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Abstract

We introduce a new approach to the anisotropic Calderén problem, based on a map
called Poisson embedding that identifies the points of a Riemannian manifold with
distributions on its boundary. We give a new uniqueness result for a large class of
Calderén type inverse problems for quasilinear equations in the real analytic case.
The approach also leads to a new proof of the result of Lassas et al. (Annales de I’
ENS 34(5):771-787,2001) solving the Calderén problem on real analytic Riemannian
manifolds. The proof uses the Poisson embedding to determine the harmonic functions
in the manifold up to a harmonic morphism. The method also involves various Runge
approximation results for linear elliptic equations.

1 Introduction

The anisotropic Calderén problem consists in determining a conductivity matrix of a
medium, up to a change of coordinates fixing the boundary, from electrical voltage
and current measurements on the boundary. In dimensions n > 3 this problem may
be written geometrically as the determination of a Riemannian metric on a compact
manifold with boundary from Dirichlet and Neumann data of harmonic functions.
More precisely, if (M, g) is a compact oriented Riemannian manifold with smooth
boundary, we consider the Dirichlet problem for the Laplace—Beltrami operator A,
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Agu=0inM, ulpy =f
and denote u = u y. We define the Dirichlet-to-Neumann map (DN map)
Ay : C®@M) — C®(OM), Agf =dvuslom
where 9, is the normal derivative on 0 M. One has the coordinate invariance
Ag = Ngsg

for any diffeomorphism ¢ : M — M fixing the boundary.

It is a long-standing conjecture [30] that if two Riemannian manifolds (M1, g1)
and (M>, g») with mutual boundary have the same DN maps, then there is a boundary

fixing isometry between the manifolds. In this paper we give a candidate for this
isometry:

The points x; € M and x» € M, are to be identified if and only if for every
f € C*°(dM) the harmonic extensions ulf and u? of fto (M, g1) and (M3, g2)
satisfy

uy () = uf(x). (1)

For general Riemannian manifolds such an identification does not exist. However,
if such an identification exists, we show that it induces a mapping M| — M>, and that
this mapping is the boundary fixing isometry required for the solution of the Calder6én
problem. The Calderén problem thus reduces to showing that the equality of DN maps
implies that the above identification exists. In this case we say that the manifolds can
be identified by their harmonic functions.

We introduce a tool for studying the existence of this identification. This will be an
embedding P of a Riemannian manifold into the linear dual of the space of smooth
functions on its boundary. If (M, g) is a compact Riemannian manifold with C*
boundary and x € M, then the value of P at x is a linear functional given by the
formula

PxX)f =usx),
where u ¢ € C° (M) solves the Dirichlet problem

Aguy =0in M,
ur= fonoM.

We call the mapping P the Poisson embedding, and it will be the main object of study
of this paper. If P;(M) C P»(M>), then

Pyl o Py )
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The Poisson embedding approach to the Calderén problem 21

is a well-defined map M| — M>, and we prove that it is a boundary fixing isometry
if n > 3. If n = 2, it is a conformal mapping. The condition P;(M1) C P>(M>) is
equivalent to existence of the identification (1).

There are different points of view to the Poisson embedding:

1. The Poisson formula for solutions of the Dirichlet problem gives that

P(x)f:/ a0y, G(x, y) f(y)dS(y)
oM

where G(x, y) is the Green function for A, in M and 9,,G(x, -) is the Poisson
kernel. Thus P identifies the point x in M with the Poisson kernel 0y, G(x, -) on
dM (hence the name Poisson embedding). A

2. One also has the formula

PG)f = f £ do®
oM

where " is the harmonic measure for A, at x. Thus P identifies points in
M with measures on dM; points of dM are identified with the correspond-
ing Dirac measures, and points in M'™ are identified with C* functions since
dw* = 0,,G(x, -)dS in this case.

3. For x € M™ one has G(x,-) = 0 on oM, and thus the knowledge of
dv, G(x, -)[gm determines the Green function G(x, -) in M by elliptic unique
continuation. Thus, instead of identifying points of M with the corresponding
Green functions in M as in [28], we use the normal derivatives of the Green func-
tions on d M. This change of point of view allows one to work on the boundary,
which is natural since the measurements are given on dM.

The problem of finding the isometry, or conformal mapping if n = 2, from the
knowledge of the DN map is known as the geometric Calderén problem. This problem
has been solved in [28] in the following cases:

Theorem Let (M, g) be a compact connected C* Riemannian manifold with C*°
boundary.

(a) If n =2, the DN map A determines the conformal class of (M, g).
(b) Ifn > 3 and if M, 9M and g are real-analytic, then the DN map A determines

(M, g).

As a first application of our techniques we give new proofs of these results. The proofs
consist of three steps.

(1) The first step is to determine the harmonic functions near the boundary, using a
standard boundary determination result [30] and real-analyticity.

(2) The second step uses a unique continuation argument for harmonic functions
where the manifold and harmonic functions are continued simultaneously. The
use of harmonic coordinates (see e.g. [9]) and the Runge approximation property
are key ingredients in this step.
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22 M. Lassas et al.

(3) Finally, we show that we can read the metric (conformal metric if n = 2) from
the knowledge of harmonic functions.

The works [27,28,30] study the Calderén problem on real-analytic manifolds, and
an analogous result for Einstein manifolds (which are real-analytic in the interior)
is proved in [20]. See [26] for a recent result for a conformal Calderén problem. It
remains a major open problem to remove the real-analyticity condition in dimensions
> 3; for recent progress in the case of conformally transversally anisotropic manifolds
see [10,12] and also [11,21] for the linearized problem. Other interesting approaches
for related problems may be found in [2] and [5], and counterexamples for disjoint
data are given in [7].

The inverse problems may not be uniquely solvable even when the metric is a priori
known to be real analytic. Indeed, the above theorem proven in [28] does not hold
for non-compact manifolds in the two-dimensional case. It is shown in [27] that there
are a compact and a non-compact complete, two-dimensional manifold for which
the boundary measurements are the same. This counterexample was obtained using a
blow-up map. Analogous non-uniqueness results have been studied in the invisibility
cloaking, where an arbitrary object is hidden from measurements by coating it with a
material that corresponds to a degenerate Riemannian metric [8,15-18].

Our main tool for studying the Poisson embedding and constructing the metric from
harmonic functions is the Runge approximation property. This property allows one to
approximate local solutions to an elliptic equation by global solutions. In particular this
implies that harmonic functions separate points and have prescribed Taylor expansions
modulo natural constraints. There are many results of this type in the literature, see
e.g. [4,29,31,34]. We require specific approximation results for uniformly elliptic
operators, and for completeness they will be given in Appendix A together with proofs.

1.1 Aninverse problem for quasilinear equations
As a new result we prove a determination result for Calderén type inverse problems

for quasilinear equations on manifolds (M, g) with boundary d M, including models
that are both anisotropic and nonlinear. We consider the equation

Q)= finM, u=0ondM, A3)

where f € CX(W), W C M is a fixed open set, and Q is a uniformly elliptic
quasilinear operator of the form

Qu(x) = A (x, u(x), du(x))Va Vpu(x) + B(x, u(x), du(x)). “

Here and below we use Einstein summation rule, which means that repeated indices
are always summed over 1, ..., n. The source-to-solution mapping S : C>°(W) —
C°°(W) for this problem is defined as

S(f) =urlw
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The Poisson embedding approach to the Calderén problem 23

where u r solves (3). We assume that (M, g) and the matrix valued function A and the
function B are real analytic. In this case we show that the source-to-solution mapping,
even for small data, determines the manifold and the coefficients A and B up to a
diffeomorphism and a built in “gauge symmetry” of the problem:

Theorem 1.1 Let (M1, g1) and (M3, g2) be compact connected real analytic Rieman-
nian manifolds with mutual boundary and assume that Q j, j = 1, 2, are quasilinear
uniformly elliptic operators of the form (4) satisfying (22)—(27). Assume that the coef-
ficients A;, B; are real analytic in all their arguments.

LetW; C M}m, Jj = 1,2, be open sets so that there is a diffeomorphism ¢ : Wi —
W, and assume that the local source-to-solution maps S for Q j on W; agree,

¢ S f =S19" f,

Sfor small f € C2°(W>). . '
Then there is a real analytic diffeomorphism J : M im — Mim such that

A =J" A=A
and
Bi — J*By = A (T(¢)gp — T (J*)gp)0k. )
The mapping J satisfies
Jlw, =¢: Wi — Ws.

In Theorem 1.1, the maps A, B and J*3; have (x, ¢, 0) € M1 x R x T¥ M as their
argument, and I" (g)]; p and T'(J* g)fl , Tefers to the Christoffel symbols of the metrics
g and J*g respectively.

The reason why B can not be determined independently of 4 and I, as presented
in (5), is due to the fact that the covariant Hessian in the definition of Q contains first
order terms.

The proof proceeds by linearizing the problem and using a slightly modified Poisson
embedding for the linearized equation. Using the linearization we can first use the
Poisson embedding approach to construct the manifold, but not yet the coefficients .A
and B. The source-to-solution mapping determines the coefficients in the measurement
set W. Since the manifold is now known, the proof is completed by determining the
coefficients on the whole manifold by analytic continuation from the set W. The
linearization method goes back to [24] and has been used in various inverse problems
for nonlinear equations, including anisotropic problems [22,37]. We refer to [35,36]
for further references.
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24 M. Lassas et al.

1.2 Further aspects of Poisson embedding

The governing principle of this paper is that instead of trying to find the metric in
the anisotropic Calderén problem directly, one can focus on finding the harmonic
functions. This principle is implemented by Poisson embedding and by the fact, which
we prove, that the metric can be determined from the knowledge of harmonic functions.
We will now discuss in more detail some aspects the Poisson embedding approach.

If J is an isometry (M1, g1) — (M2, g2), then J can be locally represented in var-
ious coordinate charts. Useful coordinate charts include boundary normal coordinates
and harmonic coordinates [9,39]. In the study of the Calderén problem, boundary
normal coordinates have been used to locally identify real analytic manifolds near
boundary points by showing that in boundary normal coordinates the metrics g; and
g» agree. See e.g. [20,26-28,30]. However, local representations do not yield a global
candidate for the isometry J required for solving the Calderén problem. In contrast,
the Poisson embeddings P; are globally defined objects, and they yield a candidate
Py s Py forthe isometry (in fact we prove that if Pz_l o Py is well defined, then it gives
the required isometry). The representation formula Pz_l o Pp also gives uniqueness of
the boundary fixing isometry directly if it exists.

In [27] the authors introduce an embedding of real analytic Riemannian manifolds
by using Green functions to study the Calderdén problem. Their approach involves an
analytic continuation argument based on the implicit function theorem applied to the
embedding. In contrast, the analogous step for Poisson embedding can be done simply
by using harmonic coordinates. This feature also emphasizes the role of choosing
suitable coordinates in the study of the anisotropic Calderén problem. Moreover,
the recovery of the metric using Poisson embedding is an elementary linear algebra
argument that yields a representation of the metric in terms of harmonic functions
(see Proposition 4.1). In [27] an asymptotic expansion of Green functions near the
diagonal is used.

The basic principle of Poisson embedding is to control the points on a manifold by
the values of solutions to Dirichlet problems on the manifold. This principle gener-
alizes to nonlinear equations, to linear systems or to nonlocal operators where Green
functions might not be easily accessible. The Poisson embedding also generalizes
directly to less regular, say piecewise smooth or C* regular, settings.

Finally, we mention that ideas related to the Poisson embedding have been used
in other fields as well. In [19] an embedding by finitely many harmonic functions is
used to embed an open Riemannian manifold into a higher dimensional Euclidean
space. Their embedding is similar to the Poisson embedding, in the sense that the
Poisson embedding parametrizes the manifold by the data of all, instead of a finite
number, of harmonic functions on the manifold. Another related result is that when
the mapping PZ_l o Py : M| — M, exists, it is necessarily a harmonic morphism. The
study of harmonic morphisms, which are mappings that preserve harmonic functions,
has applications in the study of minimal surfaces and in mathematical physics [1].
In Sect. 4 we give a new proof of the characterization of harmonic morphisms as
homotheties [1, Corollary 3.5.2] based on harmonic coordinates.
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The Poisson embedding approach to the Calderén problem 25

1.3 Outline of the paper

In Sect. 2 we introduce the Poisson embedding and its basic properties, in a way that
does not directly involve the Calderén problem. In Sect. 3 we determine the harmonic
functions from the knowledge of the DN map on real analytic manifolds by using the
Poisson embedding. From the knowledge of harmonic functions, we then determine
the metric in Sect. 4, which gives a new proof of the main result of [30] in dimension
n > 3. Section 5 gives a new proof of the two-dimensional result of [30]. In Sect. 6
we use the Poisson embedding approach and linearization to prove Theorem 1.1,
yielding uniqueness in the inverse problem for quasilinear equations. Appendix A is
independent of the rest of the paper and contains Runge approximation results.

2 Poisson embedding

We begin by introducing the Poisson embedding of a Riemannian manifold (M, g)
with boundary. Throughout this section, we assume that M is connected and M and g
are C*°. In particular, we do not require real analyticity in the definition of the Poisson
embedding. We will solve Dirichlet problems with boundary values supported on a
nonempty open set I" of the boundary d M. The domain of the Poisson embedding will
be

M":=M™UT C M.
Definition 2.1 (Poisson embedding) Let (M, g) be a compact Riemannian manifold
with boundary, and let I" be a nonempty open subset of d M. The Poisson embedding
of the manifold M is defined to be the mapping
P:M" - D), Px)f=usx)

where u r(x) solves the Dirichlet problem

Aguy =0in M,
ur= fonoM

with f € C2(I").

In the definition D’(T") is the space of distributions on T, i.e. D'(T") is the dual of
C2°(T'). We call P the Poisson embedding due to the connection with the representa-
tion formula for the solution u ¢ (x) in terms of the Poisson kernel

9, G(x,y),

where x € M and y € dM, as
Mf(x)Z/; A, G(x, y) f(¥)dSgy-
aM
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26 M. Lassas et al.

Here G(x, y) is the Dirichlet Green’s function of (M, g) and dSy,,, is the induced
metric on the boundary. Thus P (x) can be identified with the distribution 9, G (x, -)
onT.Infact,if x € M™ then 9,,G(x, -)isinC>®(I'),andif x € I"thend, G(x, ) =
8x(+) so P(x) is always a measure on . ‘

We have the following basic properties of P. Below, for s € R, we write H*(d M)
for the standard L2 based Sobolev space on M, and H*(I") is defined by restriction,
ie. HY(I) ={flr: f € H'(OM)}.

Proposition 2.1 Let (M, g) be a compact manifold with boundary. For any x € M",

one has P(x) € H™*(I') whenever s + 1/2 > n/2. The mapping P is continuous

M" — H=5~YT) and k times Fréchet differentiable considered as a mapping M" —

H==1=K(). In particular, P : M" — D'(T) is C™ smooth in the Fréchet sense.
The Fréchet derivative of P at x is a linear mapping given by

DP,: T\M" — D'(I), (DP.V)f=dus(x)-V, (6)

where u g solves Aguyr =0in M and uyrloy = f € C°(T).

In the proposition - refers to the canonical pairing of vectors and covectors on M',
thatis, duy(x) -V = [duy(x)I(V) = dau s (x) V4.

We omit the proof of Proposition 2.1, which is just an application of standard
estimates for solutions of elliptic equations. However, let us formally calculate where
the formula for the derivative of P comes from. Let x € MY and V e T, MT.
By definition V is given by a path y : [0,1] — M?' such that y(0) = x and
4 oY@ = V.Let f € C2°(I"). A formal calculation of DP,V € D'(I') now

dt |
gives

d d
E‘::op o y(t)] f= E’tzouf()/(l)) = au(x)V* =duys(x)-V.

[DPV]f = [

Let us next show that the mapping P is indeed an embedding, which means a C*
injective mapping with injective Fréchet derivative. The main tool that we encounter
here for the first time is Runge approximation, which allows one to approximate
locally defined harmonic functions by global harmonic functions. It is known since
[29,31] that approximation results of this type follow by duality from the unique
continuation principle. We have devoted Appendix A to various Runge approximation
results. We will mostly use the following consequence, whose proof may also be found
in Appendix A.

Proposition 2.2 Let (M, g) be a compact Riemannian manifold with smooth boundary,
and let T be a nonempty open subset of 9 M.

(@) Ifx e M', y € M and x # v, there is f € C2(T") such that
up () # iy (y).
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The Poisson embedding approach to the Calderén problem 27

(b) Ifx € M" and v € T} M, thereis f € C°(T") such that

duy(x) =v.
Proposition 2.3 (P isan embedding) Let (M, g) be a compact manifold with boundary.
The mapping P : M" — D'(I') is a C™ embedding in the sense that it is injective

with injective Fréchet derivative on TM" .

Proof Let x1,x, € ML and assume that P(x1) = P(x7). That is, for all boundary
value functions f € C2°(I"), we have

up(x)) = Pr(x))f = Pa(x2) f = uy(x2).

We need to show that x; = x,. We argue by contradiction and suppose that x| # x».
But by Proposition 2.2 there is fy € C2°(I") such that

ugy(x1) # u g (x2).

This is a contradiction and we must have x; = x». Thus P is injective.
To show that the differential of P is injective, let x € M Fand V € <M I and
assume that D P,V = 0. By the formula (6) for the differential D P,, we have

[DP.V]f =dus(x)-V =0, (7

for all boundary value functions f € CZ2°(I"). To conclude that V = 0, we use
Proposition 2.2 again and choose f € C2°(I") such that Vi ¢ (x) = V. Here Vu is the
Riemannian gradient. Thus the condition (7) yields

0=dus(x)- V=1V,

showing that V = 0. Thus the differential of P is injective on T M. O

2.1 Composition of Poisson embeddings

Let (M1, g1) and (M>, g») be compact manifolds with mutual boundary d M. One of
the aims of this paper is to give a candidate for the isometry that one hopes to construct
in the anisotropic Calderén problem. This candidate is

J =Py oP.

We will see that, whenever this mapping is well defined from M; to M>, it is exactly
the mapping that one seeks in the Calder6n problem. In dimensions n > 3, it is an
isometry. In dimension 2, it is a conformal mapping. It also fixes the boundary if we
consider full data problem, or the part I' C d M, if we consider partial data problem
with measurements made on I'.
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28 M. Lassas et al.

We now begin to study the composition Pz_l o Pi. We include considerations
related to partial data problem on the part I' of the boundary. For this purpose we
denote throughout this section

M =MM™UT and MY = MMt UT.

Since we already know that the Poisson embeddings P;, j = 1,2, are injective,
we know that the mapping is well defined and bijective if the image sets of P; :
(M,.F, gj) — D/(I) agree:

Pi(M) = Py(MD).

Thus solving the Calderén problem would reduce to verifying this condition from the
knowledge that the DN maps of (M1, g1) and (M>, g») agree.

The next lemma considers the smoothness properties of the mapping J assuming
it is defined on some open set of M.

Lemma 2.4 Let (Mj, g;), j = 1, 2, be compact manifolds with mutual boundary oM.
Assume that

Pi(B) C Px(M3)

for some open set B C er. Then J(B) C MY, and J = Pz_l o Py isacC®
diffeomorphism B — J(B).

Proof We first note that, writing ujp(x) = Pj(x) f,forany f € C2°(I') one has
ul(x) =u3(J(x)), x€B. (®)

This follows from the computation Pj(x) = Pz(P2_1 o Pi(x)) = Py o J(x). Now,
to show that J(B) C M{ , we argue by contradiction and assume that there is some
x € B C M| with J(x) € 9M\T. But then by (8)

wp(x) =up(J(x) =0, feCxD),

which is impossible by Proposition 2.2. Thus J(B) C M{.

We next prove that J : B — M is continuous (this perhaps surprisingly uses
compactness of M»>). Let x € B. If J would not be continuous at x, there would be
& > 0 and a sequence (x;) C M with x; — x such that J(x;) ¢ B(J(x), €). By the
compactness of M5, passing to a subsequence (still denoted by (x;)), we may assume
that J (x;) converges to y € M. We have d(y, J(x)) > ¢.

Now, using Proposition 2.2 in M and the fact that J(x) € M!', we can find f €
C2°(I") such that the harmonic function u2f € C®(M») satisfies u?(](x)) # u%c(y).
The formula (8) shows that

() — ulp (x) = w7 (J () — u%(J (x)).
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The Poisson embedding approach to the Calderén problem 29

Since harmonic functions are continuous, taking the limit / — oo yields
0= uj(y) — us(J (),

which is a contradiction. Thus J is continuous.

We will next show that J : B — M, is C°°. This follows an idea from [39] related
to smoothness of Riemannian isometries. Fix x € B, and choose harmonic coordinates
U= (u?], ...,u?n) with f; € C°(I"), j = 1, ..., n, near J(x). This can be done by
Proposition 2.2 upon choosing {du% J(x), ..., dur‘}n (J(x))} linearly independent.
Write V = (u}-l, o uzfn). By the formula (8) we have V = U o J in B. Now U is
bijective in some neighborhood  C M, of J(x), and since J is continuous there is
a neighborhood W of x with J(W) C . Thus we have

J=U'ovVinw. 9)

Since the harmonic functions ujfk, Jj = 1,2, are smooth, the smoothness of J near x
follows.

It remains to show that the differential of J is invertible on B. Since J : B — M»
is injective, the claim will then follow from the inverse function theorem. Let f €
CX(),x € Band X € T, M,. By (8), we have u}c = u? o J. Together with (6) this
gives:

[DPi(x)X]f = X - duly(x) = X - d(F o ))(x) = X - (duF| ;) (D)T)
= du%| () - (DI (0))X.
The left hand side is equal to d u} - X. Thus forany f € C2°(I") we have the equation
dully - X = du%| () - (DI (x))X. (10)
This equation will be used again later on and we name it “the equation of injectivity”.
(This equation can be interpreted as the infinite dimensional counterpart of the chain
rule for the composition P o (Pz_l o P1))

Assume that (DJ(x))X = 0 and choose by Proposition 2.2 a harmonic function
u} so that the Riemannian gradient satisfies Vu}(x) = X. Then

IX|* =du’ - (DJ(x)X =0.

Thus X = 0. It follows that D J (x) is injective at x and since the manifolds are of the
same dimension, it is invertible. This proves the claim. O

3 Determination of harmonic functions

We have so far acquired the basic properties of the Poisson embedding. We now move
on to give a new proof of the fact [28] that for real analytic Riemannian manifolds
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30 M. Lassas et al.

withdim (M) > 3, the knowledge of the DN-map determines the Riemannian manifold
up to isometry. Throughout this section we will assume that the manifolds M; and
metrics g;, j = 1, 2, are real analytic, and n = dim(M;) > 3. We continue to denote
MY = M™MUT.

We first show that near any boundary point there exist coordinates in which the coor-
dinate representations of harmonic functions, corresponding to a common boundary
value f, agree. This follows from boundary determination [30] and unique continua-
tion.

Lemma 3.1 (Determination near the boundary) Let (M1, g1) and (M>, g2) be compact
real analytic manifolds with mutual boundary whose DN maps agree on an open set
I' C M. Assume also that T is real analytic. Then, for any p € T there are boundary
normal coordinates vV, j = 1, 2, defined on neighborhoods U; C Mjr of p, such that
Y1 and Yy agree on T and such that for any boundary function f € C°(I') we have

oy () =uf oy (x), x € Y1(U) Nyn(Uz) C {x" = 0}.

Here the functions uic o wj_l are the coordinate representations of the harmonic

functions u} on (Mj, g;) with boundary value f.

Proof Let p € I' C dM and let ¥;, j = 1, 2, be boundary normal coordinates near
p on manifolds (M}, g;), respectively, so that /1| = ¥ |r. Then by the boundary
determination result in [30], we have that in these coordinates, the jets of the Rie-
mannian metrics g; agree. Since g; and I are real analytic, it follows that v/ are real
analytic coordinate charts, and thus the coordinate representations w; b gjof g; agree

near x = Y1(p) = Y2(p) € {x, = O}
Write g = v/, B = /. g, If £ is any C2°(I") boundary function, we have that

ft} = u} o 1//1_1 (x) and ﬁ? = u2f ) wz_l (x) satisfy the same elliptic equation

Agit's = 0in Y1 (U) N Y2 (Ua)

with the same Cauchy data (since the DN-maps agree)

(o5

iy =i}, Oy,ily = dy,i% on Y (I) Ny (D).

Thus by elliptic unique continuation [25, Theorem 3.3.1], we have
ity = ity on Y1 (Ur) Ny (Ua)

as claimed. O

Lemma 3.2 Under the same assumptions as in Lemma 3.1, there exists an open set
B C MY, which contains all points of T', and a C™ diffeomorphism F : B — F(B) C
M{ such that

Pi(B) C Py(MY), Py =PyoF onB.
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The Poisson embedding approach to the Calderén problem 31

Proof By Lemma 3.1, in its notation, we have that for any p € I' there exist U; C MJF,
Jj =1,2,such that for all f € C2°(I"), we have

wh oyt =uf oy onyn (U N (Ua).
Thus for x € Y ' (Y1 (Uy) N2 (Ua)), we have
Pi) f = ul () = uf(¥; " o Y1) = Pa(; o i (x) S

Setting B, = ¥, ' (¥1(U1) N ¥2(Uy)) and

B=|]B,

pel

gives an open set B C er such thatI' C B and P;(B) C PQ(M{). By Lemma 2.4 it
is enough to set F' = P{l o Py in B. O

We have now shown that knowledge of the DN map on I' determines harmonic
functions near I'. We proceed in the real analytic case to determine the harmonic
functions globally. From this knowledge we will then determine Riemannian manifolds
up to isometry in Sect. 4.

In the following result a (global) harmonic morphism means a mapping that pre-
serves solutions to the Dirichlet problem. Precisely, a C* mapping H : (M lr ,81) —>
(M{ , &2) is a harmonic morphism, if for any f € C2°(I") we have

ulf =u§»oH.

Here u} and “?” are the solutions to the Dirichlet problems for Ag, and A, as usual. For
more details on harmonic morphisms, we refer to [1]. (In [1] a harmonic morphism is a
mapping that also preserves local harmonic functions instead of just global harmonic
functions, but our results will show that there is no difference at least when dim(M;) =
dim(M,).)

Theorem 3.3 Let (My, g1) and (M>, g2) be compact real analytic manifolds with
mutual boundary. Let T be an open subset of dM. Assume that there is a neigh-
borhood B C M{ of a boundary point p € I" and a mapping F : B — F(B) C M{
diffeomorphic onto its image such that
P1 = P2 o FonB.
Then we have P) (Mf) = Pz(Mzr) and
Ji=P lopr i M — M}

is a diffeomorphic global harmonic morphism extending F.
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Proof Redefine B to be the largest connected open subset of M f such that P1(B) C
P2(M{ ). By our assumption B is nonempty. We will show that B is closed and thus
B = M| .Then Pi(M]) C P,(M}), and from Lemma 2.4 it will follow that

J="P loP i M — M}

is a well defined C* diffeomorphism. It is also a harmonic morphism, since for any
feC®)andx € er we would have

J(x) =Py (Pi(0) = P(J() f = Pix)f <= u5(J(x) =uf(x). (11)

This would prove the claim.

We argue by contradiction and assume that B is not closed. Then there is a sequence
(px) in B with py — x1 as k — oo, where x; € dB\B C Mf. After passing to a
subsequence, there is xp € M> such that

xy = lim J(pg).
k— 00

We actually have that x, € M2F . This is because if x, € dM\TI", then (8) applied at
X = pi shows that for all f € C2°(I") we have

wp(x) = limuy (p) = limuf(J(pr)) = u7(x2) = f(x2) =0.  (12)

This cannot be true by Proposition 2.2, so indeed x, must be in M{ .
Let

22 2
U= (“fl’”fz""’“,f},)

be harmonic coordinates on a neighborhood 2, C M{ of xp, as in Lemma 2.4.
Here uzﬁ, I =1,...,n, are global harmonic functions on M; with boundary values

Jre c2@).
The mapping J = P2_1 o P; : B — J(B) is well defined by Lemma 2.4. Now
comes the punch line: we set

V = (u}l, u}z, ...,u}n).

We will prove shortly that V is a coordinate system in some neighborhood 21 C M f
of x1. The map U~! o V will then give us a local identification of neighborhoods
Q) C MlF of x; and 2, C M; of x7, such that €21 intersects the complement of
the closure of B in M F (if nonempty). This will allow us to extend B and reach a
contradiction.

We now take a small deviation from the main line of the proof, and show that
V is also a harmonic coordinate system around x;. To see this, first observe that
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V(x1) = U(xp) since
uly (xp) = 1il£nu}l(pk) = 1il£nu§l(J(pk)) =uj (), I=1.....n
Next we note that we have at py the equation of injectivity (10)
duy(pr) - X = du| s - D(Py" o P)(pr) Xi. (13)

This holds for all X € Tp, M. Since near x1 on B, we have J = U-loV,see (9),
we can substitute this to the equation of injectivity yielding

duls(pr) - Xx = duf| ) - DU~ 0 V) (pi) X
Assume that X € T, M is such that DWW~ 'oV)(x1)X = 0. Letus takea sequence
X — X in TM as k — oo. Note that D(U ! o V) is a continuous (in fact smooth)
matrix field even though we still do not know if it is invertible. Taking the limit as
k — oo in (13) gives

duls(x1) - X = du’(x2) - DU o V)(x1)X.

Choosing f so that Vu}(x 1) = X (by Proposition 2.2) shows that X = 0 and conse-
quently that D(U ~15V)(x}) isinvertible. Since U is alocal diffeomorphism, it follows

that DV (x1) is invertible. Thus V is also a coordinate system near x as claimed.
Let us continue on the main line of the proof of the proposition. Let Q21 C M f
be a neighborhood of x; so that V is a coordinate system in €21, and redefine €21, if
necessary, so that V(€21) C U(£22). On B we have by (8)
V=Uol. (14)
What we will show is that
Pi(x) = Py(U ' oV(x), xeQi. (15)
Note that we require (15) to hold in 21, not only in B N 21. In particular we will have
Pi(BUQ) C Py(MY).
Since €27 in this case extends B to a neighborhood of the point x; € d B\ B, this will

give a contradiction and prove the theorem since M 11“ is connected.
So far we have not used the assumption of real analyticity, but we use it now to

prove (15). To prove it, let f € C2°(T"). Now ujf € C‘”(M}m) and V and U are local
C® diffeomorphisms in 1 N Mi" and Q, N MM, respectively. Thus we have

upo V' ufoU™ e COV(Q N M) (16)
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where V(21 N M}"‘) C R". Since on B N 1, we have by (11) and (14) that
up=ujoJandJ=U"oV
it follows that
1 -1_ 2 -1
ufoV _ufoU on V(B N Q).

By the real analyticity, stated in (16), this holds on the whole V (£21). This means that
the coordinate representations of u}, and u? in the (harmonic) coordinates V and U
agree.

Given any f € C2°(T"), we have the chain of equivalences

PIx)f =Py(U ' o VX)) f, xe
= ur@)=ufU ' oV(E), xeQ
= upoV'=uioU T onv(Q)CR"

Since we have proven the latter, and since the boundary function f was arbitrary, we
have proven (15). Consequently we have

PI(Q1) = P(UTH(V(R1))) C Po(22) C Py(M)).

Thus B extends to a neighborhood of the point x; € d B\ B, which gives a contradic-
tion. We have now proved that B is closed. Since M f is connected, we conclude that
Pi(M]) C Py(MY). We thus also have J(M]) Cc M.

Inverting the role of (M1, g1) and (M>, g2), and replacing F and J in the statement
of the theorem by F ~land 71, shows that Py (M 1F ) = Pz(M{ ) and that J is surjective
onto M{ . Consequently J : M 1F — M{ is diffeomorphism by Lemma 2.4. Since we
already showed that J is a global harmonic morphism at the beginning of the proof
in (11), the claim follows. O

Combining Lemma 3.2 and Theorem 3.3, we have proved the following statement.

Theorem 3.4 Let (M, g1) and (M3, g3) be compact real analytic Riemannian mani-
folds, n > 3, with mutual boundary whose DN maps agree on an open set I' C oM.
Assume also that T is real analytic. Then there is a diffeomorphic (global) harmonic
morphism J : MlF — M{ such that J is real analytic in er and J|r = Id.

Proof We only need to show that J is real analytic in M { . In the interior this follows
from the representation (9) in terms of harmonic coordinates, which are real analytic
in the interior. Near points of I' this follows from the statement of Lemma 3.1, which
implies that near points of I" one has J = v, o Y1 where v; are real analytic
boundary normal coordinates. O
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4 Recovery of the Riemannian metric from a harmonic morphism

In the previous section we showed that the Poisson embedding can be used to determine
the manifold up to a global harmonic morphism from the knowledge of the DN map
in the real analytic case, n > 3. To give a new proof for the Calderén problem in the
real analytic case, we need to show that a global harmonic morphism in this case is an
isometry. Throughout this section, we assume that (M}, g;), j = 1, 2, are compact
connected and C* smooth, n > 3.

We show that if J = P2_1 o Py : er — M{ is defined, and thus is a global
harmonic morphism, it is then a homothety,

J*gy = Agi, A constant,

when n > 3. If we additionally assume that the DN-maps of (M1, g1) and (M>, g2)
agree on I' C 9 M, then boundary determination implies that A = 1.

It is known that a mapping between Riemannian manifolds having the same dimen-
sion n > 3 that pulls back /local harmonic functions to local harmonic functions is in
fact a homothety [13], see also [1, Cor. 3.5.2]. Our definition of harmonic morphisms
assumes that the mapping pulls back global harmonic functions to global harmonic
functions. Our condition is seemingly slightly different, but it follows from the next
result that, for manifolds having the same dimension, these conditions are equivalent.

We give a proof that a global harmonic morphism is in fact a homothety whenn > 3
by using harmonic coordinates. This seems to give a new proof for the result in the
local case as well.

Proposition 4.1 Let (M1, g1) and (M, g2) be C*° Riemannian manifolds having the
same dimensionn > 3 and having a mutual boundary 9M. LetT" C 0 M be a nonempty
open set, and let J : (M, g1) — (M;, g2) be a locally diffeomorphic C*° global
harmonic morphism. Then J is a homothety.

Proof Letx € M 11“ andletU = (uzf1 sy u?ﬂ) be an n-tuple of global harmonic func-

tions that define harmonic coordinates on €2, near J(x) € M{ , where f; € C°(T").
This can be done by Proposition 2.2 upon choosing {du?;I Jx),..., du?;n (J(x)}
linearly independent. Since J is locally invertible, we have that V = J*U is a coor-
dinate system near x on 1 := J~!(£2,). Since J is a global harmonic morphism, the
coordinate system V is harmonic.

In the coordinates V and U the coordinate representations of harmonic functions
uyand vy = J*u s agree for arbitrary f € C2°(T"). This is because

uolU ' =voV™! = v=uoU 'oV=uoJ=Ju.

In any g;-harmonic coordinates, j = 1, 2, the Laplace—Beltrami operator is particu-
larly simple:

Agiu=—gi 0,0pu, j=1,2,
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Here we abuse notation and denote by g; and g the coordinate representations
(V~h*gy and (U~1)*g,, respectively. Define z := V(x) = U(J(x)) so z € R",
and Q :=V(Q) = U(2p) C R". -

For any symmetric matrix (H;;) such that g5’ (z) H;j = 0 we may find by Runge
approximation a global g>-harmonic functionu = u y with f € C2°(I") whose Hessian
at z is (H;;) in the g>-harmonic coordinates U. This is proved in Proposition A.5 (note
that Hessg (w) corresponds to (dxw) in harmonic coordinates). Thus we have that

Tr (107 H) =0 =Tr (g2 H). (17)

since the coordinate representations of the harmonic functions v = v randu =uy,
and thus their Hessians, agree in the coordinates V and U.

Since H can be any symmetric matrix with géj (z)H;j = 0, the above means that
gl_l and g, ! have the same orthocomplement at z with respect to the Hilbert—Schmidt
inner product in the space of symmetric matrices. Thus g, ! () = A(z)_lgz_ ! (z) for
some nonzero real number A(z). Due to the positive definiteness of g;, j = 1, 2, we
have that A(z) > 0. The argument above can be repeated for all z € €2, and we have

81(2) = M2)g2(2), z €, (18)

where A is a positive smooth function (A is smooth since g and g are).
We next show that the function A is constant in 2. For this we use the fact that
the coordinates, where (18) holds, are harmonic. This is equivalent to saying that the

contracted Christoffel symbols g;‘?b "¢, (g;) vanish. By lowering the index, this means
that

Iy (gj) =0,
where T,(g;)) = —Ig;17%(g)andc(1g;1"*(g;)¢). By taking the contracted

Christoffel symbol of the Eq. 18, we have
n—2 n—2
0="Tag1) =Ta(hg2) =Ta(82) = ——0% logh = ——5 O logi.  (19)

Here we have used the following simple computation for the conformal scaling of the
contracted Christoffel symbols:

Ta(rg) = —Irgl™ 2 (hg)abdc (g2 (1g)")
= 2 g7 2 g8, (W2 g 12 gb0)

— /2l ()\n/Zf]Fa _ aa)\n/Zfl)

2
— T, — a2 (g - 1) W22 = Ty — ”Taa log A.
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Since n > 3, Eq. 19 shows that X is constant in €2. Recalling that g (z) and g (z) were
the coordinate representations of g; and g in coordinates V and U, with V = J*U,
we have g1 = AJ*g> on Q1. Since this identity holds near an arbitrary point x € M ]F
and since M 11" is connected, we have proved the claim. O

Remark 4.2 We remark that in the setting of the proof above we can by Eq. 17 actually
express (a multiple of) gj_1 at z in terms of Hessians of solutions u? at z for some

feCxM),j=12LetH k=1,....,mm= 204D 1, be a basis for the
orthocomplement {g; (z)~ "} in the space of symmetric matrices equipped with the
Hilbert-Schmidt inner product. By the Runge approximation of Proposition A.5, we
may find fi so that H = Hess,, (u}.k (@) = Hessgz(u%{-k ().
Then we have

g7 @ =A% (H AH} A---AHJ'), Aj=constant £0, j =12 (20)
Here * is the Hodge star operator in the space of symmetric matrices defined with
respect to the Hilbert—Schmidt inner product and A is the wedge product in that space.
Equation (20) holds because it follows from the definition of the Hodge star that
the right hand side is orthogonal to each H Jk . Thus the right hand side has the same

orthocomplement as g/fl(xo) has.

Another remark is that since a homothety maps harmonic functions to harmonic
functions, we have that a mapping between same dimensional Riemannian manifolds
is global harmonic morphism if and only if it is a local harmonic morphism as defined
in [1, Definition 4.1.1].

Next we show that if the DN maps agree, the homothety constant A is 1.

Proposition 4.3 Assume the conditions of Proposition 4.1, and assume in addition that
the DN maps of (M1, g1) and (M», g2) agree on an open subset I" of the boundary.
Also assume that J|r = Id. Then

J g2 = g1.
Proof By Proposition 4.1, we know that J is homothety and that

g =M*ginMl,  Jr=Id

Fix a point p € T, and use boundary determination (see the proof of Lemma 3.1) to
deduce that

g1=VY*ginlU;, VY|yrr=IU

for some diffeomorphism W defined in a neighborhood U of p in M 1F .
Now if v € T),(d M), the first equation and the fact that J|r = Id imply that

g1(v,v) = Ag2(v, v),
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while the second equation gives that

g1(v,v) = g2 (v, v).
Thus A = 1. O

Combining the results so far, we have achieved a new proof of the uniqueness in
the Calder6n problem in the real analytic case when n > 3 [28]:
Theorem Let (M1, g1) and (M», g2) be compact real analytic Riemannian manifolds,
n > 3, with mutual boundary whose DN maps agree on an open set I' C oM.
Assume also that T is real analytic. Then there is a real analytic diffeomorphism
J: er — M{ such that g1 = J*g> and J|r = Id.

5 Uniqueness in the 2D Calderén problem

In this section we use the Poisson embedding technique to give a new proof of unique-
ness in the Calderén problem in dimension 2. This result is also due to [28]. In this
section we assume (M1, g1) and (M, g2) are compact, connected C*° Riemannian
manifolds with mutual boundary d M. Note that it is not required that the manifolds
are real analytic.

Theorem 5.1 (Uniqueness in the Calder6n problem in 2D) Let (M1, g1) and (M3, g2)
be two-dimensional compact connected C° Riemannian manifolds with mutual
boundary M. Assume that the DN maps agree on an open subset I' C dM. Then
there is a conformal diffeomorphism J : M 11‘ — M{ such that

J¥ g = Ag1.
Here A is a smooth positive function in M{, AMr=1,and J|r = 1d.

The proof relies on the fact that on two-dimensional manifolds there exist isothermal
coordinates near any point, i.e. coordinates (u1, u») such that du; = *du,, see [38,
Section 5.10]. In these coordinates the metric looks like g jx = ¢ jx for some positive
function c. Isothermal coordinates are also harmonic coordinates in dimension 2. We
will use both of these facts.

We first prove local determination of harmonic functions near a boundary point,
and then extend local determination to global determination. These are analogues of
Lemma 3.2 and Theorem 3.3. After this, a two-dimensional version of Proposition 4.1
determines the metric up to a conformal mapping.

For the determination of harmonic functions near a boundary point, we note that in
isothermal coordinates a g-harmonic function actually satisfies the Laplace equation
in a subset R%. We show that the boundary determination result [30] of the metric
in boundary normal coordinates implies determination of the metric on the boundary
also inisothermal coordinates. Determination of harmonic functions near the boundary
then follows from unique continuation for harmonic functions on R?.
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The determination of harmonic functions near the boundary in isothermal coordi-
nates involves some technicalities. These are consequences of the fact that the boundary
determination result of [30], that we rely on, is given in boundary normal coordinates
instead of isothermal coordinates. We address the technicalities in the next lemma.
The proof of the lemma follows from the usual construction of isothermal coordinates
[38, Section 5.10] and by referring to the boundary determination result [30, p. 1106].
We omit the actual proof.

Lemma5.2 Let (M1, g1) and (M3, g2) be two-dimensional Riemannian manifolds
with boundary whose DN maps agree on an open subset I' C 0M. Then for any
p € I there are isothermal coordinates Uj, j = 1,2, defined on neighborhoods
Q; C M; of p such that the following statements hold:

(1) There is an open subset Ty of T with p € T such that Uy(Tg) = U(I'g) =: T’ C
RZ and U1|[‘0 = U2|I‘0.

(2) If f € C°(I), then the Cauchy data of the coordinate representations U, l*ulf
and Uz_l*uzf agree on T' C R2.

Lemma 5.3 (Near boundary determination in 2D) Assume the conditions in the pre-
vious lemma. Then for any p € T there are isothermal coordinates Uj, j = 1,2,
defined on neighborhoods 2; C M; of p such that for f € C2°(T'), we have

uh o Ul () =uf o Uy (1), x € Un(Q1) NU2R) C {x* = 0}

Moreover, there exists an open set B C M { with ' C B and a C* diffeomorphism
F:B— F(B) C M{ such that

F(Byc MY, Py =PyoF onB.

Proof Let f € C2°(I") and letuj}, Jj =1, 2, be the corresponding harmonic functions
on (Mj, g;). Let U; be the isothermal coordinates of the previous lemma. Then the
Cauchy data of u’ agree on I' C R? in coordinates U ;. In isothermal coordinates,
which are always also harmonic coordinates in dimension 2, the Laplace—Beltrami
equation for ujf reads

o' Api(ul o UTH) = 0= Ape(uf 0 U ).

Thus we see that u/f oU! satisfy the same Euclidean Laplace equation with the same
Cauchy data locally on a smooth mutual part of the boundary of the domain. By elliptic
unique continuation, see e.g. [25, Theorem 3.3.1], and by setting F = U, LoU | we
obtain the claim with B replaced by Uf] (U1(21) N U2(£22)). We can then enlarge B
as in Lemma 3.2 to conclude the proof. O

We record the following:
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Proposition 5.4 Let (M|, g1) and (M3, g2) be two-dimensional C*° Riemannian man-
ifolds with mutual boundary. Let J : M f — M; be alocally diffeomorphic C* global
harmonic morphism. Then J is conformal,

J¥gy = Agrin M|

L. . r
Sfor some positive function . € C*° (M ).

The proof is identical to that of Proposition 4.1 except that we cannot deduce that A (x)
is constant by the argument using Eq. (19). We omit the proof.
We will now prove global determination of harmonic functions.

Theorem 5.5 Let (M1, g1) and (M>, g2) be compact 2-dimensional C* smooth Rie-
mannian manifolds with mutual boundary. Let I be an open subset of M. Assume
that there is a neighborhood B C M lr of a boundary point p € T' and a mapping
F:B— F(B)C M{ diffeomorphic onto its image such that

Pi=PyoF.
Then we have Py (Mf) = Pz(M{) and
J=P oP Ml — M}
is C diffeomorphic global harmonic morphism extending F.

Proof We proceed as in the proof of Theorem 3.3 to which we refer the reader for more
details. Let us recall the notation and some facts from there. We redefine ¥ 2 B C M lr
to be the largest open connected set such that P (B) C P2(M{ ). The task is to show
that B is closed. We argue by contradiction and assume that it is not. Then the points
x1 € 9B\B and x» € M{ are limits of sequences (px) C B and (J(pr)) C J(B).If
f € C(I"), we have u; = u?c oJ on B.

We construct isothermal coordinates on neighborhoods €21 of x; € M 11" and 2, of
X € M{ as follows. Let us first choose by Runge approximation a boundary function
f € C2°(I") such that

du’ (x3) # 0.

Let us denote by #; a harmonic conjugate of uzf near x». This is a function solving
near x, the equation ‘

2
duy = — *xg, duf,

where *,, is the Hodge star of g>. A local solution u; exists since the right hand side
is closed, because u? is harmonic. We may assume u1(x2) = 0. Let us denote

U= (uy, u?).
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Then U is an isothermal coordinate system on a neighborhood 27 of x;.
Likewise, let v be a harmonic conjugate of ulf near x| with vy (x;) = 0. Thus v;
solves '

dvy = — g, dulf.
We set
V = (vy, u}-).

These are isothermal coordinates on a neighborhood €21 of x;. The fact that the Jaco-
bian of V is invertible at x| follows from

dus (x1) = limdu y (pr) = lim du (J (pr)) = du’}(x) # 0.

Redefine 21, if necessary, so that V (21) C U (£23).
We next show that on B N 2] we have v = u; o J. By using u; = u? oJonB
we have

—dv) = g duy = xg d(J*uT) = g J*du’.

By Lemma 2.4 J is a C* diffeomorphism in B. By Proposition 5.4 applied with M {
replaced by B and M{ replaced by J(B) (the proof of Proposition 5.4 is really a
pointwise argument and applies in this case), we have that J is a conformal mapping
on B, J*g» = Agi. Thus we have

2 2
*gl j*duf = J*(*(gz/()\o.]—l))duf).

Since Hodge star is conformally invariant when operating on 1-forms in dimension 2,
the above is

T*(kgydu’) = —J*duy = —d(uy o J).

Thus dvy = d(uy o J) on 21 N B. Since vi(x1) = u;(x2) =0, we have vy = ujoJ
on 1 N B. Consequently on 21 N B we have

V = J*U, orequivalently J = U ' o V.

(The point here is that U~ o V is defined on the whole Q; and gives us a good
candidate for a local extension of J onto the whole 21.)
Let f € C2°(T). To conclude the proof, we will show that on V (€21), we have

u}ov_l Zu%‘-oU_l.
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Since ul. = uzf oJ on B, for f € C°(T"), the above holds on the open set V (€21 N B).
Since the coordinates in question are isothermal and harmonic (where I'?(g ) =0
we have that

i Ape(ul o VT = 0= Apef o UTH.
Thus u} oV~land u?c o U~ ! both satisfy the Laplace equation in V (1) C R2. Since
these functions agree on the open set V(€21 N B) they agree everywhere on V (21) by
unique continuation. This shows that we may indeed extend J to B U 21, which gives
a contradiction and concludes the proof. O
Proof of Theorem 5.1 By Lemma 5.3, we have that there is B C M f and a diffeomor-
phic harmonic morphism F : B — F(B) C Mg . By Theorem 5.5 the mapping F
extends to a global harmonic morphism J : M 11" — M{ . Proposition 5.4 shows that

J is a conformal mapping. That the implied conformal factor is 1 on I follows from
calculations in the proof of Proposition 4.3. O

6 On determining the coefficients of quasilinear elliptic operators
from source-to-solution mapping

In this section we apply the Poisson embedding technique for a Calderén type inverse
problem for second order quasilinear elliptic operators on Riemannian manifolds. Let
(M, g) be a Riemannian manifold with boundary. The quasilinear operators
0 :C®(M) — C®(M)

we study are assumed to have the coordinates representation

Qu(x) = A (x, u(x), du(x)) Vo Vpu(x) + Blx, u(x). du(x)). 2D
Here we assume that A% (x, ¢, o) € TXZM for given (x,c,0) e M x Rx TyM isa
2-tensor field and B(x, ¢, o) is a function. The covariant derivative V is determined
by g as usual. We consider A and B as mappings

A:MxRQT*M — TFH(M) (22)

and

B:MxR®T*M - R (23)

where 7 (A(x,c,0)) = x. Here 7 is the canonical projection T02(M) — M for
2-contravariant tensors. The notation M x R ® T*M refers to the subset

{(x,c,0) e M xR x T M}
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of M x R x T* M. We can also think of M x R® T*M as tensor product of the trivial
line bundle M x R and the vector bundle 7*M.

We assume that Q is quasilinear elliptic, which means that for all (x,c,0) €
M xR®T*M and & € TM we have

AP (x, ¢, 0)EE = MER, A >0, (24)

We assume that the coefficients .4 and B are C* smooth and in the main theorem
of this section, Theorem 6.2, we assume that they are real analytic. We will assume
throughout that O is a solution, i.e. Q(u) = 0, which is equivalent with the condition

B(x,0,0) =0. (25)

The linearization of Q at u = 0 is the operator

oB B
Lu = .Aab(x, 0,0)V,Vpu + 8—(x, 0,0)u + a—(x, 0,0)0;u (26)
u O'j

where in the last term we have identified 7, M with R". We will also assume that, for
some fixed @ with0 < o < 1,

L:C**(M)N Hj (M) — C*(M) is invertible. (27)

It follows from these assumptions and from the implicit function theorem in Banach
spaces that there are unique small solutions of Q(u) = f, u|sy = 0 when f is small.
We record these facts in the following lemma. We omit the proof.

Proposition 6.1 Let (M, g) be a compact manifold with smooth boundary, let A, B be
C® maps satisfying (22)—(25), and let

Ow) = A (x, u, du)V,Vyu + B(x, u, du).

Assume that L is the linearization of Q at u = 0 given in (26), and assume that (27)
holds.

There are constants C, €,8 > 0 such that whenever || f|lcem) =< &, the equation
Qu) = fin M withulyy = 0 has a solution u € CZ'“(M) satisfying ||u||Cz,a(M) <
Cllflicemy- Ifuj € CZ’Q(M), J =1,2, bothsolve Q(uj) = fin M withujlagy =0
and \|ujllc2apry < 8, then uy = ua.

Operators of the above form appear e.g. in the study of minimal surfaces or
prescribed scalar curvature questions (Yamabe problem), see [14,38] for more infor-
mation.

We describe the inverse problem we are about to study. Let Q, ¢, § be as in Propo-
sition 6.1. We assume that we know the source-to-solution mapping of Q on an open
subset W of M. The source-to-solution mapping

S AL e CEZW)s I fllcxm < e} — CZ(W) (28)
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is defined as
S: f ulw, (29)
where u is the unique solution to
Qu= fonM, u=0ondM, lullceary < 6. 30)

Note that indeed u € C°°(M), using Schauder estimates for linear elliptic equations
and the fact that u € C2%(M). The aim of the inverse problem is to determine the
coefficients A and B of Q up to a diffeomorphism and possible other symmetries of
the problem. When the coefficients of Q are real analytic, our main theorem shows
that in this case there is only one additional symmetry, which we describe next.

We note that there is a simple transformation between coefficient B and the Christof-
fel symbols F’; ,, contracted by A? that leaves the source-to-solution mapping intact:
Assume that u solves

Qu= fonM. (31)

Then u also solves

where
Ou = A% (x, u(x), du(x))V,Vpu + B(x, u(x), du(x))
and where 5 is defined as
B(x,c,0) = B(x, ¢,0) + Ax, ¢, o) (T, (x) = T, (x)ow. (32)

Here V and l:’; ;, denote the Levi-Civita connection and Christoffel symbols of some
other Riemannian metric g¢ on M. Therefore the source-to-solution mapping defined
with respect to O coincides with the source-to-solution map S of Q. Note that even
though Christoffel symbols does not constitute a tensor field, the difference of two
Christoffel symbols f’]; I 1"](; » is a tensor field. It follows that we can not make the
symmetry vanish by choosing a suitable coordinate system. This symmetry will be
called the gauge symmetry of the inverse problem.

The gauge symmetry is an obstruction for finding B, A and Fﬁ ;, independently of
each other in the general case. However, in some cases when we have extra information
about the coefficients A and B, the gauge symmetry vanishes. We give examples of
conditions when this happens in Corollary 6.3.

We remark that if the coefficients are not real analytic, other symmetries in the
inverse problem can appear. An easy example is the standard Laplace—Beltrami oper-
ator in dimension 2 where one can scale the metric by a positive function that is
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constant 1 on the measurement set W without affecting the source-to-solution map-
ping. Another similar example is given by the conformal Laplacian in dimensions
n > 3[26].

Our main theorem of this section is the following determination result.

Theorem 6.2 Let (M1, g1) and (M>, g2) be compact connected real analytic Rieman-
nian manifolds with mutual boundary and assume that Q j, j =1, 2, are quasilinear
operators of the form (21) having coefficients A;, B; satisfying (22)—(27). Moreover,
assume that A; and Bj are real analytic in all their arguments.

Let W, j =1, 2, be open subsets of M j, and assume that there is a diffeomorphism
¢ : Wi — W so that the source-to-solutions maps S; for Q j agree in the sense that

¢ S f = S19" f,

forall f € CZZ(W2) with || f || ce(ay) sufficiently small. '
Then there is a real analytic diffeomorphism J : M im — Mé“t such that

A =J A, = A
and
By — J*By = A (T(g1)g, — T (J*82)3)0k-
The mapping J satisfies
Jlyim = ¢ : wint . wint

where Wlim =W N M{m and W2int =WaN M;m.
The assumption ¢*S, f = S1¢* f, for f € CZ°(W>) small, means that the diagram

S
C2(Wa) —— C®(Ws)

|- |-

S
CX(Wp) —— C®(Wy)

commutes when f is small.

We describe our strategy for proving the theorem. By the arguments in the preceding
sections and by the fact that solutions to quasilinear equations with real analytic
coefficients are real analytic [33], it would be natural to define a mapping analogous
to the Poisson embedding for the quasilinear elliptic operator O and then use tools
analogous to those we built around the Poisson embedding. However, as far as we
know, Runge approximation for quasilinear operators is not known. This prevents us
of using this natural approach for the moment.

Instead we do the following. We linearize the source-to-solution mapping (at the
mutual solution 0) that yields a linear Calderdn type inverse problem for a linear second
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order elliptic operator whose source-to-solution map is known. For this linearized
problem we use the Poisson embedding technique modified slightly to deal with the
source-to-solution map instead of the DN map. In this way we will find the manifold
up to a real analytic diffeomorphism. This is the first step. The modified Poisson
embedding is given in Definition 6.1.

The second step is the following. We will see that knowing the source-to-solution
map on the open set W determines the coefficients A and B on W, up to the gauge
symmetry described in (32). In this step we read the coefficients A and B in W from
the solutions, which is similar to the argument in Proposition 4.1.

Since we have determined the manifold up to a real analytic diffeomorphism, we
can view the coefficients .A and B3 on a single fixed manifold and use standard real
analytic unique continuation there. This determines the coefficients of the quasilinear
operator on the whole manifold up to a diffeomorphism and the gauge symmetry.

As already mentioned, with some suitable extra information about the coefficients
B and A the gauge symmetry vanishes and we can determine .4 and 5B independently.

Corollary 6.3 Assume the conditions and notation in Theorem 6.2, and assume also
one of the following:

(1) Ai(x,c,0) (or Ax(x, ¢, 0)) is s-homogeneous in the o -variable and By (x, ¢, o)
and By (x, ¢, o) are s/—homogeneous withs' #s + 1 forall x € Wy and ¢ € R; or
(2) ¢: (W™, g |W|im) — (W, g2|W§“‘) is an isometry.

Then we have
A1 =J* Ay and By = J*B;
and also
AP Tgp(81) = (" A)™T, (I g2).
Note that the corollary does not claim that we can find the Riemannian metrics g
and g> up to J. An example satisfying the first condition is the nonlinear Schrodinger
operator

ueC®rs —Agu+qlul’u, qeC™.

An example satisfying the second condition is the case, where one knows the Rieman-
nian metric and the manifold (¢ = Id) on a measurement set W.

6.1 Linearized problem

Let us first linearize the source-to-solution map of the quasilinear problem. This yields
a Calderén type inverse problem for the linearized equation. We record the following
result. We leave out the proof of the result and refer to [22] for a proof of a similar
result.
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Proposition 6.4 Let (M, g) and Q be as in Proposition 6.1. Let W C M be open, and
let S be the source-to-solution map defined in (29). Then, for any f € C°(W),

Sif)—SO —
lim S0 =5O@ _ SE(f) (limit in CY(W))

t—0 t

where SL CX (W) — C*®(W), f +— u is the source-to-solution map of the
linearized equation Lu = f in M with u|yy = 0, where L is given in (26).

We have now seen that linearizing the source-to-solution mapping S of a quasilinear
equation leads to a Calderén type inverse problem for a linear equation. Next we show
that in the real analytic case the source-to-solution mapping of the linearized problem
determines the manifold up to a real analytic diffeomorphism. Precisely we will prove:

Theorem 6.5 Let (M1, g1) and (M>, g2) be compact real analytic manifolds with
mutual boundary. Let L1 and Ly be second order uniformly elliptic partial differ-
ential operators on M| and M», respectively, of the general form

Lj= A?b(x)VaVbu(x) + B?(x)Vau(x) +Ci(x)u(x), 33)

where A?b and B;’ are the components of a 2-tensor field A and vector field Bj, and

C is a function. Assume that L j are injective on C*°(M ;) N HO1 (M), and assume that
A, B and C are real analytic up to boundary.

Let W; C M be open sets, and let ¢ : Wi — W, be a diffeomorphism so the
source-to-solutions maps Sj@ of L; satisfy

SEe*f = ¢*SEf, [ e C®(Wa).

Then there is a real analytic diffeomorphism J : Mi™ — MM with J it = Blyyim :
W™ — WY If f € C2(Wa), then uly y = J*u7.

In the theorem u}oqb and u%c are the solutions to Llu}mp = f o¢ in M; and to
Lou% = f in My with u', lans = u%lam = 0.

We prove the theorem by modifying the Poisson embedding technique to suit the
study of source-to-solution map instead of the DN map. The arguments are very similar
to those that we have used in the previous sections. We keep the exposition short.

Definition 6.1 (Poisson embedding for L) Let (M, g) be a compact Riemannian man-
ifold with boundary, and let W be an open subset of M. Let L be a second order elliptic

differential operator of the form (33) which is injective on C*°(M) N HO1 (M). The
Poisson embedding R of the manifold M is defined to be the mapping

R:M™ — D'(W)
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such that R(x) f = u y(x), where u s solves the Poisson problem

Luy=finM,
ur=0ondM.

In the definition D'(W) means [C°(W)]* as usual. The reason why we consider R
to be defined only in the interior of M is because we assume that the boundary values
of the solutions u y vanish on the boundary. Thus we have no control on the points on
the boundary by using solutions u ¢. Even though R is not the Poisson embedding of
the previous section, we use the same name for R, and we note that R is related to the
linear elliptic operator L.

The basic properties of the Poisson embedding R are as follows.

Proposition 6.6 Let (M, g) be smooth compact manifold with boundary. For any x €
M™ one has R(x) € H™5(W) whenever s +2 > n/2. The mapping R is continuous
MM — H=S"W(W) and k times Fréchet differentiable considered as a mapping
M — H=S=1=K(W). Inparticular, R : M™ — D' (W) is C* smooth in the Fréchet
sense. The mapping R can be extended continuously to a mapping M — H (W) by
defining R|yp = 0.

The Fréchet derivative of R at x € M™ is a linear mapping given by

DR, : T,M™ — D'(W), (DR,V)f =duys(x)-V,
where uy solves Luy = fin M, uslay = 0, f € CZ(W), and - refers to the
canonical pairing of vectors and covectors on M.

In the statement, we are not claiming that the continuation of R onto M is injective
on d M. We omit the proof of Proposition 6.6.

To prove that R is an embedding, we use the following analogue of Proposition 2.2
which follows from a suitable Runge approximation result. Its proof is in Appendix A.

Proposition 6.7 Let (M, g) be a compact manifold with boundary, and let L be
a second order uniformly elliptic differential operator on M which is injective on
C®(M)N HO1 (M). Let W be a nonempty open subset of M, and denote by u y the
solution of Lu = f in M with u|ypy = 0.

(@) Ifx e M™, y € M and x # y, thereis f € C2°(W) such that
up(x) #ur(y).
(b) Ifx € M™ and v € T} M, there is f € C°(W) such that
duy(x) =v.
Proposition 6.8 (R is an embedding) Let M, L, R be as in Definition 6.1. The mapping

R : M™ — D' (W) isa C*® embedding (and a C* embedding M™ — H_S_l_k(W))
in the sense that it is injective with injective Fréchet differential on T M™.
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Proof The injectivity of R follows from Proposition 6.7(a). Let x € M™ and V €
T, M. Assume that0 = (DR, V) f =duys(x) -V forall f € CZ°(W). By Proposition
6.7(b) one can find f € C°(W) so that du ¢(x) - V # 0, unless V = 0. This shows
injectivity of the differential. O

We construct next local coordinate systems from solutions u s to Luy = f,urloy =
0. We call these coordinates solution coordinates. These coordinates are constructed
by Runge approximating local solutions to Lu = 0.

Lemma 6.9 (Solution coordinates) Let (M, g) be a compact Riemannian manifold
with boundary. Let W be an open subset of M and let xo € M™. Then there is C™
coordinate system on a neighborhood 2 of xo of the form (uy,, ..., uy,) where each
of the coordinate functions satisfies

Luyg, = fjinM, uf =00ndM,

with fj € C°(W), and where
fi=00nQ, j=1,...,n

If the coefficients of L are real analytic, then (uy,, ..., uy,) is real analytic on Q.

Proof Letxg € M™ . If xo € W, weredefine W as a smaller open setsuch that xg ¢ W.
By Proposition 6.7(b) we may find fi, ..., f, € CZ°(W) such that the Jacobian matrix
of U = (uyg,...,uy,) is the identity matrix at xo. Thus U is a coordinate system in
some neighborhood €2 of x¢, and by shrinking €2 if necessary we may assume that
fj =01in Q.

If the coefficients of L are real analytic, the coordinate system U is real analytic on
Q by elliptic regularity, since f;|g = 0. O

The nextlemma is an analogue of Lemma 2.4, where we considered the composition
of Poisson embeddings. If W| and W, are open subsets o_f My and M3 and ¢ : W —
W, is a diffeomorphism, we define a mapping ¢*R> : M} — D'(W;) by

[¢*Ro1(xX) f = Ra(x)(f o g™, (34)

with x € M;‘“ and f € C °(W1). From Propositions 6.6 and 6.8, it follows that ¢* R,
is a C* embedding MM — H—~1"%¥(W),k =0, 1,....

Lemma 6.10 Ler (M1, g1) and (M3, g2) be compact manifolds with mutual boundary
OM. Let Wj C Mj, j = 1,2, be open subsets and let ¢ be a diffeomorphism Wy —
W,. Assume that for some open set B C M i“t

Ri(B) C (¢*Ry)(M3™).
Then
J=(@"R) " oR,

is C* diffeomorphism B — J(B) C Mi™.
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Proof We prove the continuity of J differently than we did in the corresponding
situation in Lemma (2.4). It follows from Proposition 6.6 that we may continue ¢* R,
by zero to a continuous mapping M>» — H "1 (W}). Let E C M; int be closed in M.
It follows that ¢* R (E) is closed in H~5~!(W}) by continuity and by compactness
of M. Since ¢*R; is injective on Mlnt we have that I := (¢*R,)~! is defined as
a mapping ¢*R2(M““) — M%“t and we have that 1 ~!(E) equals ¢*R>(E), which
is closed. Thus [ is continuous and consequently J is continuous B — J(B) by
Proposition 6.6.

Let xo € M; int and let U = (u L u3 ) be solution coordinates of Lemma 6.9
onanelghborhood Q) of J (xp), Where fk € C°°(W2) k=1, ,n.Incasexg € Wy,
we may assume that ¢ (xg) ¢ supp( fr). We define V := J* U Since U is invertible,
we have that J = U~! o V. Since J is continuous, the domain 2 := J~1(Qy) of V
is an open neighborhood of xo. We have V = (vy,, ..., vy,) where vy, satisfies

v (0) = J*ug () = J*(Ra(0) fi) = Ra(J D)) (fi o ) 0 ¢~ 1)
= [¢* Rol(J () (i 0 §) = Ri(X)(fi 0 }) = ().

Since ¢ (xo) ¢ supp(fi), we have that each ull,-ko¢ is C° near xg. Thus V is C*° and
consequently J = U™ o V is C®.If f € D'(W}), we have that

up(x) = R f = @ Rao N0 f = [9" RN () f = 1 (J (),
and
du'y(x0) - X = d(u5 1 0 ))x0) - X = du% 1| 5(xp) - (DI (x0)X.

It follows from Proposition 6.7 that D J (xq) is invertible. Since J is also injective by
Proposition 6.8, it follows that J : B — J(B) is C*° diffeomorphism. O

We prove next the main result of this subsection.

Proof of Theorem 6.5 Assume that the source-to-solutions maps agree:
S{¢*f =d*Sy [, [ € CE(Wa). (35)

By shrinking W; if necessary, we may assume that W; are small geodesic balls.

Redefine B to be the largest connected open set of M%m such that R;(B) C
(¢* R2)(MI™). We have Wi < B. To see this, let f € CX(W;) and x € Wint,
We have by using deﬁnmons and (35) that

Ri(0) f =up(x) = (S{/)(x) = [ST@*(f 0~ NIx) = [¢*S5(f 0~ H](x)
= [S3(fod™ DI@W) =}, 1 (9() = RAG)(fod™)
= [(¢"R2)($(x)]f (36)
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Note that ¢(x) € M;“t since otherwise we have u}-(x) = ”2f0¢—1 (p(x)) = 0 for

all f € C2°(Wy), which by Proposition 6.7 leads to a contradiction to the fact that
x € M. We conclude that B # (. We show that B is closed in M} and thus
B =M™

On B we define

J=(¢*R) "o R

which is C*° diffeomorphism B — J(B) by Lemma 6.10. We have for x € B and
f € C(Wy) that Ri(x)(f o @) = [¢*R2](J (x))(f o ¢) and thus, by the definition
(34),

Uhop(¥) =u3(J(x)), x€B. 37
By (36), we directly also have that
Jlyim = ¢ : wint . win, (38)

To show that B is closed in M %m., we argue by contradiction and let py — x1 €
dB\B, with py € B. Then x; € M". By passing to a subsequence, we have x :=
lim; J(pr) € M. We have that x; € MI"; otherwise using (37) with x = py
and taking the limit as k — oo would imply that ulfo " (x1) = uzf (x2) = 0 for
all f e C*(Wy), ie. u}l(xl) = 0 for all h € CZ°(W;), which would contradict
Proposition 6.7(a). Let

— (2 2 2
U=y, upy,. .. uy)

be solution coordinates as in Lemma 6.9 on a neighborhood 2, C M;m of the point
x2. Here fj € C°(W2), j =1,...,n, and the limit x; is found by first passing to a
subsequence.

We set

_ 1 1 1
Vo= Ufiops Uppops -+ U fop)-

We have J = U1 o V on B near X1 by (37). We have that V is a solution coordinate
system on a neighborhood € C M™ of x1, and the “equation of injectivity”

dufly - X =du’ 1l - DU o V)X, f e (W),

holds for X € Ty, M;. These facts can be proved similarly following the argument in
Theorem 3.3. We redefine the sets €21 and €25, if necessary, so that we have V (Q2]) =
U ().

We next show that

Ri(x) = (@*R)(U o V(x), xe€Qi. (39)
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This will imply
Ri(BUQ) C (¢%Ry) (M),

which is a contradiction and proves the theorem.
Let f € C2°(W)). We claim that

upovl= u§0¢,l oU 'onV(Q)) CcR".
Ifx; € W]int there is nothing to prove since then x; € Wlint C Banditisacontradiction
to x; € 3B\ B. Thus we may assume x; € M™\supp(f). If x, € Wi, then by (38)
and by the injectivity of J and continuity of J ! we have that

Wit 297 ) = 77 () = T im( (p) = lim T (pr) = .

Thus we may also assume that x, € MM\ Wit ¢ Mi"\supp(f o ¢—1). It follows that
there are small geodesic balls €] C Q1 and €} C €5 of x; and x», respectively, such
that u} and u?od),l are C” on Q) and Q) and that V(Q)) C U(€2}). Consequently,
the functions

u;oV_l, u?o(’)_l oU™! (40)
are real analytic on V (&2)).

The functions in (40) agree on V(B N €21) by (37). Consequently, they agree on
V(€2)) by real analyticity. The set V(£2}) N V(Ql\B_)is open and non-empty. Note
that the functions in (40) are real analytic on V (21\B). This is because supp(f) C
Wlint C B and because y € supp(f o ¢~1) N, implies that

U(y) e UMW N Qy) c UJ(B)N Q) = U (BNRY))
=UWU "o V)(BNQ))) = V(BNQ).

By real analyticity the functions in (40) agree on V(£2;\B) and consequently on
V(€21). We have (39) since it is equivalent to

ulfoV_lzu L oU on V(Q)) Cc R™.

2
fogp~
Thus B extends to a neighborhood of the point x; € d B\ B, which gives a contradic-
tion. Thus B is closed. Since M im 18 connected, we conclude_ that B =M im.

By Lemma 6.10, J is C* diffeomorphism M " — J(M™). Inverting the role of
M and M, we have J (M }“‘) = Mém. Since by Lemma 6.9 we may locally represent
J as U~! o V near any point, where U and V are C* solution coordinates, we have
that J and J~! are real analytic. If u? solves L2u2f = f, where f € C°(W>) and

u%lom = 0, then (37) shows that u'; , = J*u7. a]
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6.2 Local determination of the coefficients

We determine the coefficients of a quasilinear elliptic operator on open sets where
the source-to-solution mapping of the operator is known. Precisely, we prove the
following:

Proposition 6.11 Let (M1, g1) and (M3, g2) be compact connected Riemannian man-
ifolds with mutual boundary and assume that Q ;, j = 1, 2, are quasilinear operators
of the form (21) having coefficients A;, B satisfying (22)—(27).

Let W, j =1, 2, be open subsets of M j, and assume that there is a diffeomorphism
¢ : Wi — W so that the source-to-solutions maps S for Q j agree in the sense that

¢*Sof = S19™ f,
forall [ € CZ(W2) with || f || co(my) sufficiently small.

Let W cC Wlnt be an open set. Then there is § > O such that for all x € W and
(c,o0) € Ty W, wzth lc| + lolg, <9, we have

Ai(x,c,0) =¢*Ar(x,c,0) =: A(x, c,0) (41)
and
Bi(x,c,0) — ¢*Bax, c,0) = A%(x, c, o) (T (g, — T @ gk )or.  (42)

To prove the proposition, we begin with the following observation.

Lemma 6.12 Assume the conditions and notation in Proposition 6.11. Let x € Wlnt
and let Uy be coordinates on a neighborhood Q, CC W, of ¢(x) € Wlnt Let
= ¢*U, be coordinates on a neighborhood ¢~ (Q22) CC W, of the point x.
Denote @ = Ux(22) C R There is ' > 0 such that for all v € C°(2) with
vl cae(qy < 8" we have

Ql V= QQU on 2.
Here Q j are the coordinate representations of Q j in coordinates Uj, j =1, 2.

Proof Letx € W}m and let U and U; be coordinate systems as in the statement of the
lemma. Let ¢;,8; > 0, j = 1, 2, be as in the Definitions (28)—(30) of the source-to-
solution mapping of Q ;. Set ¢ = min(ey, 7). Let 8" > 0 be such that if v € C° ()
satisfy [|v]|c2.0(q) < &', then

min (| Q2(v o Ua)lcews), 1™ (Q2(v 0 Un)llce(wy)) <
and
||U (e} U2||C2*°‘(W2) E 82.
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Such a & can be found since By(x,0,0) = 0 by Assumption (25), since Q; :
CZY%(W,) — C*(W>) is continuous and since composing a compactly supported
function with C* diffeomorphism is continuous on Holder spaces.
Let v € C2°(S2) with Ivllc2e) < 8’. Then the problem Qzu% = F in M, with
uzplaM = 0 where
F := Q2(vol,) € CZ (W)

has a unique solution u% with ||u%7 llc2.e(m,) < 82 by Proposition 6.1. Let us extend
v o Uy by zero onto M». By the condition B> (x, 0, 0) = 0 and we have

Or(volUy)=FonMyandvoUy =0o0ndM.
Since [|v o Uzll¢2.a(pr,) < 82, by uniqueness we have that
W =vol. (43)

By the definition of 8" we have that Qm}p = ¢*F with ulp|aM = 0 has a unique
solution with |lu },llcz,a( m;) < d1. Since the source-to-solutions mappings agree, we
have

uplw, = $19*F = ¢*HF = ¢*up|w,).
By using ¢|q, = U{l o Uy it follows that
u};oUl_lzui-oUz_lonQ. (44)
We also have on W, that
Qup=F=Fopo¢p™' =(Qup)op™". (45)

Using the coordinate invariance of Q ;, we have by (43)—~(45) that

020 = 02(u% 0 Uy ") = (Qau3) o Us ' = (Qiuk) o (U2 0 )"
= (Quuk) o U = 01k o U = 01wk 0 Us ) = Q1.

m}

The lemma tells us that we can use any test function v with small enough C>* norm
to solve for the coefficients of Qi from the equation Q1v = Qv in the coordinates
Uj and U,. The local determination result of Proposition 6.11 is a consequence of this
observation. Its proof is similar to that of Proposition 4.1 where we used harmonic
functions to solve for (a multiple of) the metric in the Calderén problem.
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Proof of Proposition 6.11 Let xo € W}“‘ and let U, be coordinates on a neighborhood
Qo CC W™ of ¢ (xg) € W™ and let U; = ¢* U, be coordinates on a neighborhood
Q) = ¢_1(Qz) of xo. Denote Q2 = U,(2;) = U;(£21). By the Lemma 6.12 above,
we have that there is " > 0 such that for all v € CZ°(R) with [[v]|c2e(g) < &' we
have

O1v = Q). (46)

Here O j are the coordinate representations of Q ; in coordinates U;, j =1, 2.

We construct the test functions we use. We may assume that U; (xg) = Uz (¢ (xp)) =
0.Letr > 0 sothat B(0,r) CcC 2 C R", and let x : 2 — R be a cutoff function,
which is 1 on B(0, r) and vanishes outside B(0, r’) cC S for some r’ > r. Define
Q= UZ_I(B(O, r)).Ify e Qand (c,o) € RxTy*ﬁ,deﬁneafunctionv = V(y,c,0,4) €
C2°(R2) in the coordinates U, as

1
v(x) = x (@) t+o-x—y)+ AKX —y) - (x =), (47)

where A is a symmetric n X n-matrix. Then we have

v(y) =c, dv(y) = o and 9,pv(y) = Agp-

Thereis § > 0 such that forall y € Qand (c, o) € R x T} Q with ||+ |o |4, + | Al <
28, we have

”U(y,c,o,A) ||C2.a(Q) < 8/. (48)

Here ||A|| is the Hilbert—Schmidt norm of matrices and § is independent of y € Q.
Lety € Qandlet (c,0) € R x Ty*Q with |¢| + |o]g, < 8. Let A be a matrix with
[All <8 and let v = v(y ¢ 5, 4) be the function defined in (47). Since [|[v]|c2.0(q) < 8
by (48), Eq. 46 implies that
A1 (x, v(x), dv()® (Bapv(x) — TF 4, ()0 (x)) + Bi(x, v(x), dv(x))

= Ao (x, v(x), dv(x)* (apv(x) — TS ,, (V) (x)) + Ba(x, v(x), dv(x)),
(49)

for x € Q. Here F’j‘. b are the Christoffel symbols of g ;, and A ; and B; are understood
as their coordinate representations in coordinates U ;.
Let us first choose as the matrix A a one with ||A|| < § and that satisfies have

AL Ai(y,v(y), dv(y)) — A2(y, v(y), dv(y)).

Here L is defined with respect to the Hilbert—Schmidt inner product of matrices. We
have [[v||c2.¢(q) < 28 and thus Eq. 49 holds. It follows that

Bi(y.c.0) = By(y.c,0) = (AL (y. c. )T} 1, () — AP (v, ¢, o)T5 1y () ok
(50)
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We next choose the matrix A as
Aap = p(A{ (v, c,0) — AP (v, ¢, 0)),

where p > 0 is a number small enough so that ||A|| < §. It follows from (49) and by
using (50) that

pIAI(y, ¢,0) = Ax(y, ¢, 0) > =0,
where ||-]| is the Hilbert—Schmidt norm of matrices. Thus
At (y,c,0) = A (y, ¢, 0), 51
which combined with (50), yields
Bi(y.c.0) = Ba(y, e, 0) = AP (y, ¢, o)X 1y (3) = TX yox. (52)
Equations (51) and (52) hold for all (y, ¢, o) € @ x R® T*Q with |c| + |0 g, < 5.
Recall that (51) and (52) are equations for the coordinate representations of Aj, 5

and Ay, B3, in coordinates U; and U, respectively, where U; = ¢*U,. Thus we have,
by redefining § if necessary, that

Ai(x,c,0) =¢*Ar(x,c,0) =: A(x,c,0)

Bi(x.c,0) = ¢*Bax, c,0) = AP (x, ¢, 0)(T (1), — T ($*82)3) 0%
for (x,c,0) € (¢7'Q) x R® T*(¢~'Q) with || + |o]g < 8. Let W be an open
set compactly contained in W{™. Since we may carry out the argument above on a

neighborhood of any point xo € W}m, we have the claim by compactness for some
5> 0. O

6.3 Global determination of the coefficients

We prove the main theorem of this section.
Proof of Theorem 6.2 By Theorem 6.5 we know that there is a real analytic diffeomor-
phism J : M{™ — M) that satisfies J |W|im =¢ : W™ — W It follows that J* A,
and J*B,, which are given by

(A, ¢,0) = (DD H 1A (1), ¢, T ) DD s
and

(J*Ba)(x,c,0) = By(J (x), ¢, T o), (53)
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are real analytic for all x € Mlm and (c,0) € R x T*Mlrlt By Proposition 6.11
we have that there is a non-empty open set W c Wlnt and 8 > 0 such that for all
(c,0) e R x T*W with |¢| + |o g, < 8, we have

Ai(x,c,0) = J*Ay(x,c,0) and

Bi(x,c,0) — J*Ba(x, c,0) = A% (x, ¢, o) (T g1k, (x) — T(J*g2)k, (x))ox,
(54)

where A = A; = J*A,. By real analyticity, we have (54) for all x € M int and
(c,0) e R x T M™. O

Proof of Corollary 6.3 (1)Let (x, ¢, o) € MI" x R T*MI™. Assume that A; (x, ¢, o)
is s-homogeneous in the o-variable and that B; and BB, are s’-homogeneous with
s" # s + 1. It follows from (53) that J*13;

is s’-homogeneous in the o-variable. By Theorem 6.2 we know that J*A; = A
is s + 1 homogeneous in the o-variable. Thus

L(x,c,0) = A" (x,c, 0)(T(g1)(x) — T'(J*g2), (X))0k,

where A = A; = J* Ay, is (s + 1)-homogeneous in the o -variable. Since

B(x,c,0) :=Bi(x,c,0) — J*Ba(x, c, o)
is s’-homogeneous, s” # s + 1, in the o -variable, we must have
B —J*By=0andI'(x,c,0) =0

by Theorem 6.2.
(2) Assume that ¢ is an isometry. Since J|Wim = ¢|Wim, we have F(gl)k

F(qb*gz)ab =T (J*g)* ap ON W”“ Since I"(gl) —T(J*g)¥ ap 18 areal analytic tensor
field, which vanishes on Wlnt it vanishes on M{m. Thus I'(x, c,0) =0 = B(x, c,0)
forall (x,c,0) € MI™ x R Q T*M™. O
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Appendix A: Runge approximation results

Here we prove the Runge approximation results that are used repeatedly in this paper.
In this section, which is independent of the other sections, we will assume that (M, g) is
a compact connected oriented Riemannian manifold with boundary, and dim(M) > 2.
We will mostly use the following easy consequence of Runge approximation.

Proposition A.1 Let I" be anonempty open subset of 9 M, and denote by u ¢ the solution
of Agu =0in M withulyy = f.

(a) Ifx e M™UT, y € M and x # y, there is f € C2°(I") such that
up(x) # ug(y).
(b) Ifx € M™ UT and v € T¥M, thereis f € C2°(T") such that
duy(x) =v.

The main Runge approximation result is the following.

Proposition A.2 Lers > 1, let I" be a nonempty open subset of M, and let U CC Mt
be a domain with C*° boundary such that M\U is connected. Let also L be a second

order uniformly elliptic differential operator on M, and let P be the Poisson operator
for L. Then the set

R={Pflu: feCXD)}

is dense in the space S = {u € H*(U) : Lu = 0in U} with respect to the H*(U)
norm.

The proof is a standard Runge approximation argument, which boils down to the
solvability of the adjoint equation in negative order Sobolev spaces and the unique
continuation property. It will be convenient to embed (M, g) in a closed manifold
(N, g) and to extend the operator L in M as a second order uniformly elliptic operator
A in N. In this way we avoid having to consider boundary values of solutions in
negative order Sobolev spaces. The required solvability result will follow from the
next lemma, where A* is the formal Lz-adjoint.

LemmaA.3 Let (N, g) be a closed manifold, and let A be an elliptic second order
differential operator on N with kernel N' = {v € C*°(N); Av = 0}.

If s € R, then for any F € H™*(N) satisfying (F,v)ny = 0 for all v € N there is
a unique solution u € H=512(N) with minimal H=5**(N) norm of

A*u=FinN.

F|y = 0 for some open set U C N, then for any m > 0 and any V CC U one has

One also has |[ullg-s+2(yy < CIF|g-sv) with C independent of F. Morever, if

lull vy < Con, v IF =5 (vy-
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Proof Let r € R, and consider the map
T, : H*(N) - H'(N), T.u= A*u.

By [23, Theorem 19.2.1] this map is a Fredholm operator with finite dimensional
kernel N* := {v € C®°(N); A*v = 0}, and the range of T, is given by

Ran(7,) = {w € H'(N); (w,v)y =0forv e N}.

In particular, the kernel and cokernel are independent of . Writing E for the orthocom-
plement of V* in H ~*+2(N) we get that the operator T : E — A*(H t2(N)), Tu =
A*u is continuous and bijective, hence invertible by the open mapping theorem, and
u = T~'F is the unique minimal norm solution of A*u = F. We will also write
u = (A*)~! F. This proves the first statement.

Assume now that F|yy = 0,let V CC U andletm > 0.Let x, x; € C°(U) satisfy
x = 1 near V and x; = 1 near supp(x). Let also Q € W~2(N) be a parametrix for
A*, so that

OA* =1d + R

where R € W~°°(N). Then the minimal norm solution ¥ = (A*)~'F of A*u = F in
N satisfies u = QF — Ru = QF — R(A*)~! F. Consequently

lullgm vy < llxullamovy < Ix QF lamavy + X RCA*) ™ F || gm
<1IxQU = xDFlamavy + Ix RAA T F | gm )

using that F|y = 0. Using the pseudolocal property of O and the fact that R is
smoothing, we get the estimate

”u”Hm(V) =< C”F”H—Y(N)

We will also need the following simple lemma.

LemmaA.4 Let (N, g) be aclosed manifold, let A be a second order uniformly elliptic
differential operator on N, let N be the kernel of A, and let {1, ..., ¥n} be an
L*(N)-orthonormal basis of N. Let also V. C N be any nonempty open set. There
exist 1, ..., Nm € C°(V) such that

Mj, YN =08k, 1=j,k=<m.
Proof Consider the map

T:L*(V) = R", Tn= (0, ¥Dv, -\ 0 ¥m)v)-
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Then T (a1yily + -+ + am¥mlv) = Sa, where § = (¥, Wk)v);”,k:y Now if
Sa = 0, then in particular Sa - a = |la;y) + --- + amtpmniz(v) = 0 and thus
a1yily + -+ am¥mly = 0. It follows that a1 + - - - + @ ¥, = 0in N by elliptic
unique continuation, showing that a = 0 and that S is invertible.

Since the matrix § is invertible, T is surjective. Finally, since C2°(V) is dense
in L2(V) we have that T(CX(V)) is a dense subspace of R™. Since R™ is finite
dimensional, it follows that 7 (CZ°(V)) = R™. We can thus choose n; € C2°(V) with
Tnj=ejforl <j<m. |

Proof of Proposition A.2 Let F € (H*(U))* satisty F(P f|y) = Oforall f € C2°(T").
By the Hahn—Banach theorem, it is enough to show that F(u) = 0 forallu € S.

Let (M, g) CC (M1, g) CC (N, g), where M is a compact manifold with bound-
ary and N is a closed connected manifold. We extend the coefficients of L to N
without destroying the ellipticity to define an elliptic second order operator A in N
(thus Aw|y = L(w]|p) for w € C*°(N)). Also, define Fe H™S(N) by

Fw)=F(wly), we H(N).

It follows that supp(ﬁ )y C U.If F is not orthogonal to the kernel N of A, we need to

modify it outside M as follows. Let V be an open subset of N\My, let {1, ..., ¥m}
and {n{, ..., ny,} be as in Lemma A.4, and define
m
n=-Y F@n;. (55)
j=1

We define F € H™*(N) with supp(ﬁ) cUUV by
F=F+4n.

Lemma A.4 ensures that F(lpk) =0forl <k <m.
Now, by Lemma A.3 there is a unique minimal norm solution v € H ~5t2(N) of

A*v = Fin N.

It will be convenient to choose smooth approximations F; = F i +nj, where F €
Cfo(Mim) has support near U and ﬁj — Fin H™ (N)and nj € CX(V) is defined
as in (55) but with F replaced by I:"j. Then I:"j — Fin H*(N) as j — oo. We let
v; € C*°(N) be the minimal norm solution of

A*vj Zﬁj inN.

In particular, one has A*v = 0 near d M, so v is C* near d M by elliptic regularity.
We will next solve

L*w;j=0in M, wjlgu = vjlam,
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L*w =0in M, w|3M = U|3M.

Define ¢; = vjly — w; and ¢ = v|y — w. It follows that ¢; € C°°(M) and
¢ € HST2(M) solve

L*¢j = F;in M™,  ¢;lam =0,
Lo =Fin M™, ¢lyu = 0.

Let E be a _bounded extension operator H*(M) — H®(N) that satisfies
supp(Ew) C M{™ for all w € H*(M). Since F(P f|y) = 0 for all f € C(I"),
we have

0=F(Pfly) = F(E(Pf)) =lim F;(E(Pf))
= lim (A*Uj, EPf))n.

In the last expression, E(P f) is supported in M im and A*vj|y, vanishes outside a
neighborhood of U. Thus this expression can be understood as an integral over M.
Integrating by parts, we get

0=1im (A*v;, Pf)m =lim (A*¢;, PfIm
= 1im (3" ¢;. faw-
Here 85‘* is the normal derivative associated with A*, and we used that ;|3 = 0.
Now, if W is a small neighborhood of d M, the higher regularity estimate in Lemma A.3

implies that v; — v in H™(W) for any m > 0. Thus one has 8{)“*(@- — 394 in
H"(0M) for any m > 0, and consequently

0= ¢, Houm-

Since the previous result holds for all f € C2°(T"), we see that ¢ solves
L*¢ =0in M™U, ¢lyy =0, 81/;4*§0|F =0.

Also, ¢ is smooth in M\ U The unique continuation principle implies that ¢| mu =0
Thus ¢ may be identified with an element of Hg”z (N) (the distributions in H 5 T2(N)

supported in U), and it follows that there exist v/ ;€ CX(U) with ¢; — ¢ in
H—s+2 (N) (see e.g. [32, Theorem 3.29]).

Finally,letu € S, and let E be abounded extension operator from H*(U) to H(N)
so that supp(Ew) C M™ for any w € H*(U). Then, since ¢ € Hg”z(N),

F(u) = F(Eu) = (A*¢, Eu)y
=1im (A*y;, Eu)y = lim (A*yj, u)y.
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Using that ¢; € CZ°(U) and Lu = 0in U, we may integrate by parts in U and obtain
that F(u) = O for all u € S. This concludes the proof. O

As aconsequence of the Runge approximation property we can find global harmonic
functions with prescribed 2-jet at a given point, up to the natural restrictions given by
the equation Agu = 0. The existence of a local harmonic function with this property
is found e.g. in [1, Lemma A.1.1]), but we give the details for completeness.

Proposition A.5 Let I be a nonempty open subset of dM. Let p € M™UT, letag € R,
let&y € T;‘ M, and let Hy be a symmetric 2-tensor at p satisfying Trgy(Ho) = 0. There
exists f € C°(I") such that the solution of

—Agu=0inM, ulgmy = f

satisfies u(p) = ao, du(p) = &o, and Hessgy(u)|, = Hp.

Proof 1t is enough to do the proof in the case where p € M™. For if this has been
done, and if p € I', we may extend the manifold M near p to aslightly larger manifold
M, sothat p € Milm and OM\I" CC dM;. Since p is an interior point of M, we can
find a harmonic function #; in M| having the correct second order Taylor expansion
at p and satisfying u1|spm\r = 0. Choosing f = u1|3p implies that the solution of
—Agu = 0in M with ulyy = f satisfies u = u1|py and has the required behaviour
at p.

Thus, assume that p € M™. The proof will be given in four steps.

Step 1. First we find a local g(p)-harmonic function with prescribed 2-jet at p. Let
X = (xl, ..., x™) be normal coordinates in a small geodesic ball U centered at p.
In these coordinates, let &y = (§0); dxj|p and Hy = Hj dx/ ® dxk|p. Define the
function

. . 1 .
uo : U > R, ug(exp,(x/3;],)) = ao + (£0)jx/ + EJar,»kxka.

Clearly ug € Cc>® (), uo(p) = ao and dup(p) = &p. The Hessian, computed in
normal coordinates, is given by

Hessg (1) = (3,10 — T 0 u0) dx/ & dx*|, = Hy

since Fi. «!p = 0innormal coordinates. Since Hy is trace free it follows that Agpyuo =
> i—1 Hjj = 0in U, i.e. ug is harmonic in U with respect to the metric g(p) with
coefficients frozen at p.

Step 2. Next we find a local g-harmonic function near p with 2-jet (0, 0, Hy). This is
done by perturbing the functions u from Step 1 in small balls, see e.g. [38, Proposition
5.10.4]. Letu € C*°(B(p, ¢€)) solve

Agu=0in B(p,e),  ulap(p,e) = o
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where ug(x) = % jkxka in normal coordinates. We may rescale X = x /¢, u(x) =

e~ 2u(eX), so that @i solves (with derivatives taken with respect to ¥)
(g/*(eX)djr + el (eX)d)i = 0in By,  dilap, = dolon, = 5 s

Writing i = dig + W where iig(¥) = e 2ug(eX) = uo(x), and using that
g/¥(0)dxiig = 0, we see that  solves

(g% (ex)dx + el (eX)3)w = Fin By,  wWlap, =0

where ||F|| ani2+3(g) < Ce since g is smooth. By elliptic regularity (where the
constants are uniform with respect to 0 < & < 1) and Sobolev embedding,
| ”CZ(BT) < Ce where C is uniform over small ¢. Then also ||u —ug ||C2(m) < Ce,
which shows that there are local harmonic functions near p with 2-jet arbitrarily close
to (0,0, Hy) at p.

We can make the 2-jet at p exactly equal to (0, 0, Hy) as follows. Consider the
operator

S : { local harmonic functions near p} — R x T:M X (Stzf)pM,
Su = (u(p), du(p), Hessg(u)|p)

where (Sff) pM is the space of trace free symmetric 2-tensors at p. The range of S is a

linear subspace of the finite-dimensional space R x T;‘M X (Stzf) pM , hence Ran(S) is

closed. For any Hj € (Stzf)pM one has (0, 0, Hp) € Ran(S), and thus there is a local
harmonic function near p with 2-jet (0, 0, Hp).

Step 3. We will next find a local g-harmonic function near p with 2-jet (ao, &, Ho)-
In fact, the argument in Step 2 with the choice up(x) = (&o) jxj and scaling u(x) =
e~ 'u(ex) leads to local harmonic functions with 1-jet at p first arbitrarily close to
(0, &), and then exactly equal to (0, &y) as in the end of Step 2. Adding one of the
functions obtained in Step 2 yields a local harmonic function with 2-jet (0, &, Hp),
and adding a constant gives the 2-jet (ao, &0, Hp).

Step 4. Finally, to find a global harmonic function with prescribed 2-jet at p, consider
the operator

T CR() — Rx TiM x (SH,pM. [ (uy(p).dug(p), Hessg(u )l )

where u ¢ is the harmonic function in M with u|3y = f. Given any (ao, §o, Ho) €
R x T;,"M X (Sff) pM, Step 3 shows that there is a local harmonic function ug in a
small geodesic ball U = B, (p) having 2-jet (ao, &, Ho) at p. Now Proposition A.2
implies that there is a sequence (f;) C C°(T") such that uflu — uoin H"2H3U),
hence uy; — up in C%(D) by Sobolev embedding. This shows that 7(C2°(I")) is a
dense subspace of R x T;M X (Stzf) pM , but since the last space is finite dimensional
T has to be surjective. O
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We can now prove the consequence stated in the beginning of the section:

Proof of Proposition A.1 (a) First assume that both x and y are in M'™. Let U = B|UB,
where By and B, are balls centered at x and y, which are chosen in such a way that
U cc M™ and M\U is connected. Consider the harmonic function ug in U with
uo|p, = 1 and up|p, = 0. By Proposition A.2, there exist f; € C°(T") such that

||M//|U - u0||Hn/2+1(U) — 0 aSj —> OQ.

By Sobolev embedding we also have |[u ¢, |y — uollL>w) — 0. Choosing f = f; for
large enough j implies that u r (x) # u f(y).

Now assume that x € M'™ and y € M. We choose I’ CC T'\{y}, and use the
argument above to find f € CZ°(I"") with u s(x) # 0. Then one also has u s (x) #
ur(y) = 0. Next, the case where x € I' and y € M™ reduces to the previous case
by interchanging x and y. Finally, if x € I" and y € dM with x # y, choose some
f e (') with f(x) # f(y) to obtain that u s (x) # u r(y) as required.

(b) The result follows from Proposition A.5. O

Finally, let us give a Runge approximation result for a linear source problem used
for studying the inverse problem for nonlinear equations.

Proposition A.6 Let (M, g) be a compact manifold with boundary and let s > 1. Let
W be an open subset of M, and let U CC M™ be a domain with C*° boundary such
that M\U is connected and W N'U = @. Let also L be a second order uniformly
elliptic differential operator on M which is injective on C*°(M) N HO1 (M), and let
K : CX(W) — C®(M), f > u be the solution operator for the problem

Lu=finM, ulgpy = 0.
Then the set
R={Kflu; f € CZ(W)}

is dense in the space S = {u € H*(U) : Lu = 0in U} with respect to the H*(U)
norm.

Proof Let F € (H*(U))* satisfy F(Kf|y) = 0 forall f € C2°(W). By the Hahn—
Banach theorem, it is enough to show that F'(«) = 0 for all u € S. As in the proof of
Proposition A.2, we take (M, g) CC (M1, g) CC (N, g) and extend L to an elliptic
second order operator A on N. Given F € (H*(U))*, we define F € H*(N),
supp(F) C U, by
Fw)=Fwly), weH N).
Continuing as in the proof of Proposition A.2, we may find F € H~*(N) so that

F=F+n
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with supp(n) C V, where V. C N\Mj, and F is ~L2-ortl~1ogonal to the kernel of A.
Moreover we may find F; € CX(M™ U V) with F; — Fin H™*(N), and using the
same procedure as in the proof of Proposition A.2 we can represent Fand F | as

A*v = Fin N, A*vj:ﬁjinN.
Similarly, in M we have
L*¢; = F;in M™, ¢;lon =0,
L' =Fin M™, gloy =0,
where ¢; € C*(M), ¢ € H~+2(M), and ¢ is smooth near d M.

Let E be a bounded extension operator H* (M) — H*(N) satisfying supp(Ew) C
M™ forall w € H*(M). Since F(K f|y) = 0 for f € C°(W), we have

0= F(Kfly) = F(E(Kf)) =lim F;(E(Kf))
= lim (A*v;, E(Kf))n-

In the last expression, E (K f) is supported in M }m and A*v;|y, vanishes outside a
neighborhood of U € M™. Thus this expression can be understood as an integral
over M. Integrating by parts, we get

0=1lim (L*¢;, Kf)y = lim(p;, LKf)y = lim(g;, f)w.
Here we used that K f and ¢; vanish on 9 M and thus the boundary terms vanish. The

higher regularity estimate in Lemma A.3 implies that ¢; — ¢ in H"™ (W) for any
m > 0, and consequently

0=(p, Hw-.
Since the previous result holds for all f € C2°(W), we see that ¢ solves
L*¢ =0in M™U, ¢|lw =0.

Also, ¢ is smooth in the connected set M\ U . The unique continuation principle implies
that ‘/’|M\ﬁ = 0. Thus ¢ € Hﬁ_Hz(N). As in the proof of Proposition A.2, we have

Y e CPW), ¥; — ¢in H —SH2(N). If E denotes a bounded extension operator
from HS(U) to H*(N) with supp(Ew) C M™ for any w € H*(U), we have

F(u) = F(Eu) = (A*v, Eu)y = lim (A*y;, Eu)y = lim (L*¥, u)y.

If u € S, we can integrate by parts to see that F(u) = 0. O

As a consequence, we obtain an analogue of Proposition A.1 where boundary
sources are replaced by interior sources.
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Proposition A.7 Let (M, g) be a compact manifold with boundary, and let L be
a second order uniformly elliptic differential operator on M which is injective on
C®(M) N HOl (M). Let W be a nonempty open subset of M, and denote by u s the
solution of Lu = f in M with u|yy = 0.

(@) Ifx e M™, y e M andx # y, thereis f € C2°(W) such that

up(x) #ur(y).

(b) Ifx € M™ and v € T} M, there is f € C°(W) such that

duy(x) =v.

Proof The proof is analogous to that of Proposition A.1, except that we need a ver-
sion of Proposition A.5 for 0- and 1-jets where —A, is replaced by L (this can be
found in [3, Theorem 1.5.4.1]), and we need to use the Runge approximation result in

Proposition A.6. O
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