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Abstract

We study reconstruction of an unknown function from its d-plane Radon transform
on the flat torus T" = R"/Z" when 1 < d < n — 1. We prove new reconstruction
formulas and stability results with respect to weighted Bessel potential norms. We
solve the associated Tikhonov minimization problem on H* Sobolev spaces using the
properties of the adjoint and normal operators. One of the inversion formulas implies
that a compactly supported distribution on the plane with zero average is a weighted
sum of its X-ray data.

Keywords Radon transform - Fourier analysis - Periodic distributions -
Regularization
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1 Introduction

We study reconstruction of an unknown function from its d-plane Radon transform
on the flat torus T" = R"/Z" when 1 < d < n — 1. The d-plane Radon transform of
a function f on T" encodes the integrals of f over all periodic d-planes. The usual
d-plane Radon transform of compactly supported objects on R” can be reduced into
the periodic d-plane Radon transform, but not vice versa. This was demonstrated for
the geodesic X-ray transform in the recent work of Ilmavirta et al. [11]. As general
references on the Radon transforms, we point to [5,6,14,15].

Reconstruction formulas for integrable functions and a family of regularization
strategies considered in this article were derived in [11] for the geodesic X-ray trans-
form (d = 1) on T2. We extend these methods to the d-plane Radon transforms of

Communicated by Eric Todd Quinto.

BJ Jesse Railo
jesse.t.railo@jyu.fi

Department of Mathematics and Statistics, University of Jyviskyld, P.O.Box 35 (MaD),
40014 Jyviskyld, Finland

Published online: 24 July 2020 Birkhéuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00041-020-09775-1&domain=pdf

64  Page2of 27 Journal of Fourier Analysis and Applications (2020) 26:64

higher dimensions, study new types of reconstruction formulas for distributions, and
prove new stability estimates on the Bessel potential spaces. This article considers only
the mathematical theory of Radon transforms on T”, whereas numerical algorithms
(Torus CT) were implemented in [11,13].

Injectivity, a reconstruction method and certain stability estimates of the d-plane
Radon transform on T" were proved for distributions by Ilmavirta in [7]. Our recon-
struction formulas and stability estimates in this article are different than the ones in
[7]. The first injectivity result for the geodesic X-ray transform on T? was obtained
by Strichartz in [19], and generalized to T" by Abouelaz and Rouviére in [2] if the
Fourier transform is £! (Z"). Abouelaz proved uniqueness under the same assumption
for the d-plane Radon transform in [1].

The X-ray transform and tensor tomography on T" has been applied to other integral
geometry problems. These examples include the broken ray transform on boxes [7],
the geodesic ray transform on Lie groups [8], tensor tomography on periodic slabs
[10], and the ray transforms on Minkowski tori [9]. We expect that the d-plane Radon
transform on T” has applications in similar and generalized geometric problems as
well, but have not studied this possibility any further.

This article is organized as follows. The main results are stated in Sect.1.1. We
recall preliminaries and prove some basic properties in Sect. 2. We prove new inver-
sion formulas in Sect. 3. We prove our stability estimates and theorems on Tikhonov
regularization in Sect. 4.

1.1 Results

We describe our results next. Here we only briefly introduce the notation used, and
more details are given in the subsequent sections. One can also find more details in
[7,11]. Let n,d € Z be such thatn > 2 and 1 < d < n — 1. We define the d-plane
Radon transform of f € T := C*(T") as

Rif(x, A) ::/ df(x+t1v1 + - tgvg)dty - - - dty (1)
[0,1]

where A = {vy, ..., vy} is any set of linearly independent integer vectors v; € Z".

It can be shown that A spans a periodic d-plane on T”, and on the other hand,
any periodic d-plane on T” has a basis of integer vectors. We can identify all peri-
odic d-planes on T" by the elements in the Grassmannian space Gr(d, n) which is
the collection of all d-dimensional subspaces of Q". We redefine the d-plane Radon
transform on T" as R; f : Gr(d, n) — C°(T") without a loss of data. The defini-
tion of Ry extends to the periodic distributions f € 7’ such that Ry f(-, A) € T’
for any A € Gr(d,n). We use the shorter notations Ry af = Ryf(-,A) and
Xan =T" x Gr(d, n). More details are given in Sect. 2.1.

Letw : Z" x Gr(d, n) — (0, co) be a weight function such that w(-, A) is at most
of polynomial decay (20) for any fixed A € Gr(d, n). If not said otherwise, then a
weight w is always assumed to be of this form. The associated Fourier multipliers
on distributions are denoted by F,,. We denote the weighted Bessel potential space
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on the image side by Lf’l(Xd,,,; w) where s € R, p,l € [1, oo]. The usual Bessel
potential spaces on T" are denoted by LY (T"), and H*(T") = L? (T"™) is the fractional
L? Sobolev space. The Lf’l(Xd,n; w) norms are £ norms over Gr(d, n) of the w-
weighted Bessel potential norms of LY (T"; w(-, A)) with A € Gr(d, n). More details
are given in Sect. 2.2.

We show that Lf’l(Xd,,,; w) are Banach spaces when p € [1, co] in Lemma 2.1.
Many of our results consider the Hilbert spaces with p =/ = 2. Most of the theorems
in this article would have been unreachable for R; whend < n—1 if we did not include
weights in the data spaces. We construct weights which satisfy the assumptions of our
theorems in Sect. 2.3.

Remark 1.1 If d = n — 1, then weights are not that important for the analysis of Ry
since Ry maps f € H*(T") with f (0) = 0 continuously to the natural image space
H? (X4 ) without setting any weight. Therefore weights are only required at the origin
on the Fourier side of the data space. This was demonstrated in the case of n = 2 and
d = 1 in [11], or for example in the special case (7) of Theorem 1.3.

Our first theorem considers the adjoint and the normal operators of Ry : H*(T") —
L?’z (X4.n; w). This generalizes [11, Proposition 11] into higher dimensions. Theorem
1.1 and Corollary 1.2 are proved in Sect. 2.4.3.

Theorem 1.1 (Adjoint and normal operators) Let s € R and suppose that there exists
Cy > 0 such that

> wk, AP <Ch. Qi={AeGrd.n); kLA) )
AeQ

for any k € 7. Then the adjoint of Ry : H*(T") — L?’2(Xd,n; w) is given by

Rig) = > wik, A2g(k, A) 3)
AeQ

and the normal operator R} Ry : H*(T") — H*(T") is the Fourier multiplier associ-

ated with Wy, := ZAer w(k, A)?. In particular, the mapping Fy 1Ry : Ry(T) —
k

T’ is the inverse of Ry.

Theorem 1.1 gives a new inversion formula in terms of the adjoint and a Fourier
multiplier. Its Corollary 1.2 gives new stability estimates on H*(T"). The stability
estimates of Ry on H*(T?) were not explicitly written down in [11] but they can be

*, W

found between the lines. We denote by R the adjoint of Ry associated to the weight
w when the weight needs to be specified.

Corollary 1.2 (Stability estimates) Suppose that the assumptions of Theorem 1.1 hold,
and that there exists ¢y, > 0 such that Wy > clzu forany k € 7.

(i) Then Fy, 1 RS : Ly*(Xg,n; w) — HS(T") is 1/cy-Lipschitz.
- ,
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(ii) Let f € T'. Then

“

d,n;w).

1
£ liscony < —NRaf Nl 22
w

(iil) Ler w(k, A) = ’U&%“ and p € [1,00]. Then Ry"Ryf = f and Ll e ey =

||R;’wRdf||L5(Tn)for any f € T'.

In order to prove LY < LY type stability (iii) for more general weights in terms of
the normal operator, one would have to show that F;,—1 is a bounded L? multiplier.
k

Other stability estimates on LY (T") are given in terms of R, f in Proposition 4.3.
These stability estimates follow from Corollary 1.2 and the Sobolev inequality on T".
This method requires additional smoothness of R, f in order to control the norm of f
due to the use of the Sobolev inequality.

We have proved three other new inversion formulas for R; as well. The other two
inversion formulas are given in Proposition 3.1 and its Corollary 3.3. Proposition
3.1 generalizes the inversion formula [11, Theorem 1] into higher dimensions. Its
Corollary 3.3 generalizes the formula for all periodic distributions using the structure
theorem. We state the third inversion formula here since we find it to be the most
interesting one. Theorem 1.3 is proved in the end of Sect. 3.

Theorem 1.3 (Periodic filtered backprojections) Suppose that f € T'. Let w : 7" x
Gr(d, n) — R be a weight so that

Z wk,A)=1, Q4 :={AeGr(d,n); kLA} %)
AeQy

and the series is absolutely convergent for any k € 7". (The weight does not have to
generate a norm or have at most of polynomial decay.) Then

(fhy= Y (FucayRaaf.h). YheC®(T. (6)
AeGr(d.n)

Moreover, if f has zero average and d = n — 1, then

f= Y Raaf. )

AeGr(d,n)

Remark 1.2 The author is not aware of a similar formula for the inverse Radon trans-
form in earlier literature. We emphasize that this new result implies that a clever sum
of the (n — 1)-plane Radon transform data is the target function. If n = 2, this holds
true for the X-ray transform of compactly supported functions on the plane R?. We
further remark that it is easy to recover the average of a function and filter it out from

Rnflf-
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Finally, we state our results on regularization. These results generalize [11, The-
orems 2 and 3] into higher dimensions. The proofs are given in Sect. 4. Let g €
L%’I(X d.n; W). We consider the Tikhonov minimization problem

. l
arg min <||Rdf—g|| 2.1 .
FeH! (T Ly (Xagniw

+ allfll?m(w)> : (®)
foranyn > 2,1 <d <n—1,0 > 0,] =2,andr, s, t € R. We do not fix the regularity
of f apriori but the space H' (T") will be found after solving the minimization problem
for distributions in general.

Let w be a weight, z € R, and o > 0. We define the operator Py  : T — T to
be the Fourier multiplier associated with

1

¢ (k)= — .
Pu.:®) Wi + o (k)%

&)

Theorem 1.4 (Tikhonov minimization problem) Let w be a weight such that cﬁ)
Wi < Cﬁj for some uniform constants c,, Cy, > 0. Suppose that o« > 0, and s
r. Then the unique minimizer of the Tikhonov minimization problem (8) with g
L%’Z(Xd,n; w) is given by f = Py . Rjg € H>=T(T™).

w,s—r

m IV IA

The last theorem we state in the introduction generalizes the result [11, Theorem
3] on regularization strategies to higher dimensions.

Theorem 1.5 (Regularization strategy) Let w be a weight such that czw < W, < Clzu
for some uniform constants cy,, Cy, > 0. Sugpose r,t,s,6 € R are constants such
that2s +t >r,8 >0,ands > 0. Let g € Lt’z(Xd,n; w) and f € H™ ().

Then the Tikhonov regularized reconstruction operator Py R’ is a regularization
strategy in the sense that

lim sup IPLORS(Raf + &) — flluran =0 (10)

e—0 <e
181,22,y

where a(€) = /€ is an admissible choice of the regularization parameter.
Moreover, if ||g|l , 2.2 L <€60<8<2s5,and0 < a < c2(25/8 — 1), we have
. . Lt (Xd.n’w) w
a quantitative convergence rate

I Py s R (Raf + &) — fllarm
o € (11)
< o2 58125 £l gras oy + C;cwza
where C(x) = x(x~! = 1)1,

Remark 1.3 The optimal rate of convergence with respect to € > 0 can be found by
choosing the regularization parameter o (¢) so that the terms on the right hand side of
(11) are of the same order.
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2 Preliminaries
2.1 Periodic Radon Transforms and Grassmannians

We denote by 7 the set C*°(T") and 7 its dual space, i.e. the space of periodic
distributions. Denote by G/, the set of linearly independent unordered d-tuples in
7"\ 0. We may write any element A € GZ as A = {vy, ..., vg}. The elements in the
set G span all periodic d-planes on T".

Suppose that f € 7. We define the d-plane Radon transform of f as

Rif(x,A):= / ; f(x+tvr 4 -+ tgug)dty - --diy. (12)
[0,1]

We remark that R, : 7 — 764, Ryf :T"x G — Cand Ry f (-, A) : T" — C.
Denote the duality pairing between 7’ and 7 by (-, -). If f, g € 7, it follows easily
from Fubini’s theorem that

(f, Rag(-, A)) = (Raf (-, A), g). 13)

We define the d-plane Radon transform for any f € 7" and A € G/} simply as

(Raf(-,A)(g) = (f, Rag(-,A)) VgeT. (14)

This is the unique continuous extension of R;(-, A) to the periodic distributions. The
Fourier series coefficients of Ry f (-, A) are defined as usual.

We denote the Grassmannian of d-dimensional subspaces of Q" by Gr(d, n). If
A, B € G/, span the same subspace of Q", then A and B represent the same element in
Gr(d,n),and Ry f (-, A) = Ry f (-, B) holds for any f € 7’ by Theorem 2.4. On the
other hand, for every A € Gr(d, n) there exists Ae GZ that spans A. This allows one
to define the Radon transform as R, f : Gr(d, n) — 7’ without data redundancy by
setting Ry f (-, A) :== Ry f (-, A) where A € G’ spans A € Gr(d, n). This connection
to the Grassmannians was mentioned earlier in [7] but was not directly used.

Remark 2.1 Let us denote the projective space P"~! := Gr(1, n). The height of P €
P*~! is defined by H(P) = ged(p)~! |plgo using any representative p of P. The
projective space P! and the height were used in [11] to analyze the number of projection
directions required to reconstruct the Fourier series coefficients of a phantom up to a
fixed radius. This question reduces to Schanuel’s Theorem [17] in algebraic number
theory. This analysis in [11] extends to higher dimensions whend = n — 1.

2.2 Bessel Potential Spaces and Data Spaces

Let f € T'. We mean by the expression ) ;.7 (k)° f(k)ezmk"‘ the limit

)= lim frs@), frs@ = Y (R fRST(15)

|klgoo zny<r
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in the sense of distributions. If f € LP(T") with p € (1,00), then f.o — f in
LP(T") as r — oo. Moreover, if p € (1, 00], then f = f almost everywhere as
the pointwise limit by a higher dimensional Carleson—Hunt theorem. These facts are
proved for example in [21, Theorems 4.2 and 4.3]. If p = 1, one can utilize the Cesaro
sums to reconstruct a distribution in L!(T") from its Fourier series.

For any Sobolev scale s € R, we define the Bessel potential spaces L (T") C T’
by the relation f € LY (T") if and only if (1 — A)*/2f € LP(T") (see e.g. [3]). We
define the Bessel potential norms by

L1 pny = 1= A2 fll Lo, (16)

Then the space LY (T") C 7’ consists of all f € 7’ with 1A ey < o0. If
p € (1,00) and s € R, then ‘

I lp e = B L > (K)° f e Lo,

|k|(0¢(Zn)§r

N 2 a7
fl

Il = | D (k)™

keZk

where (k) = (1 + |k|*)"/? as usual. When p € (1,00), one has equivalently that
f e LE(T") if and only if (1 — A)*/2f e LP(T") in terms of the L” convergent
Fourier series and f € 7. Moreover, for any p € (1, 00] and f € L (T") it holds
that

1z =N lim 3" ) R o, (18)

klgoo zny=<r

where the limit is taken pointwise since the Fourier series converges almost every-
where. If p = 2, then HS(T") = LP(T") is the fractional L? Sobolev space. If
p € [1,00] and s = 0, then the Lg(’]I‘") and L?(T") norms agree. The Bessel poten-
tial spaces are used as domains of R in this work, which extends studies of the case
p=2in[7,11].

If w:7Z" — (0,00) and f € 7', then we define the w-weighted norms by

||f||Lf(11‘n;w) = ||wa||Lf(11'n) (19)

where F,, is the Fourier multiplier of w. We say that a weight w : Z" — (0, 00) is at
most of polynomial decay if there exists C, N > 0 such that

wk) > C k)™ Vkez" (20)
We next define suitable data spaces that contain ranges of R; when its domains
are restricted to the Bessel potential spaces. Let us denote X4, := T" x Gr(d, n)

to keep our notation shorter. We generalize the data space given in [11] to all n > 2,

Birkhauser
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1 <d <n-—1,and p € [1, oo], using the Grassmannians, the Bessel potential spaces
and weights.

Letl <d<n-—1landw:Z" x Gr(d,n) — (0, c0) be a weight function such
that w(-, A) is at most of polynomial decay for any fixed A € Gr(d, n). We always
assume in this work that the weight is at most of polynomial decay. We say that a
(generalized) function g : X4z, — C belongs to Lf’l(Xd,n; w)with1 <[ < o0 if
the norm

! — . l
180, i,y = 2o 18C My 1)
AeGr(d,n)

is finite and g(-, A) € 7’ for any fixed A € Gr(d, n). Similarly, if [ = oo, we define

lglprox,,wy == Sup 8¢, Al Lrpn. ., ay)- (22)
Ly (Xd,n»w) AeGr(d.n) Lg (T";w(-,A))

In the above definition, one can replace Gr(d, n) by any countable set ¥ (cf. Lemma
2.1).
If p,1 = 2, then the norm is generated by the inner product

(h, &)p220x, ) = > (Fue.myh, Fue.m@)msm (23)
‘ A€Gr(d.n)

which makes L?’Z(Xd,n; w) a Hilbert space. We prove that the spaces Lf’l(Xd,n; w)
are Banach spaces when p € [1, co] in Lemma 2.1. We emphasize that a weight does
not have to have uniform coefficients for its at most of polynomial decay with respect
to Gr(d, n).

There is a connection to the norms used in [11]. Let w be any weight such that
ZAeGr(l,Z) w(0, A)2 = 1,and w(k, A) = 1 if k # 0. Now the results in [11] follow
from the results of this article using the norm L%’z(X 1,2; w) as the image side spaces
in [11] are contained in L%’Z(Xl,z; w).

Yet another norm was used for the stability estimates in [7]. In the casesd =n — 1
and / = oo, our analysis of R; would not require weights, and can be performed
similarly to [7,11]. The analysis of Ry| LP(Tm) has not been done before if p # 2. The
Bessel potential norms on the domain side are used to understand better the mapping
properties of R;.

We state and prove the following lemma for the sake of completeness. We remark
that without the decay condition on weights these weighted spaces would not be
complete.

Lemma 2.1 Let Y be a countable set. Let w : Z" x Y — (0, 00) be a weight that is
at most of polynomial decay for any fixed y € Y. Suppose thats € R, p € [1,00],1 €
[1,00], andn > 1. Then Lf’l(T” X Y; w) is a Banach space. In particular, L%’z(T” X
Y; w) is a Hilbert space.
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Proof Suppose that 1 <[ < oco. (If I = oo, the proof is similar.) We first show that
LP!(T" x ¥; w) is a vector space. Let ¢ € C and f, g € LI/ (T" x ¥; w). We have
trivially that

les1! L= el DIy (24)

L2 T sy w
yeY

The Minkowski and triangle inequalities imply

11

”f + g”Lf’l(T"XY;w) = Z ”FU)('J’)f(V y) + Fw(‘,y)g(" y)”lLf’(’I[‘n)

yeY

(25)

”f”Lf’I(T”XY;w) + ”g”Lf’I(T"XY;w)'

This shows that LY ok (T™ x Y; w) is a vector subspace of all collections of distributions
{fC W}yer with f(,y) € T".

We show next that L7/ (T" x ¥; w) is a complete space. Let f; € L?" (T" x ¥; w)
be a Cauchy sequence. It follows from the definition of the norm in LY ! (T" x Y; w)
that f;(-, y) € LY(T"; w(-, y)) is a Cauchy sequence for any y € Y. Suppose that
each LY (T"; w(., v)) is complete. It follows that f; (-, y) — f) € LP(T"; w(., y)) as
i — oo. This implies that there exists a limit of f; in LY ’l(']I‘” x Y; w) by standard
arguments.

Let us prove that LY (T"; w(-, y)) is complete for any y € Y. Take a Cauchy
sequence f; € L2 w(., v)). Now it follows that the distributions

g =0 —=AYFynf (26)

are in L?(T") and form a Cauchy sequence. Therefore lim;_, o gi =: g exists. We
claim that the distribution defined on the Fourier side as f k) = (k)+]zl)cy)
of fi in LY (T"; w(-, y)).

We need to show two things, that f € 7" and || f; —f||LYp<T,1;w(,)y)) — 0asi — oo.

We first notice that (1 — A)*/2 Fy(,y) f = g belongs to L”(T"). We can now calculate
that

is the limit

Ifi = Flle mmwe,yy = KL= AY P2 Fyi o (fi = Plleeem
= |lgi — gllLr ()

27)

for any i € N. Therefore, || f; — f”Lf(T";w(-,x)) — 0asi — oo.

It is enough that the Fourier coefficients of f have polynomial growth by the
structure theorem of periodic distributions [18, Chapter 3.2.3]. We have | §(k)| <
Cy (k)* for some a, C| > 0 since g € L”(T") C 7. On the other hand, we assumed

Birkhauser
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that w(k, y) > C; (k)_N for some C,, N > 0. Hence, we obtain that

; _ g(k) oa+N—s
|fo) = ‘—W T ‘ < (C1/C) (R @8)

This shows that f € 7. O

Remark 2.2 One uses the fact that weights have at most of polynomial decay only
to show that the limits of Cauchy sequences are in 7’. One could also allow more
rapid decay for weights but in that case, the objects of the completion would not be
distributions but ultra-distributions [18]. In the analysis of R, such generality seems
to be unnecessary and our assumptions avoid this.

2.3 On Constructions of Weights

In this section, we discuss how to construct weights that satisfy the assumptions of
our theorems. The weights of this paper are of the form w : Z" x Gr(d, n) — (0, co)
with the following properties.

(1) For any A € Gr(d, n) there exists C, N > 0 such that w(k, A) > C (k)~N for
every k € 7.
(ii) There exists C > 0 such that W, < C for every k € 7Z" where Wy =
ZAer w(k, A)? and Q@ = {A € Gr(d,n); kLA}.
(iii) There exists ¢ > 0 such that ¢ < Wy for every k € Z".

The property (i) is assumed for any weight in this article to guarantee that
LY (X 4.n; w) are Banach spaces. The property (ii) is assumed for most of the weights

to guarantee that Ry : LPaTy —» L? ’I(Xd,,,; w) is continuous (with some restrictions
if p,l # 2). The property (iii) is additionally assumed to prove the stability estimates
and the theorems on regularization.

First of all, it is very easy to construct weights that satisfy (i) alone. It is not hard to
construct weights that satisfy (i) and (ii). Since the set Gr(d, n) is countable, we may
write it with an enumeration ¢ : Gr(d, n) — N. For example, we construct a weight
wk, A) =272AW (k)~N with large enough N > 0 chosen such that ) ", (k)™2N <
0o. Then Y 4 cGr.ny 2kezn Wk, A)? < C for some C > 0. This shows that both
conditions (i) and (ii) hold.

We give next a nontrivial example of a weight satisfying (ii) and (iii) but not (nec-
essarily) (i). Let ¢x : Qr — N be an enumeration. Let Q = {(k, A) € Z" x
Gr(d.n); A € Q). Forany (k, A) € Q, we define the weight w(k, A) := 4
with some mapping / : Z" — (a,b) withO <a <b <ocande > 0.If (k, A) ¢ O,
we set w(k, A) = 1. One has that || = o0 if ] <d <n—1lork=0,and || =1
ifd =n—1and k # 0. Now

[
3wk, AP =AY i (29)
AeQy i=1
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Hence, we get that a> < Wy, < Cbh* where C = > j1=2e,

The problem gets more difficult if the all three conditions must be satisfied at the
same time. We solve this problem now by combining ideas from the both constructions
above. We make a proposition about a concrete example, and more general methods
are summarized in Remarks 2.3 and 2.4.

Proposition 2.2 Let ¢ : Q2 — N be an enumeration for any k € Z", and let ¢ :
Gr(d,n) — N be an enumeration. Let h : Z¥ — (a,b) with0 < a < b < 0o and
g(k) = (k)N for some N > 0. Then the weight

hk) | gk)
wk, A) = | %@ +55 kAeQ o)
1 (k, A) € Q°

satisfies the properties (i), (i1) and (iii).

Proof Using the definition (30) and the positivity of the involved functions, we have
that

12|

Wez b0 Y (A2 =1 )y i = a 31)

AeQy i=1

This shows (iii).
Suppose that (k, A) € Q. We use

1 h?(k 2(k
Lok, a2 < 20, 80 (32)
2 w(A)” @A)
to estimate Wy from above. The formula (32) gives
1 R0 g2<k)> N S <
Wi < + < h*(k) i+ (k)™ i<, (33
DY <¢k<A)2 p(A) ; ;

AeQy

Since (k)™?N < 1 and h(k) < b for any k € Z", we obtain that W, < 2C(1 + b?)
where C = Y "°,i72 < co. This shows (ii).
Using the definition (30) and the positivity of the involved functions, we can directly
estimate that
1 1

- “Ny_ ' N
lw(k, A)| = min{l, oA (k)""} = o(A) ()~ (34)

This shows that w(-, A) is at most of polynomial decay (i). O

Remark 2.3 Proposition 2.2 generalizes for w(k, A)lg = h(k)y(k, A) + g(k)w(A)
with the conditions that 4 (k) is bounded from above and below, g (k) has at most of
polynomial decay and is bounded above, the sums of w(A)? over € are uniformly
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bounded from above, and the sums of v (k, A)2 over 2 are uniformly bounded from
below and above.

Remark 2.4 1f a weight w satisfies the conditions (i) and (ii), then it canpe normalized
asw(k, A) := %. The normalized weight w has the property that W = 1 for any

k € Z". Moreover, since w(k, A) is at most of polynomial decay and /W < C for
some C > 0, it follows that w is at most of polynomial decay.

We can construct weights that satisfy the assumptions of Theorem 1.3 by defining
w(k, A) =27%W forany (k, A) € Q and w(k, A) = 1if (k, A) ¢ Q.Ifd <n —1,
then)  4cq w(k, A) = lforanyk € Z",and theseries ) 4o w(k, A) areabsolutely
convergent.

2.4 Basic Properties of Periodic Radon Transforms

In this section, we state and prove some basic properties of R;. Some of these properties
were used earlier in the special cases in [7,11]. We have chosen to include most of the
proofs here for completeness.

2.4.1 Periodic Radon Transforms for Integrable Functions

LetT = (t1,....t5) e RYand A = {vy, ..., v4} € G',. We can define Ry f (-, A) for
L'(T™) functions simply as

Raaf(x):= /

f(x+nv+---+tgvg)dty ---dity (35)
[0,114
where the formula is defined for a.e. x € T". We lighten our notation by denoting the
corresponding linear combinations by 7' - A = tjv; + - - - + tyvg With respect to the
enumeration of A. The following basic properties are valid.

Lemma 2.3 Suppose that f € L'(T") and A e G'. Then Ry A f can be defined by
the formula (35) for a.e. x € T". Moreover,

(i) this definition coincides with the distributional definition: for every f € L'(T")
and g € L*°(T") it holds that (Rg A f, 8) = (f, Ra.A8);
(1) Rg.a : LP(T") — LP(T") is 1-Lipschitz for any p € [1, oo].
(iii) Supposethat f € T', A € Glyand Ry f (-, A) € LY(T"). Then Ry o f(x+S-A) =
Ry af(x)forae x € T" and every S € R4,

We postpone the proof of Lemma 2.3 for a while. We remark that Lemma 2.3 is a
simple generalization of [11, Lemma 7], which was stated in [11] without a proof. We
need to first introduce some useful notations.

Let g = n — d and V be the linear subspace of R” spanned by A. Now there
exist distinct unit vectors ey,,...,e;, € R" along the positive coordinate axes,
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{e1,...,ey}, such that e;, ¢ V and E5 = {v1,...,v4,€1,,...,¢e4,} spans R".
We define ¢4 : [0, 17" — R” by the formula

@Aty .o tg, ST, ..., 8q) =tel, + - Ftgeq, +s1v1 4+ squg. (36)

We may write T = (#1,...,15), S = (51,...,8¢) and dx = dSdT = dTdS to
shorten notation.

Remark 2.5 These coordinates are not unique, but we suppose that we have fixed some
ey, .. .,eq, forevery A € G. The specific choice is not important in our method.

Next we discuss some elementary properties of the coordinates ¢4. The image
of g4 is an n-parallelepiped when interpreted in R”. A simple calculation shows
that |det(Dgja)| = }det(vl, N R qu)| € Z, which is also equal to the
volume of the n-parallelepiped spanned by E 4. The corners of the parallelepiped,
oa(T,S) with T € {0,1}4, S € {0, 1}%, have integer coordinates as well. It can
be argued that the coordinates (36) wrap around the torus |det(Dg4)| times when

projected into T”, i.e. |det(Dgq)| = ‘@Xl(x)‘ for any x € T".
Let us denote the Lebesgue measure on T” by dm and on [0, 1]" by dx. We thus

have the change of coordinates formula for integrals of measurable functions in the
form of

1
 |det(Dpa)| Jio.1p

= / f o<pAdx.
[0,1]"

The formula (37), in a slightly different form, was used in the proofs given in [11].
The connection to [11] is explained with more details in Remark 2.6.

fdm fogaldet(Dga)ldx
’H‘n

(37

Remark2.6 Letn =2,d = 1,v = (v',v?) € Z*\ {0} and A = {v}. Suppose that v
is not parallel to e;, which in turn implies that v> # 0. If we choose E4 = {e;}, then
the formula |det(Dg4)| = ‘vzy holds and it is easy to check that the coordinates wrap
|v2| times around TZ2. If v is parallel to eq, then one chooses E4 = {e,} instead of e .
This is in-line with the formulas derived in [11] but there the coordinates were scaled
so that they wrap around T? exactly once.

Now we are ready to prove Lemma 2.3.

Proof of Lemma 2.3 The properties (i) and (iii) follow easily from the definitions, and
the proofs are thus omitted.

We show first that the mapping R4 4 is well defined by the formula (35). Let
0=1(0,...,0) e R%. We get from Fubini’s theorem and the formula (37) that

/ fdm = /[0 . Ra,af(pa(T,0))dT (38)

Birkhauser



64  Page 14 of 27 Journal of Fourier Analysis and Applications (2020) 26:64

and Ry a f (pa(T, 6)) € Ll([O, 1]7). It follows from the definition (35) of R, 4 f that

RiAf(@a(T,0)) = Ra.af(pa(T,$)) (39)

forall S € RY.
We show that Ry 4 f is a measurable function. Suppose for simplicity that f is real
valued. Let ¢ > 0 and define the sets

Xo ={T €[0,119; Ryaf(pa(T,0) >a}. (40)

We have already proved that the set X, is measurable for any o > 0. Now we get
from the formula (39) that

{pel0,11"; Ruaf(pa(p) >a}= Xy x [0, 11 (41)

The set X, x [0, 1]¢ is measurable as a product of measurable sets. Since @4 is a
smooth change of coordinates, we first find that ¢4 (X, X [0, 119) is measurable, and
thus Rg 4 f is measurable. If f is complex valued, then the above argument can be
done separately for the real and imaginary parts as Ry, 4 is linear.

Now we are ready to prove the property (ii). Suppose that f € LP(T") and p €
[1, 00). The formulas (37) and (39), and Holder’s inequality give

/ |Ra,af|" dm =/ / |Ra.af opal’dx
T [0,1)4 J[0,11¢

~__|pdT
= [ | Raar a0
[0,1]¢

< f (Raa | f17)(@a (T, 0)dT
[0,1]9

(42)

= ”f”ZP(T") < oQ.

Hence Tonelli’s theorem implies that Ry 4 f € LP(T"). If p = oo, then trivially
IRa, A fllLoocrny < |l fllLoocrny. o

2.4.2 Mapping Properties of Periodic Radon Transforms

We first recall the inversion formula in [7]. If one writes the formula [7, Eq. (2)] in
terms of the periodic subspaces, it gives the following theorem.

Theorem2.4 (Eq. (2) in [7]) Let f € T, k € Z" and A € Gr(d,n). Then
Raf(k, A) = f(k)SLa, where

1 ifklA
SkLa = / . (43)
0 otherwise.
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It is evident that for every k € Z" there exists A € Gr(d, n) such that kL A, see [1,
p. 11] and [7, Lemma 9]. This directly gives a reconstructive inversion procedure for
R;. In Sect. 3, we derive new inversion formulas which might provide computational
advantage in practice (cf. [11] whenn =2 and d = 1).

Lemma2.5 Let A € Gr(d, n).

(i) If P : 7' — T’ acts as a Fourier multiplier (pi)kezn, then [P, Rg a1 = 0.
(i) Rg.a: LY(T") — LY(T") is 1-Lipschitz for any p € [1, ool.

Proof (i) This is a simple application of Theorem 2.4. We calculate that

Ra(PP)Y(k, A) = PF()Skia = prf(08kia = P(Raf)k, A).  (44)
(ii) Suppose that f € LY(T"). Now h := (1 — A)*/?f e LP(T"). Notice that

Rg ah € LP(T") by Lemma 2.3. We have by the property (i) that (1 — A)S/2 Riaf =
Rigah € LP(T"). Hence Ry A f € LY (T™). We can conclude that

IRa,afllLp ey = IRa,aRllLecrny < Bl crny = I f Il e ey (45)
by Lemma 2.3. O
The next lemma generalizes [11, Proposition 11] to many different directions.

Lemma 2.6 Let p € [1, c0].

(1) Letl € [1, 00). Suppose that for any A € Gr(d, n) there exists C4 > 0 such that
w(k, A) = Cy for every kL A. Moreover, suppose that

cl = Z Cl < 0. (46)
AeGr(d,n)

Then the Radon transform Ry : LY (T") — Lf’l(Xd,n; w) is Cy,-Lipschitz.
(ii) Suppose that for any A € Gr(d, n) there exists C4 > 0 such that w(k, A) = Cx
for every k1L A. Moreover, suppose that

Cy= sup Cy<oo. 47)
AeGr(d,n)

Then the Radon transform Ry : LY (T") — Lf’oo(Xd’n; w) is Cy,-Lipschitz.
(iii) Suppose that there exists Cy, > 0 such that

Z w(k, A)? <C2, @ :={AeGr(d,n); kLA)} (48)
A€

for any k € Z". Then the Radon transform Ry : H*(T") — L%’Z(Xd,,,; w) is
Cy-Lipschitz.
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Proof (i) We have that

||Rd,Af||L§’(11*n) = ||f||LSP(11‘n) (49)

for any A € Gr(d, n) by Lemma 2.5. Theorem 2.4 implies that

Fue.myRaafx) =Y wik, A)f e ™. (50)
kLA

This gives that Fyy. o) Ra, A f = CaRqy 4 f.Now it follows from (49) and the definition
of C! that

1 l 1
1Ra £l Y CullRaaflype,

LspJ (Xu’,rl ;W) -
AeGr(d,n) (51)

< Col Flp ny:
(ii) A calculation similar to the proof of (i) shows that

IR fllrocx, cuy < Ifl ey sup  Ca. (52)
: : ’ AeGr(d,n)

(iii) We have that

IR Voo, = 2 1D wlk A (K) FR)e™ s

AeGr(d,n) kLA

= Y Ywe 2w fof

AeGr(d.n) kLA (53)

=33 wk AP W ||

keZn AEQk

< Coll I 2em,

where the order of summation can be interchanged by non-negativity of the terms. O

Remark2.7 If d = n — 1, then the only restriction on w in the case of (iii) is
> acGri—1.m) WO, A)? < oo. This follows since each A € Gr(n — 1,n) has a
unique normal direction.

2.4.3 Adjoint and Normal Operators

Next, we study the adjoint and normal operators of R; when the image side is equipped
with the Hilbert space L?’z(Xd,,,; w) satisfying the assumptions (iii) of Lemma 2.6.
This generalizes the considerations in [11, Sect. 2.4] into higher dimensions and for
any | <d <n-—1.
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Proof of Theorem 1.1 Let f € H'(T")and g € L?’Z(Xd,n; w). Using the definition of
the inner product (23), we get

(Raf.8) 225, ) = Z (Fuw,a)Raf, Fu,A)8) Hs (T
AeGr(d.n)

= > Y wk AR Fhgk, A

AeGr(d.n) kLA

= > whk, AR fERk, A (54)

keZ* AeQ

=Y P Fh | D] wik, A§k, A)

keZ AeQy

=: (f, R}8) s (1

where we can interchange the order of the summation by the Cauchy-Schwarz inequal-
ity as it implies that the series is absolutely convergent.

We have that
RiRaf ()= wk, AV’ Ryf(k, A)
AeQ
= wik, A’ f k)81 (55)
AeQy
= f) Y wik, 4)
AeQ
by the formula for the adjoint and Theorem 2.4. O

We prove Corollary 1.2 on inversion formulas and stability estimates next.
Proof of Corollary 1.2 (i) We first calculate that

2

1 .
| Py Ragls oy = D (0% oz | D wik, A%k, A) (56)
keZn k |Aegy

for any g € L?’Z(Xd,n; w). The triangle inequality and Holder’s inequality for the
sequences w(k, A) and w(k, A) |§(k, A)| over A € Qy gives that

2

3wk 25k A < Wi [ D wik, A ek, A | (57)
AeQ AeQy
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Recall that

ST wk A2 gk, A (58)

2 _
||g||L32_,2(den;w) =
keZ AeGr(d,n)

after a rearrangement of the series. We can conclude from the formulas (56), (57) and
(58) that || Fyy 1 Rigllms ) < 21181220, -
(i) This is a simple calculation using the formula for the normal operator:

(Raf Raf) 2205, = (o P Discen = i0f Well iy (59)

if f e H*(T").
(iii) We have by Remark 2.4 that w is a weight that satisfies the assumptions of
Theorem 1.1 and Wy = 1 for any k € Z". Therefore, the corresponding adjoint R:;’w

is well-defined, and R;"DRd f = f forany f € 7' by Theorem 1.1. O

3 Inversion Formulas

We have already proved one new inversion formula in Corollary 1.2 for H®(T")
functions. In this section, we prove three other inversion formulas. One of the formulas
generalizes the inversion formula for R on L (Tz) provedin [11, Theorems 1 and 8].
The second inversion formula is a corollary of the first one and remains valid for any
distribution. The third inversion formula takes a slightly different approach and shows
that a distribution f € 7" is a weighted sum of the data Ry 4 f over the set Gr(d, n).
These formulas might have practical value.

Proposition 3.1 (The first inversion formula) Let A € Gr(d, n) and k € Z". Suppose
that f € T and Ry s f € L' (T?). Ifk LA, then

fl) = /[0 , Ra.af(pa(T,0)) exp(=2mi(ki t1, + -+ kgytqy))dT.  (60)

Proof Fubini’s theorem, Theorem 2.4 and the formula (37) implies that

Ra.af (k)
. (61)
= [ [ Raafalr. $)exp(-2mik - oa(T. S)dSdT.
[0,1]¢ J10,1]¢
Since kL A, a simple calculation shows that
k'(/)A(T»S):klAt1A+"'+kthqAa (62)
and Lemma 2.3 implies that
Ra,af(pa(T,S)) = Ra,af(pa(T,0)) (63)

Birkhauser



Journal of Fourier Analysis and Applications (2020) 26:64 Page190f27 64

forae. T € [0, 1]4.
Hence, using the formulas (62) and (63), we may simplify the formula (61) into the
form

Raaf®)
. (64)
_ / Ran f(@a(T, 0)) exp(—=2mi (K1 11, + - - + kgl )T
[0,1]9
O

Remark 3.1 The proof shows that instead of choosing S = 0, we may choose any other
values for the S-coordinates as well.

We immediately get the following corollary from Proposition 3.1 and Lemma 2.3.

Corollary 3.2 Suppose that f € L'(T"). Then the inversion formula (60) is valid.

Remark 3.2 One could prove Corollary 3.2 directly without using Lemma 2.3 and
Theorem 2.4 (or Proposition 3.1). This proof is given for the geodesic X-ray transform
in [11] and it could be adapted to this setting as well.

Recall that the structure theorem of periodic distributions [16, Theorem 2.4.5] states
that for any f € 7 there exist h € C(T") and s > 0 such that

f=(1-A)Ph (65)

We get another Corollary of Proposition 3.1 and Lemma 2.5.
Corollary 3.3 (The second inversion formula) Let A € Gr(d, n) and k € 7. Suppose
that f € T'and f = (1 — A)*h, h € C(T"). Ifk LA, then

fk) = (k) Rg.ah(k) = Rg.a f (k) (66)

where m(k) can be calculated by the formula (60).
We now prove our third inversion formula stated in the introduction.

Proof of Theorem 1.3 Using Theorem 2.4, we calculate that
F(Fuc,ayRaaf) (k) = wik, A) f (k)14 (67)

Hence, we get

Fl Y. FucanRaaf = > wk Af0)&ia

AeGr(d,n) AeGr(d,n)

= flk) Y wik, A)

AGQk

= f(k)

(68)
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Suppose now that d = n — 1 and f(O) = 0. Notice that || = 1 if k # 0 and
Qo = Gr(n — 1, n). Hence, the formula (7) follows by choosing any weight w such
that

Z w(0,A) =1, w0, A) >0, (69)
AeGr(n—1,n)
and w(k, A) = 1 forany A € Gr(n — 1,n) and k # 0. O

4 Stability Estimates and Regularization Methods

In this section, we look at stability estimates for functions in the Bessel potential spaces
when p # o0o. We also generalize the Tikhonov regularization methods developed in
[11]. In the Tikhonov regularization part, we restrict our study to the functions in
H*(T"), as done in [11]. Our results on regularization are new forany 1 <d <n —1
when n > 3, and the stability estimates are new in any dimension.

4.1 Stability Estimates and the Sobolev Inequality

Recall that in Corollary 1.2 we obtained the estimate

1
2 2
1 Wpscony < IR F 322, ) (70)
w
if the weight w is such that the normal operator R’ R; has a uniform lower bound
clz as a Fourier multiplier. The condition on the weight w is that cﬁj < W, =

w

ZAer wi(k, A)2 < Clzv for some uniform c,,, C, > 0. This implies stability on
LY (T") if p < 2, as we will show later. We can reach stability estimates for p > 2
using the Sobolev inequality on T".

Theorem 4.1 (Sobolev inequality [20]) Let f € T’. Suppose thats > 0and 1 < g <
p < oo satisfy s/n > g~ ' — p~1. Then

I fllLeerny < CNFNlLa ey (71
for some C > 0 that does not depend on f.

A proof of the Sobolev inequality on T” is given in [3, Corollary 1.2].

Lemma4.2 Letl € [1,00]and g : Gr(d,n) — T'.

1

G) IfteR, s>0andl <q < p <oosatisfys/n>q~" — p~!, then

ety ey = CNEN L0 (72)

for some C > 0 that does not depend on g.
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@) If1 < p < g < o0, then for any s € R holds

U8t xy iy = 18N L8 (x (73)

Proof (i) We have

g G llrrmuc.ay < ClgC Al muc.a (74)

for any A € Gr(d, n) by the Sobolev inequality where C > 0 does not depend on f,
A and w. Now (72) with ¢t = 0 follows from the definition of the norms || - ||
and the inequality (74).

Fix any z € R. Define then the function g : Gr(d,n) — 7' by the formula
g(, A) = (1 — A)*?g(-, A). Now (72) with r = 0 implies

N
LI (Xgn5w)

||g||szvl(Xd"l;w) = ”g”L(l)”l(xd‘n;w) S C||§||L‘¢1](an,w) = C”g”L?iy(xd,n;w)‘ (75)

(i1) The inequality (73) can be proved similarly. Now the Sobolev inequality is
replaced by the inequality || f | LP (T = (N2l L9 () which holds since m (T") = 1 and
P =q. O

Theorem 1.1 and Lemma 4.2 imply the following, slightly more general, shifted
stability estimates.

Proposition 4.3 (Shifted stability estimates) Let w be a weight such that ci) < W, <
Cg) for some uniform constants cy,, Cyy > 0. Let f € T', s € R, and s(p,n) :=
p—2
1) If1 < p <2, then

1z < CuIRaf 220y, < ColRa I 02 (76)

s+s(p,n)(xdv";w) ’

where C1, Cy > 0 do not depend on f. If p = 1, then the first inequality of (76)
holds.
@) If2 < p < oo, then

||f||L€(T") =< Cl ”Rdf”l‘?fs(p,n)(xdv”;w) = C2||Rdf”LP,2 )’ (77)

s+s(p,n) (Xd»” yw

where C1, Ca > 0 do not depend on f.

Proof (i) Suppose that f € 7’ and 1 < p < 2. Let h = (1 — A)*/? f. We have that
Al Lrcrny < lIAllL2¢ny since p < 2 and m(T") = 1. This implies that ||f||Lf(Tn) <
Wl L2(T)- Now the first inequality follows from Corollary 1.2. ‘

Suppose additionally that 1 < p < 2. Choose s? = n22—_pp > 0 in the part (i) of
Lemma 4.2. Now it holds that
1R 2208, ) < 1R FU22 (78)
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forany s € R.
(ii) Suppose that f € 7’ and p > 2. Choose in the Sobolev inequality (71) that
g = 2. Now we can calculate that the Sobolev inequality is valid if s > npz—_pz. Let us
p—2

define that s, = ne, > 0. Hence, || fllLr(tny < Clfllase crmy-

Letnows € Rand f € LP(T™). We then have that

||f||L§’(Tn) =0 - A)s/szLp('u‘»)

) (79)
< ClI(L = 2)7 fllgse cony = CIUS N gs+sp pny-

Now the first inequality follows from the part (i) of the theorem. The second inequality
follows from the part (ii) of Lemma 4.2 since p > 2. O

Remark 4.1 For any f € 7 there exists s > 0 such that f € L” (T") for any
p € [1, oo] by the structure theorem of periodic distributions.

4.2 Tikhonov Minimization Problem

We will show that P ( , R’g is the unique minimizer of (8) when / = 2. We first

w,s—r
analyze the regularity properties of Pj  and Py . . R}. Then we understand which

space the regularized reconstruction Pg,s_r Rjg lives in when g € L%’Z(Xd’n; w).
First of all, R% : L7*(Xan; w) — H'(T"). On the other hand, P2, : H"(T") —
H"+2(T") for any r, z € R since Wy is uniformly bounded from below. We conclude
that P¢ RS L7 (Xgn; w) — H> ' (T7).

We are not ready to prove Theorem 1.4. The proof uses the same ideas as the proof
of [11, Theorem 2]. The proof presented here also explains some missing details about
the splitting of the minimization problem into the real and imaginary parts in (84),
(85) and (86). This is one of the crucial parts of the proof of [11, Theorem 2] though
it is not mentioned at all in [11].

Proof of Theorem 1.4 We have that

2
IRaf = 8l222,

dn;W)

= > D (T wk, A} ]f(k) - 8, A)\2

AeGr(d,n) kLA

+ Y S WY wk, A? gk A

AeGr(d,n) kLA

(80)
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Since the second term of (80) is independent of f, it can be neglected in the mini-
mization problem (8). On the other hand,

> Y w0 w42 | f) gk )|

AeGr(d,n) kLA

A 5 (81)
=Y 0¥ Y wik A2 | k) — gtk A
kez" A€y
We next expand the term
N 2
AN f Bpeony = 3 0 | F0)] (82)

keZ

We can conclude that a solution to the minimization problem (8) is a minimizer of

> W (e > | faof + X wik a2 [fo sk [ ] s3)

kezZ" AeQy

Hence, a minimizer of (83) must minimize

~ 2 ~ 2
H(f) = a 0> o] + Y wie a2 |fh) — et 0 34)

AEQk

for each k € 7.

To proceed, we need to minimize the real part and the imaginary part of (84)
separately. Let us write the real and imaginary parts of the involved terms simply
as fr(k) := N(f(K), fik) == I(f(K)), gr(k, A) := N(g(k, A)) and g;(k, A) :=
3J(g(k, A)) to keep our notation shorter. Now, we define the operators

Re(f) = o ()7 fr(k)* + Y wlk, A*(fr(k) — gr(k, A)*  (85)

AeQy

and

I(f) = ()7 £+ Y wk, A*(fitk) — gitk, A)>. (86)

AeQy

These functions have the property that Ry (f) + Ix(f) = Hx(f). Moreover, if Hy is
minimized, then Ry and /; are minimized, and vice versa.

We show how the minimization is done for the real part. As the minimization for
the imaginary part is similar, we do not repeat the calculations twice. We expand the
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second term of (85), and get

> wlk, A(fr (k) — gk, A))?

AeQ
(87)
= Wi fr(k)® = 2£,(k) Y wk, A)gr(k, A) + Y wik, A)’g,(k, A)*.
AEQk AEQk

The last term of (87) does not depend on f, so it can be neglected in the minimization.
Thus, we have arrived to the minimization problem

—2£,(0) Y wlk, A gr(k, A) + (Wi 4+ (k)*2) f,()%. (88)
AeQ

Simple calculus shows that the minimizer of (88) is

> peq, wk, A)?g (k, A)

r k) =
f( ) Wk+a<k>2s—2r

= N(F (P, R38) (k). (89)

We can similarly calculate that the unique minimizer of the minimization problem
associated to the imaginary part (86) is fi (k) = J(F(Py ;_, R}g)(k)). This shows
that the unique minimizer of (84) satisfies f (k) = F(Py s, Rjg) (k).

Hence, the unique minimizer of (8) is f = P, ;_, R}g. The claimed regularity of
f follows from the discussion preceding the proof. O

Remark 4.2 1f | # 2, the analysis of the Tikhonov minimization problem becomes
more difficult but it might still be possible to adapt the method also in that case (when

p=2).
4.3 Regularization Strategies

Let X and Y be subsets of Banach spaces and F : X — Y a continuous mapping.
A family of continuous maps Ry : ¥ — X with @ € (0, ap], g > 0, is called
a regularization strategy if limy_,0 Ry (F(x)) = x for any x € X. A choice of
regularization parameter o (¢) with lim¢_, g a(¢) = 0 is called admissible if

lim sup {[|Rae)y — xllx; Iy = F(x)ly <e} =0 (90)

e—)()yey

holds for any x € X [4,12].

We will show that the solution found in Theorem 1.4 to the Tikhonov minimiza-
tion problem (8) is an admissible regularization strategy with a quantitative stability
estimate. Our proof follows that of [11, Theorem 3].

Proof of Theorem 1.5 Let « > 0. Theorem 1.1 implies that
PSRY(Raf +8) — f = (P2 Fw, —1d) f + P& Rig. 1)
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To estimate the first term on the right hand side of (91), we calculate that

aW ! (k)»

(o4 —
Pw,SFWk - Id - _1 ~|—05Wk_1 (k)2s

92)

as a Fourier multiplier. This shows that || P%, sFw, — 1d| gr(my— grrny = 1 as Wy is
bounded from below and above. It follows from the dominated convergence theorem
that ||(P% (Fw, —1d) f||? — Oasa — 0if f € H"(T").

Suppose that ||g”L,2'2(Xd,n;w) < €. We have that ||R}|| = ||R4|l = Cy by Lemma

2.6. Hence ||R;g||%{,(w) < C2 2. This implies that

2
W71
P s Rigl3r oy < Coe® sup | ———Fqer | ()7
w,s N dS I H (Tn) w P l—i-(xW,:l (k)Zs

2 2 —4 1 : 2r—2t (93)
< C;€e°c,” sup <—> (k)=
WY ez \ 1 4+ aCy? (k)

< Cgc;‘a_zez
where the last inequality follows using —4s + 2r — 2t < 0. We can conclude that

_91 €
| Pi s Ragllarm = Caey’—. (94)

This shows that choosing « = /€ gives a regularization strategy.
Suppose now that § > 0. The proof of the estimate (11) is similar to that of [11].
Using the formula (92), we get that

OlW]:] (k>2s—3

PSS s Fw, — Id|l gr+s (pny— gpr oy = SUp ———————. 95)
w.s LW e R N TSED
We can estimate the norm by defining the functions
aW 1x2s—0
Fr(x) = —*———. (96)
1 +aW, x2s

The formula[11, Eq. (38)] implies that the maximum value of Fy is (W,:la)‘s/QSC(Sﬂs)
if o < Wip(2s/5 — 1). We see that « < Wy (2s/6 — 1) holds as we assumed that
o <c2(2s/8 —1).

We obtain that

|| (Pﬁ,xFWk — Id) ||Hr+8('ﬂ*n)_>Hr(Tn)

< sup Fi(x) < (e, %)/ C(8/2s). 97)
keZ",xeR
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Hence
I(PE  Fw, — 1) fll e emny < (c3%00) 5 C(S/2) |1 £ Il v 7y - (98)

Now the formulas (94) and (98) imply the quantitative estimate (11). O
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