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INTRODUCTION

In this thesis we study uniformization problems, which are central in analysis
in metric spaces. Our focus lies in the two-dimensional case, where we give
characterizations for the existence of a quasisymmetric (or quasiconformal)
mapping from a given metric space X = (X,d) to the Euclidean plane R?
or sphere S?.

Given necessary topological and geometric conditions, our main results
show that such a map exists exactly when X carries a measure p that deforms
the metric in a suitably controlled manner (see Sections 3 and 5). If we
know that a quasisymmetric map f : X — R? exists, then p = f*mao, i.e.
the pullback of the Lebesgue measure under f, has this property.

In the other direction, we show that a given p induces a new metric ¢ on X
which is quasisymmetrically equivalent to d and also has strong geometric
properties which allow the application of existing uniformization tools to
(X, q). These combined with geometric estimates involving p are powerful
enough to guarantee the existence of the desired quasisymmetric map f.

Our results generalize earlier uniformization theorems concerning Ahlfors
2-regular spaces X. The novelty of our method is that it applies to the
fractal case where (X, d) has Hausdorff dimension strictly greater than two.
Finding quasisymmetric parametrizations in the fractal setting is among the
most important open problems in analysis in metric spaces. We next give
some more background.

1. UNIFORMIZATION OF METRIC SPACES

In the classical setting the Riemann mapping theorem tells us that every
simply connected domain in the complex plane other than the whole plane
can be mapped conformally onto the unit disk. More generally, the uni-
formization theorem states that each simply connected Riemann surface is
conformally equivalent to either the Riemann sphere, complex plane or the
unit disk.

Motivated largely by the need for similar results in more general contexts,
a rich theory of geometric analysis has been developed. Much of the theory
is concerned with finding suitable parametrizations, or uniformizations, for
metric spaces satisfying varying assumptions. Typically one seeks to classify
spaces with similar geometries, and furthermore to quantify the differences
between these geometries.

For example, conformal mappings preserve infinitesimal shapes, whereas
quasiconformal mappings are allowed to distort them by a bounded amount
(see Definition 5.5). Our main focus is in estimating deformations in the
global scale, and for this purpose the correct mapping class is that of qua-
sisymmetric mappings.

DEFINITION 1.1. A homeomorphism f: X — Y between metric spaces
(X,dx) and (Y, dy) is quasisymmetric or n-quasisymmetric if there exists a
homeomorphism 7: [0,00) — [0,00) such that for all z,y,z € X and t > 0



with
dX(‘T7 y) S th(J;? Z)
we have

dy (f(x), f(2)) < n(t)dy (f(z), f(2)).

We call n the distortion function of a n-quasisymmetric mapping. Metric
spaces X and Y are called quasisymmetrically equivalent if there exists a
quasiymmetric mapping f from X onto Y. It is easy to see that inverses and
compositions of quasisymmetric mappings are also quasisymmetric. Thus it
is a natural question to classify metric spaces up to quasisymmetric equiva-
lence. See Chapters 10 and 11 in |16] for more properties of quasisymmetric
mappings.

In the general metric setting, where there is no given differential structure,
quasisymmetric mappings offer a natural generalization to conformal map-
pings. They are global versions of quasiconformal mappings in the sense
that they distort relative distances in a bounded way at all scales. Qua-
sisymmetric mappings have several useful geometric properties and are also
more flexible than bi-Lipschitz mappings, which must preserve also absolute
distances up to a multiplicative factor.

Quasisymmetric mappings were first studied in the general metric set-
ting by Tukia and Véisila [33]. The definition originates from the work
of Beurling and Ahlfors [I] on the boundary behavior of two-dimensional
quasiconformal maps. In their article, Tukia and Vaisald established fun-
damental properties of quasisymmetric mappings. In particular, they gave
the first uniformization result involving them: a full characterization of qua-
sisymmetric circles in terms of the following intrinsic properties of the given
metric space.

DEFINITION 1.2. A metric space (X, d) is doubling if there exists a constant
N € N such that every ball B(z,r) C X can be covered with at most N
balls B(z;,7r/2),i=1,...,N.

Recall that a continuum is a connected and compact set containing more
than one point.

DEFINITION 1.3. A metric space (X, d) is linearly locally connected or LLC
if there exists a constant A > 1 such that the following properties hold

e For any z € X, r > 0 and y,z € B(z,r) there exists a continuum
K C B(z,Ar) with y,z € K.

e Forany x € X, r > 0and y,z € X\ B(z,r) there exists a continuum
K C X\ B(z,r/\) with y,z € K.

THEOREM 1.4 (33|, Theorem 4.9). A metric space X homeomorphic to
St = {z € R? : |z| = 1} is quasisymmetrically equivalent to S' equipped
with the Euclidean metric if and only if it is doubling and linearly locally
connected.
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Tukia and Vaisdla formulated this result with slightly different but equiv-
alent assumptions on the space. See [29] and [19] for more theory and
classification of bi-Lipschitz equivalent quasisymmetric circles.

The doubling and LLC properties are both preserved by quasisymmetric
mappings. Thus they are a natural starting point for quasisymmetric uni-
formization problems, as many of the standard model spaces such as the
Euclidean spaces, balls and spheres satisfy these properties.

The theory of quasisymmetric mappings between metric spaces has grown
rapidly after the work of Tukia and Vaisédld. A central problem is to find
extensions of Theorem 1.4 to more general metric spaces. In particular,
one seeks to characterize spaces quasisymmetrically equivalent to S” = {x €
R™ ! |z| = 1} equipped with the Euclidean metric for n > 2. This problem
has proved to be extremely challenging, and a full characterization is still
missing in spite of extensive efforts during the last 25 years.

As stated above, it is necessary for a space quasisymmetrically equivalent
to S™ or R™ to be doubling and LLC, but these properties are not sufficient.
A fundamental counterexample is the Rickman rug: Let X = R?, ¢ € (0,1),
and consider the product metric

d((z1,91), (22,92)) = |21 — 22| + |[y1 — 92|
for (z1,y1), (x2,y2) € R2. This space can be realized as a metric product
of the Euclidean real line and the (unbounded) von Koch snowflake curve,
which is quasisymmetrically equivalent to R. The Rickman rug is doubling
and LLC but not quasisymmetrically equivalent to the Euclidean plane.
Roughly speaking, the reason for this is that the two curves in the product
are intrinsically different although quasisymmetrically equivalent.

In dimensions three and higher there are quite well-behaved spaces with-
out quasisymmetric parametrizations. For each n > 3 there exist spaces
homeomorphic to S™ that are doubling, LLC, smooth outside small singu-
lar sets and with Euclidean-type mass bounds but for which there exist no
quasisymmetric mapping onto S", see [32], [18], [27] and [20]. In contrast,
a fundamental theorem of Bonk and Kleiner [5] shows that such examples
cannot exist in dimension two. More precisely, the following holds.

DEFINITION 1.5. Let (X, d) be a metric space. A Borel measure p on X is
Ahlfors regular of dimension @ or Q-regular if there exists a constant C' > 0
such that

rQ/C < w(B(x,7)) < Cr@
for every x € X and 0 < r < diam X. The space is called Q-regular if it
supports a Q-regular measure.

THEOREM 1.6 ([5] Theorem 1.1). Suppose (X, d) is homeomorphic to S
and Ahlfors 2-reqular. Then (X, d) is quasisymmetrically equivalent to S? if
and only if it is linearly locally connected.

In |[5] Bonk and Kleiner also gave a necessary and sufficient condition
for spaces quasisymmetrically equivalent to S? in terms of a combinato-
rially defined modulus. The precise statement of this condition is however
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quite technical and not easily applicable. Similar result for Ahlfors 2-regular
spaces homeomorphic to R? was given by Wildrick [34].

Ahlfors @-regular spaces are in particular doubling and have Hausdorff
dimension (). We call a metric space (X, d) homeomorphic to S or R" fractal
if it has Hausdorff dimension strictly greater than n. Fractal spaces are far
from being Ahlfors n-regular, and already in dimension two this poses great
difficulty for finding a characterization for quasisymmetric parametrization
that is verifiable in concrete settings. Examples of such fractals are the
snowflake curve and the Rickman rug mentioned above.

The quasisymmetric uniformization problem in the two-dimensional frac-
tal case is both difficult and highly important due to connections to different
branches of analysis. In addition to spaces homeomorphic to S? or R?, also
different carpets, such as spaces homeomorphic to the standard Sierpinski
carpet, are extensively studied in terms of quasisymmetric equivalence (see

for example [3] and [11]). A better understanding of the problem also pro-
vides information on questions in geometric group theory (see for example
[6], [2] and [7]) and complex dynamics (see for example [13] and [8]).

In geometric group theory a major open problem directly tied to qua-
sisymmetric uniformization is Cannon’s conjecture. In the original form the
conjecture states that if the boundary at infinity of a Gromov hyperbolic
group G is homeomorphic to S?, then G acts properly discontinuously, co-
compactly and isometrically on the three dimensional hyperbolic space H?.
It follows from results by Sullivan and Tukia that the conjecture is equivalent
with the statement that if the boundary at infinity of a Gromov hyperbolic
group is homeomorphic to S?, then it is quasisymmetrically equivalent to
S2. This boundary has a natural family of so-called visual metrics which are
all quasisymmetrically equivalent. The resulting metric spaces are always
LLC but typically fractal. Therefore the conjecture is a natural motivation
and also one of the greatest goals in the search of tools for quasisymmetric
parametrizations of fractal spheres. See for example [2] for more details on
Cannon’s conjecture and Gromov hyperbolic groups.

2. STRONG A,, WEIGHTS AND METRIC DOUBLING MEASURES

Our approach to the uniformization problem is to consider deformations
of the space with a suitable doubling measure. Recall that a Radon measure
p on a metric space (X, d) is doubling if there exists a constant C' > 1 such
that for every ball B(z,r) C X we have

0 < u(B(z,2r)) < Cu(B(z,r)) < co. (1)

The idea of inducing a new geometry on a metric space using a doubling
measure was first introduced by David and Semmes [10]. Originally they
studied this in the form of strong A, weights. Recall that a non-negative,
locally integrable function w on R™ is an A, weight for p € [1, 00] if
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e p = oo and there exist constants v,C' > 0 such that for every ball
B C R" and measurable subset £ C B

Jpw <C<mn<E>>ﬁ

Jpw ~ My (B)

e 1 < p < oo and there exists a constant C' > 0 such that for every

ball B C R™
1 \PL
(L) (fem) =
B B
or

e p =1 and there exists a constant such that for every ball B C R"

][ w < Cessinfgw.
B

Here f -, w is the integral average #(AW i) 4w of w over a measurable set A C
R"™ with finite and positive measure. Here we denote m,, for the Lebesgue
measure in R™.

A, weights satisfy A, C A, for 1 < ¢ <r < oo and Ay = Up>1A4,. The
family of A, weights is also characterized by the following reverse Hélder
inequality: w € Ay if and only if there exists C' > 0 and p > 1 such that for

every ball B C R”
1
(][ wp>p < C][ w.
B B

If wis an Ay, weight, then y = w dm,, is a doubling measure on R™. David
and Semmes study the geometry given by this type of doubling measure via
the quasimetric function

DM(.T, y) = M(Bxy)l/n'

Here and later we denote B,y = B(z,d(z,y)) U B(y,d(z,y)) in any metric
space (X, d).

An A, weight w is called a strong A, weight if there exists a metric d,
on R" comparable to D, = D,4m,,, that is

%dw(:n,y) < D“(:U,y) < Cdy(z,y) (2)

for some C' > 1 and all z,y € R™. The main examples of strong A, weights
are Ay weights and Jacobian determinants of quasiconformal mappings on
R™. The class of A, weights is intimately connected to the quasiconformal
Jacobian problem, see for example [1].

If p is a doubling measure such that D, is comparable to a metric on
R™, then p is necessarily absolutely continuous and has an A., weight w
as a density, see [12] and [31]. Using the reverse Holder inequality one can
also show that the first inequality in (2) always holds for any A, weight w
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and for the geodesic distance g, associated with w. In the case when w is
continuous, this geodesic distance can be realized by

qu(z,y) = inf / w'/™ ds,

gl
where the infimum is taken over all rectifiable paths ~ connecting x and y.
We give a definition in Section 3 for the general case. See [31] for more
properties and results related to strong A, weights, and [9] and [23] for

more recent results on these weights in the metric setting.
Strong A, weights correspond to metric doubling measures. We give a
general definition in the metric setting.

DEFINITION 2.1. A doubling measure p on an Ahlfors n-regular metric
space (X,d) is a metric doubling measure if there exists a metric d, and a
constant C' > 1 such that
1
Gln(.y) < p(Bay) " < Cdu(z,y)
for every z,y € X.

Metric doubing measures are naturally related to quasisymmetric map-
pings. In particular, if f: X — Y is a quasisymmetric map between n-
regular spaces, then the pullback f*H" of the Hausdorff n-measure H" is a
metric doubling measure.

More generally we can consider the map D, s(z,y) = /L(Bgcy)l/S for a
given s > 0 and a doubling measure y similarly as in R”, with no regularity
assumption on the metric space X. This map D, s is a quasimetric on X
for any doubling measure u. This means that there exists a constant K > 1
such that

D, s(x,y) = Dus(y,x) >0 for all z,y € X,
D, s(x,y) =0 if only if x = y, and

o Dys(x,y) < K(Dyus(x,2) + Dyus(z,y)) for all z,y,z € X.
The last condition means that D, s satisfies the usual triangle inequality
up to a multiplicative constant, and this follows easily from the doubling
condition (1). Note that if K = 1, then this condition is the usual triangle
inequality.

The reason for considering D), s is that this is a way of introducing a new
geometry for any metric space starting from a doubling measure y. Indeed,
when s is large enough depending on the doubling constant of i, then D), is
comparable to a genuine metric. That is, there exists a metric d,, on X and
a constant C' > 1 such that

%du(x,y) < Dys(x,y) < Cdp(z,y) (3)

for all z,y € X. If X is moreover connected, then the metric space (X, d,,) is
Ahlfors s-regular and the identity mapping id: (X, d) — (X, d,) is quasisym-
metric. When X is LLC and homeomorphic to S?, the best deformation one
can hope for is a 1 on X for which (3) holds with s = 2. In this case (X, d,,) is
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2-regular and thus quasisymmetrically equivalent to S? by the Bonk-Kleiner
Theorem 1.6. See Chapter 16 in [11] and Chapter 14 in [16] for proofs of the
above claims and more basic properties of quasimetrics.

3. WEAK METRIC DOUBLING MEASURES

We would like to generalize the idea of metric doubling measures to fractal
spaces as a tool for studying their geometry. In [A| and [C'] we show that
a necessary and sufficient condition for a quasisymmetric uniformization of
certain fractal spaces is the existence of a weak metric doubling measure.

We now give a version of the geodesic distance associated with a doubling
measure discussed in Section 2. Let (X, d) be a metric space and z,y € X.
We call a finite sequence of points zg, . .., Ty, a §-chain from x to y, if § > 0,
xg =, Ty =y and d(zj,zj41) < 6 for every j =0,...,m — 1. It is easy
to see that if X is connected, then any pair x,y € X can be connected by a
d-chain for any & > 0.

DEFINITION 3.1. Let (X,d) be a connected metric space, p a doubling
measure on X and s > 0. The p-length ¢ = g, s between two points z,y € X
is
Gu,s(z,y) = limsup ¢}, ,(z,y),
6—0
where
5 .
qu,s(xv y) = inf Z N(Brj$j+1 )1/S
J
and the infimum is taken over all d-chains (x;); from x to y.

It follows from the definition that ¢ is symmetric and satisfies the triangle
inequality, but ¢(z,y) € (0,00) for z # y may fail. If w is a strong Ay
weight on R™, then any metric d,, satisfying (2) is comparable to g, where
@ = wdmy. This fact is the motivation behind the following definition.

DEFINITION 3.2. Let X, d be a connected metric space and s > 0. A dou-
bling measure p on X is a Cy-weak metric doubling measure of dimension
s if

M(Bxy)l/s < CWQu,s(x)y) (4)
for all z,y € X.

As mentioned in Section 2, a metric space homeomorphic to S? is qua-
sisymmetrically equivalent to S? if and only if it is LLC and there exists
a metric doubling measure on X. As the main result in [A] we show that
this characterization also holds with only assuming the existence of a weak
metric doubling measure.

THEOREM 3.3 ([A] Theorem 1.2). Let (X,d) be a metric space home-
omorphic to S?. Then (X, d) is quasisymmetrically equivalent to S* if and
only if it is linearly locally connected and there exists a weak metric doubling
measure p of dimension 2 on X.
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We prove Theorem 3.3 by showing that also the reverse inequality of (4)
holds under these assumptions. This implies that ¢ = g, 2 is a metric and p is
a metric doubling measure on the deformed space (X, ¢). The uniformization
of (X, d) then follows from the Bonk-Kleiner Theorem 1.6 since the metrics
q and d are quasisymmetrically equivalent as discussed above.

The proof relies on the LLC condition and the topology and separation
properties of S?. In [(] we generalize the result to surfaces homeomorphic
to finitely connected planar domains, and in this case we need to utilize a
quasiconformal uniformization rather than showing a global reverse of (4).

Our proof applies only in the two-dimensional case. One step in the proof
is separating the center of a ball from its complement by continuum that
contains a chain of points with controlled p-length. This estimate is a form
of coarea formula in metric spaces with dimension and codimension both
equal to one. Extending our proof to higher dimensions would require a
suitable analogue of this estimate. Recall from Section 1 that the Bonk-
Kleiner Theorem 1.6 does not hold in higher dimensions. Thus a natural
generalization of our result to higher dimension would be the following prob-
lem of minimizing the conformal dimension (see [21]) of a space with a weak
metric doubling measure. Recall that a metric space Z is linearly locally
contractible if there exists A’ > 1 such that every ball B(z,r) C Z with
r < diam Z/X is contractible in B(z, \'r).

QUESTION 3.4. Let (X,d) be a linearly locally contractible metric space
homeomorphic to R™ or S™ with n > 3 and suppose there exists a weak
metric doubling measure of dimension n on X. Is there a n-regular metric
on X quasisymmetrically equivalent d?

4. QUASISYMMETRIC KOEBE UNIFORMIZATION

The classical Koebe conjecture [21] states that every domain in the com-
plex plane is conformally equivalent to a circle domain. A circle domain is a
domain in the Riemann sphere S? such that every component of its bound-
ary is either a circle or a point. The conjecture was confirmed by Koebe [22]
in the case of finite number of complementary components, and by He and
Schramm [15] in the case of countably many complementary components.

Merenkov and Wildrick [25] gave a characterization for metric spaces qua-
sisymmetrically equivalent to a circle domain assuming Ahlfors 2-regularity
and a bound on the relative accumulation of boundary components of the
space. In particular, their result implies that if a 2-regular space is homeo-
morphic to a domain in S? and has finitely many boundary components, it is
quasisymmetrically equivalent to a circle domain if and only if it is LLC and
has compact completion. In [C'] we generalize this result using weak metric
doubling measures, with no assumption on the regularity of the given metric.

We denote by X the metric completion of a metric space X and call
0X = X \ X the metric boundary of X.

THEOREM 4.1 (|C] Theorem 1.1). Let X be a metric space homeomorphic
to a domain in S? such that X \ X contains finitely many components. Then
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X is quasisymmetrically equivalent to a circle domain if and only if it is LLC,
carries a weak metric doubling measure of dimension 2 and has compact
completion. The distortion function n related to the quasisymmetry condition
only depends on the data of p and X.

By the data of 4 and X we mean the constants in the LLC, doubling
and weak metric doubling measure conditions and the number and minimal
relative distance of the boundary components of X.

Our strategy is to first deform the space with the u-length ¢ as in [A], and
then apply a quasiconformal uniformization on the deformed space (X, q).
This is guaranteed by showing that (X, q) is reciprocal and applying the
recent works by Rajala [28], Romney [30] and Ikonen [20]. We then show
that the quasiconformal mapping from (X, q) onto a circle domain thus
obtained is in fact quasisymmetric in terms of the original metric d.

In [25] Merenkov and Wildrick give a counterexample for the quasisym-
metric uniformization of a general metric surface with countably many bound-
ary components. In this space a necessary control on the accumulation of
the boundary components fails. A natural follow-up problem to our result
is whether a weak metric doubling measure is sufficient for the uniformiza-
tion of surfaces with countably many boundary components, for which some
steps of our proof fail.

QUESTION 4.2. Does a version of 4.1 hold for spaces with countably many
boundary components?

9. H-QUASICONFORMAL MAPPINGS AND INFINITESIMALLY METRIC
MEASURES

In [B] we consider infinitesimal versions of the previous methods and
introduce the concept of p-quasiconformal mappings, where p is a Radon
measure on the given metric space. Similarly as in Section 4 we would
like to use the theory of quasiconformal mappings in metric spaces in order
to find quasisymmetric parametrizations. A fundamental difficulty for this
method in fractal spaces is the lack of rectifiable paths. These are needed for
the use of the conformal modulus, a powerful geometric tool and a starting
point in the geometric definition of quasiconformal mappings.

We propose a different approach to defining the modulus of a path family
and quasiconformal mappings by using a measure as follows. For simplicity
we discuss only the two-dimensional case as in [B3], and assume throughout
this section that (X, d) is a metric space homeomorphic to R2,

DEFINITION 5.1. Let p be a Radon measure on X and B a collection of
balls with the following property: For every z € X there exists r, > 0 such
that B(x,r) € B for every r € (0,r,). The p-length measure of a Borel set
AC X is

¢,(A) = limsup inf{z u(B;)?},
6—0 -
j
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where the infimum is taken over all §-covers (Bj); C B of A, i.e. sequences
of balls from B with diameter less than  and whose union covers A.

If 41 is 2-regular, then ¢, is clearly comparable to the Hausdorff 1-measure
H!. Recall that using H! or arc length in place of ¢, and the Lebesgue mea-
sure my in place of y in the following definition gives the standard conformal
2-modulus mods in R2.

DEFINITION 5.2. Let I' be a family of curves on X. The p-modulus of T’
is

mod, (I") = inf/ p?du,
X

where the infimum is taken over all Borel functions p: X — [0, oo] satisfying
f,y pdl, > 1 for all v € " with locally finite £,-measure.

Our next definition generalizes the notion of quasiconformal mappings
using the p-modulus. For a mapping f and a curve family I' we denote

ST ={f(y):veT}.

DEFINITION 5.3. Let f: X — Q C R? be a homeomorphism. The map-
pings f and f~! are p-quasiconformal, if there exists K > 1 such that

%modu(r) < mody(fT') < K mod,(I')

for every curve family I' in X.

Recall that using the standard conformal modulus mods in place of mod,,
in Definition 5.3 gives the standard geometric definition of quasiconformal
mappings.

Using these definitions we are able to extend tools from quasiconformal
analysis to fractal spaces. A first step in this direction is to determine when
a p-quasiconformal mapping exists. As our first main result in [3] we show
that a sufficient condition is given by infinitesimally metric measures. In
short these are measures for which the geodesic distance ¢ defined in terms
of £, is comparable to ,ul/ 2 at the infinitesimal scale. Hence they can be
seen as infinitesimal versions of the metric doubling measures of David and
Semmes. For the formal definition see 3.1 in [B].

THEOREM 5.4 ([B] Theorem 1.1). If p is an infinitesimally metric mea-
sure on X, then there exists a pi-quasiconformal map f: X — Q C R2.

Deforming the space similarly as in the previous sections, we get a space
that is infinitesimally Ahlfors 2-regular. This means that the Hausdorff 2-
measure of a ball B(z,r) in (X, q) is comparable to r? for small r, depending
on the point z. We show that this is enough for reciprocality (see again
[28]) and thus there exists a quasiconformal mapping f from (X, ¢) that is
furthermore p-quasiconformal as a map from (X, d, u).

Next we study the metric properties of p-quasiconformal mappings. The
global quasisymmetry condition turns out to be too strong a conclusion
under only our infinitesimal assumptions. A natural alternative would be to
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consider the metric definition of quasiconformality, which is an infinitesimal
property.

DEFINITION 5.5. A homeomorphism f: X — Y between metric spaces
(X,dx) and (Y, dy) is metrically H-quasiconformal if

— lim SUPqy (2,y)<r dY(f(:’J), f(x))
Hf(x’ T) =1 r—s>(1]1p infdx(a:,y)ZT dY(f(y>7 f(ﬁ?))

Clearly quasisymmetric mappings are metrically quasiconformal. Recall
also that in R” the geometric and metric definitions of quasiconformal map-
pings agree. Though easier to state, the metric definition is hard to use in
practice and too weak as a basis for doing analysis on general metric spaces.
We introduce infinitesimally quasisymmetric mappings as an intermediate
class between metrically quasiconformal and quasisymmetric mappings.

< H forall x € X.

DEFINITION 5.6. A homeomorphism f: X — Y between metric spaces
(X,dx) and (Y, dy) is infinitesimally quasisymmetric if there exists a home-
omorphism 7: [0,00) — [0,00) and for every x € X there exists a radius
ry > 0 such that if y, z € B(x,r) and ¢ > 0 with

dx(z,y) < tdx(zx,z)
then
dy (f(z), f(2)) < n()dy (f(z), f(2)).

In our second main result of [B] we characterize spaces for which there
exists an infinitesimally quasisymmetric mapping into R%. As necessary and
sufficient conditions we introduce infinitesimal versions of the LLC condition
and the Loewner property coined by Heinonen and Koskela [17].

THEOREM 5.7 ([B] Theorem 1.2). There exists an infinitesimally qua-
sisymmetric mapping f: X — Q C R? if and only if X is infinitesimally
LLC and supports an infinitesimally metric measure p such that (X, p) is
infinitesimally Loewner.
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QUASISPHERES AND METRIC DOUBLING
MEASURES

ATTE LOHVANSUU, KAI RAJALA AND MARTTI RASIMUS

ABSTRACT. Applying the Bonk-Kleiner characterization of Ahlfors
2-regular quasispheres, we show that a metric two-sphere X is a
quasisphere if and only if X is linearly locally connected and car-
ries a weak metric doubling measure, i.e., a measure that deforms
the metric on X without much shrinking.

1. INTRODUCTION

A homeomorphism f: (X, d) — (Y, d') between metric spaces is qua-
sisymmetric, if there exists a homeomorphism 7: [0, 00) — [0, 00) such
that

d(xhxz) dl(f(x1>7 f($2))
d(ar, 72) T ). flam) S

for all distinct z1, 22, 3 € X. Applying the definition with ¢ = 1 shows
that quasisymmetric homeomorphisms map all balls to sets that are
uniformly round. Therefore, the condition of quasisymmetry can be
seen as a global version of conformality or quasiconformality.

Starting from the work of Tukia and Véisdld [26], a rich theory of
quasisymmetric maps between metric spaces has been developed. An
overarching problem is to characterize the metric spaces that can be
mapped to a given space S by a quasisymmetric map.

This problem is particularly appealing when S is the two-sphere S?.
There are connections to geometric group theory, (cf. [3], [5], [6]),
complex dynamics ([7], [8], [13]), as well as minimal surfaces ([17]).

Bonk and Kleiner [4] solved the problem in the setting of two-spheres
with “controlled geometry”, see also [17], [18], [22], [23], [29]. We say
that (X,d) is a quasisphere, if there is a quasisymmetric map from
(X,d) to S%. See Section 2 for further definitions.

< t implies

THEOREM 1.1 ([4], Theorem 1.1). Suppose (X, d) is homeomorphic
to S? and Ahlfors 2-reqular. Then (X, d) is a quasisphere if and only

if it 1s linearly locally connected.

Research supported by the Academy of Finland, project number 308659.
2010 Mathematics Subject Classification. Primary 30L10, Secondary 30C65, 28A75.
1



2 ATTE LOHVANSUU, KAT RAJALA AND MARTTI RASIMUS

Finding generalizations of the Bonk-Kleiner theorem beyond the
Ahlfors 2-regular case and to fractal surfaces is important; applica-
tions include Cannon’s conjecture on hyperbolic groups, cf. [2], [16]
(by [9] the boundary of a hyperbolic group is Ahlfors Q-regular with
@ greater than or equal to the topological dimension of the boundary).
A characterization of general quasispheres in terms of combinatorial
modulus is given in [4, Theorem 11.1]. However, this result is difficult
to apply in practice and in fact an easily applicable characterization
is not likely to exist. Several types of fractal quasispheres have been
found (cf. [1], [12], [19], [27], [28], [30]), showing the difficulty of the
problem.

In this paper we characterize quasispheres in terms of a condition
related to metric doubling measures of David and Semmes [10], [11].
These are measures that deform a given metric in a controlled man-
ner. More precisely, a (doubling) Borel measure p is a metric doubling
measure of dimension 2 on (X, d) if there is a metric ¢ on X and C' > 1
such that for all z,y € X,

(1) C7'u(B(a,d(w,y)"? < q(z.y) < Cu(B(e, d(z,y)))">.

It is well-known that metric doubling measures induce quasisymmetric
maps (X, d) = (X, ¢). Our main result shows that quasispheres can be
characterized using a weaker condition where we basically only assume
the first inequality of (1). We call measures satisfying such a condition
weak metric doubling measures, see Section 2.

THEOREM 1.2. Let (X,d) be a metric space homeomorphic to S2.
Then (X, d) is a quasisphere if and only if it is linearly locally connected
and carries a weak metric doubling measure of dimension 2.

To prove Theorem 1.2 we show, roughly speaking, that the first in-
equality in (1) actually implies the second inequality. It follows that u
induces a quasisymmetric map (X, d) = (X, q), and (X, q) is 2-regular
and linearly locally connected. Applying Theorem 1.1 to (X, ¢q) and
composing then gives the desired quasisymmetric map. It would be in-
teresting to find higher-dimensional as well as quasiconformal versions
of Theorem 1.2. See Section 6 for further discussion.

2. PRELIMINARIES

We first give precise definitions. Let X = (X, d) be a metric space.
As usual, B(z,r) is the open ball in X with center z and radius r, and
S(z,r) is the set of points whose distance to x equals 7.

We say that X is A-linearly locally connected (LLC), if for any x €
X and r > 0 it is possible to join any two points in B(x,r) with
a continuum in B(z, Ar), and any two points in X \ B(z,r) with a

continuum in X \ B(x,r/A).
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A Radon measure g on X is doubling, if there exists a constant
Cp > 1 such that for all z € X and R > 0,

(2) w(B(z,2R)) < Cpp(B(z, R)),

and Ahlfors s-reqular, s > 0, if there exists a constant A > 1 such that
forall z € X and 0 < R < diam X,

AT'R* < p(B(x, R)) < AR,
Moreover, X is Ahlfors s-regular if it carries an s-regular measure p.

We now define weak metric doubling measures. In what follows, we
use notation B,, = B(z,d(z,y)) U B(y,d(z,y)).

Let u be a doubling measure on (X,d). For z;y € X and 6 > 0, a
finite sequence of points xg, x1,..., %, in X is a d-chain from x to vy,
if 1o =z, x,, = y and d(xj,xj_1) < 0 for every j=1,...,m

Now fix s > 0 and define a “p-length” ¢, ; as follows: set
q#S x,y) = inf { Z“ s 1) 1/s. (z;)7L, is a d-chain from z to y}

and
Qus(z,y) = limsup qzvs(Ly) € [0, 00].
6—0

Definition 2.1. A doubling measure p on (X,d) is a weak metric
doubling measure of dimension s, if there exists Cy > 1 such that for
all z,y € X,

1
(3) @M(Bzy)l/s < Gus(,9)-

In what follows, if the dimension s is not specified then it is understood
that s = 2, and g, is shortened to g,.

3. PROOF OF THEOREM 1.2

In this section we give the proof of Theorem 1.2, assuming Proposi-
tion 3.1 to be proved in the following sections. First, it is not difficult
to see that if there exists a quasisymmetric map ¢ : X — S?, then X
is LLC, and

W(E) = H(p(E))
defines a weak metric doubling measure on X. Therefore, the actual
content in the proof of Theorem 1.2 is the existence of a quasisymmetric
parametrization, assuming LLC and the existence of a weak metric
doubling measure (of dimension 2). The proof is based on the following
result.



4 ATTE LOHVANSUU, KAT RAJALA AND MARTTI RASIMUS

Proposition 3.1. Let (X,d) be LLC and homeomorphic to S*. More-
over, assume that (X,d) carries a weak metric doubling measure pu of
dimension 2. Then q, is a metric on X and p is a metric doubling
measure in (X,q,), that is there exists a constant Cs > 1 such that
also the bound

g, y) < Cop(Bay)'?
holds for all z,y € X.

We will apply the well-known growth estimates for doubling mea-
sures. The proof is left as an exercise, see [14, ex. 13.1].

Lemma 3.2. Let X be as in Proposition 3.1 and let p be a doubling
measure on X . Then there exist constants C, o > 1 depending only on
the doubling constant Cp of i such that

w(B(z,73)) ra\® [ry\ Y

P 12)) ~ 2 2

w(Blar) <N\
for all 0 < ry,ry < diam(X).

Combining Proposition 3.1 and Lemma 3.2 shows that g, induces a
quasisymmetric map. This is essentially Proposition 14.14 of [14]. We
include a proof for completeness.

Corollary 3.3. Let X and p be as in Proposition 3.1. Then the iden-
tity mapping i: (X,d) — (X,q,) is quasisymmetric, and (X,q,) is
Ahlfors 2-regular.

Proof. We denote ¢ = ¢,. We first show that ¢ is a homeomorphism.
Since (X,d) is a compact metric space, it suffices to show that i is
continuous, i.e., that any g-ball BY(x,r) contains a d-ball B%(z,§) for
some ¢ = d(xz,r). Suppose that this does not hold for some z € X and
r > 0. Then there exists a sequence (x,)3%, such that d(z,,z) — 0
but ¢(x,,x) > r for all n € N. Now Proposition 3.1 implies

r < q(xn, ) < Cu(B(x, 2d(x, z,)))Y? =30,

which is a contradiction. Thus 7 is a homeomorphism. Let z,y,z € X
be distinct. By Proposition 3.1 and Lemma 3.2 we have

a@,y) _ p(Ba)?  p(Ble,2d(@ )Y (d(z,y)
1@ 2) S B S CuBle,2d(r 2) 7 S Qu@>’

where 7 : [0, 00) — [0, 00) is the homeomorphism

n(t) = C max{t®/? 1%},
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Thus ¢ is n-quasisymmetric.

We next claim that p is Ahlfors 2-regular on (X,q). Fix 2 € X
and 0 < r < diam (X, ¢)/10. Since (X,q) is connected, there exists
y € S9(z,r). Now by Proposition 3.1,

C*r® < pu(Byy) < Chr?.

On the other hand, the quasisymmetry of the identity map ¢ and the
doubling property of u give

C'u(B(x,1)) < p(Bay) < Cu(B(x, 1)),

where C' depends only on Cp and 1. Combining the estimates gives
the 2-regularity. O

We are now ready to finish the proof of Theorem 1.2, modulo Propo-
sition 3.1. Indeed, Corollary 3.3 shows that there is a quasisymmetric
map from (X,d) onto the 2-regular (X, q,). It is not difficult to see
that the quasisymmetric image of a LLC space is also LLC. Hence, by
Theorem 1.1, there exists a quasisymmetric map from (X, g,) onto S%.
Since the composition of two quasisymmetric maps is quasisymmetric,
Theorem 1.2 follows.

4. SEPARATING CHAINS IN ANNULI

We prove Proposition 3.1 in two parts. In this section we find short
chains in annuli (Lemma 4.3). In the next section we take suitable
unions of these chains to connect given points.

We first show that it suffices to consider §-chains with sufficiently
small §. In what follows, we use notation

¢B,y = B(xz,cd(z,y)) U B(y, cd(x,y)).

Lemma 4.1. Let (X, d) be a compact, connected metric space admitting
a weak metric doubling measure p of some dimension s > 0. Then for
any r > 0 there exists 6, > 0 such that if x,y € X with d(z,y) > r
then we have

(4) 20w O ¢ (w0, y) = n(Bay)'*,

where Cw and Cp are the constants in (3) and (2), respectively.

Proof. Suppose to the contrary that (4) does not hold for some r >
0. Then there exists a sequence of pairs of points (z;,y;); for which
d(zj,y;) = r and

1

1/s
——h )
20w C?

0 (25, 55) < (Baj;
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for all j =1,2,3,.... Then by compactness we can, after passing to a
subsequence, assume that x; — = and y; — y where also d(z,y) > r
Let then k € N be arbitrary and j > k so large that B, ,. C 4B,

1
and
1
(5) M(szj)l/s + M(Byy])l/g < WM(BSEZI)I/S'

The last estimate is made possible by the fact that u({z}) = 0 for
every point z in the case of a doubling measure and a connected space,
or more generally when the space is uniformly perfect (see [11, 5.3 and

16.2]). Now choose a %—chain 20, .- ., 2m from x; to y; satisfying
©) S u(Ban )< (B ) < (B
P iZi—1 QCWC;/S Y5 QCW Y

so that z, zy, . . ., 2, ¥ 1S in particular a %—chain from z to y. Combining
(5) and (6), we have
5
1/k 1/s
Gus (1:9) < G i(Bay) "
This contradicts (3) when k — co. O

In what follows, we will abuse terminology by using a non-standard
definition for separating sets.

Definition 4.2. Given A, B, K C X, we say that K separates A and
B if there are distinct connected components U and V' of X \ K such
that AC U and B C V.

Lemma 4.3. Suppose (X,d) is \-LLC and homeomorphic to S?, and
1 a weak metric doubling measure on X. Let k be the smallest integer
such that 2% > X\. Then there exists C > 1 depending only on X\, Cp
and Cy such that for any x € X,0 < r < 27%diam X and § > 0 there
exists a §-chain g, ..., x, in the annulus B(x,2%7r) \ B(z,2%*7r) such
that

p
Z Buya,,)'? < Cp(Bx,r))"/?

and the union U; SBWJ | contains a continuum separating B(x,r) and
X\ B(x,2r).
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Proof. Let x € X,0 < r < 27%diam X and § > 0 be arbitrary. By
Lemma 4.1 we may assume without loss of generality that

1
(7) QZ(%Z) > 5/1(By2)1/2

for any y € S(z,2%7),2 € S(z,2%r) and also § < r by finding a finer
chain than possibly asked.

Next we cover the annulus A = B(z, 2%7r) \ B(z,2%*r) as follows:
Let £ > 0 be small enough so that p(B(w,§/10)) > &2 for every w € X
(see again [11, 16.2]). Then for every w € A we can choose a radius
0 <ry < 0/10 with

82

2Cp

Using the 5r-covering theorem, we find a finite number m of pairwise

< p(B(w,ry)) < 2.

disjoint balls B; = B(wj,r;), rj = 4, from the cover {B(w, ) }wea,
such that

m
Ac|J5B; € B(z,2%r) \ B(x,25r).
j=1
Observe that for any point z in the thinner annulus A’ = B(x, 2%7r) \
B(x,237) there exists a continuum in A joining z to some point y €
S(z,2%7r) by the LLC-property. Hence there exists a subcollection
By, ..., B, of the cover (5B;) forming a ball chain from this y to z,
meaning that y € B}, z € B, and Bj N B}, # (. Thus we can define
a “counting” function wu for this cover on A’ by setting u(z) to be the
smallest n € {1,...,m} so that there exists a ball chain (B])! , from
some y € S(z,2%7r) to z.
Using (7), we find a lower bound for u on S(x,2%r): Let y €
S(z,2%r),z € S(x,2*r) be arbitrary and (B, = (B(w!,5r}))",

/

the corresponding chain. Then y = wg, w, ..., w,,z = w), is also a
0-chain. Hence

n+1
p(By:)'? < CY " p(Burur ) < C'Chne

i=1
as every By, is contained in B(wy, 207"w;), Il =1dori—1. On the other
hand B(z,2™r) C B(y,27*!r), and since the balls B; are disjoint,

me® < u(B(y, 2™ ') < CH u(B,.),

implying n? > m/C" or u(z) = v/m/C".
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Let then n be the minimal value of u on S(x,2%7r) and for j =
1,2,...,n define
4= |J 5B
5B;Nu—1(5)#0
By the definition of u each ball 5B; can be contained in at most two
“level sets” A; and so we obtain a constant C' > 1 such that

1 n
: \1/2 N1/2
113_1;1" E w(bB;)* < - E E w(5B;)

5B;CA; j=1 5B;CA;

1
<—C%e-2

< 20%@\/52771
< Cu(B(x, 1)),

Let j € {1,...,n} be the index for which the above left hand sum is
smallest. Since by construction A; necessarily intersects any curve join-
ing B(z,2%r) and X \ B(x, 26Fr), it separates B(x,r) and X \ B(x, 27%r)
by the LLC-property as 2¢ > X. Hence the closed set A; contains a con-
tinuum K separating these sets by topology of S?; see for example [20]
V 14.3.. Now K is covered by a ball chain B(wy, 5r5), . . ., B(wy, 5r},)
of closures of balls 5B; contained in A;. Hence these points wy, ..., w!

P
are the desired d-chain, since clearly d(w;, w}, ) < 5r; 4+ 5ri,; < and

13

S W(Burug )" < Cu(B(a, 1)

i=1

by our choice of j. O

Remark 4.4. Note that in the claim of the above lemma the constant
C' is uniform with respect to the required step § of the chain; we can in
fact find arbitrarily fine chains and have the same estimate from above
for > u(Bj)l/ 2. This is essentially obtained by the doubling property
and the 5r-covering theorem. We also work with dimension s = 2,
since passing from the lower estimate of 4.1 to the upper in the claim
we actually switch the power 1/s of the measure to (s — 1)/s, both
1/2 in the proof. Thus this argument seems not to apply for higher
dimension (see Question 6.3). Moreover the topology of S? is used for
finding a single separating component, which is not always possible for

example on a torus.
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5. PROOF OF PROPOSITION 3.1

In this section (X, d, u) satisfies the assumptions of Proposition 3.1.
Lemma 4.3 and the 5r-covering lemma then give the following: For any
given B = B(z, R) C X and 0 > 0 there is a cover of the z-component
U of B by at most M = M()\,Cp, L) balls {B;}, with centers in U
such that for every 4

(1) L72u(B) < p(Bi) < L~ 'pu(B) -
(2) A continuum K; C 27 B; \ B; separates B; and X \ 27¢B;

(3) Ki € U,5B,i,: . where (z7), is a d-chain
@) 5 By ) < Cp(BY.

Here k is as in Lemma 4.3, L > C% and C' = C(\,Cp, Cy).

We would like to take unions of the continua K; to join points. How-
ever, the union U; K; need not be a connected set. The following lemma
takes care of this problem. We denote by K; the interior of K, ie.,
the component of X \ K; that contains B;.

Lemma 5.1. Let i € {1,2}. Let B; = B(xy,r;) C X be a (small)
ball and let K; C 2™ B; \ B; be a continuum that separates B; and
X\ 27 B;. Suppose KN Ky #0. If KyN Ky =0, then either K, C Ky
and Ky C Ky or K C Ky and K, C K.

Proof. Since X is homeomorphic to S?, path components of an open
set in X are exactly its components. In addition such components are
open. Since K7 and K, are nonempty disjoint compact sets, there exist
path connected open sets Uy, Uy C X such that K3 € Uy € X\ K»
and Ko C Uy € X\ K. Let w € K, N K. Let v : [0,1] = X be a
path from w to z € X \ (27*B; U 27 B,). By the separation properties
~([0,1]) intersects Ky and K. Let

s=inf{t € [0,1] | v(t) € K1 U K>}

Now s > 0 and 7 := 7][o,q is a path that intersects ;UK exactly once.
Without loss of generality we may assume 7(s) € K;. By construction
of Uy the point w can be connected to any point in K inside X \ Ko.
Thus K; C Kg. Now let y € Kl. It suffices to show that there exists
a path in K, from y to w. Suppose there is no such path. Now the
argument of the first part of this proof implies that Ky C K. Let S
be the number obtained by changing the infimum in the definition of
s to the respective supremum. Necessarily v(S) € Ky, since otherwise
we could construct a path in Ky from w to z. Since Ky C Uy C kl,
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there exists a path connecting w to v(5) in K1, i.e., there exists a path
from w to z in Kl, which is impossible. Thus K’l C Kg. O

Motivated by Lemma 5.1 we say that a continuum K; is mazimal (in
{K;},) if it is not contained in the interior of some other K;. Define
K to be the union of all maximal continua in {K;},. Clearly K is
compact. Let us show that it is also connected. Suppose K; and K
are distinct maximal continua. Let B(; and B be the balls in {B;}

that are contained in the interiors K; and Kj, respectively. Since {B;}
is a cover of the z-component of B, we can find a chain of balls in {B;}
connecting any pair of points in the component. On the other hand,
every ball B; intersects the z-component, so it suffices to consider the
case where B(;yN B(;) # (). By Lemma 5.1 either K;N K # () or we may

assume that K; C K;, but the latter contradicts maximality. Thus K
is a continuum. We have now proved the following proposition.

Proposition 5.2. Fiz L > C%, § > 0, and B = B(z,R) C X. Then
there are at most M = M(X\,Cp,L) < oo balls B; centered at the
x-component U of B such that

(1) U C Y;B;

(2) u(By) < 2u(B) for alli

(3) For everyi there is a continuum K; C 278 B;\ B; which separates

B; and X \QTBZ

(4) K; C UPW’ where (x},), is a finite 6-chain

(5) 5, 1(Buys )2 < Cu(B)2, C = C(\,Ci, Coy)

(6) the union K of all mazimal continua in {K;} is a continuum.

Now we can finish the proof of Proposition 3.1 with the following:

Lemma 5.3. There exists a constant C' = C(\,Cp, Cw) such that for
any 6 >0 and z,y € X,

QZ(% y) < C/“(Bzy)l/2~

Proof. Fix x,y € X and apply Proposition 5.2 to B! = B(x, 2%d(x,y))
with L = CH*. Note that x and y belong to the same component of
B'. Let z = x or z = y. Let us define balls B"* recursively for
1 > 2. Define BY* = B'. Suppose we have defined the set B™* for all
n < l. Apply Proposition 5.2 with the same L to B“ to find a ball
B;.’Z which contains z. By Lemma 5.1 Bj-’z is contained in the interior
of some maximal continuum K;;Z. Define B!*1* = 27’“3;’,'2. Note that

Proposition 5.2 also yields the balls B™* and B;"* and continua K;"*
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and K™*. Also, by the separation properties and Lemma 5.1
z€B)* C K" C K7 c 27* By = B~

Let € > 0 and let B, = B(z,r,) be a ball with r, < 60 and pu(B,) <
Cp'e?. Define
lE

z

K. =] K"

n=1
where [£ is the smallest integer [ that satisfies K C B(z,1007'r,).
Such a number exists, since z € B“* for all I. Moreover, our choice of
L gives CFL™' =7 < 1 and

®)  w(B”) <CHL'w(B™Y) <rp(B7Y) <o <70 u(BY).

In particular, diam(B"*) =% 0. We next show that K. is a continuum.

It is clearly compact, and connectedness follows if
(9) K™ N Kn+1,z 7& @

Let j be the index for which 27*B]"* = B"*!*. To show (9) it suffices
to show that K" N K" £ () for some maximal K", By Lemma
5.1 there exists a maximal continuum K" such that the interiors of
K% and K;” intersect. Moreover either (9) holds or one of K'Y ¢
IA(;"Z, K}” C K s true for any such i. Suppose K}” C K'Y= By
separation properties Bj"* C 27 B}’ 1% which together with our choice
of L leads to a contradiction:

p(B}") < p(2™BITY) < Cpp(BI) < CRL™ u(B™1)
— CgkL71M(27kB;l,Z) < Oll)4kL71,u<B;L,Z) < /J/(B;-L’Z>.

Now if (9) were not true, K" c K;L’Z for every i for which the

interiors of K™ and K3* intersect. This is impossible, since every

ball B/ lies in the interior of some maximal continuum and at least

one of them intersects K7"". Hence (9) holds and K is a continuum.
Finally, define

K=K, UK,.
Note that K is a continuum, since by construction K1* = K. Recall
that for all 4, j, z there exists a finite d-chain (257%), in 27"B;* \ B}~
such that
K;* | 5B, pegie © | J6B,oeios,

p p
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and
D 1(Bygiegsns) ' < Cu(By7)'2.
P
Since the set of balls

7p1 p17 ’pl

B = { B, 6d(af*, ai75), B, 6d(aid, o35},

forms an open cover for the continuum K, we may extract a finite chain
of balls (A;)N)" of the set B so that, denoting Ay = B,, Ay = B, we
have A;,NA;_1 #0 fori=1,...N. Let zy = =, zoy = vy and for other
indices choose z9; € A; so that A; = B(xg;,1;) for some r; < 6. Let
Toi1 € AiN Ay fori=1,...,N. Now ()2 2 is a 6d-chain between
the points = and y. Moreover, by (8)

Mz

Z/'L o 1 1/2 2

(24:)Y% < CZ“ Y2 4 de

=0
SOYu(B)? +4e <O Y p(Blay* dlay o) 2 + e
BeB 26,9,
CZZMszuz /2+4E<OZZ/¢B”1/Q+4E
%ij P ;

CZZM/J‘ Bzz 1/2+45<CMZZT(1 1/2 1/2+4€

CM/L(B W2 4 de = CMp(B(z, 22’fd(x, y)))1/2 + 4e

<
< CMp(By,)? + 4e.

Since ¢ is arbitrary, the claim follows.

6. CONCLUDING REMARKS

It is natural to ask if Theorem 1.2 remains valid with weak metric
doubling measures of dimension s # 2. The two lemmas below show
that it does not.

Lemma 6.1. Let (X,d) be a linearly locally connected metric space
homeomorphic to S?, and 0 < s < 2. Then X does not carry weak
metric doubling measures of dimension s.

Proof. Assume towards a contradiction that X carries such as measure
. Then there exists C' > 0 such that for every z,y € X the following
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holds: if (z;)7, is a d-chain from = to y and if ¢ is small enough, then

N(Bavy)l/2 = N(Bmy)l/Qil/sﬂ(Bzy)l/s < CN(Bmy)l/Qil/s Z/’L(B-Timi—l)l/s
i=1

< CM<Bwy)l/271/s maXM(szxFl)l/Sil/Z Z M(meq)l/z‘
! i=1
Notice that
max ji( By, )72 50 asd — 0.

Applying the estimates to all §-chains and letting § — 0, we conclude
that p is a weak metric doubling measure of dimension 2 and

1(Bay)? < €qua(x,y) for all € > 0.

Since p(By,) > 0 for all distinct = and y, if follows that ¢, 2(z,y) = cc.
This contradicts Theorem 1.2. O

Lemma 6.2. Fizs > 2. Then there exists a metric space (X, d), home-
omorphic to S* and LLC, such that X carries a weak metric doubling
measure of dimension s but there is no quasisymmetric f : X — S2.

Proof. Let (R? d) be a Rickman rug; d is the product metric
1/2
A1), (2, 10)) = (o1 = 22l + g = pl/70)
It is well-known that there are no quasisymmetric maps from (R?, d)
onto the standard plane. Moreover, it is not difficult to show that
= H" x H*" ! is a weak metric doubling measure of dimension s on
(R% d). To construct a similar example homeomorphic to S?, one can
apply a suitable stereographic projection. O
It would be interesting to extend Theorem 1.2 to higher dimensions.

Recall that the Bonk-Kleiner theorem (Theorem 1.1) does not extend
to dimensions higher than 2, see [24], [15], [21].

Question 6.3. Let (X,d) be a metric space homeomorphic to S",
n > 3. Assume that X is linearly locally contractible and carries a weak
metric doubling measure of dimension n. Is there a quasisymmetric
f:(X,d) = (X,d), where (X,d) is Ahlfors n-regular?

Recall that (X, d) is linearly locally contractible if there exists A" > 1
such that B(z, R) C X is contractible in B(z, N'R) for every z € X,0 <
R < diam X/N. Linear local contractibility is equivalent to the LLC
condition when X is homeomorphic to S?; see [4].

The basic tool in the proof of Theorem 1.2 was a coarea-type estimate
for real-valued functions. Extending our method to higher dimensions
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would require similar estimates for suitable maps with values in R" ™1,
which are difficult to construct when n > 3. This problem is related
to the deep results of Semmes [25] on Poincaré inequalities in Ahlfors
n-regular and linearly locally contractible n-manifolds.

Finally, it is also desirable to characterize the metric spheres that can
be uniformized by quasiconformal homeomorphisms which are more
flexible than quasisymmetric maps, see [22]. However, it is not clear
which definition of quasiconformality should be used in the generality
of possibly fractal surfaces. Our methods suggest a measure-dependent
modification to the familiar geometric definition. More precisely, given
a measure p, conformal modulus should be defined applying not the
usual path length but a p-length as in Section 2.
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UNIFORMIZATION WITH INFINITESIMALLY METRIC
MEASURES

KAI RAJALA, MARTTI RASIMUS, AND MATTHEW ROMNEY

ABSTRACT. We consider extensions of quasiconformal maps and the uni-
formization theorem to the setting of metric spaces X homeomorphic to
R2. Given a measure x on such a space, we introduce p-quasiconformal
maps f : X — R?, whose definition involves deforming lengths of curves
by p. We show that if p is an infinitesimally metric measure, i.e., it sat-
isfies an infinitesimal version of the metric doubling measure condition
of David and Semmes, then such a p-quasiconformal map exists. We ap-
ply this result to give a characterization of the metric spaces admitting
an infinitesimally quasisymmetric parametrization.

1. INTRODUCTION

The quasisymmetric uniformization problem asks one to characterize, as
meaningfully as possible, those metric spaces which may be mapped onto
a domain in the Euclidean plane, or the 2-sphere, by a quasisymmetric
homeomorphism. Informally, a mapping is quasisymmetric if it roughly
preserves the relative distance between triples of points. See Section 4 for
the precise definition.

Significant results on the uniformization problem, such as the Bonk-
Kleiner theorem [1] and its extensions in [21] and [22], have been obtained
for surfaces that are non-fractal, i.e., their 2-dimensional Hausdorff measure
is locally finite. These spaces carry enough rectifiable paths for classical
methods such as conformal modulus to be applicable. By surface, we mean
a 2-manifold equipped with a continuous metric.

In contrast, the class of fractal surfaces is too general for the standard
methods. Consequently, understanding the quasisymmetric uniformization
of fractal surfaces has proved extremely difficult. Any progress is desirable,
especially due to applications to geometric group theory (cf. [3], [12]) and
complex dynamics (cf. [5]).

The usual method for constructing quasisymmetric maps is to first show
the existence of some conformal or quasiconformal map in the spirit of the
classical uniformization theorem. Then, if the underlying surface has good
geometric properties, one can use quasiconformal invariants to show that
such a map is actually quasisymmetric.

A fundamental difficulty in extending this method to fractal surfaces is
the lack of a suitable definition of quasiconformality. The classical metric
definition (see Section 4) is too weak to lead to a satisfactory theory in this

Mathematics Subject Classification 2010: Primary 30L10, Secondary 30C65, 28A75,
51F99.
All authors were supported by the Academy of Finland, project number 308659.
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generality. The geometric definition (see Section 2) requires the existence of
many rectifiable paths, which need not be the case for fractal surfaces.

In Section 2 we propose the definition of p-quasiconformality for homeo-
morphisms f: X — R?, depending on a measure p on X. This is a modi-
fication of the geometric definition: we deform the metric on X using p to
obtain the p-length of a curve, and we define the corresponding p-modulus
of a family of curves in X. A homeomorphism f is u-quasiconformal if the
p-modulus of every family of curves in X is comparable to the conformal
modulus of its image under f in R2.

A quasisymmetric map f: X — R? is p-quasiconformal when p is the
pullback of the Lebesgue measure on R2. Our goal is to find measures z on
a given space X for which the existence of p-quasiconformal maps can be
shown.

In Section 3 we introduce the notion of infinitesimally metric measure on
X. These correspond to the metric doubling measures of David and Semmes
[6], [13], the correspondence being similar to the one between metrically
quasiconformal (MQC) maps and quasisymmetric (QS) maps, where the
former is an infinitesimal condition and the latter is a global condition.
Metric doubling measures can be used to produce quasisymmetric maps
via deformation of the metric on X. Our first main result shows that a
p-quasiconformal map exists if g is an infinitesimally metric measure.

THEOREM 1.1. Let X be a metric space homeomorphic to R? which
supports an infinitesimally metric measure p. Then there exists a p-quasi-
conformal map f: X — Q, where Q =D C R? or Q = R2.

To prove Theorem 1.1, we first show that the metric d on X can be
deformed using p to yield a “quasiconformally equivalent” metric ¢ that
has locally finite Hausdorff 2-measure. Then, we apply the uniformization
theorem in [14] to obtain a quasiconformal map (X,q) — R2. Composing,
we then get the desired p-quasiconformal map.

In view of the correspondence between infinitesimally metric measures and
metric doubling measures, it is natural to attempt to characterize the class
of metric spaces X that admit metrically quasiconformal maps f: X — R?
in terms of infinitesimally metric measures. However, it turns out that the
existence of such maps can be rather arbitrary unless strong conditions are
imposed on X.

Instead, we consider the notion of infinitesimally quasisymmetric (I-QS)
mapping (Definition 4.1). Such maps form an intermediate class between
those of MQC and QS maps. In our second main result, we characterize
the metric spaces which admit such maps into R? as the spaces that carry
infinitesimally metric measures with suitable properties.

THEOREM 1.2. Let X be a metric space homeomorphic to R?. There
exists an infinitesimally quasisymmetric map f: X — Q, where Q =D or
Q = R2, if and only if X is infinitesimally linearly locally connected and sup-
ports an infinitesimally metric measure u such that (X, ) is infinitesimally

Loewner.
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See Section 4 for definitions. The proof combines Theorem 1.1 with esti-
mates for the y-modulus that generalize the modulus estimates in [11].

One motivation for our work is to understand the conformal geometry
of metric surfaces in the absence of strong geometric assumptions such as
Ahlfors regularity, linear local connectedness and the Loewner condition (see
Section 4). In Section 5, we present four examples to illustrate possible be-
haviors of metric surfaces under weaker geometric assumptions. We remark
that, while the main theorems of this paper are applicable to any metric
space homeomorphic to R?, including fractal spaces, all of these examples
have locally finite Hausdorff 2-measure. The four examples are summarized
here, listed by section in which they appear.

5.1. A surface that admits an MQC parametrization by R? but not an
I-QS parametrization. This surface is linearly locally connected
(LLC) but not Loewner. This example also illustrates how metric
quasiconformality is not preserved under taking inverses or precom-
posing with a QS map.

5.2. A surface that admits a geometrically quasiconformal (QC) para-
metrization by R? but not a MQC parametrization. This surface is
upper Ahlfors 2-regular but not infinitesimally LLC.

5.3. A surface that admits an I-QS parametrization by R? but not a
quasisymmetric parametrization. This surface is upper Ahlfors 2-
regular but not LLC.

5.4. A surface that, despite being a geodesic space of locally finite Haus-
dorff 2-measure, violates infinitesimal upper Ahlfors 2-regularity at
every point along a nondegenerate continuum. This surface is LLC,
and it admits a QC parametrization by R? but not a MQC parame-
trization.

In particular, these examples show that the class of I-QS maps from R? onto
a metric space differs from both the class of QS maps and the class of MQC
maps.

2. pu-QUASICONFORMAL MAPS

We assume throughout the paper that (X, d) is a metric space homeomor-
phic to the Euclidean plane R2. We denote B(z,r) = {y € X : d(z,y) < r},
B(z,r) = {y € X : d(z,y) < r}, and S(z,7) = {y € X : d(z,y) = r}.
If B is a ball of radius r, we denote by AB the ball with the same center
and radius Ar. A path in X is a continuous map v : I — X, where I is an
interval. The image of such a path is called a curve in X.

We recall the Carathéodory construction of measures, cf. [7, 2.10]. Let F
be a family of subsets of X, and ¢ : F — [0,00]. For A C X and § > 0, the

d-content ¢s(A) is
$5(A) =inf >~ 0(9),
Seg
where the infimum is taken over all countable

G c{S € F: diam(S) <d} suchthat AC U S.
Seg
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Then, since ¢5(A) is decreasing with respect to d, the limit
A=l A) €0,
Y(A) = Tim 65(4) € [0, 00

exists. Moreover, if every S € F is a Borel set, then 1 is a Borel regular
measure in X.

Applying the Carathéodory construction with F all the non-empty subsets
of X and ¢(S) = a(m)27" diam(S)™ gives the m-dimensional Hausdorff
measure H"™ in X, where a(1) = 2 and «(2) = 7.

Before defining p-quasiconformal maps, we review the classical geometric
definition of quasiconformality. However, we replace the standard modulus
of path families with the modulus of curve families, which lead to equivalent
definitions but are easier to work with in our setting.

Let I' be a family of curves (i.e., images of paths) in X. A Borel function
p: X — [0,00] is admissible for T if [, pdH' > 1 for all C € T with locally
finite H!-measure. The (conformal) modulus of T is defined as

(1) modI = inf/ p° dH?,
X

where the infimum is taken over all admissible functions p.

Let X,Y be metric spaces homeomorphic to R? and f: X — Y a home-
omorphism. Then f is geometrically quasiconformal (QC), if there exists
K > 1 such that

K 'modT < mod fT' < KmodT

for all curve families ' in X. In this case, we also say that f is geometrically
K -quasiconformal (K-QC).

We now define p-quasiconformal maps. Let o be a Radon measure in X
with no atoms such that p(B) > 0 for every open ball B C X. Recall that
a Borel regular measure p is Radon if it is finite on compact sets.

We associate with u a collection B of open balls in X such that for every
point z € X there is r, > 0 such that B(x,r) € B for every r < r,. We also
make the requirement that E(w, ry) is compact for all . We refer to such
a collection B as an admissible cover. From now on we use the convention
that every measure p comes equipped with an admissible cover B.

Definition 2.1. The p-length measure £, in X is defined by the Carathéo-
dory construction with F = B and ¢: B — [0, 00], p(B) = 2n~/2u(B)"/2.

The /,, is normalized so that if X = R? and j the Lebesgue measure, then
¢, =H! (for any choice of B).

Definition 2.2. Let I" be a family of curves in X. We say that a Borel
function p: X — [0,00] is p-admissible for T if [, pdl, > 1 for all C € T
with locally finite £,-measure. We denote the set of such functions by ®,,(I").
The p-modulus of T' is

d, = inf 2 du.
= g f
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Notice that if £,(C) = 0 for some C € I, then there are no p-admissible
functions for I' and thus mod,I" = co. On the other hand, if ¢, is not
locally finite on any C € I', then mod,, I' = 0. Definition 2.2 coincides with
(1) when X = R? and p the Lebesgue measure.

Definition 2.3. Let f: X —  be a homeomorphism, where €2 is a domain
in R2. We say that f and f~! are u-quasiconformal, if there exists K > 1
such that

K1 mod, I' < mod fI" < K mod, T’

for every curve family I' in X.

Definition 2.3 naturally leads to the following questions:
(1) How to decide if a given metric space X carries a measure p for
which there exists a ji-quasiconformal map into R??
(2) How to decide if there exists a p-quasiconformal map for a given
(X, 1)?
Concerning Question (2), it is reasonable to ask if the reciprocality condition
(Definition 3.7 below) can be modified to yield a characterization similar to
the one obtained in [14] for the 2-dimensional Hausdorff measure. In the
next section we introduce infinitesimally metric measures and show that
they lead to the existence of p-quasiconformal maps.

3. INFINITESIMALLY METRIC MEASURES

We now define the infinitesimally metric measures. Let X, p, B and ¢,
be as above. Moreover, for z,y € X let

Q(xv y) = lnfgﬂ(c(x7 y))7
where the infimum is taken over all curves C(z,y) that join z and y in X.
Thus ¢ defines a pseudometric on X. In the following, we use the subscripts
d and ¢ to indicate which (pseudo)metric is being used in our notation for
balls, spheres, and diameter.

Definition 3.1. The measure pu is infinitesimally metric (I-MM) if there
exist A > 1, C; > 1 such that

@) 7 aly, ) < p(Balr,1)"? < Cialy, 2)
for every Bg(x,r) € B, y € By(x,r/A) and z € Sy(z,r).

It follows immediately from the definition that if p is I-MM, then ¢ is a
metric on X.

Recall that a metric space X is (Ahlfors) 2-regular if there exists C' > 1
such that O~ 172 < H2(B(z,r)) < Cr? for all z € X, r € (0,diam X). We
say that X is lower or upper 2-reqular if, respectively, the first or second
of these inequalities holds. Definition 3.1 imposes a similar infinitesimal
condition on the measure p. In fact, we show in Lemma 3.4 and Lemma 3.5
that (X, ¢) is infinitesimally Ahlfors 2-regular.

The remainder of this section is dedicated to the proof of Theorem 1.1.
We first restate the theorem.
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THEOREM 3.2. Let X be a metric space homeomorphic to R? which
supports an I-MM p. Then there exists a p-quasiconformal map f: X — ),
where @ =D C R? or Q = R?,

As groundwork, we require several lemmas to estimate the 1- and 2-
dimensional Hausdorff measures corresponding to the metric q.

We fix an I-MM pu. Let B = {Bg(x,r) : € X,r < r;} be the admissible
cover associated with p. The assumption that p has no atoms implies that
lim, o p1(Bg(x,r)) = 0 for all € X. Definition 3.1 then implies that the
metrics d and ¢ are topologically equivalent.

Lemma 3.3. We have
(Ba(x,r)) < CFp(Ba(w, 7))

for every By(x,r) € B, where C; is the constant in Definition 3.1.

Proof. Since By(z,r) is compact and X homeomorphic to R?, there exists
a point z € (X \ By(z,r)). Observe that z € Sy(z,r). Let € > 0, and let
w € By(z,¢) such that r < d(z,w) < r,. Now,
p(Ba(w, 1)/ < p(Ba(w, d(,w))"/?
< C2pu(By(z, 7)Y + Cie.

Letting € — 0 proves the claim. O

Lemma 3.4. We have
C7%r? < pu(By(z,r)) < C3r?

7

for every ball By(z,r) contained in Bqy(x,ry/2), where C; is the constant in
Definition 3.1.

Proof. Let

s= d(z,y) and t= sup d(z,2).

inf

yEX\By(z,r) 2€Bqy(z,r)
Clearly Bg(z,s) C By(z,r). We claim that there exists y € Sy(z,s) such
that q(z,y) > r. If not, then X\ By(x,r) and By(x, s) are disjoint closed sets,
with By(z,s) compact. This implies that dist(X \ By(x,r), Ba(z,s)) > 0,
contradicting the definition of s. Since p is assumed to be I-MM, we have
(By(x,7)) = p(Ba(w, 8)) = C; *r?.,

Likewise, By(x,r) C Bg(x,t). Similarly to the first part of the proof, we
note that (X \ By(z,t)) N By(z,r) # 0. Thus, there exists z € Sy(z,t) such
that ¢(z,z) < r. Since p is -'MM, Lemma 3.3 gives

#(By(z,7)) < p(Ba(, 1)) < CFp(Ba(w, 1)) < Cir. U

For s,6 > 0, let Hy and 7-[2 s denote the s-dimensional Hausdorff measure
and Hausdorff d-content on (X, ¢q), respectively.
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Lemma 3.5. We have

™
Ta(A) < H2(A) < 1007C2p(4)

for any Borel set A C X, where C; is the constant in Definition 3.1.

Proof. Let § > 0, and let U C X be an open set with A C U and p(U) <
u(A) + 6. Using the basic covering theorem (see [9, Thm. 1.2]), choose
a sequence of pairwise disjoint balls B; = By(xj,r;) with B; C U, Bj C
Bq(xj,74,/2) and 10r; < § for all j, such that U C U32,5B8;. Then

4) < wi(lomf < CWZM(B]') < Cmp(U) < Cr(u(A) +9),

where C' = 100C? (the 7 comes from the normalization of H?). The upper
bound for Hz(A) follows.
For the lower bound, fix n and define the Borel set

A, ={z € A: By(z,1/n) C By(z,7:/2)} N A.

Let {E;} be a cover for A, with diamg(FE;) < 5- for all j. Removing
sets from the cover if necessary, we may assume that for every j there exists
x;j € Ay such that Ej C By(xy,2diamg E;) and By(z;,1/n) C Ba(xj, 74, /2).
Since
o0
n) < Z,u( (2,2 diam, E;)) < 4C? Zdlamq (E;)%,
=1

j=1
we get

7r
TC‘ZM(A )<Hq1/2n( n) < 7'[2( )-
Since p(A) = limy, o0 1(Ay), the claim follows. O

Lemma 3.6. We have

2 403

for any Borel set A C X, where C; is the constant in Definition 3.1.

q(4)

Proof. Since X is homeomorphic to R?, it is locally compact and can be
exhausted by compact sets X7. We can also approximate both £,(A) and
Hy(A) from below with the measures of the sets A7 = AN X7/, and by
considering some compact neighbourhood X7+* of A7 we can assume that
sup diamg(By(z, 7)), sup diamg(By(z,r)) = 0 as r — 0.
reX zeX
We first consider Borel sets

={zeA:l/n<ry}nNA nelN

Let o > 0 be arbitrary and § > 0 small enough so that diamg(Bg(z,20)) <
min{o, 1/n} for every x. Fix any cover {E;} of A, with diam,(E;) < ¢
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for all j. Removing sets from the cover if necessary, we may assume that
for every j there exists z; € A, such that dist({z;}, E;) < diam,(E;) and
re; > 1/n. Let
tj =inf{t > 0: Ej C Bg(z;,1)}.
Then for every j we have E; C Ed(;rj, tj). Moreover, since
Ej C Bq(fbj, 2diamq Ej) C Bq(fbj, 25),
we have ¢; < min{o, 1/n}. ,
For every j,m € N there exists y#, € E; \ Bq(zj,1; — 1/m), so that
w(Ba(wj, ty = 1/m)Y? < Cig(wj, y,)-

Since yl, € By(x,2diam, E;), we have u(Bg(zj,t;))"/? < 20; diam,(E;).
Recall that ¢, is defined by the Carathéodory construction: £,(A,) =
lim, 04, 5(Ap), where £, 5 is the corresponding o-content. By Lemma 3.3
we get

o (An) < 2072 " p(Baly, 1)) < 277 V2G> p(Balwy, t))'?
J J
< 4n2c Z diam, (E})
J
(the 27712 comes from the normalization of ¢,) and hence £, ,(A;)
27r*1/20i37-l; (Ap). This holds for all o > 0 and n € N, so we have £,,(A)
4%‘1/205’7-[;(14).

The other inequality can be proved more directly, with similar arguments

but without the need to consider the sets A,,. O

<
<

We will apply the main result in [14]. It depends on the following defini-
tion. A quadrilateral Q = Q((1, (2, (3, (4) is a set homeomorphic to a closed
square in R?, with boundary edges (1, (s, (3, (in cyclic order). For sets
E F C G, T'(E, F;G) denotes the family of curves in G that join E and
F. While path families were considered in [14], the results applied below
remain valid when they are replaced with curve families.

Definition 3.7. Let Y be a metric space homeomorphic to R? with locally
finite Hausdorff 2-measure. The space Y is reciprocal if there exists k > 1
such that for all quadrilaterals Q = Q((1,¢2,(3,¢4) in X,

(3) mod I'(¢1, ¢3; Q) mod T'(¢2, (4 Q) < &
and for all z € X and R > 0 such that X \ B(z, R) # 0,
(4) lig%)mod I'(B(x,r), X \ B(z, R); B(z, R)) = 0.

It was shown in [15] that the inequality opposite to (3) holds in every Y.
That is, there exists a universal constant ' > 0 such that

mod ['(¢1, (33 Q) mod I'(Cz, (4; Q) =+
for all quadrilaterals Q C Y.
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THEOREM 3.8 (Theorem 1.4 [14]). Let Y be a metric space homeomor-
phic to R?, with locally finite Hausdorff 2-measure. There exists a QC map
h:Y — Q C R? if and only if Y is reciprocal.

The next proposition is a generalization of Theorem 1.6 from [14], where
the mass upper bound is assumed for every radius.

Proposition 3.9. Let Y be a metric space homeomorphic to R%. Suppose
there exist Cy > 0 and for every y € Y a radius ry > 0 such that

() H*(B(y,r)) < Cyr?
for every r < r,. Then'Y is reciprocal.

Proof. Condition (4) follows by considering the admissible function
B 1
) = sty

To prove (3), we modify the proof of [14, Proposition 15.5]. We give the main
steps and refer to [14] for the missing details. Let @ = Q((1, (2, (3,C1) be
a quadrilateral. Then there exists a p that is weakly admissible (admissible
outside an exceptional curve family of zero modulus) for I'((y, (3; @), such
that

/Yp2 dM? = modT'((1, G35 Q).

Fix a curve C € I'((2,(4; Q). We may assume that C is homeomorphic to
[0,1] and has finite length. Using the basic covering theorem, we find a finite
cover {58} = {B(y;,57;)} of C such that y; € C and 367; < r, for all j, and
such that the balls B; are pairwise disjoint. Moreover, let g: @ — [0, 00],

(6) g9ly) = Z 7 'X68,00(Y)-

Since every C' in I'((1,(3; Q) intersects at least one of the balls 5B;, it
follows that ¢ is admissible for I'((1, (3; Q). Moreover, since p is a minimizer
for modI'(¢1,(3; @), applying the weak admissibility of (1 — ¢)p + tg and
letting ¢ — 0 leads to

. 2 _ -1 . 2,
M) medlG6sQ) < | o 2 [

B;NQ

For the maximal function Mp : Q — [0, o0],

1
Mp(z) =sup —5—=——~ / dH?,
p( ) >0 HQ(B(Za 5T)) B(z,r)NQ g

standard arguments show that

2 17,2 2 19,2
(8) /Q(./\/lp) dH SS/Q,O dH".
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Now we apply (5) to estimate the right hand term of (7) from above by

-
1296Cy Y =t —— / dH’
v Ej: H2(B(y;,36B;5) J(y;,6,)nQ ’

<1296Cy Y 7 yeiélme_ Mp(y).
s J
J

Since the right hand term is bounded from above by 1296Cy; [, Mp dH!, we

conclude that
1296Cy Mp(y)

mod I'(¢1, (3; Q)
is admissible for I'((2, 4; Q). Combining the admissibility with (6) and (8),

we have

Y

. 8- 12962C2
mod I'(Ca, (45 Q) < wod T(C1, (33 Q)

from which (4) follows. d

Proof of Theorem 1.1. By Lemmas 3.4 and 3.5, the space (X,q) satisfies
the assumption of Proposition 3.9. Thus by Theorem 3.8 there exists a
QC map h: (X,q) — Q C R%. By the Riemann mapping theorem, we can
choose h such that @ = D or Q = R2. Moreover, by Lemmas 3.5 and 3.6
the p-modulus mod,(I") and the conformal 2-modulus mods(I') in X are
comparable for any curve family I, so h precomposed with the identity map
from (X,d) to (X, ¢q) is p-quasiconformal. |

4. INFINITESIMALLY QUASISYMMETRIC MAPS

In this section we introduce the notion of infinitesimally quasisymmetric
map and apply our results on infinitesimally metric measures to give a char-
acterization for the spaces that admit such a parametrization by a Euclidean
planar domain.

Recall that a homeomorphism f: (X,d) — (V,d') between metric spaces
is quasisymmetric (QS) if there exists a homeomorphism 7: [0, 00) — [0, c0)
such that
) d(z,y) d(f@), Fy) (0

d(x, 2) d'(f(x), f(2))
for all distinct points z,y, z € X. Closely related is the following definition.
A homeomorphism f: (X,d) — (Y,d’) between metric spaces is metrically
quasiconformal (MQC) if there exists H > 1 such that

L sup{d ([(2), [(9): dlrg) <)
s S @ (f(@), () A > 1) S

< t implies

for all x € X.

Definition 4.1. A homeomorphism f: (X,d) — (Y,d) is infinitesimally
quasisymmetric (I-QS) if there exists a homeomorphism 7: [0, 00) — [0, c0)
such that for every x € X there exists a radius r; > 0 such that (9) holds
for all y, z € B(x,ry).
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It is a standard exercise to show that if f: X — Y and g: Y — Z are
QS, then go f and f~! are also QS. These properties also hold for the class
of I-QS maps. Note that both properties may fail for MQC maps, even for
metric spaces homeomorphic to R?. In Section 5.1, we give an example of
this.

It is immediate from the definitions that any QS map is I-QS, and any I-
QS is MQC. Thus infinitesimal quasisymmetry is an intermediate condition
between quasisymmetry and metric quasiconformality. In Section 5.3, we
give an example of a map which is I-QS but not QS.

Recall that a metric space (X,d) is linearly locally connected (LLC) if
there exists A > 1 such that the following properties hold:

(1) For any z € X, r > 0 and y,z € B(x,r) there exists a continuum
K C B(z,\r) with y,z € K.

(2) Forany z € X, r > 0and y,z € X\ B(z,r) there exists a continuum
K C X\ B(z,\7!r) with y, 2 € K.

Definition 4.2. A metric space (X, d) is infinitesimally linearly locally con-
nected (I-LLC) if there exists A > 1 such that for every x € X there exists
a radius 7, > 0 such that the above properties hold for all r < r,.

It is easy to see that the LLC property is preserved under QS maps. Sim-
ilarly, I-QS maps preserve the I-LLC property. Since every planar domain
is I-LLC, any metric space that admits an I-QS map to such a domain must
also be I-LLC.

Finally, we introduce a modification of the Loewner condition of Heinonen
and Koskela [11]. We denote by I'(A, B) the family of curves which join sets
A and B in X. Recall that X (equipped with H?) is Loewner if there exists
a decreasing function ¢: (0, 00) — (0,00) such that mod I'(E, F') > ¢(t) for
all disjoint nondegenerate continua F, F' satisfying

dist(E, F) <y
min{diam E, diam F'} ~
Also, recall our convention that any measure p comes equipped with an
admissible cover B = {B(z,r): 0 <r <rg}.

(10)

Definition 4.3. A metric space X equipped with a measure p is infinitesi-
mally Loewner (I-Loewner) if there exists a decreasing function ¢: (0,00) —
(0,00) such that mod, I'(E, F) > ¢(T) for all disjoint continua E, F' such
that E joins @ and S(z,t), F' D S(x,r;) joins S(z,s) and S(x,7,), and
0<s,t<ry/2,s/t<T.

It follows from the Loewner property of R? that every planar domain,
equipped with Lebesgue measure and any admissible cover, is I-Loewner.

The remainder of this section is dedicated to the proof of Theorem 1.2. We
first restate the theorem.

THEOREM 4.4. Let X be a metric space homeomorphic to R?. There
exists an I-QS map f: X — Q, where Q =D or Q = R2, if and only if X is
I-LLC and supports an I-MM o such that (X, ) is I-Loewner.
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To prove the theorem, we first show in Lemma 4.5 and Proposition 4.7
that if f: X — Q1is I-QS, then the pullback of Lebesgue measure satisfies the
conditions of the theorem (we already noticed that the existence of f forces
X to be I-LLC). For the other direction, we show in Proposition 4.8 that
ji-quasiconformal maps X — Q C R?, such as the map in Theorem 1.1, are
I-QS under these conditions. Proposition 4.8 can be seen as an infinitesimal
analog of [11, Theorem 4.7], and it is proved using similar arguments.

Lemma 4.5. Let f: X — Q C R? be an I-QS map, and pn = f*Ly the
pullback measure of the Lebesgue measure Lo. Equip o with admissible cover
B ={B(z,r): 0 <r <ry}, where the vy are the radii in Definition J.1 of
1-QS maps. Then

n(1)TMH(F(C)) < £u(C) < An(B)H(f(C))

for any curve C C X.

Proof. We may assume that the curve C is simple and compact. As in
Lemma 3.5, it suffices to prove the claim for sets C for which there exists
0 > 0 such that the set of points x satisfying B(z,d) € B is dense in C.

Fix such a 0 and a sequence (B;) = (B(zj,7;)) of disjoint balls such that
xj € C,5B; € B, 5r; < 0 and C C U;58;, ordered so that if v is any injective
parametrization of C then s; = v~ !(z;) is a monotone sequence.

Let

Tj = supf{t > 0: B(f(z;),t) C f(Bj)}
for every j. Then there exists z; € X with d(x;, z;) > rjand |f(x;) — f(z;)] <
2T;. Using the infinitesimal quasisymmetry of f we find that for any y; €
5B;

|f (@) = fQyi)| < n(B)[f () — f(z)]
so that f(5B;) C B(f(x),2n(5)T};). By the choice of T} also B(f(z),T}) C
f(Bj) and thus

1(5B;) = L2(f(5B;)) < 4mn(5)*T? < 4mn(5)| f () — flap)]”

for all k& # j as the balls B; are disjoint. Now the J-content ¢,, 5 satisfies

Cus(C) < 272N u(5B)) 2 < an(5) Y |f(x5) = flwjan)l-
j J

Since f(C) is the nonoverlapping union of the subcurves connecting f(x;)
and f(2;41), we have £,5(C) < 4n(5)H'(f(C)) for any 6 > 0 and thus
£,(€) < (GHL(f(0)):

To prove the other inequality, fix ¢ > 0 and let B; = B(xj,7;) be a
sequence of balls in B covering C with diam B; < o and B; NC # () for all j
and some o > 0. Since X is locally compact and C is compact, diam f(B;) <

¢ for all j when o is sufficiently small.
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By the infinitesimal quasisymmetry of f we have
diam f(B;)* < dn~'n(1)*La(f(By)) = 4n~ 'n(1)?u(B))
for every j, and hence

HE(f(C)) < 20712 (1 Zu )2

Thus HL(f(C)) < n(1)€,.0(C) < 1(1)€,(C), and the same upper bound holds
for H' since e was arbitrary. O

Corollary 4.6. Let f and p be as in Lemma 4.5. Then f is

L-quasiconformal.

Proof. Let T' be a curve family in X and € > 0. We choose a p-admissible
function p with [y p? dp < mod,(T') + & and define p = po f~+in Q. If a
curve C € I" has locally finite £,-measure, then by Lemma 4.5 and a change

|
[ —— / pl,,
/f((:) n(s) Joo

so that 47(5)p is admissible for f(I'). Thus using the definition of y and a
change of variables we have

mod(f()) < 169(5)° [ 7 Lo = 1605 [ g% du < 161(5)° (mod, (1) +2).

The other direction can be proved similarly using the other inequality of
Lemma 4.5. O

of variables

Proposition 4.7. Let f, p and B be as in Lemma 4.5. Then u is I-MM

and satisfies the I-Loewner condition.

Proof. Let A > 1 be large enough so that 7n(1/A) < % Fix x € X and
0 <7 < 714/2 so that B(f(z),diam f(B(x,r))) C Q. In order to prove the
I-MM condition (2), fix y € B(z,r/A) and z € S(x,r). Then the segment
[f(y), f(2)] is contained in Q. Let C = f~1([f(y), f(2)]), which is a curve
connecting y and z.
Now let
T =sup{t >0: B(f(x),t) C f(B(z,r))}.

Using Lemma 4.5 and infinitesimal quasisymmetry, we have
6u(C) < 477(5)Hl(f(c)) =4n(5)|f(y) — f(2) < 4n(5) diam fB(x, )
5
<snUE)T < IO £ (4B, ry)) 2

_ 8n(W)n(5)
T

so the first inequality in (2) holds.

/\

35
Alls =~
=

u(B(z,r))'/?,
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For the reverse inequality, notice first that our choice of A implies that

[f(z) = f(y)| < 51 f(z) = f(2)] and thus [f(y) — f(2)| > 5|f(z) = f(2)]. Let

C be any curve connecting y and z. Now by Lemma 4.5
0.(C) = (1) HI(f(C))

1
> ()7 ) — F2) = 5ms 1 f (@) = f(=
W71 = 1) > 55 w) = 1)
1 1
> BE e
since f(B(z,r)) € B(f(x),n(1)|f(z) — f(2)|). Hence also the second in-
equality in (2) holds. We conclude that p is I-MM.

Finally, we show the I-Loewner condition. Fix z € X and disjoint con-
tinua F and F as in Definition 4.3, so that there are y € F'N S(z,s) and
z € EN S(z,t). By infinitesimal quasisymmetry,

dist(/E. /F) _ |f(y) - ()]
diam £ £ (2) = ()]
By definition, F' contains S(z, ;). In particular, fS(x,r;) surrounds f(z),
and we have dist(fF, fF) < diam fF. Combining the estimates yields
dist(fE, fF)
min{diam E, diam F'}
Since R? is Loewner, there is ¢’ such that
mod T(fE, fF) > ¢/ (max{n(s/0), 1))
On the other hand f is p-quasiconformal by Theorem 1.1, so
mod, T'(E, F) > K~ 'modT(fE, fF)

(B(z,r))"?,

<n(s/t).

< max{n(s/t), 1}.

for some K > 1. We conclude that the I-Loewner condition holds with
¢(T) = K~'¢/ (max{n(T),1}). u

Proposition 4.8. Let i be an I-MM on X, and f: X — Q a p-quasiconfor-
mal homeomorphism. Suppose that X is I-LLC and p satisfies the I-Loewner
condition. Then f is I-QS.

Proof. Let A and A be the constants in Definitions 3.1 and 4.2 of I-MM and
I-LLC, respectively. We will prove the equivalent statement that g = f~*
is I-QS. In this proof, for a point a € Q and set A C Q, let ' = g(a) and
A= g(A).
Fix z € Q and r > 0 so that
B(z,3r) C QN g_l(B(I/,7“1//(10)\4[\4)))7
and y,z € B(z,r). By our choice of r, we can choose w € g~+S(z',ry)

so that the segment [x,w] contains z. Moreover, taking r to be sufficiently

small, we can ensure that the segment [z,w] lies in Q. Notice that w ¢
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B(z,3r). Let m = d(«',y’) and ¢ = d(2/,2"). Let t > 0. We must find an
upper bound 7(t) on m/¢ that holds whenever |z — y|/|z — z| < t, such that
n(t) — 0 as ¢ — 0. Assume then that y, z satisfy |z —y|/|z — z| < t.

Suppose first that m/¢ > AX2. Then, by the I-LLC property, we can
connect ' to 2’ by a contintum E’ contained in B(z’, A\f), and 3 to w’ by
a continuum F” contained in X \ B(2',m/\). Let k = [log, (m/(£A2))],

Bj = B(z/,A7¢/)\), and A; = B(2/,A7¢/)\)\ B(z/, A7/ )\).

Then, by the definition of I-MM,

is p-admissible for T'(E’, F'). Thus

1 C?u(A;) _ C? C?
B2 uB;) Sk S lognim/09)

mod#F(E’,F’)g/ p*du <
X

Hence mod, I'(E’, F') becomes arbitrarily small as /¢ increases to infinity.
Since g is pi-quasiconformal, mod I'(E, F') is also small, where E = g~ !(E’)

and F = g—'(F’). But these sets connect x to z and y to w, respectively,

and have relative distance

dist(E, F) |z —y|

A(E,F) = < .
(B, F) min{diam F,diam F'} ~ |z — z]|

Thus, by the Loewner property of R?, we have |z —y|/|z — 2| — oo as
m/{ — oo, establishing the distortion inequality in this case.

Suppose then that 0 < m/¢ < AX2. In this case we choose E = [z,y] and
F = [z,w] U g tS(z', 7). We may assume that 2|z —y| < |z — z|, since
otherwise there is nothing to prove. Applying the I-Loewner condition to

E’ and F’, we have
mod, T'(E', F') = ¢(¢/m).
Combining with the p-quasiconformality of g, we get modI'(E, F) >

K='¢(¢/m). On the other hand, by our choice of w we can estimate

mod I'(E, F) from above as follows:

— N1
modI'(E, F) < mod I'(S(x, |z — z|), S(x, |z —y|)) = 27r(10g :x ZD .
=y
Combining the estimates, we see that ¢(¢£/m) < 27K (log(1/t))~!. Observe
that this bound becomes arbitrarily small as ¢ — 0. Since ¢ is decreasing,

this yields an upper bound 7(t) on m/¢ that goes to zero as t — 0. |
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5. EXAMPLES

In this section, we work out in detail a number of specific examples of
metric spaces homeomorphic to the plane. All of our examples have locally
finite Hausdorff 2-measure, and we assume throughout this section that a
given metric space is equipped with the Hausdorff 2-measure. We write a
point z in coordinates as x = (1, 22) if 2 € R? or & = (a1, 29, 23) if 2 € R3.

In addition to the examples of this section, we refer the reader to Example
4.7 of [10] for a family of uniformly LLC surfaces in R3, equipped with the
ambient Euclidean metric, that are conformally equivalent but not uniformly
QS equivalent to the Euclidean plane. We also refer to Example 2.1 of [14]
for an example of a non-reciprocal metric on the plane, and to Example
17.1 of [14] for a non-rectifiable surface in R? that is QC equivalent to the
Euclidean plane. Finally, see [17] for the construction of a surface of locally
finite Hausdorff 2-measure that is QS equivalent to the plane but not QC
equivalent.

5.1. Conformal weight that decreases rapidly near the origin. De-
fine a metric d on the Riemann sphere R? = R? U {co} via the conformal
weight
=1/lz] /| 2|2 i
w(;c):{ e /|| ifx#0

0 if x =0,00
That is, for all z,y € @2, the metric d is given by d(x,y) = inf,, f7 w ds, where

the infimum is taken over all absolutely continuous paths ~: [0,1] — R? such
that v(0) = 2 and (1) = y.

It is casy to check that d(0,z) = e~ /17l for all # € R2\ {0}. In particular,
d(0,00) = 1 and we see that d is finite. Next, let z,y € R2\ {0} and assume
that |z| < |y|. By considering the concatenation of the straight-line path
from = to (Jy|/|z|)z and a circular arc from (|y|/|x|)x to y, we obtain the
estimate

-1
d(z,y) < e VW — = Vlel 27re|/y
y

As a consequence, if (z;) and (y;) are sequences in R2 such that xTj — 00
and y; — oo, then d(z;,y;) — 0. This is sufficient to conclude that (]IA%Q, d)
is homeomorphic to the Riemann sphere.

In fact, by considering the pushforward of w under the inversion map
x — x/]z|?, we see that (@Q,d) is isometric to the metric space (I@z,d)7
where d is the metric generated by the conformal weight w(x) = e~ 17l In
particular, any ball in (@Q,d) centered at oo not containing the origin is
bi-Lipschitz equivalent to a Euclidean disk.

In Figure 1, a number of geodesics emanating from the point p = (.3,0)
are plotted. Observe that the length-minimizing path from p to a point ¢
in the upper left region of the plot is the concatenation of the straight-line
path from p to the origin and the straight-line path from the origin to g.

This example illustrates how metric quasiconformality is not preserved in
general under taking inverses or under precomposition with a quasisymme-
try, as the following proposition shows.
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Proposition 5.1. Let ¢: (R2,]-|) — (R?,d) be the identity map, and let
h: R? = R? be the linear map defined by h(x1, x2) = (21/2, z2).

(a) v is MQC with H = 1, as is ils inverse.
(b) vis 1-QC.

(c) v is not I-QS.

(d) (toh)™tis MQC.

(e) toh is not MQC.

Proof. Claim (a) is immediate for all  # 0 by virtue of w being a conformal
weight, and it also holds for = 0 by the radial symmetry of w.

Claim (b) is also immediate if we exclude = 0. However, observe that
reciprocality condition (4) holds for the metric d at the origin. Thus the
geometric definition is unaffected by adding the origin back in, so the claim
holds on all of R2.

For claim (c), let (¢;) be a sequence of positive numbers converging to
zero, and let y; = (2t;,0), z; = (¢;,0). Then |y; — 0] = 2¢t;, |z; — 0] = ¢t;,
d(y;,0) = Ve Vi, and d(z;,0) = e~ /%, But then |y; — 0|/|z; — 0] = 2
while d(y;,0)/d(zj,0) — oo, violating the I-QS condition.

For claim (d), note that (toh)™! = A=t o™: (R%,d) — (R2,]|-]) is the
postcomposition of a MQC map by a QS map, which is always MQC.

Claim (e) follows from a variation of the argument for (c). Let (¢;) again
be a sequence of positive numbers converging to zero, and let y; = (¢;,0) and
zj = (0,t;). Then h(y;) = (t;/2,0) and h(z;) = z;. This gives d(h(y;),0) =
Ve=1/t and d(zj,0) = e~/ showing that ¢ o h is not MQC. O

Claim (c) of Proposition 5.1 can be strengthened to the following.
Proposition 5.2. There is no I-QS map f: (R?,|-|) — (R?,d).

Proof. Suppose that such an I-QS map f exists. Then f~! is also I-QS.
Since metric quasiconformality is preserved under postcomposition by an
1-QS map, it follows that f~1os is an MQC map of the Euclidean plane. By
the equivalence of definitions of quasiconformality in the Euclidean setting
(for example, see [20, Thm. 34.1]), we conclude that f~! o is QS and thus
that ¢ itself is I-QS. This contradicts claim (c¢) of Proposition 5.1. O

Note that the claims in Proposition 5.1 all hold if we replace R? with
R2 equipped with the spherical metric. We also observe that (R?,d) is not
upper 2-regular: The Hausdorff 2-measure of the ball B, = B(0,r), where
r € [0,1], is given by

R
H2(B,) = / WAL = o / 23 dt,
I 0
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FIGURE 1. Geodesics emanating from the point (.3,0)

where R = —(log7)~!. This evaluates to

1 1 1 logr
2 _o 2R (1 —o 2L _ 108
H*(B,) = 2me <4 3 > 27r <4 5 > .

Since —logr — oo as r — 0, we see that upper 2-regularity fails.

Proposition 5.3. The space (]IARQ, d) is linearly locally connected. However,

it is not a Loewner space.

The proof of linear local connectedness uses the following lemma.

Lemma 5.4. Let z € R? and r > 0 be such that B(z,r) C B(0,e72). Then
B(z,r) is simply connected.

Proof. The claim is obvious when = = 0, so we assume that x # 0. We argue
by contradiction. Suppose that B = B(z,r) is not simply connected. Since
(]@2, d) is a geodesic space, all metric balls are connected. Hence the failure
of simple connectivity implies that there exists a component V' of R2 \ B not
containing co.

Observe that B(0, e~2) coincides with the Euclidean ball B(0,1/2). In this
region, w is increasing as a function of the radius. Let L be the Euclidean
straight line which contains = and the origin. The increasing property of
w implies that L N B(0,e~2) is a geodesic segment. Thus L N B(x,r) is
connected, and in particular V N L = 0.

It follows that V is contained in one of the two open half-planes defined
by the line L, denoted by W. Let z € V and let S denote the Euclidean
circle of radius |z| centered at the origin. Let L’ denote the Euclidean
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straight line containing 0 and z. Then W \ L’ consists of two disjoint open
sets Wi, Wa, where x € OW;. We observe that there exists a point y €
SN BNWs. A length-minimizing curve from x to y must cross L’ at some
point v. However, the radial symmetry of w implies that d(v, z) < d(v,y),
and thus that d(z, z) < d(z,y). This gives a contradiction, and we conclude

that B is simply connected. O

Proof of Proposition 5.3. That (@Q,d) is linearly locally connected can be
shown from Lemma 5.4 as follows. By Lemma 2.5 in [4], it suffices to show
that there exists ro > 0 and A > 1 such that every ball B(z,r) of radius
r € (0,rp) is contractible inside the ball B(x, Ar).

Let s = e2/4 and let L > 1 be such that (R2\ B(0, s), d) is L-bi-Lipschitz
equivalent to a Euclidean disk. Let 79 = ¢72/(4L?) and A = L?. For any
r € (0,r9) and = € R2, the ball B(x, Ar) is contained in B(0,e~2) or it is
contained in (]IAQ2 \ B(0,s),d). In the first case, B(x,r) is simply connected
by Lemma 5.4 and hence contractible. In the second case, the L-bi-Lispchitz
equivalence of (R?\ B(0,s),d) with a Euclidean disk implies that B(z,r)
is contractible inside B(z, Ar). We conclude that (ﬁz,d) is linearly locally
connected.

We now show that (R, d) is not Loewner. Let E = (—o0,0) x {0} and let
F, = [ry, R)] x {0} for t € (0,1), where r, = —1/log(t/2) and R; = —1/logt.
Then dist(E, Fy) = diam(F}) = ¢, so that A(E, F;) = 1 for all £. Observe
that limy_,o R /r = 1.

Since the identity map ¢: (R?,|-|) — (R2,d) is 1-QC, the modulus of
T'(E, F) relative to the metric d is the same as the modulus of the same
curve family relative to the Euclidean metric. These curve families arise
classically in the Teichmiiller ring problem [1, Chapter III]. One can give an
upper bound on their modulus as follows. Let I'; denote the family of curves
which span the open Euclidean annulus 4; = A((r,0); Ry — r¢,7¢), where ¢
is sufficiently small so that R; < 2r;. For sufficiently small ¢, the annulus
Ay does not intersect E. The family I'; majorizes I'(E, F}) and has modulus
2/ log(re/(Re — 1t)).

As t — 0, we have that mod I'(E, F}) goes to zero. Hence (R2,d) is not

Loewner. O

The Loewner condition and linear local connectedness are conceptually
similar in that they both rule out the existence of cusps and sequences of
bottlenecks that become arbitrarily thin. In fact, the two properties are
equivalent for the class of Ahlfors 2-regular metric spheres. This follows
from Theorem 1.1 and Theorem 1.2 in [4] together with the quasisymmetric
invariance of the Loewner condition [19, Cor. 1.6]. This example illustrates
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how, for metric spheres of finite Hausdorff 2-measure, linear local connect-
edness does not imply the Loewner condition without the assumption of
Ahlfors regularity.

5.2. An accumulation of spikes, I. The purpose of this example is to give
a metric surface X so that the Hausdorff 2-measure on X is upper 2-regular
but X fails to be I-LLC. Upper regularity implies, by Proposition 3.9, that
there is a QC parametrization of X by the Euclidean plane. However, X
does not admit an MQC parametrization by the Euclidean plane, as shown
by the following simple lemma.

Lemma 5.5. Suppose there is an MQC map g: @ — X, where Q is a
domain in R?. Then X is I-LLC.

Proof. Let x € X and 2’ = g~ (). Let R, > 0 be sufficiently small so that
Hy(2',R) < 2H for all R < R;.

For small » > 0, g~ (B(v,r)) C B(z/,R;). Let y,z € B(x,r), v =
g '), 2 = g7 '(2), and R = sup{|o’ —w'| : w' € g~ (B(z,r))}. Then
there is a curve C from gy’ to 2’ which is contained in B(z/, R'). The metric
quasiconformality implies that ¢(C) is a curve from y to z contained in
B(z,2Hr).

Similarly, let y,z € X \ B(x,r), with ¢ = g~ !(y) and 2’ = g71(2). Now,
let R = inf{|2’ —'|: w' € Q\ g~ (B(z,r))}. Connect 3/ to 2’ by a curve
C in Q\ B(2/,R'). Then metric quasiconformality implies that g(C) is a
curve from y to z contained in X \ B(z,r/(2H)). This establishes that X
is I-LLC. O

We construct this example as a surface in R? containing a sequence of
spikes that become progressively smaller and converge to a point. For all
neN, lett, =2" h, =22 and r, = 2722732, The surface
X is constructed by removing each Euclidean disk B((t,,0),7,) from R2,
identified here with R? x {0}, and replacing it with a cone S,, of height h,,.
That is, S,, has vertex (t,, 0, h,,) and joins to R? along the circle S((t,,0), 7).
We equip X with the ambient Euclidean metric from R?, though the example
works just as well if we were to take the induced length metric.

We check that X is upper 2-regular. Let x € X and r > 0. In the first
case, assume that r < |2|/20, where |-| is the Euclidean norm in R3. A
computation shows that B(z,r) intersects at most one of the cones S,. It
is clear that H?(B(x,7) N (R? x {0})) < 7r?. By the elementary geometry
of cones in R?, it also holds that H?(B(x,7)NS,) < 7r2. We conclude that
H2(B(x,7) < 272

In the second case, assume that r > |z|/20. Then B(x,r) C B(0,21r),
writing 0 to denote the origin in R3. For this, we compute

HA(B(0,27") <727 + > H(S,)

k=n
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oo
a2y 2782 /on oy o3n

k=n

00
< ro~2n +7TZ 2—371/2(2—71/2 + 2—311/2) S 9—2n
k=n

We deduce that H?(B(0,217)) < r?, and therefore that X is upper 2-regular.

Finally, the point y, = (t,0, hy,) lies outside the ball B,, = B(0, |y,|/2).
Any continuum connecting y, to the unbounded component of R?\ B,, must
pass through the smaller ball X \ B(0,2t,). However, lim, o0 t,/|yn| = 0,
violating the I-LLC property.

5.3. An accumulation of spikes, II. By modifying the previous example,
we construct a space which is I-QS equivalent to the plane but not QS
equivalent.

We carry out the same construction as above, now taking ¢, = 27",
hp =27, and r, = 272 . 272", Instead of cones, we replace the Euclidean
disks B((ty,0),r,) with cylinders C,, of height h,,. More precisely, C,, =
E, UF,, where E,, = {(x1,22,23) : (z1,22) € S((tn,0),7,), 0 < x3 < hy}
and F,, = B((tn,0),r,) + (0,0, hy). Again, we equip the resulting space X
with the restriction of the ambient Euclidean metric to X to get (X, d).

The space X is not LLC because the cylinders get progressively narrower;
thus X is not QS equivalent to the Euclidean plane. However, we claim
that X equipped with p = H? satisfies the conditions of Theorem 1.2 and
therefore admits an I-QS map from R2.

First, notice that for every x € X \ {(0,0,0)} there is 7, > 0 so that
B(z,r;) C X is 10-bi-Lipschitz equivalent to a planar disk. In particular,
the conditions of Theorem 1.2 hold for all such points z.

We still need to verify the conditions of Theorem 1.2 for z = 0 = (0,0, 0).
Take rg = 1/2. The I-LLC condition follows from our choices of t,, h, and
. Also, calculating as in Section 5.2, we conclude that 2 < H2(B(0,7)) <
r2 for all 7 > 0. Therefore, the g-metric on X is comparable to the metric
d, and p is I-MM.

Finally, we show that the I-Loewner condition is satisfied at 0. For a fixed
T >0, let s,t > 0satisfy s/t <T. Let n € N be such that 277! < s < 277
Consider two disjoint continua E, F' C X as in Definition 4.3. We make the
observation that the cylinders C,, and C,_; are separated by a distance of
at least 27"~!. Thus F N (R? x {0}) N B(0,27""!) contains a continuum
F’ of diameter at least 27771, Next, we split into two cases. If t > s, then
by similar reasoning E N (R? x {0}) N B(0,2™") contains a continuum E’
of diameter at least 27772, If t < s, then take E’ to be a continuum in
E N (R? x {0}) N B(0,t) of diameter at least t/16.

Then d(E’, F') < 27"*2 and E’ and F’ have relative distance

27n+2

AEFY —————— <
(B, F) min{2-""2,¢/16}

max {1287, 16} .



22 KAI RAJALA, MARTTI RASIMUS, AND MATTHEW ROMNEY

Let T = max{128T, 16}, so that A(E’, F') < T’. Consider the domain

[e o]

G= (RQ\ U B((tn,O),rn)> x {0} C X.
n=1

The domain G is Loewner; let ¢ be the associated Loewner function. We

have then the inequality

mod'(E, F) > modT'(E', F'; G) > &(T").

We conclude that the I-Loewner condition is satisfied at O.

5.4. Gluing a Grushin half-plane to a Euclidean half-plane. The
Grushin plane is a basic example of a sub-Riemannian manifold. See [2,
Sec. 3.1] for an overview. One approach to the Grushin plane, studied in
[16], is given by the following definition. For each § € (0,1), the 3-Grushin
plane is R? equipped with the metric d obtained from the singular conformal
weight &: R — [0, 00] defined by &(z) = |z1|™”. The standard Grushin
plane is obtained by taking 8 = 1/2. Note that the standard Grushin plane
does not have locally finite Hausdorff 2-measure. However, in the case when
B € (0,1/2), it was shown in [18] and [23] that the S-Grushin plane is bi-
Lipschitz equivalent to the Euclidean plane. In particular, the 3-Grushin
plane is Ahlfors 2-regular. Moreover, the identity map R? — (R?, d) is QS.
A proof of this can be found in [16, Thm. 4.3].

Here, we present a modified version of the Grushin plane. Let 8 € (0,1/2).
Define the conformal weight w: R? — [0, 0o] by

N |x1|7ﬂ ifz; >0
w(x)_{1 itz <0

Let d denote the resulting metric.
First, we establish a ball-box relationship. For all r < 1, let

Dy = [—r, (1 = B)rY =P x [=r, 7).

Note that, for all zo € R, the straight-line curve from (0,z2) to ((1 —
ﬂ)Tl/(176)7fL'2) has length r. Observe further that w > 1 on D,. From
this, it follows that d(x,0) > r for all x € dD,. Next, by considering the
concatenation of the vertical line segment from 0 to (0, 22) with the horizon-
tal line segment from (0, z2) to z, we see that d(z,0) < 2r for all z € 0D,..
We conclude that

(11) Bd((0,0),T‘) - DT - Bd((oa 0)727")

forall r < 1.
Next, observe that H2(B4(0,2r)) is bounded from below by

' R (2-38)/(1-)
(12) / wrdc? =2 + 27"/ T
" 0 1-2p
For 5 € (0,1/2), the inequality (2 —38)/(1 — 8) < 2 holds, from which we
conclude that
2
limint 7L (Bal@ 7))

=0
r—0 r2
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for all z lying on the vertical axis. On the other hand, (12) is an upper
bound on H2(Bg(x,r)), showing that (R?, d) has locally finite Hausdorff
2-measure.

Since w is constant on each vertical line, we see that metric balls are
simply connected. In particular, (R?,d) is LLC.

This example illustrates how a metric surface with locally finite 2-measure
can violate infinitesimal upper 2-regularity at every point in a fairly large
set, namely a nondegenerate continuum. Since any metric surface that is
infinitesimally upper 2-regular is reciprocal, this suggests the following ques-
tion.

Question 5.6. Is there a metric surface for which reciprocality condition

(4) fails at every point on a nondegenerate continuum?

The space (R?, d) in this example is reciprocal and hence does not answer
this question. In fact, the identity map onto the Euclidean plane is 1-QC.
This can be shown by a change of variables argument; see also Proposition
3.5 in [8], where the corresponding fact is proved for the S-Grushin plane.
In contrast, we have the following.

Proposition 5.7. There is no MQC map from the Euclidean plane to
(R%,d).

Proof. Assume there is a MQC map f: R? — (R2,d). Observe that the
identity map ¢: R? — (R2,d) is locally quasisymmetric outside of the ver-
tical axis Z. This implies that F = ;7! o f: R? — R? is MQC outside of
the set f~%(Z). By a classical removability theorem for planar quasicon-
formal mappings [20, Thm. 35.1], it follows that F' is globally QS; see also
Proposition 2.5 of [8].

Let 2 € f~%(Z). By quasisymmetry, there exists H > 1 such that

Bpue(F(2),s(r)) C F(Bguc(z,7)) C Bruc(F(z), Hs(r))

for all 7 > 0, where s(r) = inf{|F(x) — F(y)| : y € R?\ Bguc(z,7)}. Com-
paring this with the ball-box relationship (11), we conclude that f is not
MQC. This is a contradiction. O

A similar argument shows that there is no MQC map from (R2, d) to R2.

Acknowledgment. We thank the referee for a careful reading of the paper
and detailed feedback, which helped us improve the text significantly.
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QUASISYMMETRIC KOEBE UNIFORMIZATION WITH
WEAK METRIC DOUBLING MEASURES

KATI RAJALA AND MARTTI RASIMUS

ABSTRACT. We give a characterization of metric spaces quasisym-
metrically equivalent to a finitely connected circle domain. This
result generalizes the uniformization of Ahlfors 2-regular spaces by
Merenkov and Wildrick [7].

1. INTRODUCTION

A homeomorphism f between metric spaces (X, d) and (Y, d') is qua-
sisymmetric if there exists a homeomorphism 7: [0, 00) — [0, 00) such

that

d(f(z), f(y)) _ (d(ryy))

2(f@).fz) " \dG,2)
for all distinct points z,y, z € X. Quasisymmetric maps form a natu-
ral generalization of conformal maps to the setting of abstract metric
spaces. In particular, the uniformization problem for quasisymmetric
maps is important due to applications in areas such as geometric group
theory, complex dynamics, and geometric topology.

The uniformization problem asks which spaces admit quasisymmetric
maps onto some standard space such as S%.. Bonk and Kleiner [l]
were able to solve the problem for Ahlfors 2-reqular spheres (X, d), i.e.,
topological spheres for which the two-dimensional Hausdorff measure
H2 satisfies

C™'r? < HA(By(z,7)) < Cr? forallz € X, 0 < r < diam X.

Bonk and Kleiner showed that linear local connectedness (see Section
2) is a necessary and sufficient condition for 2-regular spheres to be
quasisymmetrically equivalent to S?.

Later, Merenkov and Wildrick [7] considered the multiply connected
setting, generalizing the classical Koebe uniformization. They gave
characterizations for the Ahlfors 2-regular surfaces that are quasisym-
metrically equivalent to some finitely or countably connected circle
domains in S?. Here a circle domain is an open and connected sub-
set whose complementary components are geometric disks/points. We

refer to [7] for further motivation and background.

Mathematics Subject Classification 2010: Primary 30L10, Secondary 30C65,
28AT5.
The authors were supported by the Academy of Finland, project number 308659.
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Our aim is to find similar characterizations for surfaces that need
not be 2-regular, such as fractal surfaces. Uniformization results for
fractal surfaces are of great importance in view of applications, cf. [2],
[7, Section 2], but one cannot expect results as strong as above to hold.

In [6], Lohvansuu and the authors introduced the weak metric dou-
bling measures, generalizing the metric doubling measures, or Strong
A-weights, of David and Semmes [3]. These are, roughly speaking,
measures that can be used to construct quasisymmetric deformations
for a given metric, see Section 2 for the precise definition. We then
gave a version of the Bonk-Kleiner theorem in terms of the existence
of such measures.

In this paper we apply the weak metric doubling measures to finitely
connected surfaces. Namely, we have the following generalization of
the characterization given by Merenkov and Wildrick.

THEOREM 1.1. Let X be a metric space homeomorphic to a domain
in S* such that X \ X contains finitely many components. Then X is
quasisymmetrically equivalent to a circle domain if and only if it is
linearly locally connected, carries a weak metric doubling measure and
X is compact.

Here X is the completion of X. The “only if” part of Theorem 1.1
follows from the definitions in a straightforward manner. Theorem 2.2
below is a quantitative version of the “if” part.

To prove this, we first apply the weak metric doubling measure to
suitably deform the metric on X. We show that the deformed space
is reciprocal in the sense of [9], and therefore admits a quasiconformal
map into S? by a recent result of Ikonen [5]. We then apply geometric
estimates to show that this map, when suitably normalized, is qua-
sisymmetric. Our approach is different from those in [7] and [6], both
of which apply the Bonk-Kleiner theorem.

2. WEAK METRIC DOUBLING MEASURES

For z;y € X and § > 0, a finite sequence of points xg, 1, ..., T, in
X is a d-chain from x to vy, if g = z, z,, = y and d(z;,x;_1) < 6 for
every j = 1,...,m. Notice that in every connected metric space each
pair of points can be connected by a d-chain for any ¢ > 0.

Recall that a measure p in a metric space (X, d) is doubling if there
is Cp > 1 such that

w(Ba(z,2r)) < Cpp(By(x,r)) forall z € X, r > 0.

From now on we assume that p is a Radon measure in X that is dou-
bling with constant Cp.
In what follows, we use notation

Bwy = Bd('r> d($7 y)) U Bd(y> d(ﬂ?, y))
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Given p and a “dimension” s > 0, we define the p-length g, s of points
z,y € X as follows: set

qi_ys(l’, y) = inf { Z M(szmjfl)l/s: (z)j~o is a d-chain from x to y}
j=1

and

Qus(z,y) = limsupq), ,(,y).
5—0

Definition 2.1. We say that p is a Cy -weak metric doubling measure,
or WMDM, of dimension s > 0 in (X, d), if for all 2,y € X,

1
(1) @N(Bzy)l/s < q;t.,s(x’ y)

From now on we assume that u is a Cy~-WMDM of dimension 2, and
we abbreviate ¢ = g,2. See [0] for examples and further discussion.

Weak metric doubling measures should be compared to the metric
doubling measures of David and Semmes. They are essentially defined
by requiring that in addition to (1) also the reverse inequality holds.

Recall that a metric space (X, d) is A-linearly locally connected, or
LLC, if for any x € X and r > 0,

(i) if y, z € Bg(z,r) then there exists a continuum K C By(z, Ar)
with y, 2z € K, and

(ii) if y,z € X \ Bqy(x,r) then there exists a continuum K C X \
By(z,r/X\) with y, z € K.

From now on we assume that (X, d) is A-LLC and homeomorphic to
a circle domain such that X is compact and X \ X contains M < oo
components. We denote by Cx the ratio of the diameter of (X,d) to
the minimum distance between the components of X \ X. We are now
ready to state the main result of this paper.

THEOREM 2.2. There is an n-quasisymmetric homeomorphism from
(X, d) onto a circle domain Q C S*, where n depends only on X\, Cx,
CD, Cw, and M.

Here and in what follows, S? is equipped with the usual chordal
metric and R? with the euclidean metric.

As pointed out in the introduction, Theorem 1.1 is a straightforward
consequence of Theorem 2.2. We do not know if the dependence on
the number of components M is necessary in Theorem 2.2, and if it
admits extensions to countably connected domains corresponding to
[7, Theorem 1.4]. The rest of the paper is dedicated to the proof of
Theorem 2.2.
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3. DEFORMATION OF THE METRIC

Theorem 2.2 is proved by showing that the u-length ¢ is a metric
on X with strong geometric properties. Our approach is based on the
following reverse inequality for WMDMs.

Proposition 3.1. For every x € X there is r, > 0 such that
q(z,y) < Cop(Bry)'?
for all y € By(x,ry), where Cg = 160WC%8+16ﬂog2 X

Before proving Proposition 3.1, we state some consequences. We will
apply the following elementary property of doubling measures, see [1,
13.1]: For all z € X and 0 < r < R < diam,(X),

) ¢ (7)< <e(3)

Here C' and a depend only on Cp.

Corollary 3.2. (X, q) is a metric space homeomorphic to (X, d).
Proof. Combine the definitions with Proposition 3.1 and (2). O

We use notations B, and B, for the open balls in (X, d) and (X, q),
respectively. We next give estimates for measures of balls in (X q).

Lemma 3.3. Let x € X and s > 0. Then
(3) H(B,(x.5)) < Ciys™

Moreover, if r, > 0 is as in Proposition 3.1 and By(x,s) C By(x,r,),
then
s

4) 23,

Proof. First, we apply the WMDM-definition 2.1 to establish the in-
clusions

By(x,s) C {y: N(Bzy)l/Q < Cws}
- {y : M(Bd(x7d($7y)))1/2 < CWS} = Bd(x>rs)

for some 74 > 0. Since p(Bgy(z, 7)) < C§ 8%, (3) follows. Similarly,
Proposition 3.1 and doubling yield

By(z,s) > {y: CSM(Bzy)l/Z < s}
> {y: CY*Copl(Balx, d(z, )"/ < s},
from which (4) follows. O

2

< w(Bqy(, s)).

It follows from the above estimates that p is in fact comparable to
the 2-dimensional Hausdorff measure 7—[3 in (X,q). We normalize 7-[2
so that it coincides with the Lebesgue measure if ¢ is the euclidean

metric in R2.
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Corollary 3.4. We have
1 Ci

_— 1q4? < < ZWaqy2
(5) %Cg%ﬂq(E) SUE) < —=H,(E)
for all Borel sets E C X. In particular,
(6) HS(Bq(x, s)) < 2rCECHCG, s

forallz € X and s > 0.

Proof. The second inequality in (5) follows directly from (3) and the
definition of #Z. Also, (6) follows directly from (3) and the first in-
equality in (5).

For the first inequality in (5), we may assume that F is open since u
is Radon. Given § > 0, we can apply the 5r-covering lemma to cover F
with balls B/ (x;, s;) C E satisfying (4) such that the balls BJ(x;, s;/5)
are pairwise disjoint and each s; < 0. We denote the corresponding
d-content by ’H;é. Then by (4), the doubling property of p, and the
disjointness give

Hs(E) < WZSJQ < QWC§CDZN(Bq($j»Sj))
j j

< 27C3CH > p(By(x,5,/5)) < 2rC5CHU(E).
J

The claim follows by taking § — 0. ]

4. PROOF OF PROPOSITION 3.1

We prove Proposition 3.1 by constructing a continuum connecting
the given points with controlled ¢g-diameter. We define the ¢-diameter
with

diam,(A) = sup ¢(a,b)
a,beA
for A C X, which makes sense even though we have not yet proved
that ¢ is a finite distance. Note also that the definition of ¢ implies
that it satisfies the standard triangle inequality.

As a first step of the construction we find separating continua in

small annuli. We denote ¢ = [log, A] for the rest of this section.

Lemma 4.1. Let € X and r > 0 such that By(x,(2)\)7r) is com-
pact and contained in a topological disk U C X. Then there exists
a continuum K C Bg(z, (2\)°r) \ Ba(x,2Xr) separating By(x,r) and
X\ By(z, (2))7r) with

(1) diam, (K) < 8CwCE2Hu(By(x,r)) 2.

Proof. We use notation Sy(z,r) = {y € X : d(z,y) = r}. Let
E = Sy(z,(2)\)?r) and F = Sy(z, (2\)*r). By (1) and a standard
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compactness argument (see [0, 4.1]) there exists d,, > 0 such that for
alye B, z€ Fand 0 <d < d,,

8 0 Z
(8) 7"(y.2) 50wy

Fix 0 < § < min(d,,,7). Using the doubling condition, the 5r-
covering lemma and (2) we can find a cover

9) B={Bi}Ly = {Ba(wi, i)}

for the annulus

(Bye)'2.

A = By(z, (20\)°r) \ Ba(z, (2)\)?r)
such that the balls By(z;,r;/5) are pairwise disjoint, r; < /2 and
e® < p(Ba(wi,7i/5)) < Cpe®
for every 7 and some fixed € > 0. The balls in the cover are contained
in By(z, (2)\)%r) \ By(x, (2\)r) by the choice of r; and 4.
If z € F, there exists by the LLC-condition a continuum contained
in A that connects z to E. Thus there is a chain of balls By, ..., B, € B

such that for some y € E we have y € By, z € B, and B; N Bj;1 # 0
for every 7 = 1,...,n — 1. With this in mind, we define

B ={BecB:BNE+0}

and

j—1
B;={BeB\ <U3k> BN (J B #0}
k=1 B'eB; 1

The collections B; form layers selected from the cover B, the first con-
taining those balls that intersect E and the subsequent ones those not
previously selected which intersect with the previous layer.

Recall that each z € F is contained in some B, € B,, where n
depends on z. We claim that

Jm

10 > ——
( ) 4CWCg+i
for all such z, where m is the number of balls in the cover (9). Indeed,
if By,...,B, is a chain of balls as above, then their centers and the

points y and z form a §-chain, and by (8)

H(Bye) 2 < ACWCE S u(By)1V2 < ACy Chne.
j=1
But
By(z, (2)\)57) C Ba(y, 4(2)\)%d(y, 2))
and as the m balls By(x;,7;/5) in B are pairwise disjoint, we have
p(Byz) = p(Ba(x, (20)°r)) /CH2 = me* |Cp™,
o (10) follows.
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Let ng = [/m/4CwC%™]. As the layers B; are pairwise disjoint, we
have

f: Z w(B)Y? < C3me

j=1 B;€B;
< 4C’WC'%+€n0\/ﬁE
< 4C’WC’,51+4(710M(Bd($7 r))l/Q‘

Hence for some 1 < jg < ng we have

S u(B)'? < C'ulBalx,r)) 2,

BiGBjU

where C’ = 4Cy CH5 ™. We denote by K/ the compact set U BieB_,»UEr
By the choice of ng and the LLC-condition K separates By(x,r) and
X\ By(x, (2)\)™r). Moreover, since By(z, (2\)7r) C U for some U C X
homeomorphic to a disk, a component K of K| also separates the same
sets (see for example [3, V 14.3]).

By repeating the above construction for §/j, j = 2,3,... we ob-
tain continua K, each separating By(x,r) and X \ By(x, (2A)"r). By
connectedness, between any two points of K; there exists a ¢/j-chain
among the centers of the balls Bji. covering K. For each j we have the
same estimate

> uB)Y? < C'u(Balw, 1)),

Then using compactness in the Hausdorff metric for compact sets we
find a subsequence of (&) converging to a compact set K’. Now also
K’ and hence one of its components K again separates By(z,r) and
X\ Ba(z, (2\)r).

If a,b € K and 0’ > 0, we pick a large j such that §/j < ¢" and the
Hausdorff distance between K and K is less than ¢'. Then from K;
we find points py, ..., p_1 so that a and b are connected by the ¢’-chain
a = po,Pi,---,Pi—1, P = b with

l
qé/(av b) < Z:U’(BP«;P«;—l)l/z < QCDCIN(Bd(xvr))lm'
i=1

Since the upper bound holds for all 6’ > 0 the estimate is true also for
q(a,b). O

For x € X, r > 0 and K as in Lemma 4.1, we let
K(z,r) = K and

K(z,7) = the component of X \ K (z,7) containing z.
The following lemma on basic planar topology allows us to connect
K(x1,71) and K(zg,75) for correctly chosen adjacent balls By(z1,71)
and By(xa,re). We refer to [0, 5.1] for a proof.
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Lemma 4.2. Let 1,25 € X and ri,r9 > 0 be as in Lemma 4.1 such
that

(1) K(z1,m1) and K (x2,75) intersect,
(2) K(z1,m) ¢ K(w2,72),
(3) K(x9,7m2) ¢ K(x1,71).
Then the continua K(xy,r1) and K(xq,73) intersect.

With these lemmas we are ready to construct the desired continuum
between the given points.

Proof of Proposition 3.1. Let y € X be such that By(x,2Xd(z,y)) is
contained in a topological disk. Then, as in the proof of Lemma 4.1,
we can cover the ball By = By(x, Ad(z,y)) with M; balls

Bi = Bd(zi1> Tzl)

such that z} € By, the balls 1B} are pairwise disjoint, and

(11) p(B)/ACHT < u((20)7BY) < p(By) /4CHT™
for each i. The doubling condition and (11) now imply that
(12) M, < O
and that

Aradius(By)

[ R Qi e T4
(2\)'r; < 1 .

Furthermore, Lemma 4.1 can be applied with z! and r} for each 1.

Let Z; be the set of indices i such that Bj intersects the component
D, of By containing z and K(z},r}) ¢ K(z],rj) for all j # i. For
future reference, notice that y € D; by the LLC-condition. Then the
compact set

K= |J K(z},r}) c 2B
i€y

is connected. Indeed, if k,[ € Z;, there exists a path from f((zé7 i) to
K(z},r}) in By. This path is now covered by a chain of sets K (z},r}),

i € 7y, so that for consecutive members in the chain the corresponding

continua K (z},r}) intersect by Lemma 4.2 and the choice of Z;.

171

Next we choose h € T, such that = € K(z},7}) and denote
By = By(z,, (2\)r}).
Then x € By and 2By C %Bl. We cover By with My balls
Bj = Ba(2},77)

so that all the properties above remain valid with the balls Bj replaced
by the balls Bi. In particular, (11) takes the form

p(Ba) [ACTT™ < pul(20)"By) < p(Ba) JACT™.
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Repeating the previous construction then yields continuum
(13) = |J K(z7.7)) € 2B,.

i€l
We next show that

(14) K1 n K2 7é @
First, if K (22,72) is one of the continua in (13), then K(z},7}) ¢

101

K (22,72), since otherwise we would have
Ba(zy,r3,) C Ba(z}, (20)r7)
and by (11)
p(Ba(zy, 14)) < p(B2) JACTT™ < pu(Ba(zy,, 1)) /4,
a contradiction.
Secondly, if

we Rz 1) N K (4 1)
then at least one of the sets K(z2,72) in (13) satisfies w € K (22,72).
Then also

K(za z)gZK(Zh?Th) and K(Zharh)mK(zv z)?é@

Thus

K(Zhvrh) QK(Z“TZ) 7é (Z)
by Lemma 4.2, and (14) follows.

We continue the above process to obtain continua
K;=|J K(z.r]) c 2B,
i€T;
for each j € N, such that K; C 2B; > « for all j, and
diamy(B;) - 0 as j — oo.

Moreover, applying the constructions of the balls B; together with
estimates (11) applied to these balls, we get

1

(15) (1(Bjs)'? < iﬂ(Bj)l/2~

Repeating the argument in the previous paragraphs, we see that K; N
Kji1 # 0 for all j. Therefore,
K =UjZ, K U{r}

is a continuum.
We now apply (7) and the construction of the set K to estimate its

g-diameter. First, if a,b € K, then for some iy, ...,0me1 € Z; and
points xy, ... xmeK1 we have a € K(z},7}),

1
‘EleK( zlv zl)mK( 197 12) meK( Zm’ Zm)mK( 'lm+l’{rlm+l)
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and be K(z+  ,rl ). By (7),

1 1+17 " tmt1

m—1
Q(avb) < (a xl) +q b xm + Zq x]7x]+1
Jj=1

m+1

80 0124—42 Z Z ’T,Z ))1/2
Jj=1

Since m + 1 < My, combining with (11) and (12) gives
q(a,b) < Cou(B1)"?,

where C5 = 4C’WC%8+15Z . In particular, we get an upper bound for the
g-diameter of Kj. Repeating the argument, we get

dinm, (K;) < Cop(By)?
for all j. Combining with (15), we moreover have
(16) diam, (K;) < 2179 Cop(By)"/?

for each j.
Now let wy € K;. Fix 6 >0, ¢ > 0, and

w; S KJ N Kj+1
for each j > 1. Since d(w;, z) — 0, we find k € N such that d(wy, z) < 0
and ju(By,.)"/? < e. Then, by (16),

k
(wo, Zdlamq + ¢ (wg, ) < 2Cou(By)Y? + ¢
j=1

and hence
(17) g(wo, ) < 2Cou(By)"/?.

Finally, recall that our goal is to bound ¢(z,y). Since y € Dy, we
can repeat the argument above with the same cover for By to find that
(17) holds with x replaced by y. By triangle inequality, we conclude
that

g(x,y) < 4Cou(B1)"? <ACHCou(B,y)' .

The proof is complete. O

5. QUASICONFORMAL UNIFORMIZATION

Our strategy for proving Theorem 2.2 is to apply the existence of
a quasiconformal homeomorphism f from (X, ¢) to a circle domain 2.
This is guaranteed by a recent result of Tkonen [5] and the classical
Koebe uniformization of finitely connected Riemann surfaces. We will
show in Sections 6 and 7 that f is in fact quasisymmetric, with respect
to the original metric d, under a suitable normalization.

We recall the geometric definition of quasiconformal maps. Let Y =
(Y,d) be a metric space such that H?2 is finite on compact subsets. We
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moreover assume that Y is a topological 2-manifold. It then follows
that H3 is positive on open sets, cf. [9].

Let I' be a family of paths in Y. We say that a Borel function p > 0
in Y is admissible for T, if

/pds > 1 for all locally rectifiable v € T'.
g
The (conformal) modulus of T' is
mod(T") = inf/ p* dH3,
Y

where the infimum is taken over all admissible functions.
A homeomorphism f : Y — Z between spaces as above is (geomet-
ric) K-quasiconformal, if

K 'mod(T) < mod(fT) < Kmod(T)

for all path families T" in Y, where fT = {fo~y: y€T}.
It is shown in [9] and [10] that if ¥ is a topological disk for which
there exists C' > 0 such that

HZ(Ba(y,r)) < Cr* forally €Y, r >0,

then there exists a m/2-quasiconformal homeomorphism from Y into
the euclidean plane. Recently Tkonen [5] generalized this result to the
case of non-simply connected surfaces. In particular, he showed that
the upper bound (6) guarantees that there is a m/2-quasiconformal
homeomorphism from our space (X,q) onto a Riemann surface Z.
Moreover, by the classical uniformization theorem for finitely connected
Riemann surfaces, there is a conformal map from Z onto a circle do-
main €. Recall that conformal maps are 1-quasiconformal in the sense
of the geometric definition above, and that the composition of a K;-
and a Ks-quasiconformal map is K Ky-quasiconformal. Thus we have
the following.

Proposition 5.1. There is a w/2-quasiconformal homeomorphism f
(X,q) — Q, where Q C S? is a circle domain. If moreover (X,q) is
not homeomorphic to S?, then the statement remains valid with circle
domain Q C R2,

The second statement follows from the first simply by postcompos-
ing f with a suitable Mdbius transformation followed with the stereo-
graphic projection.

6. MODULUS ESTIMATE IN CIRCLE DOMAINS

In this section we assume that X \ X has at least two components.
Let Q C R? be the circle domain in Proposition 5.1. We now give
a modulus estimate which, along with Proposition 3.1, is the main
technical result towards Theorem 2.2.
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In what follows, we denote by I'(A, B; G) the family of paths join-
ing sets A, B C G in G, i.e., all the paths v : [a,b] — G such that
~v(a) € A, y(b) € B, and ~(t) € G for all a < t < b. We abbreviate
mod(A4, B;G) = mod(I'(A, B; G)).

Proposition 6.1. Let Fy, Ey C ) be disjoint continua such that
min{diam(FE), diam(FE)}

(18) dist(Ey, By) > 1
Then

O[M
(19) mod(Ey, By Q) > oo i + 22
where

o = 9—22M-m2C3,Cp 2 OX /81052

The rest of this section is devoted to the proof of Proposition 6.1.
We denote the complementary components of € by

Dy.....,Dy., D;=D(z,r).

Complementary point-components do not have effect on the modulus.
Therefore, we can assume that r; > 0 for all . We use notation
dist(D;, D,

A j) = S0P D)
min{r;, r;}
for the relative distances. The homeomorphism f in Proposition 5.1
uniquely extends to a bijection from the set of components of X \ X
to the set {D;}. We denote by A; the component corresponding to D;
under this bijection.

Lemma 6.2. We have A(i,j) > « for every i # j, where « is the
constant in Proposition 6.1.

Proof. Fix i # j such that r; < r;. We consider mod(D;, D;; ). We
first claim that
nC3,Cp s

2
The first inequality follows from the quasiconformality of f. Towards
the second inequality, recall that C'y is the ratio of the diameter of
(X,d) to the minimum d-distance D between the components A;. Let
m > 1 be the smallest integer such that Cx < 2™. Then, by the
WDMDM-condition and the doubling property of u, the length of every
path in I'(4;, A;; X) is at least

Cyt inf ju(B(r, D) > Cy O™ u(X ).

(20)  mod(D;, Dy Q) < 5 mod(A;, 4 X) <

Therefore,

mod(A4;, A;; X) < / C2.0pu(X) du = CE.C,
X
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and (20) follows. We prove the lower bound for A(4, j) by showing that
the opposite of (20) holds if A(7,j) < a.
Let s = dist(D;, D;) and

(ri +5)(25 — 2)

w =z +
|2 — zil
be the point in the middle of D; and D;. If A(4, j) < a, we have
(21) 2N 25 Loy,

where N = |2M + n2C2,C% ¥ /810og2|. We consider the path
families

U,, = {components of S(w,ts)NQ: 2" <t < 2"}
forn =1,...,N. Every path in ¥oU- - -UWV y either connects D; and D;

or intersects some Dy, k # i, 7. We claim that any such Dy = 5(zk, L)
intersects paths from at most two families U,,.
Suppose to the contrary that D, intersects paths from ¥, and ¥,

for some n. Then there exist wq,ws € Dy with

lw; —w| <2"s and |wy —w| > 2"s
so that
(22) 2" s <y

Since r; < r; we can assume |z — 2;| < |2 — 25|, and now using basic
planar geometry, (21) and (22) we have

|z — 2 < (i + ;)2 + (e +2"718)? < (1 + i)
But this is impossible since D; and Dy are disjoint.

Since the number of disks Dy, k # i, j is at most M, we have shown
that for at least N — 2M + 2 different indices n all the paths in ¥,
connect D; and D;. Using standard properties of the modulus we have
then the lower bounds
2log 2

7r

mod(¥,,) > 4mod({S(0,¢): 1 <t <2}) >

for every n, see [11, Theorem 10.12], and
2log2  wC2,CHoeCx
- 4

We have thus proved that A(i,j) < « leads to a contradiction with
(20), and the lemma follows. O

Recall that D; = D(z;, ;). We next consider the sets
P, = {1 <t<l+a: S(Z“tﬂ) C Q},

where « is the constant in Proposition 6.1, and the family I'; of all the
(parameterized) circles S(z;, try), t € ®;.
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Lemma 6.3. We have

oM
(24) my(®;) > OGE
forallt=1,...,M. In particular,
oM
(25) mod(T;) > p = SOV

Proof. Enumerate the disks according to decreasing radius, and fix D;.
By Lemma 6.2, dist(D;, D;) > ar; for every j < i. Now, if

Z r; < ar;/10,
j=i+1

then (24) holds. Otherwise ;11 > ar;/(10M). Continuing inductively,
either

(26) Z r; < ari/10,
jzitk+1
for some k, or
Tiki1 = arig/(10M) > ... = ra™/(10M)FH
for all k. In the latter case,
(27) ry =it/ (10M)MT forall j=1,..., M,

and (24) follows from Lemma 6.2. On the other hand, if (26) occurs
then Lemma 6.2 shows that

ar; +k
rimy (®;) = mln dist(D;, D;) 2r; !
i+ ’
’l
jzit+k+1

If moreover k is the smallest index for which (26) occurs, then (27)
holds for j replaced with ¢ + k and we conclude (24) also in this case.
Finally, (25) follows from (24) by a standard application of Hoélder’s
inequality and polar coordinates. O

Now fix continua F;, Fy as in Proposition 6.1. First, an elementary
geometric argument (cf. [11, Theorem 11.7]) applying (18) shows that
there exist zp € R? and r, > 0 such that both E; and E, intersect
S(z0, toro) for all 1 <ty < V/3.

Let ®;,I';, : =1,..., M, be as in Lemma 6.3. Moreover, we denote
oy = (1,4/3) and
(28) FO = {S(Zo,toro) . to S Cpo},
so that (25) holds for alli = 0, ..., M. By construction, I'; is a family of
paths in Q when ¢ = 1,..., M, while the paths in I'y are not required to

lie in 2. The proposition is proved by modifying ['y to obtain a family
of paths in €2 such that the lower bound for modulus is still valid. This
is based on the following property.
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Lemma 6.4. Given
T:(tmtl,...,t]\/[)e(bI:(D()X(bl X"'X@M,

there is an injective path v connecting Ey and Es in

M
GT = U S(Zj,fj?”]') N Q.
j=0
Proof. By construction, there are py, py € S(z0, toro) such that p; € E

and ps € Ey. On the other hand, the components of S(z, torg) \  are
of the form

S(z0, toro) N Dy = S(zg, toro) N D(zj,7;).

Therefore, the p;-component Fr of Gp contains all of S(zq, toro) N 2.
In particular, it contains p,. We can choose vy to be a shortest path
joining p; and po in Fr. O
Let
F'={yr: Te€d},
where 7 is any path satisfying the conditions of Lemma 6.4. The

proposition follows if we can bound mod(T") from below.
Let p > 0 be a Borel function in 2 such that

s B
(20) [ s s,

where /5 is the constant in (25). The desired lower bound follows if
we can show that such a p cannot be admissible for T". By (25), (28),
and (29), we find that (M 4 3/2)p cannot be admissible for any of
the path families I';, « = 0,..., M. Hence there is at least one T" =
(to, t1,...,ty) € ® such that

1
pds < ————
‘/S(Z’iyt’i”‘i) M + 3/2

for each i =0,..., M. Applying the injectivity of v, we moreover get

M+1
pds < /
// Z S(zltn M+3/2

We conclude that p is not admissible for I'. The proof of Proposition
6.1 is complete.

7. PROOF OF THEOREM 2.2

Suppose that the assumptions of Theorem 2.2 are valid. By Propo-
sition 5.1, there is a 7/2-quasiconformal map f : (X,q) — €2, where
Q C §%is a circle domain. We prove Theorem 2.2 by showing that,
after a normalization, f is quasisymmetric with respect to the original
metric d.
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If © = S?, then the theorem is proved in [6]. The proof in the case
of one complementary component is easier than the one below and is
omitted. We consider the remaining case where there are at least two
complementary components.

Recall that the assumptions of Vaisild’s theorem ([4, Theorem 10.17])
hold in our setting, so the quasisymmetry of f follows if we can prove
the weak quasisymmetry of h = f~1: there is t > 1 such that for every
disjoint o, y1,y2 €  with

1
lvo — 1] < |yo — v2| < 10

we have

(30) d(h(yo), h(y1)) < td(h(yo), h(y2)).

To prove (30), we first normalize h. Namely, we precompose h with
a suitable Mobius transformation, if necessary, so that

(31) IZI;IJH d(h(a;), h(a;)) > diamg(X)/10,

where {ag, a1, a5} € Q correspond to the points 0, e;, and co under
the stereographic projection.
Fix yo, v1, 92 €  as in (30), and denote

A =d(h(y), h(y2)), B =d(h(yo), (1))
We need to show that B < tA. We may assume that
A < B/100A* < diamg(X)/100A%,

otherwise there is nothing to prove. By (31) and triangle inequality,
we find that for some j € {0, 1,00},

d(h(yo), h(a;)) > diamy(X)/20 and |y1 — a;| > 1/10.
Moreover, by the LLC-condition, we find a continuum
Fy C Ba(h(yo),NA) C X
joining h(yo) and h(ys). Similarly, we find a continuum
Fy € X\ Ba(h(yo), B/A)

joining h(y;) and h(a;).

Denote FEy = f(F;) = h™'(F,) for £ = 1,2. Then, if 7 is a rotation of
$? sending v to 0 and ¢ the stereographic projection, we see that (¢ o
7)(E;y) and (¢ o 7)(Es) satisfy the conditions of Proposition 6.1. Since
¢orT is conformal, we conclude that the lower bound in Proposition 6.1
holds also for the continua E; and Es.

Next, we estimate mod(Fy, Fy; X) from above (recall the definition
from Section 5). Denote

Ul = Ed(h(yO)a )\A)7 U2 =X \ Bd(h(yO)v B/)‘)



QUASISYMMETRIC KOEBE UNIFORMIZATION 17

Then, since F; C Uy and Fy, C Uy, we have
mod(Fy, Fy; X) < mod(Uy, Us; X).
Let k > 2 be the largest integer such that
B > 2"\4,
and denote
Aj = Ba(h(yo), Z2A) \ Ba(h(yo), 2 'NA), j=1,....k

The WMDM-condition and the doubling property of p then guarantee
that for every v € I'(Uy, Us; X) the length in (X, ¢) of the restriction
of v to A; is at least

p(Ba(h(yo). 2 AA))"/?
CwCh '
It follows that p : Uy \ Uy — [0, o0],

& CWCDXA ( )
g 0), 210 A))1/2

is admissible for T'(Uy, Us; X). Integrating and applying (5), this yields

02 C )
HlOd(Ul,UQ, D Z
J
(32) Bd ), 210 A))
< QWCEVCSC,%
Finally, combining Proposition 5.1, Proposition 6.1, and (32), we get
- 2m3CE,CECS(10M)M (M + 2)?

M ’

(0]

where « is the constant in Proposition 6.1. In particular, we have the
desired bound for the ratio B/A. The proof is complete.
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