i—IDTlM)|Vrgoo<l>¢,|. (5.6)

Again, Lemma 2.2 is satisfied for ¢ with p =6,r =¢ =2, j =1, m=1and n = 3, 4, where
ag = 2 for n =3 and ag = 1 for n = 4. Then

(2.11)
IVeolizsoe,) = ClVi(@oPy)liispE)

Lemma 2.

2 1—
< T CID (@ o D%, llp o Dyl
L2(3E) L2(3E)

< C|ID%(p o @)l 295y + Cllg © Py ll 205

(5.6)
< C||D§(P oD@y llr29p) + ClIVe@p o Pylir29e) + Clig o Pyll L2k
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2

| [102R1p0 0y drrt
E

(2.10)+(2.11)
< C||D$§0||L2(3E¢) +C||¢||Hl(8E¢)

2

| [ 10290 oyt
E

< ClD%¢l 128, + CllelmiaE,) + CIDIY 3 IVe0 0 Pyl e

(2.10)
< CHD%QD”LZ(E)EW +Cllelproe,) + CID3 | 35 IVeollrsar,)

2.5)
= CllAwoli2pE,) +Cllelnioe,) + C||D$¢||L3(3E)||Vr90||L6(aE,,,)

1

2

+C / |BE, |*|Veol? dH"
aEw

(2.10)
= ClAwelizpe,) +Cllelnioe,) + C||D$¢||L3(3E)||VT<P||L6(3EW)

2

+C f 1B o @y 2| Vep o ®y |2 dH"?
E

(2.9)
< CllAllr2pk,) + Cllellgror,) + C||D$¢||L3(3E)||Vr(ﬂ||L6(aE,,,)

2

e /|D§w|2|vrgood>¢|2d%”—l +ClIVepo Dyl 20m,
E

< CllAc@ll2pE,) + Cllellgror,) + C||D$1ﬂ||L3(aE)||Vt(ﬂ||L6(aE,/,)

+ CID2Y [l 135 IVe9 0 Pyl 6oy + ClIVep 0 Pyl 2o

2.11)
= CllAcoli2pe,) + Clelgior,) + C||D$1//||L3(3E)||Vr§0||L6(aE1/,)-

Again, by Remark 2.3 ||w||cl(3Ew), ||D§w||L3(aE) < CHI/’”H?’(BE,/,)’ when n is 3 or 4, so the
previous estimate implies Lemma 2.10 in the case p = 6.

Time derivatives. In this subsection we derive the formulas (3.25) and (3.26) of Lemma 3.4. In
particular, (3.25) is probably well-known, but for sake of completeness we compute it too.

It follows from the semi-group property that we need to check (3.25) and (3.26) at the time
t = 0. At first we list some facts. For that let (E;);c[o,7[ be any smooth flow in T" with a cor-
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responding smoothly parametrized family of diffeomorphism (®;),¢jo0. 7. Set the initial velocity
vector field

XO == G,CD,

Then Vp = (X0, vo) and the following hold on the initial boundary 9 Eg.

0

o ®y| = —(D;X) vy, (5.7)
EJ d =div; X and (5.8)
ot " M=o T '

d i T

S Hio®| = —div; ((D:X)"vg) —tr (BoD: X). (5.9)

For instance, (5.7) is directly computed in [8]. There are also an open neighborhood U of
UIE[O,T[BE, x {t} and a smooth map H : U — T" such that H( - ,¢) = H; on dE, for ev-
ery ¢t € [0, T[. Again, we recall that every smooth flow admits a unique normal parametrization,
for a compact setting in R” see [3, Theorem 8] (the corresponding periodic case goes similarly),
so we may assume (®;);c[o,7[ to be such a parametrization. That is,

05 Py =0 = (Vi 0o ®4)(vr 0 Dy)

on 0 Eo for every ¢ € [0, T, in particular Xo = Vovg on 9 Eo. Suppose from now on that (E;), is
a volume preserving mean curvature flow, so we may write Xo = (Hy — Hp)vg and

D, X = (Hy — Hy)Bg — vo ® V. Hp (5.10)

on d Eg. Hence (5.7), (5.8) and (5.9) can be rewritten as

3
al)t (e} CD[ 0 = V‘L’ HO, (511)
0 _
— J; P, = (Ho — Hp)Hy and (5.12)
ot t=0
d ]
—Hio®| = A Ho — (Ho — Ho)|Bol?. (5.13)

The identity (5.13) can be also obtained in a more elegant way using the results from [8]. By
using the change of variables formula and integration by parts we compute first

d 7 2
o 1 = Hill 7

d . 2 .
t:O:a'/(Htoth_Htoq)t) J-L-CDI dH !

(DE;) =0
JEQ
= | 2(Ho — Ho) Dhow| —LHoo dn" !
ar ! lico 8t "li=0
JEQ
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- 5 0 1
Ho — Hy) —J; @ dH"
+/(0 o)atrzlzo”i"l
JdEQ
:—2/3110@ (Ho — Ho) dH"*
ar ! "li=o
JEQ

- d
+ / (HO - HO)2 EJrq)t
JdEQ

dH"
0

=

G261, / (AcHo — (Ho — Ho)  Bol?) (Ho — Ho) dM"~

JdEg

+ / Hyp (ﬁo — Ho)3 dp L
JdEg

- 2
=—{/WJm@me@m—m)dH1
JdEQ
+ / Hyp (I:Io — Ho)3 dp L
dEy

= —23%P(dEo)[Ho — Hol + / Ho (Ho — Ho)® dH"L.

JdEy

To compute (3.26) at r = 0, we evaluate the term % (V. H; o ®;)
V for the spatial gradient. Now

. on d Eg. We use the notation
=

9
= (I =vo® @V o®)VH(-.1)od,

I )
—| —v;0
ar ! dr

0
—|—(I—1)o®V0)EVH(-,t)o<Dt

0
E (Vi H; o @)

t=0

z=0> VH(-,0)

=0

0
— d
0®V0+V0®atvto t

t=0

5.11
O (1o, VH( -, 0))V, Ho — |V Hol?vo

0
—I—(I—vo®v0)aVH(-,t)o<Dt

and

3 9 -
SVH( 0o®| = (D) TV(H(-.1)od)

ot

t=0

3 3
=—(Dd,)" | VH(-,00+—V(H(- P
DO VH( .0+ V(H(.0od)|
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=0

3 T 3
=—(D5<I>z t=0) VH(-,O)-i-VE(H(-,t)OCDt)

:—(DXO)TVH(-,0)—|—V%(H(-,l)0q>t)

t=0

By combining the two previous expressions

0
o (VeH o ®)) | =—(vo, VH(+,0))VzHo — | Ve Hol*vo

— (D Xo)T VH( - ,0)+Vri(H( -+, 1) 0 Dy)
ot =0

5.10
O (0o, VH(-,0))V; Hy — |V Ho[?vo

_ 0
~ ((Ho— Ho)Bo — vo ® Ve Ho) ' VH(-.0) + Voo (H(-.1)0 &)

t=0

- 0
= — IV HolPvo — (Ho — Ho)BoV: Ho + Voo (H(- 1) 0 @) |

(5.14)

Thus by using the change of variables formula and integrating by parts we finally compute

d -
|Vthl|i2 I_OZE /(Vthqut’VTHtqut>th)t d

dEg

d
ar! (VEr)

t=0

0
=2 —V.;H;0®
f<8t 11y O Py

;- Ve Ho) dH" !

=

JdEQ
2 0 n—1
ot =0
JdE
ad
(5é2)2/<—v,H,ocbt |V, Ho) dH"~2
at t=0
JdEQ

+ / |V H;|?(Ho — Ho)Ho dH" !
JdEy

5.14 - 0 _
C22 [ (o~ HoBo¥. Ho+ Vi (H(- )0 @) _ Vi Ho) 61~

dEg

+ f Ve Hy 2 (Ho — Ho) Ho dH 1
dEg

d
=2 / AIHOEH, o ®,;

dEg

dH"
0

=
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2 f (Ho — Ho) (Vs Ho, BoVs Ho) dH"™
dEg

+ f |V, H,|?(Ho — Ho)Ho dH"~*
dEp

5.13 — _
(=)—2/(ArHo)z—(Ho—Ho)lBolerHo dpr

dEg

—2 / (Ho — Ho)(Vy Hy, BoVy Hp) dH" 1

dEp

+ f |V, H, | (Ho — Ho) Ho dH" 1.
dEp
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QUANTITATIVE ALEXANDROV THEOREM AND ASYMPTOTIC
BEHAVIOR OF THE VOLUME PRESERVING MEAN CURVATURE
FLOW

VESA JULIN AND JOONAS NIINIKOSKI

ABSTRACT. We prove a new quantitative version of the Alexandrov theorem which states
that if the mean curvature of a regular set in R"™! is close to a constant in L"-sense, then
the set is close to a union of disjoint balls with respect to the Hausdorff distance. This result
is more general than the previous quantifications of the Alexandrov theorem and using it we
are able to show that in R? and R® a weak solution of the volume preserving mean curvature
flow starting from a set of finite perimeter asymptotically convergences to a disjoint union
of equisize balls, up to possible translations. Here by weak solution we mean a flat flow,
obtained via the minimizing movements scheme.
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1. INTRODUCTION

The main purpose of this article is to study the asymptotic behavior of the weak solution
of the volume preserving mean curvature flow starting from a set of finite perimeter. In the
classical setting we are given a smooth set Ey c R™*! and we let it evolve into a smooth family
of sets (E:): according to the law, where the normal velocity V; is proportional to the mean
curvature of F; as

(11) V;g = _(HEt - HEt) on 6Et,

where Hp, = faEt Hpg, dH"™. Mean curvature type of equations are important in geometry,
where one usually studies the geometric properties of F; which are inherited from dFy. The
equation (1.1) can also be seen as a volume preserving gradient flow of the surface area. These
equations arise naturally in physical models involving surface tension (see [33]).

The main issue with (1.1) is that it may develop singularities in finite time even in the
plane [24, 25]. In order to pass over the singular time one may try to do a surgery procedure
and restart the flow after a singular time as in [18] or to define a weak solution of (1.1),
which is what we will consider here. For the mean curvature flow one may define a weak

1



2 VESA JULIN AND JOONAS NIINIKOSKI

solution by using the varifold setting by Brakke [3], the level set solution developed indepen-
dently by Chen-Giga-Goto [6] and Evans-Spruck [13], or by using the minimizing movements
scheme developed independently by Almgren-Taylor-Wang [2] and Luckhaus-Stiirzenhecker
[21]. Since we want the solution of (1.1) to be a family of sets and since (1.1) does not satisfy
the comparison principle, the natural choice is to define a weak solution via the minimizing
movements scheme as in [2, 21]. This solution is usually called a flat flow and it is well-defined
due to [29], but might not be unique.

The advantage of the flat flow is that it is defined for all times for any bounded initial set
with finite perimeter and we may thus study its asymptotic behavior. Heuristically, one may
guess that the flat flow converges to a critical point of the static problem, which are classified
in the recent work by Delgadino-Maggi [9] as disjoint union of balls, possibly tangent to
each other. The asymptotic convergence of (1.1) has been proved for initial sets with certain
geometric properties such as convexity [17], nearly spherical [12] or sets which are near a
stable critical set in the flat torus in low dimensions [30]. We note that in these cases the flow
does not develop singularities and is thus classically well-defined for all times. The result in
[19] shows that the convergence holds also for star-shaped sets, up to possible translations.
For the mean curvature flow with forcing the asymptotic behavior has been studied for the
level set solution in [15, 16] and for the flat flow in the plane in [14]. The result closest to
ours is the recent work by Morini-Ponsiglione-Spadaro [28], where the authors prove that the
discrete-in-time approximation of the flat flow of (1.1) converges exponentially fast to disjoint
union balls. Here we are able to pass the time discretization to zero and characterize the limit
sets for the flat flow of (1.1) in R? and R3. The precise definition of the flat flow is given in
Section 4.

Theorem 1.1. Assume Ey ¢ R™! with n < 2 and |Eo| = |Bi|, is a bounded set of finite
perimeter which is either essentially open or essentially closed and let (Ey)iso be a flat flow
of (1.1) starting from Ey. There is N € N such that the following holds: for every e >0 there
is T, > 0 such that for every t > T, there are points x1,...,xn, which may depend on time,

with |x; —xj| > 2r fori#j and r = N~w1 such that for Fy =UY, B,(x;) it holds

sup dop, () <e.
zeE: AF;

Here dyr denotes the distance function. To the best of our knowledge this is the first result
on the characterization of the asymptotic limit of (1.1) in R3. The above result holds for
any limit of the approximative flat flow and we do not need the additional assumption on the
convergence of the perimeters as in [21, 29]. We note that the assumption on Ej being either
essentially open or closed is only needed to ensure that the flow is continuous up to time zero.
It plays no role in the asymptotic analysis.

Concerning the limiting configurations, Theorem 1.1 is sharp since the flow (1.1) may
converge to tangent balls as it is shown in [14]. On the other hand, we believe that one
may rule out the possible translations and the flow actually convergences to a disjoint union
of balls. The higher dimensional case and the possible speed of convergence are also open
problems.

Quantitative Alexandrov theorem. The proof of Theorem 1.1 is based on the dissipation
inequality proven in [29] and stated in Proposition 4.1. This implies that there is a sequence
of times ¢; - oo such that the mean curvatures of the evolving sets Ey, are asymptotically

close to a constant with respect to the L?-norm. Therefore, we need a quantified version of
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the Alexandrov theorem which enables us to conclude that the sets i, are close to a disjoint
union of balls.

There is a lot of recent research on generalization of the Alexandrov theorem [8, 9, 10, 11, 20,
23]. We refer the survey paper [7] for the state-of-the-art. Unfortunately, none of the available
results is applicable to our problem, and we are also not able to use the characterization of
the critical sets by Delgadino-Maggi [9, Corollary 2| to identify the limit set. Indeed, even
if we know that the sets E¢, converge to a set of finite perimeter and their mean curvatures
converge to a constant, it is not clear why the limit set is a set of finite perimeter with weak
mean curvature as this class of sets is not in general closed. Our main result of the paper is
the following quantification of the Alexandrov theorem, which is the main technical tool in
the proof of Theorem 1.1.

Theorem 1.2. Let E ¢ R™! be a C%-regular set such that P(E) < Cy and |E| > 1/Cy.
There are positive constants ¢ = q(n) € (0,1], C = C(Cy,n) and 6 = §5(Co,n) such that if
I1HE = M znom) < 6 for some A € R, then 1/C < X\ < C and there are points x1,...,xN with
|z; — x| > 2R, where R =n/\, such that for F =UYN, Br(z;) it holds

supF dop(z) <C|Hg - \|%,

reEA (OE)”

Moreover,

|P(E) -N(n+ 1)wn+1Rn| <ClHE =N nom):

The main advantage of Theorem 1.2 with respect to the previous results in the literature is
that we do not assume any geometric restriction on F such as mean convexity. Moreover, we
assume the mean curvature to be close to a constant only in the L"-sense, which is exactly
what we need for the asymptotic analysis in Theorem 1.1. This makes the proof challenging
as we, e.g., cannot use the estimates from the Allard regularity theory [1].

Theorem 1.2 is sharp in the sense that |Hg — A|npg) cannot be replaced by a weaker
LP-norm. This can be easily seen by considering a set which is a union of the unit ball and a
ball of small radius € far away. On the other hand, the dissipation inequality in Proposition
4.1 controls only the L?-norm of the mean curvature, which is the reason why we cannot
prove Theorem 1.1 in higher dimensions. The proof of Theorem 1.2 is done in a constructive
way and we obtain an explicit bound on the exponent ¢ = (n +2)73. It would be interesting
to obtain the sharp one as it might be crucial in order to obtain the possible exponential
convergence of (1.1) as in [28]. In the two-dimensional case the optimal power ¢ = 1 is proven
in [14].

Outline of the proof of Theorem 1.2. Since the proof of Theorem 1.2 is rather long,
we give its outline here. As in [9], also our argument is based on the proof of the Heinze-
Karcher inequality by Montiel-Ros [27], which is originally an alternative proof for [31]. In [9]
Delgadino-Maggi are able to generalize the Montiel-Ros argument to sets of finite perimeter
with weak distrubutional mean curvature. Here we revisit the argument by Montiel-Ros and
deduce in Proposition 3.3 that for £ and R as in Theorem 1.2 and for 0 < r < R the volume
of the set E, = {z € E : dist(x,0F) > r} satisfies the estimate

E
o (=)™
We use this in Step 1 of the proof of Theorem 1.2 to deduce that for r close to R the set E,
is a union of finite number of components, or clusters, with positive distance to each other.

||Er|_

<C|Hg = M n(aE)-
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We note that the above inequality is not enough to conclude the proof as, for example,
the cube Q = (~1,1)"*! satisfies |Q,| = (1 —7)"*Q|. Therefore, we need further information
from the Montiel-Ros argument and we prove in Proposition 3.3 that the Minkowski sum
E, + B, = {z e R™! : dist(z, E,) < p}, with 0 < p <r < R, satisfies

|E| 1
e (R~ (= p))™
This enables us to prove that the components of E,. + B, c I, with properly chosen p and
r, are almost spherical. In particular, if E satisfies the above estimate with C' = 0, then it is
a disjoint union of balls. This, together with the density estimate from [34], concludes the
proof.

“ET + Byl -

C
< WHHE =AM zn(oE)-

2. NOTATION AND PRELIMINARY RESULTS

In this section we briefly introduce our notation and recall some results from differential
geometry. Given a set E c R™*! the distance function dg : R™*! - [0, 00) is defined, as usual,
as

dg(z) = inf |z - 9|
yeFE
and we denote the signed distance function by dg : R™! - R,

dp(x) = —-dpg(z), for zeE
P dop(x), for z e R"™! \ E.

Then clearly it holds dpg = |dg|. We denote the ball with radius r centered at x by B,(x)
and by B, if it is centered at the origin. Given a set E c R™"! we denote its p-enlargement
by the Minkowski sum

E+B,={z+yeR"™ :2eFE, yeB,} = {x e R" :dp(x) < p}.

For a measurable set E c R™*! the shorthand notation |E| denotes its Lebesgue measure
and we denote the k-dimensional measure of the unit ball in R¥ by wy. In some cases, we
may use the shorthand notation |E| more generally for a measurable set E c R to denote its
k-dimensional Lebesgue measure but this shall be clear from context.

For a set of finite perimeter E ¢ R™! we denote its reduced boundary by 9*E and the
perimeter by P(E). Recall that P(E) =H"(0*E) and for regular enough set it holds 0" E =
OF. The relative isoperimetric inequality states that for every set of finite perimeter £ and
for every ball B,(z) it holds

W' (0" En Bu(2))"" > c, min{|En By(x)],|B(x) \ El},
for a dimensional constant. We refer to [22] for an introduction to the topic.
We define the tangential differential of F e C*(R™*1;R™) on OF by
D,F(z)=DF(x)(I -vg(x)®vg(x)),
where vg denotes the unit outer normal of E. For a function f € C'(R"!;R) we denote by
V,f its tangential gradient which is a vector in R™"'. We define the tangential divergence

of F e CY(R™;R™"!) by div,F = Tr(D,F) . Then the divergence theorem on manifolds
generalizes to

/ div, FdH" = Hp(F,vg)dH",
o*FE oO*FE
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where Hg € L'(0*E) is the distributional mean curvature. When OF is smooth Hp agrees
with the classical definition of the mean curvature, which for us is the sum of the principal
curvatures.

We begin by recalling the well-known inequality proven first by Simon [32] in R? and then
by Topping [34] in the general case.

Theorem 2.1. Let ¥ c R"™ be a compact and connected C*-hypersurface. Then
(2.1) diam(X) gcn/ |Hx "™t dH™,
by

where Cy, depends only on the dimension.
We need also the Michael-Simon inequality [26].

Theorem 2.2. Let ¥ c R™™, n > 2, be a compact C?-hypersurface. Then for every non-
negative ¢ € CT(R™1)

(2.2) ol a0 sy < Con | [Vl + ol ] a2,

where C,, depends only on the dimension.
The following density-type estimate is essentially proven in [28, Lemma 2.1].

Proposition 2.3. Let E c R™! be a set of finite perimeter with P(E) >0 and 0 < 8 < 1.
There is a positive constant ¢ = c(n, ) such that

E
TR, = sup {1" € R, : there is x € R with |B,(z) n E| > 5|Br(gj)|} > CPJ(LL)

We use the previous results to prove the following lemma, which is useful when we bound
the Lagrange multipliers and the number of the components of the flat flow of (1.1).

Lemma 2.4. Let E c R™! be a bounded set of finite perimeter with a distributional mean
curvature Hg € LY(0*E), A€ R and 1 < Cy < oo. There is a positive constant C = C(Co,n)
such that the following hold.

(i) If P(E) < Cy and |E| > 1/Cy, then
1/C—CHHE —)\”Ll(@*E) <AL C+C||HE - AHLI((')*E).

(ii) If P(E) < Co, |E| > 1/Cy and E is C*-regular, then the number of the components
of E is bounded by C(1+ |Hg = A|}n (o)) and their diameters are bounded by C(1 +

”HE - )‘Hz;%l(aE))-
Proof. Our standing assumptions throughout the proof are P(E) < Cy and |E| > 1/Cy. The
perimeter bound and the global isoperimetric inequality yield

n+1

n+l 2=
|E| <cpnP(E) n <cpCym .
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By the assumptions on £ and by the divergence theorems we compute for any vector field
Fe Cl(Rn+1' Rn+1)

)\/ divF dx:/ MF,vg)dH"
E *E

(2.3) = HE(F, VE>dHn+/ ()\—HE)<F,I/E)dHn
oK *E

=/ diVTFdHn+/ (A—HE)<F,I/E>C1/H”
o*E o*E

Our goal is to construct a suitable vector field F to obtain (i) from (2.3). To this aim, we use
first the relative isoperimetric inquality, Proposition 2.3 and a suitable continuity argument
to find positive rg = ro(Cp,n), Ry = Ro(Cp,n) and r such that ro < r < Ry and, by possibly
translating the coordinates, |B, n E| = |B,|/2. Again, it follows from the relative isoperimetric
inequality that H"(0*E n B,) > ¢ with some positive ¢ = ¢(Cp,n). Choose a decreasing
C!-function f:R — R for which

and the conditions f(t) < min{(2r)~',t7'} , |f'(t)| < (2r)™ hold on [2r,5r]. We define

F:R™! & R by setting F((2) = f(|z|)2. Then F is a Cl-vector field with

DF(z) = f(lz)I +— = (‘ D T, for every z e R™,

divF(xz)=(n+ 1)f(|x|) + f'(|z]) ||, for every zeR"! and

div, F(z) - nf<|x|>+f<|x|)(| -

(ZL’ VE>2

Then 0 < div F < (n +1)(2r)! everywhere and div F = (n+1)(2r)"! in B, so by using these
and the earlier observations we obtain

) , for every z € 0" E.

n +1 cn(n+1) ntl

1 +1
* yB\_ meEyg/didexg” |E| <
E 2r

n+1
2.4 B
24) iy -

Again, 0 < div, F <n(2r)™! on 0*E and div, F =n(2r)~! on 9*E n B, and thus

(2.5) e < —H”(@*E 7By < [ div. panr < "PE) 10
2R0 ax—E 27’ 27'0

We use (2.3), (2.4), (2.5) and |F| <1 to obtain (i).

The claim (ii) is easy to prove in the planar case and therefore we assume that n > 2. Let
FEq, Fs, ..., En denote the connected components of E. We apply Theorem 2.2 on 0F; with
¢ =1 and use Holder’s inequality to obtain

1
<|Hg | rnom:) < 1HE: = Al znar,) + INP(E) ™,
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from which we conclude using (i) and Holder’s inequality
NC." <2"[Hp = A|7n(op) + 2" A" P(E)
(2.6) < 2" Hp = M omy + 2" CoC™ (1+ | Hp = M} o)
<2"|Hp = Moy + 22" CoC™ (1+ C3 M Hp = Min(om) ) -

On the other hand, Theorem 2.1 together with (i) and Holder’s inequality implies
Zdiam(Ei) < ZCn/ ]HEi]"_l dH"
7 i 0E;

sZﬁﬁ*C%(LEJHE,—M”4dH”+MW*FKEQ)

(27) n—1 n—1 n n—1
<o o, ([ |Hp - AP an + PR
oF
n-1 n-1 n-1 n n-1
<2 1Cy (|1 He = M3k o) + 2" CoC™ (L + [ HE - M lory))
<o ic, (HHE - )\IIEL(@E) +2"1CoCM(1+ Cg*|Hp - )‘”271}1(812) ) :
Thus, by possibly increasing C, the second claim follows from (2.6) and (2.7). O

3. QUANTITATIVE ALEXANDROV THEOREM

We split the proof of Theorem 1.2 into two parts. We first revisit the Montiel-Ros argument
in Proposition 3.3 where all the technical heavy lifting is done. The idea of Proposition 3.3 is
to transform the (local) information of the mean curvature of E being close to a constant, into
information on the p-enlargement of the level sets of the distance function of OF. We note
that the statement of Proposition 3.3 is given by the sharp exponent. The proof of Theorem
1.2 is then based on purely geometric arguments.

We first state the following equivalent formulation of the theorem.

Remark 3.1. Once we prove that in Theorem 1.2 the number of component of F is bounded,
the statement on the L*-distance is equivalent to the fact that, under the assumption |Hg —
Alz»(oE) < 6, there are points 21, ..., 7y such that

N N
Upr_(xz-) ckEc Ule(a:i),

where p_ = R - C||Hg - )\”q”(BE)’ p+ = R+ C|Hg - )\an(aE), R = n/\ and the balls
B, (x1),...,B,_(xzn) are disjoint to each other. We leave the details to the reader.

In Theorem 1.2 we assume that the mean curvature is bounded only in the L™-sense and
thus the estimates from the Allard’s regularity theory [1] are not available for us. Indeed, the
L™-boundedness of the mean curvature is not strong enough to give proper density estimates.
Moreover, even in the three dimensional case R we cannot use the results from [32], because
we do not have a uniform bound on the Euler characteristic of the set E. However, if we
know that the mean curvature is close to a constant with respect to the L™-norm, then the
following density estimate holds. The proof is based on [34, Lemma 1.2].
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Lemma 3.2. Let ¥ c R™! be a compact C%-hypersurface and \ € R,.. There is a positive
dimensional constant 0, such that if |Hs = N pn(sy < 0n, then
< H"(B(x,r)nX)

7177,

On

for every x € 2 and0<r£57".

Proof. The planar case n = 1 is rather obvious and we leave it to the reader. Let us assume
n > 2. Fix z € ¥ and define V : [0,00) - [0,00) as V(r) = H"(B,(z) nX). Since V is
increasing, the derivative V'(r) is defined for almost every r € [0, 00) and

r2
/ V'(p) dp < V(1) = Va(r1) whenever 0<rq <ro.
T1

By a standard foliation argument we have that H"(9B,(z)nX) > 0 at most countably many
r € Ry. Thus V'(r) is defined and H"(9B,(z) nX) = 0 for almost every r € [0, 00). Fix such
r and choose h € R, for which H"(0B,,x(z) n¥) = 0. Define a cut-off function f; : R**! - R
by setting

1, y € B(x)
fuy) ={1-22 0y e By (2) B, (x)
0, y € RN By ().

By using a suitable approximation argument combined with Theorem 2.2 we obtain

V(r)nT_l SCn(V(7°+hf)L—V(r)

+ |thZL1(E))-

In turn, we may choose a sequence (hy)x such that hy — 0 and H"(9By4p, () N X) = 0.
Then by letting k — oo the previous estimate yields

V()" <Cu|V'(r) +/

By (z)nX

| Hy| d?—[")

<C, V’(r)+/ |H)| d’H”)
By (z)nX

<O (V') + / |Hy — M| dH" + )\V(r))
By (z)nX

<Co (V/(r) + [Hs = Mlpn sy V()5 + AV (1)),
Thus for almost every r € (0, 00) it holds
Cp' = [Hs = M 1n(s)
( Vs
If |Hs = M| zn(s) < 65 for small ,, then the above inequality implies

1
20,

Fix r < 0p/A. We assume that V (r) < 6,7", since otherwise the claim is trivially true. By

)\) V() <V'(r).

V() = AV () < V().

the monotonicity we have V(p)% < V(T)% < Op/ for all 0 < p < 7. For §,, small enough the
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above inequality then yields
1 1-1 !
V n<V
1C. (p) (p)

for almost every 0 < p <r. The claim follows by integrating this over (0,r).

3.1. Montiel-Ros argument. We recall that for E ¢ R™"! we denote
(3.1) E,:={z e E:dist(z,0F) >r}.
We use the fact that E is C?-regular and say that x € F satisfies interior ball condition with
radius r, if for y =z —rvg(z) it holds B, (y) c E. For r > 0 we define
(3.2) I, := {x € OF : z satisfies interior ball condition with radius r}.
Proposition 3.3. Let A € R and suppose that a bounded and C?*-reqular set E ¢ R satisfies
P(E)<Cy and |E| > 1/Cy with Cy € Ry.. Then for 0 <r < R with R =n/\ it holds
E|

1Bl - g (R= 7)™

Rt <C|Hg = Al (oE)

and o
H"(@E AN Fr) < WHHE - )‘HL”((?E)a
provided that |Hg — Xz ap) < 0, where the constants C' and 0 depend only on Co and on the

dimension. Moreover, under the same assumptions, for 0 < p <r < R it holds

E n
B+ Byl = A (R~ (7= )™

C
<———|Hg-A|n .
TR I1Hg = M n(oE)
Proof. As we already mentioned the proof is based on the Montiel-Ros argument for the
Heinze-Karcher inequality, which we recall shortly. To that aim we define ¢ : 9E x R - R™*!
as
((z,t) =z —tvg(x).

We denote the principle curvatures of OF at x by ki(z),...ky(x) and assume that they are
pointwise ordered as k;(z) < kir1(x). If we consider OF x R as a hypersurface embedded in
R™?2 then its tangential Jacobian is

J-C(x,t) = []I1 - thi()] on JF x R.
i=1
For every bounded Borel set M c OF x R we have by the area formula
HO(CH(y) n M) dy :/ JCdH™
C(M) M

In the proof, C denotes a positive constant which may change from line to line, depending
only on Cy and on the dimension.

Step 1: In order to utilize Lemma 2.4, we choose 6 = §(Cp,n) to be same as in the
lemma and assume |Hg — Al|pn9p) < 0. Then E has N many connected components with
N < C. We may thus prove the claim componentwise and assume that E is connected. We
denote

Y:={xedFE:|Hg(x) -\ <\/2}.
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By Lemma 2.4 it holds A > 1/C and thus by Holder’s inequality it holds
2
(3.3) HY(DEY) < X/a |Hp(z) - N dH" < O Hg - Mz (om).
E

Moreover, we have

n 1 n 1 1 1
—— dH" = — _— _ = dH"
n+1/EHE 7 n+1/g()\+<HE )\)) e

nP(E)

< IS +C|Hg(x) = M LnoE)-

Since E is connected, Lemma 2.4 yields diam(FE) < R with R = R(Cy,n) > R. Choose g € E.
Then using (2.3) with F'(z) = x — zp we obtain

nP(E) = (n+1)A|E| + / (Hp - (- 20), vg) dH",
OF
which in turn implies
(3.4) InP(E) - (n+1)A|E|| < C|Hg - M| nom)-

Hence, we deduce

n

(3.5)

1
— dH" <|E|+C|Hg - \|» .
L | G < IB ClHE = Al o)

Next we define

Z ={(x,t) eXx[0,00):0<t<1/ky(x)}.

Note that this is well-defined, since x € ¥ implies k,(x) > HET(@ > 5->0. We also set

Y
2n

1={zedE~NY ky(x)<1/R} and Yy ={zedE~NY: ky(x)>1/R},

Zy =% x[0,R] and  Zb={(z,t) e Xy x[0,00):0<t<1/ky(z)}
and finally
Z'= 7107,

Then Z and Z' are disjoint and bounded Borel sets and it holds F c ((Z u Z'). To see this
fix y € E and let 2 € OF be such that r = dgp(y) = |z — y|. Then we may write y = x — rvg(z)
and by the maximum principle k,(z) < 1/r. Since diam(F) < R, then r < R and we conclude
that (z,r) e ZuZ" and y = {(z,r).

We now recall the Montiel-Ros argument. We use the fact that F c {(Z u Z’), the area
formula, the arithmetic geometric inequality and the fact that for xz € ¥ it holds 1/k,(z) <
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n/Hg(x) to obtain
|E|<|C(2)|+1¢(Z2")] < / HU(CT (y)n Z)dy +[¢(Z"))
«2)
- [ reaw a2y
1/kn(z) n
:// T1(1 = thi(2)) dtdH® + |c(2")]
> JO =1

< / / 1/k"(x)(1-3HE(x))n dtdH" +((2")|
//n/HE(m) 1——HE(90)) dtdH" +[¢(2")] /—d’H” +lc(2")].

Next we quantify the previous four inequalities. To that aim we define the non-negative
numbers Ry, Ry, R3 and Ry as

n+1

(3.6) Ry =|((Z)\ E|
(37) R - / HO(¢C M (y) n Z) - 1]dy
¢(Z)
1/kn(x) t n n "
(3.8) Rg_// (I—EHE(x)) —g(l—tki(x))’dtd?[
nHp@) | 0
3.9 1-—Hg(x)| dtdH™.
(3.9) ///W) 1 L) a

Then by repeating the Montiel-Ros argument we deduce that

|| <

/ L 12| - Ry - Ro - Ry - Ry,
n+1

Therefore, by (3.5) it holds
Ri+Ry+ R3+ Ry <|C(Z")|+C|Hg = A tn(08)>
where R; are defined in (3.6)-(3.9).
Let us next show that
(3.10) C(Z")| < ClHEp(x) = M (o)

Indeed, by the area formula we have

|C(Z’)|s/ JoCdH"!

ZI

(3.11) R Vkn(2) n

:/ [T11-tki(z)|dtdH™ + / / H|1 thi(z)|dtdH".
170

i=1

By the definition of X/ it holds |1 — tk;(z)| = (1 - tk;(z)) for every (z,t) € X} x [0, R] and
therefore by the arithmetic-geometric inequality we may estimate

@1 ~thy(2) < C(L+ [He())  for (z,8) € X, x [0, R].
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Similarly, we deduce that

[T11-tki(z)| < C(1+¢"|Hp(z)[") for z €%} and 0 <t <1/ky(z).
i=1

On the other hand, by the definition of ¥} it holds 1/k,(z) < R. Therefore, by (3.11), A< C
and (3.3) we have

|g(Z)|<c/u /(1+|HE(x)|”)dtd”H" CR/ (1 + | Hg(a)[") dH"

OE\X
<C 1+ X"+ [Hg - A")dH" <C(H"(OE~X)+ |Hg - )‘Hzn(aE))
OE\XY
<C|Hg = M| pr(oE),

when |Hg — Al|pn(pE) < 1. Hence by decreasing 4§, if needed, we have (3.11). In particular, it
holds

(3.12) Ri+ Ry + R3+ Ry < C|Hg — N nom)

where R; are defined in (3.6)-(3.9).

Step 2:  Here we utilize the estimate (3.12) and prove the following auxiliary result. For a
Borel set I' c OF and 0 < r < R it holds

H*(T)

(3.13) |En¢(Zn(Tx(r, R)))I—W

(R=r)""' = C|Hp = Al n(om)-

We prove (3.13) by ’backtracking’ the Montiel-Ros argument. By the definition of Ry, Ry, R3, Ry
and (3.12) we may estimate

[EnC(Zn(Tx(r,R)))|2[¢(Z2n (T x(r,R)))| -

> [ HO(C ()0 20 (D% (. R))) dy - By - Ry
¢(Zn(I'x(r,R)))
min{R,1/kn(z)} n
=/ / (1—tki(l‘))dtd%n—R1—R2
I'nx in{r,1/kn(z)} i=1

min{R,1/kn(x)} t n
/ (1__HE(1')) dtdH" - Ry - Ry - R
'nX Jmin{r,1/kn(z)} n

v

in{R,n/Hg(z)} t n
/ (1——HE) dtdH" - Ry — Re — R3 — Ry
'S Jmin{r,1/kn(z)} n

min{R,n/Hg(z)} t n
/ (1——HE) dtdH"™ - Ry — Rs — R3 — Ry.
I'n¥ Jmin{r,n/Hg(x)} n
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Recall that for 2 € ¥ it holds A/2 < Hg(x) < 2\ and that R = n/\. Therefore, we may estimate

min{R,n/Hg(z)} " n min{R,n/HE(z)} t \"
/ (1 - —HE) dtdH" > / (1 - —)\) dtdH™ - C|Hg = N om)
I'nY Jmin{r,n/Hg(x)} n 'nY Jmin{r,n/Hg(z)} n

R
t n
2/ / (1——)\) dthn—C”HE—)\”Ln(aE)
rnx Jr n

HY (T NY)n A\t
:ﬁ(l_?n) - C|Hg = M| (om)
HY (T nE)R r\"*1
:ﬁ(l_ﬁ) - C|HE = A zn(oE)-

Hence, we obtain (3.13) from the previous two inequalities, from (3.3) and (3.12).

Step 3:  Here we finally prove the proposition. Recall the definition of F, in (3.1). Let us
first prove that

P(E)

(R-r)" = C|Hg = M| 1 (o5)

forall 0 <r < R.
To this aim, we claim that it holds
(3.15) En((Zn(Sx(r,R))cEu{ye(2):H (T (y)nZ) 22 ul(Z).

The point of this inclusion is that almost every point which is of the form y = z — tvg(x), for
x€Z and t € (r,R), belongs to E,.

To this aim let y € En{(X x (r,R)). Then we may write y = x — tvg(x) = ((z,t) for some
xeX and t € (r,R), with (x,t) € Z. If dgg(y) = |y — x| then y € E, because |z —y| =1t > r.
Otherwise, dyp(y) = |y — | =7 <t for & € OF, so we may write y = & — fvg(x) = ((Z,7) and
(z,7) € Zu Z'. Again, if (%,7) ¢ Z', then (&,7) € Z and thus H°(¢"*(y) n Z) > 2. Hence, we
have (3.15).

Recall that by the definition of Ry and by (3.12) it holds

{yec(2):H(CTHy)nZ) 2 2)| < /C(Z) H(CH(y)n Z) - 1] dy

<C|Hg = A proE)-
We then use (3.15), (3.16), (3.10) and (3.13) with I' = ¥ to deduce
[Er[ 2 [En((Zn(Ex(r, k)| - ClHE - M| 1roE)
W)
“(n+1)R"
The inequality (3.14) then follows from (3.3).
Let us next show that for all 7 € (0, R) it holds
_ AT
" (n+1)R"
where I', c OF is defined in (3.2).
First, we show

(3.18) |Er| < C|HEg = M roE)-

(3.16)

(R-r)""' = C|Hg = | n(om)-

(3.17) |Ey| (R-r)"'+C|Hg - N1~ om),
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This follows from an already familiar argument, so we only sketch it. It is easy to see that
Erc¢(Z"Yu¢(Zn (X% (R,00))). Moreover, since \/2 < Hg(x) < 2) for z € ¥, it holds

J-C(x,t) = [I1 - thi(z)| < C(L +|Hp(z)[") < C for (x,t) € Zn (X x (R, )).
i=1
Recall that R = n/\. Therefore, we have
max{n/Hg(z),R}
|C(Zﬂ(§]><(R,oo))|$// JrC(x,t) dtH"™
s JR
n
<C [ |=—-R|dtH" <C|Hg - M| n(8E)-
< /E‘HE |dtH" < C|Hg - M| nom)
The estimate (3.18) then follows from |Eg| < [((Z n (X x (R, 00))|+|¢(Z")] and (3.10).

Note that for all p € (r,R) it holds {z € E : dgp(z) = p} = ((T'p,p) and T c T',. We set
Cp=C(,p): 0F —» R™! and thus it holds {x e E:dpg(x) = p} = (,(T',) and
n H n
Tr6p(@) = [TI - k(o) < (1- =2 p)
i=1

for x eI').
Therefore, by (3.18) and by co-area and area formulas we obtain

R
|Er| <|Er[ = |ER|+ C|HE = Al 7o) S/ H'({z e E:dop = p})dp+ C|Hg - M| noE)
R
- [T dp I = M o
R
</ / TGl AHdp + Cl Hg = N 1o
/ /F 1= ZEp) dHdp+ ClHg - Moy
P
. Ay
< 7'1 (Fp)(l—gp) dp+ C|Hg = Al oE)

R n
<1'(r,) [ (1-2) o+ Ut - Aoy
_Hwy)
~ (n+1)Rn

Hence, we have (3.17).
The second claim of the proposition follows immediately from (3.14) and (3.17). These also

imply

(R=r)""'+C|Hg - N nom)-

P(E)
(n+1)R"
The first claim thus follows from (3.4) and R = n/\.

For the last claim we refine the inclusion (3.15) and show that for 0 < p < r < R and
r" € (r,R) it holds

(3.19) En¢(Zn(Lwx (' =p,R))) c (Br+ By) u{y € ((2) : H(CH(y) n 2) 2 2} u ((Z)).

(R _ r)n+1

<C|Hg = MlpnoE)-

“ rl_
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Indeed, let y € En{(Z n (T x (" = p,R)))). Then we may write y = z — tvg(z) for some
xeXnT, and te (r'—p,R), with (x,t) e Z. If t € (+', R) then by (3.15) it holds
yeEn¢(Zn(Sx(rR)))c B u{yel(2):H (T (y)nZ) 22} u((Z)
< (B +Bp)u{yeC(2): H (N (y)nZ) 22y u((2)).
Let us then assume that t € (r' — p,r']. We write y = = — r'vg(x) + (+' - t)vg(z). Since
x € Iy, i.e., OF satisfies the interior ball condition at x with radius 7’ > r, then necessarily
z - r'vg(x) € E,. Therefore, since 0 < 7' —t < p, we conclude that y € E, + B, and (3.19)

follows.
We use (3.10), (3.13), (3.16) and (3.19) to conclude

B+ Byl 2 [E0((Z 0 (T 0 x(r' = p, R))| = ClHi = Al 1 o)
| AT
“(n+1)R"
By using the second claim of the proposition and then letting ' — r we deduce
B Byl2 e (R (=)™ = s
On the other hand, it clearly holds E, + B, c E,._,. Then by (3.17) we have
P(E)
(n+1)R"

The last claim thus follows from the two previous inequalities and (3.4). O

(R=(r"=p))""" = C|Hg = N n(05)-
IHE = Al r o8-

|Er + Bo| < |Er—p| < (R~ (r=p)""" + C|HE = M 1 (om).

3.2. Proof of Theorem 1.2.

Proof of Theorem 1.2. Let E, A\, Cy be as in the formulation of Theorem 1.2. Recall that
we denote R =n/\. As before C' denotes a constant which may change from line to line but
always depends only on Cy and n. Let us denote

e:=Hg - A rom)-

If £ =0, then E is a disjoint union balls by [9]. Let us then assume that 0 < & < §, where
¢ is initially set as in Proposition 3.3. We might shrink ¢ several times but always in such
a way that it depends only on Cjy and the dimension n. Indeed, by shrinking ¢, if needed,
Proposition 2.4 provides the estimates

1/C<A\R<C

and hence the first claim of Theorem 1.2 is clear. We will use these estimates repeatedly
without further mention.

By Proposition 2.4 the number of the connected components of E and their diameters are
bounded by C. Thus, by applying a similar argument as in the proof of Proposition 3.3 (to
obtain (3.4)) on each component and then summing these estimates up we obtain

(3.20) [nP(E) - (n+1)A|E|| < Ce.

By possibly shrinking 6 we have R — 57 > R/2 . Choose 19 = R - ew3. Then the volume
estimates given by Proposition 3.3 read as

(3.21) 1B |- LBl gyt

Rn+1 < Ce
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for all 0 <r < R and

|E| 1
(3.22) |IE, + By| - i (R = (r = )" < Ce7m
for all 0 < p <7 <ry. We remark that by (3.21) we have
E|l na 1 nu
|Ero| > ]Lnllsnﬁ -Ce> ol Ce.

Hence by decreasing ¢, if needed, we may assume that E,, is non-empty. This implies that E,
is non-empty for 7’ > ro, when |r’ —r¢| is small enough. Since for any r’ > rq it is geometrically

clear that I'yy c OF,, + Em, then by using Proposition 3.3 and rg = R - aﬁ we have

HY(OE (Eyy + Bry)) <H"(OE~T) < C c

(ro— 1/ + iz )+l
Thus by letting r’ — rg the previous estimate yields
(3.23) H(DE~ (Byy + By,)) < Cenvr.

As previously, we divide the proof into three steps.

Step 1: Recall that r9 = R - emz > R/2. We prove that there is a positive constant
dop = do(Cp,n) < R/4 such that if z,y € E,, then

1
(3.24) either |z —y| < £2(n+2) or |z —y| > do.

Let us fix x,y € E,,. We denote d := |z — y| and the segment from z to y by Jgy =
{tx + (1 -t)y:te[0,1]}. We may assume that d is small, since otherwise the claim (3.24) is
trivially true. To be more precise we assume

(3.25) d< min{§,1}.

Let us first show that
(3.26) Joy € Epy_p142-

Note that 7o — R™'d?* > 0 by ro > R/2 and (3.25) and hence E, g1 is well-defined and
non-empty. Choose z € R"!' \ E and 2’ € J,, such that

|z = 2'| = dist(R"™ N E, J,,).

If 2/ =z or 2’ =y, then it follows from x,y € E,, that |z — /| > r. If not, then from the fact
that 2 is the closest point on Jyy to z, we deduce that the vector = -z’ is orthogonal to z -2/,
e, (x-2',2-2") = 0. Note also that min{|z - 2’|, |y - 2’|} < d/2 and we may thus assume that
|z — 2’| < d/2. Therefore, we have by Pythagorean theorem

d2
e -z =]z -2 P +]z -2 < i |z - 2|2

Since |z - z| > ¢, the previous estimate gives us

d?
12 2
- >ry— —.
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We deduce from 79 > R/2 and (3.25) that

The previous two estimates yield |z — 2| > rg — R™'d? and the claim (3.26) follows due to the
choice of z and 2'.
Again, we use ro > R/2 and (3.25) to observe

7“0—(1+R_1)d227‘0—d—R_1d22————

Thus E,_(14+p-1)q2 is well-defined and non-empty. Next, we deduce from (3.26) and E, + B, c
E,_, that
(327) ny + Bd2 ck 0o—-R-1d2 + Bd2 C ET‘Q-(1+R_1)d2'
Since Jyy + Bg2 contains the cylinder Jyy x Blp, it is clear that
| Ty + Bge| > wpd" "

On the other hand, (3.21) and £ <1 (we may assume ¢ < 1) imply

FE _ n+l
By (14 R-1)a2] < R‘RJI(R—(TO—(1+R Hd?))" + Ce
E n
= %(miz +(1+R1)d%)) Hyce
|E| , 1 1y 2yl ntl
< pmr(Em? + (1 RTHA))™ + Ceme

< Cd2 D 4 e,
Then (3.27) yields
wad 2 < 02D 4 Ceniz,
Ifd> 52("1+2> , then
wnd1+2n < Cd2(n+1).

This implies d > ¢ > 0 for some ¢ = ¢(Cp,n). By recalling (3.25) the claim (3.24) follows.

Step 2: By (3.24) and possibly replacing § with min{4, (do/8)2("*?)} we may divide the
set E,, into N many clusters Eﬁo, e ,Eﬁg such that we fix a point x; € E,, and define the
corresponding cluster Ef;o as

Ef;o ={zxeE,, :|r—-x;<dy/8}.
. 1
By (3.24) it holds E;  c B, (x;), where g9 = €202, and |z; — x| > do for i # j. Therefore, we
have for every p >0

N N
(3.28) U Bp(xz) C Ero + Bp C U Bp+50 (mz)
i=1 =1

Since ro > R/2 > R/4 > dy and |x; — x| > dy for i # j, then the balls B,(x1),...,B,(xzy) with
p = do/4 are disjoint and contained in E, which, in turn, implies there is an upper bound
Np = No(Co,n) €N for the number of clusters N.
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Next we improve the lower bound |z; — ;| > dp and prove that there is a positive constant
Cy = C1(Cy,n) such that

1
(3.29) |z; — x| > 2R - 2C1e (+2)? for all pairs i # j.
As a byproduct we prove the last statement of the theorem, i.e., we show
1
(3.30) |P(B) = N (n+ 1w, B?| < Ce20).

Recall that the balls By, /4(21), ..., Bgya(7n) are disjoint. Therefore, using N < Np and
(3.28) with p = dy/4 we deduce

d n+1 1
|‘E7’O+Bdo/4|_an+1 (ZO) < Cgg = Ce2(n+2)

On the other hand, we have dyp/4 < R/16 < R/2 < ry so we may use (3.22) to obtain

E d n+l
%(Zo+mi2) |£C’5$.

1By + Baypal -
These two estimates and € < 1 imply

1
(3-31) ||E| — Nwp R™Y < Ce?midy

Thus, (3.20), R=n/X and (3.31) yield (3.30).

To obtain (3.29), let us assume that there is 0 < h < R/2 such that |z; — z;| < 2R - 2h
for some ¢ # j. This implies that the balls Br(x;) and Bgr(x;) intersect each other such
that a set enclosed by a spherical cap of height h is included in their intersection. As the

volume enclosed by the spherical cap of height h has a lower bound CnR””hnTﬁ, with some
dimensional constant ¢, then there is ¢ = ¢(Cp,n) such that

|BR(.7JZ) al BR(a:j)‘ 2 Ch%ﬂ.
We use the previous estimate as well as (3.22), (3.28), (3.31), e <1 and N < Nj to estimate
Nwn R™ < |E|+ Ceg

_1_
<|Ery + Bry| + Ceg + Cens2

N
< UBR+80($’£) + Cey +C€$
i=1

< + Nwne1 ((R +e)™ —R”+1)+C€O+C€$

N
U Br(x;)

=1
< an+1Rn+1 - ‘BR(.%'Z) N BR(.%']')| +Ceg + C&“ﬁ

el n+2 1
< NwpR" —ch 2 +Ceg+ Cen+2
el n+2 1 1
= Nwp 1 R" —ch 2 +(Ce20+2) + Cen+z
n+2 _1
< an+1R"+1 —ch 2 +(Ce2n+2)

n+ 1
Thus A" < Ce2® and (3.29) follows.
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Step 3: Let C be as in (3.29). By decreasing 4, if needed, we may assume
1 1
0<R-Cie(2? < R—gn+2 =1y.

1
Then we have by (3.28) and (3.29) that the balls B,(x1),...,By(xn), with p = R - Cie (+2?
are disjoint and

N
(3.32) \UBy(xi) cEpy+Byc Epy—pc E.
i=1

This, e <1, N < Ny and (3.31) imply

N 1
(3.33) ‘E U Bp(x)| < Cemin?
i=1
1
Set g1 = e ™+2% | We prove
N
(3.34) Ec|JBy(x)
i=1

for n = R + Cee; with some positive Co = Cy(n,Cy). By decreasing d, if necessary, we deduce
from (3.33) that

|Be, | >

N
E~ U By (z:)
i=1

Thus, if 2 € E.,, then B, () nUY, B,(x;) must be non-empty. This implies

N
(3.35) E., < |JBpie, ().
=1

Assume that for z € OF it holds
dy = dist (x,ErO +§To) > 0.
Then by (3.23)
H'(OFE n B(z,dy)) < Ceme.

Let 6, € Ry be as in Lemma 3.2 and set r, = min {d,,d,/A}. Again, by possibly decreasing &
so that 6 < §,, Lemma 3.2 yields

Onr <H" (OE N By, (x)).
By combining the two previous estimates we have
0. 1
min {dx, Tn} < Cenni2)

Since 6, /A > 0,/C, then by decreasing 0, if necessary, the previous estimate implies r, = d,
and further gives us

(3.36) d, < CeTm® < Cetma?,
On the other hand, by (3.28)

_ o N
(3.37) E,y+ By, € Epy + Br c | Brae, (i),
i=1
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1

1 _
where g9 = £2072) < (n+2)* | Thus, (3.36) and (3.37) imply
N
OFE c | Bji(#)
i=1

1
with 77 = R+ Ce(+2? | By combining this observation with (3.35) we obtain (3.34).
Finally, by decreasing J one more time, if necessary, (3.30), (3.32) and (3.34) yield

N N

By (%) c EcU By, (2:),
U P P
i=1 =1

1

1
where p_ = R-Ce2® p, = R+ Ce2? the balls B, (z1),...,B,_ (zy) are mutually
disjoint, for NV it holds

1
|P(E) - N(n + 1)wn+1R"| < Cg(n+2)3
and C' = C(Cy,n) € R,. The claim of Theorem 1.2 then follows by Remark 3.1. O

4. ASYMPTOTIC BEHAVIOR OF THE VOLUME PRESERVING MEAN CURVATURE FLOW

In this section we first define the flat flow and recall some of its basic properties. We do
this in the general dimensional case R™*! and resctrict ourself to the case n < 2 only in the
proof of Theorem 1.1. We begin by defining the flat flow of (1.1).

Assume that Ep ¢ R™! is a bounded set of finite perimeter with the volume of the unit
ball |Ep| = wp+1. For a given h € R, we construct a sequence of sets (E,?)Zil by iterative
minimizing procedure called minimizing movements, where initially E{f = Fy and E,?H is a
minimizer of the following problem

1 - 1
(4.1) Fi(B.By) = P(E) + - /E dp, dz + ﬁ\lEl ~ Wns .

Recall, that d. E, is the signed distance function from Fj. We then define the approximative
flat flow (El)ss0 by

(4.2) EM=E!  for (k-1)h<t<kh.
By [29] we know that there is a subsequence of the approximative flat flow which converges

(Efl )tzo - (Et)tZOa

where for every ¢ > 0 the set E; is a set of finite perimeter with |Ey| = w,11. Any such limit
is called a flat flow of (1.1). It follows from [29] that when n < 6 and if the perimeters of
E! converge, i.e., limy_q P(E!) = P(E;) for every t >0, then the flat flow is a weak solution
of the volume preserving mean curvature flow. It is not known if the flat flow coincide with
the classical solution of (1.1) when the latter is well defined and smooth, but the result in [5]
seems to indicate this (see also [4]).

4.1. Preliminary results. Let us take more rigorous approach to the concepts heuristically
introduced above. We base this mainly on [29], where the only difference is that the volume
constraint has a different value. Obviously, this does not affect the arguments.

First, we take a closer look at the functional F, given by (4.1). If E, F ¢ R""! are bounded
sets of finite perimeter, then it is easy to see that modifications of E in a set of measure zero
do not affect the value Fp(FE, F') whereas such modifications of F' may lead drastic changes
of the of F,,(E, F). To eliminate this issue, we use a convention that a topological boundary
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of a set of finite perimeter is always the support of the corresponding Gauss-Green measure.
Thus, we consider Fy, as a functional X, x {4 € X,,11: A+ @} > R, where

X1 = {EcR"™ : E is a bounded set of finite perimeter with 9F = spt pp}.

We remark that if Ej is essentially open or closed and Fy € X,,;1, then we may assume it to
be open or closed respectively.

For a non-empty F' € X,,,1 there is always a minimizer E of the functional Fy( -, F') in the
class X, 41 satisfying the discrete dissipation inequality

1 1 1
4.3 P(E +—/ dop de+ — ||E| - w <P(F)+ —||F|-w ,
(4.3) (E)++ s \/EH | = wnal < P(F) \/EH | = wnsl
see [29, Lemma 3.1]. Moreover, there is a dimensional constant C,, such that
(4.4) sup dop < CoVh,
EAF

see [29, Proposition 3.2]. The minimizer E is always a (A, rg) -minimizer in any open neigh-
borhood of E with suitable A,rg € R, satisfying Arg < 1. Thus, by the standard regularity
theory [22, Thm 26.5 and Thm 28.1] 9*E is relatively open in 9F and C1®-regular with any
0 < @ < 1/2 and the Hausdorff dimension of the singular part 9E ~ 9*E is at most n—7. These
imply that E can always be chosen as an open set. On the other hand, if E is non-empty, it
has a Lipschitz-continuous distributional mean curvature Hpg satisfying the Euler-Lagrange
equation

(4.5) dTFZ—HE+)\E,

where the Lagrange multiplier can be written in the case |E| # wp41 as

(4.6) Ap = %g (net - D),
see [29, Lemma 3.7]. Thus, by using standard elliptic estimates one can show that 0*F is in
fact C*“regular and (4.5) holds in the classical sense on 9* E. In particular, E is C?“-regular
when n < 6. Moreover, if x € OF satisfies exterior or interior ball condition with any r, then it
must belong to the reduced boundary of E. This is well-known and follows essentially from
[9, Lemma 3].

Let us turn our focus back on flat flows. Let Ey € X,,11 be a set with volume w,41 and
0 < h < (wns1/P(Ep))%. Then we find a minimizer E} € X, for Fy( - ,Ep) and by (4.3)
we have ||E}| - wn1| < VhP(Ey) implying, via the condition h < (w,/P(Fp))?, that E! is
non-empty. Again, we find a minimizer EY € X,,,1 for F,( -, F;) and using (4.3) twice we
obtain HE§‘| — wnt1| € VRP(Ep) and thus E¥ is also non-empty. By continuing the procedure

we find non-empty sets Eg,E{‘,E;‘, ... € X,41 as mentioned earlier, i.e., E{} = Fy and E,’j is
a minimizer of Fj( -, Ex_1) for every k € N. Thus, we may define an approximate flat flow
(El) 50, with the initial set Ey, defined by (4.2). Further a flat flow as a limit is defined as
before. By iterating (4.3) we obtain

1 & 1
(4.7) P(EN) + - D dypn  dz+ —h|\E,§h| —wns1| € P(Ep) for every k e N,

. h A h ~1)h
3=1V ERAES 1y, v Vh
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By the earlier discussion we may assume that Ef , for every t > h, is an open set and 8Eth is
C2%-regular up to the singular part EI \ * El' with Hausdorff dimesion at most n —7. We
use the shorthand notation A! for the corresponding Lagrange multiplier.

Next, we list some basic properties of the approximative flat flow.

Proposition 4.1. Let (Eth)tzo be an approrimative flat flow starting from Eg € X,4+1 with
volume wp+1 and P(Ey) < Cy. There is a positive constant C = C(Cy,n) such that the
following holds for every 0 < h < (wn/P(Ep))?:
(i) For every s,t with h<s<t—h it holds |E"AE! < C\V/t - s.
(i1) Suppose that for given Ty > 0 it holds |E:]ﬁ1| = wp+1- Then P(E%) > P(El) for every
t>T1 and
T

[ (g = N2 wrde < C(P(ER) - P(ER,))
Ty+h J o+ B!

for every Ty >T1 + h. Moreover, for every h <1y <Ts it holds
T>
/ / (Hpn — A2 dH™dt < CP(Ep).
T JorED ¢

(iii) For every T >0 there is R = R(Eo,T) such that E' c Bg for all0<t<T.

(v) If (hi)k is a sequence of positive numbers converging to zero, then up to a subsequence
there exist approzimative flat flows ((Efk)tzo)k which converges to a flat flow (Ey)¢s0,
where By € Xp41, in L'-sense in space and pointwise time, i.e., for every t >0 it holds

lim |E" AE]| = 0.
hi—0

The limit flow also satisfies |EsAE < C\/t—s for every 0 < s <t and |Ey| = w41 for
every t > 0.

(v) If Ey is either open or closed, then the sequence in (iv) converges to (Ey)so in L in
space and compactly uniformly in time, i.e., for a fixed T it holds

lim sup |E/*AE]=0.
hi=0te[0,T]

Moreover, |EsAE| < C\/t - s for every 0 < s <t.

Proof. The claims (i) - (iv) are essentially proved in [29], see the proofs of Proposition 3.5,
Lemma 3.6 and Theorem 2.2.
To prove (v), we first show that

|ERAE) -0 as h—0

which immediately implies via (iv) that |EgAE;| < C\/t for every t > 0 and hence the sec-
ond claim of (v) holds. Then the compactly uniform convergence in time is a rather direct
consequence of this and (i).

To this aim, let (hy); be an arbitrary sequence of positive numbers converging to zero. By
(iii) and by the standard compactness property of sets of finite perimeter there is a bounded

set of finite perimeter F., such that, up to extracting a subsequence, EZ: — Fo in L' -sense.
In particular, by (4.7) we have |Es| = wps1 = |Ep|. Again, by using |EZ: AE|— 0 and (4.4)
we have

[Boo N {y e R" 1 dp,(y) <57} =0 and [{yeR":dp,(y) <5}~ Bwo| =0
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for every j € N. Thus, by letting j — oo we obtain |Ew \ Ep| =0 and [int(Ep) \ Es| = 0. Since
Ey is open or closed, this means either |Es \ Eg| =0 or |Eg \ E| = 0. But now |Eu| = |Ep| so
the previous yields |ExAEp| = 0. Thus, |EZ: \ Ep| = 0 up to a subsequence and since (hy)g
was arbitrarily chosen, then it holds |EFA Ep| — 0. O

We note that the claim (v) does not hold for every bounded set of finite perimeter Ey. As
an example one may construct a wild set of finite perimeter Fy such that |EZAE0| >co>0
for all A >0

By [29, Corollary 3.10] it holds, for a fixed time T > h, that the integral fg IAP2dt is

uniformly bounded in h and hence, via (4.6), it holds ‘{t e (h,T):|EM + wn+1}| < Ch, where
C depends also on T. We may improve this by using Lemma 2.4.

Proposition 4.2. Let Cy > 0 and FEy € X1 be a set of finite perimeter with volume wp1
and P(Ey) < Cy. There are positive constants C = C(Cp,n) and hg = ho(Co,n) such that if
h < ho and (EP) o is an approzimative flat flow starting from Ey, then for every h < Ty < Ty

T>
/ INV2dt < C(Ty - Ty +1) and

T

{te(T1,T) : |E}| # wpse1}| < OR(Ty = Ty + 1).

Proof. By (4.7) we may choose hg = ho(Cp,n) such that |Ef'| > 2 whenever h < hy. We
may also assume Cj > 2wy so |EP| > 1/Cy for h < hg. Thus, by Lemma 2.4 and P(E!) < C
we find a positive C'= C(Cp,n) such that for every ¢t > h and h < hg it holds

<o (e [ g -apyan).
o*Ep !
Therefore,
T Ts
/ NPt < C(Ty = Th) +C / (Hpn — A)2dH"dt.
T Ty *Eth t
By Lemma 4.1 (ii) we obtain the first inequality. The first inequality implies, via (4.6), the

second inequality with the same constant C. [l

We need also the following comparison result for the proof.

Lemma 4.3. Let 1 < Cy < oo. Assume Ey € X,+1 is a set of finite perimeter with volume
wnt1 and P(Ep) < Cy, and let F = UZJXI By (z;) with |x; — z;| > 2r and 1/Cy <r < Cy. There is
a positive constant g9 = £9(Co,n) such that if (EM)o is an approzimative flat flow starting
from Ey and

sup dap(z)<e with e<eg
weBj AF

for to >0, then it holds

sup dgp(x) < Ced for all tg<t<ty++c
zeEMAF

provided that h < min{\/z, ho}, where hg = ho(Co,n) is as in Proposition /.2.
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Proof. Our standing assumptions are h < min{./z,ho} and € < min{1/(2Cy),1}. As usual,
C denotes a positive constant which may change from line to line but depends only on the
parameters Cy and n.

Without loss of generality we may assume ¢y = 0. Fix an arbitrary z; € {z1,...,zx}. Up
to translating the coordinates we may assume that x; = 0. We set for every k£ =0,1,2,...

pr = inf{|z|: z e R"™INENY and 7 = min{r, po, ..., pr}.
We claim that it holds
(4.8) P =i 2 =Ci(1+ |)‘}(lk+1)h|)h>

with some positive constant C1 = C1(Cp, n). First, if ri,1 = 7, the claim (4.8) is trivially true.
Thus, we may assume 7.1 < rp which implies pgpi1 = rpe1 < 7% < pp. Then pg > 0 which, in
turn, means

pr = min |x|.

h
OE},

Since Eé‘kﬂ)h is bounded and open, there is a point z € R™! Eéllﬁl)h with pgi1 = |z|. Let 2’
be a closest point to x on BE,}CLh. Then

Pt + |y (@)] =l +|dgy (@) 2 |2'] 2 pi 2 7.
The condition |z| < px means x € E,’;h so the previous estimate yields
(4.9) Thel — Tk > Jth (x).
Again, z € Bl N Eélku)h so by Lemma 4.4 |JEQh (z)| < Cp\V/h and hence

(4.10) i1 — 1 2 ~Co V.

We split the argument into two cases. First, if 7,1 < Cpv/h, then by (4.10) we have
7 < 2C,v/h. Therefore, using (4.10) we obtain

(411) 7“]%_,.1 - 7"]% 2 _Cn(rk+1 + Tk)\/ﬁ 2 _307%}1‘
If 7441 > CoV/h, then by (4.10) 7% < 2rk41. Since 741 > 0, then it holds x € aE?’Hl)h and

Eé‘k )k satisfies interior ball condition of radius r;,1 at . Thus, by discussion in Section 2 x

belongs to the reduced boundary of Eélk Dk and therefore by the maximum principle it holds

Hpgn () < 7. Again, by the previous estimate, (4.9), the Euler-Lagrange equation (4.5)

(k+1)h T Tk
and 13,1 < Cy we obtain

_ dpn (x
rk+1h Tk Ek],;( ) 5 _r:rl B ’)‘?k+1)h| > _ﬁ (n n CO|A?k+1)h|)‘
Therefore,
(4.12) 2T (1 + ﬁ) (” + C0|)‘(k+1)h|) 2 -3 (" + C0|)‘(k+1)h|) :

Thus, (4.11) and (4.12) yield the claim (4.8) in the case rg1 < 7.
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We iterate (4.8) up to K € N, which is chosen so that Kh € (\/z,2\/2) (recall h < \/¢), and
use Proposition 4.2 to obtain

K-1
rk =152 =C1 Y (1+[A{purynl)b
=0

(K+1)h
= —ClKh—Cl/ AP dt
h
3E
(4.13) > -2C\/E - 01/ I\ dt
h

3\/E 1 1 h
> —201\/5—/ 1 +et| AP dt
h

) 3./ o )
> (el 1+/ o2 dt ] > —Cet.
h

By the assumption sup,.p, A dor(z) < & we have r—e < rg. Thus we divide r% -7 by rx +7g
and use ro 27— >71/2>1/(2C)) as well as (4.13) to find a positive constant Cy = C2(Cop,n)
such that rg >r — ng’;‘i. This means that

inf dp, (s > ~Caet  forall t</E

R"*l\Eth
and again due to the arbitrariness of z; € {x1,..., 2N}
- 1
inf dp>-Che1 for all t<\/g.
Rr+1I\ER

To conclude the proof, we show that there is a positive constant 1 = €1(Cp, n) such that
(4.14) supdp < 2e% for all t < /e
By
provided that e < 1. To this aim we choose an arbitrary z¢ € R""! \ ' with dp(zg) > %3,
We set for every k=0,1,2,...

pr = inf |z-xzo| and 7= min{2£%,p1, ey PRI
zeBl,
1
In particular, 7, < 2CJ. A slight modification of the procedure we used to obtain (4.13) yields

1
r - 12 > —Ce1,

where K is the same as earlier. Again, the conditions sup,.p, ar dor(z) < € and € <1 imply

1 1
rg > 29 —e >¢e9. Thus
1

€4 5 11
rg—r9g>2-C— >-Ce36 = —Ce36¢9
0

and thus rg > (1- ng%)gé > %5%, when ¢ is small enough. Since zg, with dp(z¢) > 263, was
arbitrarily chosen we deduce that

E,?hc{:ceR"*l:dF(x)SQs%} for all k=0,..., K.
The claim (4.14) then follows from the choice of K.
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O

4.2. Proof of Theorem 1.1. The proof of Theorem 1.1 is based on Theorem 1.2. We first
use it together with the dissipation inequality in Proposition 4.1 (ii) to deduce that there
exists a sequence of times ¢; - oo such that the sets E¢; are close to a disjoint union of balls.
Since perimeter of the approximative flat flow is essentially decreasing then the number of the
balls is also monotone. In particular, we deduce that after some time, the sets E;; are close to
a fixed number, say N, of balls. We use the second statement of Theorem 1.2 to deduce that
the perimeters of E¢; converges to the perimeter of N many balls with volume wy,+1 and thus
the right-hand-side of the dissipation inequality converges to zero. This allows us to improve
our estimate and use Theorem 1.2 again to deduce that the flat flow E} is close to a disjoint
union of N many balls for all large ¢ except a set of times with small measure. The statement
then finally follows from Lemma 4.3.

Proof of Theorem 1.1. Assume that the initial set Ey € X,,;1 has the volume of the unit ball
|Eo| = wns1, fix a positive Cy with Cp > max{1, P(Ep)} and assume h < (Cp/wni1)?. Let
(Et)es0 be a flat flow starting from Ej and let (Ef ts0 be an approximative flat flow which
by Proposition 4.1 converges to (Ey)sso locally uniformly in L!. We simplify the notation and
denote the converging subsequence again by h. Since we are now in the dimensions 2 and 3
(n=1,2), the sets EI are C?-regular.

Step 1: Let us denote
(4.15) Sp = {te(0,00): |[EM # wn1}

By (4.7) and Proposition 4.2 we find a constant hg = ho(Co,n) < 1 such that |El| > 1/Cy for
every t > 0 and

1
(T3, T2) 0 2l < 5 (T2 - Th)

for every 17 > 1 and 15 > T1 + 1 provided that h < hg. On the other hand, by Proposition 4.1
(ii) we have for every h < hg and [ € N

(+1)? C
. h|2
Ith = ]{2 ”HE?_)\t ”LQ(()E‘?) dtST

By Chebysev’s inequality
1
1€ (2, 1)) gy~ N g 2 BT < (#1712,
Therefore, by choosing Ty = 1% and Ty = (I + 1)? we deduce that the set
{te (T, 1) £ | = e, [ Higp = AP 2 oppy < 300n )

is non-empty. Thus, if h < h, then there is a sequence of times (T});, with 12 < T}" < (1 + 1),

such that the corresponding sets satisfy |E"

Th | Wn+l a'nd

_1
(4.16) HHE;h - )\Tlh ||L2(3E;h) <Cl 2.
!

By slight abuse of the notation we set El = E;ﬁh and A p = /\Th for h < hg. Since the sets

I are C2-regular and bounded, then thanks to P(Eo) < Cy, |EP' 2 1/Cp, (4.16) and Theorem
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1.2 we find ly = lo(Co,n) such that for every [ >ly we have 1/C' <\, <C,

(4.17) \P(E) = NP (n+ Dwna (rf)* < C1°% and sup dypn < CL73,

EhARR !
where rlh =n/\ and Flh is a union of Nlh—many pairwise disjoint (open) balls of radius r; .
Since 1/C < A\, < C, then also 1/C < 1y, < C, which together with the perimeter estimate
P(E) < P(Ep) < Cy implies that there is No = No(Co,n) € N such that N/* < Ny. Further
the distance estimate in (4.17), together with 1/C <7, < C and NJ* < Np, yields

|ElAFP | <CI75.

Since |Elh| = wp,1, then the estimate above implies |(rl7h)"+1Nlh -1 < Cl"% and further
|(r )" (NP7 = 1] < Cl1~%. This inequality, the perimeter estimate in (4.17) and N < No
imply
(4.18) IP(EM) = (n + Dwnar (N 1) < O3
Since by Proposition (4.1) (ii) (P(E"))ss, is non-increasing, then (4.18) implies that there is
a positive integer 1} = [1(Cp,n) > Iy for which (Nlh)lzll is non-increasing for all h < hyg.

Step 2:  For [ >1; and h < hg the sets Elh are thus close to Nlh many balls. We claim
that there are N € N and [y > [1 such that for every integer L >[5 it holds

(4.19) N'=N  forall b<I<L

provided that h is small enough.

By using a standard diagonal argument and possibly passing to a subsequence we find a
sequence of positive integers (N;);sr,, with N; < Np, such that Nlh — N for every [ > [1. Since
(Nlh)lzll is non-increasing, then (N;);s;, is non-increasing too and hence there are N,ls € N,
Iy > 11, such that N; = N for every [ > l5. Hence, we have (4.19) by the convergence of N/ to
N;.

We obtain from (4.18) and (4.19) that

(4.20) [P(E]") - (n + D) (N) 71| < CO1 3

for I3 <1 < L, provided that h is small enough. Therefore, it follows from Proposition 4.1 (ii)
that

Ty
hy2 4
/Th+h HHEth — A ”LQ(aEth) dt <Cl 2.
l
Since h <1, and L > 1 was arbitrary, the above yields

T
4.21 sup limsup/ Hon — M2 atl < cr-t
( ) Tz(l+2)2[ h—0 (1+2)2 H By t HLQ(BEI?)
for every [ > ls.

Step 3:  Let us fix small §, which choice will be clear later. Then it follows from (4.21),
(4.20) and the fact ¢t ~ P(E) is non-increasing in ¥ that there is T such that for every
T >Ts + 1 there is hsr such that

T
(4.22) /Té | H gy~ Afgug(w) dt <6
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for all h < hsr and

(4.23) IP(E!) = (n+ Dwny N7 | < 6

for all t € (T5,7) ~ Xp. On the other hand, by Proposition 4.2 and by decreasing hsr if
necessary we deduce that

(4.24) |Xh 0 (T5,T)| <6 for all h < hs .

Let € >0 and let us fix ¢t > T+ 1. (The time T5 + 1 will be 7% in the claim.) We claim that,
when § is chosen small enough, it holds

(4.25) sup dypn <€,
ERAFR !

for h < hs, where Fth is a union of N-many pairwise disjoint (open) balls of radius r = N T

with volume wy,,1.
Fix T' >t + 1. Then it follows from (4.22) that

t
[ Ve~ sy a5
and from (4.23) and (4.24) that
IP(E") = (n+ Dwny Now1| <5 for all 7€ (t-6"4 1)\ 5,

and [, 0 (t - 0'/4,1)] < 6. Using these estimates we deduce that there is to € (t — 6/%,¢) such
that |E£)| = Wnit,

(4.26) |P(E}) = (n+ Dwnu Nt | <6

and
h 1/4
1Hgp =Nl ) <"
Theorem 1.2 implies that
sup  dypn <51,
N

for all h < hs7, where Ft% is a union of Ny, p-many pairwise disjoint (open) balls of radius
Tto,n With volume wy41 and

|P(E}) = Ny p(n+ Dwparry, | < C59/%,

Since 1/C < 1y, < C, then, as in Step 1, we deduce from the previous two estimates above
that |Ef AF]| < C§9%. Then by (4.26) and |F}!| = wn41 we further conclude that Ny, 5 = N,

ie., Ft’é is a union of N-many pairwise disjoint (open) balls with volume w1 and radius
1

r=N n+.
By Lemma 4.3 it holds

4q g
sup dypn < C036 for all tg <7 <tg+98
t
ERAF] 0

and h < hsr. In particular, since ¢ £ > 61 the above inequality holds for ¢. This proves (4.25)
by choosing Fth = Ft’é and 0 small enough. The claim follows by letting A — 0. Note that by
Proposition 4.1 (iii) there is R > 0 such that F* ¢ Bg for all h < hs. Therefore, by passing
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to another subsequence if necessary, we have that Fth — F}, where F} is a union of N-many
pairwise disjoint (open) balls with volume wy+1 and by (4.25) it holds

sup dpr, <€.
E.AF,
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STATIONARY SETS OF THE MEAN CURVATURE FLOW WITH A FORCING
TERM

VESA JULIN AND JOONAS NIINIKOSKI

ABSTRACT. We consider the flat flow solution to the mean curvature equation with forcing
in R". Our main result states that tangential balls in R"™ under a flat flow with a bounded
forcing term will experience fattening, which generalizes the result in [11] from the planar
case to higher dimensions. Then, as in the planar case, we characterize stationary sets in R™
for a constant forcing term as finite unions of equisize balls with mutually positive distance.

1. INTRODUCTION

In this article, we consider the mean curvature flow (MCF) with a bounded forcing term
for compact embedded hypersurfaces. By definition, this is a family of embedded surfaces
(3t )te[0,00) in R", with initial set 3o, and which moves according to the law

(1.1) Vi =—-Hs, + f(1),

where V; is the normal velocity, Hy,, the mean curvature and f a bounded measurable function.
It is well known that the flow may develop singularities for a smooth initial set when n > 3
[12] and even in the plane when f # 0 [4]. In order to define the flow over the singular
times and in order to define it for rough initial sets, one may define a weak solution by using
either the level set formulation [7, 10], the flat flow via the minimizing movement scheme
[1, 14] or Brakke’s varifold formulation [5]. The main issue is that there is no unique way to
define the weak solution, and the previous methods may give rise to a different solution. The
level-set approach provides a unique function which is a solution of the corresponding partial
differential equation in the viscosity sense, but its level sets may have positive volume. We
call this phenomenon fattening. De Giorgi’s minimal and maximal barriers provide essentially
the same solution as the level-set approach, and in this context the fattening means that the
minimal and the maximal solution do not agree. The fattening may occur instantaneously if
the initial set is not regular [4, 10] or after a finite time for regular initial sets [4]. In this work,
we consider the flat flow of (1.1), which is a solution obtained via the minimizing movement
scheme as in [1, 14]. The flat flow can be defined for rough embedded initial hypersurfaces
which are boundaries of sets of finite perimeter. Therefore, it is more natural in this context
to define the flow for sets rather than surfaces. If the initial set is smooth, then the flat flow
agrees with the classical solution for a short time interval, but in case of fattening it is not
clear if it is uniquely defined.

Here we study the fattening for the flat flow of (1.1) in the specific case when the initial set
is a union of two tangent balls. It is well known that in this case the level-set solution produces
instantaneously fattening [4, 13]. We also mention the work [9], where Dirr, Luckhaus and
Novaga study the same setting but add randomness to the flow. For a general introduction
to the topic, we refer to [3]. In our main theorem, we generalize the result in [11] from the

1
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plane to R™ and prove that the flat flow instantaneously connects the two tangent balls with
a thin neck which continues to grow at least for a short period of time.

Theorem 1.1. Let Ey c R, n > 2, be a union of two tangential balls B(xz1,7) and B(xza,T).
Let (Et)¢ be a flat flow with a forcing term f, which is bounded by Cy € Ry, starting from Ey.
There ezist positive numbers §, c¢1 and co depending only on n, r and Cy such that for every

t €(0,0) the set E; contains a dumbbell-shaped simply connected set which again contains the
balls B(xz1,1 - c1t), B(xe,r —cit) and B((x1 + x2)/2,cat).

We note that the above result immediately generalizes to the case when the two balls do
not have the same radii. This follows from Theorem 1.1 and a standard comparison argument
(see Proposition 3.2).

Theorem 1.1 implies that a union of tangent balls cannot be a stationary set of the flow (1.1).
Therefore, we may use the characterization of critical points of the isoperimetric problem from
[8] to characterize all stationary points of the flow (1.1).

Theorem 1.2. A bounded set of finite perimeter By ¢ R™, with n > 2, is a stationary set of
the flow (1.1) (see definition 3.5) with a positive constant forcing A exactly when it is a finite
union of balls of radius r = (n—1)/A with mutually positive distance.

Let us finally mention a few words about the proof of Theorem 1.1. We begin the proof as
in the planar case [11] by showing that any discrete approximation of the flat flow creates at
the first step a neck which connects the two balls. After this, we need to show that this neck
is growing until the time 6. In the planar case, it is enough to construct a single barrier set to
show that the neck is growing (see [11, Proof of Theorem 1.1]). In the higher-dimensional case,
we need to construct a family of comparison sets which, together with a delicate comparison
argument, implies that the neck is growing. The novelty of the proof is the construction of
this discrete barrier flow. A similar idea is used in [13] in the context of level set solutions.
The main difference is that in our case the flow is defined via time discretization.

2. NOTATION AND PRELIMINARY RESULTS

Let us introduce some basic concepts and notation. First, our standing assumption through-
out the paper is that the dimension n is at least two, and for x € R” we use the decomposition
x = (21,2"), where 21 € R and 2’ € R"!. For a given set £ c R", the distance function
dg : R" - R is given by dg(x) = infyeg|r — y|, and further the signed distance function
dp : R™ > R is defined by

—dE(.%'), rekl

d () :{dE($), zeR"\E.

For the empty set, we use the convention that its signed distance function is oo everywhere.
If £ c R™ is Lebesgue-measurable, then we will denote its n-dimensional Lebesgue-measure
by |E|.

For a set of finite perimeter F c R™, the term 0" E denotes its reduced boundary as usual.
Recall that then 0*F is the support of the corresponding Gauss-Green measure and the
perimeter of E is given by P(E) = H" 1(0*E). If E is Cl-regular, then we have 0*F = 0F.
Moreover, we may always assume 0F = 0*FE. The measure theoretic outer unit normal is
defined in 0*F and we denote it by vg. If F is a C'-set, then vg agrees with the classical
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outer unit normal of E. Again, for every C'-vector field ¥ : R" - R" the tangential differential
at x is defined by

D, V(z) =D¥(z)(I -ve(z) @ vg(x))

and the tangential divergence by div,; ¥ = Tr(D,¥(x)).

For an orientable C? -hypersurface ¥ c R", with orientation vs : ¥ - 9B(0,1), the corre-
sponding mean curvature Hy(z) at x € ¥ is defined as the sum of the principal curvatures
ki(z),...,kno1(x). If EcR"is a C? -set, then Hg(z) for z € OF denotes Hyp(x), with the
orientation vg, and we have the classical (surface) divergence theorem

/ div, O dH" ' = | Hp(V,vg) dH™!

oFE oF

for every ¥ € C3(R™;R"™). In general, we say that a set of finite perimeter £ c R" has a
distributional mean curvature Hg € L*(0*E) if for every W e C§(R"™;R") it holds

(2.1) / div, ¥ dH" ! = Hp(U,vg) dH" L.

O*E O*E
Note that for C2-regular sets the distributional mean curvature agrees with the classical
mean curvature. Finally, we say that a set of finite perimeter E c R™ is critical if it has a
constant distributional mean curvature. By [8, Theorem 1 |, we know that the critical sets
are characterized as finite unions of balls with equal radius and mutually disjoint interiors.
As a consequence, we have the following convergence result; see [8, Corollary 2].

Theorem 2.1. Let (E;)°; be a sequence of sets of finite perimeter in R"™ with distributional
mean curvature Hg,, let E c R™ be a set of finite perimeter with a positive volume, and let A
be a positive constant such that |[EAE;| - 0, P(E;) — P(E) and Hg, - A in the distributional
sense, i.e., for every W e C§(R™;R™) it holds

lim div, U — A(¥, vp,) dH" ' = 0.
1—>00 a*Ei

Then E is a finite union of balls with the equal radius r = (n—1)/A and the balls have mutually
disjoint interiors.

We will use solids of revolution, which are obtained by rotating a non-negative function
around the zj-axis in R™. If g is a non-negative function defined on an interval [a,b], then
we will denote by C(g,[a,b]) the solid of revolution

C(g,[a,b]):={x eR": x1 € [a,b], 2’ € B"1(0,g(x1))}.
Again, by the heads of C(g,[a,b]) we mean the vertical part of the boundary
{zeR": 2y € {a,b}, =’ ¢ B"1(0,g9(x1))}.

In the special case of a cylinder, symmetric to the hyperplane {z; = 0}, i.e., g = R > 0 and
b = —a, we simply denote C(R,a) = C(R,[-a,a]). In the case where g is continuous on [a, b]
and vanishes at the endpoints, we make the following technical observation.

Remark 2.2. Suppose that g € C([a,b]) is non-negative with g(a) = 0 = g(b) and set £ =
C(g,[a,b]). Then, for every x; € R, the set dg(z1, - ) : R*! - R is a radially symmetric
function strictly increasing in radius.
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If g€ C([a,b]) nC?((a,b)) and g is strictly positive, then for the surface of revolution
[ ={(z1,2') €R" 121 € (a,0),a" € OB"(0, (1))}

with the inside-out orientation of C(g,[a,b]) one computes

2.2 Hp() = —— 400 i
(2.2) r(z) (+g@)2)E  (1+g(x1)2): 9(@1)

for every xz €T

A solid of revolution C(g, [a,b]) is an example of a Schwarz symmetric set. Recall that
for every measurable set E c R™ its Schwarz symmetrization, or (n — 1)-dimensional Steiner
symmetrization, with respect to a direction e € 9B(0,1) is a measurable set E such that for
every t € R the section {z € (e)* :te + z € E}} is an open (n — 1)-dimensional ball centered at
the origin and it holds

H  {ze(e) ite+ze BY) =H " ({ze(e)* :te+z € E}).

Note that |[E}| = |E| and if E is a set of finite perimeter, then E is also a set of finite perimeter
and P(E;) < P(E) (see[2]). A set E is Schwarz symmetric with respect to e if E; = E holds,
up to a set of measure zero.

3. FLAT FLOWS WITH FORCING AND STATIONARY SETS

Let us first heuristically explain how a flat flow with a forcing term is obtained via the
minimizing movement scheme. Let Cy € R, be a fixed constant and let f :[0,00) > R be a
measurable function satisfying the condition

(3.1) igg)lf(t)l < Co.

The function f will act as a time dependent forcing term in the dynamics. Now if Ey is a
bounded set of finite perimeter, then we define for every 0 < h <1 a sequence of bounded sets
of finite perimeter (Eh’k),‘;io, a so-called approzimative sequence, inductively by setting first
EM0 = Ey and for k=0,1,2,... we set E™**! to be a minimizer of the functional

1 _ _
(3.2) F»P@pﬁ/ﬁmkM—ﬂmmm,
F
where f(h,k) = flgfﬂ)hf(t) dt. Then we define an approzimate flat flow (E!)sso by setting
(3.3) El = EM* for kh<t<(k+1)h.

If there is a subsequence (A )geny With Ay — 0 and a family of bounded sets of finite perimeter
(Et)es0 such that E™ - E, for every t > 0 in the L'-sense, then we call (Et)s0 a flat flow
with forcing f starting from Ey. An existence of such a cluster point is always guaranteed;
see, for instance, [11, Proposition 2.3].

Let us next make the above argument more precise by using the results in [11, 16]. We note
that in [16] Mugnai, Seis and Spadaro consider flat flow for volume preserving mean curvature
flow, but the arguments will remain valid in our setting. Our first observation is that the
functional in (3.2) may change its values if we perturb the set EME by a set of measure zero
due to the distance function. In order to use the notion of distance function consistently, we
define the class

X, ={E cR": Eis a bounded set of finite perimeter with OE = 9*E}.
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Recall that every (essentially) bounded set of finite perimeter has an L!-equivalent set from
X,,. For given 0 < h <1 and A € [-Cy, Cy], we define the functional

Fin: Xnx X, >Ru{co}
by setting

1 _
(3.4) Fna(F,E) = P(F)+ E/ dg dx - A|F).
F

For every E € X,,, the functional Fj A ( - ,E) admits a minimizer F, € Xp; see [16, proof
of Lemma 3.1]. If F is empty, then dg = oo, and hence necessarily Ey,;, must be empty too.
Minimizers have the following distance property; see the proof of [14, Lemma 2.1] (or [16,
Proposition 3.2]): there is a positive constant v = vy(n,Cy) such that for every E € X,, and
every minimizer Epi, € X, of Fpa( -, E) it holds

(3.5) ldg| <vh? in EAEnm.
Now, (3.5) has the following consequence.

Remark 3.1. Suppose that Fq, Fs,..., E, € X, have a mutually positive distance of at least
d. Then there is a positive hy = hg(n,Co,d) < 1 such that for any h < hy it holds that any
minimizer of Fj, A ( - ,U; £;) must be a union of minimizers of Fj A( - , ;).

In general, the uniqueness of a minimizer of Fj, 5 (-, F') is not known. However, the following
weak comparison principle holds; see [6, proof of Lemma 7.2].

Proposition 3.2. Let E,E' € X, and A, A" € [-Cy, Cp], with A > A".

(i) If E' cc E and Emwin, By, € Xy, are minimizers of Fpa( - ,E) and Fpa( - ,E")
respectively, then |E! . N\ Eyin| = 0.
(it) If E' ¢ E and Ewin, E};, € Xy are minimizers of Fpa( - ,E) and Fpp( - ,E")

min
respectively, then |E! . N\ Eyin| = 0.

mn

Concerning the regularity of a minimizer F, of (3.4), it is not difficult to see that it is a
(Ao, ro)-perimeter minimizer (using the notation from [15]) with suitable Ag, g € R, satisfying
Agro < 1. Then it follows [15, Theorem 26.5 and Theorem 28.1] that 0" Ey,;y, is relatively open
in OFmn, a CY%regular hypersurface for every 0 < o < 1/2 and the (closed) singular part
OF \ 0* E has Hausdorff-dimension at most n — 8. In particular, from now on we will use the
convention that the minimizers are always open sets.

Moreover, by considering local variations (®;); of the form ®; = id+t¥, with U € C’é (R™,R"™),
and differentiating ¢ = Fj A(P¢(ELmin), ) at zero, we see that Ey, has distributional mean
curvature Hg_, which satisfies the Euler-Lagrange equation in the distributional sense

d
(3.6) TE ——Hp_ +A on 0 Ep.
Since Hp,_ . is Lipschitz continuous on 0*E, then, by standard elliptic estimates, 0* Emi, is

C?*%regular and (3.6) holds in the classical sense on the reduced boundary. In particular,
Epin is a C%%set when n < 7. Finally, we note that if OF satisfies an exterior or interior ball
condition at z, then x must belong to the regular part 0" Eyin. This follows essentially from
[8, Lemma 3].

The next proposition states the somewhat obvious fact that for a ball E = B(z,r) any
non-empty minimizer of Fj (-, E) must be a concentric ball.
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Proposition 3.3. For a ball E = B(x,r), every minimizer (3.4) must be an open concentric
ball or the empty set. There is a positive constant hy = ho(n,Cy) <1 such that if h < hy, then
every ball B(x,r), with r > (n-1)/Cy, has a concentric ball B(x, rmin) as a unique minimizer

of Fua( -, E) and it holds

n-1

(37) Tmin =T = [A - + O(h) h.

”
In the case A = (n—1)/r, the error term O(h) vanishes and hence rmin = 7.

Proof. The first claim is easy to see by using the isoperimetric inequality and the fact that for
a given non-zero volume V an open ball of the volume V', centered at x, is a unique minimizer
of the energy fF JB(WH) dy among the open sets F' of the volume V. Again, by using (3.5),
we see that if A is sufficiently small compared to the radius, then every minimizer must be
non-empty and hence a concentric ball. Thus, the uniqueness and (3.7) follow from (3.5) and
the Euler-Lagrange equation (3.6). O

Let us denote the Schwarz symmetrization of E with respect to the xq-axis simply by E*.
As we mentioned above, Schwarz symmetrization decreases the perimeter and preserves the
volume. Moreover, for a smooth set in the case of equality P(E*) = P(FE), it holds that
every vertical slice By, = {2’ ¢ R"! : (21,2') € E} is an (n — 1)-dimensional ball [2]. We
also notice that if the set F is Schwarz symmetric with respect to the xj-axis, then Schwarz
symmetrization also decreases the dissipation term of Fj, o( -, ) defined in (3.4). This follows
rather directly from Fubini’s theorem. For a suitable solid of revolution E around the zi-axis,
there is invariance of minimizers under the symmetrization.

Proposition 3.4. If E = C(g, [a,b]), with a non-negative and continuous g attaining the zero
value at the endpoints, then every (open) minimizer F of Fya( - ,E) defined in (3.4) is
Schwarz symmetric with respect to the xi-axis.

Proof. Let F be a such a minimizer. We may assume F' to be non-empty. Now P(F™) < P(F)
and |F*| = |[F|. By Remark 2.2, every section dg(z1, - ) is radially symmetric and strictly
increasing in radius, which implies via Fubini’s theorem that the (n—-1)-dimensional Lebesgue
measure of the symmetric difference |( F*),, AF,,|n,-1 of the vertical slices (F'*),, and F, is
zero for almost every x1, since otherwise it would hold

/ dEd$</dde
* F

and hence Fp A (F*,E) < Fpa(F,E) contradicting the minimality of F. Since F' is open,
every vertical slice F,, c R""! is open too, and thus the previous observation guarantees that
(F*)y, = Fy, for almost every x;. Thus, the openness of F' implies that the equality holds for
every ri.

O

After this discussion, we are convinced that an approximative sequence (Eh’k )ieo, Starting
from Ey, where for every k =1,2..., the set E™**! is defined as a minimizer of the functional
Fh fhie) (- , E"F) defined in (3.4), is well-defined. Further, we may define the approximative
flat flow (El)s0 as in (3.3). We have for every t > h that the set E is open and C2-regular
up to a singular part OE! \ 9* E! of Hausdorff-dimesion at most n — 8. Moreover, EJ', with
t > h, has a distributional mean curvature H Bl which satisfies the Euler-Lagrange equation

(3.6), with A = f(h,|t/h] - 1), in a weak sense and on §*E} in the classical sense. For more
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properties of the approximative flat flows, when the forcing term satisfies (3.1), such as local
Holder continuity of (t,s) = |EFAE"| and perimeter control we refer to [11, Proposition 2.3].

Next, we define stationary sets of (1.1) with constant forcing term by using flat flows as in
[11, Definition 3.1].

Definition 3.5. A non-empty set Ey € X,, is a stationary set of (1.1) for a constant forcing
term f = A >0 if for any flat flow, starting from FEy it holds

sup |E:AEp| =0
0<t<T

for every T > 0.

By using Remark 3.1 and Proposition 3.3, one may conclude the obvious direction of
Theorem 1.2, that is, a finite union of equisize balls with a mutually positive distance is a
stationary set for the constant forcing term A = (n —1)/r, where r is the radius of the balls.
In turn, the following lemma states that the converse is almost true, that is, a stationary set
is also critical, i.e., a finite union of balls with equal radius and mutually disjoint interiors.

Lemma 3.6. Fvery stationary set Ey c R™ for a positive constant forcing term A, is a finite
union of balls of radius r = (n—1)/A with mutually disjoint interiors.

Proof. The lemma is already established in the two-dimensional case in [11, Lemma 3.4].
Again, the proof of the general case is analogous to the proof of [11, Lemma 3.4] with the
only essential change being that we use Theorem 2.1 instead of [11, Lemma 3.2]. Therefore, we
only sketch the proof. Besides Theorem 2.1, we also use some basic properties of approximate
flat flows proven in [11].

We begin by fixing times 0 < T; < Ty. Then, by Definition 3.5 and [11, Proposition 2.3|, we
have a decreasing sequence (h;):%;, with 0 < h; <1 and h; converging to zero, such that the
approximate flat flows (Ethi)tzo, with constant forcing f = A and starting from Ej, satisfy

(3.8) lim sup |EoAE|=0.
=00 t€[T1 ,TQ]

Moreover, since the forcing term is constant, it follows from the argument in the proof of [11,
Proposition 2.4] that there is C' € R,, independent of h, such that for every t € [T1,T2] with
t > h it holds

t
B0 [ [ e AP @ s <C[(P(E) - PED) + (B - |EoD)].

Now, (3.8) and (3.9) imply limsup,_,., P(E") < P(Ey), for every t € [T}, Tz]. On the other
hand, by [11, Proposition 2.3 ], there is a radius R > 0, independent of i, such that Ez“ C
B(0, R) for every t € [0,T2]. Then, by the lower semi-continuity of the perimeter and by the
previous estimate, we have P(El") - P(Ey) for every t € [Ty, Ty]. Thus, (3.9) yields

7—>00

Ts
lim / |H s, — AP* dH"dt =0
h; Bt
T1 *Et K t
and further, by the mean value theorem, we find times t; € (71, T%) such that

lim |H _n, — AP dH™ ! = 0.
B,

1— 00 o* Ethz
2
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Since P(EZI) are uniformly bounded, we deduce by the previous estimate that H phi = A
t

in the distributional sense. We also have |E0AEZ ‘| - 0 and P(EZ ‘) - P(Ep), so the claim
follows from Theorem 2.1. ]

Now, the non-trivial direction of Theorem 1.2 is a rather straightforward consequence
of Lemma 3.6 and Theorem 1.1, since the latter guarantees that a critical set having two
tangential balls cannot be stationary. The reasoning is exactly the same as in the planar case,
but for the sake of completeness we sketch the argument here. To this end, let Ey be a finite
union of balls with equal radius r containing a union of two tangential balls, say

E} = B(x1,7) U B(xa,7).

Let (E;)s0 be any flat flow with a bounded forcing f starting from Ey. By applying the second
claim of Proposition 3.2, we find a a flat flow (E])s0 with the forcing f —1 starting from E)
such that |EJ{ \ Ey| =0 for every ¢t > 0. By Theorem 1.1, we have |B((x1 + x2)/2,ct) N Ej| =0,
and thus |B((z1 + x2)/2,ct) \ E| = 0 for some ¢ € R, and for all small ¢ > 0. On the other
hand, it clearly holds |B((x1 + 22)/2,ct) N Ep| > 0. Therefore, we deduce that |[EgAE:| > 0 for
all small ¢ > 0. Thus, Ey cannot be stationary.

4. PROOF OF THEOREM 1.1

Proof of Theorem 1.1. Let Ey be a union of two tangential balls of radius r. We may assume
that Eo = B(-re1,7)uB(re1,r). Recall that for 0 < h < 1 an approximative sequence (E"%)%,
is defined recursively by setting first E"Y = Ey and for each i = 0,1,2,... the set EP™! ig
chosen to be a minimizer of Fj, 7 ;) ( - , E"™) defined in (3.4), where f(h,i) = fi(hﬁl)h f(t) dt.
Recall also that f : [0,00) = R is measurable and satisfies (3.1) (and hence |f(h,i)| < Cp).
Now each E™ with i > 1, satisfies the Euler-Lagrange equation (3.6) with the constant
A = f(h,i-1). Again, the corresponding approximative flat flow (E");s is given by (3.3).
Our aim is to show that for a time interval (0,0], with ¢ small enough, we may construct
barrier sets G"* ¢ EM for i =1,...,|8/h] + 1 such that for every h <t < § the barrier G*/"]

contains a simply connected set A; defined by
(4.1) At = C(ert,r) U B(=req,r — cat) U B(rey, r — cat),

with some c1,cs € R, depending only on n, r and Cy, provided that A is small enough. Now,
if (E)so is any cluster flow, then A; c El' implies |A; \ Ey| = 0 for every t € (0,0). Further,
since E; € X, this means int(A;) c Fy. The rest of the claim follows trivially from this.

We first note that it is easy to see that the balls B(£re;,r—cat) are contained in E;. Indeed,
by possibly replacing Cy with max{Cp,4(n - 1)/r}, we may assume that r/4 > (n - 1)/C.
Then, by (i) of Proposition 3.2 and Proposition 3.3, we find n = n(n,r/2,Cy) € R, and
0 < hg = ho(n,r/2,Cy) <1 such that for every 0 < h < hg the following implication holds

(4.2) B(a:,f) c Eh,i with 7 > r/2 —_— B(w,f _ 77h) c Eh’iﬂ,
We split the proof into three steps.

Step 1: First, we prove that there is a positive o = a(n,r,Cp), such that the set EM!

contains the cylinder C(ahi,ah%) provided that h is sufficiently small.
To this end, let 7 > 0 be a small number, which we will fix later. We use C and ¢ for
positive constants which may change from line to line but always depend only on n, r and

Cy. We also use a further shorthand notation Cjy, » for the cylinder C(Thi,Th%)
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By (4.2), the balls B(+re;,r —nh) are contained in E™! provided that h is small enough.
Again, assuming 7 < r/2 and h to be sufficiently small, we have

(r—nh)? - (r - 7h2)2 = (2r —ph - h2 ) (1 - nh2 )2
> %h% > 7213,

Therefore, the heads of the cylinder Cj, -, which are the vertical parts of the boundary,
are contained in B(£rej,” — nh) and therefore, in turn, in the set E™!. Since EM! is C?
(possibly up to a closed singular part of Hausdorff-dimension at most n — 8), by a foliation
and continuity argument, we may assume that H" *(9C hr NAE™) = 0. Otherwise, we would
choose 7/2 <7 < 7 such that the heads of the cylinder Cy, 7 are contained in B(+rei,r —nh)
and H"1(9Cp, z n OE™') = 0. This implies

(4.3) P(Cpr U E") =11 (OC), - ~ EMY) + HVHOEM N Cr).
Again, we have the following estimates

(4.4) H" N (OC, ~ EMY) <O hd,

(4.5) dp, < C72h? in Cy,. and

(4.6) ICr| < CTR"T

We show that C(Thi/Q,Th%) c E™! which implies the claim of Step 1 by choosing o = 7/2.
Suppose by contradiction that this does not hold. We first notice that Ey = C(g,[-2r,2r])
with a continuous g having the zero value at the endpoints, and therefore by Proposition 3.4
it holds EM' = (EM1)* ie., E™! is Schwarz symmetric with respect to the zi-axis. Using
this and the fact that the heads of Cy ; are in E™! we conclude

WY (OE" 1 Cpp) > er T

We use the set Cj, - U E™! as a competitor in the energy j:h,f(h,o)( -, Ep). By using the
previous estimate as well as (4.3), (4.4), (4.5) and (4.6) and assuming h to be small enough,
we estimate

T im0y (Chr UE™ o) = Fy, jnoy(E™' Eg) + H* 1 (0Ch - N EMY) = H" N (OE"' nCy ;)

1 _ _
+_/ dEo dI—f(h,O)'ChT\Eh’1|
h Cp NEM1 ’

< fh7f(h,0)(Eh71, EO) + C'Tnilh% - CTnilhnT_l
9, -1
+C(T°h72 +1)|Cp 7|
< fhf(h,O)(Eh’la Eo) + Ct" hi - IR L Ot
< Fn fnoy (B™", Eo) + ngilhnT_l — eI+ O

= Fiy finoy (B Bo) + 7" 10°T (072 - §) .

Thus by choosing 7 < \/¢/(2C), we have F}, 7, 0y(Cn,r UEM Fp) < fhf(h’o)(Eh’l, Ey) which

contradicts the minimality of the set E™!. Hence, we have C(ahi,ah%) c EM! for a = 7/2.
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Step 2: We proceed by constructing a candidate family for the barrier sets G™* for every
i=1,...,]0/h] +1 and small §, which satisfy for every h <t < § the condition A; c Ghlt/h]
where A; is defined in (4.1). To be more precise, we will define positive numbers dj, ;, I, ; and
Th, (such that [j ; increases and 7, ; decreases linearly in discrete time and rp, 1 — r as h - 0)
and suitable convex and positive functions ¢y, ; : [~dp i, dp;] > R with I ;/2 < p ; <1p ;. Then
we define the barrier sets G"?, see Figure 4, as the union

G = C(pnis [~dni, dnil) U B(=re1,mhi) U B(rer, ).

Here it follows from the selection of the parameters and the functions that the heads of the

A

FIGURE 4.1. A visualization of the barrier set GM*.

neck C(¢pi, [=dpi,dp;]) are contained in the balls B(£req,rp ;) so G™' will contain a simply
connected set

C(lpi/2,r)u B(-re1,rh,:) U B(rei,rp ;).
and hence the behavior of I, ; and 7}, ; yields the condition A; c Ghlt/h],

To this end, let 0 < § < 1 be a sufficiently small number which will ultimately depend only
on n, r and Cp. Note that it holds hi < 20 for all ¢ = 1,...,[d/h| + 1 when h is small. We
begin by setting rp; = r —nhi. Now 74,; > 7 — 210, so by assuming 0 to be small enough, we
have rp,; > r/2. Hence, thanks to (4.2)

(4.7) B(-rey, Th,i) U B(rey, Th,i) C EM
Again, set Ag = max{4n? 2°(n —-2)?,1} and for each i =1,...,[6/h] + 1 define
(4.8) lhi=Moh(i—-1)+ahi and dy; =2nh(i-1) +ah?,

It follows from the choice of Ag that for § small enough (§ < Ag?) it holds
1
(4.9) AS dh,i < l}m’.

Moreover, I, ; < Agd + ad i, so by decreasing 0 we may assume that dj; and [j, ; are as small
as we need. Note that by Step 1 we have

(4.10) C(lp1,dny) c E™L.
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Further, by replacing o with min{«,r/4}, if necessary, we have
rhi—(r=dpg)? = (rpg+r—dp)(rp; -7 +dp)
= (2r - nh(3i - 2) — ah? ) (yh(i - 2) + ah?)
> r(nh(i - 2) + ah?)
=rnh(i-1)+r(a- nh%)h%
> rh(i—1) + %h%
> 20A2h(i - 1) + 2a2h?
> 2A212(i - 1)2 + 2a2h?

> (th(i 1)+ ahi)Q = llzz,iv

when ¢ is small. Therefore, by the Pythagorean theorem
(4.11) {(=dhp 4, x’) eR™: 2 € B”_I(O, lhi)}c B(—rel,rm) U B(rel,rh,i),

i.e., the heads of the cylinder C(l;,dp ;) are contained in the balls B(irel,rh,i).
We define for each 7 = 1,...,[d/h]+1 a convex function ¢ ; : [=dp is1,dni+1] = R by setting

a

hi
L = djy ) + lngs

©ni(t) = 2

1
where ay; = A¢ [l Note that by (4.9) we have apidp; <1, and further ap;dj ; < lp;. Thus,
©n,; is 1-Lipschitz and

1 Ih
(4.12) Vi > ¢ni(0)=1lh; - Eahvid%hi > 772

Recall that we set G? as the union
G"' = C(pnis [~dn,isdn;]) U B(-re1, ) U B(re1, rp).
By (4.11) and (4.12), the barrier G™ contains the simply-connected set
C(lpi/2,r)u B(-req1,rh,:) U B(rei,rp ;).
Thus recalling l5,; = Aoh(i—1) + ahi and rhi = r—nhi, we find c1, c2 € Ry, depending only on

n, r and Cp, such that for every h <t < § the barrier GMt/h] contains the set A; defined in
(4.1) with the constants ¢; and c;.

Step 3: We finish the proof by showing that each barrier GM* constructed in the previous
step is actually contained in E®?. First, we conclude from (4.8), (4.9) and Ag > 27 that, when
0 is small enough, for every i =2,...,|d/h] + 1 it holds

(4.13) loh,i — Phi-1| < 2Aoh on [—dpi-1,dpi-1].

Further, using the facts that ¢, ; is 1-Lipschitz and rp, ;-1 > 14, we obtain

(4.14) G ¢ {reR": JGh,i—l () <4Agh}.
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By (4.7) and (4.10), we have‘Gh’1 c Ehvl. Thus, we argue by induction. Assume that for
i=2,...,[0/h] +1 it holds G™~t c EM~1. By (4.8) and (4.12), we have for small §

lhi a1
©hi — 2Moh > 7 - 2Agh > §h4 -2Agh >0

and hence the set C(¢p,i—2A0h, [—dh i, dp;]) is well-defined. Again, by (4.13) and ¢p, ;—2Agh <
lh,i—la it holds

(4.15) C(pni — Moh, [dn, dni]) ¢ GML
Next, we define an auxiliary set G™* ¢ GM* by
G™' = C(pn; - 2M0h, [=dp ;. dni]) U B(-re1,m1;) U B(rer,mh;).

Then, by the induction assumption (4.15) and rp_;_1 > rp ;, we have G c EMi=1. Therefore,
by (3.5),

(4.16) {z e GM: dist(z, G™) > yhz} ¢ EM.

Since the function t ~ max{s : {t} x B""1(0,s) ¢ G™} is increasing in [0,7], decreasing in
[-7,0] and G"¥ is a solid of revolution, then for any

€ Cpn,i = 2000, [~dn i, dni]) N (B(=re1, ) U B(re,mh,))
the closest point y € G, i.e. dist(x, dG"") = |z - y|, must lie on

OC(pn,i = 2Moh, [=dni,dpi]) N (B(=re1, ;) U B(re1, ) -
Let us write z = (z1,2") and y = (y1,y’). Since ¢, ; is a 1-Lipschitz function, we have

leni(z1) = |2'l] < leni(1) = ena(yo)l + loni(y1) - 12|
<lzy =l + Iyl - 12

(4.17) < 2|z — y| = 2dist (z, G™Y).
We have 'yh% >2Aph and aht > 12’yh%, provided that ¢ is small. Thus by (4.8) and (4.12),

lhi
(4.18) % < oni—37hE < op - 2hoh—2vhE on [—dp.i dp;].

Therefore, it follows from (4.7), (4.16), (4.17) and (4.18) that the set C(cphﬂ-—ihlh%, [=dhirdni])
is well-defined and contained in E™?. ‘ ‘
We argue by contradiction and assume that G™ is not contained in E™. Since

Clpni - 3vh?, [~dpisdns]) © B,
we may lift up the graph of ¢, ; - 37h% until it touches the boundary dE™. To be more
precise, by a continuity argument and (4.7), there is 0 < 7 < ?wh% such that
Cleni = 7. [=dn,irdni]) EM
and there is a point z e ' n 9E™?, where

T ={(21,2') eR" 121 € (~dps,dp;), 2’ € B (0,0 (x1) - 7)}.
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In particular, the boundary OE™ satisfies the interior ball condition at z, and thus z belongs
to the regular part of 9E™*. Hence, by the comparison principle, we have Hgni(2) < Hr(z),
where Hr is chosen to be compatible with the inside-out orientation of

C(pn,i— 7 [=dni, dni])-
Recalling (2.2), (4.18), apidp; <1 and the choice of Ag, we estimate

90;1,,1‘(21) 1 n-2
HF(Z) T / 2\2 * ’ oy L ( )
(1+ (¢ (20)2)2 (1+ () ;(21))2)2 Philz) =7
__ Qh,i N 1 (n-2)
(1+ (Olh,z‘21)2)g (1+ (ah,izl)Q)% oni(z1) -7
< —aig’i . 4(n-2)
23 Ini
7 1 1
_2(n-2)-AF A
2, 23y,

Thus, by choosing  to be small enough, we have Hr(z) < —(5A¢ + Cp). Then the Euler-
Lagrange equation (3.6) for E™* and Hgni(z) < Hp(2) yields

deni-1(2) = —Hgni(2)h+ f(h,i—1)h > 5Aoh.

However, by the construction we have z € G™?, and thus the above contradicts (4.14). Hence,
we have G" ¢ EM for every i =1,...,[d/h] + 1. O
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