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UNIQUENESS AND RECONSTRUCTION FOR THE FRACTIONAL
CALDERON PROBLEM WITH A SINGLE MEASUREMENT

TUHIN GHOSH, ANGKANA RULAND, MIKKO SALO, AND GUNTHER UHLMANN

ABSTRACT. We show global uniqueness in the fractional Calderén problem with a single mea-
surement and with data on arbitrary, possibly disjoint subsets of the exterior. The previous
work [GSU16] considered the case of infinitely many measurements. The method is again
based on the strong uniqueness properties for the fractional equation, this time combined
with a unique continuation principle from sets of measure zero. We also give a constructive
procedure for determining an unknown potential from a single exterior measurement, based
on constructive versions of the unique continuation result that involve different regularization
schemes.

1. INTRODUCTION

In this article we show global uniqueness in the fractional Calderén problem with a single
measurement, and provide a reconstruction algorithm. The fractional Calderén problem asks to
determine an a priori unknown potential ¢ (in a suitable function space, e.g. ¢ € L*°(Q)) from
exterior measurements encoded by the Dirichlet-to-Neumann map, formally given by

Ay H*(Qe) = (H* ()", = (=4)%ulg,,
where the functions u, f are related through the equation
(A +q@u=0inQ,
(1) u= fin Q.

Here Q C R is a bounded open set, 2, = R™ \ Q is the exterior domain, and the fractional
Laplacian is defined through its Fourier symbol, i.e., (—A)%w := F ' |£[>* Fw for w € H*(R™),
where s is a real number with 0 < s < 1. We will assume the following condition:

2) { if u e H*(R™) solves ((—A)* + ¢)u =0 in Q and u|g, =0,

then v = 0.
This means that zero is not a Dirichlet eigenvalue of (—A)® 4 ¢, and one indeed has a unique
solution v € H*(R™) for any exterior value f.

This problem, which was first introduced in [GSU16], should be viewed as a fractional analogue
of the classical Calderén problem, which is a well-studied inverse problem for which we refer to
the survey article [Uh14] and the references therein. Due to the results of [GSU16], it is known
that the Dirichlet-to-Neumann map uniquely determines the potential g, i.e. if 1,92 € L™>(Q)
are such that zero is not a Dirichlet eigenvalue of (—A)® + ¢;, i € {1,2}, then

Ay =Ny, = @1 =g

Moreover, uniqueness holds if the measurements are made on arbitrary, possibly disjoint subsets

of the exterior. In [RS19a] this has further been extended to (almost) optimal function spaces,

including potentials in L35 (). Logarithmic stability for this inverse problem was also proved

in [RS19a], and this stability is optimal [RS18]. Uniqueness for recovering a potential in the

anisotropic fractional equation ((—div(AVw))® + ¢)u = 0 was shown in [GLX17], and related
1



UNIQUENESS AND RECONSTRUCTION FOR THE FRACTIONAL CALDERON PROBLEM 2

inverse problems for the semilinear equation (—A)*u + ¢(x,u) = 0 were studied in [LL19]. A re-
construction method for positive potentials based on monotonicity methods was given in [HL19].
See also the survey article [Sal7].

All previously mentioned works deal with the case of infinitely many measurements, where
one knows Aq(f)|w, for all f € C2°(W7) for some open subsets W; of §).. Here, we show that
measuring A4(f)|w, for a single (nontrivial) f € C2°(W1) is enough to determine the potential.
Moreover, we give a constructive procedure for determining ¢ from a single measurement (we
refer to Section 2.1 for the precise functional set-up and the definition of the relevant function
spaces).

Theorem 1. Let Q C R™, n > 1, be a bounded open set, let 0 < s < 1, and let W1, Wy C Q. be
open sets with QN W1 = 0. Assume that either

e s€[1,1) and g € L>(9),

e or g € C%Q) (in which case s € (0,1) can be chosen arbitrarily),

and that (2) holds. Given any fized function f € ﬁS(Wl) \ {0}, the potential q is uniquely
determined and can be reconstructed from the knowledge Ay(f)|w,-

We emphasize that Theorem 1 contains both a uniqueness result, i.e. the statement that
Ag, (f) = Ag,(f) for a single f € H*(W;) \ {0} implies that ¢, = g, and an algorithmic
reconstruction result, i.e., an explicit method of recovering a potential g constructively from a
single function f € H*(W1) \ {0} and the single measurement A,(f). We note that this solves
a formally well-determined inverse problem in any dimension n > 1, since we recover a function
of n variables (the unknown potential ¢) from a measurement that also depends on n variables
(the function A,(f)|w, for a fixed f). In contrast, the Schwartz kernel of the full DN map
A, depends on 2n variables. Thus the inverse problem with infinitely many measurements is
formally overdetermined in any dimension.

The proof of Theorem 1 is based on the strong uniqueness properties of the fractional equation.
These were also crucial in [GSU16] and subsequent works, where the uniqueness property was
used to prove a strong approximation property of the fractional equation, and the approximation
property was then used in solving the inverse problems. Here, in the case of a single measurement,
we give a proof that only requires different versions of the uniqueness property. We remark that
in the slightly different context of the recovery of an unknown obstacle, it was shown in [CLL19]
that in the fractional setting a single measurement suffices to recover the obstacle.

The next result is a constructive version of (a special case of) the uniqueness result stated in
[GSU16, Theorem 1.2].

Theorem 2. Let Q@ C R", n > 1, be a bounded open set, let 0 < s <1, and let W be an open
set with QN W = (. Any function v € H*(R"™) with supp(v) C Q is uniquely determined by the
knowledge of (—A)*v|w =: h. The function v can be reconstructed from h as

v = lim v, (limit in H*(R™)),
a—0
where vy, for any o > 0 is the unique solution of the following minimization problem:
vo = argmin,, o [1-A) 0l = Al + ol

The previous theorem is essentially an application of the standard Tikhonov regularization
scheme to the unique continuation problem of determining v from the knowledge of (—A)%v|y .
Analogues of the corresponding constructive unique continuation results for the case s = 1 can
for instance be found in [KT04, BD10]. In Section 3 we present two additional schemes, based
on spectral regularization and minimal L? norm regularization, to achieve the same result. We
note that the results in [RS19a, RS18] strongly suggest that this unique continuation problem is
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highly ill-posed and has only logarithmic stability. In Section 6, we show that this is indeed the
case.

Theorem 2, combined with an application of the uniqueness result in [GSU16, Theorem 1.2]
in Q, would be sufficient to prove Theorem 1 for potentials in C°(Q2). To deal with potentials in
L>(Q), we also need the following unique continuation result for the fractional equation from
sets of positive measure.

Theorem 3. Let Q@ C R", n > 1, be a bounded open set, let s € [i, 1), and let ¢ € L™ (). If
u € H5(R™) satisfies ((—A)* 4+ q)u = 0 in Q and u vanishes in a set of positive measure in S,
then u =0 in R™.

This type of result has been proved for C'* potentials in [FF14]. Our proof is based on Carleman
estimates and a boundary unique continuation principle for solutions of the degenerate elliptic
equation V - (x}lflsVu) =0in Rﬁ“ that satisfy a vanishing Robin boundary condition. The
restriction s > 1/4 is required to deal with a L> Robin coefficient (and could be removed if
q is C! in a suitable radial direction). The same restriction also appears in the strong unique
continuation principle for fractional equations with L potentials [Ril15].

Let us conclude by describing the reconstruction procedure in Theorem 1, which determines
the unknown potential ¢ from a single measurement A,(f)|w, =: g corresponding to a fixed
exterior Dirichlet data f € H*(W;) \ {0}. The idea is to determine the solution u € H*(R")
having exterior data f from the knowledge of f and g. In the following procedure, we do this by
first writing u = f + v where v € H* (©), and then by determining v:

(1) Define h := g — (—A)° flw, € H=5(W>).

(2) Determine v € H*(R™) as v = limq—,0 vo, where v, for a > 0 is obtained by solving the
minimization problem in Theorem 2 with W replaced by Ws.

(3) Define u:= f 4+ v € H*(R™).

(4) Determine q a.e. in {2 as

u o
Here we use that u can only vanish in a set of measure zero in {2, by Theorem 3 and the
fact that f # 0.

We note that this reconstruction procedure is quite different from those for the standard Calderén
problem (the case s = 1), which are often based on complex geometrical optics solutions and
boundary integral equations [Na88, Na96].

This paper is organized as follows. Section 1 is the introduction, and Section 2 discusses
function spaces, wellposedness and functional analysis results required for the proofs. Section
3 contains several constructive unique continuation results and in particular proves Theorem 2.
Section 4 considers the inverse problem and proves Theorem 1. Section 5 contains the unique
continuation result from sets of positive measure, Theorem 3, which is required to deal with L*°
coefficients in Theorem 1. Section 6 shows that logarithmic stability is optimal in Theorem 2,
and Appendix A proves a Carleman estimate required for Theorem 3.

Acknowledgements. M.S. was supported by the Academy of Finland (Centre of Excellence in
Inverse Modelling and Imaging, grant numbers 312121 and 309963) and by the European Re-
search Council under FP7/2007-2013 (ERC StG 307023) and Horizon 2020 (ERC CoG 770924).
G.U. was partly supported by NSF and a Si-Yuan Professorship at TAS, HKUST.

2. AUXILIARY RESULTS

In this section, we recall a number of auxiliary results, which will be relevant in our recon-
struction algorithm.
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2.1. Function spaces. In the sequel, we will use several L? based Sobolev spaces. Here we
follow the notation from [RS19a], [GSU16] and [Mc00]. The whole space Sobolev spaces are
denoted by

H*(R™) :={u € S'(R") : [(D)*ul| L2rn) < 00},

where (D)%u := F~{(1 + |£[?)%/2 Fu} and where F denotes the Fourier transform.
For spaces on open domains U C R™ we use the following notation:

H*(U) :={u|y : we H*(R")},
H*(U) := closure of C2°(U) in H*(R"),
H{(U) := closure of C°(U) in H*(U),
HZ = {u € H*(R") : supp(u) C U}.
We remark that it always holds that (see for instance Theorem 3.3 in [CWHM17])
(H(U))* = H*(U), (H*(U))" = H*(U), s € R.
If in addition U is a bounded Lipschitz domain, we also have that
Hi = H*(U), s€R,
s s 1 13
HO(U> = HUa s> 753 S ¢ {53 55'
1
Hy(U) = H'(U), s< L.

"}7

2.2. Well-posedness. We recall the main well-posedness results for solutions to
(A +q@u=0inQ,
(3) u=fin Q.
Here and in the remainder of the article, we always implicitly work under the assumption (2).
As the well-posedness of (3) was discussed in detail in [GSU16], we omit the proofs in the sequel

and only state the main results.
We first recall the well-posedness in the energy space:

Lemma 2.1 (Lemma 2.3 in [GSU16]). Letn > 1 and s € (0,1). Let Q@ C R™ be a bounded open
set. Assume further that g € L () is such that (2) is satisfied. Let

By(u,w) == ((=A)*2u, (=A)*?w) g2 gny + (qulo, wlo) 12y,  u,w € HY(R™).

Then, for any f € H*(R™) the problem (3) is well-posed in the sense that there exists a unique
solution u € H*(R™) with

By(u,w) =0 for allw € H*(9),
andu— f € ﬁﬁ(Q) Moreover, there exists a constant C' > 0 depending on n,s,S2, q such that
ull s ®ny < Cllfll#rsgn)-
In particular, the well-posedness result of Lemma 2.1 allows us to define the Poisson operator
P, : H*(Q.) — H*(R™), f —u,

where u is the unique solution to (3).

With the bilinear form B,(u,v) at hand, it is possible to precisely define the Dirichlet-to-
Neumann map associated with the fractional Calderén problem (cf. Lemma 2.4 in [GSU16]). To
this end, let [f],[g] € H*(R™)/H*(Q) =: X. If Q is a Lipschitz domain, the quotient space X
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can be identified with H*(Q.). Due to this, we will simply write f instead of [f]. The (weak)
Dirichlet-to-Neumann map associated with (3) could be defined as

(4) Kq P X — X7, <Kq[f]a [9]) x5 x+ = By(u, g),

where v is a solution to (3) with data f, B,(:,-) denotes the bilinear form from Lemma 2.1 and
where (-, ) x_ x+ denotes the duality pairing between the respective spaces.
We will also consider the pointwise Dirichlet-to-Neumann map

Ag: H* () = H*(Qe), [ (—A)ulg,.

This is well defined for any bounded open set Q@ C R™ and any ¢ € L>= () if (2) holds. It was
proved in [GSU16, Lemma 3.1] that, if one assumes more regularity for €2, ¢, and f, one has

Af =Aqf.
In this article we will use the pointwise Dirichlet-to-Neumann map A,, since it directly leads to
a reconstruction procedure from a single measurement.

2.3. Relating the Poisson operator and the Dirichlet-to-Neumann map. Our recon-
struction procedure for the inverse problem boils down to determining a solution u = P, f in R"
from the knowledge of f in Q. and A, f|w for some open W C Q.. Thus, we wish to determine
P,f from A, f|w. Since A,f|lw = (—=A)%u|w, the problem reduces to determining u in R" from
the knowledge of w in Q. and (—A)*u in W. Writing u = f + v, it is sufficient to determine a
function v € H*() from the knowledge of (—A)*v|y . In other words, we need to determine v
from Lv, where L is the operator introduced in the following lemma.

Lemma 2.2. Letn>1 and s € (0,1). Let @ C R™ be a bounded open set, and let W C R™ be
an open set with QNW = (). Consider the operator

(5) L:H*(Q) = H (W), v (—A)v|w.

Then L is a compact, injective operator with dense range. In particular, there exist orthonormal
bases {p;}52, of H=*(W) and {1;}52, of H*(Q) (with respect to the Hilbert space structure of
these spaces, see [CWHM17]) and singular values o; > 0 such that

(6) Lyj =ojp;, L pj = o;9;.
Proof. Let x1,x2 € C°(R") satisfy x2 = 1 near Q, x; = 1 near W and y; = 0 near supp(x2).
Then
Lv =rwx1(—A) x2v, v € H*(Q),
where ry denotes the restriction to W. Next we claim that
(7) x1(—A)*xz is bounded H*(R") — L*(R™).

From (7) and the compact Sobolev embedding L?(B) C H~*(B) where B is a ball containing
supp(x1), we see that L : H(Q) — H~(W) is compact. To prove (7) we split (—A)* = A; + A,
where A; corresponds to the Fourier multiplier x(£)|£]?* and Az corresponds (1—x(€))[€]?%, where
x (&) is supported in B;(0) and is identically equal to one in By /5(0). Then x;1A;x2 is bounded
H*(R") — L?(R") since A4; is bounded on L?(R™). Moreover, A, is a standard pseudodifferential
operator, and since x; and x2 have disjoint supports the integral kernel of x1 Asx2 is C* (this is
the pseudolocal property) and hence this operator is bounded H*(R") — H*(R™) for any ¢ > 0.
This shows (7).

We have proved that L is compact. Also, L is injective by the weak unique continuation
property for the fractional Laplacian [GSU16, Theorem 1.2]. By the Hahn-Banach theorem,
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to prove the density of the range of L in H~*(W), it suffices to show that the only function
fe H(W)=(H*(W))* which satisfies
(Lv, f) = 0 for all v € H°(1),
is the zero function. To observe this, note that for any v € C°(), the definition of the duality
between H (W) and H*(W) gives
0=(Lv, f) = ((=8)", flrr = (v, (=A)°f)r.

Since this is true for all v € C2°(9), it follows that (—A)® f|q = 0. But also f|q = 0, and using
again [GSU16, Theorem 1.2] yields that f = 0. This concludes the proof of the density result.
The rest of the statements follow from the spectral theorem for compact operators. O

We remark that the compactness of L indicates that the recovery of Pyf from Ay flw by
inverting the relation L from Lemma 2.2 is necessarily ill-posed (cf. Section 6 for more on the
stability properties).

2.4. Equivalence of Runge approximation and weak unique continuation. Last but not
least, we show that the approximation property and the (weak) unique continuation property
used in [GSU16] are in fact equivalent. A quantitative version of this equivalence was presented
in Lemma 3.3 in [RS19a]. For elliptic second order operators, this equivalence was already proved
by Lax [La56].

Proposition 2.3. Let Q C R™, n > 1, be a bounded open set, and assume that W C €. is open.
Let s € (0,1) and let ¢ € L>=(Q) satisfy (2). Then the following statements are equivalent:
(i) For every e > 0 and every v € L2(QY) there exists f € H*(W) such that
v = Pefllrz) < e
(ii) Let v e L3(Q) and assume that w € H*(Q) is a solution to
(=AY + @w = v in Q,
w =0 in Q.

Assume that (—A)*w =0 in W. Then, v =0 and w = 0.

(8)

For completeness, we briefly recall the short proof of this.

Proof. The implication (ii) = (i) follows from the Hahn-Banach theorem as explained in [GSU16].
Indeed, (i) is equivalent to the density of {P, f|a; f € H*(W)} in L?(2). Assume that a function
vy € L*(Q) satisfies

(vo, Pyf)a = 0 for all f e H¥(W).
Defining w to be a solution of (8) for vy then yields (after using the equation for P, f)
0= (vo, Pgf)e = (=8)" + Quw, Py f = fla = (=8)° + Quw, By f = f)n
= —((=A)*w, f)g« for all f € H*(W).

In particular, (—A)*w = 0 in W. Assuming the validity of (ii) hence entails that vy = 0 and
w = 0, which yields the desired density result.

The opposite implication (i) = (ii) is a consequence of an argument which is similar to the
one for Lemma 3.3 in [RS19a]. Let v € L?(Q) be such that for the solution w € H*(Q) of (8)
we have (—A)*w|y = 0. Assume that the approximation property from (i) holds. We seek to

show that then v = 0 and hence w = 0. Using the approximation property, we have that for
any ¢ € L?(Q) and any € > 0 there exists f € H*(W) such that |[¢) — Py f|[12(q) < €. Thus,
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using the equations for w and P, f as in the first part of this proof and the assumption that
(—A)*w|w = 0, we infer that

(an)ﬂ = (anquf)ﬂ+(vaqu)ﬂ
= (UW—qu)Q - ((_A)Sw7f)W = (Uﬂl)—qu)ﬂ

Thus, using the approximation property for any v € L?(2) and any € > 0 we obtain
(v, ¥)al < llvllLz@)ll — Pofllrz) < €llvllrz@)-

Letting € — 0, we in particular obtain (v,1)q = 0 for all ¢ € L?(Q2). Hence v = 0, which by
well-posedness of the equation (8) also implies that w = 0. This concludes the proof. ([

3. CONSTRUCTIVE UNIQUE CONTINUATION RESULTS

Seeking to follow the recovery strategy outlined in steps (1)—(4) in the introduction, we here
deal with constructive unique continuation results which are needed for step (2). As the operator
L from (5) is compact, this is an ill-posed problem and hence requires regularization arguments.
In the sequel, we discuss three such possible recovery procedures: First, we rely on the spectral
properties of the operator L from Lemma 2.2 and apply a suitable spectral regularization scheme.
Next, in Section 3.2, we rely on Tikhonov regularization and hence prove Theorem 2. Finally, in
Section 3.3 we use a variational argument as in [RS19a] and [FZ00], which yields the minimal L?
norm regularization. If the data are exactly of the form (—A)*ulw for some function u € H*(Q),
all these schemes recover u exactly (a little care is needed for this in the minimal L? norm
regularization). However, we remark that in view of the stability results from [RS19a], the
stability for these recovery schemes is at best logarithmic, which renders them very unstable (cf.
Section 6). We will not discuss here the choice of the regularization parameter or computational
implementations.

3.1. Spectral regularization. We begin by discussing the spectral regularization, which is
based on the mapping properties of L, L* outlined in Lemma 2.2. Further properties of spectral
regularization can for instance be found in Chapter 4 in [CK12] (cf. also Section 3.3 in [RS19a]).

Lemma 3.1. Letn > 1 and s € (0,1). Let Q C R™ be a bounded open set and assume that
W C R™ is open with QN W = 0. Let L, L* as well as {1 }32, C H*(Q), {px}32, C H5(W),
o >0 be as in (6) and let h € H=5(W). Then, the following approzimation results hold:

(i) The function

Vo i= Ry(h) = Z Uik(hawk)H*S(Wﬂ/)k € H(Q)

o>

satisfies Lvg — h in H=*(W) as a — 0. B
(i1) If h = Lo for some v € H*(Y), we further have Ry (h) = vo — v in H*(82).

Proof. The claim in (i) directly follows from the density and the mapping properties from Lemma
2.2. In order to deduce the second property, we use the (Hilbert space) duality between L, L*:
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If h = Lv, then
1 1
Vo = Z J_k(h’ Pr)H— (W) Pk = Z U_k(vawk)H*S(W)ﬂ}k
o> oo
1 *
- Z U_(UvL Pr) e )k = Z (v, ) fre () Uk
o> o>
- Z(U,%)gs(mw = v in H(Q).
E>1
This concludes the argument. O

Remark 3.2. We remark that the spectral regularization scheme outlined in Lemma 3.1 re-
quires the knowledge of oy, vy, pr. These however can be computed from the eigenvalues and
(generalized) eigenfunctions of the (known) operators L*L and LL*.

3.2. Tikhonov regularization. As a second regularization procedure with possibly less com-
putational effort (it is for instance not needed to first compute the singular value decomposition
of L, L*) we describe a Tikhonov regularization scheme for our problem. Tikhonov regularization
is discussed e.g. in [CK12] (cf. also Section 3.3 in [RS19a]).

Lemma 3.3. Letn > 1 and s € (0,1). Let Q C R"™ be a bounded open set and assume that
W C R™ is open with QNW = (). Then the following results hold:

(i) For each h € H=*(W) and each o > 0 the functional
Ea(v) = [(=A)"vlw =kl + ellvlF. g v € H*(Q),
has a unique minimizer vy, =: Ro(h) € H*(Q). Moreover, (—A)svq|w — b in H=*(W)
as o — 0. ~
(ii) If h € R(L) with L being the operator from (5), i.e. if there exists w € H*(Q) such that
(—A)*w|w = h, then vy, = Ro(h) = w in H(Q).
Proof. Both properties follow from general arguments on Tikhonov regularization combined with
the mapping properties of L: As the operator L is a compact, linear operator by Lemma 2.2,
Theorem 4.14 in [CK12] asserts the existence of a unique solution of the minimization problem
for £,. Since furthermore the operator L has a dense image in H*(W), we also obtain the
approximation property claimed in (i) (Theorem 4.15 in [CK12]).
Theorem 4.13 in [CK12] implies that Tikhonov regularization is a regularization scheme.
Hence, if h = Lw for some w € H?(2), this in particular implies the pointwise convergence

Vo = Ra(h) = w in H*(Q)
as a — 0. O

3.3. Minimal L? norm regularization. Finally, as a further possible means of recovering
v from (—A)®v|w, we use a variational approach which is analogous to the one presented in

[RS19b] and [FZ00]. In the sequel, with slight abuse of notation, we will write [ hfdz also for
W

h e H=5(W) and f € H*(W) to denote the corresponding duality pairing (which we view as an
extension by continuity to these spaces).

Lemma 3.4. Let n > 1 and s € (0,1). Let @ C R" be a bounded open set and assume that
W C Qe is open with QNW = 0. For o >0 and h € H=*(W) consider the functional

1 ~
Ta() 1=l — [ hdo+alfllg . £ € HOD).
w
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where u and [ are related through
9 (=A)°u =0 1in Q,
) u=fin Q..

Then, for each h € H=*(W) and o > 0 there exists a unique minimizer f, € ﬁS(W) of the
functional J,,. Denoting the associated solution of (9) with exterior data fo by G, € H*(R™)
and defining ¢o =: Ro(h) € H*(2) to be the solution to the dual equation

(_A)s¢a = _’0’06 n Qa

(10) Do =0 in Q,

we then have |[(—=A)*@alw — hllg—sw) < a and Jo(fa) = f%HﬁaH%z(Q),

Proof. The proof follows along the lines of Lemmas 4.1 and 4.2 in [RS19b], which is based on the
variational approach from [FZ00]. For self-containedness, we repeat the argument: Firstly, we
note that the functional 7, is strictly convex and continuous with respect to H 5(W) convergence
(of f € H*(W)). The proof of strict convexity uses weak unique continuation. Hence, in order
to prove existence, it suffices to check coercivity, which follows from the unique continuation
property of the fractional Laplacian. Indeed, assume that fx € H $(W) is a sequence with
ka||ﬁs(w) — 00. Then, we define the rescaled functions f;, := W, which are of unit norm
Hs (W)

(and thus weakly precompact). Rescaling the functional 7, yields
ja (fk)

||kaF1s(W)

1. R
(1) = SlanlZ | ellgeary = [ hfude +a.
w

Here 4y, := , with uy being a solution to (9) with exterior data fi, and the integral

= Tilason i
over W denotes the duality of H=*(W) and H*(W). We now distinguish two cases:
o If likrgior;f l|lix]|£2() > 0, then the boundedness of ka”ﬁs(W) and of [|h]|g-sw) and the

unboundedness of ||kaﬁs(W) imply
o Talfr) r o \B YT
liminf ————— > liminf | = ||t fell s — ||| g-= + a| = oco.
ko 00 ||fk||f]s(W) s 2” HLZ(Q)” HH (W) ” ”H (W)

This in particular yields the desired coercivity.
e If along some subsequence in k (which without loss of generality, we may assume to be
the whole sequence), we have klim lUx ]| L2y = 0, we infer that
c—> 00

fy, — 1 in H5(R"), iy — 0 in L2(Q), fr — foo in H¥(W).
Here we used the estimate [[ugl|fs@n) < Cka”ﬁs(W) for solutions to the equation (9)
in order to infer the first convergence result. Moreover, the function ¢ in H*(R™) solves
(=A)°p =01in Q,
Y = foo in Qe.
By the fact that ¢ = 0 in  (which follows since @, — 0 in L?*(2)) and by (weak) unique

continuation for the fractional Laplacian, this however entails that ¢ = 0. In particular,
foo = 0. Thus, returning to (11) and using that [ hfrdz — 0, we deduce that for k
w
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sufficiently large it holds that
ja (fk)

ka”ﬁs(w)

|9

1,. 2 o
2 Sllakllze o)l fell 7o gy + 5 2

Again, this yields the desired coercivity and therefore concludes the existence proof.

The smallness condition [|(—=A)*Pa|w — h||g-=w) < « follows from considering variations of
the functional around the minimum. Indeed, spelling out minimality condition

Ja(fa) < TJalfa + pf), peR,
as in [RS19b] and combining it with the triangle inequality gives

(12) [ taude ~ [ 1pds] < alfll .
Q 1%
By the definition of ¢, and the identity

(13) [ tands = [ -8y ¢atu= e = [~y galuf do
Q Rn w
we further deduce that

(14) J 180 Galw = 1 fds| < 0|l

W
Duality then implies the estimate |[(—=A)*@a|lw — hllg-sw) < a. The condition Jo(fo) =
—3laa %2 () follows also from the minimality condition as in [RS19b). O

Having established approximate recovery, we seek to show that the variational argument from
above is a regularization scheme, i.e. that it recovers the function exactly if h € R(L), where L
is the operator from (5). To this end, we will need to assume some extra regularity.

Lemma 3.5. Assume the conditions in Lemma 3.4, and assume additionally that Q has C*
boundary. Let h € H=*(W) and assume that h € R(L) with L as in (5), i.e., that there exists
® € H*(Q) with h = (—A)*@|w. Suppose moreover that u = (—A)*plq € L*(Q). Then, with
Yo = Rah, for some sequence @ — 0 one has

Go — P in H*(Q).
Proof. Using the fact that h = (—A)*@|y and the regularity assumption 7 = (—A)*plq € L3(),
we compute

1 . 1 _
Sl — -8V @rde = Sl — [wuds

w Q

v

Ta(f)

1 _ 1 _
2 §H“||2L2(Q) — 1l 2 @yllull 2 0) > ZHUH%Z(Q) — [l 20

Thus in particular J,(f) > ﬂm”%zm) for all f € H*(W). The formula J,(f,) = f%HﬁaHzﬁ(Q)
yields that

laall720) < 20[@lZ20), @ >0.
The Vishik-Eskin regularity estimates, see [Grl5, Theorem 3.1] (here we use that 2 has C*°
boundary), imply that for some 8 > 0

||95a||f13+/3(9) <C, a > 0.
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Compact Sobolev embedding implies that, for some sequence o — 0,
Go — ¥ in H*().
The convergence (—A)*@u|lw — h = (—A)*@|lw in H (W) implies that
(=A)*Plw = (-A)*Plw.

Since also |y = P|w = 0, weak unique continuation for the fractional Laplacian implies that
1 = in R™. This concludes the proof. O

4. RECOVERY OF ¢

In this section we present the argument for Theorem 1, taking the results of Theorems 2 and
3 for granted. The main issue here is to rule out that u vanishes on a too large subset of € in
order to define ¢ by means of the quotient (7?5". The control on the size of the nodal set of u
is ensured by the measurable unique continuation property of Theorem 3.

Proof of Theorem 1. Step 1: Recovery of u. By assumption, for some known f € fIS(Wl) \ {0},
we are given A, f|lw, = (—A)°u|w,. Then, the function v := u — f satisfies

(A +q@v=—(-A)’fin Q,
v =01in Q..

In particular, v € H #(92). Hence, by Theorem 2 (or any of the other reconstruction schemes
presented in Section 3) v can be reconstructed from the knowledge (—A)*v|w,. But linearity
and the definition of A, yield

(=8)vlw, = (=A)ulw, — (=A)* flw, = Agflw, — (=4)" flw,-

Since f € H*(W}) is assumed to be known, we can constructively recover v from Agflw,. As
u = f + v, this also yields the constructive recovery of the full function v in R™.

Step 2: Reconstruction of the potential g. We split the reconstruction argument for ¢ into two
steps and first deal with ¢ € C°(2) and then with ¢ € L>°(Q).

Step 2a: ¢ € C°(Q). We note that by the fractional Schrodinger equation (1), which is obeyed
by u, we have

for almost every x €  such that u(xz) # 0. We claim that this suffices to recover ¢ in the
whole of Q by invoking the weak unique continuation property of the fractional Laplacian and
the continuity of ¢. Indeed, fix an arbitrary point x¢ € 2. Then the weak unique continuation
principle for the fractional Laplacian implies that there exists a sequence (xy) with Q > zp —
zo €  and u(zr) # 0. Indeed, else uw = 0 on an open subset of 2, but by the weak unique
continuation property this would entail that « = 0, which is impossible since f is not identically
zero. Hence, by continuity,

| (A u(e)
alwo) = lim gan) = lim *—TEEE

Since xg € {2 was arbitrary, this concludes the argument for the recovery of continuous potentials.
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Step 2b: ¢ € L>(Q), s > i. Since g € L*°(Q), the potential ¢ is only defined up to a null
set. By the measurable boundary unique continuation result of Theorem 3, there exists no set
E C Q with |E| > 0 such that u|g = 0. Hence, the quotient

(=8)*u(x)
is well defined for almost every x € €2, which thus allows us to recover ¢ € L (). O

5. UNIQUE CONTINUATION FROM MEASURABLE SETS
In the sequel, we seek to prove the following unique continuation result from measurable sets:

Proposition 5.1 (Measurable UCP). Let Q C R™ with n > 1 be a bounded open set and let
q € L>(Q). Let s € [1,1) and assume that u € H*(R") satisfies

(15) (A’ +qu=0 in Q.
If for some measurable set E C Q with |E| > 0 we have u|lg = 0, then v =0 in R™.

In order to prove this result, we rely on unique continuation arguments for local equations.
To this end, we recall that the nonlocal Schrodinger equation (15) can also be “localized” by
means of the Caffarelli-Silvestre extension. More precisely, for any U C R:"_‘H we set

1-2s 1-2s
H'(U,2}33) = {o € D'(U) : ey llizco + l2n Ty Vollzage < oo},
Phrased in this notation, the article [CS07] shows that for any w € H*(R"™), the unique solution
e HY R 2)7%°) of
V-2, 3V =0in RYT
@ =u on R" x {0},
satisfies ¢, s lim Ox}L:jS@nH& = (—A)%u (as a limit in H—*(R™)) for some constant ¢, s # 0.
Tn41—
Hence, (15) can be viewed as the following Neumann (or Robin) problem:
V-2, 37V =0in R}

Cn,s lim x};jsanﬂa = —qt on Q x {0}.
In_*_l‘)O

(16)

Proposition 5.1 will follow if we can show that any solution %, whose Dirichlet data vanishes in a
set of positive measure and whose Robin data vanishes on an open subset of the boundary, must
be identically zero. This is close to the boundary unique continuation results for the standard
Laplacian, see e.g. [AE97, TZ05], which correspond to the case s = 1/2 for Dirichlet or Neumann
data (but not Robin data). As in these works, we will base our proof on certain boundary
doubling estimates for the solution .

With slight abuse of notation, in the sequel, we will not distinguish between % and v and will
use the same symbol both for the Caffarelli-Silvestre extension and for its boundary values.

5.1. Auxiliary results. We recall several auxiliary results which will be needed in the proof of
Proposition 5.1. Most of these (or slight variations of these) can be found in [Riil5] and [RS19a].
If 2o € R"?, we will identify x¢ with (z9,0) € R™*! and use the notation

Bl (z0) = {z e R |z — 20| < 7}, Bl(xg) = {2’ e R" : |2/ —zo| <7}

If 290 = 0 we will just write B;} and B..
We first recall Caccioppoli’s inequality for the Caffarelli-Silvestre extension.
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Lemma 5.2 (Caccioppoli). Let s € (0,1) and r > 0. Let u € H'(B],,z,;3°) be a solution of
V-2, 5Vu=0 in B

Assume that u, lim Ox}lffanﬂu € L*(B),). Then there exists C = C,, s > 0 such that
Tp+41—>

%V < Op1 =5 C 1/2 li 1-2s 5 1/2
[ UHL2(B:f) <COr @,y U||L2(13’2jrr)jL ||u||L2(Bér>||xn+lfn_>ox"+1 n+lu||L2(Bér)-

Proof. The proof follows as in Lemma 4.5 in [RS19a]. However instead of dealing with the
boundary contributions by duality, we directly use the Cauchy-Schwarz inequality for them (in
conjunction with the assumption that the boundary values and the weighted normal derivative
at the boundary are L? functions). ]

Next we recall some trace and Sobolev estimates for functions in weighted H' spaces.

Lemma 5.3 (Trace estimates). Let s € (0,1) and let v > 0. Let u € HY (B}, ,z}.3%). Then
ulp; € H%(BY), and there is C = Cy, s > 0 such that

1-2s g, 1z2s
ull2(;) < Cr°llz, £ VU”LZ(B;) + 7’ lenﬁ u”m(B;))'

Moreover, ifn>2, orn=1 and s € (0,1/2), there is C = Cy s > 0 such that

1-2s ., lz2s
lull 2= By < Ol $1 v“”LZ(B;) +r 7 2,2 UHLZ(B;))a

where 2*(s) = 22— € (1, 00).

n—2s
Proof. The estimates are scaling invariant, and thus it is enough to prove them when r = 1.
Let 7 be a cut-off function which is supported in By and is equal to one near Ef. Then

nu € HY(R}™, 217%%), and by the trace theorem for this space (see e.g. [RS19a, Lemma 4.4])
one has nu|g~ € H*(R™) and

lulle2sy) < llullgesy) < Cnsllenfy Vullpoggy + 2081 ull 2 1))

The Sobolev embedding also yields [ul| g2+ (1) < Cn,sllullmr=(5;) unless n =1 and s € [1/2,1).
The result follows. O

Next we recall a (slight extension of a) result from [R{i15]. The constants from this point on
will be denoted by M and they will in general depend on the solution w.

Lemma 5.4 (Doubling). Let @ C R™ be a bounded open set and let ¢ € L=(Q). Let s € [1,1)
and assume that v € H*(R™) is a solution to (15). Then there ewists ro = ro(||lq|[L~(a)) > 0
such that for each xo € § there exists a constant M = M (dist(xzg,0Q),n,s,u) > 0 such that for
all v € (0,79 dist(zg, 0§2)/10)

1201 ullz2mg oy + 7@t Vlliz (s meyy € MUlZnty ull Lzt 2oy T TllEnts Vull L2 (s 2o)))-

Proof. The proof of Lemma 5.4 follows along the same lines as the proof of Proposition 4.1 in
[Rii15] with two slight modifications: As the Schrédinger equation is only assumed to hold on
the bounded domain 2, we have to choose the cut-off function 7 such that it is supported in €.
This gives rise to the dependence on the distance to the boundary. Secondly, in the Carleman
estimate, we keep the gradient terms in the small balls (instead of estimating them by means
of Caccioppoli’s inequality). This necessitates a slight upgrade of the Carleman estimate from
[Riil5, Proposition 4.1], which uses ideas from [Ril5, Remark 4]. We present a self-contained
argument for the upgraded Carleman estimate in the appendix.
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For self-containedness, we present the details. Without loss of generality (by scaling and
translating we can always achieve this), we may also assume that Bj C Q and o = 0.

Step 1: The Carleman estimate. We begin by recalling the Carleman estimate from [Riil5,

Proposition 4.1], in the upgraded form given in Proposition A.1, which allows us to treat L*°

potentials. For a solution w € H'(By, x,,;3%) with supp(w) C Bf \ B, and r; € (0,1) of

V-2, 3V = f in By,

lim :vnﬂ *Opt1w = Vw on Bi,
wn+l_>

(17)

for parameters 7 > 19 > 1 and for the weight function ¢(x) := 1 (|z|) with

P(r)=—1In(r) + 110 (ln( )arctan(In(r)) — %ln(l + ln2(r))) ,
we have for any o € (271, 3)

7 n(ra/r1) "Y€ 0, T, 2 = 2| Yl oy + 7 Ein(ra/r) " [le™a, Tp i1 VwIILz(B+>

(18) e )™ el
+7lem (1 + In?(|2]) "2 T, 2 |x| 1wHL2(B+)+||eT¢(1+1n (Jz) "z T, f Vw||L2(B+)

2s=1
<CrE|leelz, 2y fllpagpn + 72 el Ve sy

This Carleman estimate is obtained by using the ideas which are explained in [Riil5, Remark
4]. These were already used in [Riil5, Proposition 4.1] and [KRS16a, Remark 3.8, Corollary 3.11
and Proposition 4.9], in order to derive doubling inequalities. While in the setting of [Riil5,
Proposition 4.1] and [KRS16a, Proposition 4.9] we only needed this on the level of w, we here
also need it on the level of the gradient Vw. We give a new, self-contained proof of the Carleman
estimate in the appendix which is similar to the splitting arguments that have been used in
[KLW16] and [KRS16b].

Step 2: Application of the Carleman inequality. In order to turn our solution u from (16)
(recall that we write u instead of 4) into a form in which the estimate (18) can be applied, we
multiply u with a radial cut-off function n > 0 with supp(n) € Bf \ B, n=1in B \ B3, and
[Vl < % in Bf \ B;f. Here r is any number with 0 < r < 1, and we w111 track the dependence
of the constants on r. We note that the function w := nu satisfies (17) with

(19) f(z) =223V - Vu+uV - x}Lff'Vn,

and that by the radial form of n we in particular have

Cn,s  lim "En-s-l *Op+1w = —quw on BE,
Tp+1—0
i.e. we do not catch 7 derivatives in the normal derivative, and V' in (17) is given by V' = —- Lg.

We may hence apply the Carleman estimate (18) to w = nu. In the case s > 1/4, we can
absorb the boundary term on the right hand side into the left hand side if 7 > 7y with 7
sufficiently large. The same can be done when s = 1/4 by using the (1 4+ In?(|z|))~"/2|z|~* and
|x|® weights in the boundary terms, provided that we replace i by n(- /rg) where ¢ is a small
constant depending on ||¢|/L=. We assume that this has been done, and we can thus drop all
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boundary contributions. This turns (18) into

lHe-r(zS

1 1-2s
T3 In(ra/r) e a2y lal Ml e+ 7% Inra /) e, By Vol

1—
Frllem (U 2 (al) o]y e + N1+ I2(al) " 2y Tl o
—1 4 251
<CrE e |xle, ]y f”Lz(BI)'

Next, plugging in the form of f from (19), choosing r1 = r, 72 = 4r and using the support
assumption of 7 = 7(|z|) (which in particular implies that |V - 2,,3°Vn| < Csz33° in Bf \ Bf
and |V - 2,,.3°Vn| < Cszp23°r~2 in B, \ Bf), we infer that

1 1-2s _ 1 1-2s
T2H6T¢xn-i2-1 || 1U||L2(B+ \B*) +7 2||€T¢917ni1 VUHLZ(BJr \B7)

+ 7€ (1 + ?(|2l) 2w, 7, el UI\L2(3+\B+) + e (1 + I (J2]) "%, 2 VUIIL2(3+\B+)

1 1-2s 1 1-2s
<4Cr2|e™x, 2, Vull 2 g\ i) + 40T 3| xnjl u||L2 B+\B+)
1 . 1—2s 1 .
+4CT72le %njl VUHLZ(B;;\B:r) +4CT 0y ez nt1 UHL2(3+ \B})"

Using the domain structure, the monotonicity properties of ) and the trivial estimate 7 > 1,
this can be further estimated by

1 — 5
3TNy 1||”HH¢(B \BQT,@}LJjS)+€w(2)||u|\Hl(Bg\B S )

(20)

_1
< 40T O ul i g\ py iy 40T RO gy g 2

Here on B \ By, (and similarly on By \ B;') we have used the notation

[l 1 55\ B wli2e) = ||$n+1 ull L2t Bt +7“||3’3n+1 Vull 251 \Bs

in order to avoid always having to spell out the full norms.
Adding the term 7~z ¥(r)p—1 [Jutll 72 Bf al2) tO both sides of (20), and using the fact that

e ) < o™ (") for 7 > 0, we further obtain

_1 5
T 267’11}(47" 1Hu||H1(B4T, :L+218) + eTw(Q)Hu”Hl(B;:\B;,mzjrzls)

(21) )
_1 3 _1 )1

< O 2 Dully gz + O3 O ull gy g a2y

Next, we choose 79 > 1, depending on the fixed function u, so large that for 7 > 7y one has

1 3 1 5
O 2 Ol sy w120y < 3¢ P el spiag az20)
2

In fact, it is enough to arrange that for 7 > 7y,

L

eTW(H=UE) /2 > 90

[[ull 2 B*\B2 ,x1+215)
If w is nontrivial, the denominator is nonzero by unique continuation for uniformly elliptic equa-
tions (the equation is uniformly elliptic in the interior {z,+1 > 0}). Thus by the monotonicity
properties of 1 it is possible to find such a 79 (which will depend on w). This choice of 79 > 0
then allows us to absorb the first term on the right hand side of (21) into the left hand side. As
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a consequence, we obtain that for all r € (0,7¢/10) (where ro > 0 was the radius obtained in the
discussion of the boundary terms above) and for all 7 > 75 > 1

(22) lll g2 (4, 120y < CTCOTED [y sy o2

Finally, we note that by the choice of ¥(¢) the difference v (r) — ¢(4r) can be bounded from
below and above independently of r > 0. Indeed, we have

P(r) —v(4r) =1n(4) + % (In(r) arctan(In(r)) — In(4r) arctan(In(4r))) — % In (%) .
Since
1+ 1n?(r)
1+’ (4r)
it suffices to estimate the difference

In(r) arctan(In(r)) — In(4r) arctan(In(4r)).

—lasr—0,

For this we recall the Taylor expansion of arctan at infinity

1
arctan(t) = g " +o(t™2), t> 1.

This yields

In(r) arctan(In(r)) — In(4r) arctan(In(4r))| < gln(ll) ad <ﬁ) ’

As a consequence, if r € (0,7¢) with r¢o > 0 sufficiently small, this then implies

2
(23 (1) - £ < [9(r) — Y(ar)] < In(a),
which concludes the proof of the desired doubling estimate. O

Remark 5.5. As noted in Section 7.3 and in Remark 3 in [Riil5] the Carleman estimate can
be strengthened in the presence of a spectral gap. Due to (for instance) the results in [KRS16],
Section 8.3, it is mow known that a spectral gap analogous to the one for uniformly elliptic
equations also holds in the setting of the fractional Laplacian. In particular, this implies that the
strengthened bounds from Remark 3 and Section 7.3 in [Riil5] hold and that in the Carleman
estimate (18) it is also possible to consider logarithmic weight functions (without additional
convezifications).

Remark 5.6. In the case s € (0,1/4) the Carleman estimate (18) can no longer be used to
derive doubling estimates, as it is no longer possible to absorb the boundary term from the right
hand side of (18) into the left hand side (due to the mismatch in the powers of 7). Due to
the subelliptic nature of the Carleman estimate this loss in T seems unavoidable (for weights
which are purely tangential). However, a similar Carleman estimate can be proved, if more
regularity in q is required (in [Riil5] the author assumed Ct regularity, but only C regularity in
the radial directions was used in the corresponding arqument). Using this estimate, it would have
been possible to derive an analogous doubling inequality and to extend our measurable unique
continuation argument to s € (0,1/4) if ¢ € C*. However, as the unique continuation property
from measurable sets with C' potentials was already proved in [FF14], and as our reconstruction
argument can directly deal with continuous potentials q by invoking the weak unique continuation
property, we do not further pursue this here.

Combining the estimates from Lemmas 5.2-5.4, we obtain the following estimate.
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Lemma 5.7 (Gradient estimate). Let 2 C R™ be a bounded open set and let ¢ € L>(Q). Let
s € [§,1) and assume that w € H*(R™) satisfies (15). Then for each zo € Q there ewists a
constant M = M (dist(xo, 92),n, s, [|q|| L (), u) > 0 such that for each r with

0 < r < min{dist(wo, 02)/2, 2M |lgll}/2 o)) 7+ })
one has
= Ly
||9Cn+1 VU||L2(B,T(ZO)) < Mr Hffn+1 U”L?(B:r(mo)y
Proof. We observe that by the doubling estimate from Lemma 5.4 we have
1-2s 1-2s g, lz2s
(24) [ V“HLZ(B,j) < M(|lz, 24 VUHLz(BjM) +r 1H$n—i2-1 u||L2(BT+/4))-
By Caccioppoli’s inequality (Lemma 5.2), where we use that on B/ /2
. 1—2s S
Cn,s mnlirlnﬁo 2,1 Oppiu = (=A)%u = —qu,

and by Lemma 5.3 we further obtain

1-2¢ g i=ze 1/2
o5) 2,21 vu||L2(Bj/4) < Cps(r o, 2y U||L2(Bj/2) + HqHL/OO(B:‘/Q)HUHLQ(Br/r/z))
<C 1 1/2 5Y),.—1 177225 s 1/2 %V
< Cns((1+ ||qHLOO(Q)T )r w2y u”]ﬂ(gj) +r ||q||LOO(Q)Hxn+1 u||L2(B,r+))-
1
Combining (24) with (25) and using that r < [ ——2—75— ) (which allows us to absorb
207L,5]\JHQI|LOQ(Q)

the gradient term on the right hand side into the left hand side) implies

1-2s
< M|z, 2y ullpa sy o)y

1-2s
120y YVl 2t ) <

This concludes the argument. (|

5.2. Proof of Proposition 5.1. With the auxiliary results of Section 5.1 at hand, we address
the proof of Proposition 5.1.

Proof of Proposition 5.1. We seek to reduce the claim of Proposition 5.1 to the boundary unique
continuation property for the Caffarelli-Silvestre extension. To this end, we argue by contradic-
tion and assume that u € H*(R") is a fixed function that satisfies (15), vanishes on a set E
of positive measure, but v is not identically zero. We split the argument into two steps. First
we derive a smallness condition at points of density one of E C ). Then, using the assump-
tion that u # 0, we show that this smallness property together with a blow-up argument implies
a contradiction. We stress that the constants below may in general depend on the fixed solution w.

Step 1: Smallness. We claim that for any fixed point x¢g € E N of density one of E and for
any € > 0, there exists a radius 79 > 0, depending on o, €, dist(zg, 9),n, s, |¢|| L (), and wu,
such that for all r € (0,7) it holds

1-2s
(26) HUHL?(B;(:EO)) < 67‘571”%& UHLZ(Bi(xo))'

In order to observe this, we first note that as zg is a point of density one of E, we have that for
each § > 0 there exists rs > 0 such that for all € (0,7s)

(27) | By (x0) N E°| < 8| By (x0)]-

Next we distinguish two cases. We first assume that either n > 2, or n =1 and s € (0,1/2); the
case n =1 and s € [1/2,1) will be treated in Step 1b below.
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Step 1a: The case n > 2, orn =1 and s € (0,1/2). Fixing r € (0,75) (for a value of §, which
is still to be determined) and using that w = 0 on E, we obtain by virtue of Hélder’s inequality
that

(28) Il 22 (B2 (20)) = lullL2(Br@o)nEe) < [Br(xo) N E|™ [[ull o) (51 (o))
where 2%(s) := 22 € (1,00) (and where we used the assumption n > 2 orn = 1 and s €

(0,1/2)). Applying the localized Sobolev inequality (Lemma 5.3) as well as doubling (Lemma
5.4) and Lemma 5.7, we further bound

L gy is2e
(29) el 2o a0y < CUltny Vel g ganyy + 7 1 ¥l oo o)
1-2s
<A

Combining (27), (28) and (29) consequently yields
s s _ 1-2s FR 1-2s
llull 2B (z0)) < Mo+ |By(zo)| " r 1||mn—i1 U||L2(B,j(x0)) = Morr 1||xn—i1 u”Lz(Bi(aro))'
Choosing & such that M= = € hence implies (26).
Step 1b: The case n = 1, s € [1/2,1). It n =1, s € [1/2,1), we only have to modify the
bounds leading to (28) and (29). Setting s’ := s/2 € [1/4,1/2), we obtain
(30) el 223y (o)) = lull 22y oynmey < 1Br(@o) N ES|™ ull pox ) (1 (o))

as a replacement of (28). Similarly, we infer

’

1—-2 4 1—2s
(31) HU||L2*<s/>(B,;(a:0)) < CO([lz, 4 VUHLZ(B;T(;EO)) +r 1H$nf1 “HLZ(B,;(:UO)))

1-2s gy, lz2s
< CTS/Q(”xn-il quLz(B;rT(xo)) +r 1||xn—i1 u||L2(B;T(;c0)))~

Thus, combining (30) and (31) with the estimates from Lemmas 5.4 and 5.7 then also implies
that

Il 2 (51 (20)) < MS7| By (x0)

£oe/2 1y B
B s/ 2p [ U’HL2(B:r(wo)) = Moz r* |z, 2 U||L2(Bj(z0))-
Choosing ¢ such that M§3= = e then concludes the argument for (26).

Step 2: Vanishing of infinite order. Let zo € E N be a point of density one of E. We next
use (26) in combination with a blow-up argument, in order to infer that u vanishes identically

in Bfr (z9). This will give a contradiction to our assumption that « is not identically zero.
For any o > 0, define the function u, in RTFI by

u(zg + ox)

Ug(x) :=

_n+l _ 1-2s
2

g 2

—2s
2
o Tn i1 Ul L2B¥ (@0))

This function is well-defined, as the denominator does not vanish for any choice of o > 0 (as else
by unique continuation v = 0, which is ruled out by our assumption). If ¢ > 0 is sufficiently
small (so as to satisfy the conditions in Lemma 5.7), a rescaling of the estimate

[ u”Lz(B,jU(IO)) +ollw, £ VUHH(B;U(ID)) < Mz, 2 UHLz(Bj(zO))

which follows from Lemmas 5.4 and 5.7 entails that

1201 Uoll 255 0)) T 12nfs Vol 2y ) < Mz, iy toll 2t o)) = M-
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Here we used the normalization of u, on B (0) to infer the last bound. As a consequence of
this estimate, Rellich’s compactness theorem for these weighted spaces (see [FF14, Section 2.2])

1-2s
and the normalization ||z, ; Uo||2(p+) = 1, we infer that there exists ug € HY(BF,z.77°) such
1
that, for some subsequence o, — 0,

Uy, — up weakly in H'(BF,z127°), Uy, — Ug strongly in L?(By 23 7°),

(32) 1-20
and ||z, 7, u0||L2(B;) =1.

The trace map H'(By,z,3°) — Lz(Bé/Q) v = U|Bé/2 is compact by Lemma 5.3 and by the
compact embedding H* (B} /2) — L*(B} /2). In particular, after passing to another subsequence,
we also infer that

(33) Uy, — Ug in LQ(Bé/2) and ug € H*(Bj,,).
Note that for ¢ small enough, the function u, is a weak solution of
(34) V- xn_H *Vuy(z) =0in B,
(35) Cp,s lim mn_H SOn iUy (x) = —02q(z0 + 02 )uy () on Bj.
I-,,+1—>
In particular, for all ¢ € C°(R*") with supp(y) C B3/2 N Bé/2 we have
; 0.25
(36) [ kiYoo) Votorts = -7 [ ata+ ooua (@)pla)d.
Bf "B

Using the convergences from (32), (33), we obtain that in the limit & — 0 the function ug solves

N By s,

/ )3 Vug(2) - Vp(x)dz = 0 for all ¢ € C® (R with supp(y) C B3/2

+
B3/2

i.e. ug is a weak solution of

V-2, 5 Vug(z) = 0 in B;'/Q,

(37)
Cn,s Inlgn_)0 2313 Ony1uo(z) = 0 on By o.

By interior regularity for solutions to (37) (see for instance Proposition 8.2 in [KRS16], where

the proof shows that it is possible to relax the L requirement to a weighted L? requirement;

alternative arguments on a Sobolev scale follow as in Section 4 in [RS19a]), we also infer that ug

is a Holder continuous solution to (37) to which the estimates from above can be applied.

Due to the bound (26), for o sufficiently small we however further have

1-2a
o ll2(By (o)) < €lltnfy Uollp2(p (zg))-

Passing to the limit o, — 0 in this estimate and using the strong convergences (32), (33) results
in

(38) [woll L2 (85 (20)) < €

A diagonal sequence argument shows that (38) holds for a sequence ¢, — 0. As a Consequence,

ug = 0 in Bj(xo). As ug also solves (37) in Blﬂ we arrive at ug = 0 and N hm_) $n+1 5Opa1ug =
n+1

0 in Bf x {0}. By (boundary) weak unique continuation property of the Caffarelli-Silvestre
extension [Riil5, Proposition 2.2], this however entails that ug = 0 in Bf , which contradicts
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1-2s
x, 2, Ugll;2,p+y = 1. We have reached a contradiction to the assumption v Z 0. It follows that
n+1 L2(BY)
u = 0, which concludes the proof. O

6. STABILITY OF THE UNIQUE CONTINUATION RESULT

Theorem 2 states that a function v € H*(R") with supp(v) C € can be uniquely and con-
structively determined from the data (—A)%v|w . In other words, the map

T:Hi— H (W), Tv=(-A)v|w

is injective and v can be reconstructed from Tw. In this section we are interested in the stability
properties of recovering v from Tv. Since QNW = (), the map T is smoothing and hence compact,
and inverting T is an ill-posed problem. It is well known that some stability properties can be
restored by restricting the unknowns to a compact set (which corresponds to assuming a priori
bounds), or by using a weaker norm for the unknowns. Here we will choose the latter approach
and measure errors in the unknowns in the H* norm where s’ < s.

Note that T' also maps H%/ injectively to H—*(W) for any s’ < s by the smoothing property.

Any closed and bounded set B in H is compact in H%/, and thus T': B C H%/ — H *(W)isa
homeomorphism onto its image. The following result, which is very close to the stability results
in [RS19a], shows that the inverse of T has a logarithmic modulus of continuity in this setup.

Proposition 6.1 (Stabilitygf unique continuation). Let Q, W C R™ with n > 1 be bounded
Lipschitz domains with QOW =0, let 0 < s < 1, and let s < s. Then, there exist constants
C,o0 > 0, which only depend on Q, W, n, s, s, such that for any E > 0 one has

E

(39) [vllger < C 5 whenever ||v||gs < E.
@ log(Crmmml, o)’ @
We note that for any v € Hg, upon choosing E = ||v|| s, the estimate (39) can be written

equivalently as

lollzzs \ " .
(40) lolls < Cexp [ © 1=A) 0l

ol

where = 1/0. This inequality states that high oscillations in v give rise to logarithmic insta-
bilities in the recovery of v from (—A)*v|yy .

Proof. This result will follow rather directly from a propagation of smallness result for the
Caffarelli-Silvestre extension [RS19a, Theorem 5.1]. By definition, the Caffarelli-Silvestre ex-
tension w of v is the solution of

V20 3V =0 in R,
w = v on R" x {0}.

We recall that @ in particular satisfies (even in a strong sense as w = 0 in €, cf. Section 4 in
[RS19a])

(41) (—A)S’U|W = Cg " 1431;1’1_}0‘%:112158”+1’11~}|WX{0}.
It follows from [RS19a, Lemma 4.2] that
1-2s 1-2s
(42) 12 21 Dl L2 @nx(0,2)) + 1201 VO L2 grry < Csllvllmg < CE.
The formula (41) also gives

I E{HAO Tr O ®lwx oy L -+ (wy = Csll(=A)* 0| -+ (w).-
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Thus letting 7 := C,||(=A)*v| g+ w), replacing E by CsE, and assuming that % > 1 (this is
possible by [RS19a, Remark 5.2]), it follows from [RS19a, Theorem 5.1] that

1—2s
43 2 <(C————.
(43) ||33n+1 w||L2(2Q><(071)) S log(C%)U

Here for ¢ € (0,5), the notation ¢ denotes the set {x € R™ : dist(x,Q) < erg}, where rg :=
%%’W). We wish to obtain a similar estimate for Vi with s replaced by s’. To do this, note
that for any r € (0,1/2] one has
;o l=2s 1-2s"
2,71 V@llz2 (37200 0,1/2)) <7777 12,21 VOl L2(3/20x0.0) T 17071 VO 2237205 (r1/2))

1-2s’

, B 1-2s' 5
<P E+Cr 2,3 W] £2(20% (0,1))
E

< E4r 00— .
log(C )7

In the second line we used (42) and a Caccioppoli inequality similar to [RS19a, Lemma 4.5], and
in the third line we used (43). We next choose r = min{rg, 1/2}, where r¢ is chosen so that the
two terms in the third line above are equal for r = r¢. With this choice of r we obtain that

1—2s’ E
44 2 Vo : <C———
( ) ||9€n+1 w||L2((3/2)Q><(0,1/2)) > log(C’%)”

for some new positive constants C' and o.
Finally, using the localized trace estimate from [RS19a, Lemma 4.5] together with (43) and
(44), we have

1-2s’ 5 1-2s’ 5 E
[Vl e < C(l|z, 2 wHLZ((3/2)Q><(0,1/2)) + |2, 24 VollLzs/2)0x(0,1/2) < C——%
a IOg(Cﬁ)U
for some C, o > 0 that only depend on n, s, s’, Q, W as required. (I

6.1. Optimality of logarithmic stability. In order to observe that the logarithmic stability
estimate in Proposition 6.1 is indeed optimal, i.e. to note that an exponential instability is
present, we argue similarly as in [RS18]. We claim that the following holds:

Proposition 6.2. Let s € (0,1), 2 = B; C R" with n > 1 and assume that W = Br \ Br_1
for some large constant R > 1. Then for any k € N there exist functions vy, € H®(R™) with
supp(vi) C Q and hy, := (—A)Svx|w such that

lokllz2) = 1, bkl g-«wy < Ce™,
for some constant C > 0.

Proof. We choose the sequence {vi}ren to be a sequence of L?(2) normalized eigenfunctions
of the Dirichlet Laplacian in € = Bj corresponding to the k-th eigenvalue Ay (modding out
multiplicities). In particular, this implies that v;|sq = 0 and denoting, with slight abuse of
notation, the zero extension of v also by wg, the support condition supp(vy) C € follows.
The definition of v, also yields that ||vk||§{1(Rn) =1+ X\ ~ k%/" by Weyl asymptotics, hence
by interpolation ck*/™ < HkaHﬁ < Ck*/™ where the constants only depend on n and s. In
particular, (40) for s’ = 0 then turns into

ks/n < Cexp(Ck“s/")HthH—s(W) with hk = (—A)S’Uk|w.
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In order to show that this is optimal (up to the power of 1) we seek to prove that (for a sequence
of k — o)

(45) Akl - wy < Cexp(—Ck") for some value v > 0.

In order to deduce (45), we compute hy: For € W = By \ Bp_1 we have

(46) hi(z) = (—A)*vk(z) = —c Ty Ekg%}”s dy = —c/r”fljk(r) / M) dw dr,

"I"/w/ _ rw‘n+25
B, 0 gn—1
where we have introduced polar coordinates x = r’w’, ¥y = rw and have used that solutions to
the Dirichlet Laplacian in Q = B; separate variables vg(rw) = ji(r)Hy(w), where j denotes a
generalized Bessel function and where Hy(w) is a spherical harmonic of degree & (it does not
matter, which spherical harmonic we consider, we hence simply choose any spherical harmonic
of degree k).
Next we study the kernel

|’I"/(.d/ _ Tw|f(n+2s) — (,r/)f(n+25) W'

r —(n+2s)
~(7)¢l
_n42s
_ (] —(n+2s) 1 T2 27. / 2
=) () )

where by our assumption on W we have that ' > r. A Taylor expansion of the (one-dimensional)
function (1 +¢)~"2" around ¢ = 0 then yields

W - (%) ‘ (n+2s) _ Za"‘” <<—/) —2(w - W) (%))
ans () () 2 )

where |, 5 ;| < Chs(1 4 j)*+"/271. This series is converging absolutely as 0 < £ < 1 and

_%8

Il
o

J

|(%) - 2w’ w)| < 3. Moreover, as ((%) — 2(w’ -w))j is a polynomial of degree j in w, it has
an expansion in terms of the spherical harmonics of degree less than j:
; J o lm
r J
() 2 ) = 323 s Hnae)

m=0 [=0

In particular, the orthogonality of the spherical harmonics hence implies

Hk(w) —n—2s / J
[ e e e (7)o (7) 20

Sn—1

Jolm
:(r/)—n—Qs Z Qs j M0, /7 0! p /Hk(w)Hm’l(w)dw
77,71

> J
+ (r/)—n—Qs Z s j / Hk: Y 2(w/ i W)) dw
ji=k
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As a consequence, we estimate

Hk(w) nN—n—2s - 3r g —k
/ |7"w’ — Tw|n+2s ) < (r ) ‘Zkan,s’j 7 HHkHLl(S”_l) = Cn’SQ ’
j=

Sn—1

where we used that (r')~"72¢ < 1,
and

— 2w’ 'W’ < 37 ||Hk||L1(Sn—1) < Cn”HkHLz(S"*l) = Cn

oo oo

3r’ —k 6r)’ -k S N s+n/2—1 6r)’ -k
E . s\ 7 ) [S2 E . g\ 7 ) | =2 E . Cr,s(1+ ) ) =02
J= J= J=

if 7/ > 7 is so large that % < 1/2 (which implies the absolute convergence of the power series).
Hence,

1/2

1
hellzowy < /T"_ljk(T)Q dr|  Cns2 "[1lr2ow) < Cnrs2"
0

where the r-integral is < 1 using the normalization ||vi||z2(p,) = 1. By duality, we obtain

lhellg—wy = sup (h,o)w < sup ||hllezom el L2om)
lellms =1 lpllzza =1

< sup_ el ol < lbllizon) < Cnne2™
PllHS_=
w

This concludes the argument. (|

APPENDIX A. CARLEMAN ESTIMATE

In this section, we provide a self-contained argument for the Carleman estimate, which was
used in Section 5. Here we partially avoid the logarithmic losses from [Riil5], which in our
application to doubling estimates is needed both on an L? and the gradient level:

Proposition A.1. Let s € (0,1) and n > 1. Assume that V € L®(B}). Letw € HY (BT, z}.3%)
with supp(w) C B \ By, forry € (0,1) be a solution of
V. x,llflSVw = f in B,
(47) lim x'7%%0 % B;
nt1 On1w = Vw on By.

Tn41 —0

Then there exists a constant 79 > 1 such that for any parameter T > 7y and for the weight
function ¢(z) := ¥(|z|) with

P(r)=—In(r) + 110 (ln( )arctan(In(r)) — %ln(l + ln2(r))> ,

we have for any re € (27“1,3)
In(rafr) e e, By [el gy + 7 In(ra/r) M€,y Vool g
48) +7°]|em (1 + In* ()~ 1/2|50\ Sw||L2 (BY)
e (1 In2(fe )2, Fy o]l (g T e L+ (Jz)) %2, 2y 1 Vo (B

_1 2521 1-2s
<Cr 2”@"’¢|gj|xn_i1 f||L2(Bs+)+T 2 ||€T¢|$‘3Vw||L2(Bé)-
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Here (47) is interpreted in a weak sense similarly as in (34), (36). In particular, the boundary
data are interpreted in this formal sense.

Proof. We first introduce conformal coordinates, z = €'6, t € R, # € S, and pass from the
function w(z) to the function wu(¢,0) := engzstw(etQ) (by conjugation with the corresponding

weights). Since w is assumed to be a solution of (47), the function u solves the equation

— 925)2 _
(9};2883 — 9};237(” 1 s) + Vgn .9};28v3n> u=finRx ST,
(49) B
elimo 072y . Vgnu=:hon R x S"71,
n—>
n+42+42s

where h(t,0) = etV (etO)u(t,0), f(t,0) = e = tf(e'f) and 6, := Il’;% Again, the equation
(49) is here interpreted in a weak sense, where the boundary data are assumed to be formal,
similarly as in (53). In these conformal coordinates and with (t) = 1 (e'), the Carleman estimate

(48) turns into
T% [to — tl|_1||€T¢97%U||L2((t1,t2)><si) + T_% [te — t1|_1||€ﬂp07%atuHL2((tl’tQ)XSJt)
7ty — 0| €0, Vel o eyt

(50) + 78 e™ " | Full L2 g sn-1) + T||€w|<PN|%QT%UHLZ(RXW)

p 1=2s 1 1-2s
+ He-rcp‘(p/q 26, 2 VS"U”LZ(RxS}'r') + ||e‘rs0|90//| 30,2 3tu||L2(R><Si)
_1 251 1-2s -
SCT7E €700 fllrzmxsy) + 72 l€7Ph]lL2@xsn-1)-
Here t; = In(r1), t2 = In(r2). In order to prove (50), we pursue a splitting strategy, separating
the problem into an elliptic and a subelliptic estimate: More precisely, we set u = w1 + us, where
u7 is a solution to

(n — 2s)?

1 — K27'29,1L25> u, = fin R x ST,

(9;2583 + Vgn 0,73 Vgn — 0,72

(51) _
lim 9711_236,1111 =honRx 8" 1,
6,,—0

Here K > 1 is a large constant, whose precise value will be chosen later, and 0, :=v - Vgn. We
note that this equation is elliptic (as an equation in the space variables and in the parameter 7).
As a consequence, the function ug = u — w1 solves

1-2s 52 1-2 1-25 (0 —25)? 2_291-2 .
on Sat +VS" ~9n SVS" _Hn ST Ug = —K*r Hn Sul in R x Sn,
(52)
lim 6} **0,us =0 on R x §"1.
0, —0
In the sequel, we derive separate estimates for u; and us: For u; we will use purely “elliptic
estimates”, while for uy we use a subelliptic Carleman estimate.

Step 1: Estimate for uy. We first comment on the well-posedness of the elliptic problem (51):
The solvability of (51) follows from the Lax-Milgram theorem. Indeed, the weak formulation of
(51) reads

5.2
(057201, 0.8) + (O} Vo, V) + 20

=—(f,&) + (h,&)o for all € € H'(R x ST,0,,7%),

(53) (0,7 ur, €) + K272(0, 7% ur, €)
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where the index 0 denotes the restriction of the L? inner product onto the boundary R x S™~! and
where all the other inner products are on R x S%. In order to apply the Lax-Milgram theorem,

we note that for f € L2(R x S7,02°~1) and h € L?*(R x S"~1) the mapping
Er —(f,6) + (7. €)o

is a bounded functional on H*(R x S%,6;.~ 25) This follows from the estimates

(Ol < 116n™ Fllzel6n® €llze,
(s €)o] < [Bllolllo < CllRllo(6n7 €llze + (1627 Vnéllz2),

where we have used a (weighted) trace inequality to control the boundary term (c.f. for example

Lemma 2.2. in [FF14]). Thus, the Lax-Milgram theorem is applicable in the space H!(R x
7,0572%) and yields the existence of a unique weak solution u; € H'(R x S7,60%7%%) solving

(53).

We next observe that the solution uy decays fast as |t| — co. This can be seen by considering test

functions €™, where ¢ is only ¢ dependent, grows linearly for at least one of the limits t — +o0

and |@'|,|¢"] < C. Indeed, let

@M,& = min{Ma maX{_M7 SZ)}} *7s,
be a mollified truncation of @, where ~s is a standard mollifier and M > 1 denotes a large
constant (which will be sent to oo later). We test the equation (51) (or equivalently (53)) with
the function 27?3y, and derive the corresponding energy estimates. This yields
(9;725(9{&1, at(62T¢M’5U1)) + (9;72SV5'” Ui, Vsn (627<‘5M"5U1)) — (9;7253,,711, 62T¢M’6U1)0
(n — 2s)?
4

Carrying out the associated integration by parts (using that @ only depends on t), we infer

+ (017250, e2TPM 0y ) + K272 (01 250y, e2TPM0y)) = —(f, e2TPM o).

lem?asg, = atulanﬂ\eWﬁo Vsowr]3a + K22 7P00,7 w3

-2
(54) + (n=29)° 1 ) lle T“”‘“Q u1||L2 + 27(e7PM3 0 259y (Oy Par.s)eT P M P uy)

_ (67431»4,5 9}1_2831/1117 eT@M,sul)O — _(eﬂﬁM,af’ €T¢M’6'LL1).

The first four terms are positive. The other ones are in general unsigned, however by our choice
of the weight function (and by choosing K > 1 large enough) they can be controlled by the
positive contributions in the first line. The term on the right hand side can be bounded by the
inhomogeneity f and by terms which can be absorbed into the left hand side of (54):

(7P F, Bt )| < 720, T T2 4 TP 0, T s,

The boundary term in (54) is controlled by

(55) |(€T¢M'6971L_288V’LL1, eTsﬁM,aul)O| < CeT—ZSHeTtﬁM,a ehgo 9711_2361,’1“ H(Q) + 67’23H67—¢IW'JU1||%
n

for a suitably small constant ¢ > 0. Absorbing the bulk error terms (for a sufficiently large choice
of K > 1), we hence infer

~ 1-2s ~ 1—2s K
T|[eTEM0 0, 2 3tu1||L2 +7|eTM20, 2 Vgnuy|| 2 + 772”6“0]” 59 U1||L2
(56)

< ||eWM‘59 f||L2 + Ol 75 ||eT P 11r11091 250,y o + em T eTPM Sy o,
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By the boundary bulk interpolation estimate from [Riil5], i.e., by the estimate
(57) ]l L2(gn-1y < C(r'~ SHQ U||L2(sn) +7° ||9 VS”UHL?(S"))

we can further add boundary terms onto the left hand side of (56) and infer

- K 2
7'||6W’M'50 3tU1HL2 + T||eT‘0M59 & Vsnu1||Lz + 572||6W’””9 up|| g2 + CTHF8||e7PM sy o

- 1—2s - -
< ||67‘4P1\/I,50n 2 f||L2 + CET175||6‘HPM’6 glimo 971;256VU1||0 + 67_1+5||6749M,5U1”0'
n—>

For ¢ > 0 sufficiently small, we can thus absorb the zeroth order boundary term, which leads to
(58)

K 2
TlleT50, 7 atulumwneww P Vnun e + Sl 0,7 g + O e

< ||ewma f||L2 + C 78| eTPM 5 b,

We remark that here and in the sequel, the constant C' > 1 may change from line to line without
further comment, but does not depend on 7 > 0. With (58) at hand and by using the compact
supports of the data f, h we pass to the limits M — oo and § — 0. On the one hand, this proves
the claimed fast decay of uy at |¢| — oo and thus in particular allows us to formulate Carleman
estimates for the function w; with linearly growing weight functions. On the other hand, by
choosing ¢ = ¢, we deduce

K
(59) THeT“’O 8tu1\|Lz + T||ew€ VS7LU1HL2 + 57'2H6ﬂp9 u1||Lz + O le™Puq o
59

< €007 Fllze + Cor=||e"# R,
which proves the exponentially weighted estimate for u;.

Step 2: Commutator estimate for us.
We derive the estimate for us by the usual conjugation argument and exploit the fact that us has

25-1
vanishing Neumann data. More precisely, we start by conjugating the equation (52) by 6,, 2
1-2s

This separates the spherical and the radial variables. Defining 4o := 6,2 wus, we obtain the
equation
(62+9 vsn 0: 25V g0, ST —M) _ _K%729,7 up in R x ST,
(60) !
hm@1 2989 uQ—OonRxS’”1
0,—0

Next we conjugate the problem with the Carleman weight. To this end, we set vy = e"%us.
We remark that by the fast decay of the auxiliary function u; (c.f. the truncation argument in
Step 1) and the compact support of the original function u, also the auxiliary function us has
fast decay as |t| — oo. In particular, this yields that vo € H'(R x S7,617%%) and allows us to
formulate the corresponding Carleman estimates for us. The function v solves the equation

- — 925)2
(87 + 7°|¢|> = 2190, — 79" + Agn — %)’Ug =-K?r 29 e”’ul in R x S%,
(61)
lim 91 259, 9n vo =0 on R x S”_l,
6,—0
in a weak sense, where for ease of notation we have abbreviated Agn := 0 V 5n-0L "2V gn 9

Up to boundary terms, this yields the splitting into the symmetric and antisymmetric parts of
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the operator:

S= 4 PlpP + Ag - m 2 _428)2,
A= -21700, — 7"
Hence, the commutator becomes
[S, A] = —41¢" 0} — 279" 0, — 219" 0, — 7" + 473 (¢') %"
Thus, after integrating by parts, we obtain that for L, =S+ A

|LyvalZa = [[Avs |22 + [1Sva]12 + (1S, AJos, v2)
2s—1

_ T S
(62) 27 (¢ eggoen 8t1)2,01711§09n 0,002 v2)o

2s

2s-1 1-2s
2

1 1
+ 27( lim 0,11_258,,% Opvg, lim 6,2 wv2)g.
6,,—0 6,,—0

We note that both boundary terms are well-defined (for the first one, this follows from the
assumption that the Neumann derivative is in L2, for the second one, it follows from the fact that
the equation (52) can be differentiated with respect to the tangential direction with a controlled
right hand side) and that by the zero Neumann boundary conditions for vy both contributions
vanish. Thus, inserting the expression for the commutator into (62) and integrating by parts in
the tangential direction, we further infer

ILgval3e = [Avs|3a + [S0]3e + 47(¢" Opva, Opvz) + 47 ()2 (" Yz, v2)

—27(¢" B2, v2) — T(0"" 09, v2).

We remark that by density and approximation arguments in weighted Sobolev spaces, c.f. for
instance [K14], we may assume that u; € C°(R}™), so that we can invoke regularity results
similar as for the Neumann problem from the Appendix of [KRS16], in order to make sense of
the second derivative contributions appearing in the integration by parts estimates. Using the
explicit expression for ¢ (and choosing 7 > 79 for some sufficiently large constant 79 > 1), the
non-positive terms can be absorbed into the positive commutator contributions, yielding the
bound

(63) [ Lyvallfs > [ AvallZa + [[SvallZs + 37llle” [ 2002122 + 377 ()" a7

By using the symmetric part, it is further possible to also upgrade this to a full gradient estimate
(i.e. to include the spherical gradient). Although a similar argument will be used in Step 3b
below, we discuss the details: Spelling out the symmetric part S, testing with ¢”ve and using
the explicit form of the Carleman weight as well as the bound (63) yields (for a sufficiently small
constant ¢ > 0)

1— 25—
2 2

2s 1
erllle”| 207 Vsnbn™ w222 < er|(l@”|"2Sv2, v)| + erll|” | 20pva 72 + er® [0V 022

(n — 2s)?
e 2 oz,

< || Svzllza + er? 1" 2oz 72 + 2eTll|” 2 Dp0s |72

(n — 2s)? H
4

+2e7||9" 290272 + 2er " 20272

< || LgvallZ:-
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Moreover, combined with the boundary-bulk trace inequality (57), this implies

C||Lyval|r2 > [[Ava| L2 + || Svz L2
~ 1 .
+ 721" M2V s 12 4+ T2 ()" | P2l 2 4+ 721" [V 2o,

(64)

where we abbreviated V := (9, 9 = Vgné? )

Step 8: Derivation of the strengthened bulk estimates without logarithmic losses.

Due to the convexification of the Carleman weight ¢ (which gives rise to logarithmic errors
in the form of ¢”), the commutator term does not directly control the first two contributions in
(48) (when applied to u2). To infer this additional control, we directly exploit the antisymmetric
and symmetric terms of the operator.

Step Sa: Dealing with the L? terms. We begin by deriving the additional L? contribution in
(48). This follows as in [Riil5, Remark 4] by studying the contribution ||Avs||z2 in (64). Using

2s5-1
the triangle inequality and setting w := 6,2 vy = e"Puy and vy := e"%uy, where uy is the

function from Step 1, we have w + v; = ¢"?u and we obtain

(65)
Co||9 Aw||L2(R><S") > Co||9n A(w + 1)l L2rxsy) — CO||9 AUlHLZ(RxS”)

> 2¢o7||¢’ 9 3t(w +v1) L2 rxsy) — COTH@ T(@-F v1)|lL2rxs7)

— 2co7]0,7 8tvl||L2 (®xs7) — coTlle¢” 07 = v 2 RXS")
> 2co7|¢’ 0.7 3t(w +v1)[z2(( tl,t2+1)xsn) - CoT||<P 0,7 || L2®xs7)

— 2co7]07 8tU1||L2 (Rxs7) — 2¢07[|¢" 07 'UIHLZ(RXS")

Since (for ¢¢ > 0 sufficiently small) the second contribution can be controlled by the commutator
terms in the Carleman inequality for vs (i.e. by the terms in the second line of (64)) and since
the third and fourth terms are controlled by the Carleman inequality from (59), we only consider
the first term on the right hand side of (65) in more detail. Using the form of ¢’ and the support
assumption on w + v; in connection with Poincaré’s inequality yields
1_f
(66) n® Oy (W 1) HLZ((h,terl)XS ny 2 _H9 5t(w +U1>||L2((t17t2+1)X5")

>C~ 1|t1 - t2| 1H9n (w + U1)||L2 ((t1,t2+1)xST)>

where we have used that |t; —t3| > 1. This hence implies the desired control on the first contribu-
tion in (50). In particular, returning to Cartesian coordinates yields the desired L? contribution,
i.e., the control on the first term on the left hand side of (48) (applied to uz).

Step 8b: Dealing with the gradient term. Next we seek to deduce the claimed improved control
on the gradient, i.e. we seek to derive the estimate for the second term on the left hand side of
(48) (applied to uz). This is split into two parts: The antisymmetric part yields improved control
on the radial component of the gradient, while the symmetric part yields improved control on
the spherical part of the gradient. Indeed, using the expression for the antisymmetric part, we
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directly obtain from (65) that

(67)
61H9 AwHLQ(RxS") > 2¢1 7|’ 9 = (W + Ul)HL?((tl,tzH)xs") —arlle” 9 - || z2®xs7)

— 2017’”9” 8t’U1||L2 RXS”) — 2617’”@ 9 2 . UlHLQ(RXS")

Since for ¢; > 0 small the second, third and fourth contributions can again be absorbed into the
positive commutator terms in (64) and the estimate (59) respectively, we obtain the desired bound

for the radial part of the gradient of 9 — (W 4 v1), i.e. we also control the second contribution

in the first line of (50) (even with 7'/2 in front of this term instead of 7='/2). By the triangle
1-2s

inequality and the gradient estimates from (59) this also entails estimates for 6, 2 0;w.
In order to infer the remaining control on the spherical part of the gradient (i.e. on the

contribution ||0 Vsnw|| L2(Rxs7)), we rely on the symmetric part of the operator. More
precisely, for some smooth cut- off function y which only depends on ¢, which is supported in
(—o0,t3 + 1) and which is equal to one on (—oo,t2) (the purpose of the cut-off function here is
to only produce L? terms, which are controlled by the L? term from (65)) we obtain

1—2s 1—2s _9s Y n—2s 2
—(56,2 w,0,7 EX)H(RxSi) = (0,0, 0,2 5t(wX))L2(Rxsi) + %

-2 ((¢')*w, 91_28@X>L2(Rxs”) + (Vsnw, Q:L_QSVS”EX)L%RXSQ)

(W, 0,2 Wx) 12 (rx )

(hm 01725y . Vgn 1w, lim wy)o.
7

If multiplied by co|t; — 2|72 > 0 (where ¢ > 0 is a sufficiently small constant), the non-positive
terms are controlled by terms, which are already present on the left hand side of the Carleman
inequality (i.e. by terms from (64) and by terms from Step 3a). More precisely, (after multiplying
the whole expression in (68) by ca|t; — t2|2) the only non-positive bulk terms are given by

(69) ——\tl — to| (W@, 0, WX ) L2 mucsy) — calti — tao| 272 ((9) 10, 0,7 2°W) 2 (x5

which can be absorbed into the left hand side of (66) if co > 0 is sufficiently small (we remark
that the first term in (69) comes from the term (9,, 0, **0,(W0x)) £2(rx s7) if the differentiation
falls on x and a subsequent integration by parts). The boundary term in (68) is well-defined and
vanishes, which can be seen by an argument similar as the one used in Step 2. Hence, we obtain
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that
calts —ta|” 2016, % V0|72 (t17t2)><5’+)
< colty — t2|72|(59nTsw 9n X)L2 RXS“)| + 002”9 Aw“L2 (RxS7)
+ Cealty 7t1|’2|([5 A ,0,7 T)pagesy)|
+Cle0, 7 fHL2(]RxS") +Cer'™*][e™h]o
< eoft - t2|*2||seﬁw||m(w,> +ealty tzI’QH@%@H%(Rxs@

1-2s

+CC2||9 Aw”L?(RxS") + Cealty — 11| 72|([S, 4]0, % @, 0, W) L2(RxS7)

+C||67W9ff|‘L2(RxS" + O e R
< O|Lybn w||Lz(RX5n)+C’||eW9 z‘fHLZ(RXsn + Cort €7 Rljo.

In particular this contribution is controlled by the Carleman inequality (by assumption we have
that |t; — t2| > 1), we therefore also obtain that the full gradient term

Calty —ta|” ||9 T VS“wHLZ((tl,tz)xS ) +calts —ta|” 1||9 8tw||L2((t1,t2)><S")

is controlled by the Carleman inequality. This concludes the argument for adding the two terms
on the left hand side of (48) (for usg).

Step 4: Combination of Steps 1-3. We combine the estimates for u; and us. By virtue of the
triangle inequality and abbreviating V = (9, Vgn), this yields

7’1/2||6ﬂp(30”)1/29n 3 VU||L2 + 7_3/2He'rgp((p//)lﬂen 3 UHL2
1-2s 1-2s
+ O el [V 2ullo + [t2 — t1|TH [T XOn ? ullzz + [tz — 2] M| RO 7 V|2
1-2s 1-2s
<7V 2007 Vuallga + 72(|€7 )" 12007 wallre + 720" 2ua o

1-2s o 1l=2s
+ ‘tg — t1|71||€ﬂa)20n 2 U1||L2 T |t2 — t1\71||e“"x0n 2 VU1||L2

2| 30,7 Vsl s + T2 30,7 wsllps + T3 70" 2uzllo
o — 01T X0zl + [t — 11T €T RO Va1

< Cem0nT Tz +Cr 0™ Rl + CK272||eT™0n |12

< Ole™0n T T2 + Cr =% R o.

Here x(t) denotes the characteristic function of the interval (¢1,%2). Rewriting (70) in Cartesian

coordinates, then concludes the argument for the proposition. O
REFERENCES
[AE97] V. Adolfsson, L. Escauriaza, C1'® domains and unique continuation at the boundary, Comm. Pure

Appl. Math. 50 (1997), no. 10, 935-969.

[BD10] L. Bourgeois, J. Dardé, About stability and regularization of ill-posed elliptic Cauchy problems: the
case of Lipschitz domains, Appl. Anal. 89 (2010), no. 11, 1745-1768.

[CS07] L. Caffarelli, L. Silvestre, An extension problem related to the fractional Laplacian, Comm. PDE 32
(2007), 1245-1260.



UNIQUENESS AND RECONSTRUCTION FOR THE FRACTIONAL CALDERON PROBLEM 31

[CLL19] X. Cao, Y.-H. Lin, H. Liu, Simultaneously recovering potentials and embedded obstacles for anisotropic
fractional Schrédinger operators, Inverse Probl. Imaging 13 (2019), 197-210.

[CWHM17] S.N. Chandler-Wilde, D.P. Hewett, A. Moiola, Sobolev spaces on mnon-Lipschitz subsets of R™ with
application to boundary integral equations on fractal screens, Integral Equations and Operator Theory
87(2017), 179-224.

[CK12] D. Colton, R. Kress, Inverse acoustic and electromagnetic scattering theory, volume 93. Springer Science
& Business Media, 2012.

[FF14] M. Moustapha Fall, V. Felli, Unique continuation property and local asymptotics of solutions to frac-
tional elliptic equations, Comm. PDE 39 (2014), 354-397.

[FZ00] E. Ferndndez-Cara, E. Zuazua, The cost of approximate controllability for heat equations: the linear
case, Adv. Diff. Eq. 5 (2000), no. 4-6, 465-514.

[GLX17] T. Ghosh, Y.-H. Lin, J. Xiao, The Calderdn problem for variable coefficients nonlocal elliptic operators,
Comm. PDE 42 (2017), no. 12, 1923-1961.

[GSU16] T. Ghosh, M. Salo, G. Uhlmann, The Calderdn problem for the fractional Schrédinger equation, Anal-
ysis & PDE (to appear), arXiv:1609.09248.

[Grl15] G. Grubb, Fractional Laplacians on domains, a development of Hormander’s theory of p-transmission
pseudodifferential operators, Adv. Math. 268 (2015), 478-528.

[HL19] B. Harrach, Y.-H. Lin, Monotonicity-based inversion of the fractional Schrédinger equation, STAM J.
Math. Anal. 51 (2019), no. 4, 3092-3111.

[KT04] M.V. Klibanov, A.A. Timonov, Carleman estimates for coefficient inverse problems and numerical
applications. VSP, 2004.

[K14] C. Kienzler, Flat fronts and stability for the porous medium equation. Dissertation, University of
Bonn, 2014.

[KRS16] H. Koch, A. Rilland, W. Shi, Higher regularity for the fractional thin obstacle problem,
arXiv:1605.06662.

[KRS16a] H. Koch, A. Riland, W. Shi, The variable coefficient thin obstacle problem: Carleman inequalities,
Advances in Mathematics, 301, 820-866.

[KRS16b] H. Koch, A. Riilland, W. Shi, The variable coefficient thin obstacle problem: optimal regularity and
regularity of the regular free boundary, Annales de I'Institut Henri Poincare (C) Non Linear Analysis,
2016.

[KLW16] H. Koch, C.-L. Lin, J.-N. Wang, Doubling inequalities for the Lamé system with rough coefficients,
Proceedings of the American Mathematical Society, 144(12), 5309-5318, 2016.

[LL19] R.-Y. Lai, Y.-H. Lin, Global uniqueness for the semilinear fractional Schrédinger equation, Proc. AMS
147 (2019), 1189-1199.

[Lab6] P.D. Lax, A stability theorem for solutions of abstract differential equations, and its application to
the study of the local behavior of solutions of elliptic equations, Comm. Pure Appl. Math. 9 (1956),
T4T-766.

[Mc00] W. McLean, Strongly elliptic systems and boundary integral equations. Cambridge University Press,
2000.

[Na88] A. Nachman, Reconstructions from boundary measurements, Ann. Math. 128 (1988), 531-576.

[Na96] A. Nachman, Global uniqueness for a two-dimensional inverse boundary value problem, Ann. of Math.
143 (1996), 71-96.

[Ri15] A. Rilland, Unique continuation for fractional Schrédinger equations with rough potentials, Comm.

PDE 40 (2015), 77-114.

[RS18] A. Rilland, M. Salo, Ezponential instability in the fractional Calderdn problem, Inverse Problems 34
(2018), 045003.

[RS19a] A. Riiland, M. Salo, The fractional Calderdn problem: low regularity and stability, Nonlinear Analysis
(to appear).

[RS19b] A. Riiland, M. Salo, Quantitative approzimation properties for the fractional heat equation, Math.
Control Relat. Fields (to appear).

[Sal7] M. Salo, The fractional Calderén problem, Journées équations aux dérivées partielles (2017), Exp. No.
7, 8 p.
[TZ05] X. Tao, S. Zhang, Boundary unique continuation theorems under zero Neumann boundary conditions,

Bull. Austral. Math. Soc. 72 (2005), no. 1, 67-85.
[Uh14] G. Uhlmann, Inverse problems: seeing the unseen, Bull. Math. Sci. 4 (2014), 209-279.



UNIQUENESS AND RECONSTRUCTION FOR THE FRACTIONAL CALDERON PROBLEM 32

JockeEY CLUB INSTITUTE FOR ADVANCED STUDY, HKUST, HoNG KONG
Email address: iasghosh@ust.hk
MAX-PLANCK-INSTITUTE FOR MATHEMATICS IN THE SCIENCES, INSELSTR. 22, 04103 LEIPZIG

Email address: rueland@mis.mpg.de

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF JYVASKYLA

Email address: mikko. j.salo@jyu.fi

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WASHINGTON / JOCKEY CLUB INSTITUTE FOR ADVANCED

Stupy, HKUST, HonGg KoNG
Email address: gunther@math.washington.edu



	1. Introduction
	Acknowledgements

	2. Auxiliary Results
	2.1. Function spaces
	2.2. Well-posedness
	2.3. Relating the Poisson operator and the Dirichlet-to-Neumann map
	2.4. Equivalence of Runge approximation and weak unique continuation

	3. Constructive Unique Continuation Results
	3.1. Spectral regularization
	3.2. Tikhonov regularization
	3.3. Minimal L2 norm regularization

	4. Recovery of q
	5. Unique Continuation from Measurable Sets
	5.1. Auxiliary results
	5.2. Proof of Proposition 5.1

	6. Stability of the unique continuation result
	6.1. Optimality of logarithmic stability

	Appendix A. Carleman Estimate
	References

