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Abstract

We consider decoupling inequalities for random variables taking values in a Banach
space X. We restrict the class of distributions that appear as conditional distribu-
tions while decoupling and show that each adapted process can be approximated by a
Haar-type expansion in which only the pre-specified conditional distributions appear.
Moreover, we show that in our framework a progressive enlargement of the underlying
filtration does not affect the decoupling properties (in particular, it does not affect the
constants involved). As a special case, we deal with one-sided moment inequalities for
decoupled dyadic (i.e., Paley—Walsh) martingales and show that Burkholder—-Davis—
Gundy-type inequalities for stochastic integrals of X -valued processes can be obtained
from decoupling inequalities for X-valued dyadic martingales.

Keywords Decoupling in Banach spaces - Regular conditional probabilities - Dyadic
martingales - Stochastic integration

Mathematics Subject Classification 60E15 - 60HOS5 - 46B09

1 Introduction

The UMD property is crucial in harmonic and stochastic analysis in Banach spaces,
see, e.g., [17,18]. A Banach space X is said to satisty the UMD property if there
exists a constant ¢(1y > 1 such that for every X -valued martingale difference sequence
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for all signs 6, € {—1, 1}, i.e., one has Unconditional Martingale Differences. It
follows from Maurey [27], that, in order to verify the UMD property of the Banach
space X, it is sufficient to consider X-valued Haar- or dyadic martingales (dyadic
martingales are also known as Paley—Walsh martingales).

On the other hand, McConnell [28, Theorem 2.2] (see also Hitczenko [15]) proved
that the UMD property is equivalent to the existence of a ¢2) > 1 such that
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for all N € N and all X-valued (}'n)ff: |-martingale difference sequences (dn)fl\’: 1
and (e,)Y_, such that £(d, | Fu—1) = Llen| Fu1), i-e., (e,)_, and (d,)Y_, are
tangent. Imposing additional assumptions on either (en)f;/:1 or (dn),[l\’:1 in (2) results
in an (a priori) weaker Banach space property, e.g., imposing that (en),]lV:l in (2) is
the decoupled tangent sequence of (d,,)ﬁ’: | (see Definition 2.5) results in the lower
decoupling property for tangent martingales. The Banach space L' satisfies the lower
decoupling property for tangent martingales (see Cox and Veraar [9, Example 4.7]),
but fails to have the UMD property (see, e.g., [17, Example 4.2.20]). The notion of
decoupled tangent sequences was introduced by Kwapien and Woyczynski [23,24].
The decoupled tangent sequence (e;,) fl\’:l of a sequence (d, ), <N (adapted to a filtration
(Fn)neN) is unique in distribution and replaces parts of the dependence structure of
(dn)ﬁ;’= | by a sequence of conditionally independent random variables. Although the
definition of decoupling might not be explicit, there are canonical representations of
a decoupled tangent sequence, see Kwapieri and Woyczynski [24] and Montgomery-
Smith [29].

Inequalities (1) and (2) describe two-sided decoupling properties due to the sym-
metry between the left- and right-hand side. The lower decoupling property for tangent
martingales however is an example of a one-sided decoupling property. An a priori
different one-sided decoupling property is obtained by considering (1) where (9,1)51\’:1
is replaced by a Rademacher sequence that is independent of (d,,)fqv:l. This one-sided
decoupling property was first studied explicitly in [13] and is also satisfied by L. The
goal of this article is to gain insight into the relation between these different kinds of
one-sided decoupling properties. First, however, let us discuss some instances in the
literature where decoupling inequalities play a crucial role.

The proofs by Burkholder [4] and Bourgain [2] of the equivalence of the UMD
property of a Banach space X and the continuity of the X-valued Hilbert transform
use that X has the UMD property if and only if it has both a lower- and an upper decou-
pling property. For certain applications, only a single one-sided decoupling property is
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needed. For example, the lower (resp. upper) decoupling property for martingales and
the type (resp. cotype) property imply martingale type (resp. cotype) and therefore by
Pisier [31] an equivalent re-norming of the Banach space with a norm having a certain
modulus of continuity (resp. convexity). A classical case of decoupling, studied on
its own, concerns randomly stopped sums of independent random variables, see for
example the results of Klass [21,22].

Another application for decoupling is stochastic integration. Indeed, only the lower
decoupling property is needed to obtain sufficient conditions for the existence of
stochastic integrals. This can be inferred from [12, the proof of Theorem 2], where
stochastic integration of UMD Banach space-valued processes with respect to a Brow-
nian motion is considered. One-sided decoupling is used more explicitly in [24, Section
6], where the existence of decoupled tangent processes for left quasi-continuous pro-
cesses in the Skorokhod space is studied. In [34] and [9, Section 5], decoupling
inequalities were used to give sufficient conditions for the existence of a Banach space-
valued stochastic process with respect to a cylindrical Brownian motion. Very recently,
Kallenberg [20] proved the existence of decoupled tangent semi-martingales and
two-sided decoupling inequalities, and considered applications to multiple stochastic
integrals. Moreover, quasi-Banach spaces fail to satisfy the UMD property, but may
satisfy decoupling inequalities, see [7, Section 5.1] and e.g. [9, Example 4.7]. Sec-
tion 5 contains our contribution to this topic, see also Theorem 1.7 and Remark 5.6.
Before discussing this contribution, let us turn to the open problem that motivated our
research:

Open Problem 1.1 Ifa Banach space X has the lower decoupling property for tangent
dyadic martingales, does it also have the lower decoupling property for general tangent
martingales?

We were not able to answer this question in this generality. However, our main result
(Theorem 1.4) provides a reduction of this problem to simple Haar-type series and
gives a partial answer (see Corollary 1.6 for a special case). The proof of Theorem 1.4
is inspired by the aforementioned work by Maurey [27]. Open Problem 1.1 can be
split into two subproblems; consequently, our proof of Theorem 1.4 consists of two
parts [completely solving subproblem (A) and partially solving subproblem (B)]:

(A) If a Banach space X has a lower (upper) decoupling property for X-valued
sequences of random variables adapted to a (in a certain sense) natural minimal
filtration (F,);2 ; and with conditional distributions in a set of measures P, does
X also have a lower (upper) decoupling property for X-valued sequences adapted
to any filtration (.7-',,);"’:1 and with conditional distributions in P?

(B) Giventhat X has alower (resp. upper) decoupling property for X-valued sequences
with conditional distributions in a certain P, does X also have a lower (resp. upper)
decoupling property for general X-valued sequences?

Problem (A) is of fundamental importance in stochastic integration theory as, given
the driving process, the underlying filtration determines the set of integrands we may
use. We now describe the content of the article in more detail:

Section 3: Theorem 3.1 provides a factorization of a random variable along
regular conditional probabilities. With this result, we contribute to the results of
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Montgomery-Smith [29] (see also Kallenberg [19, Lemma 3.22]). This result is the
key to approximate our adapted processes in terms of Haar-like series.

Section 4: this section is devoted to our main results, Theorem 4.3 and its corollary,
Theorem 1.4. It contains the key ingredients for the proofs and some examples.
To formulate Theorem 1.4, we recall some definitions. For a separable Banach space
X, we denote by B(X) the o-algebra generated by the norm-open sets. By P(X), we
denote the set of all probability measures on (X, B(X)), for p € (0, co) we let

Pp(X) 1= {u e PO [ sl du) < oo} ,

and 8, € P(X) stands for the Dirac measure at x € X. The next definition concerns
a set of admissible adapted processes characterized by an assumption on the regular
versions of the—in a sense—predictable projections:

Definition 1.2 Let X be a separable Banach space, p € (0, 00),¥ # P € P,(X), and
(2, F, P, (Fn)2,) be a stochastic basis. We denote by A, (2, (F,);2; X, P) the
set of (F,)52 -adapted sequences (d,);2 ; in LP (P; X) with the property that for all
n > 1 there exists an 2,1 € F satisfying P(2,—1) = 1 and «,,—[w, -] € P for all
w € Qy_1, where k,_ is a regular conditional probability kernel for L(d, | F,—1).

The concept of regular conditional probability kernels is recalled in Sect. 2.2. Next,
we introduce an extension of a given set of probability measures that is natural in our
context:

Definition 1.3 For a separable Banach space X, p € (0, 00) and ¥ # P C P, (X) we
let

Pp-ext = {MEPP(X): Vj>13K; > land,uj,l,...,uj,Kj eP

such that j 1 % -+~ % i k; N pnasj— oo

and (pj,) %% 'uj*Kj)jeN is uniformly Ep-integrable}.

The convergence of the convolutions 1 * - - - * w; k; toward p in Definition 1.3
is known to be the convergence in the p-Wasserstein distance if p € [1, oo) (cf. [6,
Theorem 5.5, p. 358]).

Theorem 1.4 Let X, Y, Z be Banach spaces, where X is separable, let S : X — Y
and T : X — Z belinear and bounded, p € (0, 00), A anindex set, let ¥ : [0, 0c0) —
[0, 00) be upper semi-continuous, and let V), : [0, c0) — [0, 00), A € A, be a family
of lower semi-continuous functions such that

sup (1+[§)"PW(E) <oo and  sup (14 [§)"PW,(§) < o0 3)
£€(0,00) £€(0,00)

forall . € A. Then, for a set P C P,(X) with §g € P, the following assertions are
equivalent:
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(i) For every stochastic basis (2, F, P, (F);2 ) and finitely supported! (dn)y2,

€ Ap (Qs F, Xy Pp-ex[), lt hOldS that
Y z

whenever (e;)nen is an F-decoupled tangent sequence of (d,)neN.
(ii) For every sequence of independent random variables ((pn)g/: | CLP(P; X), N >
1, satisfying L(¢,) € P, and every Ag € {0,2}, A, € o(¢1,...,¢n), n €

{1, ..., N}, it holds that
) SE\P( ) ©)
Y Z

where ((p,’l)r/:’ | s an independent copy of (‘Pn),},\;]-

sup EW;,
reA

o o
Z Sd, Z Te,
n=1 n=1

rEA

N
Z 1An—] T(p;l
n=1

N
sup EY;, ( Z La,_;Son
n=l1

Some remarks concerning Theorem 1.4 are at place:

(1) The condition that §9 € P ensures that finitely supported sequences fit in our
setting and is used at several instances in the proof.

(2) The condition that X is separable is mainly to simplify our presentation: after all,
we can apply Theorem 1.4 whenever (d,),en is a sequence of random variables
taking values in a separable subspace X of some non-separable space X.

(3) The table below provides some typical choices for A, ¥, and (W) )sea given
p € (0, 00) (here C € (0, o0) and f, g are R-valued random variables):

A Q) () Ysup,en EWL () = VEW(g)
card(A) =1 &P crep I fllzraey < Cliglicep)
card(A) =1 gspy,n =0 CcPgp YP(f > ) < Cliglcr e

(0, 00) Mgy chgp I fllgpooey < Cliglzr @y

(4) For relevant choices for P, see Examples 4.5-4.8; Corollary 1.6 uses Example 4.8.
(5) Theorem 1.4 remains valid if one exchanges (d,,)fq\':l with (en)f:lzl in (4) and
(), with (¢))V_, in (5), respectively.

Section 5: we use Theorem 1.4 to obtain relevant upper bounds for stochastic
integrals, see Theorem 1.7. In order to formulate that theorem, we need the following
definition:

! There are only finitely many n for which d), # 0.
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Definition 1.5 If p € (0, co) and if X is a separable Banach space X, then we let
D, (X) :=inf ¢, where the infimum is taken over all ¢ € [0, oo] such that

N

Zrnvn—l

n=1

N

/
> s

n=1

Q)

<c

LrP(P;X) LP(P;X)

forall N > 2, v9g € X and v, := h,(r1,...,ry) with h,: {—1,1}" - X, n €
{1,..., N — 1}, where the (r”)fl\'=1 are independent and take the values —1 and 1 with
probability 1/2, and (r,’,),’lv | is an independent copy of (r")r}z\,:]'

The process (3 _f_, rkvkq),[:/:] in Definition 1.5 is a dyadic martingale. Theo-
rem l4with X =Y =272, =T =1d, A = {A}, and V(&) = W, (§) = &P
implies:

Corollary 1.6 Let X be a separable Banach space, let p € (0,00) be such that
Dy(X) < o0, and let P := {%(5_,( +8_x): x € X}. Then,

N

>,

n=1

N

ZEn

n=1

< Dy(X)
L£P(P;X)

(N

L£P(P;X)

forall N > 1, every stochastic basis (2, F, P, (.7-'”),1:’:0), every strongly p-integrable
and (.7-',1),11\]=1 adapted sequence of random variables (d,,)flv=1 such that, on a set of
measure one, the F,_1-conditional laws of all d, belong to P p_exi, and every decoupled
tangent sequence (e;) ,1:]:1 of (dy) fl\]:l.

Cox and Geiss [8, Section 5] contains a characterization of Pp.exy when P :=
{%(8_,( 4+ §_x): x € R}. Corollary 1.6 combined with the Central Limit Theorem
results in Theorem 1.7. For details, see the proof of Part (ii) of Theorem 5.2. The-
orem 1.7 extends both [9, Theorem 5.4] and [12, Theorem 2]: see Remark 5.6 for
details.

Theorem 1.7 For a separable Banach space X and p,q € (0,00), the following
assertions are equivalent:

(i) Dp(X) < 0.

(ii) For every stochastic basis (2, F,P,F = (Fi)ie[0.00)), every F-Brownian
motion W = (W(t))se[0.00), and every simple F-predictable X-valued process
(H (1))1€[0,00) it holds that

< Kp2Dp(X) IS(H) Il 2ap)
L4(P;X)

H/OO H(t)dW ()
0

with the square function S(H)(w) = || f +— fooo F(H(t, w)dt] Y (L£2((0,00): X)
and K ,, 5 the constant in the LP -to-L? Kahane—Khintchine inequality (see Sect. 5.1
for details on the y-radonifying norm y (£>((0, 00); X)).
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2 Preliminaries
2.1 Some General Notation

Welet N = {1,2,...} and Ng = {0, 1,2, ...}. For a vector space V and B C V,
we set —B = {x € V: — x € B}. Given a non-empty set 2, we let 2% denote
the system of all subsets of Q and use AAB := (A\B) U (B\A) for A, B € 2. A
system of pair-wise disjoint subsets (A;);e; of 2 is a partition of Q, where [ is an
arbitrary index set and A; = ¢ is allowed, if Uie[ A; = Q. If (M, d) is ametric space
we define d: M x 2M — [0, oo] by setting d(x, A) := inf{d(x, y): y € A} for all
(x,A) e M x 2M 1f V is a Banach space and (M, d) a metric space, then C(M; V) is
the space of continuous maps from M to V, and Cp(M; V) the subspace of bounded
continuous maps from M to V.

BANACH SPACE-VALUED RANDOM VARIABLES: For a Banach space X, we let
B(X) denote the Borel o-algebra generated by the norm-open sets. For x € X and
e >0,weset By, :={y € X: |lx —yllx < ¢}. For B € B(X), we let B denote
the norm-closure of B, we let B® denote the interior and 3B := B\B’. Given a
probability space (€2, F,P) and a measurable space (S, ¥), an F/X-measurable
mapping £: Q@ — S is called an S-valued random variable. For a random variable
£ :Q — S, the law of & is denoted by L(§)(A) :=P(& € A) for A € X.

LEBESGUE SPACES: For X a separable Banach space and (S, ) a measurable space,
we define £2((S, ); X) to be the space of ¥ /B(X)-measurable mappings from S to
X.If (S, X) is equipped with a o -finite measure . and p € (0, 00), then we define

LP((S, %, w); X)i= {sec‘)«s, 2,03 X): ”5”2”“5&“*")::/5 €N du < oo} .

If there is no risk of confusion, we write for example L7 (u; X) or LP(X; X) as short-
hand notation for L? ((S, X, n); X), and we set LP((S, X, u)) := LP((S, =, n); R).
PROBABILITY MEASURES ON BANACH SPACES:
(1) Given an index set I # ¢, a family (u;)ie;r € Pp(X) (Pp(X) was introduced in
Sect. 1) is uniformly LP-integrable if

lim sup/ )% du; (x) = 0.
{Ixlx=K}

K—o00 ¢y

Accordingly, a family of X-valued random variables (&;);e; is uniformly LP-
integrable if (L(&;));cs is uniformly £?-integrable.

(2) For u € P(X) and u, € P(X), n € N, we write u, zZ wasn — ooif u,
converges weakly to u, i.e., if lim, oo [y f(x)dp,(x) = [y f(x)dp(x) for all
f € Cp(X; R). Moreover, for a sequence of X-valued random variables (&,),en
and an X-valued random variable £ (possibly defined on different probability
spaces) we write &, =z & as n — oo provided that L(§,) 2 L(E)asn — oo.

We shall frequently use the following well-known result, which relates £”-uniform
integrability and convergence of moments:
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Lemma 2.1 Let p € (0, 00), let X be a separable Banach space, and let i, (Jtn)neN

be a sequence in P, (X) such that [, 2 . Then, the following are equivalent:

@ Sy Ixl?dpn — [ Ix]17 dp.
(11) (un)neN is uniformly LP-integrable.

Proof Apply, e.g., [19, Lemma 4.11 (in (5) lim sup can be replaced by sup)] to the
random variables £, &1, &, ... where & = [|£ ||} and &, = [|£, ]|, and where £L(§) = n
and L(&n) = pn- O

STOCHASTIC BASIS: We use the notion of a stochastic basis (2, F, P, F), which is
a probability space (2, F, P) equipped with a filtration F = (F,),en,, Fo € F1 C
--. C F, and where we set Fo := 0 (UneNO ]-"n). For measurable spaces (€2, F) and
(S,S), and & = (§,),en a sequence of S-valued random variables on (€2, F), we let
Fé = (ff )neN, denote the natural filtration generated by £, i.e., .7-"5 = {0, 2} and

}'f =o(&,...,&) forn eN,and]:ﬁo =0, :neN).

2.2 Stochastic Kernels

We provide some details for regular versions of conditional probabilities we shall use
later.

Definition 2.2 Let X be a separable Banach space and (S, X) a measurable space. A
mapping «: S x B(X) — [0, 1] is a £/B(X)-measurable kernel if and only if the
following two conditions hold:

(i) For all w € S, it holds that x [w, ] € P(X).
(ii) For all B € B(X), the map w — «[w, B] is £ /B(R)-measurable.

Remark 2.3 Let the space (S, X) be equipped with a probability measure P and let
IT € B(X) be a countable 7-system that generates B(X). For two kernels «, «': § —
P(X), the following assertions are equivalent:

(1) k[w, B] = k'[w, B] for P-almost all w € S, for all B € II.
(i1) k[w, ] = k'[w, -] for P-almost all w € S.

We need the existence of kernels describing conditional probabilities:

Theorem 2.4 [19, Theorem 6.3] Let X be a separable Banach space, (2, F,P) a
probability space, G C F a sub-o-algebra, and let & : Q — X be a random variable.
Then, there is a G/B(P(X))-measurable kernel k : Q@ — P(X) satisfying

k[, B]=PE € B|G) a.s.

forall B € B(X). Ifk' : Q — P(X) is another kernel with this property, then k' = k
a.s.

We refer to « as a regular conditional probability kernel for L(& | G).
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2.3 Decoupling

We briefly recall the concept of decoupled tangent sequences as introduced by Kwapien
and Woyczyniski [24]. For more details, we refer to [10,25] and the references therein.

Definition 2.5 Let X be a separable Banach space, let (2, F, P, (F)nen,) be a
stochastic basis, and let (d,),en be an (F,),en-adapted sequence of X-valued ran-
dom variables on (2, F, P). A sequence of X-valued and (F,),cn-adapted random
variables (e;)nen on (2, F, P) is called an (F,),en,-decoupled tangent sequence of
(dy)nen provided there exists a o-algebra H C F satistying o ((d,)nen) S H such
that the following two conditions are satisfied:

(i) TANGENCY: For alln € N and all B € B(X), one has
P(d, € B|Fy—1) =P(ep € B|Fr—1) =P(e, € B|'H) a.s.
(ii) CONDITIONAL INDEPENDENCE: Forall N € Nand By, ..., By € B(X) one has
P(e; € By,...,en € By|H) =P(e; € Bi|'H)...P(exy € BNy |'H) as.

A construction of a decoupled tangent sequence is presented in [25, Section 4.3].

Example 2.6 Let (2, F, P, (Fy)nen,) be a stochastic basis, (¢n)nen and (¢,)nen two
independent and identically distributed sequences of independent, R-valued random
variables such that ¢, and @], are F,-measurable and independent of F,_; for all
n € N, and let (v,),eN, be an (F,),eN,-adapted sequence of X-valued random vari-
ables independent of (¢ )nen. Then, (¢ vy—1)neN is an (Fp)xen,-decoupled tangent
sequence of (¢, v,—1)neN, Where one may take

H := 0 ((gn)nen, (Vn)neny)-

Similarly, (¢)nen and (¢))en could be X-valued random variables and (v,)neN,
R-valued.

3 A Factorization for Regular Conditional Probabilities

Theorem 3.1 extends [19, Lemma 3.22] and can be viewed as a strong version of
Montgomery-Smith’s distributional result [29, Theorem 2.1]. Theorem 3.1 is used to
prove Theorem 4.3, where it yields a refined argument for the existence of a decoupled
tangent sequence. In this sense, it also contributes to [24] (cf. [10, Proposition 6.1.5]).

Theorem 3.1 Let (2, F,P) be a probability space, G C F be a o-algebra, let
d € LO(F; R) satisfy d(Q) C [0, 1), and let k: Q x B([0, 1)) — [0, 1] be a reg-
ular conditional probability kernel for L(d | G). Let (2, F,P):=Qx (0,1, F®
B((0, 1]), P ® A), where A is the Lebesgue measure on B((0, 1]). Set [0, 0) := @ and
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define H: Q@ — [0, 11, d°: Q x [0, 1] — [0, 1] by

H(w,s) := «lw, [0, d(®))] + sk[w, {d(@)}], 3
d°(w, h) = inf{x € [0, 1]: k[w, [0, x]] > A)}. 9
Then,
() His .7:'/8([0, 11)-measurable, independent of G {0, (0, 11}, and uniformly [0, 1]
distributed,

(i1) dis G ® B([0, 11)/B([0, 1])-measurable, and
(iii) there is an N' € F with P(N) = 0 such that d®(w, H(w, s)) = d() for all
(w,5) € (Q\WN) x (0,1].

Before we prove this theorem, let us comment on Item (i). There are two extreme
cases. The first one is G := {#, Q}. In this case, we get that x[w; (—o0, x]] is the
distribution function of the law of d and here it is known that the distribution of H is
the uniform distribution on [0, 1]. The other extreme case is G = F and here we can
take k[w, B] := 1{4(w)epy Which implies that H (w, s) = s. Our result interpolates
between these two extreme cases.

Proof of Theorem 3.1 (i) For al_l n € Nand ¢ € {1,...,2"}, let A, = [(£ —
1)27",£27™). Define H,: 2 — [0, 1] by

27!
Hy(@.5) =Y ligea, ) (@) (klo. [0, (€ = D27)] + sklw, Ancl),
=1

so that for all (w, s) € € it holds that

o
|Hy(@. 5) = H(@, )| <Y lgea, ) (@)(1 + $)klw, Ay \d(@)}] - 0 as n — oo.
=1

The H,, are F/B([0, 1])-measurable, so H is as point-wise limit (the measurability
of H can be seen directly as well). Letn € N, G € G and B € B([0, 1]). Because
bfol Lia+sbeyds = A(BN[a,a+b]) fora,b € [0, 1] witha + b < 1 (where A
denotes the Lebesgue measure), we get

o
P((G x (0,1]) N {H, € B}) = Zf A(B N[« [0, (€ — D271, «[-, [0, £27)1]) dP
=170
=P(G) - L(B).
This proves that H, is uniformly [0, 1] distributed and independent of G ®
{@, (0, 1]} for all n € N. This completes the proof of (i), as H is the point-wise

limit of (H,)nen (two R-valued random variables &1, & are independent if and
only if for all f, g € C»(R) it holds that E[ f(§1)g(62)] = E[f (EDIE[f (62)D.
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(ii) For all x € [0, 1], note that
{d’ <x} = {(w.h) € 2 x [0, 1]: k[w, [0, x]] = h = 0} € G ® B([0, 1]). (10)
(>iii) It follows from (10) and the definition of H that we have, for all x € [0, 1], that

{((@,5) € Q: d”w, Hw, s)) < x}
={(»,5) € Q: k[w, [0, x]] > k[w, [0, d(@))] + sk[w, {d(@)}]}

can be written as By x (0, 1] for some unique B, € F and that we have that
By x (0,11 2 {(w, s) € Q: d(w) < x} =: Cy x (0, 1].

On the other hand from the fact that the image measure of the map (w, s)
(w, H(w, s)) as a map from Q into 2 x [0, 1] equals P ® X, we obtain, for all
x € [0, 1], that

1
I[D(BX) = P(Bx X (0, 1]) = E/O l{do(w,h)fx} dh dI[D(C())

1
= ]E./ol Lix[w,[0,x11=h) dh dP(w) = Ex[-, [0, x]] = P(Cy).

It follows that P(B,\Cy) = 0 for all x € [0, 1]. Let N := Ugenn(o,1)(Bg\Cy)
so that P(N) = 0. Then, observing that B, = NgeQnpx,1) By (this follows
from By x (0,1] = {d°C, H(-,")) < x} = Ngegne,ntd’C, H(, ) < q) =
(Ngenix,1)Bg) x (0, 1] and the uniqueness of the sets B,, r € [0, 1]) and
Cyx = Ngeqnix,1)Cq for all x € [0, 1), we have for all (w,s) € (Q\N) x (0, 1]
that d%(w, H(w, 5)) = d(w). o

Corollary 3.2 Let (2, F, P) be a probability space, G C F ao-algebra, X a separable
Banach space, d € LO(F; X). Let (2, F,P) := (2 x (0,11, F @ B((0, 1]),P® 1),
where A is the Lebesgue measure on B((0, 1]). Then, there exist random variables
H:Q —[0,1],d%: Q x [0, 1] = X such that

(1) H is uniformly [0, 1] distributed and independent of G ® {@, [0, 1]},
(i) d°is G ® B([0, 11)/B(X)-measurable, and
(iii) there is an N' € F with P(N) = 0 such that d(w) = d°(w, H(w, 5)) for all
(w,5) € (Q\WN) x (0, 1].

Proof This is an immediate consequence of Theorem 3.1 and the fact that that X is
Borel-isomorphic to [0, 1), see, e.g., [11, Theorem 13.1.1]. O

4 A Reduction of General Decoupling to Haar-Type Series

Before we turn to our main Theorem 4.3, we discuss some properties of the extension
of P to Pp.ext (see Definition 1.3). For this, we need
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Lemma 4.1 Assume a metric space (M, d) and a continuous map * : M x M — M
with(x * y)*xz=x%(y*2) forx,y,z€ M. Let® P C M and

" =cly({xy *---*%xg :x1,...,xp € P,L eN})

—_* —
where the closure on the right side is taken with respect to d. Then, one has PH =P
and P~ is the smallest d-closed set Q with Q D P and wxve Qforalu,ve.

Proof The equality (7_3*)* = P follows from the continuity of x and a standard
diagonalization procedure. This also implies that p % v € P" for all w, v E P*. Now
let us assume a set Q as in the assertion. Then, x%- - -xx; € Qforallx, ..., x; € P.
As Q is closed we deduce P* c Q. O

Lemma 4.2 reveals some basic properties of Pp_ex;. To this end, for p € (0, 00) we
introduce on P, (X) € P(X) the metric

dp(p, v) :=do(, v) + ‘/;( llx1” dpa(x) —/XIIXII”dv(X) (In

where d is a fixed metric on P (X) that metricizes the w*-convergence, see for example
[30, Theorem 11.6.2].

Lemma 4.2 Let X be a separable Banach space, p € (0, 00), and let P C P,(X) be
non-empty. Then,

() (Pp—ext)p—ext = Pp—ext and
(ii) Pp-ext is the smallest d,-closed set Q with Q 2 P and uxv € Qforall u,v € Q.

Proof We will verify that the convolution is continuous with respect to d,,, the assertion
then follows from Lemma 4.1. To verify this, we let u, v, iy, vy, € Pp(X), n € N,

*

such that lim,, o0 dp (i, ) = lim, 00 dp(v, v,) = 0. It is know that ,, * vy, iy
u % v as well (one can use [19, Theorem 4.30]). Because for K > 0 we have, with
h(x,y) = max{llx|x, llyllx}

/ x + ylldin (x)dv, (y) < ZP/ h? (x, y)dp, (x)dv, ()
{Ilx+ylx>K) {h(x,y)=K /2}

<2 / 12 i () + 27 / 1y 12 dva (),
{lixllx>=K/2} {llyllx=K/2}

cf. [1, p. 217], by Lemma 2.1 we get that u,, * v, is uniformly £”-integrable and thus,
again by Lemma 2.1, we obtain the convergence of the p-th moments. O

Now we formulate the main result of this section. See Definition 1.2 for the definition
of Ap(2,F; X, Ppext)-
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Theorem 4.3 Let X be a separable Banach space and let ) € C(X x X; R), A € A,
for an arbitrary non-empty index set A. Suppose that there exist a p € (0, 00) and
constants C, € (0, 00), A € A, such that

|®5(x, I < Cill + llxlly + IvlIg)

forall(x,y) € Xx X, andlet’P C Py(X) withdy € P. Then, the following assertions
are equivalent:

(i) For every stochastic basis (2, F,P,IF) with T = (F,)neN, and every finitely
supported® (dy)nen € Ap(Q2,F; X, Ppext) it holds that

o o0
sup E®;, (Zdn,Zen> <0, (12)

reA n=1 n=1

provided that (ep),eN is an F-decoupled tangent sequence of (dy)nen-

(ii) For every probability space (2, F, IP), every finitely supported sequence of inde-
pendent random variables ¢ = (¢n)nen in LP (P; X) satisfying L(p,) € P for all
n €N, and every A, € f,(f, n € Ny, it holds that

o0 o0
sup E, (Z onla,_,. nglAnl) <0, (13)

reA n=1 n=1

where (¢,)neN is an independent copy of (¢n)nen-

Proof Proof of (i) = (ii). In (ii), we have (14, _,¢n)nen € ApH(2, Fo¥': X, P) with

Fo?' = (FY ) nen, where FE¥ = {0, Q) and 7Y = o (¢1, 9], ..., gn @l for
n € N. Therefore, the implication (ii) = (i) follows by Example 2.6. O

The implication (ii) = (i) will be proved in Appendix A. Theorem 4.3 allows us to
prove Theorem 1.4 from Sect. 1:

Proof of Theorem 1.4 The statement for general A follows from the case A = {A¢} so
that we may assume this case and let ¥ := W, ; and W := W. By the lower and upper
semi-continuity, we can find continuous y, Ee : [0, 00) — [0,00), £ € N, such
that W(&) + W(€) and C(1 + |£|7) > GE(S) 1 W(E) forall £ € [0, 00). Next, we
set @y (x, y) := V(|| Sx]ly) — Gl(HTyHZ), ¢ € N. Then, the monotone convergence
theorem implies that for all £, n € LP(X) the conditions sup,.ny E®¢ (£, 7) < 0 and
E [2(“55 ly) — 3(||T17||Z)] < 0 are equivalent. m|

Let us list some common choices of P in the setting of decoupling inequalities. To
do so, we exploit the following lemma:

2 Recall that this means that there is an N € N with dy, =0forn > N.
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Lemmad4.4 Let C, p € (0, 0), let X be a separable Banach space, let (2, F, P) be
a probability space, and let ® € C(X; R) be such that

| (x)| < C(1+ |lxlIy) (14)

forall x € X. Assume &,&, € LP(P; X), n € N, such that &, ﬁ Easn — oo and
that (§;)nenN is uniformly LP-integrable. Then,

Jim E®(E,) = ER(§). 15)

Proof Tt follows from the uniform £”-integrability of (&,),cn and estimate (14) that

(®(&)))nen is uniformly £1-integrable. Moreover, note that ®(&,) 5 dE)asn —
00, so that we may apply Lemma 2.1 for p = 1. O

Note that if &, — & in LP(P; X), &,,& € LP(P; X), then the assumptions on
(&2)nen and € in Lemma 4.4 are satisfied (see [19, Lemma 4.7]).

Example 4.5 (ADAPTED PROCESSES) If p € (0, 00) and P = P, (X), then Pp.ext =
P by Lemma 4.4 and the space A, (2, F; X, P) consists of all (F;),en-adapted
processes (dy)nen in L7 (P; X).

Example 4.6 (LP-MARTINGALES) If p € [1, co) and P consists of all mean zero mea-
sures in P, (X), then Ppexy = P by Lemma 4.4 (one can test with ®(x) := (x, a),
where @ € X' and X’ is the norm-dual) and A,(2, F; X, P) consists of all LP-
integrable F-martingale difference sequences.

Example 4.7 (CONDITIONALLY SYMMETRIC ADAPTED PROCESSES) Suppose p €
(0, 00) and P consists of all symmetric measures in P, (X). As a measure u € P(X)
is symmetric if and only if for all f € Cp(X;R) it holds that fx fx)dux) =
fX f(=x)du(x), it follows that P,_exe = P. Moreover, the set A,(2, F; X, P) con-
sists of all sequences of X-valued (F,),cN-adapted sequences of random variables
(dy)nen such that d, € LP(P; X) and d, is F,—_-conditionally symmetric for all
n € N,ie., foralln € Nand all B € B(X) it holds that P(d, € B | F,,—1) = P(d, €
—B | F,—1) as.

Example 4.8 (ONE- DIMENSIONAL LAWS) If p € (0, 00), ¥ # Py € P,(R), and
P =P(Po. X) :={n € Pp(X): Jup € Po, x € X: u(-) = po({r e R: rx € })},

then an X-valued random variable ¢ satisfies L(¢) € P if and only if there exists
an x € X and a R-valued random variable ¢g such that ¢ = x¢o and L(¢g) € Po.
Moreover, A, (2, F; X, P) contains all sequences of the form (¢, v,—1)sen Where
(¢n)nen 1s an (F,),en-adapted sequence of R-valued random variables such that ¢,
is independent of F,_; and L(¢,) € Py, and v,—1 € LP(F,—1; X) foralln € N.
Finally, it holds that P((Po) p-ext; X) € Pp-ext-
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5 Decoupling for Dyadic Martingales and Stochastic Integration

In this section, we consider the case of decoupling of dyadic martingales and combine
our main result, i.e., Theorem 4.3, with a standard extrapolation argument to obtain a
decoupling result that is useful for the theory of stochastic integration of vector-valued
stochastic processes, see Theorem 5.2.

5.1 Stochastic Integrals and y-Radonifying Operators

Let X be a separable Banach space, let (2, F, P, (F;):¢[0,00)) be a stochastic basis,
and let W = (W;);>0 be an (F;);¢[0,00)-Brownian motion, i.e., a centered R-valued
Gaussian process such that for all 0 < s <t < oo it holds that W, is F;-measurable,
W; — W; is independent of Fs, and EW,W; = 5. We say that H: [0,00) x Q — X
is a simple predictable stochastic process if there exist 0 = 1) < --- < ty < 0o and
random variables v, € L(F;; X),n € {0, ..., N — 1}, such that for all ¢ € [0, co)
it holds that

N
H(t, o)=Y 1, 01O va-1(e).

n=1

For H: [0,00) x  — X an X-valued simple predictable process, we define the
stochastic integral fooo H (s)dW (s) in the usual way and we define

Uy : LZ((O, ) X2—>X by up(f)w):= /OOO f@OH(t, w)dr.

Note that for all ® € 2 we obtain a finite rank operator u g (w) : L2((0, 00)) — X.
Given a finite rank operator 7 : L2((0, 00)) — X, one can define the y-radonifying

norm -1, (£2((0,00)):x) BY

3

L2(P',X)

00
Z vnT ey

n=1

1Ty (220,000 %) *=

where (e,),en is an orthonormal basis of L2((0, 00)) and (Yn)neN 18 a sequence
of independent standard Gaussian random variables on some probability space
(', F', ). The y-radonifying norm is independent of the chosen orthonormal basis.
For more information about the y -radonifying norm, see, for example, [32, Chapter 3]
or the survey article [35]. For the relevance of y-radonifying norms to the definition
of vector-valued stochastic integrals, see the definition of and results on W, (X) in
Definition 5.1 and Theorem 5.2, or see [36] for more details.
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5.2 Decoupling Constants

In order to state our result (Theorem 5.2), we first recall that a random variable f €
L£0((Q2, F,P); X) is conditionally symmetric given a sub-o-algebra G if P({ f € B}N
G) =P{f € —B}NG) forall B € B(X) and G € G. In addition to the constant
D, (X) from Definition 1.5, we introduce two more constants:

Definition 5.1 Assume a separable Banach space X and p € (0, 00).

Wp,(X) : Let W,(X) € [0, oo] be the infimum over all ¢ € [0, co] such that for
every stochastic basis (€2, F, P, (F;)i¢[0,00))> €very (F)ie[0,00)-Brownian motion W,
and every (F;)e[0,00)-simple predictable process H : [0, 00) x € — X one has that

H/oo H(s)dW (s)
0

Ep(]P);X) S c || ||uH||y(L2((0,OO));X) ||,C,P([P) .

UMD, (X) : Let UMD, *(X) € [0, oo] be the infimum over all ¢ € [0, 00]
such that for every stochastic basis (2, F, P, (F,)nen) and every finitely supported

sequence of X-valued random variables (d,)> ;| such thatd, € LP(F,; X) and d, is
Fn—1-conditionally symmetric for all n € N it holds that

o0 o0
> d, <c | rady (16)
n=1llcre;x) n=1 LP (PRPp; X)

Theorem 5.2 Let X be a separable Banach space and p € (0, 00).
() If Dp(X) < 00, then Dy(X) < oo forall g € (0, c0).
(ii) If K, > is the constant in the LP -to-L* Kahane—Khintchine inequality, then

W,(X) < Kp2Dp(X).

Conversely, if W,(X) < oo, then Dy (X) < oo.
(iii) Dp(X) = UMD}, (X).

For the proof, we use two lemmas. For the formulation of the first one, we introduce,
for v € P(R) and a separable Banach space X, the notation (see also Example 4.8):

Pw,X):={nePX):IxeX: u() =v({reR:rx e })}.

Lemma 5.3 Let X be a separable Banach space, p € [2, 00), let i € Pp(R) satisfy
Jprdu@r) =0, 02 := [ |r[*du(r) € (0,00), and let y € P(R) be the standard
Gaussian law. Then, P(y, X) € (P(u, X)) p-ext-

Proof Let (&,),en be a sequence of independent, p-distributed random variables, and
let wy = L((0/m)~" Y 7_, &). Observe that L((o+/n)"'&)) € P(u, R). More-

over, it follows from, e.g., [3, Theorem 5] that u, ﬁ y and that f]R [r|? dpy, (r) —
fR |r|? dy (r). It thus follows from Lemma 2.1 that y € (P(u, R))pexe and hence
Py, X) € (P(u, X)) p-ext- O
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Lemma 5.4 Let (2, F,P) be a probability space, let X be a separable Banach space,
let p € (0,00), let G C F be a o-algebra, and let f € LP(F; X) be G-conditionally
symmetric. Then, there exists a sequence of G-conditionally symmetric F-simple func-
tions ( fn)nen such that limy, o0 || f — fa ”EI’(IP’;X) =0.

Proof Let (g,)neN be a sequence of o (f)-simple functions such that lim, . || f —
gullcrp,xy = 0. Forn € N, let my € Nand B,y € o(f), xpyx € X,
k € {l,...,my}, be such that g, = Zg]xn,kl{feBn,k}- Define, for n € N,
fn = %ZZ:"I Xuk(lireB, i} — l{—reB,,}) and observe that f, is G-conditionally
symmetric because f is G-conditionally symmetric. Moreover, the conditional sym-
metry of f implies that £(f) = L(— f), whence

If = fallzr@.x)
my MMn
P k=1 Lr(®;x)
L—] + mpy l—l +
Sz(p ) ‘f_zxn,kl{feBn,k} 22(1; ) If = 8nllr@:x)-

k=1 LP(P;X)

m}

Proof of Theorem 5.2 Part (i) follows from [14] and can be found in [8, Proposition
B.1] for the convenience of the reader.

Part (ii): first, we check W,(X) < Kp2Dp(X). For0 =1 < --- <ty < o©
Lemma 5.3 appliedto o := % (6—1 + &1) and Theorem 1.4 give (see also Corollary 1.6)

N
Z(Wt/n - Wt/n—] )v”71

n=1

= Dp(X)
L£P(P;X)

N
Z(th - Wt,,_|)vn71
n=I

LP(PRP;X)

for all £P-integrable and F;, ,-measurable random variables v,,_; : & — X where
(W/);=0 is a Brownian motion defined on an auxiliary basis (', F', ', (F})e[0.00))-
Exploiting the Kahane—Khintchine inequality gives that

N
! !
> W, =W, v
n=1

(11
Q Q

LPPRP;X)
2 g v

dP (o) | dP(w)

N
Z(Wl[n (w/) - Wt/,,_| (w/))vn—l(w)
n=1

X

@ Springer



Journal of Theoretical Probability

For H := fo:l L, 1.1,1Vn—1, the result follows by the known relation

1
2 2

dP' (") = ”uH(a))”y(Lz((O,oo));X)‘
X

N
S W (@) — W, (@)1 (@)
n=1

Conversely, let us assume that W, (X) < oo. Now we use [37, Lemma 2.5] to deduce
that X has finite cotype. (In [37, Lemma 2.5] it is assumed that p € [1, c0), however
in the 5th line of the proof of this lemma it is shown that || fooo ¢()dW ()| = N as.,
which implies the desired conclusion for p € (0, 00), see also [8, Lemma 6.1].) Thus,
the proof of [37, Theorem 2.2] guarantees that D,(X) < oo. Here, we exploit that
[26, Proposition 9.14] works (in their notation) with r € (0, 1) as well: one starts on
the left-hand side with £”, estimates this by Ll applies [26, Proposition 9.14], and
uses [26, Proposition 4.7] (Khintchine’s inequality for a vector-valued Rademacher
series) to change £! back to £ on the right-hand side.
Part (iii) is divided into several steps:

PROOF of D, (X) < UMD;’s (X): this inequality follows from the following two
observations: firstly, dyadic martingales are conditionally symmetric, and secondly
if (d)22, = (rpv,—1)52, is a dyadic martingale and (r;,)52, is Rademacher
sequence independent of (r,,)S2 |, then (r),r,v,— 1) ~, and (r) vn— 1)°° | are equal
in distribution.

PROOF of UMD;’S(X ) < Dp(X): using Lemma 5.4, we approximate each d,, in
LP(Fn; X) so that we may assume that the d,, take finitely many values only. Let

n=1°

= inf{[|dp()llx :n=1,....,N, w € Q, dy(w) # 0} >0

where inf := 1. Take an x € X with 0 < ||x||lx < &p and let r = (rn)N
be a Rademacher sequence on a probability space (Q2p, Fp, Pp). If we deﬁne
dn Qx Qp — X by dn(a) a)]D)) = d,(w) + ry(wp)x, then dn(w wp) # 0 for
all (0, wp) € 2 x Qp and d, is conditionally symmetric glven the o -algebra
Fuo1 ® ]-"H’)’ n_1» Where (}'H’) )N _o 18 the natural filtration of (r,,) |- Because we
may let ||x]| | O, it suffices to verify the statement for (af,,)n:1 or, in other words,
we may assume without loss of generality that for all n € N the range of d, is a
finite set that does not contain 0.

Note that by removing all (i.e., at most finitely many) atoms of measure zero in the
o -algebra ]—'d and ‘updating’ the definition of (dn) _; accordingly, we may assume
that the filtration (]:,‘f)n: has the property that _7-',‘11 is generated by finitely many atoms
of positive measure.

Bearing in mind that for all » € {1,..., N} the random variable d, takes only
finitely many values, each nonzero, and each with positive probability, one may check
that for every atom A € .7-"”1 1»n € {1,..., N}, there exist disjoint sets At A~ € }",f

suchthat A= AT U A~ ]P’(A*) = IP’(A ), and £(d, | A"Y) = L(—d, | A7). Now we
introduce a Rademacher sequence (,on)g’:l, pn - 2 — {—1, 1}, defined as follows: for
each atom A of .7-";1171 we set pp|a+ = 1, and p,|4- = —1, where AT and A~ form
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a partition of A as described above. Moreover, we let v, := p,d, so thatd, = p,v,.
By construction, p,, is independent from .7-',‘;1_ 1 Vo (vy). It follows from the definition

of

D, (X) and Theorem 1.4 (see also Example 2.6) that
N N N
Zdn = anvn < D,(X) Zry/lvn
n=llizr@sx)  ln=l LP(P;X) n=1 LP (PRPp; X)
N N
= Dp(X) | D rirava = Dp(X) | D rhdn
n=1 LP (PRPp; X) n=I LP (PRPp; X)

We conclude with some remarks regarding Theorem 5.2.

Remark 5.5 (1) Let (h,),en be the Haar system for [:2((0, 1]) with ess sup(|,]) = 1,

@

andlet H,(X) € [0, oc] be the infimum overall ¢ € [0, oo] such that for all finitely
supported sequences (x,),cN in X one has that

<c

00
E Fnhyxy,

n=1

00
D
n=1

Lr((0,11): X) LP((0,1]xD; X)

Let |[H|,(X) € [0, co] be defined as above but with /, replaced by |4, |. Then, it
is straightforward to see that D, (X) = H,(X) = |H|,(X).

Garling [13] introduced the constant UMD, (X), which s defined like the constant
UMD]_,’S (X) in Definition 5.1 but without the condition conditionally symmetric.
In general, the constants UMD;(X ) and UMD,_,’S(X ) behave differently: it fol-
lows from Hitczenko [16, Theorem 1.1] that sup (> o) Dp(R) < o0 and thus,
by Theorem 5.2, sup PpEl2,00) UMD;’S(R) < 00. On the other hand, as outlined
in [9, p. 348], one has UMD (R) > /P as p — oo by combining the result
of Burkholder [5, Theorem 3.1] about the optimal behavior of the constant in
the square function inequality and the behavior of the constant in the Khintchine
inequality for Rademacher variables.

Remark 5.6 Part (ii) of Theorem 5.2 is an extension of Garling’s [12, Theorem 2]:
whereas Garling requires the integrands to be adapted with respect to the filtration
generated by the Brownian motion, we can allow for any filtration. In the development

of

stochastic integration theory in Banach spaces (as presented in, e.g., [9,34]), the

issue regarding the undesirable assumption on the filtration in [12] was known to the
authors. In those articles, the problem was circumvented in two ways:

(a)

In [34, Lemma 3.4], a decoupling argument due to Montgomery-Smith [29] is
used to prove W,(X) < B,(X) for p € (1, 00), where B,(X) is the LP-UMD
constant of X. This approach does not cover p € (0, 1] and the UMD property
seems to be too strong as Wp(Ll) < oo for p € (0, co) (see also [9]).
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(b) In [9, Theorem 5.4], it is observed that W,(X) < oo if Df,e“(X ) < oo, where
D" (X) is the infimum over all ¢ € [0, oo] such that

oo oo

Zdn <c Zen

n=l e x) n=l e @:x)

whenever (e,),en is an F-decoupled tangent sequence of a finitely supported
LP-integrable X-valued F-adapted sequence of random variables (dy,),eN.

The approach in [9] leads us to wonder: is that true that D,(X) < oo implies
Dlgfn(X ) < 00? (See Open Problem 1.1.) Although we could not fully answer this
question, Theorem 5.2 resolves the issue regarding the filtration in [12] and thereby
provides a direct approach for vector-valued stochastic integration.
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Appendix A: Proof of Theorem 4.3

Theorem 4.3 is proved in Sect. A.2, and Sect. A.l provides some necessary tools.

A.1 Technical lemmas

We begin with Lemmas A.1 and A.2 that are obtained by an adaptation of [33, Lemma
12.8], in which the dyadic setting is considered and which simplifies the procedure
originally sketched in [27].

Recall that a probability space (2, F, P) is called divisible if for every A € F and
every 6 € (0, 1) there exists an Ag € F such that Ay C A and P(Ap) = 6P(A).

Lemma A.1 Let (2, F, P) be a divisible probability space, X be a separable Banach
space, F € F, and let u € P(X) be of the form . = Y ;_, a8y, for some n € N,
al,...,a, € (0,1), and some distinct x1,...,x, € X. Let G C F be a o-algebra
generated by a finite partition (A,-)f-‘=1 of Q with P(A;) > 0. Then, there exists an
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F-measurable, -distributed random variable ¢ that is independent of G, for which
there exist Hy, Hy € o (G, @) satisfying Hy € F C H, and

,,,,,

Proof As (2, F,P) is divisible, we can construct a partition (A; J)ie ..... « of Q with
{1, )

Ajj € Fforalli, j,suchthat A; = (J]_; A; ; foralli € {1,. k} and such that
P(A;j) = a;P(A;) forall j € {1,...,n}and all i € {I, ...,k}.
The partition (A; ])Ie k is assumed to satisfy some conditions with respect to

the set F which we shall explam below. Before domg so, we observe that given such
a partition, the random variable ¢ defined by ¢ := Zl=1 ZF] xjla; ; has the law p

and is independent of G = 6((Ai)f?:1), and
oG, o) =c({Aij:ief{l,....k},jefl,....n}).
Letlyp € {1,...,k}besuchthati € Iyifandonlyif A;NF =@, and I} C {1,...,k}

be such thati € Iy if and only if A; € F. Set Inyix = {1, ..., k}\(Ip U I1) (one or two
of the sets Iy, I1, Imix may be empty). Observe that

> P(4;) = min {P(G2\G1): G1.G2 € G. G| € F C Ga}. (17)

i€lmix

Fori e IopUI;, we simply partition the set A; into sets (A; j);f: | that satisfy A; ; € F
and

P(A; ;) = a;P(A;)

forall j € {1,...,n}. Fori € Inix we choose the partition (Ai,j);f:l not only such
that it satisfies A; ; € F and

P(Ai,j) = a;P(A)

forall j € {1, ..., n}, but also such that there is at most one j € {1, ..., n} such that
B #FNA;; CA; ;. Itfollows from this construction and from (17) that

=

min {P(H\H): Hi, H> € 6(G, ¢), Hy € F € H,}

= [ 1{111ax }aj] min {P(G2\G1): G1,G2 € G, G| C F € Gy}.
jell,....n

O
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LemmaA.2 Let (2, F,P) be a divisible probability space, X be a separable Banach
space and let . € P(X) be of the form . = Y _| xSy, forsomen € N, a1, ..., €
(0, 1), and some distinct x1,...,x, € X. Let G C F be a o-algebra generated
by a finite partition of atoms with positive measure. Then, for every A € F and
every ¢ > 0 there exists an m € N and F-measurable independent p-distributed
random variables (@1, ..., ¢m) that are independent of G such that there exists an
A €0(G, 1, ..., 0n) satisfying E|14 — 14,] < &.

Proof Let A € F and & > 0 be given. Define § := max ¢
m € N be such that §” < e.

Step 1 Apply Lemma A.l with G and F as given to find an F-measurable, pu-
distributed random variable ¢ thatis independentof G, and sets Hi 1, Hi2 € 0 (G, ¢1)
such that Hy 1 € A € Hj o and P(Hy2\Hi,1) <. Define G := 0(G, ¢1) thatis, by
construction, a o -algebra generated by a finite partition of sets of positive measure.

Stepi,i =2,...,m Apply Lemma A.1 with G := G;_1, and with F as given, to
find an F-measurable, p-distributed random variable ¢; that is independent of G;_,
and sets H; 1, H;» € 0(Gi—1, ¢i) such that H; 1 € A € H; > and

nyaj € (0,1) and let

.....

P(H; )\H;.1) < 8P(H;_12\H;_1,1) < §".

Set G; := 0 (Gi-1, ¢i).
We have now obtained a sequence of independent, F-measurable, p-distributed
random variables (¢1, ..., ¢,) that are independent of G, and sets Hy, 1, Hy2 €
m =0(G,¢1,...,¢n) suchthat H, 1 € A C Hy, > and

P(Hp 2 \Hp,1) < 8" <e.

Setting A, = H,,,1, we obtain that E|14 — 14,] < &. O
Lemmas A.3, A.4, and A.5 concern approximation procedures:

Lemma A.3 Let X be a separable Banach space, C, p € (0, 00), and let ® € C(X X
X, R) satisfy

|D(x, )| < C+ lxll + vl (18)

forall (x,y) € X x X, let N € N, and let puy, ..., un € Pp(X). Then, for all
& > 0 there exists a measurable mapping P.: X — X with finite range such that
for every sequence of independent random variables (¢1, ..., ON, (p;, . <p§v) ona
probability space (2, F, P) such that L(pn) = L(¢},) = pn, n € {1, ..., N}, and for
all Fy, ..., Fy € F it holds that

N N N N

E|® <Z¢H1Fn, Z%m) — @ (Z Pe(pn)1F,. ZPg(go;)an) <& (19)
n=1 n=1 n=1 n=1

Moreover, if for somen € {1, ..., N} it holds that |1, is not a Dirac measure, then P

may be chosen such that y, o P! is not a Dirac measure.
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Proof Fix ¢ > 0, set M, = 2111\1:1 fx ||x||§7( du,(x) and let K € X be a compact set
such that

sup /(1+NPM,,+NP||x||f;)dMn(x)<2—<P—1)+(8c1v)—18, (20)
ne{l,..., N} ¢

where C is as in (18). (Note that such a set K exists as X is separable and hence
M1, ...,y are Radon measures, and moreover (g, ..., uy € Pp(X).) It follows
that for K = K x ... x K (N times) one has

N
fN (1+NPZ||xn||’;) dpr(x1) .. diy (o)
(KM)e

n=1
N

N

Z/ o (l—i—NpZIIanX) dui(x1)...dun(xy)
=1 {xjeKe

N

n=1

sZ / (14 NPl 15) duaG) - i Gen)

{xjeKc}

[ NP|lx|l% dpar(x1) .. dpay (xy)
=Ln#j {xjeKc}

Mz

f{ (L+ NPMp 4+ NP|Ixjll%) dui(x) ... duy (xn)
x;eKe}
< 2_(”_1)+(8C)_15. 1)

As @ is continuous, it is uniformly continuous on K x K and hence there exists a
8 € (0, 00) such thatif x1, yi, x2, y2 € K and ||x; —x2|lx < 6, |[y1 — y2llx < &, then
itholds that [® (xy, y1) — ®(x2, y2)| < 5. Note that without loss of generality we may
assume that § < N~V/P and that K #@P. Nowlet M € Nand {Uy, ..., Uy} € B(X)
be a partition of K such that for all m € {1, ..., M} it holds that U,, # @ and

sup  sup |lx —yllx < N7ls.

Let x1,...,x)y € X be such that x,, € Uy, m € {1,...,M}. Let xo9 € {x €
X:|xllx = N1\ {x1, ..., xp} (this will be important for the last part of the proof
of the lemma). Define P.: X — X by

Xmy X € Up,

Pe(x) = x0; x ¢ K.

(22)
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Observe that by construction for all x € X it holds that

-1 —(1+1)
[PeC)llx < lixllx + N8 <|xllx+N "7 (23)
and for all x € K it holds that
lx = Pe(0)llx < N7'5. (24)
We verify that P, satisfies the desired properties. Indeed, clearly P, has finite range.
Moreover, let (2, F, IP) be a probability space and let (g1, ..., ¢n, ¢}, ..., ¢}) be

random variables on this space such that £(¢,) = L(¢}) = pp, n € {1,..., N},
and let Fy, ..., Fy € F. For simplicity of notation, define & = Z,}L] onlp,, & =

Z,I,vzl onlE,. & = Zrll\]:l Pe(¢n)1F,,and & = Z,I,vzl P (¢;)1F,. Define
Ky ={w€Q: (@1, ON, @15\ P) e KNy,

Observe that by (24) for w € K, it holds that

N
&) = &@)lx <Y _ llgn — Pelon)llx < 8.

n=1

and similarly [|§"(w) — &/(w)|lx < 8, whence for all w € K, it holds that

[P (E(), §'(@) — P (), § ()] < % (25)

By the estimate above, Assumption (18), and inequalities (23) and (21) it now follows
that

E|0(, €) - 06, &)
= [ 1066 - 0@ eo1aP+ [ 10 ) - o, E)lap

kg

&
<7t CfKC(Z + N5 + IE"I% + gl + I1E15) dP
[
P N N
*+ 2c/ (1 + NP (Z leallh +5° ||Ps<¢n>||§>) g
K n=1 n=1

N
% + 2<P—1>*4c/ (1 +NPY ||<pn||§> dP <e.
K§

n=1

IA

IA

Recalling the definition of &, &', &, and &/, this completes the proof of estimate (19).
In order to prove the final statement in the lemma, we make some minor adjustments
to the proof above. Indeed, suppose that for some n € {1, ..., N} it holds that u, is
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not a Dirac measure. It follows that there exists a compact set F' € 5(X) such that
un(F) € (0, 1). Now proceed as above, but with the additional assumption that the

set K satisfying (20) also satisfies F C K, and that the partition {Uy, ..., Uy} is
chosen such that U, N F € {U,,, ¥} forallm € {1,..., M}. As xo, x1, ..., Xy are
all distinct values by construction, this ensures that there exists a set G € B(X) such
that P (G) = F. o

LemmaA.4 Let X be a separable Banach space, . € P(X), and let By cont(X) =
{B € B(X): w(@B) = 0}. Then, for all B € B(X) and all ¢ > 0 there exists an
Bg € Bji-cont(X) such that p(BABg) < e.

Proof If A := {B € B(X): Ve > 03B, € Bj-cont(X) with u(BAB;) < 5}, then we
may check that A is a Dynkin-system and that .A contains all closed sets. Whence the
result follows by the w-A-Theorem. O

LemmaA.5 For N € N and a separable Banach space X let ¢1,...,o5y : 2 —> X
and @1k, ..., 0Nk - Q@ = X, k € N, be families of independent random variables
with w* — limg 00 @nk = @ for n e {l,. N} Let (gon) :Q — XV and

(g0,/1 k)}’]lv c S — XY be independent copies of(gon _, and (gn, k)n iy respecttvely,
vy € R, andB € B(X™) such that ]P’(((p/);l:1 € aB )=0forn e {1,. — 1}
Then, for the w*-convergence in X x X it holds that

N N
v hm ((pl kvOJFZ?"nkl{«o WIZI€B ) mvo+Z¢nk {(@j 1)} 1 €Bn 1})
n=2 n=2

N
<</)1vo + Z% (@)l eBa} ¢rvo + Z‘pn {(@))}Z1€Bn- 1}> ’

n=2 n=2

Proof This result follows by an application of the Skorokhod theorem (see, e.g., [19,
Theorem 4.30]) and the Portmanteau theorem (see, e.g., [19, Theorem 4.25]). O

In addition to the space A »(2, F; X, P) introduced in Definition 1.2, we shall need
the following one:

Definition A.6 Let X be a separable Banach space, p € (0,00), ¥ # P C P,(X),
and let (2, F,P, (F, )N _o)» N € N, be a stochastic basis. We shall denote by
A p-simple (2, (]—",,)n _os X, P) the set of (Fy) _]-adapted sequences (dn) _; such
that for all n € {1,..., N} there exist K,, € N, a partition (An—l,k)k:1 C Fuo1
of Q2 consisting of sets of positive measure, and pp,1, ..., in,kx, € P such that
Zf:”l L A,_y 1 Mn.k 18 @ regular version of P(d,, € - | Fy—1).

To deal with this class of processes, we use the following two lemmas:

LemmaA.7 Let (2, F,P) be a probability space, let K € N and let A, € F, k €
{1,..., K}, be such that (Ak),f:1 is a partition of Q2 and P(Ay) > O for all k €
{1,..., K}. Let X be a separable Banach space and let d: 2 — X be a random
variable. Let k: Q — P(X) be a regular version of P(d € '|a((Ak),§=1)), ie.,
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K = Z,le wila, for some i, ..., g € P(X). Let (', F', ) be an auxiliary
probability space and let (d,é),f:1 be a sequence of independent X-valued random
variables on (', P', F') satisfying L(d}) = u, and let, for all k € {1, ..., K},
di: (Q,F,P) x (Q,F, P — X be arandom variable defined by

di (@, @) = d(®)1 4, (0) + d; (@) 1\4, (@) (26)

for all (w, ') € Q x Q. Let G C F be a o-algebra such that o((Ak)le) C q.
Define Gy = G @ {0, @'} and for k € {1, ..., K} define

Gr =0 (Go.d1, ..., dy). 27)

Then, the following holds:

(i) Forall (w, ') € Q x Q' it holds that d(w) = Zle di(w, @)1 4, (w).
(i) (dK, is (GOK_ -adapted.
(iil) L(dk) = pi-
@iv) (Go,o(d1),...,0(dk)) are independent if and only if for all k € {1, ..., K}, all
A € G satisfying A C Ay and P(A) > 0, and all B € B(X) it holds that

P({d € BYNA)

P(d € B| A) := =

Uk (B). (28)
Proof Claims (i), (ii) and (iii) are trivial. Regarding claim (iv), suppose that dy is
independent of Gy forall k € {1, ..., K}, then in particular (dk)f:l is independent
of Go. Letk € {1,..., K}, A € G satisfying A € Ay and P(A) > 0, and B € B(X)
be given. Then,

P({d € BN A) PP ({d € BJN(AxQ))
P(A) - PQP(A x )
=PQP(d; € B) = ui(B),

P(d € B|A) =

where we use (i), independence, and (iii). In order to prove the reverse implication,
let By,...,Bg € B(X),letk e {l,...,K},and let A € G be such that A C A} and
P(A) > 0. It holds that

PRP((AxQ)N{d € B, ... ,dx € Bx))

=P®P |(AN{deB d, € B
QF | AntdeB) x| (] (deB) 29)
Lefl,..., K\ {k}
=PAPA e B |A) [ PWeBy=PA) [] wnBo.
te{l. KNk} te({l...K}
This suffices to prove the reverse implication. O

Lemma A.9 requires a special setting:
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Setting A.8 Let X be a separable Banach space, N € N and let (d,l)rll\]:1 €
Ap-simple (2, P, (.7-',1),7:0; X,P), ie, foralln € {1,..., N} we have a K, € N such
that

(i) P(dy € -| Fac1) = Y02 tnkla, . a.s., where
(i) Ap—11,...,An—1,k, € Fn—1 is a partition of Q with P(A,_1) > 0 and
Mn,1s -+ Un K, € P.

We set Ky := 1 and

Joi={(n k) :nef0,....NLke(l,...,Kn}},
Ji={m, k) :ne{l,...,NLkell,..., Ky

On Jy we introduce the lexicographical order (m, j) < (n, k) if either m < n and
jell,....Knplorm =nand j € {l,...,k}. For an auxiliary probability space
(Q', F',P") and independent random variables dr/l,k: Q' — X with E(dr/t,k) = Unk
nell,...,NLandk € {1, ..., K,} let

dn 1 (@, @) 1= dp(@)14, (@) +d) (@) ]\a, ().
We define

Go,1 1= Fo ® {0, '},
g}’l,k = gn—l,K,,,l VU(dn,ls -«-,dn,k) (n € {1’ ) N}vk € {17 sy KVL - 1})1

Gk, ' =Gn-1,k,, Vo (dn1,....,dpx,)V (Fn ® {9, Q/}>-

Finally, we let

(i) K:=Ki+---+Kp,

@i1) (He) 5:0 be the lexicographical ordering of (Gu k) n.k)e o>
(ii1) ((pg)le be the lexicographical ordering of (dy k) (n, ket
@iv) (A/g)f;Ol be the lexicographical ordering of (Ap—1,k)(n.k)eJ
(V) (@)K, be the lexicographical ordering of (d, ke

Lemma A.9 Assume Setting A.8. Then, the following holds true:

() (po)iCy is (Ho)-adapted and g is independent from He-1.
(i) Ay e Hefor£ €{0,..., K —1}.
i) YN dy =35 orla, .
(V) Ifen = Y32y ) g La, o then

(a) (e,,)f;’: | is a decoupled tangent sequence of (d,,)ﬁ/: | and
(b) Zyllvzl en = Zf:l ‘PélAH-
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Proof (i) Fix £ € {1, ..., K}. By definition, ¢, is H¢-measurable. To show that ¢y

is independent from H,_1, it is enough to verify that G,_1 k,_,,dn 1, ..., dn k, are
independent for n € {1, ..., N}. Because
Gn1.kyy = Fnol ®cr(d,’n’j cmefl,...,n—1}, j €{l,..., Kn}).

where for n = 1 the second factor is replaced by {#, '}, it remains to check that

(fn—l ® {@1 Q/}>s dn,ls R} dn,Kn

are independent. But this follows from Lemma A.7. (ii) and (iv) follow by construction,
(iii) from d, () = Y1 dy k (@, @)1, | (@) forn € {1,..., N}. o

A.2 Proof of Theorem 4.3

(i1) = (i). First, we remark that it is sufficient to consider the case A = {Ag}. We do
so and denote ®,, simply by ®.
Step 1 We show that (ii) implies the following:

(II) Forevery N € N, every stochastic basis (2, F, P, (F,) flvzo), every sequence
of independent random variables (go,,)f;’:l with L(¢,) € Pp-ext such that
¢n 1s F,-measurable and independent of F;,_1, and for all A, € F,, n €
{0, ..., N — 1}, it holds that

Ed® (Z%un I,ZgonlAn 1) <0,

n=1

whenever ((pn)N | is a copy of ((pn)n | independent of Fy.

(a) We verify that if (ii) holds, then (ii) remains valid with P replaced by P,.ex;.
(a.0) First, we consider ((,on)fl\’:1 such that for all n € {1,..., N} there exist a
K, € Nand ("’“nsk)lﬁl C P with L(@n) = pp,1 %% Upk,. AS A, € Fr
forn € {0,..., N — 1} there are B,, € X" such that A,, = {((,oj);?:1 € B}
for n > 1, whereas for n = 0 we have Ag € {#, 2}. Now let ((I/In,k)fil)rlyzl
be independent random variables satistying £(¥, x) = fn k. Then, it holds

in distribution that

N K,

(/)]IAO+Z(/)VL ((P) 1EBn 1 le]kle_FZZl//nk

K; -
n=2k=1 {22y ¥y} 2 €81}

and
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N N K,
§01]AQ +’12;§0n (¢ )n IEBn 0= ZwlklAO +nzzl;1/’nk {(Zf=jl¢j,€)7;}53;1—l}

where ((w k) ) _ is an independent copy of ((Y,, k)k ])N . Hence, if
(ii) holds, then (11) remains valid with P replaced by the set of ﬁmte convo-
lutions of elements from P.

(a.1) Assume that £(g,) € Ppext forn € {1,..., N}. By Lemmas A.4 and 4.4,
we can restrict the A, to A, = {((pj);f:1 € B,} with IP’(((pj)’}zl €0B,) =0
and B, € B(X") forn € 1,..., N — 1, whereas we keep Ay € {0, Q}.
We find a uniformly £?-integrable family of independent random variables
(§0n,k),],v=’?k=1 such that £(g, ) is a finite convolution of measures from P

and L(¢n k) ﬂ; L(pn) as k — co. Lemma A.5 gives

N N
(Wkle*‘Z%kl{w le, ) ¥l wlag + ) onl (@)1= B 1}>
n=2 n=2

N N
(‘plle + 2ol (@)Y} 21 €Bu- ARSI {@))j=1€B- .})
n=2 n=2

as k — 00. By Lemma 4.4, we conclude step (a), i.e., (ii) is valid for Pp_ext.
(b) We now prove that if (ii) is valid for Pj_ex, then (1) holds.
(b.0) Let(R2, F, P, (F, )N _o) and ((pn)n  beasin(Il), and set i, := L(¢,). Ifeach

[4n is a Dirac measure inan x, € X,thenE® (X ¢ula, 1 SN 014, )
is a weighted sum of terms ® (Y, c; Xn, D ,c; Xn) With I C {1, ..., n} (the
empty sum is treated as zero). In this case, (ii) implies that each of these
terms in non-positive, so that in what follows we assume there exists an
£ e {1,..., N} such that uy is not a Dirac measure. We will prove that for
all ¢ > 0 it holds that

N N
Ed (Z onla, s pr,;u”_l) < 3e, (30)
n=I n=I1

which completes the proof of (II). By passing to the larger probability
space (2, F,P) ® ([0, 1], B([0, 1]), A) (where A is the Lebesgue mea-

sure), endowed with the filtration (F, ® B([0, 1]))n _o> We may assume that
(2, F,,, P) is divisible for alln € {0, ..., N}. Fix ¢ > 0, and let P be as in

Lemma A.3 with the property that iy o P! is not a Dirac measure. Recall
from Lemma A.3 that

E <& (31

N N N N
® (Z Onla,_ 1 Y ¢;1An1) -® (Z Pelpn)la,_ 1 Y Pgw;,)u”l)

n=1 n=1 n=1 n=1
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(b.1) Set pg e := g o P;l and recall that ps . is not a single Dirac measure, but
a finite sum of Dirac measures. For m € N, we proceed as follows:

Step 0 We apply Lemma A.2 withG = {J, Q} and F = Fptofindak, 1 € {2,3,...}
and a sequence of independent, Fjp-measurable, ¢ o-distributed random variables
(Ym,1s -+ Ymky—1), and to find an Ay 0 € 0 (Vi 15 - -+ Yok, —1) With [14, —
Tauollcrapy <27 Set Yk, = Pe(p1).

Step n;n = 1,...,N — 1 Apply Lemma A.2 with G = oW, 15 s Yimkn)
(note that ¥y, , = Pe(@1)s- s Ymky, = Pe(pn)) and F = F,4q, to find
a kpn+1 € {kmn + 2,k + 3,...} and independent, F,41-measurable, g -
distributed random variables (Y k,, ,+15 - - +» Ym ky.nr1—1)» independent of the o-
algebrao (Ym,1, - - - » Ym k) @as Well,and to findan Ay € 0 (Wi, 1y -+ s i k1 —1)
with [[14, — 14, lce@) < 27" Set Vi ky sy i= Pe(@nr1).

(b.2) By construction,

N
Tim S (1,00 — 14,0 Pe(9n)
n=1 L0 (P;X)
N
- mlgnw Z(lAm,nfl - lAn—l)Pé‘((prll) =0,
n=1 LP(P:X)
hence by Lemma 4.4 there exists an M € N such that, for B,_1 = Ay p—1,
nefl,...,N},
N N
Ed (Z Pe(¢n)lB, . Y Ps(qo;)lg,,l)
n=1 n=1
N N
~Ed® (Z Pe(@n)la, - Y Pgwg)unl) <e. (32)
n=1 n=1

(b.3) We would like to apply (ii), verified for Pp_ex; in part (a), to ZIJQV: 11B,_,0n,
however, our construction of B,,_ only guarantees that P, (¢, ) is independent
of B,_1, not that ¢, is independent of B,_;. Hence, we proceed as follows.

Let (¢k)],i’l:4 ’lN be a sequence of independent random variables such that

Un ik = kM,na
e : else

L(pr) = {

Recall that p, was specified in (b.0). By the Factorization Lemma for all
nell,...,N}, thereexistsa C,,_| € X ma—1 guch that

Bumt = {(Pe@1), s Peliy,—1) € G |-
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Define, forn € {1, ..., N},

Bt = {(Pe@) s Pely,—) € Cu].

By construction,

(Zlgn \ Pe(@n), 213,1 IP(co,,) (Zl" Pe($r,), Zl P(%)

n=1

where (d),/{)],z":l 'IN is an independent copy of (¢k)z"=4 IN , so that

N N
Ed (Z Pe(on)1B, 1» Y Pg(go;)lg,,l)

n=1 n=1

N N
=Eo <Z Pe(Bry, )15, ) Pe(dp, )1 B) : (33)
n=1

n=1

By the assumption that (ii) holds for £(¢,) € Pp.ext, it follows that

N N
]ECD (Z ¢k’llénfl’ qul/(n lénl) S 0
n=1

n=1

The inequality above in combination with (19) implies that

N N
o (Z Pe() 15, D Ps(“”én)l’}"‘) -
n=1

n=1

Combining the inequality above with (33), (32), and (31), we arrive at the
desired estimate (30).

Step 2 Lemma A.9 (with P = P},_ex) combined with statement (H) above implies that
Item (i) of Theorem 4.3 holds for all (d,,) _1 € Apsimple (2, (FON 5 X, Pp-ext) (see
Definition A.6).

Step 3 Let (dy)nen be as in (i) of Theorem 4.3 with d, = 0 if n > N for some
N e N. By Corollary 3.2 we obtain for n € {1, ..., N} random variables d,(l): Q x
[0,1] > X and H,,: 2 x (0, 1] — [0, 1] such that d,? is F,—1 ® B([0, 11)/B(X)-
measurable, H), is independent of F,,_| ® {@, (0, 1]} with L(H,) = A, and d,(w) =
do(a) H,(w, s)) for all (a) s) € ©, x (0, 1] for some €2, € F,, of measure one. We
define Q := Q x (0, 11V, Fy := Fo @ {0, (0, 11N}, F := Fn Qo (1, ... 7p), where
7, ¢ (0, 117V — (0, 1] is the projection onto the n-th coordinate, and P:=PQAiy
where Ay is the Lebesgue measure on (0, 11V. Then, H,,,dn, e,: Q@ — [0, 1] are
given by H,(w,s) := Hy(w, 7, (5)), dy(w, s) = do(a) H,(w, s)), and &, (w, s) :=
dY(w, my(s)),n € {l,..., N}. We get:

n=1>
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() {(@,5) € Q: dy(@,5) = dp(@)} 2 Qy x (0, 1.

(ii) The fact that H, is uniformly [0, 1] distributed and independent of Fn_1 and
d? is F,—1 ® B([0, 1])/B(X)-measurable implies that (&,)nen is an (F)N_ -
decoupled tangent sequence of (d,),en-

(iii) The function «,,_i[w, B] := A({h € [0, 1] : d,?(a), h) € B}), B € B(X),is a
regular conditional probability for P(d, € - | F,,—1).

Nextnote thatforalle > Oandn € {1, ..., N}thereexistsand,?’s: Qx[0,1] > X
which satisfies

me
AV (@.5) =Y 15y, (@) fuke(s),

k=1

with me € N, fure € LP([0, 1]; X), pair-wise disjoint Fy—1,1,6, ..., Fuelm.c €
Fn—1 of positive measure, and ||df,)’8 — d,?llgp(gx[o,l];x) < &. Moreover, we can pick
S ke such that L(fy, k) € Pp-ex. Indeed, let (fr)een C LP([0, 1]; X) be dense. For
& > 0, we can choose an appropriate n = n(p, ¢) > 0 and define

Sii={we Q: |dw, ) — fillcrqo.a:x) < N}
S i={weQ:ld)w,) — frlieeqoirx) < M\SI, ...

From these sets (S,),en, We extract the collection (F,,_l,k,g)zzl, findwy € Fom1 k6N
/cn__ll(’P), and let f,, k¢ 1= d,?(a)k, -). We continue and define ﬁﬁ, e : Q — [0, 1] by
df(w, 5) = dy* (w, Hy(w, 5)), and & (o, 5) := dy* (0, T,(s)), n € {1, ..., N}. By
construction, we have

() N5 — enll o x) = Ids — dull oo (. x) < € foralln € {1,.... N},

(ii) (Efl)flv: | is an (]:'n),];’:l-decoupled tangent sequence of (d_ns)neN,

(iii) a conditional regular conditional probability kernel for £(d | Fn_1) is given by

Z;(nil ]‘Fn—lyk,g (C‘))E(fn,k,e)-

As (d,(,)’a)f:]:l € Apsimple(2, (]—',,),7:0; X, Pp-ext), this concludes the proof that (ii)
implies (i) in Theorem 4.3.
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