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INTRODUCTION

A classical solution to a partial differential equation is a suitably smooth func-
tion that satisfies an equation pointwise in a domain. However, many equations
that appear in applications admit no such solutions and therefore the notion of
solution needs to be extended. One such extension is achieved by integration by
parts in the theory of distributional weak solutions. Another class of extended
solutions is the wviscosity solutions defined by generalized pointwise derivatives.
If both viscosity and weak solutions can be meaningfully defined, it is natural
to ask whether they coincide. This dissertation studies the equivalence of solu-
tions to different equations related to the p-Laplacian and stochastic tug-of-war
games.

1. BACKGROUNDS

1.1. Viscosity solutions. Crandall and Lions [CL83] introduced viscosity so-
lutions as a uniqueness criterion for first order equations, though related ideas
were also published by Evans [Eva78, Eva80]. Viscosity solutions to second
order equations remained of limited interest for several years as the uniqueness
of solutions was known only in some special cases. A major breakthrough took
place when Jensen [Jen88] proved the uniqueness of viscosity solutions to equa-
tions of the form F(u, Du, D?*u) = 0 under certain assumptions. His results
were further extended by Ishii [Ish89] to include equations that depend on x.

The name of viscosity solutions originates from the so called vanishing vis-
cosity method in which one adds a vanishing viscosity term to an equation and
passes to the limit to obtain the existence of solutions. However, this method
is no longer central. To illustrate the basic idea and definition of viscosity
solutions, consider a partial differential equation

F(z,Du,D*u) =0 in , (1.1)

where F : Q x RY x SN — R is continuous, D?u is the Hessian matrix of u
and Q C RY is a bounded domain. Here SV denotes the set of symmetric real
valued N x N matrices and is equipped with the usual partial ordering where
X <Y if yXn <n'Ynfor all n € RY. Suppose moreover that F is degenerate
elliptic, meaning that

F(z,n,X) > F(z,n,Y) whenever X <Y.

To give an example, the Laplace equation would now correspond to
N
F(z,n,X) = —trX :=-> Xj.
i=1

Definition. A lower semicontinuous function u : Q — (—o00, 00| is a wviscosity
supersolution to (1.1) in Q if u # oo and whenever ¢ € C?(f) is such that u—¢
has a local minimum at x € €2, we have

F(z, Do(z), D*p(x)) > 0. (1.2)

Similarly, an upper semicontinuous function u : Q@ — [—00,00) is a wviscosity
subsolution to (1.1) in Q if u # —oo and whenever ¢ € C?(Q) is such that u— ¢
has a local maximum at = € {2, we have

F(z, Do(z), D*p(x)) < 0.

A function is a wviscosity solution if it is both viscosity sub- and supersolution.



Too see that the concept of viscosity solutions extends classical solutions,
recall from calculus that if ¢ € C? has a local minimum at x, then we have

Dy(z) =0 and D%*)(z) > 0.
Therefore, if u, ¢ € C? are such that u — ¢ has a local minimum at x, we have
Du(z) = Do(z) and D?u(z) > D?*p(z).

Consequently, if u is a classical supersolution to (1.1), it follows from degenerate
ellipticity that

F(z,Dy(z), D*¢(x)) > F(x, Du(z), D*u(x)) > 0,

which means that u is a viscosity supersolution. Similarly we see that it is a
viscosity subsolution and thus classical solutions are viscosity solutions.

A useful equivalent definition of viscosity supersolutions requires that the in-
equality (1.2) holds whenever ¢ € C? touches u from below at x, i.e. whenever
o(x) = u(x) and p(y) < u(y) for y # x. Analogously, definition of subsolutions
uses test functions that touch from above. So far we assumed that F' is con-
tinuous. For singular equations the definition of viscosity solutions needs to be
adjusted, see the sections discussing the articles [B] and [C].

Viscosity solutions have turned out to be the natural class of solutions for
many applications. They appear for example in optimal control (Hamilton—
Jacobi-Bellman equation) [CL83, BCD97], stochastic games [PS08, PSSW09,
MPR10, MPR12, BR19] and geometric flows [CGG91, ES91, AD00, FLM14].
In particular viscosity solutions can be formulated for equations in a non-
divergence form or even for fully nonlinear equations. Viscosity solutions also
have good stability properties with respect to uniform convergence. The ex-
istence of viscosity solutions can be often achieved via Perron’s method. The
standard reference to viscosity solutions is the paper by Crandall, Ishii and Li-
ons [CIL92], see also the books by Caffarelli and Cabre [CC95], Koike [Koil2]
and Katzourakis [Kat15].

1.1.1. Viscosity solutions and tug-of-war. Tug-of-war games provide an impor-
tant motivation for the equations which we study in articles [A] and [C]. The
connection of tug-of-war game to viscosity solutions was first discovered by
Peres, Schramm, Sheffield and Wilson [PSSW09]. They introduced a two-player
zero-sum stochastic game called tug-of-war and showed that the value function
of the game is related to the solutions of the so called co-Laplace equation

N
—Asu := —(Du)'D*uDu = — Y DjjuD;uDju = 0, (1.3)
ij=1

where (Du)" denotes the transpose of the column vector Du. The oco-Laplacian
was first studied by Aronsson in the 60s. It is related to optimal Lipschitz
extensions [Aro67, Jen93]. The equation —A,u = 0 needs to be understood
in the viscosity sense as it is in a non-divergence form and classical solutions
turn out to be too restrictive. Indeed, any C? solution to —A_u = 0 must be a
constant if it has any critical points [Aro68, Yu06]. This implies non-existence
of classical solutions to the Dirichlet problem with suitable C? boundary data.
In 2008 Peres and Sheffield [PS08] introduced tug-of-war with noise, this
time in connection to the normalized (or game-theoretic) p-Laplacian which for

smooth v with a non-vanishing gradient can be written as

N, . 2p 1. -2 _ —2
Ajw = |Dul” P div(|Dul’™" Du) = Au+ (p — 2) |Du| ™~ Ayu, (1.4)

where 1 < p < oo and the N stands for “normalized”. In the time depen-
dent case this leads to a normalized p-parabolic equation, see [MPR10, BG15].
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The normalized p-Laplacian was also studied in the context of image process-
ing [Doell, ETT15]. To describe its connection to game theory, consider the
following version of tug-of-war with noise by Manfredi, Parviainen and Rossi
[MPR12]. Suppose that p > 2 for simplicity and that 0f2 is suitably regular. A
step size € > 0 is fixed and a token is placed at zy in a domain €. A biased
coin is tossed so that it lands heads with probability o = (p — 2)/(p + N) and
tails with probability 1 — «. If it lands tails, the token moves to a random
position x; € B.(zg) according to a uniform probability distribution. Other-
wise, a tug-of-war step is played: a fair coin is tossed and the winning player
is allowed to select a new position z1 € B.(x¢) for the token. Once the token
exits the domain, the game ends and Player 11 pays Player I the amount g(z,),
where z, is the final location of the token and g : RV \ © — R is called a payoff
function. There is a well defined concept of a value for this game. At each point
x € Q, the value of the game u.(z) equals the amount of money that Player I
is expected to win from Player II if the game starts from x. The value function
satisfies the dynamic programming principle

o
Us(x) = = | sup u. + inf u +1—04][ u d
c(x) 9 <B€(£’) =T A 6) ( ) B.(2) (y) dy
from which one can essentially read the rules of the game.

To heuristically link the dynamic programming principle to the normalized
p-Laplacian, suppose for the moment that u is a smooth solution to —AIJ,V u=20
whose gradient does not vanish. By Taylor’s theorem we have

u(y) = u(x) + (g — ) - Dula) + 3y — o) Dulw)ly — ) + ol — yP).

Taking an average over B.(z) we obtain

52

][Bs(l') u(y) dy = u(z) + mAu(m) + o(e?).

On the other hand, since the maximum and minimum of the Taylor expansion

in B.(z) are roughly at the points y = x + eDu(x)/ |Du(z)|, we heuristically
have

1 g2 _

—(sup u+ E}I%f)u) ~ u(z) + 5 |Du(z)| "% (Du(x))' D*u(z) Du(z) + o(£?).

B:(z) e(®
Combining the last two displays, recalling that a = (p — 2)/(p + N) and using
that u is a solution to —A;V u =0, we would see that u satisfies the dynamic
programming principle with a small error.
When the step size approaches zero, the value function converges uniformly

up to a subsequence to a viscosity solution of the Dirichlet problem

—Ai)vu:O in €2,
u=gq on 0f).

This result can be extended to the case of space dependent probabilities [AHP17],
which provides motivation for the study of the normalized p(x)-Laplacian
Aﬁx)u = Au+ (p(z) —2) \Du]_2 A

in article [A]. It is also possible to include a running payoff by requiring that
Player IT pays an amount equal to €% f(x;,) whenever the token is moved from .
In this case the value function converges to a solution of the non-homogeneous
equation —Aé,v u = f [Ruol6] which is a special case of the equation studied in
article [C].
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1.2. Distributional weak solutions. The origins of distributional weak so-
lutions (weak solutions for short) go back about a century to the works of Levi,
Morrey, Sobolev, Tonelli and others on Hilbert’s 20th problem. This problem
asks if every regular variational problem has a solution with given boundary
values, provided that the notion of solution is extended if needed. It turns out
that the correct space in which to look for a solution is a Sobolev space. Further-
more, solutions to a regular variational problem coincide with weak solutions
to the corresponding Euler-Lagrange equation. While Hilbert’s 20th problem
is concerned with existence, his 19th problem asks if a solution to a regular
variational problem is always analytic. This was resolved independently by De
Giorgi [Gio57] and Nash [Nas58] who proved that weak solutions to the corre-
sponding Euler-Lagrange equation are Holder continuous. By previous results
this yielded analyticity of the solutions.

Today weak solutions are a central part of the analysis of partial differential
equations with a large number of applications and vast literature. For an intro-
duction to the topic, see for example the textbooks by Gilbarg and Trudinger
[GTO01], Wu, Yin and Wang [WYWO06] or Evans [Eval0].

Let us recall the idea of weak solutions by considering the p-Laplace equation,
which for a smooth function u with a non-vanishing gradient can be written as

—Ayu = — div(|Dul"~* Du)
= — |Dul’ 7 (Au+ (p — 2) |Du| > Asu) = 0, (1.5)

where 1 < p < co. The p-Laplace equation is a model for quasilinear equations
in a divergence form. It is in a sense singular when p < 2 and degenerate when
p > 2. The cases p =1 and p — oo are related to the mean-curvature operator
and the oo-Laplacian, respectively. The book by Heinonen, Kilpeldinen and
Martio [HKMO06] and the notes by Lindqvist [Linl7] are good introductions to
the topic. The p-Laplace equation is the Euler-Lagrange equation corresponding
to the problem of minimizing the Dirichlet energy

/ |Dul? dx
Q

among all functions in {2 with the same boundary values. By applying the direct
method in calculus of variations, one finds that the minimizer must satisfy

/ |Dul’ > Du - Do dx = 0 (1.6)
0

for all p € C§°(€2). The equation (1.6) is called the weak form of the equation
—Ap,u=0. Observe that it only contains first derivatives even though the
original equation is of second order. For weak solutions we merely require these
derivatives to exist in the distributional sense.

Definition. A function u € W,5”(Q) is a weak solution to
—Apu=0 inQ

if (1.6) holds for all ¢ € C§°(2), where Du is understood in the distributional
sense. For weak supersolutions we require that the integral in (1.6) is non-
negative for all non-negative ¢ € C§°(2). Analogously, for weak subsolutions
we require that the integral is non-positive.

To see that classical solutions are weak solutions, let ¢ € C5°(Q2) be arbitrary
and suppose that u is a smooth solution to —A,u = 0 whose gradient does not
vanish. Multiplying the equation by ¢, integrating over {2 and applying the



Gauss-Green theorem, we obtain

O:—/ @ div(|Dul’~* Du) da
Q
:/ \Du]p_zDu-Dgodx—/ ©|Dul’~* Du - ndS.
0 o0

The normal vector n makes sense only for suitably regular 02 but this is not a
problem since any domain can be exhausted with smooth domains. Since ¢ has a
compact support, the surface integral vanishes and we obtain the equation (1.6).
Conversely, a C? weak solution is a classical solution since by the fundamental
lemma in the calculus of variations the integral [, ¢ div(|Du|’~* Du) da vanishes
for all ¢ € C5°(Q) only if div(|Dul’"> Du) = 0. Weak solutions are therefore a
generalization of classical solutions.

1.3. Equivalence of solutions. The relationship between viscosity and weak
solutions has been extensively studied starting from the work of Ishii [Ish95]
on linear equations. The equivalence of viscosity and weak solutions to the
p-Laplace equation and its parabolic version was first proved by Juutinen,
Lindqvist and Manfredi [JLMO1] for 1 < p < oo. In fact, they showed that
u:  — (—o0,00] is a viscosity supersolution to the equation —Ayu = 0 in
Q2 if and only if u is p-superharmonic in Q. Recall that u : Q@ — (—o0,00] is
p-superharmonic if it is lower semicontinuous, u #Z oo and it satisfies the com-
parison principle on each subdomain D € : if v € C'(D) is a weak solution to
—A,v =01in D, then

uw>vondD implies u>wvin D.

For example the so called fundamental solution

p=N
o= [l AN,
log(|z]), p=N,

is p-superharmonic in RY, but it is not a weak supersolution to the p-Laplace
equation when p < N because it fails to be in the correct Sobolev space. How-
ever, a locally bounded p-superharmonic function is a weak supersolution and a
lower semicontinuous weak supersolution is p-superharmonic [Lin86]. The proof
in [JLMO1] relies on the comparison principle of viscosity and weak solutions.
Later Julin and Juutinen [JJ12] proved the equivalence of viscosity and weak
solutions to the p-Laplace equation without relying on the comparison principle
of viscosity solutions. Equivalence of solutions to the p(z)-Laplace equation

—Apyu 1= — div(|Du|p($)_2 Du) =0

was showed by Juutinen, Lukkari and Parviainen [JLP10] for p € C*(Q2) and
1 <infgp < supg p < co. More recently, Attouchi, Parviainen and Ruosteenoja
[APR17] proved and used the equivalence of solutions to obtain C1* regularity
of solutions to the normalized p-Poisson problem

N
—Apu: f,

where p > 2 and f € C() is in a suitable Lebesgue space. Ochoa and Medina
[MO19] proved the equivalence of solutions to the non-homogeneous p-Laplace
equation

—Ayu = f(x,u, Du)
under suitable assumptions on f. Parviainen and Vazquez [PV] showed that
radial viscosity solutions to the parabolic equation

dyu = |Dul|*™? Alu,
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where ¢,p > 1 coincide with weak solutions to a one-dimensional equation
related to the radial g-Laplacian. Fractional equations were considered for ex-
ample by Servadei and Valdinoci [SV14] and Korvenpaa, Kuusi and Lindgren
[KKL19]. Equivalence questions have been studied also in non-Euclidean set-
tings. For example, Bieske [Bie06] proved the equivalence of viscosity and weak
solutions to the p-Laplace equation in the Heisenberg group and recently Bieske
and Freeman [BF| considered the p(x)-Laplace equation in Carnot groups.

In this dissertation we show equivalence of viscosity and weak solutions in
three different cases. In article [A] we study the normalized or game-theoretic
p(z)-Laplacian which appears in stochastic tug-of-war games. In article [B] we
consider a parabolic p-Laplace equation with a gradient term. Finally, in [C]
we study radial solutions to a non-homogeneous equation that includes both
the normalized and standard p-Laplace equations. Though the main results are
equivalence theorems, in [A] and [C] we also derive some applications from the
equivalence of solutions.

2. THE NORMALIZED p(z)-LAPLACIAN AND ARTICLE [A]

In [A] we study the normalized p(z)-Laplace equation which for smooth u
with a non-vanishing gradient can be written as

p(z) —2
| Dul”
where Ay u is the co-Laplacian defined in (1.3), Q C R¥ is a bounded domain
and p : Q2 — R is Lipschitz continuous with p,,;, := infqp > 1. As mentioned,
the study of (2.1) is partially motivated by its connection to stochastic tug-of-

war games with space dependent probabilities [AHP17].

Our main result is that viscosity solutions to (2.1) coincide with weak solu-
tions once the equation is written in an appropriate divergence formulation. To
find the divergence formulation, suppose for the moment that u is a smooth
function whose gradient does not vanish. Then a direct calculation yields

| Duf"™72 AN u = div(| Du'"™ " Du) — | Dul"™~? log(| Dul) Du - Dp,

where the logarithm appears because of the variable exponent inside the di-
vergence. The right-hand side is the so called strong p(x)-Laplacian Af(x)u
which was introduced by Adamowicz and Hésto [AH10, AH11] in connection
with mappings of finite distortion. We show that viscosity solutions to (2.1) are
equivalent to weak solutions of the strong p(x)-Laplace equation

—Ayyu=0. (2.2)

Weak solutions to (2.2) are defined using appropriate variable exponent Sobolev
spaces W1P()(Q). Under our assumptions they are Banach spaces and have
similar properties as the usual Sobolev spaces. For details we refer the reader
to the monograph by Diening, Harjulehto, Hast6 and Ruzicka [DHHR11]|. The
precise definitions of solutions to the the strong and normalized p(x)-Laplace
equations are below.

—Aﬁw)u = —Au — Asu=0 inQ, (2.1)

Definition 2.1. [A, Definition 3.1] A function u € VVllo’f(')(Q) is a weak super-
solution to —A]f(x)u =0in Q if

/ | Du"™ 2 Du - Dy + | DulP™ " 1og (|Du|) Du - Dp o dz > 0
Q

for all non-negative p € WHP0)(Q) with a compact support. We say that u is a
weak subsolution if —u is a weak supersolution and that u is a weak solution if
it is both weak super- and subsolution.
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At the beginning of this introduction we mentioned that viscosity solutions
are based on generalized pointwise derivatives. This refers to the so called
second order semi-jets. For example, the subjet of a function u at z is defined
by setting (n, X) € J> u(z) if

u(y) > u(x) +(y—m)-n+;(y—x)’X(y—x) +o(ly —z|?) asy— .

Using Taylor’s theorem one can show that
J*u(z) = {(Dcp(x), D?*p(z)) : ¢ € C* and u — ¢ has a min at x} :
Therefore it is clear that viscosity solutions can be also defined using semi-jets.

Definition 2.2. [A, Definition 3.3] A lower semicontinuous function v : 2 — R
is a wviscosity supersolution to —AN u =0 in Q if, whenever (1, X) € J* u(x)
with z € Q and n # 0, then

—tr(X) — MHIXH > 0.
7]
A function u is a wviscosity subsolution if —u is a viscosity supersolution, and a
viscosity solution if it is both viscosity super- and subsolution.

Observe that in Definition 2.2 we ignore test functions whose gradient van-
ishes at the point of touching. This can be done because the equation is homo-
geneous; it would not lead to a reasonable definition if the right-hand side was
non-zero.

To show that viscosity solutions are weak solutions, we adapt the method
introduced by Julin and Juutinen [JJ12]. This way we can avoid relying on the
uniqueness of solutions which to the best of our knowledge is still open for both
the normalized and strong p(z)-Laplace equations. The idea is to fix a bounded
viscosity supersolution u to —Aﬁx)u > 0 and approximate it by inf-convolution

g 1 d
ua(l’) := inf {U(y) + quq_l |l’ - y| } )

yeEN

where € > 0 and ¢ > 2 is so large that py,m — 2+ (G —2)/(¢ — 1) > 0. If there
was no r-dependence in —Aé\ém)u = 0, it would be straightforward to show that
u. is still a viscosity supersolution in the smaller set

Qo) = {z € Q: dist(z,00) > r(e)},

where 7(g) — 0. To deal with the z-dependence, we modify an argument from
[Ish95] to prove the following lemma. Roughly speaking it says that u. is a
viscosity supersolution to —Aév(z)u > 0 in Q,() up to some small error. The
proof is based on the Theorem of sums.

Lemma 2.3. [A, Lemma 5.3] Assume that u is a uniformly continuous viscosity
supersolution to —AJ yu =0 in Q. Then, whenever (1, X) € J> u(x), n # 0
and x € (o, it holds

~ -2
_ |,r]’m1n(p(x)—2,0) (tl"X + (p(l‘)‘Q )TZIX’H) > E(é?),
Ui
where E(e) — 0 as e — 0. The error function E depends only on p, q and the
modulus of continuity of u.

The inf-convolution u. is semi-concave in €2,(.) and therefore twice differen-
tiable almost everywhere by Alexandrov’s theorem. This combined with the
previous lemma essentially means that u. satisfies the equation —Aﬁm)ua >0
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pointwise almost everywhere in €2, up to some error. Moreover, the proof
of Alexandrov’s theorem in [EG15] establishes that we can approximate the
semi-concave function u. with smooth functions u. ; so that

U.j — e, Du.j— Du. and D?u.; — D*u.

almost everywhere in €,.). We also denote by p; the standard mollification of
p. Very roughly speaking, we can now compute that

T S
| D |pf( )= 2Ap () Uej = Apj(m)uajj

and let j — oo at both sides to obtain from Lemma 2.3 that u. is a weak
supersolution to —Ag( yus = 0 with some error. However, there are additional
technicalities on the way since Ap () 18 singular when p;j(x) < 2. To overcome
this, we first regularize the equation by considering the identity

)72(Au€’j+wA u. ;)

pj(z
Du. ;|* +8) = -
(1 us,J| +9) 5+ |Du€,j|2 €,

pj(w)—2
= div(((5 + |Du. j|*)" 2 Dum)

(5+|DU€J’ ) log(5+|Du€]] )Duey Dp;.

Then we let 7 — oo and § — 0, in that order. This is the part where the choice
of large enough ¢ in the definition of inf-convolution gets into play. Heuristically
speaking, it makes the inf-convolution so flat that the singularity of Ag(z) gets
canceled and we can pass to the limit. In the end we obtain the following
lemma, which says that u. is a weak supersolution to —Ag(x)ua > 0 with some
error.

Lemma 2.4. [A, Lemma 5.5] Assume that u is a uniformly continuous viscosity
supersolution to —Ap(m u =0 in ). Let u. be the inf-convolution of u. Then

/ |Du.[P")7% Du, - (D + log | Du.| Dp o) dz > E(e)/ |Du. "™ o da
e Q)

for all non-negative p € WHPO)(Q,)) with compact support, where E(g) — 0
as e — 0 and s(z) = max(p(z) — 2,0).

With this lemma at hand, we use a Caccioppoli type estimate to conclude
that Du, is bounded in LP¢ (Q’ ) for any Q' € Q with respect to . To do this, we
test the inequality of Lemma 2.4 with ¢ := (L —u.)&Pm>x, where L := sup, ,cq u
and & € C§°(Q) is a cut-off function such that £ = 1 in €. This yields

/ | Dug [P@) gPmes gy </ | Dug [P ePmas=V ([, — 4 \poas| DE| d
Q) INS)

+ [ IDu 7 log | Ducl|| Dpl(L — uo)g da
Qe
+ |E(e)] / ]Du6|maX “20(L — u,)gPme d,

The terms containing |Du.| can be absorbed to the left-hand side by using
Young’s inequality, and we obtain that

[ 1Duc@) di < C(p, L, D, DE).
Q/

Since Du,. is bounded in the variable exponent Lebesgue space, it has a weakly
converging subsequence. Using the inequality of Lemma 2.4 again and some
algebraic inequalities, we obtain a further subsequence for which Du. converges
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strongly in the variable exponent Lebesgue space. It then remains to pass to
the limit in the inequality of Lemma 2.4 to see that u is a weak supersolution.

Theorem 2.5. [A, Theorem 5.8] If u € C(Q) is a viscosity supersolution to
—Aé\zx)u > 0 in €2, then u is a weak supersolution to —Ag(w)u >0 in Q.

Corollary 2.6. [A, Corollary 5.10] Since weak solutions to —Ag(x)u =0 are
CY reqular [Z712], Theorem 2.5 implies the CY* regularity of viscosity solu-
tions to —Aﬁx)u =0.

To show the other direction of the equivalence, we adapt a standard argument
used for example in [JLMO01]. We suppose on the contrary that a weak solution
u to —Af(x)u = 0 is not a viscosity supersolution to —Aﬁm)u > 0. This means
that there is a function ¢ € C? that touches u from below at x € Q so that

—Aﬁx)go(x) <0

and Dy # 0 near x. By continuity the above inequality holds in some neigh-
borhood of z where the gradient of ¢ does not vanish. Therefore a direct
computation yields

—ASe(y) = — | De(y) "V AN e(y) < 0

for all y in some ball B,(x). In other words, ¢ is a classical subsolution to
the strong p(z)-Laplace equation. On the other hand, since ¢ touches the
C! function u from below, we have Du(z) = Dy(x) # 0. Therefore, by taking
smaller » > 0 if necessary, we can ensure that the gradient of u does not vanish
in B,(x). Next we lift ¢ slightly by setting

¢:=p+I,
where [ := sup,cgp, () (v — ») > 0. Then ¢ is still a subsolution and we have
¢ < won dB,.(x). Using that u and ¢ have non-vanishing gradients in B,(x),
we can prove a comparison principle to show that u < ¢ in B,(z). This yields
a contradiction since ¢(x) = p(x) +1 =u(x) + [ and [ > 0.

Theorem 2.7. [A, Theorem 4.1] Let u € VVli’f(')(Q) be a weak solution to
—Ag(x)u =0 in Q. Then it is a viscosity solution to —Aﬁx)u =0 in Q.

3. A PARABOLIC p-LAPLACE EQUATION AND ARTICLE [B]

In [B] we study the relationship of viscosity and weak supersolutions to the

parabolic equation

Owu — Apu = f(Du) inE, (3.1)
where A, is the p-Laplace operator defined in (1.5), p > 1, f € C(R) satisfies
suitable assumptions and = C R¥*! is a bounded domain. Our main result is
that bounded viscosity supersolutions to (3.1) coincide with lower semicontinu-
ous weak supersolutions. Our proof is different than in [JLMO01] even for f = 0.
The lower semicontinuity of weak supersolutions is needed since by definition
they are only in a parabolic Sobolev space. However, under slightly stronger
assumptions on f and in the range p > 2, we show that weak supersolutions
are in fact lower semicontinuous.

For a domain Q2 C RY, we denote the space-time cylinder Q, 4, := Qx (t1,ts),
where ¢; < t3. A Lebesgue measurable function u : €, ;, — R belongs to the
parabolic Sobolev space LP(ty,t; WP(Q)) if u(-,t) € WP(Q) for almost all
t € (t1,t2) and the norm

(

3=

lu|” + | Dul” dxdt)

t1,to
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is finite.
In the first part of the article we suppose the following growth condition on
the gradient term

F(OI < Cr(L+¢)%) forall ¢ € RY, (3.2)

where C'y > 0and 1 < 8 < p. This ensures in particular that f(Du) is summable
when Du € LP. The precise definitions of weak and viscosity solutions are below.

Definition 3.1. [B, Definition 2.1] A function u : = — R is a weak supersolution
to (3.1) in Z if u € LP(ty, t2; WP(Q)) whenever Qy, 4, € = and

/_ —udyp 4 |Du|’ > Du - Do — @ f(Du) dxdt > 0

for all non-negative test functions ¢ € C5°(Q4,4,). For weak subsolutions the
inequality is reversed and a function is a weak solution if it is both super- and
subsolution.

Definition 3.2. [B, Definition 2.2] A lower semicontinuous and bounded func-
tion u : = — R is a viscosity supersolution to (3.1) in Z if whenever p € C*(2)
and (zo,tp) € = are such that

()O(ZL’(), to) = U(.CL’O, to),
o(x,t) < u(z,t) when (z,t) # (zo, to),
Dy(x,t) #0 when = # x,

then
lim sup <8t(p($,t> - APSD(:CJ) - f<D90<x7t))) > 0.

(x,t)%(:):o ,to)
T#£x0

An upper semicontinuous and bounded function u : = — R is a viscosity subso-
lution to (3.1) in Z if whenever ¢ € C?(E) and (x,ty) € = are such that

()O(ZL’(), to) = U(.CL’O, to),
o(x,t) > u(z,t) when (z,t) # (zo, to),
Do(x,t) #0 when = # x,

then
liminf (Owp(z,t) — App(x,t) — f(Dp(z,t))) <O.

(a:,t)—>(:vo ,to)
TF#x0

A function that is both viscosity sub- and supersolution is a viscosity solution.

The limiting process in the definition of viscosity solutions is in the spirit of
[JLMO1]. It is used to deal with the singularity of A, when 1 < p < 2. When
p > 2, the operator is degenerate and the limiting process disappears.

To show that viscosity supersolutions are weak solutions, we adapt the method
of Julin and Juutinen [JJ12] to the parabolic case. This was previously done
in [PV] for radial solutions. The inf-convolution needs to be adapted to the
parabolic setting and it takes the form

o o —yl” [t =]
us(x7 t) T (y{ng‘E {U(y, 8) + ng—l + % } )
where € > 0 and ¢ > 2 is a constant so large that p — 2+ (§—2)/(g—1) > 0.
If u is a weak supersolution to (3.1) in =, then w, is still a weak supersolution
to (3.1) in a smaller set =.. Moreover, if u. is differentiable in time and twice
differentiable in space at (x,t) € Z. and Du.(x,t) = 0, then dyu.(z,t)— f(0) > 0.
Using these observations we show that u. is a weak supersolution to (3.1) in Z..
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Lemma 3.3. /B, Lemmas 4.1 and 4.2] Let u be a bounded viscosity supersolu-
tion to (3.1) in =. Then u. is a weak supersolution to (3.1) in =..

In [B, Lemma 4.3] we show that Lipschitz continuous weak supersolutions to
(3.1) satisfy the Caccioppoli’s inequality

/_gp \Dul? dedt < O/_ M29,7 + MP |DE” + (M75 + M)eP de dt,  (3.3)

where { € Cg°(E) and M = |[ul| o (gpr¢)- This implies that the sequence Du.
converges weakly in L} (Z) up to a subsequence. However, this is not enough
to pass to the limit under the integral sign of

/_ —u0pp + | Du.|""? Du. - Dp — @ f (Du.) dx dt > 0. (3.4)
To this end, we prove the next lemma.

Lemma 3.4. [B, Lemma 4.4] Suppose that (u;) is a sequence of locally Lipschitz
continuous weak supersolutions to (3.1) such that u; — u in LY (Z). Then
(Duj) is a Cauchy sequence in L}, (Z) for any 1 <r < p.

The proof is more involved than in the elliptic setting and it is based on the
proof of Lemma 5 in [LMO7], see also Theorem 5.3 in [KKP10]. The idea is
to fix 1 < r < p and use the test functions (6 — w;;)# and (0 + w;j)f, where
6 € C§°(2) is a cut-off function with # =1 in U € Z and

0, uj — up >0,
Wik = Uy — g, |ug — ug| <6,
—5, Uj — U < —0.

This gives us information about the behavior of |Du; — Duy| in the set where
|u; — ug| < §. More precisely, we obtain after estimations that

/ |Duj — Duy|" dz < C(Smax?z,m’

UN{fuy—ue|<8}

where C' is independent of j,k and §. To handle the set where |u; — ux| > 0,
we apply Holder’s and Chebysheff’s inequalities as well as the Caccioppoli’s
inequality (3.3) to obtain

D D dz < C0"P||luj; — »
S oy 15 = Dl dz ;= el
By taking first small § > 0 and then large j, k, we see that |[Du; — Duy||z-w
can be made arbitrarily small.

With Lemma 3.4 at hand, we can pass to the limit in (3.4) and conclude that
u is a weak supersolution.

Theorem 3.5. /B, Theorem 4.5] Let 1 < p < oo and suppose that (3.2) holds.
Let u be a bounded viscosity supersolution to (3.1) in a domain =. Then u is a
weak supersolution to (3.1) in =.

To prove the other part of the equivalence, we apply a parabolic version of
the argument described at the end of the section discussing article [A]. Most of
the work is therefore in proving suitable comparison principles for the equation
(3.1) at the weak side. To state this part of the equivalence, we define the lower
semicontinuous reqularization of a function u : = — R by

Uy (z,t) == lim ess inf u.
R—0 Br(z)x(t—RP,t+RP)
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Theorem 3.6. [B, Theorem 3.5] Let 1 < p < oo and suppose that (3.2) holds.
Let u be a bounded lower semicontinuous weak supersolution to (3.1) in = for
which u = u, almost everywhere in =. Then u, is a viscosity supersolution to
(3.1) in =.

The lower semicontinuous regularization is needed because weak supersolu-
tions are not semicontinuous by definition. In other words, it is not clear if all
weak supersolutions satisfy the assumption v = u,. By adapting the work of
Kuusi [Kuu09], we show that this is the case at least when p > 2, provided that
f(0) = 0 and the following stronger growth condition holds

O <0 (14117

The proof first applies Moser’s iteration technique to obtain essential supremum
estimates for weak subsolutions. These estimates are then used to show that a
weak supersolution coincides with its lower semicontinuous regularization at its
Lebesgue points.

4. RADIAL SOLUTIONS TO — |Du|?? ANu = f AND ARTICLE [C]

In [C] we study radial solutions to the equation
—|Dul*? Alu = f(|z|) in Br CRY, (4.1)

where f € C[0,R), p,q € (1,00), N > 2 and Aév denotes the normalized
p-Laplacian defined in (1.4). The use of viscosity solutions is appropriate as
the equation (4.1) may be in a non-divergence form: the left-hand side is the
normalized p-Laplacian when ¢ = 2 and the usual p-Laplacian when ¢ = p.
Since we are interested in radial solutions, it is natural to restrict to a ball at
the origin and assume that the source term is radial.

Our main result is that bounded radial viscosity supersolutions to (4.1) coin-
cide with bounded weak solutions of a one-dimensional equation related to the
p-Laplacian. This kind of equivalence was recently obtained by Parviainen and
Véazquez [PV] for solutions of the parabolic equation

dyu = | Du|"? Au.

Stated slightly more precisely, we show that u(x) = v(|z|) is a bounded viscosity
supersolution to (4.1) if and only if v is a bounded weak supersolution to the
one-dimensional equation

—kAdv = f in (0,R), (4.2)

where P
Adv = /|7 (g = )" + =)

and the positive constants x and d are given in (4.4). Heuristically speaking,

the operator AZ is the radial ¢-Laplacian in a fictitious dimension d which is not

necessarily an integer. However, we show in [C, Theorem 5.3] that if d happens

to be an integer, then weak supersolutions to (4.2) correspond to radial weak

supersolutions of the equation

—Agu= f(Jz]) in Bgr C R

In order to derive the one dimensional equation (4.2), suppose for the moment
that v : Bp — R is a smooth radial function. This means that there exists
a smooth function v : [0, R) — R such that u(z) = v(|z]). Then by a direct
computation we have for » > 0

1
Du(re;) = epv'(r) and D?u(re)) = e; @ erv”(r) + —(I — e; ® ey)V'(r).
r
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In particular, |Du(re;)| = |[v'(r)|. Assuming that the gradient does not vanish,
we have by the definition of the normalized p-Laplacian

P-2 &
5 > Diju(rer)Dyu(rer)Dyu(re)

ANu(rey) =Au(re;) + ————
po Y Duren)P 52

=u"(r) + N - 121’(7’) + mv”(r) W' ()|
=(p—1)"(r) + Nr_lvl(r). (4.3)

Denoting
p=1 . (N-1g-1)

K= —7, :
q—1 p—1

+1 (4.4)

and multiplying (4.3) by |Du(re;)|* *, we obtain
d—1

[Duren)|"™ Affu(rer) = s [o'(r)|" (g = Do"(r) + —

v'(r) = kAL(r).
This suggests that u(x) = v(|z|) solves (4.1) whenever v solves (4.2). How-
ever, to make this rigorous, we must carefully exploit the precise definitions of
viscosity and weak solutions.

Weak solutions to (4.2) are defined using appropriate weighted Sobolev spaces.
A Lebesgue measurable function v : (0, R) — R is in Wl4(r?=1 (0, R)) if the
norm

R R 1/q
oy = ([ Bl [l
| “WL (rd=1,(0,R)) (/0 [v] 0 o )

is finite, where v' denotes the distributional derivative of v. For details on these
spaces, see [Kuf85]. To derive the weak formulation of (4.2), we multiply the
equation by r?~! to obtain

- d—1
frd_l — — i1 |U/|q 2 ((q _ 1)1}” + U/)
r

_ I{(|U/|q_2 v,T‘d_l)/.

This is in a divergence form and the precise definition of weak solutions to (4.2) is
below. Observe that we require the test function space to be C§°(—R, R) instead
of C§°(0, R). This is necessary as otherwise there may exist weak solutions that
do not correspond to radial viscosity solutions of (4.1) [C, Example 2.3].

Definition 4.1. [C, Definition 2.2] We say that v is a weak supersolution to
(4.2) in (0, R) if v € Wh4(rd=1 (0, R')) for all R’ € (0, R) and we have
R —2
/ k)T — pfrtT N dr > 0
0

for all ¢ € Cg°(—R, R). For weak subsolutions the inequality is reversed. Fur-
thermore, v € C[0, R) is a weak solution if it is both weak sub- and supersolu-
tion.

Viscosity solutions to (4.1) are defined as follows.

Definition 4.2. [C, Definition 2.1] A bounded lower semicontinuous function
u : Br — R is a wviscosity supersolution to (4.1) in Bp if whenever ¢ € C?
touches u from below at xy and Dy(x) # 0 when x # xg, then we have

limsup (~ D ()| A e(y)) = f(lzo]) > 0.

TOAY—T0



14

A bounded upper semicontinuous function u : Bg — R is a viscosity subsolution
to (4.1) in Bp if whenever ¢ € C? touches u from above at zq and Dy(z) # 0
when = # z¢, then we have

liminf (= D)"Y e(y)) = f(lzol) < 0.

TOAY—T0

A function is a wviscosity solution if it is both viscosity sub- and supersolution.
The precise equivalence result is now contained in the following theorems.

Theorem 4.3. [C, Theorem 3.1] Let v be a bounded weak supersolution to (4.2)
in (0, R). Let u(z) := v.(|z|), where

L(r) =1 inf :
V(1) m it v(s) forallr €[0,R)

Then u is a viscosity supersolution to (4.1) in Br C RN,

Theorem 4.4. [C, Theorem j.1] Let u be a bounded radial viscosity supersolu-
tion to (4.1) in B C RN. Then v(r) := u(re;) is a weak supersolution to (4.2)
in (0, R).

Since the equation (4.2) satisfies a comparison principle [C, Theorem 3.4}, we
obtain the uniqueness of radial viscosity solutions to (4.1) as a consequence of
the equivalence. To the best of our knowledge this was previously known only
for f =0 or f with a constant sign [KMP12]. However, the full uniqueness and
comparison principle remain open.

Corollary 4.5. [C, Corollary 4.3] Let u,h € C(Bgr) be radial viscosity solutions
to (4.1) in Bg such that w=h on OBgr. Then u = h.

To show Theorem 4.3, we adapt the basic argument and suppose on the
contrary that u(x) := v.(|x|) is not a viscosity solution. Roughly speaking, this
implies that there exists a smooth function ¢ touching u from below at x¢ € Bpg
so that ¢ is a subsolution to (4.1) near z5. We use ¢ to construct a new function
¢ that is a weak subsolution to (4.2) and touches v, from below. Since v, is a
weak supersolution, this violates a comparison principle and we arrive at the
desired contradiction. A special argument is needed if the point of touching
is the origin. We also exploit a different but equivalent definition of viscosity
solutions by Birindelli and Demengel [BD04] to avoid technicalities that might
arise should the gradient of ¢ vanish at the point of touching.

To prove Theorem 4.4, we fix a bounded radial viscosity supersolution u to
(4.1) in Br. We begin by approximating u by its inf-convolution u.. Then
u. — u pointwise and it is standard to show that wu. is a viscosity supersolution
to

—|Duc|*?Au. > fo(|z|) in Bg, (4.5)
where

fe(r):= inf  f(s),

Ir—s|<p(e)

R. := R — p(e) and p(e) — 0 as € — 0. Since u. is semi-concave, it is twice
differentiable almost everywhere by Alexandrov’s theorem and therefore satisfies
(4.5) almost everywhere in Bg_. Since u(x) = v(|z|) is a radial function, so is
its inf-convolution and we have u.(x) = v.(|z|) for some v. : (0,R) — R.
Therefore we can perform a radial transformation on (4.5) to roughly obtain
that v, satisfies —KAgvg > fe for almost every r € (0, R.). More precisely, we
have the following lemma.
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Lemma 4.6. [C, Lemma 4.6] Assume that u is a bounded radial viscosity su-
persolution to (4.1) in Bgr. Set v.(r) := u.(re1) and assume that v, is twice
differentiable at r € (0, R.). Then, if ¢ > 2 or v.(r) # 0, we have
_ d—1
—w [l (g = Dl (r) + ——ol(r)) = fo(r) 2 0.

Moreover, if 1 < q¢ < 2 with v.(r) =0, then we have f.(r) < 0.

Combining the above lemma with mollification and regularization arguments,
we obtain the next lemma which states that v. is a weak supersolution to
—kAd. > f. in (0, R.).

Lemma 4.7. [C, Lemmas 4.7 and 4.8] Let 1 < q < oo. Assume that u is
a bounded radial viscosity supersolution to (4.1) in Bg. Then the function
ve(r) := us(rey) is a weak supersolution to —kAlv. > f. in (0, Re).

Using that v, is a weak supersolution, we show that it satisfies a Caccioppoli’s
inequality

R R
| lerenttar <o [T (g1 4+ 1)

forall ¢ € C§°(—R-, R.), where C' depends only on &, g and [[v[| ;g gy It follows

that v. is a bounded sequence in the weighted Sobolev space Wh4(rd=1 (0, R'))
for any R’ € (0, R) and therefore we can extract a weakly converging sub-
sequence. Using the supersolution property of v. again, we find a further
subsequence that converges strongly. It then remains to fix a test function
¢ € C5°(—R, R) and pass to the limit in the inequality

13

R
/ k|20l — o far® Tl dr > 0
0

to conclude that v is a weak supersolution to —Alv > f in (0, R).
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EQUIVALENCE OF VISCOSITY AND WEAK SOLUTIONS FOR
THE NORMALIZED p(z)-LAPLACIAN

JARKKO SILTAKOSKI

ABSTRACT. We show that viscosity solutions to the normalized p(z)-Laplace
equation coincide with distributional weak solutions to the strong p(x)-Laplace
equation when p is Lipschitz and inf p > 1. This yields C'* regularity for the
viscosity solutions of the normalized p(x)-Laplace equation. As an additional
application, we prove a Radé-type removability theorem.

1. INTRODUCTION

In this paper, we study viscosity solutions to the normalized p(x)-Laplace equa-
tion which is defined by

p(z) —2

N L
—A yu = —Au — ’2

N Aot =0, (1.1)

| Du
where
At = <D2uDu, Du> .

There has been recent interest in normalized equations, see e.g. [JS17, IJS, BG15].
We are partly motivated by the connection to stochastic tug-of-war games [PS08,
PSSW09]| as the case of space dependent probabilities leads to (1.1) [AHP17].

The objective of this work is to show that viscosity solutions to (1.1) coincide
with solutions in the distributional weak sense, when the equation is rewritten in
an appropriate divergence formulation. One approach to this kind of equivalence
results [JLMO1, Ish95] is based on the uniqueness of solutions. However, it seems
difficult to use uniqueness in our case because the uniqueness of solutions is an
open problem for the equation (1.1) as pointed out in [JLP10]. The equation (1.1)
is in non-divergence form. In order to find the appropriate weak formulation, we
note that for u € C?(f2) with non-vanishing gradient it holds that

— | DuP®)~2 Aé\zx)u =—div (|Du]p(x)_2 Du) + | DulP®~21og (|Du|) Du - Dp.
Thus the weak formulation of (1.1) should be the strong p(x)-Laplace equation
— A yu = —div(|Du™"* Du) + | Duf™ ~*log |Du| Du- Dp=0.  (1.2)

Our main result, Theorem 5.9, is that viscosity solutions to (1.1) coincide with
weak solutions to (1.2) when the function p is Lipschitz with infp > 1. With
these assumptions weak solutions to (1.2) in a domain are locally C'1* continuous
[2Z12]. Thus our equivalence result yields local C1® regularity also for viscosity
solutions to (1.1). As an application, we prove a Rado-type removability theorem
for the strong p(z)-Laplacian. The theorem follows from the equivalence result
since in the definition of a viscosity solution we may ignore the test functions
whose gradient vanishes. The equivalence result also implies that the equation
(1.2) is homogeneous: if u is a solution, so is Au. This is not completely obvious
and was established in [AH10].

That viscosity solutions to (1.1) are weak solutions to (1.2) is proven by applying
the method of [JJ12]. The idea is to approximate a viscosity solution through a

1
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sequence of inf-convolutions, show that the inf-convolutions are essentially weak
supersolutions, and then pass to the limit.

First, in Lemma 5.3 we show that the inf-convolution u. of a viscosity super-
solution u to (1.1) is still, in essence, a viscosity supersolution up to some error.
This fact is a key part of our proof. If there was no z-dependence in (1.1), it
would be straightforward to see that the inf-convolution of a viscosity supersolu-
tion is still a viscosity supersolution. This is because a test function that touches
the inf-convolution from below also touches the original function from below at
a nearby point once we add some constant to it. From this it would follow that
the inf-convolution is a supersolution to the original equation. However, the equa-
tion (1.1) has z-dependence caused by p(x). Thus the inf-convolution no longer
satisfies the original equation.

In Lemma 5.5 we use the standard mollification on u. and p to deduce from
Lemma 5.3 that u. is “almost” a weak solution to —Ag 2)Ue > 0. Applying Cac-
cioppoli type estimates and vector inequalities we are then able to deduce that the
sequence of inf-convolutions converges to the viscosity supersolution in I/Vl p( )(Q)
as € — 0. This allows us to pass to the limit and conclude that the functlon U
satisfies Ag u > 0 in the weak sense.

Due to the variable exponent, the operator AS( can be singular in some subsets
and degenerate in others. Therefore we apply (fifferent arguments in the cases
p(x) < 2 and p(x) > 2, and finally need to be able to combine them.

The equivalence of weak and viscosity solutions to the usual p-Laplace equation
was first proven by Juutinen, Lindqvist and Manfredi [JLMO01|. Later Julin and
Juutinen [JJ12] presented a more direct way to show that viscosity solutions to
—Apu = f are also weak solutions. This proof was adapted in [APR17]| to show
that viscosity solutions to —AN u = f coincide with weak solutions to —Aju =
|Du|P™2 f when p > 2. Slmllar arguments were also used in [MO| to study the
equivalence of solutions to —Apu = f(z,u, Du). The variable exponent case was
explored in [JLP10] where the equivalence of weak and viscosity solutions was
proven for the p(x)-Laplace equation using techniques of [JLMO1].

As mentioned, the equation (1.1) appears in stochastic tug-of-war games. Let
us illustrate this in the case where p > 2 is a constant by considering the following
two-player, zero-sum game from [MPR12|. A step size £ > 0 is fixed and a token is
placed at xg in a domain €2. The players toss a biased coin that is heads with the
probability a = pJF—N and tails with the probability § = 1 — «. If the outcome is
heads, the followmg tug-of-war step is played: a fair coin is tossed and the winning
player is allowed to move the token to any position z1 € B:(zg). If the outcome
is tails, the token moves to a random position in x; € B:(xg). Once the token
exits the domain, the game ends and player I pays player II according to the final
location of the token. When the players optimize over their strategies, we obtain
a value of the game. Then, as the step-size approaches zero, the value function
converges uniformly to a viscosity solution of —A]]DV u = 0 in . This result can be
extended to the general case 1 < p(z) < oo, see [PS08, AHP17].

The equation (1.2) was introduced by Adamowicz and Hésté [AH10] in connec-
tion with mappings of finite distortion. Unlike the standard p(z)-Laplace equation,
the equation (1.2) is homogeneous and its solutions satisfy a classical Harnack
inequality [AH11]. The equation (1.2) has been further studied for example in
(2712, PL13, ZZ717].

The paper is organized as follows: in Section 2 we recall the variable exponent
Lebesgue and Sobolev spaces. Section 3 contains the rigorous definitions of so-
lutions to equations (1.1) and (1.2). In Section 4 we show that weak solutions
of (1.2) are viscosity solutions to (1.1) and the converse statement is proven in
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Section 5. Finally, in Section 6 we formulate and prove a Radé-type removability
theorem for weak solutions of (1.2).

2. VARIABLE EXPONENT LEBESGUE AND SOBOLEV SPACES

We briefly recall basic facts about these spaces. For general reference see e.g.
[DHHR11]. Let Q € RY be an open and bounded set and let p : Q — (1, 00) be a
measurable function. We denote

Pmax = esssup p(z) and ppin := essinf p(x).
€N z€eQ

The variable exponent Lebesque space LPC)(Q) is defined as the set of measurable
functions u :  — R for which the p(-)-modular

2p(-) (1) 12/ [P da
Q

is finite. It is a Banach space equipped with the Luxemburg norm

(z)
[ull o) () := inf {)\ >0: / ‘%‘p dx < 1} ,
Q

Given that pmax < 00 or gp.)(u) > 0, the norm and the modular satisfy the in-
equality (see [DHHRI11, p75])

1 1
min {Qp()(u) Pmin s Qp() (u) Pmax } S H’LL”LP(A)(Q)
1 1
S max {Qp() (u) Pmin s Qp() (u) Pmax } . (21)
A version of Holder’s inequality holds [DHHR11, p81] : if u € LP()(Q) and v € L' ()(Q),

where ﬁ + Wlm) =1 for a.e. x € (), then

[ tullol dz < 2oy ol -
As a consequence of the Holder’s inequality we have that
lull Loy @) < 2 (1 + Q) [[ull Lro) (0

for all u € LPO)(Q) if q(z) < p(x) for ae. z € Q.

If 1 < pmin < Pmax < 00, then Lp(')(Q) is reflexive and the dual of Lp(')(Q) is
LrO(Q).

The wvariable exponent Sobolev space WHPH)(Q) is the set of functions in u €
LP0)(Q) for which the weak gradient Du belongs in LP()(Q). It is a Banach space
equipped with the norm

lullwrror ) = llull ooy @) + DUl oo @ -

The space VVO1 P(Q) is the closure of compactly supported Sobolev functions in
the space W1P()(Q). A function belongs to the the local Lebesgue space Lfo((':) (Q)if
it belongs to LPO)(Q) for all ' € Q. The space VVll’p (')(Q) is defined analogically.

oc

3. THE STRONG AND NORMALIZED p(z)-LAPLACE EQUATIONS

In this section, we define weak solutions to the strong p(x)-Laplace equation
and viscosity solutions to the normalized p(z)-Laplace equation.
From now on we assume that p is Lipschitz continuous and pyi, > 1.
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Definition 3.1. A function u € V[/li’f(')(ﬂ) is a weak supersolution to —Ag(x)u >0
in Q if

/ |DulP' =2 Du - D + | Du[P®~21og (|Du|) Du- Dppdz > 0
Q

for all non-negative ¢ € WHP()(Q) with compact support. We say that u is a weak
subsolution to —Asx u < 0 if —u is a supersolution and that u is a weak solution

to —Ag(x)u = 0 if u is both supersolution and subsolution.

Lemma 3.2. It is enough to consider C§°(Q) test functions in the previous defi-
nition.

Proof. Assume that ¢ € WP()(Q) has a compact support in an open set Q' € Q.
Since p is log-Holder continuous and bounded as a Lipschitz function, there is a
sequence of functions ¢; € C5°(€Y) such that ¢; — ¢ in WP (Q') (see [DHHRI1,
p347]). We set 9 := ¢ — ¢;. Then it is enough to show that

/ﬂ/ | DulP~2 Dy - Dy da + /Q | DuP™~21og (|Dul) Du - Dpp; dz — 0

as j — oo. The first integral convergences to zero by Hélder’s inequality so we fo-
cus on the second integral. We may assume that N > 1. We set ¢(x) := L)l.

; : : s PEEES 1 p(z)—1+%
Using the inequality a®loga < Na*™~ + ¢ for a,s > 0 we get

[ 1D o 1D D s

(o )1l
< HDpHLoo(Q/) (/le(l:)]lldm—i—]\f/w ‘Du|p( ) 1+ ’¢]‘ dx)

)14+l
< O ) (150 + 1P 5]

o 15 laroan )

We take r € (1, N) such that ¢t < r* := = Then we have ¢'(z) = Npl@) <

T

min(p*(z),r*), where p*(x) := ]\]/V_plsg). Therefore
1951l oy @y < 21+ 120) 1951 pmingor .00 (g7 -

Since ¢; € WO1 omin(p(),r) (€) , we have by a variable exponent version of the Sobolev
inequality (see e.g. [DHHRI11, p265]|)

195 ll Lminger .00y () < C DY pminoer,m gy < 201 + Q) DY oy ey -
These estimates imply the claim since ijHWLp(Q,) — 0 as j — oo. O

In order to define viscosity solutions to —Aﬁm)u =0, we set

F(z,n, X):=— (‘ch—i-p(lﬂ)—2

5— (X, 77>>
7]
for all (z,7,X) € @ x (RN \ {0}) x SV where S¥ is the set of symmetric N x N

matrices. We also recall the concept of semi-jets. The subjet of a function u : 2 —
R at z is defined by setting (n, X) € J> u(x) if
1

u(y) > ulx) +- (y—2) + 5 (X(y —2), (y = @) +olly — 2" as y > . (3.1)
The closure of a subjet is defined by setting (n, X) € 72’7u(x) if there is a sequence
(ni, Xi) € Ji’;u(:vl) such that (x;,7;, X;) — (z,7, X). The superjet J>*u(z) and
its closure J7' wu(x) are defined in the same manner except that the inequality
(3.1) is reversed.
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Definition 3.3. A lower semicontinuous function u : 2 — R is a wviscosity su-
persolution to —A;\Emu > 0 in Q if, whenever (9, X) € J> u(z) with z € Q and
n # 0, then

F(z,n,X) > 0.
A function u is a wviscosity subsolution to —Aé\éx)u < 0if —u is a viscosity super-
solution, and a wiscosity solution to A]\é YU = 0 if it is both viscosity super- and
subsolution.

Remark. Observe that in the previous definition we require nothing in the case
(0, X) € J> u(x).

Viscosity solutions may be equivalently defined using the jet-closures or test
functions. The next proposition follows easily from the proof of Proposition 2.6 in
[Koil2].

Proposition 3.4. Let u : Q — R be lower semicontinuous. Then the following
conditions are equivalent.

(i) The function u is a viscosity supersolution to —Aé\éw)u >0 in Q.
(ii) Whenever (n,X) € jQ’_u(a:) with x € Q, n# 0, we have F(z,n,X) > 0.
(iii) Whenever ¢ € C?(2) is such that p(z) = u(z), Dp(z) # 0 and p(y) <
u(y) for all y # x, it holds F(x, Do(x), D*p(z)) > 0.

When ¢ is as in the third condition above, we say that ¢ touches u from below
at x.

4. WEAK SOLUTIONS ARE VISCOSITY SOLUTIONS

We show that if u is a weak solution to —Ag(x)u =0, then it is a viscosity

solution to —Aé\gw)u =0.

Juutinen, Lukkari and Parviainen [JLP10] showed that weak solutions to the
standard p(z)-Laplace equation are also viscosity solutions. This was accomplished
with the help of the comparison principle. For if u is a weak supersolution to
—Apu > 0 that is not a viscosity supersolution, then there is a test function
¢ € C? touching u from below at x so that —Apz)p <0 in some ball B(x).
Lifting ¢ slightly produces a new function ¢ still satisfying —A, ¢ < 0 in B(z)
and ¢ < win OB(z). Comparison principle now implies that ¢ < u in B(z) which
is a contradiction since @(z) > p(z) = u(x).

Our difficulty is that, to the best of our knowledge, the comparison principle
is an open problem for the strong p(z)-Laplacian. Our strategy is therefore to
consider a ball so small that the gradient of the test function does not vanish.
Then the comparison principle holds and we arrive at a contradiction.

Theorem 4.1. Ifu € VVZ1 (')(Q) is a weak solution to —AS( yu =0, then it is a

- - - N
viscosity solution to Ap(x)u =0 n Q.

Proof. Zhang and Zhou [ZZ12] showed that weak solutions of —Ag(x)u =0 are in
C1(Q). Therefore it suffices to show that if u € C1(Q) is a weak supersolution to
AS u > 0, then it is also a viscosity supersolution to ANx u > 0. Assume on
the contrary that there is ¢ € C2(Q) touching u from below at zq € Q, Do(z0) # 0
and
0> —h > F(x0, Dg(x0), D*¢(0)).
Then by continuity there is 7 > 0 such that in B, (xg) it holds

0
R D@2 > |Dgp)- (Awp,( z) - - “ane). (1)
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Since Du(xg) = Dp(xo) # 0, we may also assume that there is m > 0 such that

inf | D[P @2 > m (4.2)

z€Byr(zo

and

esssup | Dp || Dol log (1Degl) Dip — | DuP™ 1o (| Duf) Du| < " (4.3
2€Byr(x0)

Let [ := mingepp, (zg) (v — ¢) > 0 and set ¥(r) := max (p(z) + [ — u(x),0). Then

(NS Wol’2(Br(aco)) so there are 1; € C§°(B, (o)) such that 1; — ¥ in Wh2(B,.(x0)).
Let p; be the standard mollification of p. Multiplying (4.1) by ¢ and integrating

over B, (xg) yields

—h |D(’0’P($)—2 W da
Br(iUO)

2/ — |Dyp|P) = <Asﬂ + WAOOSD> Ydx
By (z0) |Depl

. ; -2
= lim — |DpfPs()=2 <As0 + W)QAW) Yydr,  (4.4)
=% J B, (x0) Dyl

where the last equality holds because 1; — % in W12(B,(z¢)) and p; — p uni-
formly in B,(zg). Calculating the divergence of \Dgp]pj(x)_z Dy and integrating
by parts we get

() (x) —2
/ _ |D(p|pg($) 2 <A<p + pJ(SU)QAOO@> Y da
B () |Del

= [ —div (1Dgl 2 D) vy + D) 2 1og (1Dil) Do Dy b
By (z0)
:/B ) |D#I 7 D (D 108 (1D D ) o (4.5)
(20
By the convergence of ¢; and pj, it follows from (4.4) and (4.5) that

h/ | D[P da > / |De[P®~2 Dy - (D + log (|Dg|) Dpb) da.
Byr(zo) Br(z0)
(4.6)

Since u is a weak supersolution to Ag(x)u =0 and ¢ € W'P0)(Q) has a compact
support in €2, we have

/ |DulP® =2 Dy - (D4 + log | Du| Dpp) dz > 0. (4.7)
Br(xO)

Denoting A := {x € B,(x0) : ¢(z) > 0} and combining (4.6) and (4.7) we arrive
at

/ <|Dgp|p(w)_2 Dy — | Du|[P@)~2 Du) - (Dy — Du) dx
A
< [ |1Dur 2105 (1Dul) Du — D) 2105 (1 Dl) | 1D v
A
_ h/ \D<p]p(’”)_21pda;
A

<—— | Ydz, (4.8)
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where the last inequality follows from (4.2) and (4.3). Since
(1alP* 2 a = B 2) - (a — ) 2 0

for any two vectors a,b € R when p(z) > 1, it follows from (4.8) that |A| = 0.
But this is impossible since ¢(z¢) = u(xo) and [ > 0. O

5. VISCOSITY SOLUTIONS ARE WEAK SOLUTIONS

We show that if « is a viscosity supersolution to —ANx u > 0, then it is a weak
supersolution to —Ag(x)u > 0. The same statement for subsolutions then follows
by analogy.

We recall the usual partial ordering for symmetric N x N matrices by setting
X <Y if (X€,€) < (YE€) for all € € RY. For a matrix X we also set || X|| :=
max {|A| : A is an eigenvalue of X} and for vectors &, € RY we use the notation
E@n:=£&n, le. £®nis an N x N matrix whose (4, j) entry is &n;.

Definition 5.1 (Inf-convolution). Let ¢ > 2 and € > 0. The inf-convolution of a
bounded function u € C(2) is defined by

wle) = nf {ulo) + ool (5.1)

The inf-convolution is well known to provide good approximations of viscosity
supersolutions and often one only needs to consider it for ¢ = 2 (see e.g. |CIL92]).
However, as the authors in [JJ12] observed, considering large enough ¢ essentially
cancels the singularity in the usual p-Laplace operator when 1 < p < 2. In similar
fashion it also cancels the singularity of the operator A;?(x). This is due to the
property (v) in the next lemma. We also list some other properties of the inf-
convolution.

Lemma 5.2. Let u € C(2) be a bounded function. Then the inf-convolution u.
as defined in (5.1) has the following properties.

(i) We have u. < u in Q and us — u locally uniformly in  as e — 0.
(ii) There exists r() > 0 such that

1
—  inf |
Ua(x) yGBrig(:v)ﬂQ {u(y) + qEq_l ’x y’ }

and r(e) — 0 as e — 0. In fact we can choose r(g) = (g9 roscqu) 7.
(iii) The function ue is semi-concave in §),. (o, that is, the function x + u.(x)—

2‘2;117“(5)‘1_2 2% is concave.
(iv) If v € Qo) == {z € Q : dist(z,09) > r(e)}, then there exists a point x. €
B,(ey(z) such that uc(x) = u(z:) + Lz — 2|

qe?

(V) If (0, X) € J* uc(x) with x € Q. (), then n = (z—ze) lze — 2|7% and

a1

—2
X < ‘1;71 |77|g—71 I, where z. is as in (iv).

These properties are well known, see appendix of [JJ12] and also [Kat15b] where
more general “flat inf-convolution” is considered. Regardless, we give a proof of
(v) based on [Katl5a, p53] due to its critical role in the proof of Lemma 5.5.

Proof of property (v) in Lemma 5.2. Let (n,X) € J* uc(x). Then there is a
function ¢ € C?(RY) such that it touches u. from below at z and Dp(z) = n,
D%p(x) = X. Therefore for all y, z € Q we have

ly =27 B
u(y) + o ¢(2) 2ue(2) — ¢(2) > 0.
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Choosing y = z., we obtain

e — 2|
o(z) — e < u(z.) for all z € Q.

|ze—a|?
qea—1!

Since () = us(x) = u(z:)+ , the above inequality means that the function
|ze — 2|7 _

2 p(2) = —— = = p(2) —¥(2)

qed=!

has a maximum at z. Thus n = Di(z) = (:zq_fjf) |ze — 2|72 and

X < D%(e) =y foe — ol ((0 = 2) (v~ 2) © (e — 2) [ — 2 1)

1 —
<y loe— ol (0= D) | (@e = 2) © (@ = D)|| T + |z — 2 T)
—1 _
:7q6q_1 |.'E5—.T‘q 2[
q—1 1 \q—2
L ()
g—1, a2
==l L. N
£

We will show that the inf-convolution provides approximations of viscosity su-
persolutions to —AN o > 0. If there was no z-dependence in the equation, it
would be straightforward to show that the inf-convolution of a supersolution is still
a supersolution. However, the equation —A;\éw)u > 0 has x-dependence caused by
p(z). Regardless, in |Ish95, Thm 3] it is shown that with some assumptions on
G, the inf-convolution wu. of a viscosity supersolution to G(z,u, Du, D*u) > 0 is
still a viscosity supersolution to G(x,us, Due, D?*u.) > E(¢), where E(g) — 0 as
e — 0.

We prove a modified version of this theorem for the solutions of —AN o> 0.
The important modification is the term |n|™2P®=29) in (52) as it cancels a
singular gradient term that appears due to the error term in the proof of Lemma
5.5, see (5.14). Another difference is that we consider inf-convolution with the
exponent g > 2.

Lemma 5.3. Assume that u is a uniformly continuous viscosity supersolution to
—Aﬁz)u > 0 in Q. Then, whenever (9, X) € J> us(x), n # 0 and x € Qp(e), it
holds

[ OO F (a0, X) > E(e), (5.2)
where E(e) — 0 as € — 0. The error function E depends only on p, q and the
modulus of continuity of u.

Proof. Fix z € Q,(,) and (n, X) € J?>~uc(x), n # 0. Then by Lemma 5.2 there is
Te € B,(c)(z) such that

|ze — 2|7
ue(z) = u(ze) + e (5.3)
and n = (i;iff) |z. — 2|72 There exists a function ¢ € C2(RN) such that it

touches u. from below at z and Dp(x) = n, D?p(z) = X. By the definition of
inf-convolution

_ |9
=2

e ue(z) —p(z) >0 for all y, z € Qr(e)- (5.4)

u(y) —
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Since by (5.3) we have u(z.) = ¢(z) — |9f;€_x‘q, it follows from (5.4) that the

q—1

expression u(y) — p(2) + ‘q‘@f‘f reaches its minimum at (y, z) = (2, x). Thus

|ze _5’3|q

max  —u(y)+ () - L2

—ul(xs) + plx) —
(4,2) € () X Qo) qed—1 (@) + o(2)

qeat

We denote ®(y, z) := —— |y — 2|? and invoke the Theorem of sums (see [CIL92]).
qe
There exist Y, Z € SV such that

(,=Y) € T u(ze), (n,~7) € T p(x)

and
Y 0 - 2
(b ) < PP + 0t (D*0(0e.a) (55)
where
M —-M
D2®(x.,z) = < M M >
with M = -1 |z, — z|7? ((q —2) (e — ) ® (xe — ) + |2e — T I) and

(D*® (2., ) =2 (_]‘]4\;2 ]\%2>

The above implies Y < Z < —D?p(x) = —X. Multiplying (5.5) by the RV
vector (%m, \%I\/W) from both sides yields
PR gy = P ) < 2 (0 2000%) T L )
where A = /p(z) — 1 — \/p(zc) — 1. We have
0 <F(xe,n,—Y)
=F(z,n,Z) — F(2z,n,Y) — F(2,n, Z)

= (plae) — 1 < [n]’ In!> < ﬂ! 77>
i
§A2<(M+2gq 1M2)|1 ">+F(x 1, X), (5.7)

where we used (5.6) and the fact that Y < Z implies

non
“(Y‘Z)‘<(Y‘Z) !n\’|n|>§0

We have the estimate
1 _
1M <ol =2l (0 = 2) (a2 = 2) © (2 = )| + |- — 2 |1]])
q 1 2
T el [ze — 2"
Since p is Lipschitz continuous and ppmin, > 1, we have also

A2 = lp(x) _p(m€)|2 S < Clp) |z — = 2

’\/p(w) — 1+ /p(ze) - 1‘
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Combining these with (5.7) we get (we may assume that r(¢) < 1)
—F(a,n, X) A2 (M| + 257 |M])

-1 _ -1\? _
= (qsql |z — x| ‘4 2e77 <ngl) |z — x\Q(q 2)>

3(q— 1)2 2 -2
gigq_l A%z — z|?
1
<C(p.q) 5 la= — ol (53)

Moreover, by uniform continuity of u there is a modulus of continuity w such that
w(t) > 0ast—0and |u(y) —u(z)| <w(ly — z|) for all y, z € Q. Hence by (5.3)

e — ] < (=9 (u(x) —u(z2))) T < gi="T w(r(e))i. (5.9)

We now consider the situations p(z) < 2 and p(x) > 2 separately.
If p(z) < 2, we multiply (5.8) by ||"®~2 and estimate using (5.9). We get

z)— 1 o)—
"7 F (0, X) <Cp,q) g e — a2l "2

1 9 p(z)—2
== (@ — @) [ze — 2|

1
=C(p, Q)qu e — ca—1

(-1 (o)1)
1) L

=C(p,q) (E
1\ (= V@)-1) 1\ ¢+ (g—1)(p(z)—2)
<C(p,q) () (477 wir(@))")

=C(p,q) <i> () 62

q+(g—=1)(p(z)—2)
w(r(e a

9+(a=1)(Pryin —2)
<C(p, gw(r(e)) 0 ,
where the last inequality is true when € < 1 is so small that w(r(¢)) < 1. This
proves (5.2) when p(z) < 2.
If p(x) > 2, we estimate (5.8) directly using (5.9). We get

~F(e,n, X) <C,0) o (47T w(r()7)” = Co (r(),

which proves (5.2) when p(z) > 2. O

Next we will use the previous lemma to show that inf-convolution of a viscosity
supersolution to —Aé\ém)u >0 in Q is a weak supersolution to —ASI u >0 in
2,(¢) up to some error term. Before proceeding we make some remarks about the
point-wise differentiability of inf-convolution.

Remark 5.4. 1t follows from semi-concavity that the inf-convolution u,. is locally
Lipschitz in Q, (see [EG15, p267]). Therefore it belongs in Wli’COO(QT(g)), is
differentiable almost everywhere in 2, and its derivative agrees with its Sobolev
derivative almost everywhere in €, (see [EG15, p155 and p265]).

By Lemma 5.2 the function ¢(z) := uc(z) — C(gq, &, u) |z|? is concave in Q)
Thus Alexandrov’s theorem implies that u. is twice differentiable almost every-
where in €,..). Furthermore, the proof of Alexandrov’s theorem in [EG15, p273]
establishes that if ¢; is the standard mollification of ¢, then D2¢j — D?¢ almost
everywhere in €,.).
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Lemma 5.5. Assume that u is a uniformly continuous viscosity supersolution to
—Aé\gm)u > 01n ). Let ¢ > 2 be so large that pyin — 2 + Z%? > 0 and let uz be the
inf-convolution of u as defined in (5.1). Then

/ \Dua|P(x)72 Du, - (Dy + log |Due| Dp ) dz > E(g)/ |Du5]8(x) o dz
Qo) 20

for all non-negative p € Wl’p(')(Qr(E)) with compact support, where E(g) — 0 as
e — 0 and s(x) = max(p(x) — 2,0).

Proof. Tt is enough to consider ¢ € C§°(€2,(c)). This can be proven as Lemma 3.2,
but since u. € Wllo’coo(Qr(E)), the proof is even simpler.

(Step 1) We show that wu. satisfies the auxiliary inequality (5.11) for all 0 <
§ < 1. As mentioned in Remark 5.4, the function ¢(z) := u.(z) — C(q, &, u) |z|? is
concave in €2,y and therefore we can approximate it by smooth concave functions

¢; so that (gbj, Dg;, D2¢j) — (qb, D¢,D2¢) almost everywhere in €,..). We define

Ue,j() = dj(@) + Clg,e,0) [af*

and denote by p; the standard mollification of p. Since u.; and p; are smooth,
we calculate

pj(z)—2
i(r) —2
/ — (0+1Duy?) (Aus,j + ]WQAoous,j> pdz
Qo) J

pj(w)—2
:/ —div ((5 + ‘Du87j‘2> ’ Duavj) ¥
Qo)

pj(@)—2

1
+ 5 (54 1Ducy?)
2

Qo)

We let j — oo in (5.10) and intend to use Fatou’s lemma at the LHS and the Dom-
inated convergence theorem at the RHS. This results in the auxiliary inequality

p(z)—2
-2
/ — (5+1Ducf?) <Au5 y 2o =2 2Aoouf> o do
Q) d + [Duc|

log ((5 + ]Dug,jIQ) Du, j - Dpj pdx

pj(z)—2

1
Du j - <Dg0 + 3 log ((5 + ]Due’j]2> Dp; go) dz.

(5.10)

p(z)—2
1
</ (5 + |Du€|2> * Du,- <Dg0 + 3 log ((5 + ]Du€]2> ngo) dz,
Qr(e)
(5.11)
where D?u, is the Hessian of u. in the Alexandrov’s sense. We still need to check

that the assumptions of the Dominated convergence theorem and Fatou’s lemma
hold. By Lipschitz continuity of u. and p there is M > 1 such that

sup || Due
J

Lo (supp ) ? Sl;p HDpj HLOO (supp @) <M.

This justifies our use of the Dominated convergence theorem. In order to justify
our use of Fatou’s lemma, we notice first that by concavity of ¢; we have Dgug,j <
C(q,e,u)I. Thus the integrand at the LHS of (5.10) is clearly bounded from below
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by a constant independent of j if Du. ; = 0. If Du. ; # 0, we have

pj(z)—2
B (x) — 2
(5 + |Du57j|2) (AUEJ‘ + p]()AooUE,j>

o+ ‘Dus,j|2
pj(z)—2
<5+|Du5j]2> 2 oy
, pj(z) —2
= Dui)? | Aue i + 22— " Acoue; | + 6Au.
I |Dug,j|2 | Due ] c,J ]Du&j\Q oole,j €.
pj(2)—2 pj(@)=2
T+ (6+ M) )
< Clq,e,u (Du,' N+p~:c)—2)+(5N>
sr el (1Dl (¥

Pmax —
2

Zmip =% + (5+ M2)4 2) (2N + pmax — 2),

< C(q,€,u) <6

where the first inequality follows like estimate (5.7) since p; > pmin > 1.
(Step 2) We let 0 — 0 in the auxiliary inequality (5.11). The RHS becomes

/ | Duc P72 Du, - (Dy + log | Duc| Dp ) da
Qo) \{Due=0}

by the Lebesgue’s dominated convergence theorem. We intend to apply Fatou’s
lemma on the LHS. We have (Du.(z), D?u.(z)) € J* uc(z) for almost every z €
Q,(c)- Therefore by Lemma 5.3 it holds that

| Du, [P0 720 By Du., D*u.) > B(e) in {z € Q) : Du: 0} (5.12)

and by the property (v) in Lemma 5.2 we have
D*u. < —— |Dug|aT I. (5.13)
€

Observe that since ¢ > 2, the condition (5.13) implies that the Hessian D?u. is
negative semi-definite in the set where the gradient Du. vanishes. Using this fact,
Fatou’s lemma and (5.12) we get

2 . p(z) —2
liminf/ - (]Dugl + 6) <Au5 + 2Aoou5> pdx
0—0 Qo) |D’U,5| +9

p(z)—2

B -2

> lim inf/ —~ (|Du€|2 + 5) ’ (Aug + W)QAoous> pdx
6=0  Jtpu 20} |Duc|” + 9

+ lim inf / —(517(%2)72 Auspdr
6—0 {DUEZO}

-2
2/ — \Dug\p@_2 <Au6 + p(x)2Aoou€) pdx
{Du.#0} | D

>FE(e) / | Du [2xP@)=20) g, (5.14)
{Duc#0}
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and thus we arrive at the desired inequality. Our use of Fatou’s lemma is justified
since if Du. # 0 and p(z) < 2, we have by (5.13)

p(z)—2
= -2
(\Du5|2 + 5) ? <Au5 + p(x)QAOOUE)
|Duc|” + d
(1uel? +9) o p(x) -2
-~/ <|Du6|2 (Aug + QAoo%) + 5Au5>
|Dug|” + 9 | Du|
( ) p(z2)72
Dl +6) . . .
q ( =5 +2 = )
< D 1 N -2 D TN
> ]Du5]2+5 - | Dug| 4 (N +p(x) ) + [ Duc|

2)—94 4=2 —1
< | Du P2 <q€> (2N + p(z) — 2)

< (1Pt e g 1)

where the last inequality follows from ppin —2+ Z:—% > 0. If Due # 0 and p(z) > 2,
we have

p(z)—2

-2
Du>+65) ° <Au +p($)Amu>
(0w +) % (s 2 s

Pmax*2+ﬂ q _ 1

< (IDuellfmuppey +1) T D) (N pu—2). O

supp )

In the next two lemmas we use Caccioppoli type estimates and algebraic in-
equalities to show that the sequence of inf-convolutions converges to the viscosity
supersolution in I/Vllgf (Q).

Lemma 5.6. Under the assumptions of Lemma 5.5, the function u belongs in
Wl’p(')(Q) and for any ' € Q we have Du. — Du weakly in LPC) (V) for some

loc
subsequence.

Proof. Take a cut-off function £ € C§°()') such that 0 < £ <1in Qand { =1 in
Y. Then assume that ¢ is so small that supp¢é =: K C Q). We define a test
function ¢ := (L — ue)§Pm> where L := sup, ,cq |uc(z)| is finite since ue — u
locally uniformly. We have

.DQO — —D’LLg é‘pmax + (L _ ua)p“rgpmax*ng

and therefore by Lemma 5.5

/ \Dus\p(m) gPmax S/ ]Duelp(x)_l P (L — ) pax | DE| da
Qe Q)

4 /Q |Duc @1 flog | Due ||| Dp| (L — z) €7 d
r(e)

B [ 1Du 20 (1 ) g da
r(e)

=1+ 1+ Is.
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We estimate these integrals using Young’s inequality. The first integral is estimated
by the facts % > pmax and € < 1 as follows

p(x) (Pmax—1) 2 p(m)
h S/ | Duc™) & 4 <5meax !D§|> da:
Qr(s)

) / | Du, [P ¢Pmax d: 4 C(6, p, L, DE).
Qr(e)

To estimate I, we also use the inequality a® |log a| < a5+%+é for a > 0 and s > 0,

I S/
0

(’Dus‘P(r)—é + > gPmax | Dp| 2L da:

5 p(z) —1
Pmaxp(z) 2]7(3?)
9 9L, | Dpl| £Pmax
§/ § | Du.[P™ ¢ ro-3 4 < | Dyl L> + 2L|Dp| &P dx
QT‘(S) 6 pmm - 1
<6 [ [Duc' gPmex dx 4 C(5,p, Dp, L).
Qo)

The last integral is estimated by the two alternatives in max(p(x)—2,0) as follows
(we may assume that |E(e)| < 1)

I3 < / | Du, [P =2 gPmax2 [, d: + / 2LEPm dy
Qr(s)m{p(x)>2} Qr(s)m{p(m)gz}

p(x)
Pmaxp ()

§ [ DuP™ ¢ =2 4 (?L) ’ dx + C(p, L)

<

/QT(E)Q{P(J»‘PQ}
<6 / | Du, [P ¢Pmax d: 4 C(6, p, L).
Qo)

Taking small § we conclude that Du. is bounded in LP0)(Q) with respect to e.
Since LPU)(€Y) is a reflexive Banach space [DHHR11, p76 and p89], it follows that
there is a function Du € LP0)(Q') such that Du. — Du weakly in LP()(€) for some
subsequence. Consequently u € WP()(Q') with Du as its weak derivative. O

Lemma 5.7. Under the assumptions of Lemma 5.5, for any ' &€ Q we have
Du, — Du in LPO)(QY) for some subsequence.

Proof. Take a cut-off function { € C§°(£2) such that £ =1 in Q' and define a test
function ¢ := (u—uc)§. Then assume that € is so small that supp§ =: K C Q,).
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Since ¢ € WLP(')(QT(E)) with compact support it follows from Lemma 5.5 that

/ <|Du]p(z)72 Du — | Du, [P®)~2 Dug) - (Du — Du.) € dx
Qo)
< / |Du5|p(m)72 Du, - D¢ (v — ue) dx
Qr(s)

+ / | Du.[P®) 2 log (| Due|) Due - Dp (u — u2)€ da
o)

+IE@) | | Du [P =20) (4 — o )¢ dar
r(e)

+/ |DulP' =2 Du, - (Du — Du,) € da
Qr(s)

<l = el oo i) /K (Cuin) +1Duc"™)) (DE +|Dp| + | E(=)]) da

+/ |DulP™~2 Du - (Du — Du.) € d. (5.15)
K

According to Lemma 5.6 we have u. — w locally uniformly and Du. — Du weakly
in Lp(')(K ) for a subsequence. Thus by passing to a subsequence we may assume
that the right hand side of (5.15) converges to zero. The claim now follows from
the inequalities (see e.g. |[Linl7, Chapter 12])

(o™ a — b 2b) - (a — )
p(z)—2
2 ) 0@ = Dla=0 (1P +bP) T pa) <2
92-1() |q — p|P(®) p(z) =2

for a,b € RY. Indeed, we immediately get that fQ’ﬂ{p(m)>2} |Du — Du.|P® dz —

0. To deal with the set {p(x) < 2}, we first apply the above algebraic inequality
and then estimate using Holder’s inequality, the modular inequality (2.1) and the
definition of the ||||;p()-norm. We get

p(z)

/ |Du — Duc|P®) da
Q'N{p(z)<2}

< / ((\DUVJ(I)—? Du — |Duc P2 Du5> - (Du— Du5)> 2
Q'N{p(x)<2}

1 p(;) M

. () (14 1Duf* + | Duc ) dz
p(z) — 1
p(z)

((|Du|p<x)_2 Du — | Dug[P®—2 Dug) (Du — Dus)) 2

<

LT (@ {p(e)<2})

p(x)(2—p(x))
1

(1 +|Duf® + ]Du5]2>

Pmin — 1 L0 (N {p(z)<2})

< </ (|Du]p(m)_2 Du — | Du, [P®)~2 Dug) - (Du — Du) fda:)
Qr(s)

2 2 2\ "
S (1+|Du\ +|Du5|> dz |,
Pmin — 1 Q'N{p(x)<2}
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where s € {pm%, p"%} The last integral is bounded since the sequence Du, is

bounded in LPO) () by its weak convergence. The RHS therefore converges to
zero by (5.15). O

Next, we use the previous convergence result to pass to the limit in the inequality
of Lemma 5.5 and conclude that viscosity supersolutions to —Aﬁx)u > 0 are weak

: _AS
supersolutions to Ap(x)u > 0.

Theorem 5.8. Ifu € C(Q) is a viscosity supersolution to —A;V u > 01n ), then

(z)
u 18 a weak supersolution to —AS, 4 >0 in Q.

p(z)
Proof. It is clear from the definition of weak supersolutions to —A® U = 0 that
we can without loss of generality assume that w is uniformly continuous in Q by
restricting to a smaller domain. Fix a non-negative test function ¢ € C§°(Q2) and
take an open Q' €  such that supp ¢ C . Let ¢ and u. be as in Lemma 5.5 and
assume that e is so small that €' C Q). Then the claim follows from Lemma
5.5 if we show that

lim [ |Duc’™ 2 Du. - Dode = [ |DulP"? Du- Dyda (5.16)
e—=0 Jor Q
and
lim/ | Du.[P®~21og (| Du.|) Du. - Dp ¢ da
e—=0 Joyr
:/ | DulP®~2log (|Dul) Du - Dp ¢ da (5.17)
Q/
as well as
lim E(s)/ | Du [ P@)=20) g2 — 0, (5.18)
e—0 o

By Lemma 5.7 we have that u. — u in WhPO)(Q).
Claim (5.16) follows from the inequalities (see e.g. [Lin17, Chapter 12])

92-p(@) | — p|P() =1 p(z) <2

5.19
21 (jaP2 4 o) fa— 0] pay =2 O

‘|a‘p($)—2 a— ’b|p($)_2 b‘ < {

for a,b € RY. Indeed, when ¢ is so small that [, [Du. — DulP'® dx < 1 we have
by Holder’s inequality and the modular inequality

J,

§2/ |Du. — Du[P® ™1 dx
Q'N{p(x)<2}

'n{p(z)>2}

|Duc|P™ 72 Dy, — | DulP@®)~2 Du’ dx

1
<C(p, ) </ |Du, — Du]p(x) dx) e
Q/
+C(p,Q) (1 + /Q/ |Du [P 4 | DulP™ dx) [Due — Dul| o) oy -

Claim (5.18) holds since [, |Du.|P®) dz is bounded and E(g) — 0.
Claim (5.17) follows if we show that

lim/ ’|Du€]p($)_2 log (| Due|) Dus — | DulP®)~2 log(]Du|)Du‘ dz =0. (5.20)
Q/

e—0
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To this end, fix 0 < € < 1. The mapping (a,z) — |a/”™2log (|a|) a is uniformly
continuous in bounded sets of RY x . Hence there exists 6 = d(¢) < € such that
whenever z € Q' and a,b € B(0, 3) satisfy |a — b| < 4§, it holds

a2 1og (lal) @ — [b["™) "2 log (Jb]) b| < e. (5.21)
If |a|, [b] > 1 and |a — b| < 4, then we use (5.19) to get the estimate
[ a2 1og (jal) a — [5P*) " log (1b])
< b Jlog fa] — dog bl + flog faf|[af"*) % a — "2 )
22-p(@) | — p|P@) T z) <2
< b |a — ] + |a] - {2_1 (|a’|p(x)—2’ N |b|p(:(:)—2> a—b|, zgx; > 9
<(1+27) (Jal"@ + ™)) ja = b] + 2 a |a - b~
<C <‘a’p(w) + ‘b‘p(w)) Min(Pmin—1,1) (5.22)
We denote
F.={z € Q :|Duc(z) — Du(z)| > 6} .

The strong convergence of Du. to Du in LPO)(Q) implies that Du. — Du in
measure in ' (see [DHHR11, Lemma 3.2.10]). Thus there is g = £¢(d) such that
for all € < g¢ it holds |F;| < 0. Using the inequality a®|loga| < stz + 1 for
a,s > 0, we get for all € < gq

/ ‘|Dus|p<:'0>*2 log (| Duz|) Dug — | DulP®~21og (| Dul) Du‘ dz
Fe

2
</ 4 |Du D75 4 | DuP@ 3 dy
L p(z) =1

<C(pmin) [Fe| + 1] 200 (5 (\Dus\ p() + [[1Dull _p) )
LPO=% (k) LPO-3 (k)

_1 T T
SC(pmin) ‘F€| + |F€|2pmax <2 +/ ‘Du€|p( ) =+ |Du|p( ) dﬂC)
F

<C(pmin) (1 + / |Due [P + | DuP® d:n) €T . (5.23)
QI

If x € O\ F, then either |Du.|,|Du| < 3 or |Du,|,|Du| > 1. Hence by (5.21)
and (5.22) we have

/Q\ ‘\Dua\p(x)_2log(]Du5])Dug—\Du|p(aj)_210g(\Du|)Du dx
I\ F.

<C < / |Du [P 4+ | DuP™ + 1 dw) eMin(Pmin—11), (5.24)
Q/

Combining (5.24) and (5.23) proves (5.20) since € was arbitrary. O
Merging Theorems 4.1 and 5.8 yields the following equivalence result.

Theorem 5.9. A function u is a viscosity solution to —A;\Ex)u =0 in Q if and
only if it is a weak solution to —Ag(x)u =0 in €.

Since the weak solutions to the strong p(z)-Laplace equation are locally O
continuous [ZZ12|, our equivalence result yields local C1® regularity also for vis-
cosity solutions of the normalized p(z)-Laplace equation.
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Corollary 5.10. If u is a viscosity solution to —Aﬁx)u =0 in a bounded domain

Q, then u € CH*(Q) with o € (0,1).

6. AN APPLICATION: A RADO-TYPE REMOVABILITY THEOREM

The classical theorem of Radé says that if a continuous complex-valued function
f defined on a domain © C C is holomorphic in 2\ {f = 0}, then it is holomorphic
in the whole €. Similar results have been proven for solutions of partial differential
equations. We prove a Rado-type removability theorem for the strong p(x)-Laplace
equation. It is worth pointing out that it could be difficult to show this kind of
result without appealing to viscosity solutions whereas it is straightforward to do
so with the help of the equivalence result. The theorem follows by observing that
weak solutions to A U = 0 coincide with viscosity solutions of an equation that
satisfies the assumptions of a Rado6-type removability theorem in [JLO5].

Recall that we ignore the test functions whose gradient vanishes at the point
of touching in the Definition 3.3 of viscosity solutions to —A;)V U= 0. Sometimes
this kind of solutions are called feeble viscosity solutions (e.g. [JL05, Kat15b]).
We will observe that these feeble viscosity solutions to —Aﬁx)u = 0 are exactly
the usual viscosity solutions to

—tr(A(z, Du)D?*u) = 0, (6.1)

where A(z, Du) := |Dul*I + (p(z) — 2) Du ® Du. To be precise, we define the
viscosity solutions to (6.1).

Definition 6.1. A lower semicontinuous function u is a viscosity supersolution to
(6.1) in Q if, whenever (, X) € J>u(z) with x € Q, then

—tr(A(z,n)X) > 0.

A function wu is a wiscosity subsolution to (6.1) if —u is a supersolution, and a
viscosity solution if it is both viscosity super- and subsolution.

Lemma 6.2. A function u is a viscosity solution to —A;\éx)u = 0 of and only if it
is a viscosity solution to (6.1).

Proof. Tt is enough to consider supersolutions. Take (7, X) € J*>~u(z) with z € Q.
If n = 0, then the conditions for both definitions are satisfied, so we may assume
that 7 #£ 0. Then we have
F(z,n,X) =0
if and only if
—(In? te(X) + (p(x) = 2) (Xn,m) ) = 0,

where
0 tr(X) + (p(x) — 2) (Xn,m) = [n]* tr(X) + (p(x) — 2) tr(n @ nX)
=tr((|n|* I + (p(z) = 2)n @ n) X).

Hence the definitions are equivalent. (]

Theorem 6.3 (A Rado-type removability theorem). Let u € C1(Q) be a weak
solution to —Ag(x)u =0in Q\{u=0}. Then u is a weak solution to —Ag(x)u =0

in the whole €.

Proof. By Lemma 6.2 and our equivalence result weak solutions to —Ag AU =0
coincide with viscosity solutions to (6.1). Therefore it suffices to show that if u is
a viscosity solution to (6.1) in Q\ {u = 0}, it is a viscosity solution to (6.1) in the
whole Q. This on the other hand follows from [JL05, Theorem 2.2]. The matrix A
satisfies the assumptions of the theorem as it is symmetric, has continuous entries
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and A(x,0,0) = 0 for all z € Q. It is also positive semi-definite since for all ¢ € RY

we have
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EQUIVALENCE OF VISCOSITY AND WEAK SOLUTIONS FOR A
»-PARABOLIC EQUATION

JARKKO SILTAKOSKI

ABSTRACT. We study the relationship of viscosity and weak solutions to the equation
Oyu — Apu = f(Du)

where p > 1 and f € C(RY) satisfies suitable assumptions. Our main result is that
bounded viscosity supersolutions coincide with bounded lower semicontinuous weak
supersolutions. Moreover, we prove the lower semicontinuity of weak supersolutions
when p > 2.

1. INTRODUCTION

A classical solution to a partial differential equation is a smooth function that satisfies
the equation pointwise. Since many equations that appear in applications admit no such
solutions, a more general class of solutions is needed. One such class is the extensively
studied distributional weak solutions defined by integration by parts. Another is the
celebrated viscosity solutions based on generalized pointwise derivatives. When both
classes of solutions can be meaningfully defined, it is naturally crucial that they coincide.
This has been profusely studied starting from [Ish95]. In [JLMO1] the equivalence of
solutions was proved for the parabolic p-Laplacian. The objective of the present work is
to prove this equivalence in a different way while also allowing the equation to depend
on a first-order term. To the best of our knowledge, the proof is new even in the
homogeneous case, at least when 1 < p < 2.

More precisely, we study the parabolic equation

Oru — Apu = f(Du) (1.1)

where 1 < p < oo and f € C(RY) satisfies a certain growth condition, for details see Sec-
tion 2. We show that bounded viscosity supersolutions to (1.1) coincide with bounded
lower semicontinuous weak supersolutions. Moreover, we prove the lower semicontinuity
of weak supersolutions in the range p > 2 under slightly stronger assumptions on f.
To show that viscosity supersolutions are weak supersolutions, we apply the technique
introduced by Julin and Juutinen [JJ12]. In contrast to [JLMO01], we do not employ the
uniqueness machinery of viscosity solutions. Instead, our strategy is to approximate a
viscosity supersolution w by its inf-convolution u.. It is straightforward to show that
u is still a viscosity supersolution in a smaller set. This and the pointwise properties
of the inf-convolution imply that u. is also a weak supersolution in the smaller set.

Date: March 2020.
2010 Mathematics Subject Classification. 35K92, 35J60, 35D40, 35D30, 35B51.
Key words and phrases. comparison principle, gradient term, parabolic p-Laplacian, viscosity solu-
tion, weak solution.
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Furthermore, it follows from Caccioppoli’s estimates that u. converges to u in a suitable
Sobolev space. It then remains to pass to the limit to see that u is a weak supersolution.

To show that weak supersolutions are viscosity supersolutions, we apply the argument
from [JLMO1] that is based on the comparison principle of weak solutions. However,
we could not find a reference for comparison principle for the equation (1.1). Therefore
we give a detailed proof of such a result.

To prove the lower semicontinuity of weak supersolutions, we adapt the strategy of
[Kuu09]. First we prove estimates for the essential supremum of a subsolution using the
Moser’s iteration technique. Then we use those estimates to deduce that a supersolution
is lower semicontinuous at its Lebesgue points.

The equivalence of viscosity and weak solutions for the p-Laplace equation and its
parabolic version was first proven in [JLMO1]. A different proof in the elliptic case was
found in [JJ12]. Recently the equivalence of solutions has been studied for various equa-
tions. These include the normalized p-Poisson equation [APR17], a non-homogeneous
p-Laplace equation [MO19] and the normalized p(z)-Laplace equation [Sill8]. More-
over, in [PV] the equivalence is shown for the radial solutions of a parabolic equation.
We also mention that an unpublished version of [Linl2] applies [JJ12] to sketch the
equivalence of solutions to (1.1) in the homogeneous case when p > 2.

Comparison principles for quasilinear parabolic equations have been studied by sev-
eral authors. In [Jun93] comparison is proven for dyu — A,u + f(u, z,t) = 0 when p > 2
and f is a continuous function such that |f(u,z,t)| < g(u) for some g € C'. The ho-
mogeneous case for the p-parabolic equation is considered also in [KL96] and the gen-
eral equation dyu — div A(z,t, Du) = 0 in [KKP10]. Equations with gradient terms are
studied for example in [Att12], where comparison principle is shown for the equation
Ou — Apu — |Dul” =0 when p>2 and 8 >p— 1. In the recent papers [BT14, BT],
both positive results and counter examples are provided for the comparison, strong com-
parison and maximum principles for the equation dyu — Apu — X [ul’">u — f(z,t) = 0.
Furthermore, according to [BGKT16], the equation dyu — Ayu = g(x) |u|” can admit
multiple solutions with zero boundary values when 0 < o < 1.

The paper is organized as follows. Section 2 contains the precise definitions of weak
and viscosity solutions. In Section 3 we show that weak supersolutions are viscosity
supersolutions, and the converse is shown in Section 4. Finally, the lower semicontinuity
of weak supersolutions is considered in Section 5.

2. PRELIMINARIES

The symbols = and €2 are reserved for bounded domains in RY x R and R”, respec-
tively. For t; < to, we define the cylinder €, 4, := 2 X (t1, t2) and its parabolic boundary
0y 1y = (U X {t1}) U (OQ x (t1,12]). Moreover, for T > 0 we set Qr := Qo 7.

The Sobolev space W'P(2) contains the functions u € LP(Q) for which the distribu-
tional gradient Du exists and belongs in LP(£2). It is equipped with the norm

HUHWLP(Q) = HUHLP(Q) + HDUHLP(Q) :

A Lebesgue measurable function w : €, 1, — R belongs to the parabolic Sobolev space
LP(ty,to; WHP(Q)) if u(-,t) € WHP(Q) for almost every ¢ € (f1,t2) and the norm

(] |

lul” 4+ |Dul|” dz)

t1,t9
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is finite. By dz we mean integration with respect to space and time variables, i.e.
dz = dx dt. Integral average is denoted by

1
udz = —— udz.
fQT ‘QT| QT

Growth condition. Unless otherwise stated, the function f € C(R") is assumed to
satisfy the growth condition

£ < Cr(1+€)°) forall € € RN, (G1)
where Cy > 0and 1 < 3 < p.

Definition 2.1 (Weak solution). A function u : & — R is a weak supersolution to (1.1)
in Z if u € LP(ty, to; WP(Q)) whenever €y, ,, € =, and

/_—u@tgo + |DulP? Du - Do — o f(Du)dz >0

for all non-negative test functions ¢ € C3° (S, +,). For weak subsolutions the inequality
is reversed and a function is a weak solution if it is both super- and subsolution.

To define viscosity solutions to (1.1), we set for all ¢ € C? with Dy # 0

_ -2
App = |Dy|” 2 (A(p + ﬁ)@|2 <D2¢D¢,Dg0>> .

Definition 2.2 (Viscosity solution). A lower semicontinuous and bounded function

u 2 — R is a wviscosity supersolution to (1.1) in Z if whenever ¢ € C*(Z) and
(2o, tp) € Z are such that

()0(1'0, to) = U(.’I}(), tg),
oz, t) < u(z,t) when (z,t) # (o, to),
Do(x,t) #0 when x # x,

then
limsup (9pp(z,t) — Apip(z,t) — f(Dp(z,t))) = 0.

(m,t)%(xo,to)

TH#x0
An upper semicontinuous and bounded function u : = — R is a wviscosity subsolution to
(1.1) in Z if whenever ¢ € C?*(Z) and (g, to) € Z are such that

oz, to) = u(xg, to),
o(z,t) > u(z,t) when (z,t) # (xg, to),
Dp(z,t) #0 when x # o,

then
liminf (Owp(z,t) — App(z,t) — f(De(z,t))) < 0.

(x7t)~>(x07t0)

TH#x0
A function that is both viscosity sub- and supersolution is a viscosity solution.

If a function ¢ is like in the definition of viscosity supersolution, we say that ¢ touches
u from below at (xq,tg). The limit supremum in the definition is needed because the
operator A, is singular when 1 < p < 2. When p > 2, the operator is degenerate and
the limit supremum disappears.
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3. WEAK SOLUTIONS ARE VISCOSITY SOLUTIONS

We show that bounded, lower semicontinuous weak supersolutions to (1.1) are viscos-
ity supersolutions when 1 < p < oo and f € C(R") satisfies the growth condition (G1).
One way to prove this kind of results is by applying the comparison principle [JLMO1].
However, we could not find the comparison principle for the equation (1.1) in the litera-
ture and therefore we prove it first. To this end, we first prove comparison Lemmas 3.2
and 3.3 for locally Lipschitz continuous f. The local Lipschitz continuity allows us to
absorb the first-order terms into the terms that appear due to the p-Laplacian, see Step
2 in proof of Lemma 3.2. To deal with general f, we take a locally Lipschitz continuous
approximant f; such that || f — fs|| gy < 6/4T. Then for sub- and supersolutions u
and v, we consider the functions

Us = U — and vs :=v—+

T—1t/2 T—1t/2

These functions will be sub- and supersolutions to (1.1) where f is replaced by fs. Since
fs is locally Lipschitz continuous, it follows from the Lemmas 3.2 and 3.3 that us < vs.
Letting 6 — 0 then yields that u < v.

For similar comparison results, see [Att12, Proposition 2.1] and [Jun93]. See also
Chapters 3.5 and 3.6 in [PS07] for the elliptic case. A minor difference in our results is
that instead of requiring that both the subsolution and the supersolution have uniformly
bounded gradients, we only require this for the subsolution.

To prove the comparison principle, we need to use a test function that depends on the
supersolution itself. However, supersolutions do not necessarily have a time derivative.
One way to deal with this is to use mollifications in the time direction. For a compactly
supported ¢ € LP(Q2r) we define its time-mollification by

(@) = [ dlat = s)p.(s) ds.

where p, is a standard mollifier whose support is contained in (—e¢, €). Then ¢ has time
derivative and p¢ — ¢ in LP(Qr). Furthermore, the time-mollification of a supersolution
satisfies a reguralized equation in the sense of the following lemma.

Lemma 3.1. Let v € L*®(Qr) be a weak supersolution (subsolution) to (1.1) in Qr.
Then we have

/QT —v°0pp + (\Dv|p_2 Dv)e Do — o (f(Dv)) dz> ()0 (3.1)

for all o € WHP(Q) N L (Qp) with compact support in Qp. Moreover, if the stronger
growth condition (G2) holds, then the assumption ¢ € L*>(Qr) is not needed.

If ¢ is smooth, then testing the weak formulation of (1.1) with ¢¢, changing variables
and using Fubini’s theorem yields (3.1). The general case follows by approximating ¢
in WP (Q7) with the standard mollification. We omit the details.

Lemma 3.2. Let 1 < p < 2 and let f be locally Lipschitz. Let u, v € L*>(Qr) respec-
tively be weak sub- and supersolutions to (1.1) in Qp. Assume that for all (zo,to) € 0,82

esslimsup u(x,t) < essliminf v(x,t).
(z,t)—(z0,t0) (@,t)—=(zo,t0)

Suppose also that Du € L*(Qr). Then u < v a.e. in Q.
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Proof. (Step 1) Let [ > 0 and set w := (u —v —1)4. Let also s € (0,7"). We want to
use w - Xo,s] as a test function, but since it is not smooth, we must perform mollifica-
tions. Let h > 0 and define

QDZZH((U_U_Z)E)-;J

where
1, t € (0,s— hl,
n(t)=q(—t+s+h)/2h, t€(s—h,s+h),
0, tes+hnT).

The function ¢ is compactly supported and belongs in W1?(Qr). Therefore by Lemma
3.1 we have

/QT — (u—v)Opdz
< /QT ((yDU,p—z DU)E — (\DU‘P—Z Du)e) Do+ @ (f(Du) — f(Dv)) dz.  (3.2)

We use the linearity of convolution and integration by parts to eliminate the time
derivative. We obtain

/ —(u—v)Opdz
Qr

=— QT(u —0) (u—v =10, 0n+nlu—v)0(u—v—1)°), dz

== Jo, v = D= v =09 0m 4+ L{(u = v = 1)), O
+nu—v =00 (u—v—=10)°) +no ((u—v—1)), dz

= [ (== R0+ gm0l — v~ 1))2

Qr
1
==3 /) (u—v—=10))%0mdz
T
1
A QT(u —v—1)30mdz.

Moreover, by the Lebesgue differentiation theorem for a.e. s € (0,7") it holds

1
2 Jor

1 s+h 1
2 _ L 2 2 2
(u—v—=1)350ndz = ) /Qw (x,t) dx dt oo /Qw (z,s)dz.

The terms at the right-hand side of (3.2) converge similarly. Hence for a.e. s € (0,7
we have

;/ﬂw2(x, s)dx
S/Qs |f(Du) — f(Dv)|wdz — /Qs (]Du\p_Q Du — |Du|P™? Dv) -Dwdz
:Ill - IQ. (33)

(Step 2) We seek to absorb some of I; into I so that we can conclude from Gronwall’s
inequality that w = 0 almost everywhere. Since f is locally Lipschitz continuous, there
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are constants M > max(2 || Dul| g, 1) and L = L(M) such that
(€)= FO)] < LI€ — | when [¢],|n] < M. (3.4
We denote QF := {z € Q, : w > 0},
A:=Qrn{|Dv| < M} and B :=Qf n{|Dv| > M}.

Observe that in B we have by the growth condition (G1), choice of M and the assump-
tion that f >1

|f(Du)| < Cr(1 + |Dul’) < Cp(M + MP) < 20;MP < 204 | Dol (3.5)

and

F(Du)] < Cy(1 + [Dol?) < 205 [ Dol (36)
It follows from (3.4), (3.5), (3.6) and Young’s inequality that

I g/ L\Du—Dv|wdz+/ (If(Dw)| + |f(Dv)]) w d=
A B
g/ L\Du—Dv|wdz+/ 4C’f\Dv|ﬂwdz
A B
g/ e|Du—Dv|2+C’(e,L)w2dz+/ e|Dv|# + Cle,p, B, L, Cryuwis dz
A B

ge/ |Du — Dvl? d2+e/ | Dv|” dz+C(e,p,6,L,C’f,HwHLOO)/ w?dz,  (3.7)
A B Qs

where in the last step we used that # > 2 to estimate
WP/ =B gy — [ P/ PP 22 g < ||w||10/(1°—ﬂ)—2 w2 dz
Q. Q, - L=@r) - Jo, '
Using the vector inequality
p—2
2

(lal"a = bl"2b) - (a =) > (p— 1) |a — b* (1 + |a* + b]*)
which holds when 1 < p < 2 [Linl7, p98], we get
I :/ (|Du|p72 Du — |Dv|P™? Dv) -Dwdz
Qs

>(p— 1)/93+ (

Du — Dvl?
|Du V| &

2-p
1+ |Dul” + ]Dv]z) ?
|Du — D’

B B (|Dv| — | Dul)®
Z(p 1)/,4(1+M2+M2)22p dz+(p 1)/3 (3|DU|2>27TP dz
) (1Dv] —%M)Q
ZC(p,M)/ \Du — Dy dz—l—(p—l)/ )
A B (3|DU|2) 2
1 2
>C(p, M) [ |Du~ Dol dz+(p 1) | (1o,
A B (3|DU|2) 2

—C(p, M) /A \Du— Duf> dz + C(p) /B Dol dz, (3.9)
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where C'(p, M), C(p) > 0. Combining the estimates (3.7) and (3.9) we arrive at
I — I < (e — C(p, M) /A \Du— Duf? dz + (e — C(p)) /B \Dof? dz + CO/QS w? dz,
where Cy = C(e,p, B, L, Cy, |lwl]| ;). Recalling (3.3) and taking small enough € yields
/Qw2(33,5) dx < 2Cy /Qs w?dz.

Since this holds for a.e. s € (0,T), Gronwall’s inequality implies that w = 0 a.e. in Q7.
Finally, letting [ — 0 yields that v —v < 0 a.e. in Q7. O

Lemma 3.3. Let p > 2 and let f be locally Lipschitz. Let v € L*(Qr) be a weak
supersolution to (1.1) and let uw € L>®(Qr) be a weak subsolution to

Ou — Apu — f(Du) < =86 in Qp
for some 6 > 0. Assume that for all (zo,to) € 0,Qr

esslimsup u(z,t) < essliminf v(x,t).
(z,t)—(wo,to) (z,t)—=(zo,to)

Suppose also that Du € L*(Qr). Then u < v a.e. in Q.

Proof. Let | > 0 and set w := (u—v—1[);. Let also s € (0,T). Repeating the first step
of the proof of Lemma 3.2, we arrive at the inequality

1
5 /Qw2(x, s)dx

S/Qs\f(DU)—f(DU)\wdz—/Qs (IDuf"~* Du — | Dv|"™* Dv) -Dwdz—/Qs Sw dz

I — Iy — /Q Sw dz. (3.10)

Moreover, we define the constants M and L, and the sets A and B, exactly in the same
way as in the proof of Lemma 3.2. Then by (3.4), (3.5), (3.6) and Young’s inequality

L S/AL|Du—Dv|wdz+/B(]f(Du)| +1f(Do)]) wdz

§/Ae|Du — DulP + C(e, Lyww T dz + /B4C'f |Dv|” wdz

ge/A |Du — Dol? d= + e/B IDof” dz + C(e,p,ﬁ,L,C’f)/Q wiT 4 wiE dz. (3.11)
Using the vector inequality S

(laf""2a = [b]"?b) - (a = b) > 2> P |a — b, (3.12)
which holds when p > 2 [Linl7, p95], we get
I EC(p)/A |Du — Dovl? dz + C(p)/B |Du — Dvl|? dz.
Furthermore, since in B it holds
[Du— Do 2 (Dol = [Duly = (1Do] = 531) 2 C(o) Do

we arrive at

L > C®p) /A \Du— Dol’ dz + C(p) /B Dol d. (3.13)
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Combining (3.11) and (3.13) with (3.10) we get

1
—/ w? dr < (e — C(p)) </ |Du — Dvl|? dz +/ | Dul? dz)
2 Ja A B

+/ Cl(e,p, B, L,Cy) (wﬁ er#) — dwdz.

Qs
By taking small enough € = €(p), the above becomes
/ w?(x,s) dr < / C(p,ﬁ,L,Cf) (wp%l + w#) — dwdz. (3.14)
Q

Observe that since w is bounded and £ f > 1, the integrand at the right-hand side

is bounded by some constant times w : To argue this rigorously, we write down the
following algebraic fact.
If ap, 0,7 > 0 and a > 1, then there exists C(«, 7,0, aq) > 0 such that
va* < da+ C(a, 7,6, a)a” for all a € [0, ap).
To see this, let first a < 2. Then by Young’s inequality
)
va® = ya - a®” ! <72a3 a +Cla,,d, ao)a(a—l)'%
1+a;"
Séa + C( a, 7, 57 aO)a2
If « > 2, then
ya® = ya®? - a* < yad%a’.
Applying the algebraic fact on (3.14) we get

2 < “dz.
/Qw (-777 S) dx = C(puﬁachf’é’ HwHLOO)/st dz

The conclusion now follows from Grénwall’s inequality and letting [ — 0. 4

Next we use the previous comparison results to prove the comparison principle for
general continuous f.

Theorem 3.4. Let 1 < p < oo. Let u,v € L>®(Qr) respectively be weak sub- and
supersolutions to (1.1) in Qp. Assume that for all (xo,ty) € 0,Qr

esslimsup u(x,t) < essliminf v(z, ).
(,t)=(z0,t0) (z,t)—(wo,t0)

Assume also that Du € L*(Qr). Then v < v a.e. in Q.
Proof. For § > 0, define

)
Us = U — .
’ T—t/2
Then for any non-negative test function ¢ € C§°(€2r) we have by integration by parts
)
/ —usOpp dz —/ —udyp + (‘9tg0 dz
Qr Qr T—t/2

)
= o, 720 = S5 e

)
< _ o
_/QT udyp SOQTQ dz.
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Since f is continuous, there is a locally Lipschitz continuous function f5 such that
1f = fsll poo(rvy < 2 (see e.g. [Mic00]). Then, since u is a weak subsolution, we have

/Q — usOyp + |Du(5|p*2 Dus - Dp — o fs(Dus) dz
T
_ 1)
S/Q —udyp + |Dul"™* Du - Dp — @ f(Du) + ¢ || f = fsl| poo () — 05755 2
T

272
5
<[ -2 va.
_/QT a2 ¥

Hence us is a weak subsolution to

o
8tu(; — Apu(; — f(j(Du(;) S —E m QT.

Similarly, since v is a weak supersolution, we define

Ua:zv‘f’m

and deduce that vs is a weak supersolution to
OV — ApU5 — f(;(DU(;) >0 in Qp.

Now it follows from the comparison Lemmas 3.2 and 3.3 that us < vs a.e. in Q7. Thus

u<ov+ a.e. in Qp.

T—1t/2
Letting 6 — 0 finishes the proof. O

Now that the comparison principle is proven, we are ready to show that weak solu-
tions are viscosity solutions. To state this part of the equivalence, we define the lower
semicontinuous reqularization of a function u : = — R by

uy(z,t) = essliminfu(y, s) := lim essinf u.
(y,8)—(z,t) R—0 Bg(z)x(t—RP,t+RP)
The time scaling RP is technically convenient in Section 5. We have included it here
for notational consistency.

Theorem 3.5. Let 1 < p < co. Let u € LS. (Z) be a weak supersolution to (1.1) in =
for which u = u, almost everywhere in Z. Then u, is a viscosity supersolution to (1.1)

n =.

Proof. Assume on the contrary that there is ¢ € C?(Z) touching u, from below at
(2o, t0) € 2, Do(x,t) # 0 for x # xy and

limsup (Owp(x,t) — App(z,t) — fF(Do(x,t))) < 0. (3.15)
(:r,t)—>(x0,t0)
T#xTo

Denote Q) := B,(x9) X (to — r,to +r). It follows from above that there are r > 0 and
0 > 0 such that

6 — Dyo — (DY) < =5 in Q. \ {w = 0} (3.16)

Indeed, otherwise there would be a sequence (x,,,t,) — (xq,to) such that z,, # xy and

01p(Tn, tn) — Ap(z’(xm tn) — f(Do(xn, tn)) > _27
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but this contradicts (3.15). Using Gauss’s theorem and (3.16) we obtain for any non-
negative test function ¢ € C5°(Q,) that

/Q — $0up + D[P 2 Dé - Dg — of (D) dz

r

=lim —¢0p + |DG" > Do - D — o f (D) dz

P=0JQr\{lz—w0|<p}

i ([ @00 ediv(DoP Do) - pf (Do) d:

p—0
to+r B
+/0 o |Dg|"* D - Mdé”dt)
to—r {L’E*{Eol:p} p
p—0 Qr\ﬂxﬂvolﬁﬂ}@( vp = Bp¢ — f(D))
S/ —dpdz.
Qr

Let [ := ming,q, (u. — ¢) > 0 and set ¢ := ¢+ I. Then by the above inequality, ¢ is a
weak subsolution to

06 — Do — f(DY) < =6 in Q,
and on 0,Q), it holds d=0¢+1<¢+u, —¢=u, Hence Theorem 3.4 implies that
¢ < wu almost everywhere in @),. By the definition of u,, it follows that
¢ < u, everywhere in Q,, (3.17)

which is a contradiction since in particular ¢(xo, to) = ¢ (o, to) + I > u.(wo, to)-
To see (3.17), fix (yo,50) € @, and let € > 0. By continuity of ¢ and the definition
of u,, there is R > 0 such that

‘gg(y, s) — gzz(yo, 30)‘ <e forall (y,s) € QR
and

‘essinfu — u*(yg,so)’ <eg,
QR

where we denoted Q' := Bgr(yo) X (so — R?, so + RP). In particular

u«(Yo, S0) > essinfu —e.
Qr

By the definition of essinfq u, there is A C Q% with [A| > 0 such that

es(sg/infu +e>u(y,s) forall (y,s) € A

R

Moreover, since (E < u almost everywhere in @Q),, we can take (y,s) € A such that

o(y,s) < uly,s).
Now we have by the last three displays

U (Yo, S0) > es(s;)/infu —e>u(y,s) — 2 > oy, s) — 2e > d(yo, 50) — 3&.

R

Since € > 0 was arbitrary, this implies that u. (yo, s0) = (yo, So)- O
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4. VISCOSITY SOLUTIONS ARE WEAK SOLUTIONS

We show that bounded viscosity supersolutions to (1.1) are weak supersolutions when
1 < p < ooand f e C(RY) satisfies the growth condition (G1). We use the method
developed in [JJ12]. The method of [JJ12] was previously applied to parabolic equations
in [PV], but for radially symmetric solutions.

The idea is to approximate a viscosity supersolution u to (1.1) by the inf-convolution

: jz—y[? |t
uc(z,t) ;== inf <u(y,s)+ + ,

(y,8)€E ng—l 2e

where € > 0 and ¢ > 2 is a fixed constant so large that p — 2 + g_—g > 0. It is straight-

—1
forward to show that the inf-convolution w. is a viscosity supersolution in the smaller

set
= = {(,1) € 2: Buoy(a) x (t— t(e),t + t(c)) € E},

where r(¢), t(¢) — 0 as ¢ — 0. Moreover, u. is semi-concave by definition and therefore
it has a second derivative almost everywhere. It follows from these pointwise properties
that u. is a weak supersolution to (1.1) in =.. Caccioppoli type estimates then imply
that u. converges to w in a parabolic Sobolev space and consequently u is a weak
supersolution.

The standard properties of the inf-convolution are postponed to the end of this sec-
tion. Instead, we begin by proving the key observation: that the inf-convolution of a
viscosity supersolution is a weak supersolution in the smaller set Z.. When p > 2, the
idea is the following. Since u. is a viscosity supersolution to (1.1) that is twice differen-
tiable almost everywhere, it satisfies the equation pointwise almost everywhere. Hence
we may multiply the equation by a non-negative test function ¢ and integrate over =,
so that the integral will be non-negative. Then we approximate this expression through
smooth functions u. ; defined via the standard mollification. Since u. ; is smooth, we
may integrate by parts to reach the weak formulation of the equation, see (4.1). It then
remains to let j — oo to conclude that u. is a weak supersolution. The range 1 < p < 2
is more delicate because of the singularity of the p-Laplace operator

Apu = | Dul~? (Au + b= 22) <D2uDu, Du>> ,
| Dul

and therefore we consider the case p > 2 first.

Lemma 4.1. Let p > 2. Let u be a bounded viscosity supersolution to (1.1) in =. Then
u. is a weak supersolution to (1.1) in =..

Proof. Fix a non-negative test function ¢ € C§°(=Z.). By Remark 4.8, the function
o(x,1) = us(x,1) — Clg,,u) (|2f* + 1)

is concave in =, and we can approximate it by smooth concave functions ¢; so that
(¢;,0:0;, Do, D*¢;) — (¢, 000, D, D*p) a.e.in =.. We define

U j(x,t) == ¢j(x,t) + C(q,e,u) <|x|2 n t2> '
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Since u. ; is smooth and ¢ is compactly supported in Z., we integrate by parts to get
_ p—2
/H @(&fua,j — |Du, ;[” 2 (Aug,j + ( )2

e |Du€’j ’
:/: pOue j — @ div (\Dus,j]p_Q Duw) —¢f(Du.;)dz

:/ﬁ _u€7jat90 + ’Due,j‘p_Q Dus,j ’ D(p - pr(Dus,j> dz. (4'1)

<D2u57jDu57j,Du57j>> — f(DuEVj)> dz

This implies that

.. -2 (p - 2)
lin inf EESO(@UE,J' — [Due|” (Aue,j + Duc’ (D*u.;Du..;, Dua,j>> —/f (Dua,j)) dz
< lim —Ue ;O + |Du6’j|p_2 Du. ;- Dy — ¢f(Du, ;) dz.

j—oo J=,

We intend to use Fatou’s lemma at the left-hand side and dominated convergence at
the right-hand side. Once we verify their assumptions, we arrive at the inequality

/~ ¢ (Opue — Apu. — f(Du,)) dz < /_ —u:0pp + | Duc|""? Du. - Dy — o f(Du.) dz.

The left-hand side is non-negative since by Lemma 4.7 the inf-convolution wu. is still a
viscosity supersolution in =.. Consequently u. is a weak supersolution in =, as desired.
It remains to justify our use of Fatou’s lemma and the dominated convergence theorem.
It follows from Remark 4.8 that |u. |, |Oyu. ;| and |Du, ;| are uniformly bounded by
some constant M > 0 in the support of ¢ with respect to j. This justifies our use of
the dominated convergence theorem. Observe then that since ¢; is concave, we have
D?u. j < C(q,e,u)I. Hence

-2
815’&57]' — |Du5,j]p72 (Auaj + (p ) <D2U57jDU57j, DU57]'>> — f(Dus,j)

|Du€,j|2

>— M —C(q,e,u)MP"*(N +p—2) — sup |f(£)].
|g|<M

The integrand at the left-hand side of (4.1) is therefore bounded from below with respect
to j, justifying our use of Fatou’s lemma. O

Next we consider the singular case 1 < p < 2. We cannot directly repeat the previous
proof because Aju. no longer has a clear meaning at the points where Du. = 0. To
deal with this, we consider the regularized terms

p—2

o 2\ 2 p— 2

where A u = (D?*uDu, Du).

Lemma 4.2. Let 1 < p <2 . Let u be a bounded viscosity supersolution to (1.1) in =.
Then u. is a weak supersolution to (1.1) in E..

Proof. (Step 1) Let ¢ € C5°(Z.) be a non-negative test function. We set
d(x,1) == uc(z,t) = Clg,e,u) (Jo]* + 1) ,
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where C(q,e,u) is the semi-concavity constant of u. in =.. Then by Remark 4.8 we
can approximate ¢ by smooth concave functions ¢; so that (¢;,di¢;, Do;, D*¢;) —
(0,040, Dp, D*¢) a.e. in =.. We define

Ui (@) 1= ¢;(x, 1) + Clg, &,u) (ol + 7).

Let § € (0,1). Since u,; is smooth and ¢ is compactly supported in =, we calculate
via integration by parts

= p—2
és¢(atue’j — (5 + ]Du57j|2) (AU&J’ + (H’DWAOOUW) — f(DU67J)> dz

:/: ©Oue ; — pdiv (((5 + |Du57j|2>T Du57j> —¢f(Du.;)dz

p—2

:/: —Ue ;O0rp + ((5 + \Dug,jlz) * Ducj- Dy — of(Du,;)dz.
Recalling the shorthand A, 5 defined in (4.2), we deduce from the above that
liminf | ¢ (e — Apsucj — f(Duej)) dz

J—00 =

p=2
Sjli_}rgo 3 —Ug ;O + (5 + ]Du57j|2) * Ducj- Dy — of(Due;)dz. (4.3)
We use Fatou’s lemma at the left-hand side and the dominated convergence at the
right-hand side. Once we verify their assumptions, we arrive at the auxiliary inequality

/: ¢ (Opue — Apsu. — f(Du.)) dz

p—2

S/: —u0p + (5 + ‘Dual2)T Du. - Dp — o f(Du,) dz. (4.4)

Next we verify the assumptions of Fatou’s lemma and the dominated convergence theo-
rem. By Remark 4.8, the functions |u. ;|, |0;u. ;| and |Du, ;| are uniformly bounded by
some constant M > 1 in the support of ¢ with respect to j. Hence the assumptions of
the dominated convergence theorem are satisfied. Observe then that the concavity of
¢; implies that D?u. ; < C(q,e,u)I. Thus the integrand at the left-hand side of (4.3)
has a lower bound independent of j when Du, ; = 0. When Du, ; # 0, we have

= —2
atuaj — (5 + |DU57]’|2) (Aus,j + pAOOU€7j> — f(D’U,EJ>

5—|— |Du57j|2
p—2
0+ |Ducyl*) 2 p—2

—8u5<—< : Du_:* [ Aug i + Z—"Aou. ;| +0Au. ;| — f(Du. ;
t 7] 5 + |Du€7‘7|2 < | 7]| ( 7] |Du€7]|2 7] 7] f( 7])

S G 'D“”'Q)p;a ) (1Ducs (N +p—2)+ 6N) = f(Due)

> — Oglej — q,&,u Ue,j +p—2)+ — Ue

J (5 + |DUE7J‘|2 J J

p—2

> — ey — Clg.e,u) (§+ [Ducyl*) = (2N +p —2) = f(Duy)
> = M= Clg,5,u)3" (2N +p—2) = sup |f(©)].

€<

so that our use of Fatou’s lemma is justified.
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(Step 2) We let § — 0 in the auxiliary inequality (4.4). Since u. is Lipschitz
continuous, the dominated convergence theorem implies

hm mf/ (Opue — Apsue — f(Due)) dz

g/_ —u0pp + | Duc|"~? Du. - D — o f(Du.) dz. (4.5)
Applying Fatou’s lemma (we verify assumptions at the end), we get

hmmf/ (Opue — Apsu. — f(Due)) dz
> /Es lirén_glfw (Orue — Ay suc — f(Duy)) dz

- E.n{Du.#0} h{srilélf ¢ (Oyue — Apsue — f(Due)) dz

+ / lim inf p(Qpu. — 5" Au, — 1(0)) d=
ZeN{Du.=0}

6—0

/SO{DUE#O} (Opue — Apue — f(Duy,)) dz

[ [ ouy # (Ouie = F(0)) d= > 0, (4.6)

where the last inequality follows from Lemma 4.7 since u. is twice differentiable almost
everywhere. Combining (4.5) and (4.6), we find that u,. is a weak supersolution in =..
It remains to verify the assumptions of Fatou’s lemma, i.e. that the integrand at the
left-hand side of (4.5) has a lower bound independent of 6. When Du. = 0, this follows
directly from the inequality

-1 _
D*u. < L= |Du.| I,
€

which holds by Lemma 4.6. When Du. # 0, we recall that by Lipschitz continuity d,u.
and Du,. are uniformly bounded in =., and estimate

ps2 —2
— (6 +[Ducl*) (A% + p’D’QAooue)
Ue

((5+ | Du,| ) p—2
= ]Du€] Au, + ——=Au. | + 6Au,
0 + [Du.|? | Du|
> <6+|DU8 ) <|DU5’ 1+2(N+p—2)+|DUE|‘1 1(5N>
5 + |Dug|? €
> (54 \Duﬁ)T @Y | pufi (N +p )

—1
p—2+g%2 qg—1
2 - HDUsHLOO(EE) ' (5) (2N+p - 2)7

where we used that p — 2+ g%? > (. Hence the assumptions of Fatou’s lemma hold. [



EQUIVALENCE OF VISCOSITY AND WEAK SOLUTIONS 15

If u. is the sequence of inf-convolutions of a viscosity supersolution to (1.1), then
by next Caccioppoli’s inequality the sequence Du. converges weakly in L} (Z) up to
a subsequence. However, we need stronger convergence to pass to the limit under the
integral sign of

/ —u.0yp + |Du.""? Du, - Dp — ¢ f(Du.)dz > 0.

For this end, we show in Lemma 4.4 that Du. converges in Lj (Z) for all 1 <r < p.

Lemma 4.3 (Caccioppoli’s inequality). Let 1 < p < co. Assume that u is a locally
Lipschitz continuous weak supersolution to (1.1) in =. Then there is a constant C' =
C(p, 8,Cy) such that for any test function & € C§°(Z) we have

/_gp |Duf’ dz < C/~M28t€p + MP|DEP + (M5 + M)&P dz,
where M = HUHLoo(sptﬁ)'

Proof. Since u is locally Lipschitz continuous, the function ¢ := (M — u)&P is an ad-
missible test function. Testing the weak formulation of (1.1) with ¢ yields

/~§p | Dul” dz < /~ udep + p&~ (M — u) |Dul”™" [DE| + f (Du)dz.  (4.7)
We have by integration by parts
Lu@tw dz :/ —EPudiu + u(M — u)0EP dz

= —;gpatzf + u(M — u)0,&P dz

;u28t§p +u(M —u)oP dz < | CM?0,£P dz.

—

By Young’s inequality

1
Lo (M =) |Dult Dl dz < [ €7 |Dul? dz -+ C(p) [ MPIDEP dz
Using the growth condition (G1) and Young’s inequality we get

/Esof(DU) dz S/ (M —u)&"Cy (14 |Dul’) dz

:/:Cf (M_“)fp_ﬁfﬁ|DUIB—|—Cf(M_u)§de
S/:ifp|Du|P+C(p,6,Cf) <M_u>#€p+cf<M_u)§de
S/:iﬁp\Du]P+C(p,ﬁ,Cf) (M# +M) £ dz.

Combining these estimates with (4.7) and absorbing the terms with Du to the left-hand
side yields the desired inequality. O

The proof of Lemma 4.4 is based on that of Lemma 5 in [LMO07], see also Theorem
5.3 in [KKP10]. For the convenience of the reader, we give the full details.
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Lemma 4.4. Let 1 < p < co. Suppose that (u;) is a sequence of locally Lipschitz con-
tinuous weak supersolutions to (1.1) such that u; — u in L} (). Then (Du;) is a

Cauchy sequence in L}, .(Z) for any 1 <r < p.

loc

Proof. Let U € = and take a cut-off function § € C§°(Z) such that 0 < < landf =1
in U. For 6 > 0, we set

0, uj —up > 0,
Wi = §uj — up,  |uy —ug <6,
—0, uj — up < —0.

Then the function (6 —wjj )0 is an admissible test function with a time derivative since it
is Lipschitz continuous. Since u; is a weak supersolution, testing the weak formulation
of (1.1) with (§ — wj;)0 yields

0= /~ —;00((6 — wix)0) + |Duy["~* Dy - D((S — w;e)8) — (5 — wyn,)0f (Duy) dz
_ /_ —0|Du;|""% Du; - Dwji + (6 — wy) | Duy P2 Duy - DO — (6 — wy)0.f (Duy)
+ w0 (W) — (0 — wjk)u;040 dz.
Since |wjx| < 6 and Dwjr = X{ju;—uy|<s} (Duj — Duy), the above becomes

/ 0 |Du;|’~* Du; - (Du; — Duy) dz
{luj —ug| <8}

< ﬁ 26 | Duy [P~ | DO) + 260 | £ (Duy)| + w;00(w;0) + 26 |uj] |0,6] d.

Since uy, is a weak supersolution, the same arguments as above but testing this time
with (0 4+ wjx)0 yield the analogous estimate

/ — 0| Dug|""? Duy, - (Du; — Duy) dz
{luj—up| <6}

< [ 26 \Dugl’™ |DO] + 260 | (Dug)| — uidly (win) + 26 |uel 10,0] d=.
Summing up these two inequalities we arrive at

/ 7 (|Duj|%2 Duj — | Dug|["~? Duk) - (Duj — Duy,) dz
{luj—ug|<d}
gzaﬂ 16| (| D"~ + | D) dz+25/_9(\f(puj)| 41 f (D)) d=

+ | (uj — )0y (wind) dz +26 | (Ju;| + |uxl) [0:0] d=

:Ill +IQ+[3+[4 (48)
We proceed to estimate these integrals. Denoting M := sup; [[t; | e (g g) < 00, We have
by the Caccioppoli’s inequality Lemma 4.3

sup ‘Duj‘p dz < C(p,670f,9,M). (49)

j Jsptd
The estimate (4.9) and Hoélder’s inequality imply that
I < 6C(p, B, Cy, 0, M).
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To estimate I, we also use the growth condition (G1) and the assumption 5 < p. We
get

L < 25/_9@(2 + | Duy|® + | Duyl?) dz < 5C(p, B,Cy, 0, M).

The integral I3 is estimated using integration by parts and that |w;;| < 6

1
Is = /: O(u; — ug)0 (i) + (u; — ug) w00 dz = /: ieﬁtw?k + (uj — ug) w00 dz

1
= —iw]?kate + (uj — up)w;p00 dz < 6C(0, M).

[1]

For the last integral we have directly Iy < dC(6, M). Combining these estimates with
(4.8) we arrive at

/{ i (IDw; "2 Du; — [Duyl”™* Duy) - (Du; — Duy) d= < 6Co,  (4.10)
uj—ug| <o

where Cy = C(p,5,Cf,0,M). If 1 < p < 2, Hélder’s inequality and the algebraic
inequality (3.8) give the estimate (recall that 1 <r <pand § =1 in U)

/ |Du; — Duy|" dz
UN{juj—ug|<d}

2—r

r(2—p) 2
< (/ (14 [Dw]* + [Dug[*) 27 dz)
UN{Ju;—ux|<8}

Du; — Duy|? 2
UN{|uj—ui|<d8} (1 + |DU]|2 + |DUk|2) 2

§C<paﬁyracf»07M)

. (/ 0 (|Duj|p_2 Duj — | Dug|['™? Duk) - (Duj — Duy) dz) :
{luj—ur|<d}

where in the last inequality we also used (4.9) with the knowledge % < p(%;p) =p.

If p > 2, Holder’s inequality and the algebraic inequality (3.12) imply

/ |Du; — Duy|" dz
UN{|u;—ug|<d}

p=r P
< (/ 1dz> ’ (/ |Du; — Duy|” dz)
= UN{Ju;—u| <6}
—2 -2 »
< C(p, T)(/{I | }9 <|Duj|p Du; — | Duy|” Duk) - (Duj — Duy,) dz | .
uj —ug|<6

Hence (4.10) leads to

/ \Du; — Du|” dz < 575 C(p, 8,7, Cy, 0, M).
Ul —ue <6}
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On the other hand, Holder’s and Tchebysheff’s inequalities with (4.9) imply

/ |Duj — Duy|" dz
UN{lu; —ux 25}

<0yl 2 (]
< 6" ||u] - uk| Z;;;(TU) C(p7ﬁ7ra Cf,H,M)

T

|Duj — Duy|” dz> ’

O{luj—uk|>5}

So we arrive at
[ 1w = Dugl” dz < (6555 + 57 ;= w56, )C(p 8,7, Cy 0, 0).

Taking first small § > 0 and then large j, k, we can make the right-hand side arbitrarily
small. 0

Now we are ready to prove the main result of this section which states that bounded
viscosity supersolutions are weak supersolutions.

Theorem 4.5. Let 1 < p < oo. Let u be a bounded viscosity supersolution to (1.1) in
=. Then u is a weak supersolution to (1.1) in =.

Proof. Fix a non-negative test function ¢ € C§°(Z) and take an open cylinder €2, ;, € =
such that spt ¢ € €2, ;,. Let € > 0 be so small that €, ;,, € =.. Then Lemma 4.2 implies
that u. is a weak supersolution to (1.1) in =.. Therefore by the Caccioppoli’s inequality
Lemma 4.3, Du, is bounded in LP(;, +,). Hence Du. converges weakly in LP(€2, ;,) up
to a subsequence. Since also u. — w in LP(€), ;,) by dominated convergence and the
fact that u. — u pointwise in Qy, 4,, it follows that u € LP(t1, ta; WP(Q)).

Since u,. is a weak supersolution, it remains to show that up to a subsequence

lim u:0yp + |DucP~* Du, - Dpdz = / udyp + |Dul’ > Du - Dpdz  (4.11)
Uty Q)9
and
I Dugdz = | Du) dz. 4.12
S e pf(Due) dz - pf(Du)dz (4.12)

Since u. — w in LP(§d, +,) and Du. — Du in L"(€, 4,) for any 1 < r < p by Lemma
4.4, the claim (4.11) follows by applying the vector inequality (see [Linl7, p95-96])

227P | — b when p < 2,

P2 plP 2| <
ol a ~1o “{z&ﬁﬂ“ﬂ+ww”ﬂa—m when p 2 2

To show (4.12), let M > 1 and write using the growth condition (G1)

| 1#Du) = f(Duw)| dz

t1,to

< Du.) — f(Du)| dz + C(2 + |Du.|’ + |Dul’) dz
< o [FPu) = DUz [ Cy(2+ Dl + D)
:Z]1+IQ.
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Then by Hoélder’s inequality
. / 2|Du.”  |Du’  |Dul’ |Du.fP"?
2 f (Duc=M} | Ducl? |Du5]p_5 |Du€|p_ﬁ

dz

2 1
<ot

1 8 -8
M Mp_g) HDUeHiP(QtLQ) + NP8 HDUHLP(QWQ) HDueHip(Qtlh)
1
Mpr—8
On the other hand, we have | f(Du.) — f(Du)| — 0 a.e. in €4, 4, up to a subsequence and
the integrand in [; is dominated by an integrable function since the growth condition

(G1) implies
|f(Du.) — f(Du)| < Cs(2+ |M|° + |Dul’)  when |Du.| < M.

< C(p, B, Cr, HDuHLP(Qtl,tQ) ) Slglp ||DU€HLP(Q,5N2)>'

Hence, for any M > 1, we have I; —+ 0 as ¢ — 0 by the dominated convergence
theorem. By taking first large M > 1 and then small ¢ > 0, we can make [; + I,
arbitrarily small. O

The rest of this section is devoted to the properties of the inf-convolution. The facts
in the following lemma are well known, see e.g. [CIL92], [JJ12], [Kat15] or [PV].

Lemma 4.6. Assume that u : = — R is lower semicontinuous and bounded. Then u,
has the following properties.

(i) We have u. < u in = and u. — u pointwise as € — 0.
1 1
(ii) Denote r(g) := (ge? tosczu)? , t(e) := (2e oscz u)?. For (x,t) € RN*L set

= ={(x,) €Z: Bye(x) x (t—t(e), t + t(e)) € E}.

Then for any (x,t) € =, there exists (x.,t.) € By (x) X [t —t(e),t +t(e)] such
that
|z —z |9 |t =t

u(z,t) = u(we, t.) + o e

(iii) The function u. is semi-concave in =, with a semi-concavity constant depending
only on u, q and €.
(iv) Assume that u. is differentiable in time and twice differentiable in space at
(x,t) € E.. Then
t—t.

atus (337 t) = c )

|z — x€|q72

ga-1

—1 g2
D*u.(z,t) <L~ |Du | 1.
€

Du.(x,t) = (zv — xc)

9

Next we show that the inf-convolution of a viscosity supersolution to (1.1) is still
a supersolution in the smaller set =.. Since the inf-convolution is “flat enough”, that
is, since ¢ > p/(p — 1), the inf-convolution essentially cancels the singularity of the p-
Laplace operator. This allows us to extract information on the time derivative at those
points of differentiability where Du. vanishes.
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Lemma 4.7. Let 1 < p < co. Let u be a viscosity supersolution to (1.1) in Z. Then

the inf-convolution u. is also a viscosity supersolution to (1.1) in E..

Moreover, if u. is differentiable in time and twice differentiable in space at (x,t) € =,

and Du.(z,t) =0, then dwu.(x,t) — f(0) > 0.

Proof. Assume that ¢ touches u. from below at (z,t) € =.. Let (z.,t.) be like in the

property (ii) of Lemma 4.6. Then

Set

U(z,s) =p(z+x—2ey s+t —t.) — e R

Then v touches u from below at (x,t.) since by (4.13)

e -]t it —t.|? B

w(xs,ta) =p(z,t) = u(z.,1.)

qed—1 2e

and selecting (y,7) = (z + o — x., s+t — t.) in (4.14) gives
o —x|? |t -t

U(z,8) =p(z+x—xc, 8+t — 1) s 5

Since u is a viscosity supersolution, it follows that

0< limsup (0s¥(z,s) — Aph(z,5) — f(DY(2,5s)))
(2,8) = (we,te)

= lim sup (8890(2, 8) - APSD(zu 8) - f(DSO(Zv S))) )
(sz);(%t)

< u(z,s).

(4.13)

(4.14)

and the first claim is proven. To prove the second claim, assume that u, is differentiable
in time and twice differentiable in space at (z,t) € Z. and Du.(x,t) = 0. By the

property (iv) in Lemma 4.6, we have = = x., so that

It —t.|”
e(x,t) = s Le .
ue(z,t) = u(x, t.) + 5z
Hence by the definition of inf-convolution
—y| |t —s? t—t.|
u(y, s) + '] + 2= sl > ue(x,t) = u(x,t.) + | | for all (y,s) € E.

qed—1 2e
Arranging the terms as

eyl =P jE-tf

u<y7 S) > u($7t€) = ¢(y7 3)7

qe?~1 2¢ 2e

we see that the function ¢ touches u from below at (z,f.). Since u is a viscosity

supersolution and D¢(y, s) # 0 when y # x, we have
limsup (9:0(y,s) — By, s) — [(Do(y,s))) = 0.

(y7s)*>($7t5)
Y7
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On the other hand, since ¢ > p/(p—1), we have A,¢(y,s) — 0 as y — x. Hence we get

0< Du(a.t) — F(0) = "= — §(0) = dyus(x.1) — 1(0),

€

where the last equality follows from the property (iv) in Lemma 4.6. U

Remark 4.8. Semi-concavity implies that the inf-convolution wu. is locally Lipschitz
in =, (see [EG15, p267]). Therefore u. is differentiable almost everywhere in Z.,
e € L2 (Z.) and ue € L®(ty, to; WH(Q)) for any Qy, 4, € = (see [EG15, p266]).

Moreover, since the function ¢(x,t) = u.(x,t) — C(q,e,u)(|z]> + [t[°) is concave,
Alexandrov’s theorem implies that u. is twice differentiable almost everywhere in =..
Furthermore, the proof of Alexandrov’s theorem in [EG15, p273] establishes that if ¢;
is the standard mollification of ¢, then D?¢; — D?¢ almost everywhere in =..

5. LOWER SEMICONTINUITY OF SUPERSOLUTIONS

We show the lower semicontinuity of weak supersolutions when p > 2 and the function
f € C(RY) satisfies that f(0) = 0 as well as the stronger growth condition

@I < Cr (14167, (G2)

Our proof follows the method of Kuusi [Kuu09], but the first-order term causes some
modifications. In particular, our essential supremum estimate is slightly different, see
Theorem 5.3 and the brief discussion before it. The assumption f(0) = 0 is used to
ensure that the positive part u, of a subsolution is still a subsolution.

We begin by proving estimates for the essential supremum of a subsolution using the
Moser’s iteration technique. We first need the following Caccioppoli’s inequalities.

Lemma 5.1 (Caccioppoli’s inequalities). Assume that p > 2 and that (G2) holds. Sup-
pose that u is a non-negative weak subsolution to (1.1) in Qy, 4, and w € LP77A(Qy, 4,)
for some A > 1. Then there exists a constant C = C(p,Cy) that satisfies the estimates

esssup | u'™z, )P (2, T) dx
t1<T<ts JQ

<C / AP DCP 4 a0, ¢ 4 A <u/\ + ufH“) P dz
Q

t1,t2

and

J

t1,t2

g(]/ NP~ DEIP 4 NP9, ¢ ¢+ AP (“A + “p_lﬂ) ¢"dz
Q

t1,t9

for all non-negative ¢ € C*(§2 X [t1,1ts]) such that spt ((-,t) € Q and {(z,t;) = 0.
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Proof. We test the regularized equation in Lemma (3.1) with ¢ := min(u, k)*~1uc(Pn,
where 7 is the following cut-off function

0, € (t1,s — h),
(t—s+h)/2h, € [s—h,s+ hl,

n(t) =<1, € (s+h,7—h),
(—=t+7+h)/2h, te€[r—h,T+h],
0, t € (74 h,ty),

and t; < s <7 < ty, h > 0. We denote g(I) := J. min(r, k)*'r dr. Then integration by
parts and Lebesgue’s differentiation theorem yield for a.e. s, 7 € (ty,t)

/Q Op(uf) min(u®, k) u¢Pn dz

t1,t2

= [ ogu)cd

Qty,to

= —ng(u)0,(¢*) — (Pg(u)On dz

it ANz~ [ P s)g(ula ) do+ [ Ol T)glule, 7)) do

Letting s — t; and observing that the other terms of (3.1) converge as well, we obtain
for a.e. T € (t1,ty) that

/g (u(z,7))CP(x,7)dx
< / W3 (CP) — | Dul’"® Du - D(w)""u¢?) + w2 "u¢? f(Du) dz

t17'

where we have denoted uy := min(u, k). Since
Dup™! = X{uery(A — D)u 2D,
we have by Young’s inequality
—[Duf"* Du - D(up™ uc”) < = ¢” (A = Dxqueryu® ™ +up ™) | Duf’

+pC" " u [DulP D

— @ Dul’ + Oy D
Moreover, by the growth condition (G2) and Young’s inequality

up'u? f(Du) <Cp¢Pupu+ CpcPupu | DufP ™!
1
<COCPurt 4+ O(p, Of)CPuP 1 + ECpug_l | Dul”.

Collecting the estimates, moving the terms with Du to the left-hand side and letting
k — oo, we arrive at

A~ / w P (2, T d:r—i—/ ¢Pur 1 |Dul? dz

<C(p,Cy) /Q xlu“l |0,CP| + w7 D+ P(u Tt +uP N dze (5.0)

t1,T
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Since the integrals are positive, this yields the first inequality of the lemma by taking
essential supremum over 7. The second inequality follows from (5.1) by using that

J

We first prove the following essential supremum estimate where we assume that the
subsolution is bounded away from zero.

p—1+A

D(u 7" )

p
dz <C(p) / WD £ AP DulP de. O

t1,t9

t1,t9

Lemma 5.2. Assume that p > 2 and that (G2) holds. Suppose that u is a weak
subsolution to (1.1) in = and Bgr(zo) X (to — T, to) € = where R,T < 1 are such that

P N
}; <1 and u> <f;> . (5.2)

Then there exists a constant C(N,p,Cy) such that

T 1/5
ess sup u<C ((1 - 0)71\/71)][ uP= e dz)

BoR(z0) % (tg—oP T, tg) Rp Br(zo)x (to—Tto)
forevery1/2 <o <1landl < <2.

Proof. Let cR<s< S < R. For j €0,1,2,..., we set
Rj:==85—(S-s5)(1-27)

and
Uj = Bj X F]‘ = BRJ.(I'()) X (t() — (R]/S>pT, to)

We choose test functions y; € C°°(U;) such that spt¢;(-,t) € Brg,(zo),
0<¢; <1, o;=00n0,U;, ¢; =11in U4
and o o |
|De;| < mzja |Opj] < ?WQM
We set v:=1+ p/N and
=2y —1,7=0,1,2,....
Assuming that we already know that w € LP~'*%(U;), then we have by a parabolic
Sobolev’s inequality (see [DiB93, p7])

[ owedaz< [ (wre)?)T d
Ujs1 Uj

J

1N p/N
SC’(N,p)/U. ‘D(uo‘/pgof/p)‘p dz (essrsup/B (uo‘/pgof/p)( ) dx) , (5.3)
J J J

where
p(L+2) 5 pp=1+2)

=p—14X, k=1
TP P N =140y 1+

The first estimate in Lemma 5.1 gives

—1)N
ess sup/ (ua/”gof/p) (== dr = ess Sup/ ul gpf dx
I B; Ty B;

<C) /U uP~ N | D[P + N 0] B+ (u’\j + up_”’\f) o dz. (5.4)
j



24 JARKKO SILTAKOSKI

B/p

Using the second estimate with ¢ = ¢}’" we obtain
/ ‘D(ua/p%@/p)’p dz
Uj
<ON [ @D+ D 7+ (0N ) s (55)
J

Combining (5.3) with (5.4) and (5.5) we arrive at

1

/ u™dz ’ < C)\p/ 27j”up_1+/\j + LWUH’\j +uM dz (5.6)
Ui —= J U (S _ 3>p T(S _ S)p ) .

J

where v =1+ p/N. We wish to iterate this inequality, but having multiple terms at
the right-hand side is a problem. This is where the assumption (5.2) comes into play.
Since u > (RP/T)"/®=1) we have

p=1

-1
ud = (1>p PN < (T>p ! uP 1N < ;up—l-‘r/\j
u Rp — (S —s)p

and since T//RP > 1, we have also
1\?2 T\» T
1+)\j _ - p—l—‘r}\j T p—l-i-)\j o p—1+)\j
o () e < (L) s T,
Using these estimates it follows from (5.6) that

5 O \poip
/ " dz S*/ P~ . (5.7)
Ujt1 (S —s)r Ju,

J

Observe that
kaoe=p—14+X(1+p/N)+p/N=p—1+\1.
Hence by denoting Y := C(S — s)7P, the inequality (5.7) becomes
(/ uP A dz) ' < Y(27)jp/ P~ .
Uj+1 i

We iterate this inequality. When j = 0, it reads as

1
(/ P~ dz) ! <Y uP dz.
U1 UO

Then, when j = 1, we have

a 1
(/ P12 dz) ! SY%(Z’Y)p% (/ uP~ 1t dZ) < YH%(ZV)]% / u? dz.
U2 Ul

Up
Continuing this way we arrive at

1

7+l 141 1 1,2 A
/ WP g <y ety (27>p(7+72+...+7])/ o d>
Ujt1 Uo

gCY%“/ uP dz,
Uo
so that

7J+1

1
P=1+Aj41 N PSS vy
/ uP~ 1A (g < <C’Yp+1/ u? dz) .
Uji Uo

J
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Since ¥ /(p— 1+ Xj41) = 1/2and p— 1+ \j41 — o0 as j — 0o, we obtain that

1/2
esssupu < C ((S - s)_N_p/ u? dz) )
Q(s) Q(S)

where Q(s) = B(xg,s) x (to — (s/S)PT,ty). By Young’s inequality we have for every
1 <6 <2 that

1/2
esssupu < (ess sup u2_5(5 — S)—N—p/( )up—2+(5 dz)
Q(S

Q(s) Q)
1 1/6
<—esssupu + ((S — s)_N_p/ uP=2to dz) : (5.8)
2 Qe Br(w0) X (to~T'to)

A standard iteration argument such as [GG82, Lemma 1.1] now finishes the proof.
Indeed, if f : [Ty, T1] — R is a non-negative bounded function such that all Ty < t <
T < T satisfy
f@) <Of(r)+ (r—t)"A, (5.9)
where A,60,n7 > 0 with § < 1, then
f(To) < C(n, 0)(Th — To)"A.

Selecting Ty := oR, T} := (cR+ R) /2 and the other variables so that (5.8) implies
(5.9), we get the desired estimate. O

Next we consider the case where the non-negative subsolution is not necessarily
bounded away from zero. Observe that the estimate differs from the usual estimate
for the p-Laplacian because of the power 1/(p — 1) in the first term (cf. [DiB93, Theo-
rem 4.1] or [Kuu09, Theorem 3.4]). However, we have the additional assumption (5.10).

Theorem 5.3. Assume that p > 2 and that (G2) holds. Suppose that u is a non-
negative weak subsolution to (1.1) in Z and Bgr(xg) X (to — T, tp) € Z with R, T < 1
such that

hr 1 5.10)
— < 1. .

T = (

Then there exists a constant C' = C(N,p,Cy, ) such that we have the estimate

1 5—1
R:D b1 o T to 5
ess sup u<(C () ' +C <][ ][ wP~20 dt)
B(z0,R/2) % (to—T/2 to) T RP Jto—1 JBR(x0)

forall1 <6 < 2.

Proof. We denote
RPN 71
)
Using Lemma 5.2 on the subsolution v := 0 + u we get the estimate

A:=(1 —U)_N_p, 0= (

1

5
ess sup u<C (AT (0 + u)* 2t dz)

By R(wg) x (tg—oPTtg) Rp]éR($0)X(to—T7to)

=

<oAb <T9P2+5> T Loab (T

p—2+49 d
Rp RprR(xo)X(tOT7tO) ! Z> 7
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where

T p—2+498 p(p—2+9) 1 RPN p—1
 pgp—2+46 _ pl— . —p+ e — 1-6 pp(6—1)\ p—1 _
Rpa —T T R T (T R ) (T ) .

Taking o = 1/2 now yields the desired inequality. O

Lemma 5.4. Assume that p > 2 and that f(0) = 0. Let u be a weak subsolution to
(1.1) in Qu, +,. Then uy = max(u,0) is also a weak subsolution.

Proof. Fix a non-negative test function ¢ € C§°(§2, +,). We test the regularized equation
in Lemma 3.1 with min {k(u‘);,1} (. Then by similar arguments as in the proof of
Lemma 5.1 we get the estimate

/ min {ku, 1} (—ud,{ + |Dul’ > Du - D¢ — f(Du)) dz

1 2
< - — in{k 1 dz — k Dul? dz.
= 2k Jay,., (min {ku., 1})" 0C dz {0<ku<1}<‘ uf” dz

Letting k£ — oo this implies
/{M} —udy¢ + |DufP~* Du - D¢ — ¢ f(Du) dz < 0.
Since f(0) =0 and u;0,( =0 = Duy a.e. in {u <0}, we get that
/Q w0+ |Dus P2 Duy - DC — Cf(Duy) dz < 0. 0

t1,t2

Theorem 5.5. Assume that p > 2, (G2) holds and that f(0) = 0. Suppose that u is a
weak supersolution to (1.1) in Z. Let u, denote the lower semicontinuous reqularization
of u, that is,

u(z,t) :==essliminf u(y, s) := lim essinf u.
(y,8)—(z,t) R—0 Bpr(xz)x(t—RPt+RP)

Then u = u, almost everywhere.

Proof. For all M € N, we define the cylinders
QY (x,t) := Br(x) x (t — MRP,t + MRP).
We denote by Ejs the set of Lebesgue points with respect to the basis {Q¥}, that is,
Ea =14 (z,t) €21 i ) —u(y,s)|P 2 dyds =0).
= {en ezl e - ualr aas=of
Then Ej; C Ejryq so that
E = ﬂ EM == El.
MeN
Moreover, we have |E| = |Z|, which follows from [Ste93, p13] by a simple argument,

see for example [EG15, p54].
We now claim that if (zg,t) € E, then

u(xo, to) < essliminf u(zx,t). (5.11)

(x,t)ﬁ(zg ,to)

We make the counter assumption

u(wo, to) — essliminf u(x,t) = e > 0.
(x,t)—)(l‘o,to)



EQUIVALENCE OF VISCOSITY AND WEAK SOLUTIONS 27

Let Ry be a radius such that

ess liminf u(z,t) — essinf u| < ¢e/2

(2,t)—(zo0.t0) Qx(20,to)
for all 0 < R < Ry. For such R we have

u(zo, to) — C;}j(sxtntg)u >e/2. (5.12)

We set v = (u(xg,ty) — u);. Since (xg,ty) € E, we find for any M € N a radius
Ry = Ry(M) such that

; 1 1 2
P2 dxdt<][ w(zg, to) — ulP "2 dedt < <> ' 513
][QA{ (z0,t0) - Q%[l (x0,t0) | ( 0 O) | <\ ( )

On the other hand, by Lemma 5.4 the function v is a weak subsolution to
O+ Ay — g(Dv) <0,

where g(&) = —f(—£). Observe also that the cylinder Q¥ (o, to) satisfies the condition
(5.10) since RY/(MRY) < 1. Hence we may apply Theorem 5.3 with § = 3/2 and then
use (5.13) to get

1
RP \ %D RYM !
“c s ][ P=3 da dt
€ess sup )v = (R’f’\f) ( R{f QY (9007t0)v : >

Qé\él)/g(xoﬂf() Ry
C 1
<3 ¢ (M ' M>

1\3
< — .
<¢(5)
Now we first fix M so large that C/M 5 < ¢/4 and this will also fix R;. Then we

take R € (0, Ro| so small that Qk(z0,t0) C Q(g,)/2(0,t0). Then (5.12) leads to a
contradiction since

winy

o

£/4> esssup v > esssup v > u(zo,tp) — essinf u >¢e/2.
QM. »(ost0) QL (wo,to) QL (wo,t0)

Hence (5.11) holds and we have

u(xo, tg) < essliminf u(x,t) < lim w(x,t) dz dt = u(xg, to).
(%o 0)_(x,t)%(xg,to) (z,1) < lim, QL (z,7) (w0, to)

Thus u, = u almost everywhere and it is easy to show that u, is lower semicontinuous.
O
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EQUIVALENCE BETWEEN RADIAL SOLUTIONS OF
DIFFERENT NON-HOMOGENEOUS p-LAPLACIAN TYPE
EQUATIONS

JARKKO SILTAKOSKI

ABSTRACT. We study radial viscosity solutions to the equation
— |Du|"? Alu= f(lz]) in B CRY,

where f € C[0,R), p,q € (1,00) and N > 2. Our main result is that u(z) =
v(|z|) is a bounded viscosity supersolution if and only if v is a bounded weak
supersolution to —xkA%v = f in (0,R), where £ > 0 and A{ is heuristically
speaking the radial ¢-Laplacian in a fictitious dimension d. As a corollary we
obtain the uniqueness of radial viscosity solutions. However, the full uniqueness
of solutions remains an open problem.

1. INTRODUCTION
In this paper, we study radial viscosity solutions to the equation
— |Du|*? ANu= f(|z]) in Bg, (1.1)

where

N

| Dul i,j=1

is the normalized p-Laplacian, f € C[0,R), B CRY, N >2 and p,q € (1,00).
The left-hand side of the equation (1.1) is the usual p-Laplacian when ¢ = p and
the normalized p-Laplacian when ¢ = 2. In particular, the equation (1.1) may be
in a non-divergence form and therefore the use of viscosity solutions is appropriate.
Since we are interested in radial solutions, it is natural to restrict to a ball at the
origin and assume that the source term is radial.

Recently Parviainen and Vazquez lPV] proved that radial viscosity solutions to
the parabolic equation dyu = |Du|*"" Alu coincide with weak solutions of a one
dimensional equation related to the usual radial g-Laplacian. The objective of
the present work is to obtain a similar equivalence result for the equation (1.1)
while also considering supersolutions. Since the one dimensional equation satisfies
a comparison principle, we obtain the uniqueness of radial solutions to (1.1) as
a corollary. To the best of our knowledge, this was previously known only for
f =0or f with a constant sign [KMP12] and the full uniqueness remains an open
problem.

Stated more precisely, our main result is that u(z) := v(|z|) is a bounded viscos-
ity supersolution to (1.1) if and only if v is a bounded weak supersolution to the

Aévu = Au +

Date: March 2020.
2010 Mathematics Subject Classification. 35J92, 35J70, 35J75, 35D40, 35D30.
Key words and phrases. fictitious dimension, non-homogeneous equation, p-Laplacian, normal-
ized p-Laplacian, radial solutions.
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one-dimensional equation
— kA > f in (0,R) CR, (1.2)
where
Ad .19 2 1 " d_]'/
qv =[] ((q— Ju +TU)

and k and d are given in (1.4). Heuristically speaking, the operator AZ is the
usual radial g-Laplacian in a fictitious dimension d. Indeed, we show that if d is
an integer, then supersolutions to (1.2) coincide with radial supersolutions to the
equation —A,u > f(]z]) in B C R The precise definition of weak supersolutions
to (1.2) uses certain weighted Sobolev spaces and is given in Section 2.

Let us illustrate the relationship between equations (1.1) and (1.2) by a few
formal computations. Assume that u: RY — R is a smooth function such that
u(xz) = v(]z|) for some v : [0,00) — R. Then by a simple calculation, we have
Du(re;) = eyv/(r) and D*u(re;) = e; @ eyv"(r) + 171 — ey @ )0/ (r) for r > 0.
In particular we have |Du(re;)| = |[v'(r)|. Assuming that the gradient does not
vanish, we obtain

N
p
ANu(re;) = Au+ ——"— D;juD;uD;u
’ |DU(T€1)|2 132:21 ’ ’

N -1

=(p—-1)"(r)+ v'(r). (1.3)

Denoting

Cpel L (N-Dg-)
g—1" p—1

and multiplying (1.3) by |Du(re;)|?”>, it follows that

K +1 (1.4)

-1
r

|Du(re,)|"? AN u(re;) = & [v/(r)[* ((q —1)"(r) + d UI(T)),

where the right-hand side equals HAZU(T’). Thus at least formally there is an equiv-
alence between the equations (1.1) and (1.2). However, to make this rigorous, we
need to carefully exploit the exact definitions of viscosity and weak supersolutions.

To show that v is a weak supersolution to (1.2) whenever  is a viscosity superso-
lution to (1.1), we apply the method developed by Julin and Juutinen [JJ12]. The
idea is to approximate u using its inf-convolution u.. Since u. is still radial, there
is v, such that u.(z) = v.(]z|). Using the pointwise properties of inf-convolution,
we show that v, is a weak supersolution to (1.2). It then suffices to pass to the
limit to see that v is also a weak supersolution.

To show that w is a viscosity supersolution to (1.1) whenever v is a weak su-
persolution to (1.2), we adapt a standard argument used for example in [JLMO1].
Thriving for a contradiction, we assume that u is not a viscosity supersolution.
Roughly speaking, this means that there exists a smooth function ¢ that touches
u from below and (1.1) fails at the point of touching. We use ¢ to construct a
new function ¢ that is a weak subsolution to (1.2) and touches v from below. This
violates a comparison principle and produces the desired contradiction. To avoid
technicalities that might occur should the gradient of ¢ vanish, we use an equiv-
alent definition of viscosity supersolutions proposed by Birindelli and Demengel
[BD04]. Extra care is also needed if the point of touching is the origin.
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The equation (1.1) has received an increasing amount of attention in the last
several years. For example, the C'%® regularity of radial solutions to (1.1) was
shown by Birindelli and Demengel [BD12]. Using a different technique Imbert and
Silvestre [IS12] proved the C regularity of solutions to |Du|? > F(D?u) = f when
q > 2. More recently Attouchi and Ruosteenoja [AR18] obtained C''* regularity
results for any solution of (1.1) and also proved some W?2? estimates.

The equivalence of viscosity and weak solutions was first studied by Ishii [Ish95]
in the case of linear equations. The equivalence of solutions for p-Laplace equation
was first obtained by Manfredi, Lindqvist and Juutinen [JLMO1], later in a different
way by Julin and Juutinen [JJ12] and for the p(x)-Laplace equation by Juutinen,
Lukkari and Parviainen [JLP10]. Recent papers on this matter include the works
of Attouchi, Parviainen and Ruosteenoja [APR17] on the normalized p-Poisson
problem where the equivalence was used to obtain C1® regularity of solutions,
Medina and Ochoa [MO19] on a non-homogeneous p-Laplace equation, Siltakoski
[Sil18] on a normalized p(x)-Laplace equation and Bieske and Freeman [BF] on the
p(z)-Laplace equation in Carnot groups.

The paper is organized as follows. Section 2 contains the precise definitions of
viscosity solutions and weak solutions in our context. In Section 3 we show that
weak supersolutions to (1.2) are viscosity supersolutions to (1.1) and the converse
is proved in Section 4. In Section 5 we consider the special case where d is an
integer and finally the Appendix contains some properties of the weighted Sobolev
spaces.

2. PRELIMINARIES

2.1. Viscosity solutions. Let ¢, u : B — R. We say that ¢ touches u from below
at g € By if o(xg) = u(zg) and ¢(x) < u(x) when x # x.

Definition 2.1. A bounded lower semicontinuous function u : B — R is a vis-
cosity supersolution to (1.1) in By if whenever ¢ € C? touches u from below at zq
and Dg(x) # 0 when = # x(, then we have

limsup (= | De(y)|* > AYp(y)) — f(lao|) > 0.

TOFY—T0
A bounded upper semicontinuous function u : Bg — R is a viscosity subsolution to
(1.1) in Bg if whenever ¢ € C* touches u from above at xy and Dy(x) # 0 when
x # xg, then we have

liminf (= [De(y)|"* AV e(y)) — f(|zol) < 0.

TOFY—T0
A function is a wviscosity solution if it is both viscosity sub- and supersolution.
The limit procedure in Definition 2.1 is needed because of the discontinuity in

the equation when ¢ < 2. When ¢ > 2 the equation is continuous and the limit
procedure is unnecessary.

2.2. Weak solutions. In order to define weak solutions, we must first define the
appropriate Sobolev spaces. The weighted Lebesgue space L4(r¢=1, (0, R)) is defined
as the set of all measurable functions v : (0, R) — R such that the norm

f - 1/q
||U||Lq(rd—17(07R)) = (/0 |U|q7’d 1d7’)
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is finite. We define the weighted Sobolev space W14(rd=1 (0, R)) as the set of all
functions v € L(r?~1, (0, R)) whose distributional derivative v is in L(r®~%, (0, R)).
As usual, by distributional derivative we mean that v’ satisfies

R R
/ Viodr = —/ v dr
0 0

for all p € C5°(0, R). We equip Wh4(r¢=1 (0, R)) with the norm

R R 1/q
Vvt = vqrdfldr%—/ V9 dr)
oot oy = (] 1l ) )

Then Wh4(r?=1 (0, R)) is a separable Banach space, see e.g. [KO84] or [Kuf85].
Since d > 1, it follows from Theorem 7.4 in [Kuf85] that the set

™0, R] == {u‘(O,R) tu € COO(R)}

is dense in Wh4(r?=1 (0, R)). For the benefit of the reader we have also in-
cluded a proof in the appendix, see Theorem A.1. We point out that any v €
Wha(rd=1 (0, R)) has a representative that is continuous in (0, R]. Indeed, for any
§ > 0 we have 097! < 741 < R4~1 when r € (4, R) and consequently the restriction
V|(s,R) 1s in the usual Sobolev space W4(4, R).

In addition to [Kuf85], weighted Sobolev spaces have been studied for example
in [HKMO6]. However, the weight w : R — R, w(z) = |z|*" is not necessarily
g-admissible in the sense of [HKMO06]. Indeed, in the one dimensional setting g¢-
admissible weights coincide with Muckenhoupt’s A,-weights [JBK06]. Thus w is
g-admissible if and only if d — 1 < p — 1 which by (1.4) is equivalent to p > N.

With the weighted Sobolev spaces at hand, we can define weak solutions. Recall
that formally the equation (1.2) reads as

_ d—1
—k /" (g = D"+ =—=v') = f in (0,R),
T

where k and d are the constants given in (1.4). If v is smooth and the gradient
does not vanish, this can be equivalently written as

—H,( /|72 v’rd_l), —fr*t=0 in (0,R).

Definition 2.2. We say that v is a weak supersolution to (1.2) in (0, R) if v €
Wha(rd=1 (0, R)) for all R' € (0, R) and we have

R
/ k012G — ofr® T dr > 0 (2.1)
0

for all non-negative ¢ € C§°(—R, R). For weak subsolutions the inequality (2.1) is
reversed. Furthermore, v € C|0, R) is a weak solution if it is both weak sub- and
supersolution.

Recall that our goal is to establish an equivalence between radial viscosity su-
persolutions of (1.1) and weak supersolutions of (1.2). For this reason the class of
test functions in Definition 2.2 needs to be C§°(—R, R) instead of C§°(0, R), see
the example below. We also point out that if d is an integer, then weak superso-
lutions in the sense of Definition 2.2 coincide with radial weak supersolutions to
Ayu > f(|x]), where A, is the usual g-Laplacian in d-dimensions, see Theorem 5.3.
Example 2.3. Let p > N, f =0, and define v : (0, R) — R by
N-—-1

= h =
v(r) r %  where « P
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Then v € Wh4(r?=1 (0, R)) and it satisfies (2.1) for all non-negative ¢ € C5°(0, R),
but u(z) := v(]z|) is not a viscosity supersolution to (1.1). To verify this, observe
first that v is in the correct Sobolev space. Indeed, the distributional derivative of
vis v'(r) = r~® and thus v’ € LY(r?!, (0, R)) since
—aq+d—1:—N_1q+ =1 =1) = AN > —1.
p—1 p—1 p—1

Moreover, for any non-negative ¢ € C3°(0, R), we have

(N=1)(g—1)

R na—=2r 1 d—1 R -1 S T R /
/ KT O dr:/ @D dT:/ ke dr = 0.
0 0 0

To see that the function u(x) = v(|z|) is not a viscosity supersolution to (1.1), set
¢(x) == (x; — 1)%. Then u — ¢ has a local minimum at 0 and D¢(0) # 0, but

— [De(0)]* A (0)

(p—2)
22

which means that u is not a supersolution.

= — 12172 (tr(2e1 ® e1) + (—2e1)' (261 @ e1)(—2e1)) < 0,

Lemma 2.4. We may extend the class of test functions in Definition 2.2 to ¢ €
Wha(rd=1 (0, R)) such that sptp C [0, R') for some R' € (0, R).

Proof. Take a cut-off function & € C§°(—R, R) such that £ = 1 in [0, R]. Take
@; € C*[0,R] such that ¢; — ¢ in Wh(r¢=1 (0, R)). Set ¢; := ;€. Then
¢; € C3°(—R, R) and hence
R na—=2 741 .d—1 d—1
0 §/0 [0 [Tl — fr®T dr
R na—=2_ 1 1 ¢ d—1 d—1 r na=2 /,.d—1
:/0 [ [TV QLT — foér dr+/0 || 0 i (2.2)

Since £ = 1 in spt ¢, we have ¢’§ = ¢’ and so

R
-2 _ _
| W veiett - fpgttar
R
—2 _ _
:/0 W (@ — @ )ertT — floy — p)ertT dr
= na=2 s 1.d—1 d—1
+/ [T T — fortT dr.
0
Combining this with (2.2), we get
R na=2,s 1.d—1 d—1 R 1q—1 d—1 d—1
[t = et tar > = [ & 1]l — ol erdr
R 1gq—1 /N .d—1
— [T el €17

The first integral at the right-hand side converges to zero by Holder’s inequality.
Moreover, since ¢’ = 0 in (0, R), we have

s — ¢’

R rg—1 1 .d—1 r rg—1 1 ,.d—1
[ W gl dr = [T gy - el el a0 O
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3. WEAK SOLUTIONS ARE VISCOSITY SOLUTIONS

We show that bounded weak supersolutions to (1.2) are radial viscosity super-
solutions to (1.1). In order to formulate the precise statement, we recall that the
lower semicontinuous reguralization of a function v : (0, R) — R is defined by

V4(1) :=essliminf v(s) := lim ess inf v(s)
s S—0 se(r—S,r+S)N(0,R)
for all r € [0, R]. Observe that since any function v € Wh4(r4=1 (0, R)) admits a
continuous representative, we have v = v, almost everywhere in (0, R) for such v.

Theorem 3.1. Assume that v is a bounded weak supersolution to (1.2) in (0, R).
Then u(z) := v.(|z]) is a viscosity supersolution to (1.1) in Bpg.

To prove Theorem 3.1, we use the following definition of viscosity supersolutions
introduced by Birindelli and Demengel [BD04]. Its advantage is that we may
restrict to test functions whose gradient does not vanish. It is shown in [AR18]
that Definitions 2.1 and 3.2 are equivalent.

Definition 3.2. A bounded and lower semicontinuous function v : Bp — R is a
viscosity supersolution to (1.1) if for any xy € Bg one of the following conditions
holds.

(i) The function w is not a constant in Bs(zg) for any § > 0, and whenever
¢ € C? touches u from below at x¢ with Dp(xg) # 0, we have

— Do) A (o) = f(|axol)- (3.1)

(ii) The function u is a constant in Bs(xg) for some ¢ > 0, and we have
f(z]) <0 for all z € Bs(xy).

Proof of Theorem 3.1. Let xqg € Bg. We first consider the case where u is a
constant in Bgs(xg) for some § > 0. In this case also v is a constant a.e. in
I := (0,R) N (|xo| — 9, |zo| + 9). This implies that v =0 a.e. in I and thus,
since v is a weak supersolution to (1.2), we have

/gpfrdil dr <0
I

for all non-negative ¢ € C§°(I). Since f is continuous, it follows that f < 0 in [
and consequently f(|z|) <0 in Bs(xg), as desired.

Assume then that u is not a constant near xy. Suppose on the contrary that the
condition (i) of Definition 3.2 fails at xq, that is, there exists ¢ € C? touching u
from below at xy with Dp(zg) # 0 and

F(lzol) > = |Dp(o) % A p(wo). (3.2)
We consider the case xg # 0 first and argue like in the proof of Proposition A.3
in [PV]. Let @ be an orthogonal matrix such that zo = roQe;, where ry := |zg|

and define 1(z) := ¢(Qz). Then ¥ touches u from below at rpe; and we have
Diy(z) = Q"Do(Qx) and D*)(x) = Q' D?*p(Qx)Q. From these and (3.2) it follows
that

f(T'()) > — ’DQ/J(T()Gl)‘q_Z Aé\[w(roel). (33)

Since 1) touches the radial function u from below at roe; # 0, we have D;)(rpe;) = 0
and D;;1)(roer) < %Dlz/)(rgel) for 1 < i < N (see Lemma 3.3 below). Thus by
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setting ¢(r) := 1 (re;), we obtain from (3.3)

f(ro) > — |Dl¢(7”o€1)|q_2 <D11¢(T0€1) + Z Ditp(roer) + (p — 2)D11¢(7"0€1))

=2

— 1D1¢(7”o€1>)

To

- |D1¢(7"0€1)|q_2 ((p — 1)Dutp(roer) +
= [ (0)[" ((a = 16" r0) + 6 r0)

where we used that k = % and d = % + 1. Since the above inequality is

strict, by continuity it remains true in some interval I € (0, R) containing 7. In
other words, for any r € I it holds that

P > = w1802 (0= 068" ) + T
=— (I ¢ )

Multiplying this by a non-negative function n € C§°(I) and integrating by parts
we find that

/ 161972 @lofrd=t — g frdLdr < 0. (3.4)
We set
o(r) = o(r) +1
where [ := min,epr(v.(r) — ¢(r)) > 0. Then ¢ still satisfies (3.4). Since ¢ < v, on
01, it follows from a comparison principle that ¢ < v, in I (see Lemma 3.5 below).
But this is a contradiction since ¢(rg) = v.(ro) and I > 0.
Consider then the case g = 0. Denote £ := Dp(0)/ |D¢(0)| and define a function
¢:[0,R) — R by
¢(r) == @(re).

Then for r > 0 we have

¢(r) =& Do(r§) and  ¢"(r) = &' D*p(rg)E.
Since & - Dp(0) = |Dg(0)] > 0, it follows by continuity that there are constants
M,§ > 0 such that
¢'(r)> M whenr € (0,9). (3.5)
Hence the quantity (d — 1)r=¢/(r) is large when 7 > 0 is small. Therefore, since

f and ¢” are bounded in (0, R") for any R’ < R, there exists § > 0 such that for
all r € (0,6) we have

d—1
r

Fr) 2= k1) (g = D" (r) +
= — k(16" ¢yt ) i,

In other words, for all r € (0, §) it holds that

—w(l6/ O — frt <o, (3.6)

¢(r))
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On the other hand, since ¢’ is bounded in (0,d) we have ¢ € Wt4(rd=1 (0,6)).
Moreover, for any non-negative ( € C§°(—9, d) we obtain using integration by parts

[)65 ‘(b/‘Q*Q ¢/<—/T,d71 _ Cfrdil dr
= ,llii%/hé/{ |¢/|q—2 ¢/C/Td_1 o Cf?"d_l dr
= lim (/}:S _,‘-{,( |¢’|q—2 QS/Td_l)/C . gf’rd_l dr — k |¢/(h>|q_2 d)/<h)hd_1€(h>) S 0’

where we used (3.6) and noticed that the last term converges to zero because
d—1>0and ¢’ > M > 0in (0,0). Thus ¢ is a weak subsolution to (1.2) in (0, d).
We set

o(r) = ¢(r) +1,
where [ := ¢(§) — v,(6) > 0. Then ¢ < v, in (0,0) by Theorem 3.4. Hence it fol-
lows from continuity of ¢ and definition of v, that ¢(0) < v,(0). But this is a
contradiction since ¢(0) = p(0) + 1 = v,(0) + 1 and [ > 0. O

We still need to prove the lemmas used in the previous proof: the comparison
theorems and the following fact about the derivatives of test functions.

Lemma 3.3. Let u : Bg — R be radial. Assume that o € C? touches u from below
atre; #0. Then for 1 <i < N we have

1
Dip(rer) =0 and Dyp(rer) < —Dip(req).
r
Proof. Since p € C?, we have

o(y) = p(rer) + (y —rer) - Dp(rer) + ;(y —re1) D*p(rer)(y —rer) + ol|y — re|?)

as y — rep. Letting y = re; + he;, where h > 0 and 1 < ¢ < N, the above implies
that

1
hD;p(rey) + §h2Diig0(rel) = p(re; + he;) — p(rer) + 0(|h|2) as h —0. (3.7

Let now

S(h) :=r —Vr?2— h?
so that the vector re; + he; — S(h)e; lies on the boundary of the ball B,.(0). Since u
is constant on 0B,.(0), the assumption that ¢ touches u from below at re; implies

p(rer) = u(re;) = u(re; + he; — S(h)er) > p(req + he; — S(h)ey).
Combining this with (3.7) we obtain

1
hD;p(rer) + ihQDiigo(rel) < p(re; + he;) — p(re; + he; — S(h)ey) + 0(|h]2). (3.8)
Since ¢ € C?, there is M > 0 such that for all a,z € B;(re;) we have the estimate
p(a) —p(2) < —(z—a) - Do(a) + M |z —af”.
Setting a = re; + he; and z = re; + he; — S(h)ey, the above and (3.8) lead to

S(h) 1S()|* o(|h[*)
2 o e

Dip(re; + he;)) + M

1 1
EDigo(rel) + iDiigo(rel) <
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Observe that S(h) — 5. as h — 0, so the left hand side of the above inequality tends

TDlgp(rel) Thus we must have D;p(re;) < 0. On the other hand, repeating
the previous arguments, but instead selecting y = re; — he; at the beginning, we
can deduce the estimate

1 1 h SR> o(|h)?

thw(rel) + 2Du<p(rel) h2>D1<p(T€1 he;) + M| 22)’ + (’hz’ ),
from which it follows that D;p(re;) > 0. Thus D;p(re;) = 0 and we may let h — 0
to obtain that Dy (re;) < %chp(rel). O

Theorem 3.4 (Comparison principle). Let w and v respectively be bounded weak
sub- and supersolutions to (1.2) in (0, R). Assume that we have

lim sup w(r) < 117n1_>%1f v(r)

r—R

Then w < wv a.e. in (0, R).

Proof. Let € > 0. Then there is 0 < R’ < R such that w —v —e¢ < 0 in (R, R).
We set

¢ = max(w —v —¢&,0).
By Lemma A.4 we have o € Wh4(r?=1 (0, R)) with

, Juw' =, ae in {w>v+e},
[ 0, a.e. in (0, R) \ {w >v+e}.

By Lemma 2.4 we may use ¢ as a test function in (2.1) for w and v. This yields
the inequalities

R
/ kWP 7w (W' — o) dr < / ofritdr,
{w>v+e} 0

R
/ k)2 (W — )t dr > / ofrttar
{w>v+e} 0
Subtracting the second inequality from the first we get

/ k(Jw!|" 2w — 07720 (' — o )rd T dr <0,
{w>v+e}

Since (|a|” % a — [b]Y*b) (a — b) > 0 for all a,b € R, it follows that w’ — v/ =0 in
{w > v +¢€}. Hence ¢’ =0 a.e. in (0, R). This implies that also ¢ = 0 a.e. in (0, R)
since we have ¢ € W,2(0, R) and ¢ = 0 in (R’, R). Consequently w < v — ¢ a.e.
in (0, R) and letting ¢ — 0 finishes the proof. O

Lemma 3.5. Let v be a bounded weak supersolution to (1.2) in (0,R). Let I €
(0, R) be an interval and suppose that ¢ € C*(I) satisfies

/|¢I”¢’ T = pfrtThdr <0 (3.9)
for all ¢ € C§°(I). Assume also that for all o € O we have
lim sup ¢(r) < liTn_1>iTnfv(7").

r—T0

Then ¢ <wv a.e. in I.
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Proof. Since v € Wh(r?=! (0, R)) we have v; € W4(I) with (v;) = v/ in I.
Moreover, we have

R
| 1@ 12t = ot ar > 0 (3.10)
for all p € C§°(I). For € > 0, we set

o= (6 — v — ).
Then ¢ € W14(I) and spt ¢ € I. Thus we may after approximation use  as a test

function in (3.9) and (3.10). It then follows similarly as in the proof of Theorem
3.4 that ¢ =0 a.e. in [ and letting ¢ — 0 finishes the proof. O

4. VISCOSITY SOLUTIONS ARE WEAK SOLUTIONS

We show that bounded radial viscosity supersolutions to (1.1) are weak super-
solutions to (1.2). More precisely, we prove the following theorem.

Theorem 4.1. Let u be a bounded radial viscosity supersolution to (1.1) in Bg.
Then v(r) := u(rey) is a weak supersolution to (1.2) in (0, R).

As a corollary of Theorem 4.1, we obtain the uniqueness of radial viscosity solu-
tions to (1.1). We also have the following comparison result for radial super- and
subsolutions. However, the full uniqueness and comparison principle still remain
open as far as we know.

Lemma 4.2. Let h,u € C(Bg) be bounded radial viscosity sub- and supersolutions
to (1.1) in Bg, respectively. Assume that for all xo € 0Bg it holds

limsup h(z) < liminf u(x).
T—xo T—xQ

Then h < u in Bpg.

Proof. By Theorem 4.1, the functions w(r) := h(re;) and v(r) := u(re;) are weak
sub- and supersolutions to (1.2) in (0, R), respectively. Hence by Theorem 3.4 we
have w < wv a.e. in (0, R). It follows from continuity that h < w in Bg. O

Corollary 4.3. Let u,h € C(Bg) be radial viscosity solutions to (1.1) in Br such
that w = h on OBgr. Then u = h.

One way to prove that viscosity solutions are weak solutions is by using a com-
parison principle [JLMO01]. As mentioned however, full comparison principle for the
equation (1.1) is open and Lemma 4.2 is not a priori available. Therefore we use
the method developed by Julin and Juutinen [JJ12]. The idea is to approximate a
viscosity supersolution u by its inf-convolution

us(x) ;= inf {u(y) + = — y|‘f} ,

yEBR Get—1

where € > 0 and ¢ > 2 is a fixed constant so large that ¢ —2+(§—2)/(¢—1) > 0.
Then u, — u pointwise in Br and it is standard to show that w. is a viscosity
supersolution to

— |Du.|"? ANu. > fo(|z|) in Bg, (4.1)
where fo(r) := infj,_y<,) f(s), Re := R — p(e) and p(e) — 0 as ¢ — 0. Moreover,
u, is semi-concave by definition and thus twice differentiable almost everywhere by
Alexandrov’s theorem (see e.g. [EG15, p273]). Hence u. satisfies the equation (4.1)
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pointwise almost everywhere. Since wu,. is still radial, we can perform a radial trans-
formation on (4.1) to obtain after mollification arguments that v.(r) := u.(re;) is a
weak supersolution to —/@Agvs = f.in (0, R.). Caccioppoli’s estimate then implies
that v. converges to v in the weighted Sobolev space up to a subsequence and we
obtain that v, is a weak supersolution.

Before beginning the proof of Theorem 4.1, we collect some well known properties
of inf-convolution in the following lemma (see e.g. [CIL92, Kat15h, JJ12]).

Lemma 4.4. Assume that v : Brp — R is bounded and lower semicontinuous.
Then the inf-convolution u. has the following properties.

(i) We have u. < u and u. — u pointwise in Br as e — 0.
(ii) There exists p(¢) > 0 such that

us(x) = inf {u(y) + q;—l = y|é}

yEBp(g)(Z)ﬂBR
1
and p(e) = 0 as e — 0. In fact we can choose p(e) = (qe‘j_loSCBR u) ‘.
(iii) Denote R. := R—p(e). Then u. is semi-concave in Br_. Moreover, for any
x € Bp,_ there is x. € By)(x) such that u.(v) = u(z.) + qeé%l |z — . |?.
(iv) If ue is twice differentiable at x € Bg_, then

r— . |T?

Du(w) =(o — )12 (42)
D? cg_ple=zl,
U5<$) —(q - ) cd—1 :

Remark. Observe that if u is radial, then so is u.. Moreover, if we set v(r) := u.(re;)
and assume that v is twice differentiable at r € (0, R.), then by (iv) of Lemma 4.4
we have

/ o |7~_r€|q_2 43
o) =t —r) (43)
" qA_l / q=2

or(r) = ), (44)

where r. € (r — p(e),r + p(€)).

Lemma 4.5. Assume that u is a bounded viscosity supersolution to (1.1) in Bg.
Then u. is a viscosity supersolution to (4.1) in Bg..

Proof. Suppose that ¢ € C? touches u. from below at x € Bg_ and that Do(y) # 0
when y # z. Let z. be as in (iii) of Lemma 4.4. Then

Plo) =uela) = u(w) + i lo =’ (45)

ly— 2|7 forall y,z € Bg. (4.6)

o(y) <uc(y) <u(z)+ Gei-1

Set
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It follows from (4.5) and (4.6) that 1 touches u from below at z.. Therefore, since
u is a viscosity supersolution to (1.1), we have

0 <limsup (— [Du(2)|* > AYw(2)) — f(lz])

THZ—Te

<limsup (— | Do) A)e(y)) — fo(l]),

TAY—T
where we used that |z — z.| < p(e) and f.(r) = inf;,_s<,() f(s). Consequently u,.
is a viscosity supersolution to (4.1). O

Next we combine the previous lemma with the radial transformation of (4.1).

Lemma 4.6. Assume that u is a bounded radial viscosity supersolution to (1.1) in
Bgr. Set v.(r) := u.(re1) and assume that v. is twice differentiable at r € (0, R.).
Then, if ¢ > 2 or vL(r) # 0, we have

k07 (g = D) + L) - L) 2 0. (4.7)

Moreover, if 1 < ¢ < 2 with v.(r) = 0, then we have f.(r) <O0.

-1

Proof. Consider first the case ¢ > 2 or v.(r) # 0. Since . is twice differentiable at
req, it follows from the definition of viscosity supersolutions that

— ]Dus(rel)]q_2 (Auc(rer) + (p — 2)Aé\éu€(7“el)) — fe(r) >0, (4.8)
where
N
ANu, = |Du€\_2 Z D;;ju.D;u.Dju.. (4.9)
ig=1

Moreover, we have
1
Du.(re;) = evl(r) and D?u(re;) =e; ® el (r) + 7(1 —e1 ® el)v;(r).
r

It is now straightforward to compute that

N -1
Aug(re;) = trD*u.(re;) = v (r) + vl (r)
r

and using (4.9)

ANu.(rey) =" (r).
Combining these with (4.8) and recalling that d — 1 = (N — 1)(¢ — 1)/(p — 1),
k= (p—1)/(q—1), we obtain (4.7).

Consider then the case 1 < ¢ < 2 and v.(r) = 0. Denote x := re;. Then
Du(z) = 0 and so by (4.2) we have z. = x. Therefore by the definition of inf-
convolution R

u(y) + [z —_ ol > u.(x) =u(x) forall y € Bg.
geirt ="
Rearranging the terms, we find that

o(y) = u(x) — [z — I’ <u(y) forallyeB

In other words, the function ¢ touches u from below at x. Since u is a viscosity
supersolution and D¢(y) # 0 when y # x, it follows that

limsup (| De(y)|" > AN é(y) — F(|yl)) > 0.

Y TY£T
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This implies that —f(|z|) = —f(r) > 0 since |Dg(y)|" ANo(y) = 0asy — .
Indeed, we have

D) |AYH()| <Cla,d.2) Iy — 2|25 (N + |p — 2| D26 (y) |
SC(% qu D, N, 5) |y — m’(q—Q)(é—l).Hj_z ’

where (¢ —2)(¢ — 1) + ¢ — 2 > 0 by definition of §. O

Next we show that the inf-convolution is a weak supersolution to —/{AZUE = f.
in (0, R.). We consider the case ¢ > 2 first.

Lemma 4.7. Let ¢ > 2. Assume that u is a bounded radial viscosity supersolution
to (1.1) in Bg. Then the function v.(r) = u.(re;) is a weak supersolution to
—kAu = f.in (0, R.).

Proof. Since u, is semi-concave in Bp_, it is also locally Lipschitz continuous there
[EG15, p267]. Consequently we have v. € WhH4(r?=1 (0, R')) for all R’ € (0, R.) by
Lemma A.2. Observe then that since ¢(z) == u.(z) — C(4,&,u)|z|* is concave in
Bpg., it is twice differentiable almost everywhere by Alexandrov’s theorem. More-
over, the proof of Alexandrov’s theorem in [EG15, p273] establishes that we can
approximate ¢ by smooth concave radial functions ¢; with the standard mollifica-
tion. Therefore, by setting u. j(x) := ¢;(z)+C(q, ¢, u) \:U]Z, the following pointwise
limits hold almost everywhere in Bp_

Ugj — Ue, Duej — Du. and D2u€,j — D%u..

Thus, since wu. is radial, setting v ;(r) := u. ;(re;) we have

/ !/
Vej —> Vey Ui —> U

iz "
i . and ;= v

almost everywhere in (0, R.). Since v ; is smooth and ¢ > 2, a direct calculation
yields for r € (0, R.)

€,J €,J

d—1

! —2 " ! d—1 __ / -2, 1 d—1\/
—k|v ;|7 ((q -1l + v )7" = — "(Jvl [Tl ) (4.10)
Fix a non-negative ¢ € C§°(—R., R.). Then, integrating by parts we find for A > 0

R_ ro1g—2,/1 ,.d—1 "d
b 30/{/(|ve,j‘ Ue,jr ) r
R
= [ AR dr ()l ()[Rl (A

Combining this with (4.10), letting h — 0 and subtracting f,* ¢ f.r*~ dr from both
sides, we obtain

R ro1g—2 " d—1 / d—1 d—1
| = el 12 (g = vty + =l e = e

R
- /0 n|v;,j]q’zv;7j<p’rd*1 — pfrildr.

: N : : . )
Since v, ; is Lipschitz continuous, we have M := sup; |[v_ ;||re(spty) < 00. Thus

we may let 7 — oo in the above inequality and apply the dominated convergence
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theorem at the right hand side to obtain
d—1,

Ve j

R
lim inf —/ig0|véj|q_2<(q — 1)+
O 9.

Jj—00 €J

)rd_l — ofortldr

R
fE/ ROl T — o fr® . (4.11)
0

It now suffices to show that the left-hand side is non-negative to finish the proof.
Observe that v/ ; < C(q,¢,u) since ¢; is concave. Thus

d—1 d—1
-2 -2 A
e (g = Doy + = —oly) 2 = MO (Cg, e u) + M),

€,J
Since d — 2 > —1, it follows from the above inequality that the integral at the left
hand side of (4.11) has an integrable lower bound. Hence by Fatou’s lemma

d—1,

Ve j

R
. . B 1 1q—2 . " d—1 d—1
11jrg£f/0 Kol | ((q v, + )7“ @fer® dr

R _ /1qg—2 _ " d—1 1\,.d—1 _ d—1
= relol | ((q = Dol + o)t — pfer®tdr > 0,
0 r
where the last inequality follows from Lemma 4.6. O

Next we consider the case 1 < ¢ < 2. We need an additional regularization
step because of the singularity of ]Du|‘r2 Aév u at the points where the gradient
vanishes.

Lemma 4.8. Let 1 < q < 2. Assume that u is a bounded radial viscosity superso-
lution to (1.1) in Bg. Then the function v.(r) := u.(rey) is a weak supersolution
to —kA%u > f.in (0, R:).

Proof. (Step 1) We define the smooth semi-concave functions v, ; exactly as in
the proof of Lemma 4.7. Then again

/ !/ 1 1/
Vej = Ve, Vg j = U and (A

almost everywhere in (0, R.). Let 6 > 0. We regularize the radial transformation
of equation (1.1) by considering the following term
/|2

L 2 % |U " d—1 /
Gs(v) = —r([V]? +6) ((1+(q—2)|vl|2+5)v + v).

Since v, ; is smooth, a direct calculation yields for r € (0, R.)
Ga(ve)r®t = = (ol 42+ 0) T oL o 1) . (4.12)
Fix a non-negative ¢ € C5°(—R., R.). Then, integrating by parts we have for A > 0
R e N
/h —mp((|v;,j|2 +9)z véﬁjrd 1) dr
R =2 _ a=2 _
::A Rl * +6) = oL e dr 4+ p(h)R(JuL ;(h)]* 4 8) = vl ;(h)RT.

Combining this with (4.12), letting h — 0 and subtracting f,* ¢ f.r*~! dr from both
sides we obtain

R R B
/O PGs(ve;)rt™ — o for®dr = /O Kol 2 + 8) T oL ort ™t — pfr® dr.
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This implies that

R
lim inf ©Gs(ve ;)T =t lar

j=o0 Jo
R _

< lim [ (Pl + 6)%v;j<p’rd_1 —@frttdr, (4.13)
0 : :

j—00

We intend to apply Fatou’s lemma at the left-hand side and the dominated con-
vergence theorem at the right-hand side. Since v, is Lipschitz continuous, we have
M = sup; || || Loo(spty) < 00, Which justifies the use of the dominated convergence
theorem. Observe then that v ; < C(g,¢,u) by semi-concavity. Hence

ro2 a2 |U<€,j|2 " d—1 /
Gis(ve) == w2+ 0% ((1+ (g = 2 =)ol + =~
€,]
=2 ~ d—1
> —r02 (Clg: 4,8, u) + ——M).

Since d — 2 > —1, it follows from the above estimate that the integrand at the
left-hand side of (4.13) has an integrable lower bound independent of j. Thus

R
/ ¢ (Gs(ve) — fo)ritdr </ (JoL)? + 6)"= v;go'rd Y pfr®™tdr.  (4.14)
0
(Step 2) We let 0 — 0 in the auxiliary inequality (4.14) and obtain

R
lim inf gp(G(;(vs) — f)r*tar
0

6—0

< hn(l) (\vl +0)% vgcp’rd L pfr®tdr

= [ Rl gt~ ofrt . (4.15)

where the use of the dominated convergence theorem was justified since v, is Lip-
schitz continuous. It now suffices to show that the left-hand side of (4.15) is
non-negative to finish the proof. By (4.4) we have

A

-1 4=2
o< L7y (4.16)
£

almost everywhere in (0, R.). Hence, when v. # 0, it holds that

— 112 % |/| " Evl
Gs(o:) = =w(letl” +8) % ((1+ (g - e ) /)

~1
cAy

[l 77,

-2 d
>~ [0l (Clg,4.2) oL+ +

d—1
= —R(C(Q7Q\7 €)| |q 2+q 1 + —

where ¢ — 2 + g%? > 0 by definition of §. Moreover, when v. = 0, we have
Gs(ve) > 0 directly by (4.16). Since v, is Lipschitz continuous in the support of
@, these estimates imply that the integrand at the left-hand side of (4.15) has an
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integrable lower bound independent of §. Thus by Fatou’s lemma

R
liminf [ ¢ (Gs(v.) — fo)r*dr
0

6—0

R
2/ lim inf ¢ (Gs(v.) — f.)r* ' dr
0 6—0

_ d—1
= go( — k|0l ((q — 1! + . v;) - f€>7"d1 dr

 Jzoy
" {v.=0} h%l_glf‘p(—fﬂ;%v;’ - fg)rd‘l dr
=:A; + As. (4.17)

It follows directly from Lemma 4.6 that A; > 0. Moreover, if r € {v. = 0}, then
Lemma 4.6 implies that f.(r) < 0 and inequality (4.16) reads as v”(r) < 0. Hence
also Ay > 0. Combining (4.15) and (4.17) we have thus established the desired
inequality. U

We use the following Caccioppoli’s estimate to show that the sequence v, is
bounded in the weighted Sobolev space.

Lemma 4.9 (Caccioppoli’s estimate). Let v be a bounded weak supersolution to
(1.2) in (0, R). Suppose moreover that v is Lipschitz continuous in (0, R') for any
R' € (0, R). Then for any non-negative £ € C§°(—R, R) we have

R R
/ |o'|7 €901 dr < C/ (11" + €7 £1) v,
0 0

where C' = C(k,q, M) and M = HUHLoo((o,R)mspts)'

Proof. Since ¢ € C§°(—R, R), we can use ¢ = (M — v)&? as a test function by
Lemma 2.4. This yields

0< [ RIVITH(—0E (M = o)ggler )t — (M — )t
Rearranging the terms and using that (M — v) < 2M, we obtain
/OR k| T €T dr < 2M /ORq W7 e g | f] 4 dre (4.18)
By Young’s inequality, we have for any ¢ > 0
g0 €€ < e et 4 Ol ) JE

Applying this to (4.18), taking small enough ¢ > 0 and absorbing the term with
v" to the left-hand side, we obtain the desired estimate. Absorbing the term is
justified as it is finite by the Lipschitz continuity of v. O

It now remains to use the Caccioppoli’s estimate to obtain a subsequence of v,
that converges to v in the weighted Sobolev space. Then we can pass to the limit
to see that v is a weak supersolution to (1.2) in (0, R).

Proof of Theorem 4.1. Set v.(r) := u.(re;) and let 0 < R” < R. We start by
showing that v. — v in W4(r4=1 (0, R”)). By assuming that e is small enough,
we find R’ such that

R'< R <R. <R.
Since by Lemmas 4.7 and 4.8 the function v, is a weak supersolution to —/{Agvs >
f- in (0,R.), Lemma 4.9 implies that v/ is bounded in L4(r?~1 (0, R’)). Thus by
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Lemma A.3 we have v € Wh4(r¢=1 (0, R')) and v’ — v’ weakly in L(r¢=1 (0, R'))
up to a subsequence. We set

¥ = (U - v5)§q7
where ¢ € C§°(—R', R') is a non-negative cut-off function such that £ = 1in (0, R”).
Using ¢ as a test function in the weak formulation of —HAgva > f. we obtain

/

0= /OR R|U;‘qi2vé(<vl — V)& +q€'¢T (v — vg))rdfl — (v — v )Erfr

Rearranging the terms and adding ¥ «[v/|9720/ (v — 0/)€9% 1 dr to both sides of
the inequality, we get

!
| R 1720 = ) @ = g ar
R/

< [ walr o = ellger e ar
0
r . q dfld
+ ; v — v | €T | fe| r

R/
+ / K|V |92 (v — o) €t dr
0
=: Ay + Ay + As.

Since v/ is bounded in L(r®=!, (0, R')), v. — v in LY(r% (0, R)) and f € L*, it
follows from Holder’s inequality that A;, A» — 0 as ¢ — 0. Moreover, since v, — v’
weakly in L9(r?=1 (0, R')), also A3 converges to zero. We conclude that v, —
v’ strongly in L4(r?1, (0, R")) by applying Hélder’s inequality and the following
inequality (see [Linl7, p95-96])

2 2 2\ 4=2
(|a|q_2a—’b‘q_2b)(a—b)2{(q Dfa—=b"(1+a]”+10]") =, 1<q¢<2,

2274 |q — b|?, q>2.

Recall then that since v. is a weak supersolution to —HAgve > f.in (0, R.), any
p € C°(—R", R") satisfies

/ K|Vl |1 20l r T — pfor®tdr > 0.
0

Since v/ — v’ strongly in L4(r?~%, (0, R")), we may let € — 0 in the above inequality.
Since R” < R was arbitrary, the proof is finished. O

5. THE CASE OF INTEGER d

We show that if d is an integer, then weak supersolutions to (1.2) coincide with
radial weak supersolutions to —A,u > f(|z|), where A, is the usual g-Laplacian in
d-dimensions. We begin by recalling the definition of weak supersolutions to the
latter equation.

Definition 5.1. Let d be an integer and let Br C R? be a ball centered at the
origin. A function u € W;5%(Bg) is a weak supersolution to —A,u > f(|z|) in Bg

if

C

/B |Dul"™* Du - D — @f(|z]) dz > 0
R

for all non-negative ¢ € C5°(Bg).
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We will use the following lemma which states that the weighted Sobolev space
Wha(rd=1 (0, R)) can be identified with the space of radial Sobolev functions
in d-dimensions. Similar results hold also for higher-order Sobolev spaces, see
[dFdSM11].

Lemma 5.2. Let d be an integer. Assume that u: Br — R is radial, i.e. u(x) =
v(|x]) for all x € Bg. Then u € WY9(Bg) if and only if v € Wh4(rd=1 (0, R)).
Moreover, we have

Du(z) = é‘v’(\x]) for a.e. x € Bp. (5.1)

Proof. Suppose first that v € Wh4(r4=1 (0, R)). By Lemma A.1 there is a sequence
v, € C*[0, R] such that v, — v in Wh(r?=1 (0, R)). Setting u,(x) := v,(|]z|) we
have u,, € W19(Bg) by Lipschitz continuity and

Duy(z) = ﬁlv;(|x|) for all z € By \ {0} . (5.2)
x
We obtain using the formula (9) in [SS05, p280]

R
/ |up, — ul|? de = / / Jun (r2) — w(rz)|"r?=" dr do(z)
Br 0B1 J0
R
= [ [ oallrzl) = o(lrzD) | v dr do(2)
B, Jo
R
= 0(0By) [ fon(r) = v(r)]* 1" dr,
0
where o is the spherical measure. Similarly, but now also using (5.2), we compute

x ! / !/
S AP = )| o = [ o (lel) = o (I da
Br Br

]

—0(0B)) /0 o) = o ()T

Since v, — v in Wh4(rd=1 (0, R)), it follows from the last two displays that u €
W14(Bg) and that (5.1) holds.

Suppose then that u € W'9(Bpg). Since u is radial, there exists a sequence of
radial functions u,(x) = v,(|z|) such that u, € C*(Bg) and u,, — u in W4(Bg).
Now we have

a(aBl)/OR (o () — ()| 79 dr = /831 /OR lon(|r2]) — o(jr2])|[ %L dr do(2)

= | fun(z) —u(@)]" d,
Br
which means that v,, — v in L9(r?=1 (0, R)). Observe then that for all m,n € N
we have

o(0B:) [ 1) = () e = [ e fol) = v (e[ do

x T
— - Du,(z) — — - Duy,(x)| dx
] ]

Br

< |Duy,(z) — Duyy(x)|? da.
Br
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In other words, v, is Cauchy in Wh4(r4=1 (0, R)) and thus converges to some
function. This function has to be v since v, — v in LI(r¢"! (0, R)). Hence we
have established that v € W'4(r¢=1 (0, R)). The formula (5.1) now follows from
the first part of the proof. O

Theorem 5.3. Let d be an integer. Then v is a radial weak supersolution to
(1.2) in (0, R) if and only if the function u(x) := v(|z|) is a weak supersolution to
—Ayu= f(]z|) in Bgp C RY.

Proof. Suppose first that v is a weak supersolution to (1.2) in (0, R). By Lemma 5.2
we have at least u € W,2(Bg). Let ¢ € C5°(Bg) be a non-negative test function.
Then by [SS05, p280] and (5.1) we have

[, 1Dul" Du- Do = o (Ja]) d
= /aBl /R |Du(7"z)|q_2 Du(T’Z) . DSO(TZ)T‘dfl o (p(TZ)f(’T‘ZDTdil dr da(z)

_/631/ q 2 / )z D(p(rz) _90<7’Z)f<7“)7“d_1 deO’(Z) >0,

where the last inequality follows from the assumption that v is a weak supersolution
to (1.2) and that ¢(r) := ¢(rz), z € 0By, is an admissible test function in Definition
2.2. Thus u is a weak supersolution to —A,u > f(|z|) in Bkg.

Suppose then that u is a radial weak supersolution to —A,u > f(|z|) in Bg. By
Lemma 5.2 we have v € Wh4(r@=1 (0, R")) for all R’ € (0, R). Let ¢ € C°(—R, R)
be a non-negative test function and set ¢(x):= ¢(|z]). Then ¢ is a Lipschitz
continuous function that is compactly supported in Br and therefore an admissible
test function in Definition 5.1. Using formula (5.1) we obtain

0> [ 1Dul'™ Du- Do~ g ([a) da
-/ v’<|x\>|§, g lel) = ol ()
= [ W (aDI" /() (fal) = 6(1al) (o)
(0B [ [0 ()6 () = o) f e

which means that v is a weak supersolution to (1.2) in (0, R). O

z
|z]

Combining Theorems 3.1, 4.1 and 5.3 we get the following corollary.

Corollary 5.4. Let d be an integer. Then u(zx) := v.(|x|) is a bounded viscosity
supersolution to (1.1) in Bgr C RY if and only if w(zx) := v(|z|) is a bounded weak
supersolution to —A,w = f(|z|) in Br C R™.

Remark 5.5. Let us conclude this section with a brief remark on the special case
where (1.1) is simply the homogeneous p-Laplace equation (¢ = p and f = 0). Re-
call that p-superharmonic functions are defined as lower semicontinuous functions

that satisfy a comparison principle with respect to the solutions of the p-Laplace
equation [Lin86]. In particular, the so called fundamental solution

p—N
_ el p#EN
log(|z]), p=N,
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is p-superharmonic. It is possible to show that if u(z) := v(|z|) is a radial p-
superharmonic function, then v satisfies a comparison principle with respect to
weak solutions of (1.2). The converse is also true. If v : [0,R) — (—o0,00],
v # 00, is a lower semicontinuous function that satisfies a comparison principle
with respect to weak solutions of (1.2), then w is p-superharmonic. However, for
expository reasons we have decided to not discuss this further here.

APPENDIX A. SOME PROPERTIES OF THE WEIGHTED SOBOLEV SPACE

In this section we collect some basic facts about the weighted Sobolev space
Wha(rd=1 (0, R)), where d > 1. In particular, we have the following theorem from
[Kuf85] about the density of smooth functions.

Theorem A.1. The set
COO[O, R] = {'U\(O,R) RS COO(R)}
is dense in WH4(r¢=1 (0, R)).

Proof. Let v € WHi(r?=1 (0, R)). Take 61,0, € C*(R) such that 0 < 6; < 1,
0y + 02 =1 in [0, R] and spt6; C (—oo, R'), sptfy C (R",00) for some 0 < R” <
R' < R. Then we have

v =610+ Oyv.

Since v vanishes near zero, we have fyv € W19(0, R). Hence by [Brell, Theo-
rem 8.2] there exists a sequence of functions in C*°[0, R] that converges to fyv in
Wh4(0, R) and thus also in Wh4(r?=1 (0, R)). Consequently it remains to approx-
imate the function

w = 0yv.
For A > 0, we define the function w) : (=, R) — R by setting
wy(r) == w(r + ).

We show that wy — w in Wh4(r?=1 (0, R)) as A — 0. We start with the estimate

R
/ lwh — |7t dr
0

B R’,@_, )\@ , /\@—’@qd
_O wy\r 4 w)\-(T—}— )‘1 —I—w,\-(r—k )q qu’ r
R —1 —1 R —1 -1
< 2q—1(/ w7 T — (7"+)\)dT|er+/ wh - (r+ AT —w'rT |1 dr)
0 0
=271 + Iy). (A.1)

To see that I; — 0 as A — 0, fix ¢ > 0. Since w’ € L(r%™1 (0, R)), we can take
positive § = 0(g) < 1 such that

2
/ || rdtdr < e. (A.2)
0
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Then for all 0 < A < § we have

R <o
I 2/ [w'(r + N)|* (r + N4 — Tid_l dr
0 (7" + )\)T
0 R % q
< [T+ NI N [ I ) - | dr
0 8 (r+AX)
d—1
PEDY R+ — N7 |
:/ ' ()|t dr +/ ' (r) |71 — r=X< dfz dr
A O+ r a4
B N 1 (r— )‘)% !
<et [ )= 2 ar, (A.3)
5 T

where in the last estimate we used (A.2). Since the term
d—1
(r—2A)a
’1 I =

roa
is bounded by 1 and converges to zero as A — 0 for all » > 4, it follows from
Lebesgue’s dominated convergence theorem that for small enough A = A\(¢) < § we

have

q

q

dr < e. (A4)

d—1
R+1 -\
[ e T
§ r oa

It follows from (A.3) and (A.4) that I; — 0 as A — 0. Observe then that

d—1
q

b= [ W NN w3 = [T+ ) - g(ltdr, (A5)

where g(r) = w’(r)r%. Since w’ € L4(r?~* (0, R)), we have g € L(0, R). Thus g
is g-mean continuous by [PKJF12, Theorem 3.3.3]. This means that the integral at
the right-hand side of (A.5) converges to zero as A — 0 and so also Iy — 0. It now
follows from (A.1) that w} — w’ in L9(r?~1, (0, R)) and the convergence wy — w
is seen in the same way. Consequently, for any € > 0 we may take \. > 0 such that

sz\s - wHWLq(?"d*l,(O,R)) < eE. <A6)

Observe now that wy, € Wh4(—pu, R) for some p € (0, \.). Hence there is a function
Y € C®°[—p, R] such that

lwx. = Yllwrapr) <€ (A.7)
Using (A.6) and (A.7) we obtain

Jw— w”wlyq(rdfl,(o,m) < Jlwx. — Q/JHWLq(rdfl,(o,R)) + [wa. — w”wlaq(rdfl,(o,R))

R 1/
([ hwoa =l o ar)

., (R
<R[ s, =l 4 i, = @'rdr) " 4o
d—1
<R« Hw)\s - 1/)HW1,q(_%R) +e
<«(RT + 1).
Thus w can be approximated by functions in C*°[0, R] and the proof is finished. [
Lemma A.2. The usual Sobolev space W4(0, R) is contained in W4(r?=1 (0, R)).
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Proof. If v € W14(0, R), then v has a distributional derivative v’. The claim then
follows from the inclusion L4(0, R) C L4(r¢~1, (0, R)) which holds since

R R
/ lo|?rtdr < / lv|? R dr. O
0 0

Lemma A.3. Let v, € Wh4(rd=1 (0, R)) be a sequence such that
v, — v weakly in LY(r?7', (0, R))
and v!, is bounded in Li(r®=' (0, R)). Then v € W14(r¢=1 (0, R)) and
v, — v weakly in LI(r**, (0, R))
up to a subsequence.
Proof. Since v/, is bounded in L4(r?~% (0, R)), there is g € L4(r?"%, (0, R)) such

that v/, — gin Li(r?~1, (0, R)) weakly up to a subsequence (see e.g. [Yos80, p126]).
Let ¢ € C5°(0, R). Then

R d_ R 2 d—ld_l- R/SO d—ld
OggO T’—Ogird T T = 1m v, —T r

—1 n—oo Jo o Mpd—1
R

= lim v odr
n—oo Jq n®

R
= lim — v dr
n—oo 0 nSD

R
= —/ vy’ dr.
0

Hence g € L(r?~1, (0, R)) is the distributional derivative of v, as desired. O

Lemma A.4. Ifv € WH(r¢=1 (0, R)), then v, = max(v,0) € WbH4(r¢=1 (0, R))
with
(0,) = {U’ a.e. in {re€ (0,R):v >0},
* 0 ae in {re(0,R):v<0}.

Proof. Let ¢ € C§°(0, R) with spt C I, where I € (0, R) is an interval. Since

the restriction v); is in the standard Sobolev space W'4(I), we have also (v)4 €
Wh4(I) and

, _Jv aein {rel:v>0},

(r)+)' = {O ae.in {rel:v<0}.

Therefore

R R
| vedr = [wose dr = = [(@nyedr = [“Ypr.
Since clearly (vy)" € Li(r?=1, (0, R)), it follows that v € Wh4(r?=1 (0, R)). O
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