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‘We construct extensions of Varopolous type for functions f €
BMO(E), for any uniformly rectifiable set E of codimension
one. More precisely, let 2 C R"*! be an open set satisfying
the corkscrew condition, with an n-dimensional uniformly
rectifiable boundary 012, and let o = H"|sq denote the
surface measure on 9. We show that if f € BMO(9%Q, do)
with compact support on 92, then there exists a smooth
function V in Q such that |[VV(Y)|dY is a Carleson measure
with Carleson norm controlled by the BMO norm of f,
and such that V converges in some non-tangential sense
to f almost everywhere with respect to o. Our results
should be compared to recent geometric characterizations
of LP-solvability and of BMO-solvability of the Dirichlet
problem, by Azzam, the first author, Martell, Mourgoglou
and Tolsa and by the first author and Le, respectively. In
combination, this latter pair of results shows that one can
construct, for all f € C.(99), a harmonic extension u, with
|[Vu(Y)|2dist(Y,0Q) dY a Carleson measure with Carleson
norm controlled by the BMO norm of f, only in the presence
of an appropriate quantitative connectivity condition.
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List of symbols

Carleson norm of the measure p (Definition 2.4)
Carleson packing norm of A C D (Definition 2.23)
collection of dyadic cubes (Theorem 2.16)

dyadic cone at z € 9Q (Definition 7.3)

cone at x € 00 (Definition 2.1)

semi-closed truncated cone at x € Q C 99 (Section 4)
interior of Tg(x)

open set in R"*! with ADR boundary 9

harmonic measure with pole at X € Q

dilated and non-dilated closed Whitney region (Sections 4 and 7)
closed restricted Whitney region (Section 8)

semi-closed and open Carleson box (Sections 4 and 7)
Carleson tent (Definition 7.3)

modified Carleson tent (Section 8)

Whitney cubes in 2 (Sections 4 and 7)

counting function with respect to Qp € D (Lemma 4.13)

distance and smooth distance function with respect to 99 (Theorem 3.3)

(f)a, fy [ integral average of f over A (Section 2)

No

the set of non-negative integers {0,1,2,3,...}

1. Introduction

Connections between boundary geometry and PDE estimates have been studied for a
long time (see e.g. the seminal work of F. and M. Riesz [36]) but the work is still ongoing

and active. In the last couple of years, a lot of progress has been made, particularly in

domains with codimension 1 Ahlfors-David regular (ADR) or uniformly rectifiable (UR)
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boundaries (see [20] for a survey of some of these recent advances). In this article, we
complement recent results related to geometric characterizations of solvability of Dirich-
let problems, by showing that an extension property for BMO functions, first proved
by Varopoulos in the half-space [41,42], remains true even in settings where harmonic
extension of BMO boundary data (i.e., BMO-solvability of the Dirichlet problem) may
fail: in fact, we show in the present paper that the Varopoulos extension property holds
always for UR sets of codimension 1. In particular, our results do not require any kind
of connectivity hypothesis on the domain or its boundary, whereas the analogous PDE
solvability results cannot hold without certain quantitative connectivity assumptions.

Let us be more precise. Recently, Azzam, the first author, Martell, Mourgoglou and
Tolsa [4] have presented a geometric characterization of quantitative scale-invariant ab-
solute continuity (i.e. the weak-A., property) of harmonic measure with respect to the
surface measure. Their result together with recent work of the first author and Le [21]
gives us the following characterization theorem. For definitions of the properties men-
tioned in the theorem and in the rest of the introduction, see Section 2.

Theorem (//,21]). Let @ C R™"L be an open set satisfying the corkscrew condition and
suppose that OS2 is n-ADR. Then the following conditions are equivalent:

(1) 9 is UR and Q) satisfies the weak local John condition,

(2) harmonic measure belongs to the class weak-Ao, with respect to the surface measure
o= H"[pq on 09,

(3) the Dirichlet problem is LP-solvable for some p < oo,

(4) the Dirichlet problem is BMO-solvable.

By LP-solvability we mean that there exists a constant C' such that if f € LP(0RQ),
then the solution u to the Dirichlet problem with data f converges non-tangentially to
f and

[ Niullr a0y < CllfllLr(00)

where N, is a non-tangential maximal operator. Many key results related to this concept
can be found in the monograph of Kenig [35]. By BMO solvability," we mean that there
exists a constant C' such that if f is a compactly supported continuous function on 92,
then the solution u to the Dirichlet problem satisfies the Carleson measure estimate

- m // Vu(Y)25(Y) dY < C|lf2non):

z€8Q,0<r<diam(9Q) 7
QNB(z,r)

! The definition is slightly different if Q is unbounded and Q is bounded; see [21, Section 5] for details.
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where A(z,r) := B(z,r) N 0. This type of solvability was first shown to be equivalent
to LP-solvability, for some p < oo, by Dindos, Kenig and Pipher [14], in Lipschitz or
chord-arc domains (see also [43] for an extension to 1-sided chord-arc domains).

It was previously known that the weak-A., property of harmonic measure (equiva-
lently, LP-solvability for some p < oo) may fail in the absence of connectivity, even if the
boundary is UR [5], but the result of [4] is the first that tells us precisely how much con-
nectivity we need (although we refer the reader to related work of Azzam [2], concerning
the analogous geometric characterization problem, in the case that harmonic measure is
doubling). In particular, there are many domains with ADR or even UR boundaries for
which one does not have BMO-solvability, nor LP-solvability for any finite p.

In this work, we nonetheless obtain extension results of Varopoulos type that can be
seen as substitutes for these solvability theorems, in domains with n-UR boundaries,
but in which the weak local John property may fail. We first consider extensions of L
functions:

Theorem 1.1. Let Q C R™*! be an open set satisfying the corkscrew condition, with n-UR
boundary. Then for every Borel measurable f € L>(0Q,do), there is a function & = &y
in ), such that

i) ® € C™(Q), and [VO(X)| < C|f| (o) 6(X) ", for all X € Q.
i) [[@fze(0) < Cllf (00,
iii) limy . n.7. ®(Y) = f(z) for o-a.e. x € 99,
iv) [V®(Y)|dY is a Carleson measure:

1v

1
ap [ Ive)lay < cfu~.
r>0,0€0Q T

B(z,r)NQ

Here, limy o n.7. stands for one-sided non-tangential convergence’; o == H" loq is the
surface measure, and §(X) = dist(X,0Q) for X € Q. The constant C' depends only on
n, and the UR and corkscrew constants.

We remark that in particular, Theorem 1.1 applies in the case that Q = R"*!\ E,
where E is an arbitrary n-UR set: the corkscrew condition in that case is a simple (and
well-known) consequence of Ahlfors-David regularity of E.

The proof is based on a combination of geometric arguments, potential theory and
dyadic analysis, but the basic strategy follows that of Varopoulos [41,42]: in particular, we
strongly make use of the e-approximability property of harmonic functions, established
in the present context in [25] (see Theorem 3.1 below). However, the implementation
of this program is a delicate matter in the present generality, owing to the need to

2 The notion of non-tangential convergence must be suitably interpreted in the present context. We shall
return to this matter in the sequel; see Definition 2.1, Lemma 4.14, and Remarks 2.2, 4.15 and 4.16.
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make harmonic extensions of functions belonging to L™ (9%, do), with non-tangential
convergence o-a.e. to the data, even though harmonic measure may fail to be absolutely
continuous with respect to surface measure o; see Sections 5 and 6, and in particular
Remark 6.4.

Originally, the notion (although not the terminology) of e-approximability was in-
troduced by Varopoulos [42], and refined by Garnett [18], in order to study new ways
to extend BMO functions inspired by Carleson’s corona theorem [8], and the closely re-
lated topic of H!-BMO duality (see particularly [16, Theorem 3]). The e-approximability
property provides a convenient detour to circumvent the unfortunate fact that there exist
harmonic functions u such that |[Vu(Y)|dY is not a Carleson measure [18]. Subsequently,
this property has offered ways to connect Carleson measure estimates for solutions, with
quantitative Fatou Theorems [18], [6], with absolute continuity properties of elliptic mea-
sures [34,27] and with boundary geometry [25,17,3,6,23,7].

Our second result is the following generalization of [42, Theorem 2], which in some
sense provides a substitute for BMO-solvability of the Dirichlet problem:

Theorem 1.2. Suppose that Q C R"*! is an open set satisfying the corkscrew condition
with n-UR boundary. Then there exists a constant C' such that if f € BMO(0Q,do) is
compactly supported, then there exists a function V = Vi in Q such that

i) Velo>(Q), and |VV(X)| < C|fllrmo (X)L, for all X € Q,
i) limy ., ny.7. V(Y) = f(z) for o-a.e. x € 09,
iii) |[VV(Y)|dY is a Carleson measure:
1
= [ wveay < cisie.

B(z,r)NQ

sup
r>0,2€dQ T

Here limy ., y.7. stands for one-sided non-tangential convergence (see Definition 2.1
and Remark 2.2); 0(X) = dist(X,00), and o := H"|pq is the surface measure.

The proof is a combination of Theorem 1.1, Garnett’s decomposition lemma (see
Lemma 10.1), and the following extension result for the “dyadic part” of Garnett’s
lemma:

Proposition 1.3. Suppose that Q C R"*! is an open set satisfying the corkscrew condition
with d-ADR boundary for some d € (0,n]. Let D be a dyadic system on 99, Qo € D
be a fized dyadic cube and {Q;}; C Dg, be a collection of subcubes of Qq. Suppose that
function f in 092, f(x) = Zj ajlg,, satisfies the following conditions for some Co > 1:

o [ € BMO®©Q),
. ZQJ-CQ 0(Q;) < Coo(Q) for every Q € D,
e sup; |a;| < cf| fllmo,
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where ¢ > 1 depends only on the dimension and the ADR constant (see Definition 2.11).
Then there exists a function F' = Fy in ) such that

i) FeC™®9), and |[VF(X)| < Ci|lfllBmo 6(X)™L, for all X € 9,
ii) limy ., .7 F(Y) = f(x) for o-a.e. x € 09,
iii) |VF(Y)|dY satisfies a quantitative codimension 1 type Carleson measure estimate:

L

sup —

r>0,2€0Q T

// IVE(Y)|dY < CiCol|fllBmo (1.4)

B(z,r)NQ

for a constant Cy; > 1 depending only on the dimension and the ADR constant. Here
limy ., n.7. stands for standard type non-tangential convergence (see Definition 2.1);
§(X) = dist(X,09), and o = H?| sq is the surface measure.

We remark that in proving Theorem 1.2, we shall use only the codimension 1 case
(i.e., d = n) of Proposition 1.3.

Unlike that of Theorem 1.1, the proof of Proposition 1.3 does not require any UR
machinery. Many of the key arguments are fairly elementary but still a bit delicate.
A principal difficulty is the need to build suitable substitutes for Carleson boxes that
are compatible with non-tangential convergence, as well as with proving the Carleson
measure estimate (1.4). Both the construction of our boxes and the rest of our techniques
work for d-ADR boundaries for any d € (0, 7], including non-integer dimensions.

The paper is organized as follows. In the next section, we discuss the basic notation
and definitions in the paper. In Section 3, we consider e-approximators and many regu-
larization lemmas we need later. We build machinery for Theorem 1.1 in Sections 4 and
5, and we prove the theorem in Section 6. In Sections 7 and 8, we revisit and modify the
construction of Whitney regions and Carleson boxes and we use the modified construc-
tion to prove Proposition 1.3 in Section 9. Finally, in Section 10, we prove a version of
Garnett’s decomposition lemma and combine it with Theorem 1.1 and Proposition 1.3
to prove Theorem 1.2.

Acknowledgments

The authors wish to thank the anonymous referee for many insightful comments re-
lated to this work and related questions, and for several suggestions that have helped to
clarify and improve the presentation.

2. Notation and basic definitions

We use the following notation.
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Q) ¢ R**! will always be an open set with non-empty d-dimensional ADR bound-
ary 02 (see Definition 2.11). In Sections 4, 5, and 6, we additionally assume that
00 is n-UR (see Definition 2.13) and that € satisfies the corkscrew condition (see
Definition 2.12).

The letters ¢ and C' denote constants that depend only on dimension, ADR constant
(see Definition 2.11), UR constants (see Definition 2.13) and other similar parame-
ters. The values of ¢ and C may change from one occurrence to another. We do not
track how our bounds depend on these constants and usually just write v; < o if
v1 < ¢y for a constant like this ¢ and 1 &= 9 if 71 < 72 < 41. If the constant ¢,
depends only on parameters of the previous type and some other parameter k, we
usually write v1 Sy 72 instead of v1 < cie.

We use capital letters X, Y, Z, and so on to denote points in 2 and lowercase letters
x,y, z, and so on to denote points in 0f.

The (n + 1)-dimensional Euclidean open ball of radius r will be denoted B(x,r)
or B(X,r) depending on whether the center point lies on 99 or 2. We denote the
surface ball of radius r centered at « by A(z,r) = B(x,r) N oQN.

Given a Euclidean ball B := B(X,r) or a surface ball A := A(xz,r) and constant
k> 0, we denote kB = B(X, kr) and kA = A(x, kr).

For every X € Q we set §(X) := dist(X, 09).

We let H? be the d-dimensional Hausdorff measure and denote the surface measure
of 9Q by o == H?% pq. The (n + 1)-dimensional Lebesgue measure of a measurable
set A C Q will be denoted by |A]|.

For a set A C R™""! we let 14 be the indicator function of A: 1a4(z) = 0if z ¢ A
and 14(z) =11if x € A.

The interior of a set A will be denoted int(A).

The unit outer normal (when it exists) will be denoted by 1_\/2

For pi-measurable sets A with positive and finite measure we set (f)4 = f afdu =

A

Definition 2.1 (Cones and non-tangential limits). Suppose that m > 1. For every x € 99,

the cone of m-aperture at x is the set

[(z) =" (2) = {Z € Q: dist(Z, z) < mé(Z)}.

Let G be a function defined in €, g be a function defined on 92 and x be a point

on Jf). We consider two types of non-tangential convergence in this paper. We use the

notation limy_,, 1. G(Y) = g(x) for both of them, but the meaning should be clear

from context.

o With standard type non-tangential convergence we mean that there exists m > 1
such that we have limg_, o, G(Y%) = g(x) for every sequence (Y}) in I'"™(z) such that
limk_mo Yk =x.
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o With one-sided non-tangential convergence we mean that there exists m > 1 and a
connected component A C I'™(z) such that x € JA and limy_,o, G(Y)) = g(x) for
every sequence (Yy) in A such that limy_, o Yy = @.

Remark 2.2.

i) If 2 C R™"! is an open set satisfying the corkscrew condition, with UR boundary
011, then for o-a.e. z € 01, the cone with vertex at x has at most two connected
components inside  such that their boundaries contain z, by Lemma 4.13 (see also
Lemma 4.14, and Remarks 4.15 and 4.16).

ii) In the actual calculations related to non-tangential convergence, we use dyadic cones
that we define in later sections (see Section 4 and Section 7). These dyadic cones
always contain a truncated cone of the type f(m), at least locally.

Definition 2.3 (BMO and dyadic BMO). The space BMO(99) (bounded mean oscillation)
consists of those locally integrable function f such that

| Fllmnio = sup f F() — ()al do(y) < oo,
A A

where the supremum is taken over all surface balls A C 9Q2. We define the dyadic BMO
space BMOp (0€2) by replacing the supremum over all surface balls with the supremum
over all dyadic cubes @ (see Theorem 2.16).

Definition 2.4 (Carleson measures). We say that a Borel measure p in  is a Carleson
measure (with respect to 0§1) if we have

B neQ
C, = sup Mp) < 0. (2.5)
z€IN,r>0 r

We call C), the Carleson norm of p.

Definition 2.6 (Local BV). We say that locally integrable function f has locally bounded
variation in  (denote f € BVio.(92)) if for any open relatively compact set ' C € the
total variation over Q' is finite:

// V| dY = sup //godiv\_ll> dY < oo,
Teck@)
Q 0 Q/
11| oo (o)<

where C}(€Y') is the class of compactly supported continuously differentiable vector fields
in .
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Definition 2.7 (Carrot paths). Let X € Q and y € 9. A connected rectifiable path « from
X to yis a A-carrot path if v\ {y} C Q and for every Z € v we have M(y(y, Z)) < §(Z).

Definition 2.8 (Weak local John condition). We say that € satisfies the weak local John
condition if there exist constants A € (0,1), 8 € (0,1] and R > 2 such that for every X
there exists a Borel set F' C Ax = B(X, R6(X)) N 9N such that o(F) > fo(Ax) and
for every y € F there is a A-carrot path connecting y to X.

Definition 2.9 (Weak Ao ). Let v be a measure defined on 9Q and Ag == By N 9 be a
surface ball. We say that v belongs to weak-As(Ag) if there are positive constants C
and s such that for each surface ball A := BN 0N centered on 9 with B C By we have

V(A) < C (ggi;) V(2A) (2.10)

for every Borel set A C A.

We note that the constant 2 in (2.10) can be replaced with any constant ¢ > 1 without
changing the class weak-As (Ag) (see e.g. [1, Section 8]).

2.1. ADR, UR, NTA, CAD, and corkscrew condition

Definition 2.11 (ADR). We say that a closed set E C R"*! is a d-ADR (Ahlfors—David
regular) set for d € (0,n] if there exists a uniform constant C' such that

%rd < o(A(x,7)) < Cr?

for every x € E and every r € (0,diam(E)), where diam(E) may be infinite.

Definition 2.12 (Corkscrew condition). We say that § satisfies the corkscrew condition if
there exists a uniform constant ¢ such that for every surface ball A := A(z,r) with € 9Q
and 0 < r < diam(09Q) there exists a point Xa € Q such that B(Xa,cr) C B(z,r) N L,

Definition 2.13 (UR). Following [12,13], we say that an n-ADR set £ C R"*! is UR
(uniformly rectifiable) if it contains “big pieces of Lipschitz images” (BPLI) of R™: there
exist constants 6§, M > 0 such that for every z € E and r € (0,diam(FE)) there is a
Lipschitz mapping p = p,,: R" — R""1 with Lipschitz norm no larger that M, such
that

HY(ENB(z,r)Np({y e R™: |y| <r})) > 6r™.

As it is well-known, UR is a necessary and sufficient condition for many types of
PDE and Calder6n-Zygmund type harmonic analysis results on ADR sets or open
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sets with ADR boundaries. In this paper, we work with two characterizations UR: e-
approximability of harmonic function (see Section 3) and bilateral corona decomposition
(see Section 4). We use e-approximability to build the extension in Theorem 1.1, and the
bilateral corona decomposition, and its consequences, as a tool to prove some convergence
properties.

Definition 2.14 (NTA). Following [32], we say that a domain © C R"*! is NTA (non-
tangentially accessible) if

e O satisfies the Harnack chain condition: there exists a uniform constant C' such that
for every p >0, A > 1 and X, X’ € © with §(X),d(X’) > p and | X — X'| < Ap there
exists a chain of open balls By,...,By C ©, N < C(A), with X € By, X’ € By,
By N Byy1 # 0 and C~diam(By,) < dist(By, 00) < Cdiam(By),

e both © and R"*!\ © satisfy the corkscrew condition.

Definition 2.15 (CAD). An open set Q C R"*!isa CAD (chord-arc domain) if it is NTA,
and 0N is n-ADR. The constants in the Harnack chain, corkscrew, and ADR conditions
are referred to collectively as the chord-arc constants.

2.1.1. Dyadic cubes

Theorem 2.16 (E.g. [9,57,29]). Suppose that E is a d-ADR set. Then there exists a
countable collection D (that we call a dyadic system),

D= JDp, Dp={Qk:ac A}
keZ

of Borel sets QF (that we call dyadic cubes) such that

(i) the collection D is nested: if Q, P € D, then QN P € {0,Q, P},
(ii) £ = UQeDk Q for every k € Z and the union is disjoint,
(iii) there exist constants ¢y > 0 and Cy > 1 such that

Azh,127F) CQE C A(2E,C127%) = Age, (2.17)

(iv) for every set QF there exists at most N cubes Qg“ (called the children of Q¥ ) such

that QF = U, ngrl, where the constant N depends only on the ADR constant of
E,
(v) the cubes have thin boundaries: there exists a constant v > 0 such that

o (o € QL: dist (v, 2\ Q1) < 27%}) < Cra"a(Qh) (2.18)

for all cubes Q% and for all o € (0,¢1).
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In addition, there exists a collection of dyadic systems {D*}_, on E, of bounded cardi-
nality N, and a uniform constant C, such that if A = BN E is any surface ball centered
on E, then there is at least one choice of dyadic system DY, and a cube QQ € DY, with
A C Q, and with diam(Q) < min(Cdiam(B), diam(E)).

Remark 2.19. In general spaces of homogeneous type, dyadic systems were first con-
structed in [9] for some parameter § € (0,1) instead of the dyadic parameter 1/2 (we
may always choose § = 1/2 by [28]). In the same context, the adjacent systems {DV}Y_,
were constructed in [29] (see also [31,40] for an alternative construction and some addi-
tional approximation properties in geometrically doubling metric spaces). For the history
of adjacent systems in R™, see [10, Section 3].

Notation 2.20. We shall use the following notational conventions.

(1) Since the boundary 92 may be bounded or disconnected, we may encounter a sit-
uation where QF = Q/l@ although k # I. Thus, when we consider cubes Q¥ € D,
we assume that C;27F < diam(99) and the number & is maximal in the sense that
there does not exist a cube Qfg € D such that Qlﬁ = QF for some | > k. Notice
that the number k£ is bounded for each cube since the ADR condition excludes the
presence of isolated points in 0f2.

(2) For each k, and for every cube QF := Q € Dy, we denote £(Q) = 2% and z¢g = 2.
We call £(Q) the side length of @, and z¢ the center of Q.

(3) For every @ € D, we denote the collection of dyadic subcubes of @ by Dg.

(4) Following [12], for every @Q € D and x > 1, we denote

KQ = {x € 0N dist(z,Q) < (k — 1) diam Q} .
Remark 2.21. We record the following further observations.

(1) The following exterior variant of (2.18) in Theorem 2.16 also holds for every @ € D:

U(Eth(Q)) = 0( {r e B\ Q: dist (z,Q) < QE(Q)}) SCio"0(Q),  (2.22)

as may be seen by covering the exterior shell Ext,(Q) by dyadic cubes of uniform
side length ~ 0f(Q), each of which is a subcube of one of a uniformly bounded
number of neighbors of @ with side length equal to that of Q. Applying (2.18) in
each of these neighbors, we obtain (2.22).

(2) By the ADR property and (2.17), we have ¢(Q) ~ £(Q)? with implicit constants
independent of ), and a(@) < o(Q) for the dyadic parent of @, that is, the cube
@ containing @), and belonging to the generation immediately preceeding that of @,

(i.e., Q € Dp_1 when Q € Dy). Similarly we have o(kQ) <, o(Q) for all x> 1.
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Definition 2.23. We say that a collection 4 C D satisfies a Carleson packing condition if
there exists a constant C' > 1 such that

Y a(Q) < Co(Qo)
QREA,QCQo

for every cube Qg € D. We call the smallest such constant C' the Carleson packing norm
of A and denote it by € 4.

Lemma 2.24. Suppose E C R"™! is a d-ADR set and that A C D satisfies a Carleson
packing condition. Then we have

> UQ™ S Cal(Qo)"
QREeEA,QCQo

for every cube @Q € D and every d < n.

Proof. For d = n, in the presence of the n-ADR condition, the lemma is a trivial refor-
mulation of Definition 2.23. Therefore let us suppose that d < n. In this case, the same
trivial argument using d-ADR gives > ¢ 4 0co, U(Q) < Eal(Qo)?. Consequently,

DA (@) K N (0) K (o) i () K N ()

QEA,QCQo QEA,QCQo QEA,QCQo
S Cal(Qo)" ™ U(Qo)* = Cal(Qo)". O

3. e-approximability and regularization

In the proof of Theorem 1.1, we follow the original idea of Varopoulos and construct
the extension using e-approximability of harmonic functions. It was recently shown that
this property characterizes uniform rectifiability:

Theorem 3.1 (/25,17]). Suppose that Q C R™*! is an open set satisfying the corkscrew
condition. Then 02 is UR if and only if every bounded harmonic function u in € is

g-approximable for every e € (0,1): there exists a constant Ce and a function ® = ®° €
BVioe(Q) such that

1
u— O~ < ellul| e and sup —
|| H || HL @) €0, r>0 rn

// VoY) dY < Celull o,

B(z,r)NQ
i.e. [VO(Y)|dY is a Carleson measure.

The direction UR implies e-approximability appears in [25], and the converse is proved
in [17] (see also [23] and [7] for pointwise and LP versions of this result). For other
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characterizations of UR with respect to properties of harmonic functions or solutions to
other elliptic PDE, see [25,26,17,23,7,3].

Since e-approximators are a crucial ingredient in the proof of Theorem 1.1, it will be
convenient for us to use regularized e-approximators that are locally Lipschitz:

Lemma 3.2. We can choose the e-approximators ® = ®¢ in Theorem 3.1 so that

i) e C>*(Q),
i) [VO(Y)| < ﬁ for every Y € Q,

iif) if [X — Y| < 6(X), then [2(X) — &(V)| $ S5

We shall verify this lemma by a fairly straightforward mollifier argument (see e.g. [15,
Section 4])). Since we need to regularize also other functions in subsequent sections, we
formulate the following lemmas in a fairly general way.

We start by noting that although our distance function § is Lipschitz, that is usually
the best level of regularity we can hope for in this context. However, we can use a classical
result of Stein to replace § with a smooth function that is pointwise close to §:

Theorem 3.3 (/39, Theorem 2, p. 171]). Let E C R"T! be a closed set and i be the
distance function with respect to E. Then there exist positive constants mi and my and
a function Bg defined in E° such that

(i) midp(z) < Be(x) < modg(x) for every x € E°, and
(ii) BEg is smooth in E° and

‘ﬂE < Cofp(zx)tlol

In addition, the constants my, ms and C, are independent of E.

For a given closed set E C R"*! let § := g, B = Bg, and my > 0 be as in
Theorem 3.3. Let ¢ > 0 be a smooth non-negative function supported on B(0
satisfying ¢ <1 and [ ¢ = 1. For every A > 0, we set

’27?’7,2)

1 X
X)) = ¢ (X) ;

and define

A = G () = gt (G )

Set Q:= R""1\ E| so that 9Q = E, and observe that for given X € Q,
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supp A(X,-) C Bx = B(X,4(X)/2), (3.4)
by construction. Suppose that Gy: 2 — R is a locally integrable function. We set
)= / AX, Y)Go(Y)dY . (3.5)
We then have the following.

Lemma 3.6. Let G be defined as in (3.5). Then G € C*(Q) and

— [ s yiGow) ay. (3.7)

The proof is a routine modification of the case 2 = R™"*! (see e.g. the proof of [15
Theorem 1 4, p. 123)).

Lemma 3.8. If Gy € BVj,() and pu = |VGo(Y)|dY is a Carleson measure, then

CM
VG 54

(3.9)
for every X € Q, where C,, is the constant in (2.5).

Proof. We begin with some preliminary observations. With Bx defined as in (3.4), note
that by Theorem 3.3 and construction,

sup [AX, V)| <8(X)™" L sup |[VxAX,Y)| S 8(X) 2. (3.10)

YeBx YeBx

Moreover, [[A(X,Y)dY =1, for every X € Q, and therefore

VX/ (x,v)dy ‘& //VXA(X,Y)dY:O. (3.11)

Set [Golpy = |Bx|™! ffo Go. Then

//v AX,Y)Go(Y )dY‘

VxA(X,Y)(Go(Y) — [Golsy) dY’

|VG (%r)

(3.10)
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j-n-1 B/X/ VGo(Y)| Y, (3.12)

where we have used also (3.4), and Poincaré’s inequality for BV (see [15, Theorem 1, p.
189]).
Now let & € 092 be a “touching point” for X, i.e. | X — &| = §(X). Then

5(X)7n / VGo(Y)] dY < 6(X)~"! // V()] dY <

B(#,25(X))NQ

( )

by hypothesis. Combining the latter estimate with (3.12), we obtain the desired con-
clusion. We remark that the full strength of the Carleson measure condition was not
required here, but only the weaker estimate

X)”B/ZVGO(Y)MYgC. O

Lemma 3.13. If Gy € BVjp.(2) and pp = |VGo(Y)|dY is a Carleson measure, then also
IVG(Y)|dY is a Carleson measure and

>0 EBQ 7“ // |VG ‘dX < C

(z,r)NQ2

where C), is the constant in (2.5).

Proof. Fix B(z,r) with z € 9Q. We cover B(z,r) N Q by (possibly disconnected) “half-
open” regions

Vi ={X €QNB(z,r): 27" r <§(X) <27},

so that QN B(z,r) = U2 Vi. Observe that for X € Vj, the ball Bx defined in (3.4) is
contained in

Vi={Y eQnB(z2r): 27" 2r <§(Y) <27Ft1r} |
and moreover, that for Y € By, we have
|IX —Y|<d(X)/2=4(Y).

Thus, using (3.12), we see that
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J[wveeax < [[sco [ w6y ax
Vi Vi Bx
SV/;VGO(Y” 3(Y)™ // dX | dY ~ /|VG0 )| dY.

Y —X|<o(Y
Summing in k, and using that the sets V;* have bounded overlaps, we obtain
// VG(X |dX< // IVGo(Y)|dY < Cpur™
(z,r)NQ2 (z,2r)NQ2

as desired. 0O

Lemma 3.14. If Gy converges to g(x) non-tangentially in the standard (respectively, one-
sided) sense in a cone with large enough aperture, then also G converges to g(x) non-
tangentially in the standard (respectively, one-sided) sense.

Proof. Suppose that Y € I'"™(z) for some m > 1. We recall that

Y
B(Y,53))

In particular, since dist(z,Y) < md(Y’), we have

dist(z, Z) < dist(x,Y) + dist(Y, Z) < md(Y) + 62(mY2) < (m + %) oY)

for every Z € B(Y, B(Y)/2mz). Also, if |Go(Z) — g(x)| < € for every Z € B(Y, g(n};)) we
can use the facts that [[ ¢ =1 and ((X) <1 for every X € Q to show that

GO =9l < 55 | ‘c(y Z)‘|Go<> o) dZ < <.

B(Y, 200

’ 2m2

By combining these two observations we see that if Gy converges to g(z) non-tangentially
in a cone with aperture m, then G converges to g(x) non-tangentially in a cone with
aperture m — 5. Observe that the preceding argument applies in the case of either
standard or one- 51ded non-tangential convergence. 0O

Remark 3.15. The aperture of the cones does not play an important role in this paper
and we use Lemma 3.14 without considering details related to them in the proofs. This is

because we can always use mollifiers that are supported on a smaller ball than B(0, 2m2)
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and we use dyadic cones that we can construct in such a way that they contain cones of
the type I'™ for a large m (see Section 7).

Proof of Lemma 3.2. By Lemma 3.8, Lemma 3.13 and the Mean value theorem, the
previous regularization method gives us the desired properties i), ii) and iii), but it is
not clear if the regularized e-approximators are still e-approximators in the sense of
Theorem 3.1. Because of this, we tweak the regularization method for e-approximators.
If ®q is the original e-approximator, we define the regularized e-approximator with the
formula

d(X) :://AE(X, Y)®o(Y)dY,
where
AE(X, Y) = Ceﬁ(X)(X — Y)

This changes the outcome of Lemma 3.8 for ® in the sense that we get a bound

Ce

V)| £ g

instead, where C. is the Carleson norm of the measure |V®y(Y')|dY. However, since
the size of the Carleson norm of the e-approximators is not important for us (i.e. it can
depend very strongly on ¢€), we can simply absorb the constant e~"~! to the Carleson
norm of the regularized e-approximators. Thus, if ®y is an e-approximator, then & is
a Ce-approximator such that Carleson norm C. of the measure |[V®(Y)|dY satisfies
C.<C EE% for some uniformly bounded constant C. We omit the details. O

4. Bilateral corona decomposition and one-sided non-tangential traces

In ]Rf'l, the construction of dyadic Carleson boxes and dyadic Whitney regions is
very simple: just take a dyadic cube on R™, build a cube on top of it to get the Carleson
box and remove the lower half of the cube to get the Whitney region. These objects
are easy to work with particularly due to their simple geometric structure and they
are very effective in many situations (see e.g. [27,30]). However, it is still possible to
construct substitutes for these boxes and regions that share many good properties with
their R"'*'-analogues [25, Section 3).

In this paper, we need two versions of the Whitney regions from [25] for two different
purposes:

1) the original regions in a slightly modified form to prove Theorem 1.1 in Section 6,
2) simplified and non-dilated regions for the construction of the extension of Proposi-
tion 1.3.
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The reason why we need these simplified regions is that although the boundaries of the
original dilated regions are ADR, they are not quite neat enough for some more delicate
estimates. We construct these regions in Sections 7 and 8.

Let us start by recalling some key tools from [25]. In this section, Q C R"*! is an
open set with n-UR boundary 02 and D is a dyadic system on 9f2. We begin with a
standard Whitney decomposition of €.

4.1. Whitney cubes and regions

We use Whitney cubes and Whitney regions in our proofs and constructions through-
out the article. Suppose that W = {I} is a Whitney decomposition of €2 (see e.g. [39,
Chapter VI], that is, {I} is a collection of closed (n + 1)-dimensional Euclidean cubes
whose interiors are disjoint such that (J; I = Q and

4diam(I) < dist(41,09Q) < dist(I,0Q) < 40diam(I) for every I € W

(here, by 41 we mean the standard concentric Euclidean dilate, as opposed to the “dilate”
of a dyadic cube ) € D(0f2) defined in Notation 2.20 (4)), and

whenever Iy N Iy # (). For parameters nn and K satisfying n < 1 < K and for every
Q € D(99) we set

WY =Wo(n, K) = {I e W: n/*(Q) < £(I) < K'20(Q), dist(I,Q) < K'/2¢(Q)}.
(4.1)

Remark 4.2. We note that ng is non-empty, for n chosen small enough, and K large
enough, provided that € satisfies the corkscrew condition (see [25, Section 3]). In par-
ticular, the latter is true when Q = Qp = R*"*1\ E, where E C R"*! is an n-ADR set.
In the sequel, we shall always assume that n and K have been so chosen.

Definition 4.3. For £ > 1 and every I € W, we let I* be the concentric dilation of I:

I* =T7(¢) = ¢l

We note that if £ is close enough to 1, (and we shall always choose it so), the fattened
cubes I* have bounded overlaps, and retain the property that diam(/*) ~ dist(I*,9Q).
We shall refer to such values of £ as allowable.

If we choose (as above) the parameters 1, K and ¢ in a suitable way, the collections
U Tewg Iand Y rewe I*, and certain variants of these collections, have strong geometric
properties that we will formulate in the next lemmas and use in the subsequent sections.
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Definition 4.4. We say that a subcollection & C D is coherent if the following three
conditions hold.

(a) There exists a maximal element Q(S) € S such that Q C Q(S) for every Q € S.
(b) If @ € S and P € D is a cube such that Q C P C Q(S), then also P € S.
(¢) If Q € S, then either all children of @ belong to S or none of them do.

If S satisfies only conditions (a) and (b), then we say that S is semicoherent.

Lemma 4.5 (/25, Lemma 2.2]). For any pair of positive constants n < 1 and K > 1
there exists a disjoint decomposition D = G U B satisfying the following properties:

(1) The “good” collection G is a disjoint union of coherent stopping time regimes S.
(2) The “bad” collection B and the mazimal cubes Q(S) satisfy a Carleson packing
condition: for every @ € D we have

dYooo@)+ DY o(QS)) < Chro(Q).

QR'CQ,Q'eB §:Q(5)cq

(3) For every S, there exists an n-dimensional Lipschitz graph T's, with Lipschitz con-
stant at most ), such that for every Q € S we have

sup dist(x,I's)+ sup dist(y,9Q) < nd(Q),
zEA*Q yEBaﬂFS

where By == B(xgq, K{(Q)) and Ay, = Bg NoL.

We call the decomposition D = GUB in Lemma 4.5 the bilateral corona decomposition
of D.

Next, we recall a construction in [25, Section 3], leading up to and including in par-
ticular [25, Lemma 3.24]. We summarize this construction as follows.

Lemma 4.6. Let E C R™™ be UR, and set Qp = R*""1\ E. Given positive constants
n<1land K > 1, as in (4.1) and Remark 4.2, let D = G U B, be the corresponding
bilateral corona decomposition of Lemma /.5. Then for each S C G, and for each @ €
S, the collection W% in (4.1) has an augmentation Wg C W satisfying the following
properties.

1) WO C WE = W5 UWYE™, where (after a suitable rotation of coordinates) each
Q Q Q Q
Ie W5’+ lies above the Lipschitz graph I's of Lemma 4.5, each I € Waf lies below
I's. Moreover, if Q' is a child of Q, also belonging to S, then each I € W5’+ (resp.
I e Wg_) belongs to the same connected component of Qg as each I' € Wg,+ (resp.
I'e Wy ) and WZ)’/JF N W(3+ #0 (resp. Wy NWg~ #0).
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(2) There are uniform constants ¢ < 1, C > 1, and & > 1 such that

ent/20(Q) < U(I) < CKY20(Q), VI e Wp,
dist(1,Q) < CKY2(Q), VI eWp, (4.7)
ent20(Q) < dist(I*(€),Ts), VI eWy, Véell &)

(3) For & > 1, and recalling Definition 4.3, set

ug=us.= |J ¢, Ug=ujuldy, (4.8)
Iewy*

and given S’, a non-empty semi-coherent subregime of S, define

Qs =L UQy, QF =095 =it | US. (4.9)
Qes’

Then there exists & > 1 such that each of Qé[/ is a CAD (Definition 2.15), with
chord-arc constants depending only on n,&,n, K, and the ADR/UR constants for E,
provided that 1 < £ < &.

As in [25], it will be useful for us to extend the definition of the Whitney region Uy to
the case that @ € B, the “bad” collection of Lemma 4.5. Let W, be the augmentation
of W% as constructed in Lemma 4.6, and set

(W Qeg,
Wo = . (4.10)

Wy, QeB

For Q € G we shall henceforth simply write W, WES in place of W, ng. For arbitrary
Q €D, good or bad, we may then make the following definitions.

Definition 4.11. Given ' > ¢ > 1, we let I* = ¢TI and I, = £'I denote dilated Whitney
cubes, for allowable values of £/, £ as in Definition 4.3. Suppose that x € 9Q and Q € D.
The closed Whitney region relative to @, and its fattened version are, respectively, the
sets

g = |J 1, us= | I
Iewg IeWg

Similarly, we define standard and fattened versions of the “semi-closed” (i.e., closed away
from Q) truncated dyadic cone at x:

Yol)= |J Uy, T8@:= | us
Q’GDQ,IGQ’ Q’GDQ,IGQ’
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and the “semi-closed” Carleson boz relative to Q:

TQ = U UQ/ y 7—5at = U Z/ffa/t .

Q'eD,Q'CQ Q'eD,Q'CQ

We list some further properties of Uy and 7¢ in the next lemma. Most properties in
the first lemma follow directly from the construction but some of them require slightly
trickier estimates related to the choice of n and K and the bilateral corona decomposition
(see [25, Section 3]).

For an open set 2 C R™*! that satisfies an interior corkscrew condition and has n-
dimensional UR boundary 0f2, we define the Whitney regions Uy as above, but only
include those connected components contained in € (by the corkscrew condition, there
must be at least one such). Of course, this includes the case that Q = Qp = R\ E,
with for an n-dimensional UR set E = 0Qg, as in Lemma 4.6.

Lemma 4.12. Let Q C R"*! satisfy an interior corkscrew condition, with n-dimensional
UR boundary 02. We have the following properties:

o The region Ug is a union of a uniformly bounded number of Whitney cubes I such
that £(Q) = £(I) and dist(Q,I) ~ £(Q).

e The regions Uy have a bounded overlap property, i.e. we have ), |Ug,

for cubes Q; such that Q; # Q; if i # j.

IfUg NUp # 0, then £(Q) =~ £(P) and dist(Q, P) < 4(Q).

For every Y € Ug we have 6(Y) = £(Q).

For every Q € D, we have [Ug| ~ £(Q)" ™! ~ £(Q) - o(Q).

If diam(0Q) = diam(S2), then Q@ = Ugep To-

If diam(09) < oo and diam(2) = oo, then there exist R 2 diam(9S) and a ball

B(z, R) for some x € 0 such that 92 C B(z, R) and B(z, R) NQ C Ugep To-

o If Q € G, then Uy has at least one connected component, and at most two, corre-

sponding to Z/{bt in Lemma 4.6.
o IfQ € B, then Ug has a uniformly bounded number of connected components.

4.2. Non-tangential convergence of e-approximators

We shall use the properties in Lemma 4.12 to prove some results about non-tangential
convergence of e-approximators.

Lemma 4.13. Let Q € R™*! be as in Lemma /.12, and write D = BUG as in Lemmas /.5
and J.6. Let Qo € D be a fized cube, denote

Mo, ={Q € B: Q € Qo} U{Q(S): Q(S) € Qo}seg

and set
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Go,(2)= ) lqla)

QEMqQ,

for every x € 9Q (thus Gg, vanishes outside of Qo). Then Gg,(x) < oo for almost every
x € Qq. In particular, for almost every x € Qq, there exists a stopping time regime S,
such that if x € Q and £(Q) < L(Q(S:)), then Q € S,.. For each Q € S, the interior of
the cone Tq(x) splits into at most two chord-arc domains, as does the sawtooth region
Qs, .
Proof. Since the collection .#, satisfies a Carleson packing condition by Lemma 4.5
and @ C Qo for every QQ € #g,, we have

[ Ga@dots) = Y a(@ S a@0)
Qo

QE‘/”QO

In particular, Gg,(z) < oo for almost every = € Qo. Thus, for almost every z € Qg there
exist C; > O such that if x € @ and 4(Q) < Cy, then Q ¢ .#,. In particular, there exists
a stopping time regime S, given by Lemma 4.5 such that if z € @ and ¢(Q) < C,, then
Q €S, CG. Thus, by Lemma 4.12, the corresponding Whitney region Ug splits into at
most two connected components. The final property follows now from Lemma 4.6. O

For every x € 0f) that satisfies the condition in Lemma 4.13, we denote the compo-
nents of Tq(z) by T%(a@), whose interiors, denoted by TES(I‘), are subdomains of Qi
(see (4.9)), respectively. Since ) satisfies the corkscrew condition, at least one of pr is

contained in 2, and it may be that both are. We define Tg’(f;t) in the same way.

Lemma 4.14. Let Q C R™*! be an open set satisfying an interior corkscrew condition and
let 0Q be UR. Suppose that ®: Q — R is a smooth function such that p = |V®(Y)|dY
is a Carleson measure, and |[V®(X)| < % for every X € Q. Then ® has one-sided

~

non-tangential boundary traces in the following sense: for o-a.e. x € 02, the limits

et (r):= lim oY) and ¢ (xr)= _ lim oY)
YeTls,) (@)Y= YeTy s, (@)Y e

exist and satisfy || || L= (00) < | ®||1=(q), provided that Qi C Q.

Remark 4.15. As noted above, necessarily Qi C  for at least one choice of + or —,
and possibly both. Thus, ® has at least a 1-sided non-tangential trace a.e. on 9f2. In
the case that both components of Qgs, are contained in 2, the traces ¢ and ¢~ may
not coincide. Indeed, if @ = R} UR™"! and © = Igntt = Ignet, then p*(z) =1 and
¢~ (x) = —1 for every x € 02 (when we have chosen the directions + and — in the
obvious way).
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Proof of Lemma 4.14. Fix a cube Qg € D, and let x € 99 be a point satisfying the
condition Gg,(z) < oo in Lemma 4.13. We suppose that ng C Q, and consider the

limit in Tg( Sm)(az); the case that Qg C © may be handled by the same argument. Let

{Xk}r be an arbitrary sequence of points in Y’g(sm)(w) such that X — x. It suffices to
show that {®(X})} is a Cauchy sequence.

We have fixed 1 < £ < &, and have constructed the corresponding standard and “fat”
versions of the Whitney regions, cones and Carleson boxes as in Definition 4.11. Using
Lemma 4.6, we set

. ~t.fat
Ty = TQ(Sm) .
Thus, Tg(sw) C Yo, and the interior of Yy is an NTA domain. Let k,m € N, m > k,

and let 0 < ¢ <« & — ¢. Since Xy, X, € TQ(S there exists a chain of balls {B;}Y,,
B; == B(Y;,r;), inside the interior of Ty, with the following properties:

) Y1 =X, Yy = X,
) r1 <ed(Xi), rv < ed(Xm),
) BiN Biy1 # 0 for every i > 1,
(iV) R (5(Yl) ~ diSt(Bi, 6(2),
) /A< ri/rign <4,
) for each i > 1, B; UB;y1 C €; C YTy, where €; is a cylinder with height h; and
radius p; satisfying

1<hy/ri <8, 1<pi/ri <8,

and such that dist(&;,0Q) ~ diam(&;) ~ r;,
(vii) the balls {B;}; and the cylinders {€;}; have bounded overlaps.

Here, the implicit constants depend on the NTA properties of T, and possibly on e.
We now have

N-1

1D (X}, |<]§[|<1> O(Xp)|dX + ) ]5[ )dX — ]f[

i=1

]%@ X,)] dX

Z:I1 -|— I2 -|— I3.

By the mean value theorem and the pointwise gradient bound, we know that ® is locally
Lipschitz. Thus,
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X — Xy ﬁ[sa(xk)
L <C —— —dX <C dX = Ce
P ]5[ 5(Xy) = 3(Xx)

Bl Bl

and similarly I3 < e. As for Iy, by (v) and (vi) above, and Poincaré’s inequality, we have

]f[ )X — ﬁ[ ﬁ[@(X)dX—<q>>¢i+<q>>¢i— ﬁ[@(X)dX

Bit1 B; Bit1

< 2]? B(X) — ]2[@(1/) dy| dx
< |§:—Z|//|V<I>(X)\dX

X)|dx

< / IV(X)[86(X) " dX.

By construction, we may choose @ € S, with £(Q) ~ max(§(Xx),d(Xy,)), such that
Xi, Xom € Tg(x) and €; C Tg’fat(x) for each ¢ = 1,2,..., N. Then, by the bounded
overlap property of the cylinders {€;};, and the structure of the dyadic cones, we have

bﬁi//W@(X)é( “ngx < // IVB(X)|5(X)~" dX
=1 ¢, )

T+ fat LE

< > //|V<I>(X)|5(X)_”dX

IEQ’EDQU+$M
o’

s > ] vecou@) max

$€Q/€DQM+,fat
QI

< Y lo (@) // IVd(X)|dX.

’ D .
Q'eDq ug;fat

We notice that

/Z 40 //|V<I> ) dX do(y) = //|V<I> )| dx

Q'eDq M* fat Q'GDQM+ fat
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//|v<1> )| dX < Co(Q),

Tfat

since [V®(X)|dX is a Carleson measure. Thus, > ¢/ cp,, U(Qf’?) ffm e [VO(X)[dX < o0

for o-a.e. x € 09). In particular,

lQl
li D X =
dm, g [ weeoiax=o

Q'eDq

Z/l+ fat

for g-a.e. x € 9. It follows that Iy < ¢ if k, m are large enough, and consequently that
I + I + I3 < e. We therefore conclude that {®(X})}x is a Cauchy sequence. O

Remark 4.16. As noted above (see Remark 4.15), it is possible that non-tangential traces,
whose existence is guaranteed by Lemma 4.14, may exist from two sides, and they may
not coincide. It will therefore be convenient to fix a canonical, unambiguous choice of
non-tangential approach. To this end, we proceed as follows. Recall the counting function
Gq defined in Lemma 4.13. Set

Ant ={z € 00 : Gg(x) < o0, VQ € D}.

Recall that for each cube Q, Ggo(z) < oo for o-a.e. z € IN. Since D is countable, we
find that o(9Q \ AxT) = 0. For each z € Anr, there is a stopping time regime S,, as
in Lemma 4.13, with maximal cube Q(S;). We set Dyt := {Q(S2)}zcAnr, and observe
that this collection is countable (thus, S, = S, for many choices of distinct = and y). We
enumerate Dyt = {Q;}52,, and for each Q; € Dy, we let S; be the stopping time regime
with maximal cube @;. If ngm is contained in €2, then for every ® as in Lemma 4.14, the
non-tangential traces p*(x) are defined for o-a.e. x € Anr. In addition, for € Anr,
there is an index ¢ with S, = S;, and since the corkscrew condition holds in 2, at least
one of Qi is contained in €. If there is only one such, then the trace p(z) is defined
unambiguously; on the other hand, if both are contained in 2, then we arbitrarily set
o(z) = ¢ (x). Note that we make this same choice for every x € Ayt such that S, = S;,
and moreover, that this choice is specified in advance, and is independent of .

5. Some results on boundary behavior of bounded harmonic functions

In this section, we shall prove some useful facts about boundary behavior of bounded
harmonic functions. We begin with some preliminary observations.

Remark 5.1. In the sequel, given a function v defined in an open set €2, we let Tv denote
the non-tangential trace of v on 91, i.e., for x € 912, set

Sv(z) = Y_};I%T v(Y), (5.2)
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provided that this non-tangential limit exists. Here, the notation ¥ — x N.T. means
that Y — x, with ¥ € I'(z) (see Definition 2.1), or with ¥ € I'(z) (see Definition 7.3
below, and also Remark 7.5). We recall that in an NTA domain €, if v is a bounded
harmonic function, then Tv(z) exists for w-a.e. x € 9, by virtue of the Fatou Theorem
of [32, Theorem 6.4], where w is harmonic measure for {2 with any fixed pole. Recall also
that if, in addition, the NTA domain has an ADR boundary (i.e., so that € is a CAD; see
Definition 2.15), then in particular, by results obtained independently in [11] and in [3§],
w and o = H"| pq are mutually absolutely continuous, and thus for a bounded harmonic
function v, one has that Tv(z) exists for o-a.e. x € 9. In particular, in this context, the
Dirichlet problem is uniquely solvable in Q, with data in LP(9S, o) for p < oo sufficiently
large (depending on dimension and the chord-arc constants of 2), with LP control of the
non-tangential maximal function, and with non-tangential convergence of the solution to
the data, o-a.e. on 0f). Therefore, in a bounded chord-arc domain €2, if v is a bounded
harmonic function with non-tangential trace Tv, we then have

v(Y) = /‘Ivdwy, VY € Q. (5.3)
on

Lemma 5.4. Let Q be a bounded CAD. Let {ui}32, be a sequence of non-negative, bounded
harmonic functions in 2, whose sum

o0
U = E Uk
k=1

is also bounded in 2. Then the non-tangential trace operator T satisfies the countable
additivity property

Tu(x) =Y Tug(z), o-ae z€0Q.
k=1

Proof. Set
f=%, [fi=%Fu,

which, as noted above, exist o-a.e. on 0f), and of course inherit non-negativity from
and ug. Since ¥ is a linear operator, for each positive integer N, and at o-a.e. point on
09,

N N N o0
S fe=) Tuk ZT(Zuk> < T(Zw) = Tu,
k=1 k=1 k=1 k=1

where in the inequality we have used that u; > 0 for every k. Letting N — oo, we find
that
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fi= ka € L*°(09Q,0).

k=1

Our goal is then to show that f = f at o-a.e. point on 0f). To this end, since 2 is a
bounded CAD, we may apply (5.3) to obtain

[ Fae’ =utr) - ]iukm = i/fk d”

50 = k=150
= /ka dw¥ = /fdwy =u(Y),
an k=1 a0

for each Y € ), where the interchange of summation and integration in the fourth
equality may be justified by monotone convergence, since fi > 0. Thus u = u at every
point in €2, hence, o-a.e. on 02, we have

0=%(@—u)=Ta—-Tu=Ff—f. O

In the sequel, given a set A, we denote the usual supremum norm of a function g
defined on A by

Hg”SUP(A) = sup |g(X)].
XeA
Of course, for continuous g, one has ||gl[sup(a)y = [|gl| > (a); in particular,
lullsup() = [wl|Lo(q), for u harmonic in Q. (5.5)

Next, we recall that by [19, Theorem 3.9.1], if ¢ is a Borel measurable function that
is everywhere bounded on 09 (i.e., ||gl[sup(a) < 00), then

v(Y) ::/gdwy,
o0

exists and is harmonic in Q, and satisfies ||v||sup(0) < [|9lsup(89)-
Our main result in this section is the following.

Lemma 5.6. Let Q C R™*! be an open set, with n-UR boundary. Suppose that g is an
everywhere bounded Borel measurable function on 0. Set

%wy:/ng. (5.7)

o0

Then the non-tangential trace Tvy exists o-a.e. on 0L), and
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Tug(z) = g(x), o-ae x €. (5.8)

We note that no continuity assumption is imposed on g; moreover, in the generality of
Lemma 5.6, harmonic measure need not be absolutely continuous with respect to surface
measure on 0f.

Proof. By Lemma 4.6 and Remark 4.16, there is a countable collection of bounded
chord-arc domains {Q¢}22,, with Q! = Qi for some choice of &, such that Q' C Q, and

o (0 (U;09)) =0. (5.9)

In the case that each of Qi is contained in €2, then we may choose Q' to be either of
these. Moreover, by the Fatou theorem of [6], Tvy exists at o-a.e. point on Of); more
precisely, it exists at o-a.e. point on 9Q N OO, for each i, as a one-sided non-tangential
trace (i.e., with the limit taken through the non-tangential approach region within Q¢);
one may then invoke (5.9) to cover 92 up to a set of o-measure zero. Thus, it is enough
to verify that (5.8) holds for o-a.e. x € 9Q N 9Ny, where 2 is any bounded chord-arc
subdomain of 2, whose boundary meets 9. We therefore fix such a subdomain g,
and let ¥; denote the non-tangential trace operator on 0€2;. Let g be an everywhere
bounded Borel measurable function on 99, and define v, as in (5.7), so that v, is a
bounded harmonic function in 2.

We note that if z € 9Q NI is a point where Tvy(x) exists, then Tiv,(x) exists, and

Tivg(x) = Tug(x), (5.10)

since the non-tangential approach region in the subdomain €2y is contained in a non-
tangential approach region for the ambient domain 2. Observe also that

T10y(X) = v,(X), X €QNo0,

since vy is, of course, continuous in Q. Applying (5.3) in the bounded chord-arc domain
Q1, we therefore have

vg(Y) = / Tiv, dwy + / vgdwi , Y €Q,
Folelgtelont Qo
where w; is harmonic measure for €;. We also define
(YY) = / gdw + / vgdwy , Y €Q.
20NN Qo

Thus, by Remark 5.1, v, is the unique solution to the Dirichlet problem in ©; with
boundary data (T1v,)1lsanan, + vglanan,, and vy is the unique solution to the Dirichlet
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problem in €2 with boundary data glaonaq, + vglanaq, . Moreover, each of these solu-
tions converges non-tangentially in €2, to its corresponding boundary data. In particular,

Tivg = (Tivg)lagnan, +vglanan, and  F19, = glaonan, + vglanan,, (5.11)

o1-a.e. on 9y, where o1 := H"| 9q, is the surface measure on 9.

We now claim that vy = v, in §;. Assuming the claim momentarily, we then have
T1vg = T10g, and this gives us T1vq4(z) = g(x) for or-a.e. x € 0Q; by (5.11). In particu-
lar, we have Tv, = g for o-a.e. point on 9Q2 N O by (5.10), and hence that (5.8) holds,
as desired.

It therefore remains to verify that v, = vy in Q. To this end, we note first that the
claim holds immediately in the special case that g is continuous on 0f2, since in that
case Tvg = g at every point on 0} (indeed, every boundary point is regular in the sense
of Wiener, by the ADR property (see e.g. [24, Lemma 3.27] or [43, Section 3])). By
definition of vy and vy, we may write

ve(Y) = / T /gdw(‘) dw! + / /gde dwY (X)),

0NN, Q QNAQ; o0
and also
g(Y) = / gdwY + / /g dw™ dwY (X).
ElolatIoN QNOQ, 00

For each Y € Q, define two non-negative set functions on the Borel subsets of 9 as
follows:

i (4) = / T (00(4)) do + / WX (A) du (X).
o0NoN, QNON
and

W= [l [N,

[219]atei 95 QMo

Note that ¥ (A) < 1and 1Y (A) < 1 for all Borel A C 952, since w and w; are probability
measures. Since g is Borel measurable, it suffices to show that p¥ and ¥ are Borel
measures, with ©¥ = 1Y, for each Y € €; indeed, in that case we would have

w) = [gdn = [gdn¥ =5,x). (5.12)
o0 o0
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as claimed. Moreover, we have already observed that (5.12) holds in the special case
that ¢ is continuous on 9%, thus it suffices simply to show that p¥ and ¥ are Borel
measures, since equality then follows by equality on the continuous functions; in turn, it
therefore suffices to show that ¥ and 1Y are countably additive on the Borel subsets
of 0191, i.e., that

W (U a) = S (). (5.13)

and similarly for i, whenever {4} is a countable family of disjoint Borel subsets of
). To this end, given such a collection {Ay}, set A := Uy Ay, and define

u(X) = wX(A4), up(X) =w¥(4y).

Since harmonic measure is a probability measure, and in particular is countably additive,
we then have

o0

1>u(X) =) w(X), VXeQ. (5.14)
k=1

Recall that harmonic measure and surface measure are mutually absolutely continuous
on the boundary of a chord-arc domain. Consequently, by (5.14), Lemma 5.4 (applied in
the bounded chord-arc domain §27), and monotone convergence, we find that

pr (A) = / Tiudw) + / wdw?

o02NIN QMo

= Z / Ty dwi + / up dw! | = ZMY(Ak) .
k=1

k=1 \90ra0, QMo

The argument to treat ji¥ is similar but simpler, requiring only countable additivity of
harmonic measure in lieu of Lemma 5.4, and we omit the details. O

6. Proof of Theorem 1.1

We now move to the proof of Theorem 1.1. Although we can still follow the original
strategy of Varopoulos [42], consisting of e-approximation and iteration, we have to be
more careful with our construction. For example, the e-approximators in our setting may
not have pointwise non-tangential boundary traces but rather only one-sided traces in
the sense of Lemma 4.14 (see Remark 4.15). We shall therefore rely on the construction
of an unambiguously defined (at least 1-sided) non-tangential trace, as outlined in Re-
mark 4.16. In addition, absolute continuity of harmonic measure with respect to surface
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measure may fail in the present generality, but Lemma 5.6 will allow us to make har-
monic extensions, and to relate the non-tangential traces of these extensions to the data,
thus allowing us to follow the basic strategy of Varopoulos.

In this section, 2 C R™*! is an open set with n-UR boundary 5.

Suppose that f is a Borel measurable function on 99, with || f||1~@0,0) < oo. We
will now construct the extension ® in Theorem 1.1.

Since f € L™ (0%, 0), there is a set Z € 9, with o(Z) = 0, such that

HfHSUp(BQ\Z) = ||f||L°°(89,a) .
Since o is a Borel regular measure, there is a Borel set Zy D Z, with ¢(Zy) = 0. Set
flx) ,ifzed\ Zy
f()(x) = .
0 Jifx € Zy.

Note that fo = f at o-a.e. point on 0f2. Moreover, f; is an everywhere bounded, Borel
measurable function on 992, so by [19, Theorem 3.9.1], we know that ug: Q — R, defined
by

up(X) = | foly) dw™ (y),
/

is a harmonic function in  satisfying

luollsup() < [l follsupa) = Il Lo (00,0) »

where wX is the harmonic measure on 99 with pole at X. Thus, by Theorem 3.1,
Lemma 3.2 and (5.5), there exists a smooth %—approximator of ug, i.e. a function ®q €
C>(Q) such that

1

— [V (Y)[dY < ColluollLe=(q)s

B(z,r)NQ

1
ug — (b() L>(Q S —||UO || L= (D and sup
| o= 2” o= 2€dQ,r>0 T

where Cy depends only on dimension and the ADR and UR constants for 092. By
Lemma 4.14 and Remark 4.16, &y has a non-tangential trace (in at least a 1-sided
sense), defined o-a.e. on 9f), that we denote by ¢g. Furthermore, by Lemma 5.6, the
non-tangential trace Tug(x) exists, with

Fug(x) = folz) = f(x), for o-a.e. z € IN. (6.1)

Let Z; C 09 denote the set where either ¢ does not exist, or where (6.1) fails, hence
0(Z1) = 0. Since o is a Borel regular measure, we may assume without loss of generality
that Z7 is a Borel set. We now define
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x)—@olx) ,ifxed\Z;
() ::{fo( )0500( ) €00\

Jifx e Zy .

Then f; is an everywhere bounded Borel measurable function on 92, so there is a
harmonic function

X) = /fl(y) dWX(y), Xeq,

satisfying

1 1
lutll Lo @) < I f1llsupon) < lluo — PollL= (@) < §||UOHL°°(Q) < §||f\|Loo(aQ)-

Again using Theorem 3.1 and Lemma 3.2, we may construct a smooth %—approximator
of uy, i.e. a function ®; € C*°(Q) such that

1 1
lur — @1l|Le () < —||U1||Loc(Q) < —luollp= (), and

sup // [V (V)|dY < Coluall=qoy < 5Cblluolli~e

€, r>0 rn
B(z,r)NQ
with Cy as above. By Lemma 4.14 and Remark 4.16, ®; has a non-tangential trace
(in at least a 1-sided sense), defined o-a.e. on 952, that we denote by ;1. Moreover, by
Lemma 5.6, u; has a non-tangential trace Tu; such that

Fui(z) = fi(x) = folx) — pol(x), o-ae. z€IN. (6.2)

Let Zy C 09 be the set of o-measure 0 such that either (6.2) fails, or 1 does not exist.
Again, without loss of generality, we may assume that Z5 is a Borel set. We set

fo(z) = fi(x) —p1(x) = fo(x) — wo(z) —p1(x) ,ifz € 0N\ Zy
T 0 Jifx € Zy.

We let us be the harmonic extension of fs, and iterate, to obtain for each k € Ny,
a sequence of Borel sets Z C 09 of o-measure 0, harmonic functions wuy, their %—
approximators @, the non-tangential boundary traces ¢ of the approximators, and the

non-tangential boundary traces fr4+1 of the function uy — ®5. These satisfy

(i) fer1 = folx) = i gpila), z € 3Q\Zk+17

(i) 1 frs1llsupon) < llux — PrllLoe@) < 275 Hluoll L) < 275 follsup(on)
(i) [Juglle=() < ||fk||sup 09) < 27F|Juol| L (o)
(iv) sup,ep0,r>0 7 ffB(L e Ve dY < Collurl|L=(0) < 27*Colluo]l = (a)
(V) 1@xllzee) S 27 ||u0||Loo(Q (by (ii), (iii) and the triangle inequality).
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By (v), we may define the uniformly convergent series
X)=) (X)), XeQ. (6.3)

By construction, the function ® has a non-tangential boundary trace ¢ (in at least a
1-sided sense; we recall that the 1-sided approach may be taken to be the same for all
®y.: see Remark 4.16), defined o-a.e. on 99,

z) = pi(z)
k=0

Since limk_)oo ka”sup(aﬂ) S limk_mo 2_k||f0||sup(aﬂ) = O7 we have limk_)oo fk(x) =0 for
every x € JQ. In particular, by (i) above we have

k
0= klggofkﬂ( r) = Jim (fo( ) — Z%’(@) = fo(z) —p(z), o-ae z€0Q
=0

(that is, for x € 90\ (UrZk)). Thus, ¢(z) = f(x) for o-a.e. x E_QQ since fo = f at
o-a.e. pomt on 9. Also, for x € 9Q and r > 0, and for every ¥ € Ci(B(z,7) N Q)
satisfying || v L= < 1, using (6.3) and then (iv), we have

Tin // B(Y) divT (v iin // By (V) div T (V) dY

B(z,r)NQ k=0 B(z,r)NQ

1
- // V&, (V)| dY

B(z,r)NQ

| A

<Y 27FColluol| o) = 2C0|luol| L= («)-

MS

£
I
=3

Thus, the measure u = |[V®(Y)|dY is a Carleson measure.

By Lemmas 3.6, 3.8, 3.13 and 3.14, we may further assume that ® € C*°(2), and that
[VO(X)| S lluoll Lo ()d(X) 1. Since |Juolle(0) < || fllL=(o9), this completes the proof
of Theorem 1.1.

Remark 6.4. Note that the preceeding argument involved the construction of a bounded
harmonic extension u, corresponding to given Borel measurable data f € L (99, do),
such that the non-tangential trace Tu satisfies Tu(z) = f(x) for o-a.e. x € 9N. It is
perhaps worthwhile to observe that, in the absence of absolute continuity of harmonic
measure with respect to o, this extension need not be unique. Indeed, suppose that
I fllsupoonz) = If Il Lo (00,5 = 1, for a Borel set Z C 9§ with o(Z) = 0. Set
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(@) L ifeco\z [ i) Lifzean)\z
0@ =1 ifzeZ, n@ =1 ifzeZ,

and define

0;(Y) == v,,(Y) ::/gidwy, YeQ,i=0,1.
09

Then ||v;||p(y < 1 for i =0, 1, and by Lemma 5.6, the traces Tvg and Tw; exist o-a.e.
on 0f), and satisfy

Tv=go=f=¢g1 =%Fv1, o-a.e. on ).
On the other hand,
v (Y) =v0(Y) +w¥ (2),
so if harmonic measure has positive mass on Z, then vy # vg.
7. Carleson boxes, Carleson tents and Whitney regions

Before we prove Proposition 1.3, we revisit the construction of Whitney regions and
Carleson boxes. The previous construction (see Subsection 4.1, and [25, Section 3]) is not
suitable for our current purposes, since the overlap of the Whitney and Carleson regions
causes technical difficulties related to the Carleson measure estimates.

Since we do not need many of the strong geometric properties of the Carleson boxes
constructed in [25], we start by presenting a simplified construction of the boxes and
proving that the boundaries of the boxes inside € are upper n-ADR. We note that the
original proof for the upper n-ADR property of the boundaries of Carleson boxes in
[25, Appendix] does not apply “off-the-shelf” in our situation because we do not use
dilated (hence overlapping) Whitney cubes (as is done in [25, Appendix]). However, our
approach makes the proof quite simple.

In this section, @ € R™*! is an open set, satisfying the corkscrew condition, with
d-ADR boundary 99 for some d € (0,n], and D is a dyadic system on 9. Recall
the Whitney decomposition and the definition of the collections Wg = Wq(n, K) from
Subsection 4.1.

Remark 7.1. In this and the next two sections, it will be technically convenient to work
with “half-open” Whitney cubes, that is, in Sections 7, 8, and 9, a cube I € W is assumed
to be of the form I = II}F | (ay, ay, + h], with £(I) = h ~ dist(I, 9Q). All other properties
of the Whitney cubes will be exactly as before.

We start by noting that our Whitney regions are not empty:
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Q Q

Fig. 1. A rough idea of the structure of the Carleson box T (left) and the Carleson tent 7o (right) on top
of a same cube @ in the simplest case where Q = ]K

Lemma 7.2. We can choose the parameters n and K depending only on the corkscrew
constants, so that Wg # 0 for every Q € D.

The proof is a straightforward generalization of [25, Remark 3.3] and [22, Lemma 5.3].
We omit the details.

Let us remark that in the codimension 1 case, if Q = R"™1\ E, with E n-ADR, then
the corkscrew condition holds automatically, with constants that in turn depend only on
dimension and ADR. Moreover, in the d-ADR case with d < n, @ = R"™!\ F has only
one connected component, which necessarily satisfies the corkscrew condition.

Definition 7.3. Suppose that x € 02 and @ € D. The “half-open” Whitney region relative
to Q) is the set

U7

I1eWq

the dyadic cone at x is the set

Tz)= |J Uy

Q' eD: xzeQ’

the Carleson box relative to Q) is the set (see Fig. 1)

TQ = U UQ/
Q'eD,Q'CQ

and the Carleson tent relative to @ is the set (see Fig. 1)

=2\ [J T®

yeEOO\Q

Remark 7.4. We note that every I € W with ¢(I) < diam(9) belongs to the collec-
tion Wg,, where as above £(Qr) = ¢(I) =~ dist(I,Qr), and Qr is chosen to minimize
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dist(I, Q). Moreover, for n chosen small enough and K large enough depending only on
the properties of the Whitney decomposition, every J € W whose closure touches the
closure of I, also belongs to Wg,. Consequently, for such n and K, we have:

e if diam(0(2) < oo and diam(2) = oo, then Ugep To D B(z, R) N Q2 for some point
x € 09 and R ~ diam(9Q),
o if diam(0(2) ~ diam((2), then Ugep To D .

Remark 7.5. Given m € (1,00), one may choose 7 small enough and K large enough,
depending on m, so that the dyadic cone I'(x) contains (at least locally) a cone of the type
I™(z) = {Y € Q: dist(z,Y) < md(Y)}; i.e., I (2) N B(z, R) C I'(z) for R ~ diam(d9).
We omit the routine proof of this fact.

We now fix a suitably large aperture constant m that allows us to apply Lemma 3.14
later. Combining Lemma 7.2 and Remarks 7.4 and 7.5, we see that we may (and do)
choose 17 and K depending only on the corkscrew constants, the Whitney cube constants,
and the fixed aperture parameter m, in such a way that the collections Wq are non-
empty, the Carleson boxes Ty have good covering properties and the dyadic cones contain
“regular” cones. The sets Ug, T and I'(z) then satisfy the same properties (with possibly
different implicit constants) as Uy, Tg and YT(z) in Lemma 4.12, excluding naturally
the last two properties related to the bilateral corona decomposition.

Next we prove that the boundaries of the boxes Ty in {2 are upper n-ADR. The
boundaries of the boxes constructed in [25] are also lower n-ADR, but for our present
purposes we shall need only the upper n-ADR property. We first prove a preliminary
lemma, which will also be useful in the sequel.

Lemma 7.6. Let QQ € D. Then for each positive k < 00

Z S HNOI) < C Q)™ (7.7)
QIEDQ IGWQ/
dist(Q',Q°)<ré(Q")

Proof. Note that the number of Whitney cubes in W is uniformly bounded for each @,
and that for I € Wy we have H"(0I) = £(Q")", by the definition of Wg/; consequently

> HMOI) SUQ)"

IeEWy
Organizing the subcubes of () by dyadic generation Dg = Ug":ODé, where
Dg ={Q' cQ: Q) =27"Q)}, 0<k<oo,

we obtain by the thin boundary property (Theorem 2.16 (v)) that
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> (@) $27M0(Q). (7.8)
Q'eby,
dist(Q’,Q°)< £(Q")

Combining these observations, we obtain in the codimension 1 case d = n that
oo
>y Y wensY et seo)
QDb IeWg, k=0
dist(Q',Q° )<Z(Q’)
or in general that
> 2. 2 WOng) “)”

k=0 Q'eD IeWy k=0 Q'eD§,
dist(Q",Q°) S £(Q") dist(Q",Q°) S £(Q")

<UQ"Y Y uQ)!

@?*‘

Lemma 7.9. For each Q, the set 5TQ is upper n-ADR, where 5TQ = 0T NQ: for every
X € 0Tg and every R € (0, diam(Tg)) we have

H"(8Ty N B(X,R)) < R",

where the implicit constant depends only onn, the ADR constant, the corkscrew constant,
the Whitney constants, and the fized aperture parameter m.

Proof. Note that if X € 5TQ, then by construction there exists a dyadic cube Q' € Dg
and a Whitney cube I € W such that X € 1. Also, if £(Q") < £(Q) and dist(Q’, Q¢) >
0Q") for Q' € Dg, then dI N Ty = O for every I € Wegr. Thus, if I C T, with
oIn 5TQ # (0, then I € Wy for a cube Q' € Dg such that dist(Q’, Q°) < ¢(Q'), where
the implicit constant depend on 1 and K (which, in turn, we have chosen to depend only
on the corkscrew constants, the Whitney constants, and m).

Consequently, using Lemma 7.6, we obtain

H"(0Tg) < 3 > HMOI) SUQ)"
Q'eDg TeWy,
dist(Q',Q°)S4(Q")
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Thus, we have H”(gTQ) S UQ)™ =~ diam(Q)™ for any @ € D. Let us then prove the

upper n-ADR property. Suppose that X € 0T and R € (0, diam(Tg)). There are three
cases:

1) Suppose that R ~ diam(7T(). Then, by the consideration above, we have
H™ (0T N B(X, R)) < H™(8Ty) < diam(Q)" ~ diam(Ty)" ~ R™.

2) Suppose that R < §(X). Then, by construction, B(X, R) N 5TQ is contained in
a union of a uniformly bounded number of boundaries of Whitney cubes I such
that ¢(I) > R. Since OI is clearly n-ADR for each I € W, we therefore find that
H"(8Tp N B(X, R)) < R™

3) Suppose that §(X) < R < diam(Ty). Then 0T N B(X, R) = 0Tg: N B(X, R) for
some subcube of Q' € Dg with £(Q") ~ R. Thus, by the consideration above, we
have

H" (8T N B(X, R)) = H"(8Ty N B(X, R)) < H"(ITy) < €(Q)" ~ R™.
This completes the proof. O
8. Modified Carleson tents

Fix a cube Qg € D. For all Q C @, we shall now construct disjoint Carleson tents
tg, that have better covering properties than 7. We let {Qo} be “generation zero”,
and then enumerate the dyadic descendants of Qo: let {Q%}; be the first generation of
descendants, {Q%}; the second generation of descendants, and so on. Let the number of
descendants of generation k be N (k). We construct a restricted version of the Whitney
collection Wg, @ C @y, by removing some of the cubes from WQ;;: for each k,i € N,
1 < N(k), we set

k—1 N(m) i—1
Wo =Woi\ [ U U Wei, U Ulw L
=

m=0 j=1

where of course the second union is vacuous if 4 = 1, and both are vacuous if £ = 0. Note
that the restricted Whitney collections {Wg, }qcq, are pairwise disjoint, by construction.

We can then define restricted Whitney regions Ug, and modified Carleson tents t¢ for
cubes Q C Qo (see Fig. 2):

U= UJ I to= | U (8.1)
IEWY Q'eD,Q'CQ
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Q Q'

Fig. 2. Two modified Carleson tents tg and tg/ in the simplest case where Q = ]Ri. The boundary they
share may be slightly messy but it consists of a union of faces of Whitney cubes.

Remark 8.2. Since the Whitney collections {Wg,}qgcq, are pairwise disjoint, and since
we are now working with half-open (hence disjoint) Whitney cubes I, it follows that the
sets {U§}qcq, are also pairwise disjoint.

Lemma 8.3. Suppose that Q,Q1,Q2 € Dg,. We then have:

) T Ctg.
ii) If Q1 N Q2 =0, then also to, Ntg, = 0.
) If Q1 C Q2, then also tg, C tg,.

) Tg, = tq,- Moreover, for Q C Qo, there is a collection F(Q) = {Q'}N.; C Dg,,
of uniformly bounded cardinality N depending only on n, ADR, n and K, such that
QY my 1 U(Q) with £(QY) = £(Q) for alli,i’, and Tg C |, to:-

Proof. The properties ii), iii), and iv) follow directly from the construction so we prove
only property i).
Note that by construction (see Definition 7.3),

U rw= U Ue,

yeON\Q Q'eD\Dg

and that Ug, C Ugq for every Q' € Dg,. Moreover, the restricted Whitney regions Uy
are disjoint (see Remark 8.2). Consequently,

0=\ |J Tw=To\ |J UacTo\ |J Ushcte O
yeI\Q Q'eD\Dqg Q' eDg,\Dq

Lemma 8.4. The sets Otg N are upper n-ADR with the ADR constant depending only
on the dimension and the ADR constant of OS.

Proof. Recall that 7o C tg, by Lemma 8.3 i). Thus, if I C tg, with 9I N dtg # 0,
then I € Wy, for a cube Q' € Dq such that dist(Q’,Q°) < ¢(Q’). One may then use
Lemma 7.6, following the proof of Lemma 7.9 with minor adjustments. We omit the
details. O
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9. Proof of Proposition 1.3

Suppose that Q € R"*! is an open set satisfying the corkscrew condition with d-ADR
boundary for some d € (0,n]. Let Qo € D be a fixed dyadic cube, Dg, = {Q;}; C Dg,
be a collection of subcubes of Qy and {«;}; a collection of coefficients such that

= ZO&leJ.,
J

belongs to BMO(012), the collection ]]S)QO enjoys a Carleson packing condition with pack-
ing norm ‘5~ =: C (see Definition 2.23), and sup; || < || f||Bmo- Note that f vanishes
on 90\ Qo, but we assume that f € BMO, globally on 0€2. We denote

FO = Z ajthj s
J

where tq; is the modified Carleson tent defined in (8.1). We will show that a smooth
version of Fy satisfies the properties in Proposition 1.3.
We start by proving the following estimate that we shall need later:

Lemma 9.1. Let Q, Q' € D be such that

0Q) ~ 1(Q') 2 disQ, Q). 9.2)
Then
. o= Y. o $Colflso,
J:Qi2Q J:Q;2Q7
where the implicit constant depends on the implicit constant in (9.2).

Proof. Let us fix two disjoint cubes @, Q' € D, that satisfy (9.2). Fix a constant C large
enough (depending only on the implicit constants in (9.2)) that QUQ" C Bf, == B(zq, 1),
with r == C(Q). Let Ay = Bg N 06 denote the corresponding surface ball. Since
f € BMO(09), by the ADR property we have

Fie=tnagl+ f1r- gl s F 11 -
Q & Ay

By the uniform bound on the coefficients and the packing condition of the collection
{Q,};, we have that

(9.3)
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sup; |a|

f Z Otlej(I) dzx S J(Q)

o lieice

> a(@)) S Collfllsumo,
J:Q;CQ

and similarly with @’ in place of ). Combining this observation with (9.3), we see that

S - (f)ay =f S ol (@) (fas|do

Q1 QGQ; Q |QiR%Q;

—f 1@ = N)ay — Y asle, @) do S Col o,
Q j5QjQQ

and similarly

S @~ {f)ay| < Collfllsmo-
Qj:Q'CQ;

By the triangle inequality, these last two estimates yield

S oa- Y o SGlflemo. ©

Qj:QCQ; Q;:Q'CQ;

Lemma 9.4. We have

li F(Y) =

s lim o Fo(Y) = f(x)

for o-a.e. x € 9. Here limy _,, n.7. stands for standard type non-tangential conver-
gence.

Proof. By the Carleson packing condition of ]ﬁ)QO, and the uniform boundedness of the
coefficients oy, it follows that ; 1o, (2) < oo, and hence also |3, a;lq;(2)| < oo, for
o-a.e. v € 0L Also, 3, ajlig, (Y) < oo for each Y € Q, since Y can belong to only a
finite number of modified tents g, (those for which £(Qo) > £(Q;) 2 6(Y)). Thus,

Fy(z,Y) = Zalej (x) — Z ajl, (V)= Zaj (le (@) = Lig, (Y))

J

is absolutely convergent for o-a.e. x € 9, and all Y € Q. For fixed 2 with 3, 1¢, (2) <
oo, we split

L}JQj:<fE(J Qj)U( U Qj)7

) Fa(z)
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where Fy(z) = {Q; € Do, : = € Q;}, and Fa(z) = {Q; € Dg,: 2 € 3N\ Q;}. In turn,

Fow )= > a5 (lg,@) = 1ig,0)) + Y a; (1g,@) — 1ig, (1))

Q;EF1(x) Q;EF2(x)

= Fl(z,Y) + F}(z,Y).

In particular, for x € 9Q \ Qo, we have Fa(x) = HS)QW and fg(z,Y) = ﬁo(x,Y), since
Q; C Qo for each j.

Let us then show that limy ., n.T. ﬁé (z,Y)=0,i=1,2, for almost every x. Suppose
that ¢ > 0, Y. € T'(z) and dist(x,Y.) < e. For those j such that x € @Q;, we have
lg,(x) — Lig, (Yz) # 0 only if Yz € T'(z) \ tg,. Thus,

|Fy (2, Y2)| < Sup|04j|< Z 1, (@) Ir@to, (Ye) + Z 1, (%) Ira)\to, (Ya))
! 0Q))<vVE 0Q))>VE
=t sup o (1 (a) + I3 (2).
where sup; [o;| < [|f[lBmo by assumption. Recall that we have fixed z with 3~ 1o, (2) <
oo. Thus, I () < > y0.)< e Lq, (¢) is the tail of a convergent series, so that If — 0 as
e — 0.

Turning now to I3, we first note that since Y. € I'(z) \ tg,, there exists a cube
Q > z, such that Y. € Ug \ tg,, with £(Q) ~ d(Yz) < e for some uniformly bounded
implicit constants. If ¢ is small enough, then ¢(Q) <« ¢(Q;) and thus Q C @, since
r € QN Q;. Hence also tg C tg,. Consequently, Y. ¢ tq, and therefore there exists
another cube @’ such that 4(Q") ~ ¢(Q), Yz € tg/, and Q' N Q; = 0. In particular,
dist(z, Q%) S e < Vel(Q;). We set

35 = {z € Q;: dist(2,QF) S Vel(Qy)}

for the same implicit uniform constant as above, and assume that ¢ is so small that this
constant times /¢ is a lot smaller that 1. We then have

I5(x) < Z Ise(z) = he(2).

In particular, by (2.18) and the Carleson packing condition of {Q;}; we obtain

Ihellirie < Y. o(55)Se" > 0(Q) $70(Qo) =0,  ase—0.
Q;CQo Q;CQo

Thus, there is a sequence (gx ) with e, — 0 as k — oo, such that he, () — 0 as k — oo,
for o-a.e. x € 9. Since h, is pointwise decreasing as € \, 0, we therefore have h.(z) — 0
as € — 0, and hence also lim._,q I5(x) = 0, for o-a.e. z € 9.
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Consider now those j such that = ¢ Q;. Then 1q, (z) — Lo, (Yz) # 0 only if Yo €
['(z) Ntgq,. In particular,

Byl <swlagl( Y] Too, (@) Lig,rre ()
’ HQ)SVE

+ Y Lo, (@ ) 1ltg,Ar@ )(Y)>
£6Q5)>VeE

= sl;p |aj|(J1€(CC) + JQE(CC))y

where, as before, sup; || < || f[lBMo by assumption.

For Jf, we first note that Y. € tg, implies d(Yz) < dist(YZ,Q;) S £(Q;). Moreover,
since Y. € TI'(x), we have |Y. — z| = §(Y). Consequently, by the triangle inequality,
there exists a uniformly bounded constant ¢ > 1 such that z € ¢Q); (recall Notation 2.20
(4)). Thus, we have Ji(2) < 3,0, <z leq, (). By the Carleson packing condition of
{Qj};, we know that 3, 1., () < oo for almost every z. Therefore J(x) is bounded
by the tail of a convergent series for almost every x, hence J§(z) — 0 as ¢ — 0 for almost
every x.

For J5, we can use similar but simpler arguments as with I5 in the previous case.
Since Y; € I'(z) Ntg,, there exists a subcube Q C @Q; such that /(Q) ~ §(Yz) < € and
Y. € Ug. By definition, we have Y. € I'(y) and dist(y,Y:) < §(Yz) for every y € Q. In
particular, there exists a point y € @; such that dist(z, Q;) < dist(z,y) < e < /Eel(Q;).
We now set

5 = {z € 02\ Q;: dist(2,Q;) S VEUQ))},

and proceed as we did for I§, but now using the exterior thin boundary estimate (2.22)
in lieu of (2.18). We leave the remaining details to the reader. O

Remark 9.5. The previous lemma is true also if we define the extension F, with respect
to the overlapping boxes T or the tents g and in those cases the proof actually becomes
simpler. However, in the next proof it is crucial that we use the modified Carleson tents.

Lemma 9.6. The measure |VFy(Y)|dY (interpreted in the local BV sense: see Defini-
tion 2.6) satisfies a quantitative codimension 1 type Carleson measure estimate:

sup // IVEy(Y)|dY < Coll fllsmo
r>0, xEBQ re
B(z,r)NQ

Lemma 9.6 is the last ingredient we need for the proof of Proposition 1.3. Indeed, let
F Dbe the regularization of Fy, as in Section 3. By Lemmas 3.6 and 3.8, F € C*°(Q2), and
F satisfies the pointwise gradient bound. We also find that F' converges non-tangentially
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to f almost everywhere, and that |VF(Y)| dY is a Carleson measure, by combining Lem-
mas 9.4 and 3.14, and Lemmas 9.6 and 3.13. This completes the proof of Proposition 1.3.
Thus, the only thing left to do is to prove Lemma 9.6.

Proof of Lemma 9.6. Recall that, by Definition 2.6 and the fact that Fy vanishes outside
B(z,r) N Q for r > diam(9N) (in the case that diam(9€) is finite), we have to prove
that the total variation of Fy in B(z,r) N Q is bounded by CCor"||f|smo for every
x € 00 and every r < diam(9€2), where C depends only on the dimension and the ADR
constant.

It is easy to see that every ball B(z, R) N Q with z € 02 and R < diam(9€2) can be
covered by the union of interiors of a uniformly bounded number of Carleson boxes Tq,
with R =~ £(Q) (see [25, p. 2353-2354] for details). Thus, it is enough to show that

|| IVRmIaY £ ol fllao 1@

il’lt(TQ)

for an arbitrary cube @) € D. We consider gst the case that @ C Qg. Fix @ C Qg and
a vector field ¥ € C}(int(Tg)) such that | ¥ ||z~ < 1. We have

//FO divEf> = 2:<)4j//diva>
I i,

= Z o //div@> + Z o //div@> = J1 + Jo,

3t 6Q)<2MUQ) g, RCHEC )N

where M is a sufficiently large positive integer to be chosen. Tlﬁ sum Jp is easy. Since
Otg,; NS is a union of faces of Whitney cubes, and the support of W has a strictly positive
distance to 912, we can apply the divergence theorem to get

//ouvﬁ> - / TN < 1 0tg, N Q) S HQ,", 9.7)

tQj BtQj nQ

where in the last step we have used Lemma 8.4. Since T contains the support of @,
every (); appearing in J is contained in a ball B := B(zq, C4(Q)), for some C' chosen
large enough depending on M, n and K. Combining the latter fact with (9.7), and using
the Carleson packing condition for the collection {Q;} (and Lemma 2.24 in the higher
codimension case d < n), we see that J; S Co £(Q)™.

The sum Jo is little trickier. Since ¥ is compactly supported in int(Tg), we have
\I/ = 0 on 9T4. In particular, if we happen to have T = tq, then Tg Ntg, = T for
every (); in the sum J, and the same divergence theorem argument as above implies
that J, = 0. Unfortunately, usually tg € T, so we have to be more careful.



S. Hofmann, O. Tapiola / Advances in Mathematics 390 (2021) 107961 45

By Lemma 8.3, there is a collection F(Q) = {Q M, of uniformly bounded cardinality
N, with £(Q") = £(Q") =,k £(Q) for each i,7, such that Ujtgi contains Tp. We now
choose M = M (n, K) so that £(Q?) = 2M¢(Q), for every Q' € F(Q). Thus, the cubes Q;
in Jy satisfy Q° N Q; € {0,Q%} for all i and j. This choice and the divergence theorem
give

=Y Y o ffw@=3 ¥ o [ N-T,

i 5:Q;2Q¢ i 5:Q;2Q¢ Ot i NQ

Qi

where we have used Lemma 8.3 ii) and iii). Since supp(a) C int(Tg), E}(X) can be
non-zero only if X lies in the interior of Ty. Furthermore, the modified Carleson tents
tg: are disjoint, and their union covers Tgy. Thus, for every point X on dtg: where v (X)
is non-zero, there is a different cube Q* € F(Q) such that X € dtge.

By Lemma 8.3, we have that dtg: N dtgr N is either empty or it consists of a union
of faces of Whitney cubes. Let us define the set of all the pairs of indices of the cubes
Q' by setting

P={(i,k):1<i<k<N}

and let us define the collection of the faces of Whitney cubes between tg: and tgr by
setting

F(iky = {F: F is a face of a Whitney cube contained in 0tg: N dtgr }
for every (i, k) € P. Notice that .%(; ;) may be empty. We can now write

:ZZ%/N}E}

i j:Q;2Q¢ 9t 5iNQ

s SD N DY 08 ED MY b A

(i,k)eEP FEF i k) \J:Q;2Q" & 7:Q;2Q

Where ﬁ is the outer unit normal of dtg: N ). We notice that on I the normals ﬁ and
Nk point to the opposite directions. Thus, we actually have

)SIED SN B DIRVEND DRRTE I B £
(i,k)eP FEF (5 k) \J:Q; 2Q* J:Q; 2QF Ia

By Lemma 9.1, we therefore have

| /2| S CollfllBMmo Z Z H(F

(i,k)eP FEF (i k)
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Furthermore, if F' € .%; 1), then by definition F' C 0tg: N dtgr, so

> HMEF) <H'(9tg: NQ) Q)"

Feﬁuyk)

since Otg: N is upper n-ADR by Lemma 8.4, and £(Q) =~ ¢(Q"). The number of the
modified Carleson tents tg: was uniformly bounded, hence, so is the cardinality of the
set P. Thus, Jo < Col| fllBmo £(Q)™. This completes the proof in the case @ C Q.

Next, we suppose that Q ¢ Qo. As above, let ¥ € C}(int(Ty)) be a vector field such
that ||| L < 1. Consider first the case that £(Q) > ¢(Qp). We then have

‘//Fodiv?’ = Zaj //divE}
i g,

> a / N

J dtq,NQ

IN

sup oy | > H" (9tq, N Q)
7 )

J

A

| flIBMoO Z“Qa‘)"

< Coll fllBMmo £(Qo)™

< CollfllBmo £(Q)™

where we have used the upper-ADR property of dtg;, the uniform bound for |a;l, the
packing condition for the collection ]ﬁ)QO = {Q;};, the fact that Q) contains every Q;
(and Lemma 2.24 in the higher codimension case d < n). o

We therefore suppose that £(Q) < £(Qo). In this case, since supp(¥) C T, and since
tq, C tg, = Tg, for each Q;, we may further assume that di_s}t(Q,Q@ < 4(Q), where
the implicit constants depend on 7 and K, otherwise f f Fydiv¥ vanishes. In particular,
we may suppose that Q C P € D, where £(P) = £(Qy), and dist(P, Qo) < €(Qo). Let us
enumerate the collection of such P (with Qq itself excluded), as {P,,}N_,, where N is a
uniformly bounded number depending only upon n, ADR, n and K. For each such P,,,
we construct pairwise disjoint {¢¢ }o/cp,, exactly as we constructed tgs for Q' C Qp in
Section 8, and then we build disjoint {tZQ’}Q’GDQo UDp, U..UDp, DY setting

tz?/ =tgr, Q' C Qo
tor = 1tqr \ tQo, Q' ch
to =1tq \ (tq, Utp,), Q' C P

to =tq \ (tg, Utp, U...Utpy_,), Q' C Py.
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We may then generalize Lemma 8.3, so that in particular, for each Q@ € Dp, U...UDp,,,
there is a collection F(Q) = {Q'}; C Dg, UDp, U...UDp,, of uniformly bounded
cardinality depending only on n, ADR, n and K, such that £(Q?) ~ £(Q), with £(Q?) =
£(Q") for all 4,4, and T C Ui t5:- Moreover, t7), C tg,,, provided that Q' C @", and
toNton = 0 whenever Q'NQ” = (). One may now repeat the previous argument, mutatis
mutandis, noting that Lemma, 9.1 still applies in the case that Q*N Qo = 0. We omit the
details. O

10. Garnett’s decomposition lemma and proof of Theorem 1.2

In this last section, we present the final ingredient for the proof of Theorem 1.2: a
straightforward generalization of Garnett’s decomposition lemma to the setting of ADR
sets. The proof follows the original argument sketched as an exercise in Garnett [18,
Section VI, Exercise 12 ¢] (and stated without proof in [41, Lemma 1.2.1]). We include
the details here for the sake of completeness.

Lemma 10.1 (Garnett’s lemma). Let E C R™""! be a d-ADR set, d < n. Let Qo € D,
and consider f € BMOp(E) (see Definition 2.3), which vanishes on E \ Qo (provided
the latter is non-empty). Then there is a collection D, = {Q;}; C Dg, and coefficients
o such that

(1) sup; |y S [Ifll Baos » N N
2) =)@ =+ 2 ajlq,, where f & L=(E, do) with | f|r= S [Ifllzymos

(3) Dg, satisfies a Carleson packing condition with %@Q < 1.
0

~

Remark 10.2.

i) Since ||f|lBmop S |1 fllBMo, the Lemma holds of course for f € BMO(E).
iif) The construction of the coefficients o is based on the same arguments as the proof
of the John—Nirenberg lemma [33].

Remark 10.3. If Q¢ C E, then there is a cube @)1 disjoint from Qq, of the same dyadic
generation (i.e., such that £(Q1) = €(Qp)), with common dyadic ancestor Q., such that
dist(Qo, Q1) < (Qo) = £(Q1) =~ £(Q.). Since f vanishes outside of Qg, we have that
f =0 on @, hence

[(Haol = (ao = (Nal S IIfllBMos

where the last inequality is a well-known fact about dyadic BMO. Consequently, in this
case we may absorb (f)g, into f, so that item (2) in Lemma 10.1 becomes

(2a) f=f+Y,a;lq,, where f € L(E,do), with || f]|~ < [|fllzmop-
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Observe also that in this case fvanishes on E\ Q.

Proof of Lemma 10.1. We build the collection 15@0 by using a stopping time argument.
Set Fo = {Qo}. We have

(If = (N, < lIfllBmoy -

Let us subdivide Qy and stop when (|f — (f)qul)o > 2|l fllemo,- We let Fi = {Q\V};
be the collection of the maximal stopping cubes. By definition,

{1f = {Ngowhew = lIfllzmos , Vi e A
For each Q;l), we repeat the process with the modified stopping condition
{f = {Ngwhe > 2llflemos -

We let Fo = {Q§2)}j be the collection of maximal stopping cubes. Again by definition,

(If = {Ng@hee < lIfllsmop -

We continue in this way, and denote the collection of cubes of level ¢ by F;. We now
set Do, = U, Fi, and define

ay) = (f = (f) pti- 1>>Q§i> = <f>Q§;i> - <f>P(’ ok

k(5) k(5)

where for i > 1, P(E )1) is the unique cube in F;_; such that Q @ - Pk . We prove
the properties (1) — (3) in order.

(1) Property (1) follows easily from the ADR property and the stopping criterion:

‘04()|_ ][f P(z 1)d0’ < ]l ’f_<f>P,£§j)1) do
(z> Q;i)
< f ‘f () pon| do < || llssion,
&

where @5’) is the dyadic parent of Qgi).

(2) Observe that f — (f)g, = —(f)q, in £\ Qo, if the latter is non-empty, and in this
case, by Remark 10.3 we may simply set f = —(f)g, on E \ Qo. It is therefore enough
to prove the decomposition (2) on Q.
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For = € QQy, we define a counting function
Niy(w) = #{i=1:3Q)" e F; with v € Q"} .

If Ny(z) < oo, we set N, := Ny(x), and note that in this case there is a cube Qmin(x) €
Fn, such that © € Quin(x), and = ¢ Q(Z) for all ¢ > N, and every j. Also, for every

i < N, there now exists a cube Q( 9 2 € Fi such that = € Q . Since the cubes in
each F; are disjoint, by the definition of the cubes P,E(j) )7 we have

(@)
/. = — i = i
3 (i) <f>Qm ) <f>Pr§<a<1)x>> { >Qm ) <f>Q5o R
In particular, the sum Zz 1 ag ()Z 2) is telescoping and we get
Nz
Z al! )1Q<z> Z o x) (Fao + () Qumin() -
i=1

On the other hand, if N¢(z) = oo, then the analogous telescoping sum becomes

Zagi Q(L) Z za:)__ >Q0+f( )
.3

by Lebesgue’s differentiation theorem, where the latter identity is valid for o-a.e. = such
that NVy(z) is infinite. Setting

= {f(x)—<f>omi,,(m), it N} (z) < oo
| 0, if Nj(z) = o0

we obtain the claimed decomposition in (2). It remains to check that with this definition,
we have || f| L= (g,d0) < || flIBMOy, - To this end, observe that in order to have Ny (z) < oo,
we must have that for every dyadic cube Q with z € Q C Qumin(2),

(If = (D@ g < 2 fllBryop »

otherwise, there would have been another stopping cube containing x, and strictly
contained in Quin(z), which contradicts the definition of Qmin(x). By Lebesgue’s dif-
ferentiation theorem, we therefore find that |f(z)| < 2| fllmoy, for o-a.e. x such that
Ny (z) < 00, so that (2) holds.

(3) By a standard limiting argument, we may assume that the collection I[N))QO is finite.
We first notice that by the stopping conditions we have
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My L _ _
@) S Sy | 11~ Dl (10.4)

@
Let Q C Qo be fixed. We set

I'= > o)=L+,

ReDg,,RCQ

where I; is the sum over those Q; such that P,gz )1) C @ and I is the sum over the rest

of the relevant cubes. The cubes in the sum I are disjoint and thus, Ir < o(Q). Let i(Q)
be the smallest integer such that F;(g) contains at least one cube in the sum I;; thus,
I is the sum over the cubes in Fjg)—; that are contained in Q. With this notation, we
may write

Z Z O'( Z Z U(R)+Ig=[1+[2

i>i(Q)—1 REF;,RCQ i>i(Q) REF;, RCQ

We have

h=3% > @)

i2i(Q) j:QVeF; Q" cq
(10.4) 1

2| fllemo, £ Z /lf_<f>P;§E;)l)|da

iZUQ) j: QY eFiQf cQg
J

@;'Z 3 $ /|f_<f>Qy,1>|da

20Q) j:Qf T VeFil1.Qf TV QY eFQV Qi Vg

Z Z / |f_ <f>Q;i—1)|dO'

121(Q) j: Q;i_l)E]‘—ifl ,Q;i_l)CQQ(_i—l)
) J

71 1—1
= S T 2 2 0@ ) (IF = Dgevl) o
PMOP 321Q) jiiVer @i Veq e

2| fllBmop

©) 1 i
< B} Z U(Q§' 1))

ZUQ) j:QfVeFi1,Qf P cq

<o

)

N | =

where we used in (A) the observation that with this notation P]izl)l) Q(’ Y in (B)

the fact that the cubes Ql( W € F; are disjoint, and in (C) the definition of the BMOp,
norm. In particular,
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1
I'=L+L< §I+O‘(Q)
and thus I < 20(Q). This completes the proof. O
Theorem 1.2 follows now easily from the other results we have proven:

Proof of Theorem 1.2. Suppose that f is a compactly supported function in BMO(99).
Then, by Theorem 2.16, there is a choice of dyadic system D such that there exists a
cube Qg € D with supp f C Qp. By Lemma 10.1, there exists now a decomposition
f=f+ fo, where

(1) f is bounded o-a.e., and HfHLoo(aQ) S Ifllemocan), and
(2) fo(z) = ZQeﬁQ aglg(z) for a collection Dg, C D¢, and coefficients o such that
0
. %@Q <1, and
0

® SUP,ep,, lagl S IfllBmoan)-

By Theorem 1.1, we know that there exists a function ® € C*°(Q2) such that ® converges
to f non-tangentially almost everywhere, the measure pq = |[V®(Y)|dY is a Carleson

measure and Cp, S || fllz=(o0) < [IfBmo(an)-

By the decomposition f = f + fy, we know that f is a BMO function as it is a sum
of two BMO functions. Thus, by Proposition 1.3, there exists a function F' € C*(Q)
such that F' converges to fy non-tangentially almost everywhere, the measure py =
[VEF(Y)|dY is a Carleson measure and

Cua S €p,, [lfollB7O@0) S [IfIBMO(20) + ([ fllBMO(DR)

Sl o) + I fllemo@a) S I fllemoen)-

Thus, we canset V=& + F. O
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