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Tiivistelmai

Jani Nykinen, On the uniqueness of a solution and stability of McKean-
Vlasov stochastic differential equations, Jyviskylén yliopisto, Matema-
titkan ja tilastotieteen laitos, matematiikan pro gradu -tutkielma, 75
s., tammikuu 2020.

Téssd tutkielmassa tutustutaan McKeanin-Vlasovin stokastisiin diffe-
rentiaaliyhtdldihin, jotka yleistdvit tavalliset stokastiset differentiaa-
livhtélot lisddmalla kerroinfunktioihin riippuvuuden tuntemattoman
prosessin jakaumasta tietylla ajanhetkelld. Péddasiallisena ldhteend seu-
rataan K. Bahlalin, M. Mezerdin ja B. Mezerdin artikkelia Stability of
Mckean-Viasov stochastic differential equations and applications.

Tutkielmassa kiyddan lapi tarvittavia esitietoja todennédkoisyys-
teoriasta ja tavallisista stokastisista differentiaaliyhtdléistd. Kerroin-
funktioiden jatkuvuuden ja mitallisuuden méaérittamiseksi esitellddn
Wassersteinin etiisyys, joka on metriikka dérellismomenttisten reaali-
avaruuden todennédkdéisyysmittojen avaruudessa. Metriikan avulla saa-
daan yleistettyd lause, joka takaa ratkaisun olemassaolon ja yksika-
sitteisyyden, kun kerroinfunktiot ovat Lipschitz-jatkuvia ja toteutta-
vat lineaarisen kasvuehdon. Lisdksi osoitetaan, ettd yksikésitteisyys on
voimassa erdalld Lipschitz-jatkuvuutta heikommalla ehdolla.

Numeerisessa ratkaisemisessa voidaan hyodyntad tulosta, jossa kon-
struoidaan iteroitu jono prosesseja, jotka suppenevat kohti yksikésit-
teistd ratkaisua. Lopuksi tarkastellaan ratkaisuprosessien stabiiliutta
erikseen alkuarvon, kerroinfunktioiden ja integroivan prosessin suh-
teen.



Abstract

In this thesis we introduce McKean-Vlasov stochastic differential equa-
tions, which are a generalization of ordinary stochastic differential
equations, but now the coeflicients depend on the distribution of the
unknown process. In our main results we follow K. Bahlali, M. Mezerdi
and B. Mezerdi’s article Stability of Mckean-Viasov stochastic differ-
ential equations and applications.

We start by giving preliminary theory required to understand our
main results. To define continuity and measurability of the coefficient
functions, we introduce the Wasserstein distance, which is a metric in
the space of probability measures on the real line with finite moments.
With the metric we generalize a theorem that states that a unique
solution exists provided that the coefficients are Lipschitz continuous
and satisfy the linear growth condition. In addition we show that in
a specific case the uniqueness holds even if the coefficients satisfy a
condition weaker than Lipschitz continuity.

In numerics one can use a result that provides a way to approxi-
mate the solution with a sequence of iterated processes converging to
the unique solution. In the last part we consider stability of the solu-
tion with respect to the initial value, the coefficients and the driving
process.
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1 Introduction

In this thesis we consider a class of stochastic differential equations, where the
coefficient functions depend on the law of the solution process. This class is
called McKean-Vlasov stochastic differential equations (MVSDE). Compared
to classical stochastic differential equations, the distribution variable adds
another layer of complexity. For instance, many tools from classical stochastic
calculus cannot be directly applied to study properties of these equations or
computing solutions.

When modeling real-life phenomena with mathematical models, one no-
table problem with ordinary differential equations is the lack of randomness,
which sometimes leads to situations where the given data cannot be matched
with a function that is obtained as the unique solution to a differential equa-
tion. In equations that model particle systems this was a particular problem.
To overcome this issue probability and differential equations were joined to-
gether [Sob91, introduction]|.

In its modern form the theory of stochastic differential equations — and
stochastic calculus in general — was created by Kiyosi It6. His first pa-
per in stochastic integration was published in 1944. It6 defined stochastic
integrals with respect to the Brownian motion, but his definition was gen-
eralized to semimartingales by J. L. Doob in 1953. In 1951 It6 published
an influential paper, where he stated and proved a formula, later known as
[t6’s formula (see section 2.4.2), one of the most powerful tools in stochastic
calculus [Mey09], [JP04].

Like ordinary stochastic differential equations, the origins of McKean-
Vlasov stochastic differential equations are in physics. The equations were
studied to obtain a model for a large system of weakly interacting particles,
when the number of particles tends to infinity. In a way, this gives the average
behaviour of one particle [BMM19].

The original Vlasov equation modeled the interactions of a system of
particles in plasma [PCMM15]. In 1956 M. Kac published a paper where
he studied a stochastic counterpart of Vlasov’s equation in the context of
statistical physics [Kac56], [BMM19]. A probabilistic formulation for this
equation was given by H. P. McKean in 1966, when he considered the problem
from the perspective of Markov processes. He formulated the problem as a
stochastic differential equation, where the coefficients depended upon the
expected value of the unknown process [McK66].

Recently MVSDEs have gained attention in the theory of mean-field
games, which is a branch of game theory. Mean-field games model strategic
decision games with a large population of players, usually called agents, who
try to choose an optimal strategy when they only have macroscopic infor-



mation of the game, resulted by the other players. MVSDEs can be used
to model this situation as the number of players tends to infinity. This the-
ory generalizes the applications of MVSDEs from physics to economics and
finance, see for instance [LLO7].

Our primary goal in this thesis is to generalize the theory, known for
ordinary stochastic differential equations, to the setting of McKean-Vlasov
SDEs by following [BMM19]. We formulate and prove most theorems of
the article, but in more detail and in some cases with different assumptions.
In addition we contribute by demonstrating every result with at least one
example.

We start by recalling some preliminary theory to understand our main
results in Section 2. Then we introduce the Wasserstein distance, which is a
metric in the space of probability measures. It allows us to generalize exis-
tence and uniqueness theorems for MVSDEs. Then we focus on approxima-
tion and stability theorems. We prove an iterative method for approximating
and computing the unique solution of an MVSDE. We consider three differ-
ent stability results. In the first case we show that a map between initial
values and their corresponding solutions is continuous. In the second sta-
bility result we approximate the solution by approximating the coefficients.
The last stability theorem states that we can approximate the solution also
by approximating the driving process with continuous martingales.

2 Preliminaries

We start by introducing some definitions and theorems that are used within
this thesis. The reader is assumed to be familiar with common topological
concepts and measure theory, but not necessarily probability theory. We give
the background for ordinary stochastic differential equations, which serves as
a basis for our main results in this thesis.

Throughout this section, if we assume an index set I C R, we assume
that I = [0, 7] for some T > 0.

2.1 Notation and terminology

Here we list some essential terminology and notation used throughout this
thesis.

e A function f: R — R is called increasing, if s <t implies f(s) < f(t)
for all s,¢ € R. If one has f(s) < f(t) for all s < t, then f is called
strictly increasing. Respectively, if f(s) > f(t), then the function f is
called decreasing, and if f(s) > f(t), strictly decreasing.



By natural numbers we mean N = {1,2,3,...}. In particular, 0 ¢ N.

If X and Y are topological spaces, we denote by C(X,Y’) the space of
continuous maps from X to Y.

The indicator function over a set A is defined by

1, €A
La(@) = 0, z¢ A

The power set of a non-empty set X is
2* . ={B|BCX}.
In particular (), X € 2.
We denote by |-| the floor function, that is
|z] :==max{z€Z|x >z}
for x € R.

By R™*™ we denote m X n-matrices of which components are real-
valued. For A = [a; ;] € R™*™ we use the matrix norm

[All =
In general, if not stated otherwise, we use ||-|| to denote the Euclidean
norm, that is,
[zl = (21, ..., za) || =

for v = (1, ..., z4) € R%

We denote by (- | -) the inner product in R?, that is,

d
(z|y) = Zl”kyk
k=1

for z,y € R%.



2.2 Probability theory

In this section we introduce the measure theoretical basis of modern proba-
bility theory.

2.2.1 Stochastic basis

We start by recalling definitions for measure spaces and stochastic bases.
(See, for example, [GG18, definitions 1.1.1 and 1.3.2])

Let © be a non-empty set and F C 2. The set F is a o-algebra, if it
satisfies the following conditions:

(1) 0,Qe F
(2) If Ae F, then AL =Q\ Aec F.
(3) Let Al,AQ,Ag,... € F. Then
JAce 7.

k=1

The pair (Q, F) is called measurable space. If A € F, the set A is called
measurable. A map p: Q) — R is a measure on (2, F), if the following holds:
(1) p(®) =o0.
(2) If Ay, Ay, ... € F be pair-wise disjoint sets, that is, Ay N A; = 0 for all

k # j, then
0 (U Ak) = ZM(Ak)-
k=1 k=1

The triplet (2, F,u) is called measure space. Moreover, if p(2) = 1, the
measure p is called probability measure, and the space (2, F, u) probability
space.

Definition 2.1 (Filtration, [Geil9, definition 2.1.8]). Assume a probability
space (2, F,P). Let I C R be an index set and (F;)ier a family of sub-o-
algebras of F, that is, for all t € I, F; is a o-algebra and F; C F. The family
(Fi)ier is a filtration, if it satisfies

Fsgft

for all s,t € I with s <t. The quadruple (2, F, P, (F;)ier) is called stochastic
basis.



Remark 2.2. As mentioned earlier, we assume that the index set is the interval
[0, T] for some T' > 0, but in general it could be, for instance, N or a subset.

In applications, it is usually required that the stochastic basis satisfies
some specific properties known as the usual conditions. Before we can define
these conditions, we must recall the definition of a complete measure space.

Definition 2.3 (|[GG18, definition 1.6.1]). A measure space (Q, F, 1) is com-
plete, if every subset of every null set is measurable, that is, if N € F and
uw(N) =0, then for all S C N it holds that S € F.

Definition 2.4 (Usual conditions, [Geil9, definition 2.4.11]). The stochastic
basis (Q, F, P, (F}),c;) satisfies the usual conditions, if the following holds:

(1) (Q,F,P) is a complete probability space.
(2) f Ae Fand P(A) =0, then A € F, forallt € I.

(3) The filtration is right-continuous, that is,

-Ft: ﬂ Ft+e

e>0
t+ecl

for all t € [0,T)

2.2.2 Borel s-algebra and Lebesgue measure

Assume a topological space X. The Borel o-algebra on E, denoted by B(X)
is the smallest o-algebra containing all open sets on X. It follows by the
definition of o-algebra that B(X) also contains every closed set of X. A
construction for the Borel o-algebra can be found in [Rud70, chapter 1]. In
this thesis we consider only the case where X is a separable Banach space.

If v is a measure on (X,B(X)), then it is called Borel measure. An
important example of a Borel measure on R is the Lebesgue measure \. For
any half-open interval one has

A(a, b)) =b—a,

if b > a. More generally, if \? is a d-dimensional Lebesgue measure, it gives
the geometric measure of any Borel set A C R? A construction for the
Lebesgue measure is given in [Rud70, chapter 2, theorem 2.20).



2.2.3 Random variables

Assume two measurable spaces (€2, F) and (I',G). The map f : Q — T'is
(F,G)-measurable, if
fYB)eF

for all B € G. If X is a topological space and (I',;G) = (X,B(X)), then
we call (F, B(X))-measurable maps F-measurable or just measurable, if the
o-algebra F is clear from the context.

If X and Y are topological spaces, then we call a map f: X — Y Borel
measurable, if it is (B(X), B(Y'))-measurable.

If (Q,F,P) is a probability space and E is a separable Banach space,
measurable maps g : 2 — FE are called random wvariables. The law of a
random variable g is the measure P, on (E, B(E)) defined by

Py(A) :=Pge A) =P({w e Q] g(w) € A})
for all A € B(E). We notice that Py(E) = P(g € E) = 1, thus P, is a
probability measure.
2.2.4 Integration theorems

Here we introduce intergration theorems we need in our proofs.
Assume a probability space (2, F,P). Let f : Q@ — R be a random
variable. We denote the expected value of a random variable f by

Ef = / f(w) dP(w),

where the right-hand side denotes the integral with respect to the measure P,
assuming that it is finite. For more information and properties, see [GG18,
definition 5.1.3-5.1.4].

If it is clear from the context, we may use the shorter notation

/f ) dP(w /deP’

If P; is the law of the random variable f, we have

/f ) dP(w /xd]Pf( )

For an R?-valued random variable g : Q — R?, g(w) = (g1(w), ..., ga(w)) € RY,

we define
Eg = (/ ¢ dIP’,...,/gddIP’> e R4,
Q Q

6



assuming that the integrals exist.
For all p > 0 we say that f € £,(Q2, F,P), if

ENfI" < oo,

assuming that f : Q — R? is a random variable.
If A denotes the Lebesgue measure on (R, B(R)), then we use the notation

/W)]g(x) d\(z) = /Rd L (2)g(x) dA(z) = /abg(x) e

for an integrable function ¢ : [a,b] — R. This notation is usually reserved
for the Riemann integral. However, under certain conditions the Riemann
integral and the integral with respect to the Lebesgue measure coincides.

Proposition 2.5 (|[GG18, Proposition 5.5.1]). Let g : [a,b] — R be a bounded
and Borel measurable function. Assume that there exists a set N € B(R) with
N C a,b] and N(N') = 0 such that g is conlinuous in [a,b] \ N. Then g is
Riemann-integrable and

[ sty [ serae)

where the left-hand side denotes the Riemann integral.

This theorem justifies the notation. In the cases where we use the Rie-
mann integral, we mention it separately.
We continue with Jensen’s inequality.

Proposition 2.6 (Jensen’s inequality, [GG18, Proposition 5.10.3]). Assume
a probability space (2, F,P) and a random variable X : Q — R. Let ¢ : R —
R be a convex function, that is,

ptr + (1 —t)y) <tp(z) + (1 = )e(y)
fJor all z,y € R and t € [0,1]. Then
(2.1) p(EX) <E[p(X)].
If ¥ : R — R is concave, that is, — is conver, then
(2.2) V(EX) > E[(X)].

Remark 2.7. The equation (2.2) follows from (2.1) by choosing ¢ = —1.
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Next we consider the following basic form of Fubini’s theorem. For the
definition of the product of measure spaces, see [GG18, Section 4.3].

Proposition 2.8 (|GG18, Theorem 5.7.3]). Assume two measure spaces
(Qq, Fr, 1) and (Qo, Fo, p2).  Consider the product space (1 x Qo F1 &
Fo, pi1 @ ). Let f:Q; x Qs — R be a measurable function. Assume that

/ | f (w1, wa)| d(p1 @ pa)(wr,ws) < oo.
Q1 xQ9o

Then

/Ql><92 flwr, wa) d(pn @ p2)(wy, wa) = /

Q1

{ N flwi, w2) dﬂz(wz)} dpa (wn)

-[ [ [ forn) )| o).

Fubini’s theorem has the following application, which we use throughout
this thesis. Let (€2, F, 1) be a probability space and denote by A the Lebesgue
measure as earlier. If we have a product space (2 x R, F @ B(R),P® \) and
a measurable function f : Q x [a,b] — R such that the map ¢t — f(w,t) is
continuous for all w € €2, then

E/ f(.,t)dt:/Q T a0

).

,b
b

- / E /() dt,

a

| /Q F(w, t) dP(w) dA(t)

provided that E [7|f(-,)|dt < oco.

In the next two theorems we assume a measure space (€2, F, ). The first
theorem is known as Holder’s inequality, and it is one of the most essential
inequalities in measure theory.

Proposition 2.9 (Holder’s inequality, [Rud70, Theorem 3.8|). Let
p,q € (1,00) with 1—1)4—% = 1. Assume real-valued measurable functions
feL,(QF,u and g e Ly(Q,F,pn). Then

[ \rsld < (/Q|f|pdu>‘l’ (f |g|qdu);.



Another fundamental inequality is Minkowski inequality, which implies
the triangle inequality in the L,(2, E')-spaces, which we define in Appendix
A.

Proposition 2.10 (Minkowski’s inequality, c¢f. [Rud70, Theorem 3.9]). Let
(E,||-]) be a separable Banach space. Assume p € [1,00) and measurable
maps f,g € L,(Q, E). Then

15+l < (/ ||f||%du>)”+ (/Rugn%du)”.

Remark 2.11. In |[Rud70, Theorem 3.9] Minkowski inequality is proven for
real-valued measurable functions. However, it follows in our case by using
triangle inequality and noticing

/Q I+ gllhdu < / 11+ lgllpl? .

2.2.5 Convergence of random variables

There exists several types of convergence of random variables with certain
connections. We introduce here those, which we need in this thesis. We
follow |GG18, chapter 6].

Let (E,||-||;) be a separable Banach space. We assume a sequence of
random variables (f,)%2,, fn. : Q@ — E and a measurable map f:Q — E.

Definition 2.12 (cf. [GG18, definition 6.1.1]). The sequence (f,,)5; con-
verges almost surely to the limit f, if

Plwe Q|| fn—fllg =0 asn—oo}) =1.

We denote this convergence by f, — f.
a.s.

Definition 2.13 (cf. [GG18, definition 6.2.2]). The sequence (f,)5, con-
verges to the limit f in probability, if for all € > 0 one has

Tim P({w € Q| [[fulw) — F@)]5 > €}) = 0.
We denote this convergence by f, ? f.

Almost sure convergence implies convergence in probability.

Proposition 2.14 (cf. [GG18, Proposition 6.2.4 (1)]). Assume that (f,)5°,
converges to f almost surely. Then f,, converges to f in probability.

9



Definition 2.15 (cf. [GG18, definition 6.3.1]). Let p € (0, 00). Assume that
fn € Ly(Q, E) for all n € N. The sequence (f,)5; converges to the limit
f € L,(2, E) with respect to the p-th mean, if

as n tends to co. We denote this convergence by f, L—> f
P
Under certain conditions the converge in probability implies converge with
respect to the p-th mean.

Proposition 2.16 (cf. [GG18, Proposition 6.3.2 (4)]). Let p € (0,00). As-
sume that (), converges to f in probability. If

n=1

Esup || f, |l < oo,
neN

then f € L,(Q, E) and f, - f.

2.3 Stochastic processes

In this section we focus on stochastic processes, which is a necessary com-
ponent in the theory of stochastic differential equations. We give the basic
definitions and the most essential results we need later on in this thesis. In
this section we follow [Geil9, chapter 2| and [Mao07, Section 1.3

Assume a stochastic basis (Q, F,P, (F,),.;). A family of (F,B(R?))-
measurable random variables (X;);cs is called a (stochastic) process, if
X, : O — R%is a random variable for all ¢t € I.

The measurability of stochastic processes can be classified in the following
way, according to [Mao07, p. 10| and [Geil9, definition 2.1.9]:

(1) The process X is adapted, if the random variable X, is F;-measurable
forallt € I.

(2) The process X is measurable, if the map ¢ : Q x [ — R4,
o(w,t) == Xy (w), is (Fs @ B(I), B(R?)-measurable.

(3) The process X is progressively measurable with respect to the filtration
(Fi)ier, if for all S € I the map ¢ : Q x [0, 5] = R p(w, s) := X (w)
is (Fs ® B([0, S], B(R?)-measurable.

Moreover, we say that the process X is (path-wise) continuous, if for all
w € Q the trajectory ¢t — X;(w) is continuous.

10



The following definitions are mentioned in [Mao07, p. 10-11]. If we
have two processes X = (X;)ie; and Y = (Y})e; with respect to the same
stochastic basis, then we say that X and Y are indistinguishable provided
that the set

{(Xp=Y,t el ={we Q] X)(w) =Yi(w)t €I}

is measurable and
P(X;=Y,tel)=1.

If we have
P(X,=Y;) =1,

for all t € I, then X and Y are called modifications of each other. It is
clear that if two processes are indistinguishable, they are also modifications
of each other. The converse implication does not hold in general. However,
we have the following proposition.

Proposition 2.17 (|Geil9, Proposition 2.1.7]). Assume two processes X =
(Xi)ter and Y = (Yy)ier that are modifications of each other. If all the
trajectories of X and Y are continuous, then the processes X and Y are
indistinguishable.

2.3.1 Martingales

A special subset of stochastic processes are martingales. Assume a proba-
bility space (2, F,P). Let G C F be a sub-c-algebra of F, that is, G is a
o-algebra such that it is also a subset of F. Assume a G-measurable random
variable f : Q — R? with E || f|| < oco. The conditional expectation of f given
G is a G-measurable random variable g : Q — R? satisfying E || g|| < oo and

nysziégdP

Elf|G]:=g.

The conditional expectation is almost surely unique, meaning that if there
exists another ¢’ having the same properties as g, then we have that
Plg=g¢)=1

Next assume a stochastic process X = (X;)ie;. The process X is a
martingale, provided that the following two conditions are satisfied.

for all B € G. We denote

(1) For all t € I it holds that X, is F;-measurable and E || X;|| < oo.

11



(2) For all s,t € I with s <t it holds that
E[X; | Fs] = X5
almost surely, that is,

P{weQE[X, | F](w) = Xs(w)}) = 1.

We use the following notation for the set of martingales:

(1) M: the set of martingales.

(2) M€ martingales with continuous trajectories, that is, ¢t — X;(w) is
continuous for all w € (2.

(3) M*“?: continuous martingales with M, = 0.

(4) M5°: the set of square integrable martingales, that is, if M € M0
and E || M,||> < oo for all t € I, then M e M5,

If it is not clear from the context, we may write M(R?) to emphasize the
dimension.

A martingale X = (X})ie; € M has the property EX; = EX, for all
t € I. In particular, if X € M%%, then EX, =0 for all ¢t € I.

2.3.2 Brownian motion

Here we follow [Geil9, definition 2.4.5]. Assume a stochastic basis

(0, F,P, (F}),c;) that satisfies the usual conditions. Let B = (B;)r be an
adapted process, that is, B; is J;-measurable for all ¢ € I. The process B is
called (standard) Brownian motion with respect to (F;);e; provided that the
following condition are satisfied.

(1) By =0.
(2) B; — By is independent from F for all s,t € I, s < t, meaning that
P(CN{B;— Bs € A}) =P(C)P(B; — Bs € A)
for all C' € F, and A € B(R).
(3) Bi— Bs ~N(0,t —s) forall s,t €1, s <t.
(4) The trajectories t — By(w) are continuous for all w € €.

If B' = (B,")4cr is a Brownian motion for all i = 1, ..., d and the Brownian
motions B}, ..., B¢ are independent from each other, B = (B!, B2, ..., B%) is
called d-dimensional Brownian motion.

12



2.4 Stochastic calculus

Stochastic calculus includes, amongst other parts, the theory of stochastic
integration and stochastic differential equations. In this section we have
two objectives. The first one is to give a proper definition for a stochastic
integral with respect to the Brownian motion. The second objective is to
define ordinary stochastic differential equations and give known existence
and uniqueness results for them, so we can later generalize these results to a
wider class of stochastic differential equations.

2.4.1 Stochastic integration

In this section we introduce stochastic integration with respect to a Brown-
ian motion. We start in the one-dimensional case, and then generalize the
definition to multiple dimensions. We follow [Geil9, chapter 3| and [Mao07,
Section 1.5].

We start by defining the stochastic integral for simple processes. The
definition of a simple process is given in |[Geil9, definition 3.1.1]. Assume
a stochastic basis (Q, F,P, (F}),.;) that satisfies the usual conditions. Let
B = (By)ier be a one dimensional (F});c; Brownian motion.

A real-valued stochastic process L = (L;)wes is called simple, if there
exists a finite sequence (x)7_; of real numbers satisfying

O=to<ti<ta<..<t,=T
and (F;,, B(R))-measurable random variables v; : Q@ — R, i € N, with

sup  |vi(w)| < o0,
(1,w)ENXQ

such that

Lt(w) = Z :[I‘(tifl,ti](t)vi_]-(w)'
i=1
We denote by Ly(R) the space of simple processes.
Next we define the stochastic integral for simple processes.

Definition 2.18 (|Geil9, definition 3.1.2]). Let L € Lo(R). The stochastic
integral for L£o(R) integrand L with respect to the Brownian motion B is
defined by

L(L)(w) =Y ve-1(w)(Bynt(w) = Bi,_yae(w)).

k=1

By [Geil9, proposition 3.1.6|, it holds that I;(L) € MSP.
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Stochastic integral can be expanded to a much larger space. We denote
by L5(R) all the processes L = (L;)es that are progressively measurable and
satisfy the property

¢
E/ |L,|” du < oo
0

for all t € I. We see that Ly(R) C L2(R).
The next theorem provides a way to generalize the stochastic integral to
the set Lo(R).

Theorem 2.19 (|Geil9, Proposition 3.1.12]). The map I : Lo(R) — M5°
can be generalized to a map J : L2(R) — /\/lg’o such that the following prop-
erties are satisfied:

(1) For o, € R and K, L € L5(R) one has that
Ji(aK + L) = aJi(K) + BJ:(L)
for t € I almost surely.
(2) If L € Lo(R), then I,(L) = Jy(L) fort € I almost surely.
(3) If L € Ly(R), then

Elr) = (& [ ta)

(4) If L € L2(R) and (A,)2, is a sequence of processes in Lo(R) such that
d(An, L) — 0 as n — oo, then

-

N

fortel.

Esup [J,(L) — Jy(A,)[> = 0

tel

as n — 0o.
(5) If J' is another map satisfying the properties above, then
P(J,(L) = J,(L) forallt € I) =1
for all L € Ly(R).

Definition 2.20. The process X; := Jy(L), L € L5(R), obtained in 2.19
is called the stochastic integral of L with respect to B until time ¢, and we
denote

t
Xt:/ L,dBs.
0

14



Since fg L,dB, € MS°, one has that

t
E / L,dB, =0.
0
To compute the second moment, one can use a theorem known as [t6’s isom-

etry.

Proposition 2.21 (It6’s isometry, [Geil9, 3.1.25 (iii)]). Let L € Lo(R).

Then
t t
(/ LSst) :E{/ des}.
0 0

The stochastic integral can be generalized to multiple dimensions in a
simple way. If X = (X;)ier = ([Xtij})tel is an R¥™™_valued process such
that X% = (X})ser € Lo(R) for all i = 1,....d,j = 1,...,m, then we write
that X € Lo(R¥™).

2

E

Definition 2.22 ([Mao07, Section 1.5, Definition 5.20]). Let d,m € N and
let B = (B',...B™) be an m-dimensional Brownian motion. Assume an
R¥&>*™_valued process X € Lo(RP*™). We define

t [xmo . x4 ] [dB! A
(2.3) /XSst:/ S : =,
0 O lxmto . Xmd | |dB” Aqg

where _
A = Z/ X dBI
j=1"0
foralle=1,....d.

It should be noted that the extension to multiple dimensions preserves
the martingale property, that is,

t
/ X,dB, € MS°(R?)
0

for all X € Ly(R?), which follows from that each component of (2.3) is a
finite sum of one-dimensional stochastic integrals, which are in M5°(R) as
we have stated earlier.

The following theorem is known as the Burkholder-Davis-Gundy inequal-
ity, which can be used to estimate the norms of stochastic integrals.
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Proposition 2.23 (Burkholder-Davis-Gundy, [Mao07, Section 1.7, theorem
7.3|). Let L € Lo(R>™™ and p € (0,00). Then there exist constants c,,Cp, > 0
depending only on p such that

T P t p T
¢, E /||LSH2ds <E| sup /LSdBS < C,E /||LS||2ds
0 te[0, 7] ||Jo 0

2.4.2 1Itd’s formula

hS]

A powerful tool in classical stochastic calculus is [t6’s formula. It can be
used, for example, to find explicit formulas for stochastic integrals and to
solve ordinary stochastic differential equations. We follow [Geil9, chapter 3-
4]. We only consider the one-dimensional case. A multidimensional version
can be found in [Mao07, Section 1.3, theorem 3.4|. The following definition
of It6 process is given in [Geil9, definition 3.2.6].

We recall that a continuous and adapted process X = (Xy)ier, Xi: Q —
R, is called It6 process, provided that there exists o € R, a process L =
(Lt)ter € Lo and a progressively measurable process a = (a;);e; with

t
/ |ay(w)| du < 0o
0

for all (t,w) € I x Q, such that

Xy(w) = a0 + (/Ot L. dBu> (w) + /Ot ay(w) du

for t € I almost surely.
We say that X is an It6 process with representation (zg, L, a).

Theorem 2.24 (It6’s formula, |Geil9, Proposition 3.2.9]). Let X = (X})ier
be an Ito process with representation (xg, L,a) and let f € CY*(I xR). Then

Lo Lo
f(t,Xt):f(O,Xo)—i—/O 0_£(U7Xu) du+/0 8_£(U’Xu)qu

1 [tO*f
— — (u, X,))L?
+2 i 8x2(u’ W) L du,
where
t 0]0 taf t af
i %(u,Xu)qu—/o a—x(u,Xu)LudBu—i—/0 %(U,Xu)audu,

fort € I almost surely.
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2.4.3 Stochastic differential equations

Next we introduce ordinary stochastic differential equations (SDE), where
the coefficient functions depend only on the time variable and the unknown
process on a certain time. Despite the name, stochastic differential equations
are more related to integral equations than classical differential equations.
We follow [Geil9, chapter 4] and [Mao07, chapter 2.

Assume a stochastic basis (2, F, P, (F}),.;) that satisfies the usual condi-
tions. We denote by B = (B;)c; a d-dimensional (F;);e; Brownian motion.

Definition 2.25 (|Geil9, definition 4.1.1], [Mao07, sector 2.2, definition
2.1]). Assume that the coefficients

b:I xR — RY

and
o: 1 xR - R

are Borel measurable. Let 2, € R? and assume an open set D C R% An
adapted and path-wise continuous process X = (X;);cs solves the stochastic
differential equation

(2.4) { dX, = o(t, X,) dB, + b(t, X;) dt

Xo==z

if the following conditions are satisfied:
(1) Xy(w)e Dforallt el and w e Q.
(2) Xo = .
(3)

t t t
Xi=wo+ [ o(s,Xs>st+( bt xds..e. | b(s,Xs>dds),
0 0 0

where X, = (X!, ..., X%), for all ¢ € I almost surely.

We call the term o(t, X;) dB; the diffusion term and the term b(¢, X;)dt
the drift term. Respectively, o and b are called diffusion and drift coefficients.

Remark 2.26. In Definition 2.25 Borel-measurability means that o is
(B(I)®@B(R?), B(R¥?))-measurable and b is (B(I)@B(R?), B(R?))-measurable.
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2.4.4 Existence and uniqueness of a solution

Next we formulate two theorems about the existence and uniqueness of a
solution. However, first we need to define what we mean by uniqueness.

Assume any two processes X = (X;)ier and Y = (Y;)ier that solve the
SDE (2.4). If X and Y are indistinguishable, that is,

P(X, =Y, tel)=1,

then it is said that the SDE (2.4) has a unique strong solution.

Our first existence and uniqueness theorem is usually referred as existence
under Lipschitz condition, although alongside global Lipschitz condition we
also assume that the coefficient functions satisfy linear growth condition,
which is necessary to make sure the coefficients do not grow too fast.

Theorem 2.27 ([Mao07, Section 2.3, theorem 3.1, lemma 3.2]). Suppose that
the coefficient functions o and b are continuous and there exists a constant
C > 0 such that

(C1)
16, 2)[| + llo(t, )] < C (1 + [[z]])
for allt € I and x € R?, and
(C2)
16(t, ) = b(t, y)l[ + lo(t, 2) — o(t,y)| < Cllz -yl
for allt € I and x,y € RY.
Under these conditions the SDE (2.4) admits a unique strong solution.

Our second theorem gives the uniqueness of a solution under weaker con-
ditions than our previous theorem. However, it should be noted that this
theorem does not imply the existence of a solution, just the uniqueness, and
the theorem is given in the one-dimensional case.

Theorem 2.28 (Yamada-Tanaka, [Geil9, Proposition 4.2.3|). Let
h:[0,00) — [0,00) and K : [0,00) — R be strictly increasing functions such
that K(0) = h(0) =0, K is concave, and for all € > 0 it holds that

/Ogﬁu)du:/ogﬁuydu:oo.

If the coefficient functions o and b are continuous and

lo(t, ) = a(t,y)] < Az = yl),
[b(t, ) = b(t, y)| < K(Jz = yl)

forallz,y € R, then any two solutions to the SDE (2.4) are indistinguishable.
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3 Wasserstein space

In this thesis our primary objective is to generalize the theory of ordinary
stochastic differential equations to a wider class of equations, where the co-
efficients may depend upon the law of the unknown process. However, we
need to address the following problems:

(1) The coeflicients functions ¢ and b are required to be Borel measurable.
If X : Q — R?is a random variable, then its law Px is a probability
measure on (R4, B(RY)). It follows that we need to define a Borel o-
algebra on the space of probability measures on (R¢, B(R?)).

(2) If we want to formulate the existence and uniqueness Theorem 2.27
for this wider class of stochastic differential equations, we may need
to define Lipschitz-continuity with respect to the distribution variable,
that is, for all probability measures y, v on (R%, B(RY)) one has

”b(t> €, M) - b(tv €, V)H < d(:u’ V)’
where d is a distance between two probability measures.

For this purpose we introduce the Wasserstein distance, which is a metric for
the space of probability measures with finite p-th moments. In this section
we define the Wasserstein space and prove some important properties.

The definition of marginal distributions follow [Vil06, chapter 1|. The
space P,(RY) and the Wasserstein distance W), are defined in [Vil06, definition
6.1 and 6.4].

Let X be a non-empty set. A map d : X x X — [0,00) is a metric or
distance if for all x,y, 2z € X one has

(M1) d(xz,y) =0 if and only if z = y.
(M2) d(z,y) = d(y, ).
(M3) d(z,y) <d(z,z)+d(z,y).

The pair (X, d) forms a metric space. One important example of a metric
space is R? with Euclidean metric dg(z,y) := ||z — y||, where ||| is the
ordinary Euclidean norm. In particular this space is complete and separable.

Let P(R?) be the space of all the probability measures on (R, B(R%)).
For p > 1, let P,(R?) be a subspace of P(R?) such that

P (RY) = {IP’ e P(RY) | /R Iz = zo||? AP < oo} |
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where z, € R? is fixed.

Denote by I1(y, v) the set of probability measures on (R?xR?, B(RYxR%))
where the first and second marginals are p and v respectively. This means
€ ell(p,v), if

(1) £ is a measure on (R? x R? B(R? x R?)),
(2) €Y x RY = 1,
(3) for all A € B(R?) one has

p(A) = [ Taa)dlog) = (A xR

and

o) = [ Lal) (o) = R x A)

Example 3.1. Let X,Y : Q — R? be random variables. The law of the
random vector (X,Y) is defined by

Pixr)(B) = P((X.Y) € B)
for all B € B(R? x R?). For A € B(R?) we have
Pxy)(AXRY) =P((X,Y) € AxR?) =P(X € A) = Px(A)
and in a similar way Pxy)(R? x A) = Py (A). It follows that
Pixy) € II(Px, Py).

Definition 3.2 ([Vil06, definition 6.1 and 6.4]). For all p > 1, define
W, : P,(R?) x P,(R?) — [0, 00),

Wo(uv) = inf / Iz =yl dr(z,y) )
mell(p,v) Rd xR

The map W, is called the p-Wasserstein distance. The space (P,(R?), W) is
called the Wasserstein space.

Theorem 3.3. Let p > 1. Then the Wasserstein space (P,(R%),W,) is a
complete and separable metric space.
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Proof. First we need to show that W, satisfies properties (M1), (M2) and
(M3). The triangle inequality property (M3) is proven in [Vil06, chapter 6,
p. 77]. The remaining parts we prove here.

To prove the symmetry property (M2) we let u,v € P(RY). For all
A€ B(RY), m € U(pu,v) and € € TI(v, ) one has

T(AXRY = p(A) =¢R? x A) and 7(RY x A) = v(A) = £(A x RY).

Now we may define a map p : P,(R? x R?) — P,(R? x R?) such that for all
7 € P,(R? x R?) and all B € B(R? x R?) one has

(p(m)(B) = m({(z,y) ER"x R*[ (y,z) € A}) = £(B).

In particular p(IT(p, v)) = (v, u). We see that p~! = p because p(p(7)) =7
for all 7 € P,(R? x R?). Hence p~*(Il(v, u)) = p(Il(v, ) = I(p, v). Now

W, (v = inf / e — gl dn(z, y)
R4 x R4

mell(p,v)

mep(Il(v,p))

=t ey (e
RIx R4

p~H(m) el (v,p1)

~ i / e — gl dn(z, y)
R4 xRd

— i /R eyl dp©) )

§ell(v,p)

_ inf/ ly — z|P dé(y, )
RI xR

§ell(v,p)
= Wy(v, 1)".

We prove the final property (M1) in two steps. First we prove that y = v
implies that W,(p1, v) = 0. We define a measure

7(B) = [ fseriomen) ) 40
for B € B(R? x RY). Clearly,
P04 xR = [ 1 ey () )
= /Rd La(y) duly) = p(A).

The same arguments can be used to show that mo(R? x A) = u(A). Hence
o € (p, p).

21



We see that for all sets B € B(R? x RY) with BN {(z,z) |z € R} =0
one has my(B) = 0. Therefore

W, )P < / e — yl” dmo(a, )

R4 xRd

-/ & — P dmo(z, )
{(w,m)\xGRd}

= / |z — z||” dmo(x, x) = 0.
{(w,m)\xGRd}

To prove the converse implication, we let u, v € P(RY) and assume that
W,(p,v) = 0. By [Vil06, Theorem 4.1] this implies that there exists my €
IT(, v) such that

[ o= ol dmofan) <o

R4 x R4

Since g is a probability measure, it follows that
mo({(z,y) € RT X RY |2 = y}) = 1.

In particular
m({(z,y) ERT xR |z #y}) =0.
Then for all A € B(RY) it holds that

1(A)

o(A x R

0({(m,y) GAde|x:y}U{(x,y) EAde|x7éy})
:7r0({(:1:,y) € AxR?| x:y})

(A x A).

iy
T

With similar arguments we obtain
v(A) =m(A x A).

Hence p = v.

In [Vil06, Theorem 6.16] it is proven that if X is a complete separable
metric space, then the space (P,(X),W,) is also a complete separable met-
ric space. We use the fact that R? with Euclidean metric is complete and
separable.

]

We recall some more results concerning the Wasserstein distance. The
following lemma and its proof follow |[BMM19, Section 2.2].
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Lemma 3.4. Let X,Y : Q — R? be random variables. Then
Wp(Px, Py)? <E[I|X —Y|["].

Proof. We have shown in example 3.1 that P(xy) € II(Px,Py). Then

1\ P
W,(Px,Py)? = [ inf —y|Pd ’
(B, Py) (WGHH,;X%) [ e uirante] )

= inf x — yl|P dn (=,
. [/ =l ast y>]

<[l ol P )
R x R4

By letting ¢(u,v) := ||u — v[|” we may use change of variable formula [GG18,
Proposition 5.6.1] to conclude that

EX -Y|" =Ep(X,Y) = /QsO(X(WLY(w))dP(W)

::]/ ¢($7y)deXﬁﬁ($7y)
R4 x R4
— [ e =yl P )
R4 xR4
Hence
W,(Bx, By’ <E|X - Y|,
O

Due to its complex nature, computing an explicit value for the Wasserstein
distance might not be possible. However, in the case p = 1, we may apply a
theorem known as Kantovich-Rubinstein duality.

Proposition 3.5 (Kantovich-Rubinstein, [CD18a, corollary 5.4]). For p,v €
P1(RY) one has

Wi(p,v) = sup{‘/Rdhd(u—V)

| he Lz’psl(Rd)} ,
where Lips,(R?) consists of all the functions h : R — R satisfying

|h(z) = h(y)| < ||z —yl|

for all x,y € R
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The following example demonstrates how the Wasserstein distance can
be computed in a simple case using Theorem 3.5.

Example 3.6. We define the Dirac measure on (R B(R?)) by

1, ceA

for some fixed constant ¢ € R. Tt is clearly a probability measure. In partic-
ular, if we integrate an integrable function f with respect to ., we obtain

fdéc - f(C)
Rd

This implies, for any p > 1,

/ Il d6. () = |cf? < oo.
R

Hence 6, € P,(R) for all p > 1.
We let a,b € R%. Let f: R — R be a 1-Lipschitz function. Then

/Rfd(da—éb /fd5 —/fddb

() < [la = ol
Next we define an orthogonal projection
P:RY— (b—a)={z €R? |z =A(b— a) for some A € R}.
It holds that ||P(x)| < ||z||. Now we may let f(x) = ||P(z — a)|| since
[f(a) = f(O)] = [l[P(a —a)ll = [[P(b— a)lll
= [[[PO)[ =[P = a)ll
= [|b—all,

Furthermore, for all 2,y € R? it holds that
[f (@) = f(y)l = [Pz = a)|| = [[P(y — a)l
= [IP(z —a) = Py — a)l
= [[P(z —y)|
<l =yl

implying that f € Lips,R¢.
Now we may apply Theorem 3.5 to conclude that

Wi(60,0) = sup /fd(éa—éb)_Ha—bH.

f€Lips; (R) JR
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The Wasserstein distances with different p have the following relation.
This property is mentioned in [CD18a, p. 353|, but it is not proven there.

Lemma 3.7. Let p,v € Py(R?). Then
W, v) < Wo(p, v)
foralll <p<q< oo.

Proof. Fix pu,v € P,(R?) and choose any 7 € II(u,v). Let r = land s = L.

Now % + % = 1, so we may apply Holder inequality 2.9 to obtain

‘/Iw—ywdﬂ%y)é/kWx—yw-ﬂdﬂ%y)
R4 R4

g(/ 15d7rxy> (/ |z — y|[P d?f(ﬂf@/))
= ([l ranten)’

</|M—Mthy) (/!M—MthyO

Now we have that

inf (/!m—m%hxy) (/\M—m%hxyo
Tell(p,v)

This inequality holds for arbitrary = € I1(u, v), therefore

inf ( m—deﬂaw) < inf (/|u—ywwwxw)
7ell(p,v) R4 ' €ll(p,v)

Hence

]

4 McKean-Vlasov stochastic differential equa-
tions

In this thesis we consider a broader class of stochastic differential equations
than what we have mentioned in Section 2.4.3. We add a third parameter
to the coefficients, a so called distribution parameter, which allows us to
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make the coefficients depend on the law of the random process, and therefore
the expected value. This class of stochastic differential equations is called
MecKean-Viasov stochastic differential equations. We use the abbreviation
MVSDE. 1t should be noted that the ordinary SDEs are a special subset of
MVSDEs.

Our goal is to generalize some known results of ordinary SDEs to the con-
text of MVSDESs. First we consider theorems for the existence and unique-
ness of a solution, generalizing the results we introduced in Section 2.4.4.
We present some elementary examples to demonstrate how to apply these
results.

Throughout this and the following sections, we assume a finite time hori-
zon T > 0 and a stochastic basis (Q, F,P, (ft)te[o,T]) that satisfies the usual
conditions. Let B = (B)co,r] be a d-dimensional (F)¢cpo,r Brownian mo-
tion, where d > 1.

4.1 Motivation

To give a motivation for McKean-Vlasov stochastic differential equations,
we consider an example related to physics. This is a natural choice for a
motivation since, as mentioned in the introduction, the theory of MVSDEs
was initiated by physics. This example is inspired by [CD18b, 2.1.2].

We want to model a system of N weakly interacting particles on some
time interval [0,7], where T" > 0. For every i = 1,2,..., N we model the
position of a particle by a stochastic process X' = (X])ep,r;. We denote
by an (Bj, Ba, ..., By) N-dimensional Brownian motion. In our model we
assume that each particle solves the following stochastic different equation

dXZ = a(t,Xf, UN) dBZ + b(t,XZ,,uN) dt
Xé = xf)?

where 7, is the initial position and

1 N
UN = N;XZ

The term uy gives the dependence on the positions of the other particles.

To model the weak interaction, we assume that, when N is large enough,
for all ¢t € [0, 7] the particles (X{)Y, are behaving approximately like inde-
pendent particles with identical distributions. This lets us use the strong law
of large numbers |GG18, Proposition 8.2.6] to obtain

uy — EX}
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as N tends to infinity. Since we assume that the particles have identical
distribution, we have that EX; = EX} for all i« = 1,2,.... This means
that, if N is large enough, we may approximate individual particles with the
following stochastic differential equation:

dX] = o(t, X!,EX})dB; + b(t, X}, EX}) dt

(4.1 o
Xy = xp.

This equation is a special case of McKean-Vlasov stochastic different equa-

tions, as we will see in the next section.

4.2 Formulation

We start by giving a formal definition for McKean-Vlasov stochastic differ-
ential equations. The definition of MVSDE is given in [BMM19, Section 2.1]
and is similar to Definition 2.25.
Assume an initial value zo € R? and an open set D C R?. Assume that
the coefficients
b:[0,T] x D x Py(R?) — R?

and
0 :[0,T] x D x Py(R?Y) — R

are Borel measurable. We consider the following type of stochastic differential
equations,

(4 2) dXt = O'(t, Xt, ]P)Xt) dBt -+ b(t, Xt, PXt> dt
. X() = 2o

which are called McKean-Vlasov stochastic differential equations or some-
times mean-field SDFEs. An adapted and path-wise continuous process X =
(Xt)ter is called a solution to (4.2) provided that

(Soll) Xy (w) e D forallt € [0,7] and w € Q,
(Sol2) Xy = wg, and
(Sol3) we have that
t t
X :x0+/ J(S,XS,]P)XS)dBS—l-/ b(s, X5, Px,)ds,
0 0
where
t t t
/ b(s, Xs,Px,)ds = (/ b(s, Xs,Px,)1 ds, 7/ b(s,Xs,]P’Xs)dds> ,
0 0 0

for all t € [0, T] almost surely.
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If not mentioned otherwise, then we assume that D = R?.

Remark 4.1. Since we have defined the metric Wy in the space Pa(RY),
the Borel g-algebra B(Py(R%)) = B((P2(R%), Wy)) is well-defined, hence the
Borel-measurability of the coefficients ¢ and b is also well-defined: o is Borel-
measurable, if it is (B([0,T]) @ B(RY) @ B(P2(R?)), B(R¥?))-measurable,
and b is Borel-measurable, if it is (B([0,T]) @ B(R?) ® B(P2(R%)), B(R?))-

measurable.

4.3 Examples

Next we consider simple examples of McKean-Vlasov stochastic differential
equations. We will discuss the uniqueness of solutions in later sections. Since
the presence of distribution variables makes the equations significantly more
complicated and prohibits using the classical It6’s formula, we consider only
the cases where the solution can be found by guessing. We also introduce
two common types of how the distribution variable is used in the equations.
Definitions of different interactions are mentioned in [Carl6, Section 1.3.2].

Our first goal is to see an example of the interaction through marginal
distributions. Let ¢ : R? — R be a function. In many applications, there
exists a function b : [0,7] x R? x R — R? such that

b(t, €, ,u) = b(t, Z, <307 M>)7

where the angular bracket operator is defined by

(= [ lu) duu).

This is called mean-field interaction of scalar type, and it is the simplest case
of interaction. If X :  — R? is a random variable, then by the change of
variable formula

(p.Px) = [ e @) = [ o(X(@)dP(w) = Bo(X),

Q

If p(z) = 2™ for some n = 1,2, ..., then (p,Px) = E|X|", that is, the n-th
moment of the random variable X. Next we consider two examples of scalar
type interaction.

Example 4.2. Assume that X = (X)o7 solves the SDE

dXt = U(t, Xt) dBt
Xo=0.
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Then X, = f(f o(s, X,) dB,. By the martingale property of stochastic integral
one has

t
E/ o(s,Xs)dBs =0,
0
hence X is also a solution to the MVSDE
dXt = O'(t, Xt) dBt + EXt dt
Xo=0.
For example, if o = 1, then the solution is X, = fot 1dB, = B,.

If o also has dependence on the distribution, then we can construct the
MVSDE (4.1) we considered in Section 4.1.

Example 4.3. Assume Borel-measurable maps
&:00,T] x RY x R — R

and 3
b:[0,7T] x R* x R — R%

Define the coefficients by

otz ) = & (t,x, /Rdudu(u))
b@;&u)?zg(txléguduﬁd>.

Now the corresponding MVSDE is

and

{d&:mﬂuX@EXQdBV+MLXgEXth

Xo = o,
which is what we have in Section 4.1.

We may also have more complicated types of interaction. Assume that
there exists a function b : [0, 7] x R x R? — R? such that

b(t, x, pu) = /]Rd b(t, z,u) dpu(u).

This is called interaction of order 1. Tt can be expanded to the higher orders
by

b(t, 1) = /R : /R bt, 2,11, ey ) dps(ur) - - dpa(uy).
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In this case we have interaction of order n. We omit this kind of interaction
in our examples.

As we will see in the following example, the solution is not always unique.
Sometimes there might exists uncountably many solutions.

Example 4.4. Consider the following MVSDE

EX?
(4.3) X = Lio.00) (1) —— dB;

X():O.

Here

0, t=0

1
o(t,x,u) = IL(O,oo)(t) ;/RuQ d’u(u) - 1/u2dﬂ<U> t > 0.
tJr

We recall that EB? = t for all ¢+ € [0,7], which lets us guess that the
solution is X; = A\B; for some constant A > 0. Indeed now we have

B 2
11(000 ()1 BB dB_/ (0,00) \/A dB,

_/0 o ($)AdB, = AB,.

Since this holds for all A > 0, the MVSDE (4.3) has uncountably many
solutions.

In some cases there exists no solution, which we show in the next example.

Example 4.5. Let ¢ : R — R be a bounded Borel measurable function. Let
zo € R. Consider the MVSDE

dX; = ‘P(EXE) dB;
XO = Z9-

We want to find a process X = (X;)icpo,r satisfying

¢
Xi =20 —|—/ o(EX?)dB,
0
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for ¢ € [0, 7] almost surely. First we note that

t 2
EX? =E (xg —i—/ o(EX?2) st)
0
t t 2
=75+ ZxOIE/ o(EX?)dB, + E [/ o(EX?) st}
0 0

t 2
:xﬁﬂEU cp(EXf)st} .
0

[to’s isometry 2.21 yields

2

E {/Otw(]EXf)st] —E/Otgp(]EXf)zds

t
= / p(EX?)*ds.
0

The term ¢(EX?2)? does not depend on w € Q, which implies the last equality.
We let () = p(x)? and f(t) := EX?. We can write the previous
equation as an integral equation

t
f(t) =EX? =2 +/ p(EX?)*ds
0

=75+ i (f(s))ds.

To show that (4.5) has no solution, it is sufficient to show that this integral
equation has no solution.

For example, let xy = 0 and ¢(z) := 1g(z). Now the integral equation
looks like

£(t) = / Lo(f(s)ds, t€[0,7].

We show that this equation does not have a solution. We consider three
different cases.

(1) If f = ¢ for some constant ¢ € R, then it has to be ¢ = 0, because
f(0) = 0. However, now we have

t
/ ILQ(O) dS = t,
0
which is a contradiction.
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(2) If f is strictly increasing, then it has to hold that

A{t € [0,TT] f(t) € Q}) =0,

which implies 1g(f) = 0 almost everywhere. It follows from the fact
that f~1(Q) is at most countable in this case. This implies that

/0 1o(/(s)) ds = 0,

which is a contradiction.

(3) Assume that there exists an interval [a,b] C (0,7], b > a, such that
f(t)=qg>0foralltela,b. If ¢¢ Q, then

min{b,t} min{b,t}
0= weends= [ tel@ds=o.

thus it has to hold that ¢ € Q. However, now

min{b,t} min{b,t}
0= [ LaGe)ds= [ ofa)ds = min (b1}~

which is not a constant.

This implies that the MVSDE

{dXt = \/1o(EX?)dB, = 1o(EX?) dB,

X():O

has no solution.

4.4 Existence and uniqueness of a solution

In this section our goal is to formulate similar existence and uniqueness results
as we did for ordinary SDEs in Section 2.4.4. The first result generalizes the
theorem that states the existence and uniqueness of a solution under the Lip-
schitz continuity and linear growth condition to MVSDEs. We formulate this
theorem and consider a simple example, but we do not prove this theorem.
Our second theorem is a generalization of the theorem of Yamada-Tanaka,
mentioned in Theorem 2.28, but we generalize the setting to a specific mul-
tidimensional case.
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4.4.1 Existence and uniqueness under Lipschitz condition

In Theorem 2.27 we saw that if the coefficient functions are globally Lipschitz
continuous and satisfy the linear growth condition, then there exists a unique
solution. As Py(R?) equipped with the Wasserstein distance W is a metric
space, we may formulate a similar theorem for MVSDEs. We give the same
formulation as in [BMM19, Section 3.1].

We assume that the coefficients of the MVSDE (4.2) satisty the following
properties:

(L1) There exists a constant K > 0 such that
16, 2, )| < K (14 [l]])

and
lo(t, z, w)|| < K (1+ ||z])

for all (t,z, ) € [0,T] x R? x Py(RY).
(L2) There exists a constant L > 0 such that
”b(tv JI,M) - b(tv Y, V)H <L [”1: - y” + WQ(:“’? V)]

and
lo(t, @, p) —o(t,y, V)| < L{llz =yl + Walp, v)]
for all t € [0, 7], z,y € R? and p,v € Pa(R?).

Theorem 4.6. Under assumptions (L1) and (L2), the MVSDE (4.2) has a
unique solution. Moreover, if X = (Xi)ico,1) 15 the solution, it holds that

E | sup [|X]|*

te[0,T

< Q.

A complete proof can be found in [CD18a, Theorem 4.21]. The proof
is given for a slightly different setting, where the linear growth condition
(L1) is replaced with another condition. However, the proof in our setting
is identical, since the corresponding condition in [CD18a] is only required to
conclude that a unique solution exists for an ordinary SDE.

We demonstrate this theorem in the following example.

Example 4.7. We want to show that there exists a unique solution to the
following MVSDE

dX; = cos(Xy) dB; + Esin(X}) dt,
X(] = Xg-
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We recall that sine and cosine functions are bounded 1-Lipschitz functions.
Hence the coefficient o clearly satisfies (L1) and (L2), so we only need to
check that the coefficient b is Lipschitz continuous.

We have that

b(t,z, 1) :/Rsin(u) dp(u).

Now, using Kantovich-Rubinstein duality 3.5 we obtain

‘b(ta xz, ﬂ) - b(t> Y, V)’ =

jggn@odu@n-jgmn@)du@ﬁ
[ st =)

< sup{ [ p)dt = w)tw)

- Wl(ljﬁ V)
< |z —y| + Wi(p v)
< |z —y|[+ Walu,v),

yheumgm}

where we use Lemma 3.7 to get the final inequality. This implies that there
exists a unique solution to (4.7).

4.4.2 Generalization of Yamada-Tanaka theorem

Next we want to generalize the uniqueness theorem of Yamada and Tanaka,
introduced in Theorem 2.28. We consider the case where only the coefficient b
depends on the distribution variable. In the one dimensional case, this result
is proven in [BMM19, Section 3.2]. However, by adapting this proof, we may
generalize the theorem even further and consider a specific multidimensional
case.

o [0,T] xR =R

and
bi - [0,T] x R x Po(RY) — R

be bounded Borel measurable functions. We define the coefficients o : [0, 7] x
R? — RY and b : [0,T] x R? x Py(RY) — R? such that

b(t, (21, ..., xq), p) == (b1 (t, z1, 1), ..., ba(t, x4, 1))

and
O-(t) (1'17 ey Id)) = Diag(gl(t7 5171), X3) Ud<t7 .Td)),
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where Diag denotes a d x d diagonal matrix, that is

Ul(t,flfl) c. 0
Diag(o1(t, 1), ...,04(t,xq)) = : . :
0 ce Ud(t,l'd)

Assume that X = (X1, ..., X4) solves
{ dX, = o(t, X;) dB, + b(t, X, Px,) dt

Xo =m0 = (2, ..., 28).
By definition this is equivalent to the system of one-dimensional MVSDEs

where for each i =1, ....d, X' is a solution to

(4.4)

X = o,(t, X;) dB} + b,(t, X}, Px,) dt

It should be noted that here the coefficient for the drift term depends on the
law of the whole d-dimensional process, not just its ith component.

In this setting, we may give sufficient conditions for the uniqueness of
a solution. We assume that for all ¢« = 1,...,d the following conditions are
satisfied:

(A1) The function b; is Lipschitz-continuous with respect to the distribution
variable, that is, there exists a constant C' > 0 such that

‘bi(t’x>ﬂ) - bi(t’x> V)| < CWI(,U>V)
for all z € R, t € [0,T] and (p,v) € P1(R?) ® P;(R?)

(A2) There exists a strictly increasing function p : [0,00) — [0, 00) satisfying

p(0) =0 and
|
——du =
/0 p?(u)

for every ¢ > 0, and |o;(t,z) — 0;(t,y)| < p(|lz —y|) for all ¢ € [0,T]
and z,y € R.

(A3) There exists a strictly increasing concave function & : [0, 00) — [0, c0)
satisfying x(0) = 0 and
“ 1
/ ——du = o0
o K(u)

for every € > 0, and |b;(t,z, u) — b;(t,y, )] < w(lx —y|) for all t €
[0,T], 7,y € R and p € Py(R?).
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With these conditions we can formulate the following theorem that gives
us the uniqueness of a solution.

Theorem 4.8. Under conditions (A1), (A2) and (A3), a solution to (4.4.2)
1S unique.

Before we can prove this theorem, we need two lemmas. The first lemma
is known as Bihari-LaSalle inequality, which is a non-linear generalization of
Gronwall’s inequality.

Lemma 4.9 (Bihari-LaSalle, [Mao07, Section 1.8, theorem 8.2|). Assume
constants T > 0 and ¢ > 0. Let f,u :[0,T] — [0,00) be continuous functions.
Let k : [0,00) — [0,00) be a continuous and increasing function such that
k(x) > 0 for all x > 0. If the function u is bounded and satisfies the following
inequality

ult) < e+ / F(s)w(u(s)) ds
for all t € [0,T], then
u(t) < G7! (G(c) +/0 f(s) ds)

for all t € [0,T] with

(4.5) G(c) —i—/o f(s)ds € Dom(G™1),
where s 1

G(x) ::/l @du,
forxz > 0.

Proof. Let v(t) :=c+ f(f f(s)r(u(s))ds. We differentiate v to get
V(t) = f(t)r(u(t)).

By the chain rule we obtain

4. i) _ f (t)(%((U(t)) .

ZG((t) = V(G (v(t) = - =

Integrating from 0 to ¢ yields

/Ot [%G(U(S))} ds = G(v(t)) — G(v(0))



Since k is a strictly increasing function we may apply the estimate
k(u(s)) < k(v(s)) to see that

G(v(t) /fﬁ’zz ds</f ’;Z ds_/f

Therefore,
GHG(1) = v(t) < G ( / (s )

for t € [0,7] where T" > 0 is chosen so that it satisfies the property (4.5).
This completes the proof since u(t) < v(t) for all t > 0, O

With Bihari—LaSalle inequality we can easily prove Gronwall’s inequality.

Lemma 4.10 (Gronwall’s inequality, [Mao07, Section 1.8, theorem 8.1|). Let
A, B, T >0 and let u:[0,T] — [0,00) be a continuous function satisfying

t
u(t) < A+B/ u(s)ds
0
for all w € [0,T]. Then u(t) < AePt for all t €]0,T].
Proof. By choosing k(z) := x and f := B one has
1
G(z) = / " du = log(z) — log(1) = log(x)
1
and G~!(z) = e*. Then, by Lemma 4.9 we have
t
u(t) < exp(log(A) +/ Bds) = AeP*
0
for ¢t € 0,77, in the case A > 0. If A =0, then we use the estimate
t t
u(t) < B/ u(s)ds < e—I—B/ u(s)ds
0 0
for every € > 0. Now

u(t) < exp <log(e) + /Ot Bds) — 0

as € tends to 0.
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Now we can prove Theorem 4.8.

Proof of Theorem 4.8. We define the norm

d
lzlly g =)l
i=1

in R%. We see that

[l = ll=ll =

and by the Cauchy-Schwartz inequality we have that

d 2 d
2 2 2
1d = <§ |$k’> <dy ol = a5,
k=1 k=1

|

Hence
I2llyg < Nzl g < V],

This implies that the norms ||-||, ; and [|-[|, ; are equivalent.

We assume two processes X = (X',..., X9 and Y = (Y',..., YY) that
solve (4.4.2). Our goal is to show that

B X = Yill,4=0

for all ¢ € [0, T], which implies that X and Y are indistinguishable.
By assumption (A2) we have that

< 1
—du = o0,
/0 p(u)?

for all e > 0. It follows that for every & > 0 there exists a € (0,1) such that

/alﬁdu:&

This lets us construct a sequence (a,)S2; of real numbers such that

1l>a;>ay>...>a,>ap_1>..>0

1 1 an—1 1
/ 5 du=1 and / 5 du=n
ar (1) o P(W)

for all n > 2. Moreover, we see that a, — 0 as n — oc.
Next we construct a sequence of functions (¢,,)%;, ¥, : R — R, such
that for every n € N we have that:

and
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(1) 9, is continuous,

(2) we have

{z e R|¢n(x) # 0} C (an, an-1),
(3) and for all x € R one has

ngdwgnM@

and

L%4¢AMdu:L

The idea in this construction is that for all n € N we approximate the function

1

— Tia, a —_—
x ( n,an 1)(1.)”/)(.1:)2

with a continuous function such that the integral over R is the same. We do
not go in details why a function like this exists for every n € N.

For n € N we let
lz|  py
on(T) = / / U (u) dudy.
o Jo

It should be noted that now we think the integral as a Riemann integral to
get the required properties. Clearly o, € C*(R). We see that

chfo) = [ n(wdu

for x > 0, and ¢/, (x) = —¢! (—x) for x < 0. Therefore

|z

@) = [ u(u)du < / " () du = 1

0

for all n > 1. Since a,, converges to 0 as n — oo, it follows that

/y¢n(u) du — 1
0

[eS)
n=1

as n tends to oo for all y > 0. Therefore the sequence (,,)
the function p(z) := |z|.

converges to
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Next we fix i = 1, ..., d and consider processes X and Y that are solutions
to (4.4). Let Z = X'—Y". We see that Z is an [t6 process with representation

t
Z, =X -Y =0 +/ (0i(s, X2) — 0i(s,Y))) dB!
0
t
+/ (bi(s, X1, Px,) — bi(s, Y}, Py,)) ds.
0
We apply Theorem 2.24 to the process Z and function ¢,, to get that
t
enl2) =0+ [ G(20) (005, XD) = (5, Y.) dB:
0
t
+/ @ (Zs) (bi(s, X, Px,) = bis, Y, Py,)) ds
0
1 ! " % i) 2
5 [ A2 (ol X = i, V2)) s
0

It should be noted that since ¢/ and o; are bounded and measurable, the
stochastic integral exists and

t
E/ (Z2) (0i(s, X1) = 0i(s, YJ)) dBL = 0.
0

Therefore
t
E[pn(2))] = E [ [ A2 0l X B = (s, Vi B ds}
0

1 ¢ , ,
0
=1 + I,

where [; is the first term on the right-hand side and I the second term.
First, we estimate [y by

1T/t , . , :
Ll =3 |B | [ D) (oo X0 = s 1)
LJO
I . 4 , 9
<SSIE| [ en(X0= Y0 (X Y]) ds
LJ 0
L[/ 2 o2
< - |E ———p (X! =Y!)"d
=2 / ot =yt e ) }
_t
L
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Clearly £ — 0 as n — oo.
We continue by estimating the term /;. We have shown that ¢’ is bounded
by 1. Hence

|90;z Xi - YZ) (b‘(thti’]P)Xt) - bl(tvytlv]P)Yt))‘
| t XZ?]P)Xt) - bl(t>Y;tZ7]P)Yt))‘ :

We apply triangle inequality to obtain

|(bi(t, X[, Px,) — bi(t, Y, Py,)) | = | [(Ba(t, X7, Py,) — bit, Yy, Py,)]
— [bi(t, X{, Py,) — bi(t, X{, Px,)] |
< |bi(t, X{, Py,) — bi(t, Yy, Py,)|
+ | (t, X[, Py;) — bi(t, X[, Px,)] -

The Lipschitz property (A1) implies

|bi(t, X, Py,) — bi(t, X;,Px,)| < CWi(Py,,Px,)
<CE|[X, =Y,

where Lemma 3.4 implies the latter inequality. Then
CE||X; - Yi|| <CE||X; = Yill, 4-
Finally, assumption (A3) gives us
bt X2, By) — (e, Vi Pro) | < e (X2 - V7).

Now we have that
|11|<E[/ 16(2) (bi(s, X1, Py.) b(s,w,mmds]
<e[[ (x(xi- s\>+cxauxs-m|l,d)ds}
0
t t
:IE/ n(|X§—Yj‘)ds+C/ E[| X, — Yl 4 ds.
0 0

We recall that |I5| converges to 0 and the function ¢,, converges to the
function ¢(x) = |x| as n — o0, so letting n tend to oo we get the inequality

E|X; - \<]E/ (|x: - Y@\)dwC/EHX Y|l 4ds
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forall i =1,...,d. Then

d
D EIXI - Y| =E|X, —Yill,4

=1

<ZE/ (|xi - YZ})ds+CZ/IE||X Y|l 4ds
_ZE/ (| x2i— |)ds+Cd/0 E || X, — Y[l ,ds.

Next we fix 7 € (0,7]. Let B := Cd and let

d t
= ZE/ k(| XE—Y]|)ds
i=1 Y0
for t € [0,7]. Define a function
f(#) :=E[I X =Yl 4
for ¢ € [0,¢]. Now we may write
t t
ft) < A(t) + B/ f(s)ds < A(r) —i—B/ f(s)ds
0 0

for all t € [0, r]. Since r is fixed, we can consider A(r) a constant, so we may
apply Lemma 4.10 to obtain

f(t) < A(r) exp(Bt) < A(r) exp(BT)
— MZE/OTF;(‘Xz —Y/])ds,

for all t € [0, 7], where M := exp(BT). Since this holds for all » € (0,7}, we
have that

d t
() =E X, — Y, < MZE/ R(| X7 — Vi) ds
0

i=1

for all t € [0, 7.
By Theorem 2.8 we can take the expectation inside the integral, that is

d t d t
MZ]E/ n(|X;'—Y;\)ds:MZ/ Ex(| X! — Y]] ds.
=1 70 i=1 70
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We apply Proposition 2.6 to obtain
Ex(|X; - Y/]) < w(E|X; - Y])),

and therefore

d t d t
MZ/ Eﬁ(\xg—}gi\)dngZ/ K(E|X.—Y!])ds
i=1 70 i=1 70

t d
:M/ > wK(E|X!—Y]|)ds.
0 =1

Since k is an increasing function, we can continue our estimate

t d
BIX Vil < M [ 30n (E[XE - Vi) ds
0 ‘=

t d d
< M/ >k (Z]Ep(; —Y;'\) ds
0 j=1 =1
t
= Md [ K(EIX, - Vil )ds
0
Next we use Lemma 4.9. For all € € (0,1) we have
t
EX, = Vil < Md | (B[, = Vil ) ds + e
0
so by Lemma 4.9 we obtain

<1

=G (— /61 ﬁdw (Md)t> :

where G : (0,1) — (—o0,0],

is a bijection. Here we assume that € is small enough so that

bl
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Since G is a strictly increasing function such that G(xr) — —oo as z
tends to 0 from the right-hand side, the inverse function G~! is also strictly
increasing with G~!(x) — 0 as x — —oo. It follows that

Gt (— /61 %dw (Md)t> -0

as € — 0. Hence E || X; —Y,||, , = 0for all t € [0,T7].

This property implies that || X;(w) — Y;(w Mg = 0 almost everywhere.
By the properties of a norm we have that X;(w) = Y;(w ) almost everywhere,
that is,

P(X:=Y) =1

for all ¢ € [0, T]. By definition X and Y are modifications of each other. Since
all the trajectories of processes X and Y are continuous, using Proposition
2.17 we conclude that X and Y are indistinguishable, which completes our
proof. O

Remark 4.11. It should be noted that Theorem 4.8 only implies uniqueness
of the solution, but does not imply the existence. In the case we already
know some solution for an MVSDE, we may apply the theorem to confirm
that the solution is indeed unique.

Next we give a simple example how one can use Theorem 4.8 to prove the
uniqueness of a solution. Since the theorem does not imply the existence, we
have to find some solution first.

Example 4.12. We consider the following MVSDE:

EX,
dX, = mi { X ,1}dB — g
¢ = min VX ‘T EX)?

X(]:O.

We see that the process X = 0 solves the equation. We apply Theorem
4.8 to prove that this solution is actually the only one. In this example the
coefficients are the following:

o(t,x) = min{ ||, 1}

and
b(t,x,p) = (/ udu@)) :
R
where
(2) =
v 1+ a2



We check the conditions (A1), (A2) and (A3) separately, starting from the
first one.

We see that
d 1 — 22

is bounded, which implies that ¢ is a Lipschitz-continuous function with
some constant L > 0. For for all u, v € P;(R) we have that

it = o) = o ([ wantw)) ¢ ([ waviw)|
[ wdtn =)

sme{édeﬂ—WWHhGUmﬂw}
= LWi(p,v),

<L

where the final equality follows from Theorem 3.5.
Next we verify the condition (A2). We may choose p(x) := /x. Tt is
defined on [0, 00), increasing and has p(0) = 0. Furthermore,

/Oeﬁdu:oo

for all € > 0. Using the properties of square root we obtain

i (V1) i {1}
< |V Vi

|z =yl = p(lz = y))

lo(t,x) —o(t,y)]

IN

for all z,y € R.

The coefficient b depends only on the distribution variable, hence we do
not need to check the third condition (A3). Since all the conditions are
satisfied, the uniqueness of the solution follows from Theorem 4.8.

5 Stability and approximation of MVSDESs

In this section we consider various stability and approximation results. In
our first result we introduce an iterative method for the approximation of a
solution, and we prove that under certain conditions a sequence of iterated
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processes converges to the unique solution of (4.2). In the next three results
we consider the stability of the solution. We consider stability from the
following points of views:

1. Stability with respect to the initial condition. We prove that if we define
a map that maps the initial value to the solution of (4.2), under certain
conditions this map is continuous.

2. Stability with respect to the coefficients. One way to approximate the
solution is to define sequences of functions that converge to the coef-
ficients. We prove that under certain assumptions solutions obtained
this way eventually converge to the unique solution of (4.2).

3. Stability with respect to the driving process. So far we have considered
MVSDEs with respect to the Brownian motion. In our final stability
result we change this settting. Under sufficient conditions we may
approximate the driving process with possibly simpler processes, and
the solutions obtained in this way converge to the unique solution of
(4.2).

5.1 Picard approximation

We start with the Picard approximation, which gives us a method to construct
a sequence of processes that eventually converges to the unique solution of
an MVSDE. This is a useful method in numeric computations.

Assume a sequence of processes ((X}')iepo,r1)52, such that X° = z,. For
n > 0 define a process X"+ by
65.1) {dxg”l = o(t, X, Pxp) dB, + b(t, X[, Pxyp) dt

n+l __
XO — Z’Q.

With certain conditions, we can prove that this sequence converges in
Ly(Q,C([0,T],R?)) to the unique solution of (4.2). It is shown in A.5 that
the space Lo(Q2,C([0,T],R%)) is a Banach space.

Theorem 5.1 (|[BMM19, Theorem 4.1|). Assume that the coefficients b and
o satisfy conditions (L1) and (L2). Then the sequence ((X[')icpor))ozy con-
verges in Ly(2,C([0,T],RY)) to a process X = (Xi)tejo,r), which is the unique
solution to the MVSDE (4.2).

Before we can prove the theorem above, we prove the following lemma,
which is an application of Holder’s inequality 2.9.
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Lemma 5.2. Assume an integrable and measurable function f : [0,T] — R,

f="(f, fa). Then
/tf(s) ds
0

Proof. By definition we have that

/Otf<8)ds =Z /Otfi(S)ds sz

Proposition 2.9 with exponents p = ¢ = 2 implies

T T

1 / ()2 ds

<t / 1F(s)] ds.

2 2

[ 1) s

2

forallz=1,...,d. Hence

‘/Otf(S)ds 2 < izd;t/ot’fi(S)\st :t/ot <§;|fi(8)|2> ds
=t [ s as

Now we may give a proof for Theorem 5.1.

Proof of Theorem 5.1. Fix n > 1. We use the triangle inequality to obtain
t
X = X7 =]l / [o(s, X'\ Pxn) — 0(s, X0 Pynr)] dBy
0
t
+/ [b(s, XI', Pxp) — b(s, XJ Pyna)] ds ||
0

t
< ‘/ [o(s, X7, Pxr) — o(s, X" Pyn1)] dBy
0

t
+ ‘ / [b(s, X7, Pxn) — b(s,Xg_l,IP’Xga)} ds||.
0
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Then by the Cauchy-Schwarz inequality we have that

2
HXnJrl XnH <2 H/ S Xn PX?) — U(S,X‘?*l,PX;‘—l)} st

2

t
+2 / [b(s, X7 Pxyp) — b(s, XI ™' Pyn1)] ds
0

By Lemma 5.2 we have that

t 2

b(s, X', Pxn) —b 5, X" Pyn1)] ds
Xs

<t/ 16(s, X2, Pyn) — bs, X271 Pyar)||” ds.

Proposition 2.23 gives us the following estimate for the stochastic integral

part
2)

2

t
/ [0(s, X7, Pxy) —o(s, X' Pyn-1)] dBy

E | sup
te[0,T]

T
<CE \// HO-(SanvPX;L)_O(S’XQ_I’PX?71)||2dS
0

T
B CE/ |o(s, X Pxp) — U(San_laPXS”)WdS
0

for some absolute constant C' > 0.
Now we have the following inequality

E

sup || X/ — X[‘Hzl
t€[0,T]
§2TE/ [b(s, X2, Pxn) — b(s, X1 Pxa) || ds
0
T
+20E/ [o(s. X2, Pxy) — o(s, X271 Py | ds.
0

Using the Lipschitz property of the coefficients b and ¢ and Lemma 3.4 we
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continue to

E

sup HXt”Jrl — thHQI
te[0,7

T
< T+ O)LQIE/ (||Xg S oot WQ(PXS,PXg,1)2> ds
0
T
<A4LX(T + C)/ E|X2— X" ds
0

T
§4L2(T+C)/ E sup ||X7— X" ds

0 re(0,s]

T
< Ml/ E sup HXT” —Xf_lHst,
0 rel0,s]
where M; > 0 is a constant depending only on the values of C',T and L.
Using similar arguments as earlier and the linear growth condition (L1),
we get that

E | sup Hth—X?”Q

t€[0,T]

=K

sup Hxs—xo\f]
t€[0,T]

T T
gQZi/iHbﬁguhPXQH2d3+261/ (s, 20, Pxo) || ds
0 0

T
g2@+c»/zq1+mﬂﬁm
0

= 2(T + O)K ((1+ [lol))?) T
< M,T,

where M, > 0 is chosen so that the inequality above holds. The choice of
M, depends on K, C,x and T

Next we let f,(s) :=E |:Supr€[0,s] | Xt — X;‘Hz} for n > 1. Now

T T Sn—1
fn(T) < Ml/ Jrn-1(Sn—1)dsp_1 < Mf/ / frn—2(Sn—2)ds,_ads,_1
0 o Jo

<..
T psp-1 s1
v [ [ Ao
0 0 0
T prsn—1 81
S Mln/ / e / MQT dSO e dsn_2 dSn—l
0 0 0

M{LMQTTL—H Cn—H
= <
n! - nl

Y
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where C':= max { My, My} T.
Let m > n and kK = m —n. By triangle inequality we obtain the following
estimate

IX™ = X" y0c0m ey = [1X77 = XnHLz(Q,C([O,TLRd))
_ HXnJrk . X?H*k*l _ (Xn — XnJrkil)HIQ(QC

,C([0,T],R4))
< JJxnt - XWHHLQ(Q,C([o,T],Rd))

+ ”Xn%i1 - X ||L2(Q,C([0,T],Rd))
< O x|
“(n+k-1) La(Q,C([0,T],RY)) *

By induction on n we obtain

m—n CnJr'L
||X - X ||L2(QC ([0,7],R%)) Z

— (n+i—1)!
Letting n and m tend to co, we conclude that

1X™ = X" 1, cqorrey — 0,
that is, for any € > 0 we can find N € N such that

1X™ = X" 1, cqorrey <€

for all m,n > N. Therefore (X™)° | is a Cauchy sequence in Ly (2, C([0, T, R?)),
which is a complete normed space by corollary A.5. It follows that there ex-
ists a unique limit X € Ly(Q,C([0, T],R?)) such that

X" = X1, @cqomrey = 0

as n — oo.
Next we need to show that X is a solution to the MVSDE (4.2). We use
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the same estimates as earlier in this proof to see that

2

E sup
te[0,7

t
/ (b(s, X, Pxn) — b(s, X,,Px,)) ds

<E sup (/ H (5, X, Pxn) — b(s, X, Py, )H2d3>

te[0,7
<B[T [ 1006, Pag) 006, X P[]
T
<E [2TL2/ (HX?—Xs|!2+W2(lP’X;z,PXS))2dS}
. 0
<ar? [ BXr - X[ ds
0
T
§4TL2/ E
0

n 2
= AT?L[? || X" — X a@eqoryrey = 0

sup || X7 —XTHZ] ds

rel0,T7]

as n tends to co. In a similar way we obtain

2

E sup
te[0,T

¢
/ (o(s, X2, Pxn) — o(s, X,,Py,)) dB,

T
< CE [/ lo(s, X2, Pxn) — J(S,XS,PXS)HZdS}
0
T
< 4CL2/ E|X" - X,|*ds
0

T
§4CL2/ E sup || X" — X,|*ds
0

rel0,77]
n 2
< ACL*T | X" — X||L2(Q,C([0,T],Rd)) —0

as n tends to co. Combining these two estimates gives us that for ¢ € [0, T
one has, by definition of X"
2> 3

— 0,
La2(2,¢([0,T],R%))

-

¢ ¢
(E HthH — T — / b(s, X, Py,)ds — / o(s, X, Px,) dB;
0 0

< / (b(s, X7, Prz) — bs, Xo, Py.)) ds

0

L2 (ch([O’T} ’Rd))

/' (0(5. X2, Pxy) — 0(5, X, Px,)) dB,

_|_ ’
0
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as n tends to oco. It implies that

¢ ¢
(5.2) X =0+ / b(s, Xs,Px,)ds + / o(s, Xs, Px,) dBs
0 0

almost surely for any t € [0, 7], and then one gets (5.2) for ¢ € [0, 7] almost
surely. Therefore the limit process X is a solution to (4.2). Since assumptions
(L1) and (L2) hold for the coefficients o and b, uniqueness follows from
Theorem 4.6. [

Next we consider a straightforward example of how one can use Picard
successive approximation to find a solution to the given MVSDE.

Example 5.3. Consider the following MVSDE

dX; = AdB; + min {e", [EX; + 1|} d¢
(5.3)
XO - O,

where A € R is a given constant. The coefficient functions clearly satisfy
conditions (L1) and (L2). We use Theorem 5.1 to construct a sequence of
processes that converges to a unique solution of (5.3).

Our first iteration is

t t
X! = o+/ AdB, +/ min {e’, [E(0) + 1|} ds = AB, + t.
0 0
We continue by computing the next two iterations,
1
X = ABt+§t2+t

and

‘ 1 1
Xf:)\Bt+6t3+§t2+t.

By induction we notice that for arbitrary n € N one has

Letting n tend to oo we see that

o0

tk
X! = AB+ Y
k=1

E:)\Bt+et_1::Xt,

which clearly solves (5.3).
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This method cannot always be used to approximate a solution for an
MVSDE. We return to example 4.4. We recall that it has no solution, so the
iterative method for finding a solution should fail.

Example 5.4. We have the following MVSDE

dX; = 1o(EX}?) dB,
XO - 0

We try to apply Theorem 5.1 to construct a solution.
The first iteration is

t
X! = / 1o(E0%) dB, = B;.
0
Therefore the second one is

t t
X? :/ 1o(EB?)dB, :/ 1g(s)dB, = 0.
0 0
Next we notice that the third iteration is the same as the first one, so we
have that
. {Bt, if n is odd
X[ =

0, if nis even

for n € N. This sequence does not converge in Lo(2,C([0, 7], R)).

5.2 Stability with respect to the initial condition

In our first stability result we consider solutions of (4.2) for different initial
values. If we define a map that maps each initial value to a solution, this
map is continuous, assuming that the linear growth and Lipschitz continuity
conditions (L1) and (L2) are satisfied.

We denote by X* = (X}'),.jo 7 the unique solution to the MVSDE

dXt = O'(t, Xt, PXf) dBt + b(t, Xt, P)Q) dt
Xo =X

for the initial value x € R? provided that such a solution exists. We define
amap @ : Rd — LZ(Qac([Oa T]aRd)7

p(r) == (th)te[O,T] :

The next theorem states that, under certain conditions, ¢ is a continuous
map.
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Theorem 5.5 ([BMM19, Theorem 5.1]). Assume that the coefficient func-
tions b and o satisfy (L1) and (L2). Then the map ¢ is continuous.

Proof. First we notice that since the assumptions (L1) and (L2) hold, for all
z € R? the unique solution X* exists.

It is sufficient to show that for any sequence (z,)°, in R? that con-
verges to the limit z € R the sequence (p(x,))%%, converges to () in

Ly(92,C([0,T], R?), that is,

(@) — 90(93)||L2(Q,C([0,T},Rd)) = [ X" — XIHLQ(Q,C([O,T]JRd)) — 0

as n tends to oo.
Let (2,)%%, be a sequence converging to x € RY. For a shorter notation,
we let X" = X7 = p(z,) and X = X* = ¢(z). First we estimate

t
Hth - ‘XtH2 = ||¥n T +/ (U(S’ X?vPX?) - U(SaXsaPXs>) dB;
0

2

t
+ / (b(S7X§L7PXZL> - b<87 XS7]PXS)) dS
0

2

t
<3y — 2|+ 3 ’ / (0(5, X7, Pxy) — (s, X, Py,)) dB,
0

2

+3

9

t
/ (b(s, X", Pyy) — b(s, X, Py.)) ds
0

where the inequality follows from the Cauchy-Schwarz inequality.
As we did in the proof of Theorem 5.1, we use Lemma 5.2, the Lipschitz
condition (L2) and Lemma 3.4 to get

2

t
/ (b(s, X;L,IPXQ) - b<57X87PXs)) ds
0

t
<t [ Iple, X2 ) — o, X P s
0
t
< t/ L2 (| X2 = X|| + Wa(Pxn, Py,))" ds
0
t
< 2L2t/ (I1X2 = X,[% + Wa(Pxy, Py, )2) ds
0

t
<22 [ (|7 - X+ EJXD - X7 ds
0
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With Proposition 2.23 we obtain

2

E

sup
te[0,7

t
/ (U(s, X Pxn) —o(s, X, IEDXs)) dB,
0

T
S CE/ ||0<87X;l7]P>X§L) - U(S?XS7PXS) 2d$
0

for some absolute constant C' > 0. Using the same estimates we used for the
coefficient b gives us

> dB,

T
(J]E/ HO'(S,X:JP)X;I) —o(s, Xy, Px,)
0
T
< 21%CE / (IX7 = X.JP +E X7 — X,|2) ds
0

T
- 4L2C/ E || X" — X,||*ds.
0

Combining these two estimates yields

E

sup [|X}' — Xt||2]
te[0,7

T
< 3||zn —z||* + 3T/ |6(s, X7, Pxn) — b(s7Xs,IP’XS)H2 ds
0

*dB,

T
+ 3CIE/ |o(s, X Pxp) — o(s, X, Px,)
0
T
< 3@y — x||* + 12(T + C’)LQ/ E|| X" — X,||>ds
0

T
= 3||zn — z||” +12(T + 0)L2/ E
0

sup | X — X, |°| ds.
rel0,s]

By letting fo(t) := E [sup,cjoq | X2 — XSHQ} for t € [0,T], we may use
Gronwall’s inequality with constants A := 3 ||z, — z||* an B := 12(T+C)L?,
to obtain

foT) =E | sup [ X7 = X|*| = X" = XIIZ, @012
s€[0,1] e
< Aexp(BT) = 3 ||z, — z||* exp(12(T + C)LT)
— 0
as n tends to oo, which completes our proof. O]
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The preceding theorem has the following application.

Example 5.6. Assume that the Borel-measurable function ¢ : [0, T|xR — R
is bounded and Lipschitz continuous with respect to the second variable. We
want to show that the map

T (x+/ (s, x) st)
0 te[0,7)

1S continuous.

We let .
o) = (s, [ wdn(w)

and b = 0. The assumptions (L1) and (L2) are clearly satisfied. Now we
consider the corresponding MVSDE

Xy ==

By Theorem 5.5 the map « — (X}).cjo.17 is continuous. We recall that the
expectation of stochastic integral is 0, therefore

t
EX; = Exz + E/ o(s,EX;)dBs = x,
0
so the solution to 5.4 is
t
Xy =z —|—/ ©(s,x)dBs.
0

It follows that the map

= X' = (x+/ (s, x) st>
0 t€[0,T

1S continuous.

5.3 Stability with respect to the coefficients

In some occasions the coefficient functions can be too complicated to effi-
ciently compute or numerically simulate a solution. If we assume that we
can find sequences of functions that converge to the coefficients, we could
try to approximate the solution by solving the MVSDE with respect to these
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functions. We want to understand if under some specific assumptions the
sequence of these approximated solutions converges to the unique solution of
(4.2).

For all n € N assume Borel measurable functions

by : [0,T] x R x Py(RY) — R

and
on 2 [0,T] x RY x Py(RY) — R4,

Consider the following MVSDE

55) { AXP = 0, (t, X", Pxp) dB, + by (t, X', Pxyp) dt

n
XO - ZE().

We want to know whether under certain conditions a solution to (5.5) con-
verges to the unique solution to (4.2) as n tends to co. We assume that

50 | s (= D)o, I+ 0 = o) (s, ) )| s 0

T, )€
R9x Py (RY)
as n tends to oo.
Now we may formulate our next stability result. The idea of the proof
follows [BMM19, Theorem 6.1|, but we have different assumptions.

Theorem 5.7. Assume that the coefficient functions b,,b, 0, and o satisfy
the conditions (L1) and (L2) with uniform constants K,L > 0. If (5.6)
holds, then the sequence (X™) ", where X™ is the unique solution to (5.5),
converges to the unique solution of (4.2) in Ly(2,C([0,T], R?)).

Proof. First we notice that the assumptions (L1) and (L2) imply that there
exists a unique solution to (5.5) and (4.2), which we denote by X™ and X
respectively. By the definition of a solution we have

t
”XZ‘L - XtH2 = ’ / [bn(S7X:7]:P>X§L) - b(qu&]P)Xs)} ds
0
t 2
+/ [Jn(s,X;‘7IP’X;z) — J(S,XS,]P)XS)} dB,
0
t 2
S 2 ’ / [bn<S,Xg7Png) — b(S,XS,IEDXS)} ds
0

2

t
+2 / [on(s, X', Pxn) — o(s, X,,Px,)] dBs
0
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We apply Lemma 5.2 and Proposition 2.23 to obtain

E | sup HXt”—XtH2

te[0,T7]

T
§2TIE1/ b (5, X2, Pn) — b(s, X, Py, ) || ds
0

2
’ ds,

T
+ 2CE/ |00 (s, X2 Pxn) — o(s, X, Pyx,)
0

where C' > 0 is an absolute constant. The triangle inequality yields

2

an(S7X§La]PXQ> - b(S,XS,]P)XS)
S || [bn(S’Xg’]PXQ’) - bn(S7X87]P)XS)} - [b<37Xsa]P>XS> - bn<$>Xsa]P)Xs)H|2
S 2 <an(37X:7]P)Xgl) - bn(S,XS,]P)XS) 2 + an(S,Xs,]PXS) — b(S7Xsa]P)XS)

2)_

The same estimate also holds for the functions o,, and ¢. Now

T
E | sup || X" — X, §4TE/ |6n(s, X2, Pxr) = bu(s, X, Px,) \st
te[0,7) 0 ‘
r 2
+4C’E/ Hon(s,XS",IP’X;L)—On(s,XS,IP’XS) ds
0
+ R,.(T),
where

Ry (t) := 4(t4+C)E UO (11 = 0) (5, X5, Bx)I* + [l (00 — ) (5, X P, )[I) ds

for all n € N and ¢t € [0,T]. Since t — R, (t) is increasing for all n € N, we
can use assumption (5.6) to conclude that

T
Ra(t) < 4<T+0>E[ [ (H(bn—bxs,x,w
0 (z,n)€ERIxP(RY)

o =)ol ) ds] 0

as n tends to oco.
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The Lipschitz property (L.2) and Lemma 3.4 imply that

E

sup !IXf—XtIIZI

te[0,T7]

T
§4(T+C)IE/ [L(IXT — X, | + Wa(Pxs, Px.)]>ds + Ru(T)
0

T
<ST+ O [ (BIXT = X + WalPy P ) ds + Ro(T)
0

T
< 16(T+C)L2/ E X" — X[ ds + R(T)
0
T
< 16(T+0)L2/ E sup | X" — X, |7 ds + R(T).
0 rel0,s]

We apply Lemma 4.10 to the function

sup || X7 — X,|*

s€0,t]

t— E

Y

where t € [0, T]. By choosing constants A := R,,(T) and B := 16(T + C)L?
we obtain

IX™ = X117 cqorze < Ba(T)exp(16(T + C)L*T) — 0
as n tends to oo. This completes the proof. O

In the next example we demonstrate how the preceding theorem can be
used to approximate the solutions of an MVSDE.

Example 5.8. Assume bounded and Lipschitz continuous maps
o: R — R™

and
b: R x Py(RY) — RY,
where b is Lipschitz continuous with respect to both variables. Assume that

llo(x)|| = 0 as ||z|| — oo and ||b(z, p)|| — 0 as ||z|| — oo for all u € Py(R).
We use notation

B(0,r) := {z e R?| ||z|| < r}

and
S(0,r) = {93 e R? | ||lz|| = 7’}.
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We define a map m, : R\ {0} — S(0,7) by
re

() == —,
edl

where r > 0. Now for all n € N we define

on () = Lpn ()0 () + Tpa\pomo (T (1))
and
bn(2, 1) == Lo (2)b(x, 1) + Tga\go,m)b(Tn(T), 1)
Since o and b are bounded, o, and b, are bounded, too, for all n € N. To
check the Lipschitz continuity, let z € R\ B(0,n) and y € B(0,n). Other

cases are trivial. Let u,v € Po(R?). We denote by L > 0 the Lipschitz
constant of b. Then

nx

5a s 1) = by )| = [B(n(2)s 1) — by, )| = Hb (m,u) ~bly.v)

oo e

< Lillo =yl + Walp, v)] .

With the same arguments we can prove the Lipschitz continuity of o,,.
We denote by X" the unique solution to

dX[ = 0,(X]") dBy + by (X}, Pxn) dt
Xy ==.

Next we want to show that (5.6) holds. We see that

sup, low(z) — o(@)|I” = sup (Lo 5o () lo(2) — o (ma(2))|[*] — 0

as n tends to co. In a similar way

sup [ba(w, ) = b, )" = 0
(z,1) ER4 x Pa (R4)

as n tends to co. Hence

B[ s (-l + o - o)) ds
0 (

T,p)€
RExPs(RY)

—TE s (16— Bl + e =)@ = 0
x,u)E
Rdx;g(md)
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as n — 00. Theorem 5.7 implies that (X™)22, converges to the unique
solution of

dXt = O'(Xt) dBt + b(Xt, ]th) dt

X() = X.

5.4 Stability with respect to the driving process

This far we have considered MVSDEs driven by a Brownian motion. How-
ever, when modeling certain phenomena, Brownian motion may not always
give the desired behaviour. In this section we consider MVSDEs driven by a
continuous martingale M = (My),c(o 1) € MO(RY), that is
Xy =o(t, Xy, Px,) dM,; + b(t, Xy, Px,) dt
(5.7)
XO = Xy.

An adapted and continuous process X = (X;)cjo,r] is a solution to (5.7)
if it satisfies (Soll) and (Sol2), and if

t t
Xt:xo—i—/ a(s,XS,]PXS)dMSJr/ b(s, Xa, Py, ) ds
0 0

for t € [0, T] almost surely, assuming that the integrals exist, see Definition
5.14. Here

t
/ o(s, Xs, Px,) dM;
0

denotes stochastic integral with respect to the continuous martingale M. In
one dimension the definition is given in [Mé82, Theorem 18.2]. To multiple
dimensions the integral is generalized as in Definition 2.22.

First we notice that we can generalize Theorem 4.6 for this class of MVS-
DEs.

Theorem 5.9. Under assumptions (L1) and (L2), the MVSDE (5.7) driven
by M has a unique solution. Moreover, if X = (Xi)icjor) @5 the solution, it
holds that

E

sup ||Xt||2] < 00.
te[0,7

Idea of the proof. We fix j1 = (ptt)tcpo,q and consider the ordinary SDE

dXt = O'(t, Xt, ,ut) th + b(t, Xt, ,ut) dt
XO = 2y.
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The existence and uniqueness of a solution for this SDE is proven in [GK80,
chapter 1]. It should be noted that the conditions given for the coefficients are
weaker than what we have, but it can be seen that (L1) and (L2) imply these
weaker conditions. Now we may adapt the proof of [CD18a, Theorem 4.2.1]
by replacing dB; with dM; and using corresponding theorems for estimates.

Before we may introduce our final stability result, we need a version of
Proposition 2.23 for stochastic integrals with respect to a continuous martin-
gale. For this purpose we need to define the quadratic variation process of a
martingale.

Proposition 5.10 (|Geil9, Proposition 4.4.1]). Assume a continuous mar-
tingale M = (My),cioq) € MEO(R). Then there exists a continuous and

adapted process (M) = (<M>t)te[0 7y such that

(1) (M) is an increasing process starting from 0, that is

0= (M), < (M), < (M)

t

for all s <'t.

(2) For every t € [0,T] and for every partition 0 < t§ <t} < .. <t' =t
one has that the sequence

i (M — M)’ Oo
( )

k=1 n=1

converges to (M), in probability as n tends to co.

t
The process is unique up to indistinguishability.

Definition 5.11 (|Geil9, Proposition 4.4.2]). The process (M) in Proposi-
tion 5.10 is called quadratic variation of the martingale M € M*°(R).

The quadratic variation has the following property.

Proposition 5.12 (|[Mao07, p. 12|). Let M € M*°(R). Then
M? — (M) € M“°(R).
In particular E (M), = EM} for allt € [0,T].

For multidimensional martingales we define the quadratic variation in the
following way.
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Definition 5.13. Let M = (M*,..., M%) € M%°(R?). We define
d
=2 (M
i—1

Next we define the class of Lo-processes given a continuous martingale
M € M0,

Definition 5.14. Assume M € M%°. We denote by L£(M,R) the R-valued
processes X = (X)) satisfying

(5.8) ]E/t | X,)*d (M

for all t € [0,T]. If X is a matrix valued process, then we say that X €
Lo(M,R&>™) if [X] € Lo(M,R) foralli=1,...d, j=1,...m

Remark 5.15. If B = (By)ico,r) is one-dimensional Brownian motion, then
(B), = t for t € [0,7] almost surely, see [Geil9, Example 4.4.4]. This
coincides with the definition of £o(R), so

£2<Rd><m> £2( Rdxm>

where B is an m-dimensional Brownian motion.

The integral fot X2d (M), is called Lebesgue-Stieltjes integral [GG18, Sec-
tion 5.5.3] with respect to the trajectory ¢ — (M), (w) for fixed w € Q, which
is continuous and increasing by Proposition 5.10. There exists a unique mea-
sure 4 in (R, B(R)) such that

pl(a, b)) == (M), = (M), )(w)

for a < b. Let f : [a,b] = R be an integrable function. We write

/ /s /R Liapf(s) dpu(s).

Since (M) is a random process, the measure p might be different for every
w € Q.
Lo(M,R)-processes have the following property.

Proposition 5.16 (|Mé82, Proposition 18.13]). Let M € M*°(R) and L €

Lo(M,R). Then
: t
</ Ldes> _/ L2d(M),.
0 t 0

63



Now we may formulate a more general version of Burkholder-Davis-Gundy
inequality.

Theorem 5.17 (Burkholder-Davis-Gundy, [RY99, Chapter IV, Theorem
4.1]). Let M € M°(R). Then there exists constants c, and C, such that for
all t € [0,T] one has

cpE [(M)tg} <E | sup |M,"

s€0,t]

<CO,E [<M)ﬂ .

As a consequence we get the following estimate for integrals with respect
to a continuous martingale.

Corollary 5.18. Let X = [XY); ;1 4 € Lo( M,R™>?) and M € M*O(R?).

-----

Then there exists a constant C' > 0 such that

t T
/ X, dM,| | <CE [/ |!Xs!|2d<M>51_
0 0

Proof. 1f d = 1, we use Proposition 5.16 and Proposition 5.17 with p = 2 to

see that
] < OE [/ X2d }

For d > 1 we recall that, by definition,

t d
/ X, dM, Z
0 k=

We fix k =1, ...,d and see that

2

E | sup

t€[0,T]

(5.9) sup

t€[0,T

2

/ Xk dm,

t
Xk am,

t
/ X dM;
0

Then

2 d
<d Z
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Next we apply (5.9) to each term of the sum to get that
d d
] <d» Y'E /X’”dMJ ]
k=1 j=1
d d T
i}y ow| [ xpraqn)]
0

sup
t€[0,7]

sup
te[0,77]

k=1 j=1
d T d

<ay e | ["(Sopnr)atar)
j=1 k=1

[ (et )a(sm.)
<ace| [ peiraqmn,).

Another lemma wee need is the stochastic Gronwall inequality.

Lemma 5.19 (Stochastic Gronwall inequality, [Mé82, Lemma 29.1]). As-
sume a continuous martingale M = (My)iep,r) € M“P(R?) satisfying

(M)p = sup (M), <C

te[0,T

for some constant C > 0 almost surely. Let ¢ = (90t>te[o,T] be a real-valued,
adapted and increasing process. Assume that there exists positive constants
K and p such that for all t € [0,T] one has

t
Ep, < K+pE/ psd (M), .
0
Then
EQOT S KD?

where
[20C]

D:=2)" (2pC)" € (0,00).

Now we may formulate our next stability result. Let M € M%°(R9).
Denote by X = (X)icp,r the unique solution to the MVSDE driven by M.
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Assume a sequence of continuous martingales (M"™) " with MJ = 0 for all
n € N. We consider the following MVSDE

X7 = o(t, X2, Prn) dM? + b(t, X7, Pxr) dt
(5.10) 2 : :
XO — ZEo,

We assume that the following assumptions are satisfied:

(D1) There exists a constant A > 0 such that
(M") g+ (M) <A
almost surely for all n € N.

(D2) Tt holds that
EM"™ - M), —0

as n tends to oco.

Under these assumptions, we have the following result. The theorem and its
proof are inspired by [BMM19, Theorem 7.1|, but we have different assump-
tions.

Theorem 5.20. Assume that the coefficient functions b and o are bounded
and satisfy (L1) and (L2). If the assumptions (D1) and (D2) are satisfied,
then (X™)22,, where X" is the unique solution to (5.10), converges to the
unique solution of (5.7) in Ly(,C([0,T], R?)).

Proof. We denote by X the unique solution of (5.7). Since b and o satisfy
(L1) and (L2), the uniqueness and existence of X" and X holds. We notice
that since the coefficients are bounded, the integrals exist and thus we may
proceed with our proof.

By the definition of a solution we have

t t
X — X = H ot Xy = [ ot XoPx ),
0 0
t 2
+/ [b(s, X7, Pxn) — b(s, X,,Px,)] ds
0

2

t t
<2 /a(s,X?,]P’Xg)dM?—/ o(s, Xs, Px,)dM;
0 0

2

t
+2‘/ [b(s, X", Pxy) — b(s, X, Px,)] ds
0
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By Lemma 5.2 and the Lipschitz property (L2) we obtain

t 2

[b(s X7, Pxn) — b(s, X,,Px,)] ds

<t/ [6(s, X2, Pxa) — b(s, X, Px,)||” ds

§2tL2/ (IX2 = X,|I° + Wo(Pxn, Py, )?) ds.
0
2]

For a shorter notation we let o, (t) := o(t, X', Pxy) for all n € N and
o(t) == o(t, X;,Px,). We estimate

t t
|[ e - [ oo,
0 0
t t
— || o) = ctenarz + [ p(spaou - o)
0 0
2
We fix u € [0,T] and apply Corollary 5.18 on both terms to obtain
2)]

sup
tel0,u]

<208 | ["lou(s) - elF a0, + [ eI ane -,

Then by Lemma 3.4 we have that

E

sup
te(0,7

t
/ [b(s, X" Pxy) — b(s, X, Px.)] ds
0

T
< 4TL2/ E sup | X" — X,|*dr.
0

rel0,s]

2

2

2

/0 (n(s) — o) dAr?|| + / o(s)d(M? — M)

2

20 / (uls) — ol(s)) M / o(s) d(M? — M)

.

for some constant C' > 0.
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Next we apply Lipschitz property (I.2) and Lemma 3.4 to get

E / “lonls) — ols) [ (™,

= E/u |o(s, X', Pxy) — o(s, X, Px,) ‘2d<Mn>s
0

< 2L2/ E (| X2 — X.|* + Wa(Pxy, Px,)?) d (M™),
0

<az? [ B|xr - XPa ),
0

§4L2/ E
0

By assumptions ¢ is bounded, hence there exists a constant B > 0 such that

r€(0,s]

sup || X7 —XAFI d(Mm),.

d(M™ — M)

s

B [ leIFaor - a0, = [ ot X, Px)

gE/uB2d<M”—M>
=EB*((M" — M), — (M" — M),)
= B*E (M" — M),

< B*E(M"™ — M),,.

S

We combine our estimates to see that for all u € [0, 7] it holds that

E | sup X7 - Xl | <SCIE | [ sup X7 - X, P,
te[0,u] 0 relo,s]
+2CB*E(M"™ — M),,
T
+ 8TL2/ E sup || X" — X,|*ds.
0 r€(0,s]
We apply Lemma 5.19 to the process (supse[()’t] | XD — XS||2)t€[0 0 which

implies that

E

T
sup HX[‘—XtHQI < DE(M"—M>T+D/ E sup | X" — X,|*ds
0

te[0,T] rel0,s]

where D > ( is a constant.
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To complete the proof we apply Lemma 4.10 and assumption (D2) to see
that

E | sup ||X1t"—Xt||2

te[0,7]

< DE(M"™ — M), ePT — 0

as n tends to oo. O

We demonstrate Theorem 5.20 in the context of ordinary stochastic dif-
ferential equations.

Example 5.21. Assume a sequence of uniformly bounded Ls(R)-processes
(L™)2, and a process L € L5(R). Assume that

|Ly — L] — 0

for all t € [0,T]. Define M;* := [/ L"dB, and M, := [, L,dB,. We have
that

T T
(M), = / L2ds <TB® and  (M"), — / P ds < TB?
0 0

for all n € N, where B > 0 is a constant.
Using our assumptions we see that

T
(M"™ — M), :/ IL" — Ly*ds — 0
0

almost surely as n tends to oo. It follows that
EM" - M), —0

as n tends to oo.
Now we may use Theorem 5.20 to deduce that the sequence of unique
solutions to the following ordinary stochastic differential equations

{Xt" = X dM
converges in Lo(£2,C(]0,T],R) to the unique solution to
Xt - Xt th
Xo=1
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We recall that we may write

t t
/ X dM? = / X"L"dB,.
0 0

We apply Thoerem 2.24 with the function f(¢,z) := log(x) to the process
X} to obtain that

t 1 t
log(X]") = log(1) —l—/ L?dBs — 5/ L%ds
0 0
n ]' n
= Mt - 5 <M>t :
Hence

X' =exp (Mt” = <M>?) :

DO | —

By Theorem 5.20 this implies that

t 1 t
exp </ L?dB, — —/ (L™)? ds)
S 2 S
0 0
t 1 t
— exp (/ L,dB, — 5/ (Ly)? ds)
0 0

E[ sup

te[0,7)

2
}—>0

as n tends to oco.
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Appendix A L,(Q2, E) spaces
Assume a real vector space V and a map ||-|| : V' — [0,00). The map ||-|| is
a norm, if the following properties are satisfied:

(1) |lv|l = 0 if and only if v = 0.

(2) ||-|| satisfies the triangle inequality, that is, for all u,v € V one has that

lw +vf| < Jlull + v

(3) |||l is positive homogeneous, that is, for all A € R and v € V one has

[Av[l = Aol -

The pair (V,||-||) is called normed space. If the normed space is complete,
that is, every Cauchy sequence converges to a limit in V| then it is called
Banach space. The space (V. ||-||) is separable, if there exists a countable
dense subset B C V.

Definition A.1 ([Egg84, page 3|). Let p € [1,00). Assume a measure space
(€2, F, ) and a normed space (E, |[|-||;). Denote by £,(€2, E) the set of all
(F, B(E))-measurable maps ¢ : Q — E satisfying

(1) [[e(w)|lz < oo for all w € €,

(2) el e = (ol dn)

It should be noted that [|-||, ¢ g is only a semi-norm in £,(8, E) since
for any map ¢ : Q@ — FE with P(p = 0) = 1, that is, ¢(w) = 0 almost
everywhere, we have H%OHL,,(Q,E) = 0, but not necessarily ¢ = 0. However, by
using certain equivalence classes we may construct a normed space.

3=

< 00.

Definition A.2. Define an equivalence relation ~ in £,(Q, E) by letting
¢ ~ 1 if and only if P(p = ¢) = 1. Let

Ly(Q, E) :={[e] | ¢ € Lyp(Q E)}

where [p] denotes the equivalence class consisting of all the maps
Y e L,(Q, E) with ¢ ~ 1.

In this section our goal is to show that if (2, F, u) is a probability space,
then the space L,(€2, E) with the norm ||-|[; ¢ 5 is a Banach space for all
p € [1,00). First we define what we mean by convergence with respect to
the norm ||'||LP(Q7E).
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Definition A.3. Assume a sequence of (E, B(F))-measurable maps (f,)> ,,
fn:Q— Ewith f, € L,(Q2, E). We say that the sequence (f,,);, converges
in L,(Q, E) to the limit f € L,(Q, E) if

1o = fllz,@m =0
as n tends to oco.

The following theorem is mentioned in [Egg84, Theorem 1.1.2.3] without
proof. A proof for a special case, where £ = R is given in |[GG18, Proposition
6.3.4]. The proof we give here adapts that proof.

Theorem A.4. Let p € [1,00). Let (E,||-||z) be a separable Banach space.
Then the space (Ly(Q, E), |||, (,p)) is a Banach space.

Proof. We prove the theorem in two steps. First we prove that
(Lp(R2, E), [l 0,)) is @ normed space. In the second part we prove the
completeness, meaning that any Cauchy sequence converges to a limit in

(Lp(Q» E), ||'”LP(Q,E)>'

Part 1: Norm properties

We show that the norm |||, ¢ 5y has the following three properties:

(1) Assume that ||¢|| = 0. Then |¢(w)||z = 0 almost everywhere. Since
|||z is a norm, we get that ¢(w) = 0 almost everywhere, that is,
¢ € (0], which is the zero vector in L,(2, E).

Next assume that ¢ = 0. In this context it means that p(w) = 0 almost
everywhere, and therefore |¢|[; ) = 0.

(2) Triangle inequality. Let ¢,v¢ € L,(2, E). Then

y = Elle+lp)r
< Elllellg + 1916177
1 L
< (EllellE)r + E[elE)?
el m + 1YL, @8

le + Y5,

where the second inequality follows from Proposition 2.10.

(3) Positive homogeneous. Let A € R and ¢ € L,(Q2, F). Then

Xl . = E AR = (B [IA lell])?
1
= [A(E [lellg)” = Aol @.m -
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Part 2: Completeness

Let ()5, be a Cauchy sequence in L,(2, E'). Fix ¢ > 0. Then there exists
N, € N depending on the choice of € such that

(A1) lem = @nllz e = Ellom — onllp <€

for all m,n > N.. Note that we take the norm to the p-th power, which does
not affect the convergence. We use Chebyshev’s inequality [GG18, Proposi-
tion 5.10.1] to see that for any A\ > 0 we have

1
P({we Q] o) — pal@lls > A}) < SEllem — oally < e

Hence (¢,)%; is a Cauchy sequence in probability, and this implies in par-
ticular that there exists a limit ¢ : @ — E such that (¢,)5, converges to
¢ in probability. This lets us choose a subsequence (¢, )52, such that the
subsequence converges almost surely to the limit ¢ with respect to the norm
||| z» that is

P ({w € Q| |l¢n,(w) — W), # 0as k — co}) =0.

We apply Fatou’s lemma [GG18, Proposition 5.4.4] to obtain

E |l = @ally = E [liminf g, — only]

< liminf E [, — @nllf, <€
k—o0

for n > N.. Hence (p,,)52, converges to a limit in L,(Q, E).
[

We recall that the space of continuous functions, C([0, 7], R?) with the
norm ||-|| . defined by

/1l = sup [[f(D)]
te[0,7
is a separable Banach space. Now we obtain the following result.

Corollary A.5. For all T > 0 the space L,(Q,C([0,T],R?)) with the norm

= (E sup HX(t,->Hp>
te[0,T

for X :[0,T] x Q — RY, is a Banach space.

P

=

HXHLP(Q,C([O,T],Rd)) = (E[1XI1%)

Proof. Follows directly from Theorem A.4 when E = C([0, T],R%). O

73



References

[BMM19]

|Car16]

|CD18a|

[CD18b)

[Egg84]

|Geil9]

|GG18]

[GKS0]

[JPO04]

|Kach6]

[LLO7|

K. Bahlali, M. Mezerdi, and B. Mezerdi. Stability of mck-
ean—vlasov stochastic differential equations and applications.
February 2019. arXiv:1902.03478 [math.PRJ.

R. Carmona. Lectures on BSDFEs, Stochastic Control, and
Stochastic Differential Game with Financial Applications. So-
ciety of Industrial and Applied Mathematics, 2016.

R. Carmona and F. Delarue. Probabilistic Theory of Mean Field
Games with Applications I. Springer International Publishing
AG, 2018.

R. Carmona and F. Delarue. Probabilistic Theory of Mean Field
Games with Applications II. Springer International Publishing
AG, 2018.

L. Egghe. Stopping time techniques for analysts and probabilists.
Cambridge University press, 1984.

S. Geiss.  Stochastic Differential Equations.  University of
Jyvaskyld, Department of Mathematics and Statistics, 2019.

C. Geiss and S. Geiss. An Introduction to Probability Theory.
University of Jyvaskyld, Department of Mathematics and Statis-
tics, 2018.

I. Gyongy and N. V. Krylov. On stochastic equations with re-
spect to semimartingales i. Stochastics, 4:1-21, September 1980.

R. Jarrow and P. Protter. A short history of stochastic integra-
tion and mathematical finance: The early years, 1880-1970. A
Festschrift for Herman Rubin Institute of Mathematical Statis-
tics Lecture Notes — Monograph Series, 45:75-91, 2004.

M. Kac. Foundations of kinetic theory. In Proceedings of the
Third Berkeley Symposium on Mathematical Statistics and Prob-
ability, Volume 3: Contributions to Astronomy and Physics,
pages 171-197, Berkeley, Calif., 1956. University of California
Press.

J. Lasry and P. Lions. Mean field games. Japanese journal of
mathematics, 2:229-260, February 2007.

74



[Mé82]

|[Mao07]

[McK66]

[Mey09)

[PCMM15]

|[Rud70]
[RY99]

[Sob91]
[Vilog]

M. Métivier. Semimartingales - a course in stochastic processes.
De Gruyter Studies in Mathematics, 1982.

X. Mao. Stochastic differential equations and applications.
Woodhead Publishing, 2 edition, 2007.

H. P. McKean. A class of markov processes associated with non-
linear parabolic equations. Proceedings of the National Academy
of Sciences of the United States of America, 56(6):1907-1911,
1966.

P. Meyer. Stochastic processes from 1950 to the present. Journal
Electronique d’Histore des Probabilités et de la Statistique, 5(1),
June 2009.

F. Pegoraro, F. Califano, G. Manfredi, and P. Morrison. Theory
and applications of the vlasov equation. The European Physical
Journal D, 69, 02 2015.

W. Rudin. Real and Complexr Analysis. McGraw-Hill Inc., 1970.

D. Revuz and M. Yor. Continuous Martingales and Brownian
Motion. Springer, third edition, 1999.

K. Sobezyk. Stochastic Differential Equations. Springer, 1991.

C. Villani. Optimal transport, old and new. Springer, 2006.

)



