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Equivalence of viscosity and weak solutions for a p-parabolic
equation

JARKKO SILTAKOSKI

Abstract. We study the relationship of viscosity and weak solutions to the equation
otu — Apu = f(Du),

where p > land f € C (RN) satisfies suitable assumptions. Our main result is that bounded viscosity
supersolutions coincide with bounded lower semicontinuous weak supersolutions. Moreover, we prove the
lower semicontinuity of weak supersolutions when p > 2.

1. Introduction

A classical solution to a partial differential equation is a smooth function that satis-
fies the equation pointwise. Since many equations that appear in applications admit no
such solutions, a more general class of solutions is needed. One such class is the exten-
sively studied distributional weak solutions defined by integration by parts. Another
is the celebrated viscosity solutions based on generalized pointwise derivatives. When
both classes of solutions can be meaningfully defined, it is naturally crucial that they
coincide. This has been profusely studied starting from [10]. In [12], the equivalence
of solutions was proved for the parabolic p-Laplacian. The objective of the present
work is to prove this equivalence in a different way while also allowing the equation
to depend on a first-order term. To the best of our knowledge, the proof is new even
in the homogeneous case, at least when 1 < p < 2.

More precisely, we study the parabolic equation

du — Apu = f(Du), (1.1)

where 1 < p < oo and f € C(RV) satisfies a certain growth condition, for details
see Sect. 2. We show that bounded viscosity supersolutions to (1.1) coincide with
bounded lower semicontinuous weak supersolutions. Moreover, we prove the lower
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semicontinuity of weak supersolutions in the range p > 2 under slightly stronger
assumptions on f.

To show that viscosity supersolutions are weak supersolutions, we apply the tech-
nique introduced by Julin and Juutinen [11]. In contrast to [12], we do not employ the
uniqueness machinery of viscosity solutions. Instead, our strategy is to approximate a
viscosity supersolution u by its inf-convolution u,. It is straightforward to show that
ug is still a viscosity supersolution in a smaller set. This and the pointwise proper-
ties of the inf-convolution imply that u, is also a weak supersolution in the smaller
set. Furthermore, it follows from Caccioppoli’s estimates that u, converges to u in
a suitable Sobolev space. It then remains to pass to the limit to see that u is a weak
supersolution.

To show that weak supersolutions are viscosity supersolutions, we apply the argu-
ment from [12] that is based on the comparison principle of weak solutions. However,
we could not find a reference for comparison principle for Eq. (1.1). Therefore, we
give a detailed proof of such a result.

To prove the lower semicontinuity of weak supersolutions, we adapt the strategy
of [17]. First, we prove estimates for the essential supremum of a subsolution using
Moser’s iteration technique. Then, we use those estimates to deduce that a supersolu-
tion is lower semicontinuous at its Lebesgue points.

The equivalence of viscosity and weak solutions for the p-Laplace equation and
its parabolic version was first proven in [12]. A different proof in the elliptic case
was found in [11]. Recently the equivalence of solutions has been studied for various
equations. These include the normalized p-Poisson equation [1], a non-homogeneous
p-Laplace equation [22] and the normalized p(x)-Laplace equation [25]. Moreover,
in [24] the equivalence is shown for the radial solutions of a parabolic equation. We
also mention that an unpublished version of [18] applies [11] to sketch the equivalence
of solutions to (1.1) in the homogeneous case when p > 2.

Comparison principles for quasilinear parabolic equations have been studied by
several authors. In [13], comparison is proven for d;u — A,u + f(u, x,t) = 0 when
p > 2and f is a continuous function such that | f (u, x, )| < g(u) for some g € C!.
The homogeneous case for the p-parabolic equation is considered also in [16] and the
general equation d;u — div . A(x, t, Du) = 0 in [15]. Equations with gradient terms
are studied for example in [2], where comparison principle is shown for the equation
ou — Apu — |Dulf? = Owhen p > 2and 8 > p — 1. Inthe recent papers [4,5], both
positive results and counter examples are provided for the comparison, strong compari-
son, and maximum principles for the equation o, — Apu — A |u|” 2y— f(x,t)=0.
Furthermore, according to [3], the equation d;u — Apu = g (x) |u|* can admit multi-
ple solutions with zero boundary values when 0 < « < 1.

The paper is organized as follows. Section 2 contains the precise definitions of weak
and viscosity solutions. In Sect. 3, we show that weak supersolutions are viscosity
supersolutions, and the converse is shown in Sect. 4. Finally, the lower semicontinuity
of weak supersolutions is considered in Sect. 5.
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2. Preliminaries

~

The symbols & and 2 are reserved for bounded domains in RY x R and RV,
respectively. For #; < tp, we define the cylinder £2;, ;, := £2 x (t1, t2) and its para-
bolic boundary 0,82y, 1, := (2 x {1) U (32 x (11, 12]). Moreover, for T > 0 we
set 27 := $20,1.

The Sobolev space WP (§2) contains the functions u € LP(§2) for which the dis-
tributional gradient Du exists and belongs in L?(£2). It is equipped with the norm

lullwiroy = lullry + 1 Dullpr (o) -

A Lebesgue measurable function u : §2,, ;, — R belongs to the parabolic Sobolev
space LP (11, tr; WhP(£2)) if u(-, 1) € WP (§2) for almost every t € (1, r2) and the

(I

is finite. By dz, we mean integration with respect to space and time variables, i.e.,
dz = dx dt. Integral average is denoted by

1
udz .= — udz.
]ézT (27| Jor

1

»
[ul? + |Dul? dz)

1.0

Growth condition

Unless otherwise stated, the function f € C(R") is assumed to satisfy the growth
condition

IfE) < Cp(l+ |£)P) foralle e RY, (G1)

where Cy >0and 1 < 8 < p.
Definition 2.1. (Weak solution) A function u : & — R is a weak supersolution to
(1.1)in & ifu € LP(ty, t; WP (£2)) whenever £2;, , € 5, and

/ —ud;¢ + |DulP~2 Du - Dp — ¢f (Du)dz > 0
for all non-negative test functions ¢ € C3° (82, 1,). For weak subsolutions, the inequal-
ity is reversed and a function is a weak solution if it is both a super- and subsolution.

To define viscosity solutions to (1.1), we set for all ¢ € C 2 with Dgp #0

p—2
|Dg|?

Apg = |Do|P? (A<p + (quoDsa, Dw)) :
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Definition 2.2. (Viscosity solution) A lower semicontinuous and bounded function
u: & — R is a viscosity supersolution to (1.1) in & if whenever ¢ € C2(&) and
(x0, to) € & are such that

@(xo, 10) = u(xo, fo),
ox, 1) <u(x,t) when (x, 1) # (xo, to),
Do(x,t) #0 when x # x,

then

limsup (d¢(x,1) — App(x, 1) — f(De(x,1))) = 0.
(x,1)— (x0,70)
X FX(

An upper semicontinuous and bounded function u : & — R is a viscosity subsolution
to (1.1) in & if whenever ¢ € C%(Z) and (x¢, fo) € & are such that

@(x0, t0) = u(xo, 1),
o(x,t) > u(x,t) when (x, 1) # (xg, to),
Do(x,t) #0 when x # x,

then

liminf  (d;¢(x, 1) — App(x, 1) — f(De(x,1))) < 0.
(x,1)—> (x0,10)
X X0

A function that is both a viscosity sub- and supersolution is a viscosity solution.

If a function ¢ is like in the definition of viscosity supersolution, we say that ¢
touches u from below at (xo, tp). The limit superior in the definition is needed because
the operator A, is singular when 1 < p < 2. When p > 2, the operator is degenerate
and the limit superior disappears.

3. Weak solutions are viscosity solutions

We show that bounded, lower semicontinuous weak supersolutions to (1.1) are vis-
cosity supersolutions when 1 < p < ooand f € C(RV) satisfies the growth condition
(G1). One way to prove this kind of results is by applying the comparison principle
[12]. However, we could not find the comparison principle for Eq. (1.1) in the literature
and therefore we prove it first. To this end, we first prove comparison Lemmas 3.2
and 3.3 for locally Lipschitz continuous f. The local Lipschitz continuity allows us
to absorb the first-order terms into the terms that appear due to the p-Laplacian, see
Step 2 in proof of Lemma 3.2. To deal with general f, we take a locally Lipschitz
continuous approximant fs such that || f — fs|| LO@RN) < 8/4T. Then, for sub- and
supersolutions u and v, we consider the functions

8
T —1t/2

s
us ::u—T_t/2 and vs:=v+
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These functions will be sub- and supersolutions to (1.1) where f is replaced by fs.
Since fs is locally Lipschitz continuous, it follows from Lemmas 3.2 and 3.3 that
us < vs. Letting § — 0 then yields that u < v.

For similar comparison results, see [2, Proposition 2.1] and [13]. See also Chapters
3.5 and 3.6 in [23] for the elliptic case. A minor difference in our results is that instead
of requiring that both the subsolution and the supersolution have uniformly bounded
gradients, we only require this for the subsolution.

To prove the comparison principle, we need to use a test function that depends
on the supersolution itself. However, supersolutions do not necessarily have a time
derivative. One way to deal with this is to use mollifications in the time direction. For
a compactly supported ¢ € LP(§27), we define its time-mollification by

P (x, 1) = /ﬂ;cp(x,t — 5)pe(s) ds,

where pc is a standard mollifier whose support is contained in (—e¢, €). Then, ¢¢
has time derivative and ¢¢ — ¢ in L?(£27). Furthermore, the time-mollification of a
supersolution satisfies a regularized equation in the sense of the following lemma.

Lemma 3.1. Let v € L°°(£27) be a weak supersolution (subsolution) to (1.1) in 2.
Then, we have

[ s+ (102 Do) Do - p(FDV) &= (90 G
27

for all ¢ € WhP(27) N L®(27) with compact support in 27. Moreover, if the
stronger growth condition

@1 = (1+1er) (G2)
holds, then the assumption ¢ € L°(827) is not needed.

Observe that in the above lemma ¢ is in the usual Sobolev space WLP(Q27) so it
has a weak time derivative d,¢ € L?(§27). To prove the lemma, one first assumes that
¢ is smooth. Then, testing the weak formulation of (1.1) with ¢, changing variables
and using Fubini’s theorem yields (3.1). The general case follows by approximating
@ in WP (£27) with the standard mollification. We omit the details.

Lemma 3.2. Let 1 < p <2 and let | be locally Lipschitz. Let u, v € L*(27),
respectively, be weak sub- and supersolutions to (1.1) in 7. Assume that for all
(x0,0) € 9,827

esslimsup u(x, t) < essliminf v(x, 7).
(x,1)— (x0,t0) (x.1)= (x0.10)

Suppose also that Du € L*°(827). Then, u < v a.e. in 27.
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Proof. (Step 1) Let/ > O and set w := (u — v — ). Let also s € (0, 7). We want
to use w - x[o,s] as a test function, but since it is not smooth, we must perform molli-
fications. Let 2 > 0 and define

pi=n(w-v=0°),,

where
1, te0,s —h],
n(t) = (—t+s+h)/2h, te(s—h,s+h),
0, tels+h,T).

The function ¢ is compactly supported and belongs in W7 (£27). Therefore, by
Lemma 3.1 we have

/ —(u —v)depdz
Qr

< /Q (<|DU|P*2 Dv)6 B <|Du|p*2 Du)e) Dy + ¢ (f(Du) — f(Dv)) dz.
(3.2)

We use the linearity of convolution and integration by parts to eliminate the time
derivative. We obtain

f —(u—v)9pdz
27

=~ =) (@—v—=0%, % +n—v) (u—v-D), dz

7
== w—v =D (w—v—=Ddm+1(—v-0, an
+ @ —v =D (u—v =0, +nd ((u—v—-0) dz

1
== =v=D8m+3
T
1
=3/ (u—v—D97dmndz
T

nd (u—v — D)3 dz

1
—= —v—0%9ndz.
o3 o, MY T R

Moreover, by the Lebesgue differentiation theorem for a.e. s € (0, T) it holds
1 5 1 S+h 5 1 5

—= —v—0D%0ndz = — t)dxdr - dx.
), @—v=nama: g [ | e =0 [ wtes

The terms at the right-hand side of (3.2) converge similarly. Hence, fora.e. s € (0, T')
we have
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lf 2(x,5)d
- w(x,s)dx
2 Jo

/ | £ (Du) —f(Dv)dez—/ (|Du|l’*2 Du — |Dv|P~2 Du) . Dwdz
£2

Qs

1 — I 3.3)

IA

(Step 2) We seek to absorb some of /7 into I, so that we can conclude from Gronwall’s
inequality that w = 0 almost everywhere. Since f is locally Lipschitz continuous,
there are constants M > max(2 || Du|| o (2,), 1) and L = L(M) such that

[f (&) — f] = L|§—n| when [§], |n| < M. (3.4
We denote 2.7 := {x € 2 : w > 0},
A= N{|Dv| < M} and B := 2" N {|Dv| > M}.

Observe that in B we have by the growth condition (G1), choice of M and the assump-
tion that 8 > 1

|f(Du)| < Cr(1+ |Dulf)y < Cp(M + MP) <20, MP <2C; |DvIP (3.5)
and
|f(Dv)| < Cr(+|DvIP) <2C5 D). (3.6)

It follows from (3.4), (3.5), (3.6) and Young’s inequality that

h= [ L1ou=Dutwdz+ [ QD)+ 1fOODw
5/ALIDu—Dv|wdz+[B4cf|Dv|ﬂwdz
s/AelDu—DvlerC(e, L)wzdz+/Be|Dv|%+C(e,p,ﬂ,L,cf)w# dz
56/ |Du — Dvl? dz—i—e/ |Dv|? dz + C(e, p, B, L, Cy, ||w||Loc)/ w?dz,
! ’ @ (3.7)

where in the last step we used that ﬁ > 2 to estimate

(p—B) _ (p—B)-2,,2 p/(p—B)—2 2
/ wP!/ (=P dz—/ wP/P=P =22 47 < lwlly o) / w”dz.
25 25 25

Using the vector inequality

p—2
2

(la172a=161"2b) - @ =B)=(p = D la = b (1+laP+1b1) * . (3:8)
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which holds when 1 < p < 2 [19, p98], we get

L= / (lDu|”_2 Du — |Dv|P™2 Dv) - Dwdz

Du — Dv|?
> (p-1) | | dz

2—p

2" (14 |Dul? + |Dv]?)

|Du — Dvl? (IDv| — |Du|)2
>(p—1>f Azt (p 1)/ (Dol = [Dub” 4
B

P

(14+ M2+ Mm?) 2 3|Dv|
2
5 (IDv| — M)
>C(p, M) |Du—Dv| dz+(p—1) —pdz
B (31pv?) 2
2 2 | Dv| )2
> C(p, M)f |Du — Dv|” dz + (p — 1)/ —S
(31Dv| )
=C(p. M)/ |Du — Dvl|? dz+C(p)/ |Dv|? dz, (3.9)
A B

where C(p, M), C(p) > 0. Combining the estimates (3.7) and (3.9), we arrive at

L — I < (e —C(p, M))/ |Du — Dv|? dz + (€ — C(p))f |Dv|P dz
A B

—i—Co/ wzdz,
£25

where Cyp = C(e, p, B, L, Cy, |w] ;). Recalling (3.3) and taking small enough €
yields

/ wz(x,s)dx < 2C0/ w?dz.
Q 25

Since this holds for a.e. s € (0, T'), Gronwall’s inequality implies that w = 0 a.e. in
£27. Finally, letting [ — 0 yields thatu — v < 0O a.e. in £27. U

Lemma 3.3. Let p > 2 and let f be locally Lipschitz. Let v € L°°(821) be a weak
supersolution to (1.1) and let u € L°°($27) be a weak subsolution to

Ou — Apu — f(Du) < =8 in 27
for some § > 0. Assume that for all (xo, tp) € 0,827

ess lim sup u(x, 1) < essliminf v(x, 7).
(x.1)— (x0.10) (x.1)— (x0.10)

Suppose also that Du € L*°(827). Then, u < v a.e. in 27.
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Proof. Letl > Oandsetw := (u —v —[)4. Letalso s € (0, T'). Repeating the first
step of the proof of Lemma 3.2, we arrive at the inequality

1f 2(x, ) d
— [ w(x,s)dx
2 Ja

5/ |f(Du)—f(Dv)|wdz—/ (|Du|l’*2 Du — |Dv|P~2 Dv)-Dwdz
£2

25
—f Swdz
25

=1 -D —/ Swdz. (3.10)
2

Moreover, we define the constants M and L, and the sets A and B, exactly in the same
way as in the proof of Lemma 3.2. Then, by (3.4), (3.5), (3.6) and Young’s inequality

h= [ Lipu-Duwdz+ [ 47@wi+ @0 wd:
A B
< / € |Du — Dv|? + C(e, L)wﬁ dz +/ 4Cy |Dv|? wdz
A B
< e/ \Du — Dv|? dz+e/ |Dv|? dz+C(6,p,,3,L,Cf)/ wrT
A B 25
+wiF dz. G.11)
Using the vector inequality
(|a|f’—2a — b2 b) a—b)>22"Pa—b", (.12)
which holds when p > 2 [19, p. 95], we get
bz ) [ 1Du= Dol dz+Cp) [ 1Du= Dol az.
A B
Furthermore, since in B it holds
1 p
|Du — Dv|? > (|Dv| — |Du|)? > (|DU| - EM) > C(p) |Dv|”,
we arrive at
I > C(p)/ |Du — Dv|? dZ—I—C(p)/ |Dv|P dz. (3.13)
A B

Combining (3.11) and (3.13) with (3.10), we get

1 2
—f wdx < (e — C(p)) /|Du—Dv|f’ dz~|—/ Dol dz
2 Jo A B

+/ C(e, p,B,L,Cy) (w% + wﬁ) —Swdz.
£2
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By taking small enough € = €(p), the above becomes
/ w2(x, s)dx < / C(p. B.L.Cy) (w% + wﬁ) —swdz.  (3.14)
2 £2

Observe that since w is bounded and %, # > 1, the integrand at the right-hand
side is bounded by some constant times w?. To argue this rigorously, we write down
the following algebraic fact.

If ap, §, y > 0 and o > 1, then there exists C (e, y, , ap) > 0 such that
ya® < 8a+ C(a, y, 8, ap)a’ forall a € [0, ap).

To see this, let first « < 2. Then, by Young’s inequality
)

2

l+aO3T"
<édéa+C(a,vy,3d, ao)az.

o

2 2
ya® =ya-a* ! < a¥<« + C(a, y, 8, ao)a(o‘_l)'m

If « > 2, then

ya® =ya® % . a* < yal*d®.

Applying the algebraic fact on (3.14), we get

/ w?(x,s)dx < C(p, B, L,Cy, 8, ||w||Loo)/ w? dz.
2 2

The conclusion now follows from Gronwall’s inequality and letting [ — 0. 0

Next, we use the previous comparison results to prove the comparison principle for
general continuous f.

Theorem 3.4. Let 1 < p < 00. Let u, v € L°°(827), respectively, be weak sub- and
supersolutions to (1.1) in 27. Assume that for all (xo, to) € 0,827

esslimsup u(x,t) < essliminf v(x,1).
(x,1)— (x0,10) (x,1)—>(x0,10)

Assume also that Du € L°°(27). Then, u < v a.e. in 7.
Proof. For § > 0, define

)
T—1/2

Us :=u —

Then, for any non-negative test function ¢ € C°(§27) we have by integration by parts

8
—ugawdz:/ —udip + ———— 0, pdz
/QT ' o T ™
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)
= —udip —p——+——dz
/m MY e

8
< | —udp—¢s_—dz
/QT ! 272

Since f is continuous, there is a locally Lipschitz continuous function fs such that
If = fsll Loomry < 4‘S—T (see, e.g., [21]). Then, since u is a weak subsolution, we have

/ —usdy9 + |Dus|P> Dus - Do — ofy(Dus) dz
7

dz

_ )
5/ ~udho +|Dul”? Du - Dy — @f (D) + ¢ 1 f = fll ity ~ 9377
7

)
< ——=pdz.
|,

Hence, us is a weak subsolution to

1)
Oius — Apus — fs(Dus) < ~i72 in 7.

Similarly, since v is a weak supersolution, we define

8

vs :=v+T_—t/2

and deduce that vg is a weak supersolution to
0ivs — Apvs — fs(Dvs) >0 in £27.

Now it follows from the comparison Lemmas 3.2 and 3.3 that us < vs a.e. in §27.
Thus,

28
u<v+

=< —— a..in 7.
T —1t/2

Letting 6 — O finishes the proof. O

Now that the comparison principle is proven, we are ready to show that weak
solutions are viscosity solutions. To state this part of the equivalence, we define the
lower semicontinuous regularization of a function u : £ — R by

ui(x,t) :=essliminfu(y, s) := lim essinf u.
(y,8)—>(x,1) R—0 Br(x)x(t—RP,t+RP)
The time scaling R? is technically convenient in Sect. 5. We have included it here for
notational consistency.

Theorem 3.5. Let 1 < p < o0. Letu € LZODOC(E) be a weak supersolution to (1.1) in

E for which u = u, almost everywhere in E. Then, u, is a viscosity supersolution to
(1.1)in &.
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Proof. Assume on the contrary that there is ¢ € C2(Z) touching u, from below at
(x0,t9) € &, Dp(x,t) # 0 for x # x¢ and

limsup (3,6 (x, 1) — App(x, 1) — f(D(x,1))) <O. (3.15)
(x,1)—(x0,10)
XF#X0

Denote Q, := B,(xg) x (to — r, ty + r). It follows from above that there are r > 0
and § > 0 such that

d¢p — App — f(D¢) < =5 in O\ {x = xo}. (3.16)

Indeed, otherwise there would be a sequence (x;, t,) — (xo, fo) such that x,, # xg
and

1
0 (xn, tn) — Ap(b(xn: th) — f(DP(xp, 1)) > _;7

but this contradicts (3.15). Using Gauss’s theorem and (3.16), we obtain for any non-
negative test function ¢ € C§°(Q,) that

fQ —¢d¢ + |D$IP2 D¢ - Dy — ¢f (D) dz

= lim ~¢d¢ + |DY|P? D$ - Dg — of (D) dz
p=0J0,\{lx—xol<p)
= lim ( 03¢ — 9 div(IDG|P > D¢) — of (D$) dz

P=0 " J 0, \{lx—xol<p}

to+r _
+/ / 0 1DGP~2 Dy T2 4 dr)
to—r J{lx—xol=p} P

= lim @ (az¢ —Apdp — f(D¢)) dz
P=0J 0 \{lx—x0l<p}

< f —d¢pdz.

Let/ := minap o, (usx — @) > 0 and set $ := ¢ + [. Then, by the above inequality, 5
is a weak subsolution to

b — Apd — f(DP) < =8 in Q,

and on 9, Q, it holds a =¢+1<¢+u,— ¢ = u,. Hence, Theorem 3.4 implies
that ¢ < u almost everywhere in Q,. By the definition of u., it follows that

¢~S < u, everywherein Q,, 3.17)

which is a contradiction since in particular 5 (x0, t9) = ¢ (x0, t0) + 1 > u.(xp, to)-

To see (3.17), fix (yo, so) € O, and let ¢ > 0. By continuity of $ and the definition
of uy, there is R > 0 such that

8(y. $) — B(yo, 50)| <& forall (y,s) € O
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and

|essinfu — ux(yo, s0)| <&,
Ok

where we denoted Q/R := Br(y0) x (so — R?, so + R?). In particular,

ux(yo, s0) = essinfu — &.
R

By the definition of essinf u, there is A C Q’R with |A| > 0O such that
Q%

essinfu +¢& > u(y,s) forall (y,s) € A.
Ok

Moreover, since 5 < u almost everywhere in Q,, we can take (y, s) € A such that

P(y.s) <u(y,s).
Now we have by the last three displays

s (y0.50) > essinfu — e > u(y,s) — 2& > ¢(y,s) — 2& > (yo, s0) — 3e.
0%

Since ¢ > 0 was arbitrary, this implies that u. (yo, so) > 5()’0, 50). O

4. Viscosity solutions are weak solutions

We show that bounded viscosity supersolutions to (1.1) are weak supersolutions
when 1 < p < oo and f € C(RY) satisfies the growth condition (G1). We use the
method developed in [11]. The method of [11] was previously applied to parabolic
equations in [24], but for radially symmetric solutions.

The idea is to approximate a viscosity supersolution u to (1.1) by the inf-convolution

. t — 2
ug(x,1):= inf _Ju(y,s)+ =y + 12 = sl ,
(v.5)e& q

gdq—1 2¢

where ¢ > 0 and ¢ > 2 is a fixed constant so large that p — 2 + Z—j >0.If u
is bounded, it is straightforward to show that the inf-convolution u, is a viscosity
supersolution in the smaller set

Ee={(x.1) € E: Byey(x) x (t —1(e), 1 +1()) € B},

where r(¢), t(¢) — 0 as ¢ — 0. Moreover, u, is semi-concave by definition and
therefore it has a second derivative almost everywhere. It follows from these pointwise
properties that u, is a weak supersolution to (1.1) in &,. Caccioppoli-type estimates
then imply that u, converges to u in a parabolic Sobolev space and consequently u is
a weak supersolution.
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The standard properties of the inf-convolution are postponed to the end of this
section. Instead, we begin by proving the key observation: that the inf-convolution
of a viscosity supersolution is a weak supersolution in the smaller set =,. When
p > 2, the idea is the following. Since u, is a viscosity supersolution to (1.1) that
is twice differentiable almost everywhere, it satisfies the equation pointwise almost
everywhere. Hence, we may multiply the equation by a non-negative test function ¢
and integrate over &, so that the integral will be non-negative. Then, we approximate
this expression through smooth functions u, ; defined via the standard mollification.
Since u, ; is smooth, we may integrate by parts to reach the weak formulation of
the equation, see (4.1). It then remains to let j — oo to conclude that u, is a weak
supersolution. The range 1 < p < 2 is more delicate because of the singularity of the
p-Laplace operator

2
Aput = | Dul P2 <Au L@ 2) (DzuDu, Du>> ,
|Du|

and therefore we consider the case p > 2 first.

Lemma4.1. Let p > 2. Let u be a bounded viscosity supersolution to (1.1) in &.
Then, u. is a weak supersolution to (1.1) in E,.

Proof. Fix a non-negative test function ¢ € Cgo(ES). By Remark 4.8, the function

90 0) = ue(r,1) = C(g.e,u) (132 +12)

is concave in &, and we can approximate it by smooth concave functions ¢; so that
(¢, ;. D$;, D*¢;) — (¢, 3¢, D¢, D>) a.e. in Z. We define

e, ;(x, 1) 1= i (x. 1) + C(q. &, u) <|x|2 T t2> .

Since u,,; is smooth and ¢ is compactly supported in E¢, we integrate by parts to get

) (p—2)
/ <p(3,u8,j — |Du8,j |p (Aus,j + —3 <D2u8,./ Du‘g’j, Dug,j))
Ee |Du€,j|
- f(Dua,j)> dz

gy

. -2
0due.; — g div <|Du5“/ K Dus,j> — of (Du. ;) dz

6]

€

-2
—tte,j0r9 + |Due ;|”"" Due,j - Do — ¢f (Du,, ;) dz. 4.1

I

This implies that

_ —2
liminff (p(&tu&j— | Du ;| 2(Aug’jjt@—)2<D2ug,jDu&j,Dug,j)>
j—o00 5, | '

| D, j
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—f(Dug’j)) dz
. -2
< lim | —ue o+ |Dus j|”7" Due,j - Do — of (Du, j) dz.

€

We intend to use Fatou’s lemma at the left-hand side and dominated convergence at
the right-hand side. Once we verify their assumptions, we arrive at the inequality

/:‘ ¢ (atug — Apus — f(Dus)) dz < /,, —Ug0rp
+|Dug|P~% Du - Dy — of (Du,) dz.

The left-hand side is non-negative since by Lemma 4.7 the inf-convolution u; is still
a viscosity supersolution in ;. Consequently u. is a weak supersolution in =, as
desired. It remains to justify our use of Fatou’s lemma and the dominated convergence
theorem. It follows from Remark 4.8 that |u8, ils |Orte, j| and }Du& j| are uniformly
bounded by some constant M > 0 in the support of ¢ with respect to j. This justifies
our use of the dominated convergence theorem. Observe then that since ¢; is concave,
we have Dzu&j < C(q,¢&,u)l. Hence,

-2 (r-2
dyute.j — | Duc ;| (Aug,,- + |D—<D2u&j0u8,j, Dug,,-)) — f(Du,. ;)

2
e j |

>—M —C(q, &, u)MP™2 (N + p —2) — sup |f(&)].
El<M

The integrand at the left-hand side of (4.1) is therefore bounded from below with
respect to j, justifying our use of Fatou’s lemma. 0

Next, we consider the singular case 1| < p < 2. We cannot directly repeat the previ-
ous proof because A ,u, no longer has a clear meaning at the points where Du, = 0.
To deal with this, we consider the regularized terms

A, su: <8+|Du|2),%2 <Au+ P=2 4 u) 4.2)
su = _— s .
r 5+ Dul? ™

where Ao = (D?uDu, Du).

Lemmad4.2. Let | < p < 2. Let u be a bounded viscosity supersolution to (1.1) in
E. Then, u. is a weak supersolution to (1.1) in E.

Proof. (Step1) Letp € Cgo(Eg) be a non-negative test function. We set
D, 1) = up(x,0) = Clg.eow) (1312 + 7)),

where C (g, €, u) is the semi-concavity constant of u, in Z,. Then, by Remark 4.8 we
can approximate ¢ by smooth concave functions ¢; so that (qu, 0,9, Do;, D?¢ j) —
(¢, 3¢, D, D>) a.e.in Z;. We define

e ;(x, 1) 1= ¢ (x. 1) + C(q. &, u) (|x|2 +t2) .
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Letd € (0, 1). Since u,_ ; is smooth and ¢ is compactly supported in Z¢, we calculate
via integration by parts

0T p—2
/ <p<a,u8h,~ — (84 Duc ;) (Aug,j + 724\00”8,.,) - f(Dug,j)) dz
Ee 8+ | Duy |

=2
. 2
= /H Porug j — @ div <<8+ |Dug ;| ) 2 Dugj> — of (Dug_j)dz

:/ﬁ _ug]a,(p+(s+|0ugj| ) 7 Dug j - Do — ¢f (Dug ;) dz.
e

Recalling the shorthand A, 5 defined in (4.2), we deduce from the above that

J—>00

li_m inf /H © (3tu£’j — A[)’(Sua"j — f(Dus,j)) dz

p—2

< lim —ugJB,(p+<8+’Dugj|> 7 Dus ;- Dp— of (Dusj)dz. (4.3)

j—>oo )z,

We use Fatou’s lemma at the left-hand side and the dominated convergence at the right-
hand side. Once we verify their assumptions, we arrive at the auxiliary inequality

¢ (atus — Apsue — f(Dus))

&

S

p=2
< [ —wdg+ (5+1D0P) T DDy - ofDudz @)
Next, we verify the assumptions of Fatou’s lemma and the dominated convergence
theorem. By Remark 4.8, the functions
bounded by some constant M > 1 in the support of ¢ with respect to j. Hence,
the assumptions of the dominated convergence theorem are satisfied. Observe then
that the concavity of ¢ ; implies that D%u e,j < C(q, &, u)l. Thus, the integrand at the
left-hand side of (4.3) has a lower bound independent of j when Du, ; = 0. When
Du, j # 0, we have

p=2
N —2
atux,j - ((S + |Du£,j| > ’ <Au£,j + (S]|)D7| oo’/ﬂs,j) - f(DMg,j)
+ Ug, j

p=2
(5+ Ducyl*) ?

2
= O, j — —2(|Dug,j|2 ( U j + 7Aooug,j) +8Au5,_,‘>
8+ |Due | | Due [
_f(Dus,j)
N
(+ [Duci[*) ,
= ~thite,j — ~————tr—C(q. &) (|Ducj [P N+ p =2 +N) = f(Duc,j)

S+ }Dus,]‘|2
N
> —dytte,; — C(q.,u) (6 +[Due ) T @N +p=2) = f(Due )

>—M—Clg.e.u)s'T (2N+17 2) — sup [f(E)I,

[El=M



Equivalence of viscosity and weak solutions

so that our use of Fatou’s lemma is justified.

(Step 2) We let § — 0 in the auxiliary inequality (4.4). Since u, is Lipschitz contin-
uous, the dominated convergence theorem implies

1i§11_)i(1)1f/ﬁ () (atua — Apsue — f(D”s))

= / —usd,9 + |Duc|P~* Du, - Do — ¢f (Duy) dz. 4.5)

&

Applying Fatou’s lemma (we verify assumptions at the end), we get
ligni(r)lf/ @ (dus — Apsus — f(Dug)) d

> / liminf ¢ (0;us — Apsus — f(Dug)) dz
5—0

Ze

= / lim inf ¢ (8,145 — Apsue — f(Dug)) dz
FeN{Du#0}

§—0

+ f liminf @ (0;u, — st Aus f(0))dz
E:N{Du.=0}

5—0

= / (atug —Apue — f(Dug)) d
E:N{Du,#0}

+ @ (iue — f(0)) dz > 0, (4.6)
EeN{Du,=0}

where the last inequality follows from Lemma 4.7 since u. is twice differentiable
almost everywhere. Combining (4.5) and (4.6), we find that u, is a weak supersolution
in &,. It remains to verify the assumptions of Fatou’s lemma, i.e., that the integrand
at the left-hand side of (4.5) has a lower bound independent of §. When Du, = 0, this
follows directly from the inequality

—1 =2
D2u, < qT | Du |71 1,

which holds by Lemma 4.6. When Du, # 0, we recall that by Lipschitz continuity
d;us and Du, are uniformly bounded in Z, and estimate

p—2 p_2
— (6 4+ |Du 2)2 (Au + — A u)
(5+ 1D DAt

p=2
(8 + |Du,*) 2 ( 2( p—2 ) )
=~ 7 |1Du | Aue + —= Asou, ) + SAu
8+|Du5|2 | 8| £ |Du8|2 oote &

(34 1Duc?) = (g—1
8 + | Dug|? €

q—2
<|D TN 4 p—2) + [ Dug azv)

v

—(8+|Du5|2) - )|D JET QN+ p—2)
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Z_|D |p 2+7(q )(ZN-‘r 2)
&
—2+05 (g = 1)
>~ IDu Nz = N+ p =),

where we used that p —2 + Z%% > (. Hence, the assumptions of Fatou’s lemma hold.
O

If u, is the sequence of inf-convolutions of a viscosity supersolution to (1.1), then
by next Caccioppoli’s inequality the sequence Du, converges weakly in L o (&) up
to a subsequence. However, we need stronger convergence to pass to the 11m1t under
the integral sign of

ﬁ —ued;¢ + |Dug|”~? Du, - Do — ¢f (Dug)dz > 0.

For this end, we show in Lemma 4.4 that Du, convergesin L; (&) foralll <r < p.

Lemma 4.3. (Caccioppoli’s inequality) Let 1 < p < oo. Assume that u is a locally
Lipschitz continuous weak supersolution to (1.1) in E. Then, there is a constant C =
C(p, B, Cy) such that for any test function & € C°(Z) we have

/ £P |Du|P dz < c/ M23,EP + MP | DE|P + (M7F + M)EP dz,

where M = [[u| ;oo (spt &)-

Proof. Since u is locally Lipschitz continuous, the function ¢ := (M — u) 7 is an
admissible test function. Testing the weak formulation of (1.1) with ¢ yields

/"51’ |[Dul? dz 5/,. uo; @ +p$p71(M —u) |Du|I’71 |DE| 4+ @f (Du)dz. (4.7)

&

We have by integration by parts

/ udrpdz = / —&EPudu +u(M — u)o,E7 dz

1
- f _Egl’aﬂﬁ +u(M — u)d,EP dz

1
51428;";‘1’ +u(M —u)d,EPdz < / CM?3,£7 dz.

By Young’s inequality,

1
[Lper=tn —uw1pupt 1Dl 4z < [ L6 1Dul dz+ Cp) [ w7 DEI?

=



Equivalence of viscosity and weak solutions
Using the growth condition (G1) and Young’s inequality, we get
/: ¢f (Du)dz
<

(M —u)£PCy (1 + |Dul?) dz

Cr(M —u)eP PP |DulP + Cp(M — u)&P dz

IA

I

1 P
Zg” [Dul? + C(p, B, Cf) (M —u)? P EP +Cr (M —u)£P dz

IA

i s
Z&7 1Dul” +C(p.B.Cp) (Mpfﬁ + M) £P dz.

m

Combining these estimates with (4.7) and absorbing the terms with Du to the left-hand
side yields the desired inequality. 0

The proof of Lemma 4.4 is based on that of Lemma 5 in [20], see also Theorem 5.3
in [15]. For the convenience of the reader, we give the full details.

Lemma 4.4. Let 1 < p < oo. Suppose that (uj) is a sequence of locally Lipschitz

continuous weak supersolutions to (1.1) such that u; — u in LIIZ)C(E). Then, (Duj)

r

is a Cauchy sequence in Lj, .

(&) forany 1l <r < p.

Proof. Let U € E and take a cutoff function 6 € Cgo (Z)suchthat) <6 <1 and
6 =1inU.Foré > 0, we set

S, uj —ug > 8,
wik = quj —uk,  |uj—ug| <8,
-3, uj —up < —0.

Then, the function (§ — w ;)0 is an admissible test function with a time derivative
since it is Lipschitz continuous. Since u; is a weak supersolution, testing the weak
formulation of (1.1) with (§ — w ;)@ yields

0< L —u;3i((8 — w;)0) + | Duj|” 7> Duj - D(G — wj)B) — (6 — wjp)6f (Duj)dz

-2 -2
=L—9|Duj|P Duj-Dwji + (8 —wj) |Du;|”" Duj - DO — (8 — wjn)0f (Du;)

+ ujat (w‘,‘k)e — (6 - wjk)uja,e dz.

Since |wjk] <dand Dwj; = X{|uj—u| <5} (Duj — Duk), the above becomes

/ 6 |Duj|”> Du; - (Duj — Duy) dz
{fuj—ur] <8}

< ﬁzs |Duj|"~" DO + 266 | f(Du )|+ ujd ()6 + 28 uj| 18,61 dz.
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Since uy is a weak supersolution, the same arguments as above but testing this time
with (§ + w )0 yield the analogous estimate

/ —0 | Dug|P~? Duy - (Duj — Duk) dz
{luj—ur| <8}

< / 28 | Duy|P~ DO 4 286 | f(Duy)| — uxd; (k) 0 + 28 |ug| 19,60] dz.
Summing up these two inequalities, we arrive at

/ 0 (\Du,-|”*2 Duj — |Dug|"~* Duk) - (Duj — Duy) dz
{luj—ur| <8}

528/H|D9|<|Duj|P—1+|Duk|P—1) dz+25f 0 (| f(Duj)| +1f(Dux)l) dz

=
G

+[H(u,~—uk)at (wjk)Gdz—i-ZS/ (Juj] + luxl) 10:0] dz

=

=L+ DL+ 51+ 1. 4.8)

We proceed to estimate these integrals. Denoting M := sup; Hu j H Loospro) < 09 We
have by the Caccioppoli’s inequality Lemma 4.3

sup/ |Duj|” dz < C(p, B, Cy. 0, M). 4.9)
j Jspto
The estimate (4.9) and Holder’s inequality imply that
I} <8C(p,B,Cyr,0,M).
To estimate I, we also use the growth condition (G1) and the assumption § < p. We
get
b 225 [ 0C,@+ Dyl + 1Dusl?)dz = 5C(p. 5. C.0. M.

The integral /3 is estimated using integration by parts and that ]w jk} <$

1 1
13 :/;9(141 —uk)B, (w]k) dZ :/ EQGIW?de :/ —zll)?kafe dz < SC(O,M)

= = =

For the last integral, we have directly 14 < §C (6, M). Combining these estimates with
(4.8), we arrive at

/ % <|Duj|p_2 Duj — |Duk|p_2 Duk> . (Duj — Duk) dz < 4Cy,
{luj—ui| <8}
(4.10)

where Co = C(p, B,Cr,0,M).1If 1 < p < 2, Holder’s inequality and the algebraic
inequality (3.8) give the estimate (recall that | <» < pandf = 1in U)

[ |Du,~—Duk|r dz
Uﬂ{|uj—uk|<3} ’



Equivalence of viscosity and weak solutions

2 b= -
< (/ (14 [Duj|* + 1w 2) ™ dz>
Uﬁ{|uj—uk|<6}

(/ IDuj—Duk|2 dz>2
. -
Ul el <0} (1 +|Du; P + |Duk|2>Tp

=C(p.B.1r.Cy.0,M)

2
. (f % <|Duj|p_2 Duj — |Dl/tk|p_2 Duk> . (Duj - Duk) dz) ,
(sl <)

where in the last inequality we also used (4.9) with the knowledge % < %_pp) =

p-
If p > 2, Holder’s inequality and the algebraic inequality (3.12) imply

/ ‘Duj—Duk‘r dz
UN{|uj—ug|<8}

p=r

5(/ 1dz> ’ (/ |Du;j — D" dz)p
g Uﬂ{|uj7uk|<5}
5

<C(p, r)(/ (2 (}Du_,-|'"72 Duj — |Duk|p72 Duk) . (Du_/ - Duk) dz) .
{luej—uic| <8}

Hence, (4.10) leads to
/ |Duj — Duy|” dz < 677 C(p, B, 7, C;, 0, M).
Uﬁ{|u]—uk|<8}

On the other hand, Holder’s and Tchebysheff’s inequalities with (4.9) imply

/ |Du; — Dui|” dz
Un{Juj—ue|=3)

<o flu; —ul =8} 7 ([

<8P ||luj — uy U{;{U) C(p,B,r,Cr,0, M).

b \7
|Duj — Duy|” dz
Offuj—ux |26}

So we arrive at
/ |Du; — Duy|” dz < (STmED 4 5P e — wr| f;(’U))C(p, B,r.Cr,0,M).
U
Taking first small § > 0 and then large j, k, we can make the right-hand side arbitrarily

small. O

Now we are ready to prove the main result of this section which states that bounded
viscosity supersolutions are weak supersolutions.

Theorem 4.5. Let 1 < p < 00. Let u be a bounded viscosity supersolution to (1.1)
in E. Then, u is a weak supersolution to (1.1) in &.
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Proof. Fix a non-negative test function ¢ € C{°(Z) and take an open cylinder
$2t,.r, € & such that spto € §2; . Let & > 0 be so small that £, ;, € 5. Then,
Lemma 4.2 implies that u, is a weak supersolution to (1.1) in &,. Therefore, by the
Caccioppoli’s inequality Lemma 4.3, Du, is bounded in L?(§2;, ,). Hence, Du, con-
verges weakly in L? (£2;, ;,) up to a subsequence. Since also u, — u in L?(§2;, ;,) by
dominated convergence and the fact that u, — u pointwise in £2;, ,,, it follows that
ue LP(ty, th; WhP(2)).
Since u, is a weak supersolution, it remains to show that up to a subsequence

lim Ug0rp + |Du8|1’*2 Du, - Dpdz = / udrp + |Du|1’72 Du - Dpdz
e—~0 Qtl,tz Qtl,tz
4.11)
and
lim ¢f (Dug)dz = / of (Du) dz. 4.12)
&> 'Qtl,tz 'Qtl,tz

Since uy — u in LP(82 1) and Dug, — Du in L" (824 4,) for any 1 <r < p by
Lemma 4.4, the claim (4.11) follows by applying the vector inequality (see [19, pp.
95-96])
227Pla — p|P~1 h 2,
‘|a|1’720_|b|p72b‘§ 1 la 2| , when p <
271 (lalP* +1b|P"*) la —b|  when p > 2.
To show (4.12), let M > 1 and write using the growth condition (G1)

fﬂ |/ (Due) — f(Du)| dz

1.0
5/ £ (Due) — f(Dw)| dz~|—/ 7@+ |Dugl? + |Dulf) dz
{[Duc|<M} {|Duc|>M}
=L+ D.
Then, by Holder’s inequality

h_c / 2|Dugl?  |DuglP  |Dul? |Du,|P~#
y =
4 {IDus =M} | Due|? |Dug|P~F |Du|P—F

<o L N iDudll g+ Cp DUl DU
AT T ellLr (1) I =8 LP(2.10) ellLr(2,.1,)

1
=< WP C(p,B,Cy, ||DMHLW(:2,1,,2) s SI;P ”DMSHLF(Q,HZ))-

On the other hand, we have |f(Dug) — f(Du)| — 0 a.e. in §2; ;, up to a subse-
quence and the integrand in /1 is dominated by an integrable function since the growth
condition (G1) implies

|f(Dug) — f(Du)| < Cy2+ |M|P + |DulP) when |Du.| < M.
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Hence, for any M > 1, we have I1 — 0 as ¢ — 0 by the dominated convergence
theorem. By taking first large M > 1 and then small ¢ > 0, we can make I + I»
arbitrarily small. g

The rest of this section is devoted to the properties of the inf-convolution. The facts
in the following lemma are well known, see, e.g., [6,11,14] or [24].

Lemma 4.6. Assume that u : & — R is lower semicontinuous and bounded. Then,
ug has the following properties.
(i) We have u, <uin & and uy — u pointwise as ¢ — 0.
(ii) Denote r(e) := (qe?~ ' oscz uﬁ ,t(e) == (2e0scz u)?. For (x,1) € RNF,
set

e ={(x,1) € 8 : Bypy(x) x (1 —1(e), 1 +1(8)) € B}.
Then, for any (x,t) € E; there exists (x¢,t.) € E,(g) (x) x [t —t(e),t+1(e)]
such that

lx —xel |t =t

|2
qed—! 2

ue(x, 1) = ulxe, te) +

(iii) The function u, is semi-concave in =, with a semi-concavity constant depending
only onu, q and ¢.

(iv) Assume that u, is differentiable in time and twice differentiable in space at
(x,1) € E¢. Then,

t—t,
Orue(x, 1) = ,
&

|x — xe]972

Dug(x, 1) = (x — x¢) —
g4

—1 q=2
D (x, 1) < L== | Du | 1.
£

Next, we show that the inf-convolution of a viscosity supersolution to (1.1) is still
a supersolution in the smaller set =,. Since the inf-convolution is “flat enough,” that
is, since ¢ > p/(p — 1), the inf-convolution essentially cancels the singularity of the
p-Laplace operator. This allows us to extract information on the time derivative at
those points of differentiability where Du, vanishes.

Lemma 4.7. Let 1 < p < oo. Let u be a bounded viscosity supersolution to (1.1) in
E. Then, the inf-convolution u. is also a viscosity supersolution to (1.1) in E.

Moreover, if u. is differentiable in time and twice differentiable in space at (x,t) €
E¢ and Dug(x,t) = 0, then d;us(x,t) — f(0) > 0.
Proof. Assume that ¢ touches u, from below at (x, t) € &,. Let (x., ) be like in the
property (ii) of Lemma 4.6. Then,

el el

qgei—! 2¢

O(x, 1) =ug(x,t) = ulxe, te) + (4.13)

bl
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— |4 r—sl?
ly Z1| + | S| for all (v, 7), (z,5) € Z.
qel— 2¢e

(4.14)

0y, T) Sue(y, 7) <u(z,s) +

Set

e —xel? It =l

V(z,s) =¢@+x—xe,s+1—1) — =
qed 2¢e

Then, ¥ touches u from below at (x,, t) since by (4.13)

o —xelt 1o
V(e o) =g(r 1) = = o = — e = e k)

and selecting (y, 7) = (z +x — x, s +1 — 1) in (4.14) gives

lx — x| |t — 1]
Y(z,8) =@z +x —xe, 8 +1—1) — — — <u(z,s).
qed 2¢e

Since u is a viscosity supersolution, it follows that

0< limsup (99 (z,5) — Ap¥(z,5) — f(DY(z,5)))
(2,5)—> (Xe,1e)

= limsup (02, 5) — App(z.5) — f(D(z,5))).

(z,8)—(x,1)
IF#X
and the first claim is proven. To prove the second claim, assume that u,, is differentiable
in time and twice differentiable in space at (x,7) € Z, and Du.(x,t) = 0. By the
property (iv) in Lemma 4.6, we have x = x,, so that

It — 1,2
ug(x, 1) =u(x,t) + .
2¢e
Hence, by the definition of inf-convolution
_ vlg t — 2 r—t 2
uros)+ 2 s o = + o pora s e .
qed~ 2¢

Arranging the terms as

) > e py = X s el
u(y,s) = u(x, — - = »8)s
Y ¢ qed—! 2¢ 2¢ Y

we see that the function ¢ touches u from below at (x, z;). Since u is a viscosity
supersolution and D¢ (y, s) # 0 when y # x, we have

limsup (3¢ (y,5) — Apd(y,5) — f(DP(y,s))) > 0.

(v,8)—> (x,2e)
y#X
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On the other hand, since ¢ > p/(p — 1), we have A,¢(y,s) — Oas y — x. Hence,
we get
t—t,

0<dpx, 1) — f(0) = - — f0) = due(x, 1) — f(0),

where the last equality follows from the property (iv) in Lemma 4.6. g

Remark 4.8. Semi-concavity implies that the inf-convolution u, is locally Lipschitz
in E; (see [8, p. 267]). Therefore, u, is differentiable almost everywhere in =,
dug € LY (Eg)andug, € L*(ty, 1o; WL (2)) for any £2;, 1, € & (see [8, p. 266]).

Moreover, since the function ¢ (x, ) := us (x, 1)—C(q, &, u)(|x|>+|t|?) is concave,
Alexandrov’s theorem implies that u, is twice differentiable almost everywhere in =Z.
Furthermore, the proof of Alexandrov’s theorem in [8, p. 273] establishes that if ¢; is

the standard mollification of ¢, then D¢ i = D2 almost everywhere in Z,.

5. Lower semicontinuity of supersolutions

We show the lower semicontinuity of weak supersolutions when p > 2 and the
function f € C(RV) satisfies that £(0) = 0 as well as the stronger growth condition

F@l=cr(1+1gr). (G2)

Our proof follows the method of Kuusi [17], but the first-order term causes some
modifications. In particular, our essential supremum estimate is slightly different, see
Theorem 5.3 and the brief discussion before it. The assumption f(0) = O is used to
ensure that the positive part u4 of a subsolution is still a subsolution.

We begin by proving estimates for the essential supremum of a subsolution using
Moser’s iteration technique. We first need the following Caccioppoli’s inequalities.

Lemma 5.1. (Caccioppoli’sinequalities) Assume that p > 2 and that (G2) holds. Sup-
pose that u is a non-negative weak subsolutionto (1.1) in §2;, 1, andu € Lp—1tA (£24,.1)
forsome A > 1. Then, there exists a constant C = C(p, Cy) that satisfies the estimates
ess sup/ u ™ (x, )P (x, ) dx
n<t<ty J 2
< c/ AP~ DI w8, e (uA + uP*IH) P dz
Qtl.tz

and

J.

=< C/ )LPMP*1+)» |D§|P +)Lpflu1+)» ENd é—P*l L AP (u)» + up71+)») g.p dz
'Qtl,tz

for all non-negative ¢ € C*®°(§2 x [t1, t3]) such that spt { (-, t) € 2 and {(x, ;) = 0.

p
dz

p—1+xr

D » ¢)

1.1y

Proof. We test the regularized equation in Lemma (3.1) with ¢ := min(u€, k)1
u€¢Pn, where 1 is the following cutoff function
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0, t € (t1,s —h),

(t —s+h)/2h, tels—nh,s+h],
n() =11, te(s+h,t—h),

(=t+t+4+h)/2h, te€[t—h,Tt+h],

0, te(t+h,n),

andt) <s <t <tr,h >0.Wedenote g(l) := fé min(r, k)*~'r dr. Then, integration
by parts and Lebesgue’s differentiation theorem yield for a.e. s, T € (t1, t2)

/ 9 (u€) min(u, b)*'ucPndz
2,

15

= / 3 g )cPndz

911 1

= [ —ngu)d;(¢?) —¢Pgu)dmdz

9[1.[2
_, / g (w3, (c”) dz - / £P(x, $)g(u(x, ) dx
e—0,h—0 o Q

+/ ¢P(x, T)gu(x, 7)) dx.
2

Letting s — #; and observing that the other terms of (3.1) converge as well, we obtain
fora.e. T € (11, 1) that

/g(u(x,r))g"’(x,r)dx
2
< / g3, () — |Dul?~2 Du - D}~ ug?) + ul"'ug? f(Du) dz,
QII.T

where we have denoted u; := min(u, k). Since
Duy™" = Xpuery(h — Du* > Du,

we have by Young’s inequality

—1Dul?™? Du- D@~ ug?) = = (= Dttt ™" + ") 1Dul?

+ pe? " uy u | DulP | De|
< ¢l IDul? + Cpyut ™ D

Moreover, by the growth condition (G2) and Young’s inequality

uz_lu{pf(Du) < Cf{puz_lu + Cfgpu,’:_lu | Du|P~!

1
< CpgPut ™+ C(p, CePul ™ 4 2P | Dul”
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Collecting the estimates, moving the terms with Du to the left-hand side and letting
k — oo, we arrive at

1
A_I/ qu;/’(x,t)dx—i-/ Z{"’uk_l |Du|? dz
2 1.t

1s
< C(p, cf)/g AN 3P| 4w D 4 P @A uP T dz,
.t
(5.1)

Since the integrals are positive, this yields the first inequality of the lemma by taking
essential supremum over t. The second inequality follows from (5.1) by using that

J.

We first prove the following essential supremum estimate where we assume that the
subsolution is bounded away from zero.

p—1+1 |P

D@ »r )

dz < C(p)/ uP=" M\ De P + AP cPu* Y | Dul? dz.
2,

1.0 1.1y

] 0

Lemma 5.2. Assume that p > 2 and that (G2) holds. Suppose that u is a weak
subsolution to (1.1) in E and Bgr(xg) x (to — T, t9) € E where R, T < 1 are such
that

RP RP\ 71
— <land u>\|— . 5.2)
T T

Then, there exists a constant C(N, p, Cy) such that

T 1/8
ess sup u<cC (—(1 —0)_N_1’][ ub=+e dz)
B(,R(XO)X(,O,UPTJO) RP Bpr(x0)x(to—T,t9)

foreveryl/2 <o <landl <6 < 2.

Proof. LetoR <s <S < R.Forje0,1,2,..., weset
Rj:==S—(S—s)(1—-27)
and
Uj = Bj x I'j := Bg,;(x0) x (to — (R; /ST, t9).
We choose test functions ¢; € COO(Fj) such that sptg; (-, 1) € Bg; (x0),
0<g¢; <1, ¢9j=00n0,U;, ¢; =1inU;

and
R? C

[P———
- T (S—s)P

c .
Qj| = 27, |019;
|Dgj| = <27, Ja
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Wesety :=1+4 p/N and
Aji=2p0 —1,j=0,1,2,....

Assuming that we already know that u € LP~1+% (U i), then we have by a parabolic
Sobolev’s inequality (see [7, p7])

Kp
/ u"“dzf/ (u“/”wf/p> dz
Uit U;

J

p/N
P (k=N
SC(N’P)/ ‘D(Ma/pfﬂf/p)‘ dz esssup/ (u"‘/P(pf/”) dx 7
U.f Fj B_,-
(5.3)
where
14+ A; — 14X
w=p-1tij k=14 PLEXD g P A
N(p—1+2)) 142

The first estimate in Lemma 5.1 gives

(k—1)N
ess sup/ (u"‘”’gpf“’) dx =ess sup/ ulﬂ-"gof dx
B;j B

Iy I j

< C)\.j/ uP=1+%; |D¢j|p 4oyl }3t§0j|<pf_l + (ux, _I_up—lﬂj) ‘Pf dz.
j

(5.4)

Using the second estimate with ¢ = go’.s p

;T we obtain

/ ‘D(ua/p(p/?/P)‘p dz
J
Uj

< cx;’/ uP = | Doy [” T (o o+ (T ) o dz.
Uj

(5.5)

Combining (5.3) with (5.4) and (5.5), we arrive at

1
Y Jp Poip
/ u“dz ] < C)»I?/ L uP= i 4 R w4t dz,
Uy oy =57 T(S =57
5.6)

where y = 1 4+ p/N. We wish to iterate this inequality, but having multiple terms at
the right-hand side is a problem. This is where the assumption (5.2) comes into play.
Since u > (R?/T)/P~D we have

—1

_ p=1
1\? T \rt 1
u}.j N up—1+)uj < (= up—l-l—).j < up—l-i-).j
u R?P (S —s)P
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and since T/R? > 1, we have also

2 p=2
1\? T\ p1 T
M1+Aj N up—l-l—)»j < up—l-i—)»j < Mp—l-l—)xj.
u RP RP

Using these estimates it follows from (5.6) that
7 CcAP2ip
/ u*dz) < f—/ uP =14 dz. (5.7)
Ujt1 (S - S)p U;

ke =p—1+r;1+p/N)+p/N=p—1+xj41.

Observe that

Hence, by denoting Y := C(S — s5) ™7, the inequality (5.7) becomes

v
/ ub= 1 ivraz ] < y@y)? / uP= 1% g4z
U'+l U;

J J

We iterate this inequality. When j = 0, it reads as

(/ MP—1+)»1 dZ)y < y/ u[?dz.
U Uo

Then, when j = 1, we have

1

1

2
(/ ubP— 1+ dz) e (/ uP =1 dz) Tyt / u dz.
Us Ui o

Continuing this way, we arrive at
1
v+ R lyzy 4+ 4
/ Wiz ) <y T )P f u dz
Uj+i Uo
N
N
<cyr? / uP dz,
Uo

so that

Jj+l1

1
]771+}»J-+| N p—VT
. N +1
/ uP~1hivt dg < (CYI’+1/ u? dz) L
Ujt1 Uo

J

Since y/ 1 /(p — 1 +Xjy1) =~ 1/2and p — 14 A1 — oo as j — oo, we obtain
that

172
esssupu < C ((S - s)_N_”/ u? dz) ,
0(s) o(5)
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where Q(s) = B(xg,s) X (to — (s/S)PT, tp). By Young’s inequality, we have for
every 1 < § < 2 that

1/2
esssupu < | esssup uz_‘s(S — S)—N—P / up—2+6 dz
0(s) Q(S) 0(S)

IA

1 1/8
—esssupu + <(S —5) N-p / ub=+s dz) . (5.8
2 o) Br(x0)x (19—T.1o)

A standard iteration argument such as [9, Lemma 1.1] now finishes the proof. Indeed,
if f : [Tp, T1] — Ris anon-negative bounded function such thatall 7p <t <t < T}
satisfy

f@) <0f(@)+ (r —1)7"A, 5.9)
where A, 0, n > 0 with 6 < 1, then
f(To) < C(n, 6)(T1 — Tp) "A.

Selecting Tp := o R, T1 := (6 R + R) /2 and the other variables so that (5.8) implies
(5.9), we get the desired estimate. [l

Next, we consider the case where the non-negative subsolution is not necessarily
bounded away from zero. Observe that the estimate differs from the usual estimate for
the p-Laplacian because of the power 1/(p — 1) in the first term (cf. [7, Theorem 4.1]
or [17, Theorem 3.4]). However, we have the additional assumption (5.10).

Theorem 5.3. Assume that p > 2 and that (G2) holds. Suppose that u is a non-
negative weak subsolutionto (1.1)in Z and Br(xo) X (to—T,t9) €@ EwithR, T < 1
such that

o<1 (5.10)

Then, there exists a constant C = C(N, p, Cy, §) such that we have the estimate

ess sup u
B(xo,R/2)x(to—T/27,19)
1

1 5—1
RP\ 715 T [ 3
<cC (—) ' e (—][ ][ uP=2+ dx dt)
T RP Jio—1J B (x0)
foralll <§ < 2.

Proof. We denote

1

RP p—1
A= (1 _0)—N—p’ 6 := (7)1 .
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Using Lemma 5.2 on the subsolution v := 6 + u, we get the estimate

T

1

5
_p (0+u)p72+5 dZ)
RP J B (x0)x (10T, 10)

ess sup u<cC <A
By R(xg)x (19— P 1)

1

CA?s <10p2+5)5
RP

IA

1

_i_CAé (i up—2+8 dZ)B 7

RP ][BR(XO)X(I()—TJO)
where

5—1

1 .
T gp-24s _ pl-B22 pops 2D (Tl—aRp(s—n)ﬁ _ <R_p>”"

R? T
Taking o = 1/2 now yields the desired inequality. g

Lemma 5.4. Assume that p > 2 and that f(0) = 0. Let u be a weak subsolution to
(1.1) in §24, 1,. Then, uy = max(u, 0) is also a weak subsolution.

Proof. Fix a non-negative test function ¢ € C{°(£2; 1,). We test the regularized
equation in Lemma 3.1 with min {k(u€)y, 1} ¢. Then, by similar arguments as in the
proof of Lemma 5.1 we get the estimate

/ min {kuy, 1} (—ud;¢ + |Du|P~2 Du - D¢ — ¢ f(Du))dz
2

1.

1
<-—— (min {ku, 1})? 3¢ dz—k/ ¢ |Du|P dz.
2k Jey, {0<ku<l1}

Letting k — oo this implies
f —ud; ¢ + |Dul’~> Du - Dt — ¢ f(Du)dz < 0.
{u>0}
Since f(0) =0and u40; =0 = Duy a.e. in {u < 0}, we get that

/ —u+3t§ + |DM+|p_2 Du+ . Dc — é'f(lei_g_) dz < 0.
£2

11,12
] d
Theorem 5.5. Assume that p > 2, (G2) holds and that f(0) = 0. Suppose that

u is a weak supersolution to (1.1) in E. Let u, denote the lower semicontinuous
regularization of u, that is,

ui(x,t) :=essliminfu(y, s) := lim essinf u.
(y,8)—(x,1) R—0 Br(x)x(t—RP,t+RP)

Then, u = u, almost everywhere.
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Proof. For all M € N, we define the cylinders
OM(x,1) ;== Br(x) x (t — MR”,t + MRP).

We denote by Ej; the set of Lebesgue points with respect to the basis {Q%’ }, that is,

Ey:={(x,t) e E: lim lu(x,t) — u(y,s)|p_% dyds =0¢.
R—0, Q%I()c,t)

Then, Ey C Ep41 so that
E:= () En=E.
MeN

Moreover, we have |E| = | &, which follows from [26, p. 13] by a simple argument,
see for example [8, p. 54].
We now claim that if (xg, fp) € E, then

u(xp, to) < essliminf u(x,1). (5.11)
(x,1)—(x0,10)

‘We make the counter assumption

u(xg, to) — essliminf u(x,t) =¢ > 0.
(x,1)—(x0.10)

Let Rg be a radius such that

essliminf u(x,t) — essinf u| <eg/2
(x,1)=>(x0,10) Ok (x0.10)
forall 0 < R < Ry. For such R, we have
u(xo, to) — essinf u > /2. (5.12)

0k (xo0.10)

We set v := (u(xg, tp) — u)+. Since (xo, fo) € E, we find for any M € N a radius
R; = R{(M) such that

1 2
][ vp_%dxdt 5][ |u(x0,t0)—u|”_% dxdr < (—) . (5.13)
oY (x0.10) oY (x0.10) M

On the other hand, by Lemma 5.4 the function v is a weak subsolution to
v+ Apy —g(Dv) <0,

where g(§) = — f(—£&). Observe also that the cylinder Q%’l (x0, tp) satisfies the con-
dition (5.10) since R} /(M RY) < 1. Hence, we may apply Theorem 5.3 with § = 3/2
and then use (5.13) to get

1 2
ess su Rf )\ RYM p—3 ’
p v<C 5 +C 5 vP7 2 dx dt
Rl M Rl Q%’l (x0,t0)

Q?/[Iel)/z(XOatO)
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C clum 1\3
woen TC\Map
1\7
c (_) |
M
Now we first fix M so large that C/M% < ¢/4 and this will also fix Rj. Then, we

take R € (0, Rg] so small that Q}e(xo, ty) C Q%l)/z(xo, to). Then, (5.12) leads to a
contradiction since

IA

g/4> esssup v > esssup v > u(xp,fp) — elssinf u>e/2.
Ok p(0i0)  QR(xo.10) Qg (x0.10)

Hence, (5.11) holds and we have

u(xp, to) < essliminf u(x,t) < lim u(x,t)dx dr = u(xo, ty).
(x,1)—(x0,10) R—0 ol

Thus, u, = u almost everywhere and it is easy to show that u,. is lower semicontinuous.
O
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