JYVASKYLAN YLIOPISTO
H UNIVERSITY OF JYVASKYLA

This is a self-archived version of an original article. This version
may differ from the original in pagination and typographic details.

Author(s); Parkkonen, Jouni; Paulin, Frédéric

Title: Counting and equidistribution in Heisenberg groups

Year: 2017

Version: Accepted version (Final draft)

Copyright: © Springer-Verlag Berlin Heidelberg 2016

Rights: |, Copyright

Rights url: http://rightsstatements.org/page/InC/1.0/?language=en

Please cite the original version:

Parkkonen, J., & Paulin, F. (2017). Counting and equidistribution in Heisenberg groups.
Mathematische Annalen, 367(1), 81-119. https://doi.org/10.1007/s00208-015-1350-5



Counting and equidistribution in Heisenberg groups

Jouni Parkkonen Frédéric Paulin

February 13, 2019

Abstract

We strongly develop the relationship between complex hyperbolic geometry and
arithmetic counting or equidistribution applications, that arises from the action of
arithmetic groups on complex hyperbolic spaces, especially in dimension 2. We prove
a Mertens’ formula for the integer points over a quadratic imaginary number fields
K in the light cone of Hermitian forms, as well as an equidistribution theorem of
the set of rational points over K in Heisenberg groups. We give a counting formula
for the cubic points over K in the complex projective plane whose Galois conjugates
are orthogonal and isotropic for a given Hermitian form over K, and a counting and
equidistribution result for arithmetic chains in the Heisenberg group when their Cygan
diameter tends to 0. [

1 Introduction

The aim of this paper is to give original asymptotic counting and equidistribution results
with error terms of arithmetically defined points or circles in nilmanifolds covered by the
Heisenberg groups. We refer for instance to [Brel, BE, [GT), [Kiml [BeQ] or [EiW| Chap. 10]
for other types of results.

One of our main results (see Section [7)) is an asymptotic counting result of arithmetic
chains in hyperspherical geometry. Let g be the Hermitian form —z0Zz — 2020 + |21/?
on C3. Tts isotropic locus in the complex projective plane Py(C) is called by Poincaré
the hypersphere [Poil. With [1 : 0 : 0] removed, the hypersphere identifies with the 3-
dimensional Heisenberg group Heiss (central extension of C by R), and it carries a natural
distance dcyg, called Cygan’s (sometimes Koranyi’s) distance. Recall that a chain, as
introduced by von Staudt and developped in particular by E. Cartan, see for instance [Car]
and |Gol, §4.3|, is a nontrivial intersection with the hypersphere of a complex projective
line. A chain is either a fiber of the canonical morphism Heis3 — C or an ellipse whose
projection by this map is a circle. Let K be an imaginary quadratic number field, and let
Ok be its ring of integers. We say that a chain Cj is arithmetic (over K) if the orbit of
some point in Cp under the stabiliser of Cy in the arithmetic lattice PSU4(0k) is dense
in Cy. The stabiliser PSU,(Ok)oo of [1 : 0 : 0] in PSU,(Ok) preserves the diameters
of the chains for dcye. The picture below shows an orbit of arithmetic chains under the
arithmetic lattice PSU,(Z[4]).

'Keywords: counting, equidistribution, Mertens formula, Heisenberg group, Cygan distance, sub-
Riemannian geometry, common perpendicular, complex hyperbolic geometry, chain, cubic point. AMS
codes: 11E39, 11F06, 11N45, 20G20, 53C17, 53C22, 53C55
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Theorem 1 Let Cy be an arithmetic chain in the hypersphere. There exists a constant
k > 0 and an explicit constant ¢ > 0 such that, as € — 0, the number of chains modulo
PSU,(OK)oo in the PSU,(OK)-orbit of Co, with diameter at least €, is ¢ € (1 + O(€")).

We will also prove that the centers of the finite arithmetic chains equidistribute in the
hypersphere.

An analogous method allows us in Section [f] to prove the following counting result of
some arithmetic points in the complex projective plane Po(C). Let zy € P2(C) be a cubic
point over K, whose Galois conjugates z, 2| over K are isotropic and orthogonal to zy for
the Hermitian form ¢. The arithmetic lattice PSU, (0 ) acts with infinitely many orbits
on the set of such points. The inverse of a slightly modified version d’éyg (see Section
for precise definitions) of the Cygan distance between the two isotropic conjugates over K
is a natural positive complexity c on the orbit of zy under PSU (0 ), which is invariant
under PSU,(Ok ) oo.

Theorem 2 There exists a constant k£ > 0 and an explicit constant C > 0 such that, as
s — +00,

Card{z € PSU,(OK)oc\PSU,(OK) - 20 : c(2) < s} =Cs*(14+0(s7")) .



We refer to Section [6] for a more precise and more general statement, valid for instance for
the congruence subgroups of PSU, (O ).

The main tools of this paper, described in Section [2] are a geometric counting result for
the common perpendiculars between two properly immersed closed convex subsets, and an
equidistribution result of their initial and terminal tangent vectors, valid in general pinched
negative curvature [PaP7]. See also [OhSIl [OhS2] for related counting and equidistribution
results in real hyperbolic spaces, [Kim| in negatively curved symmetric spaces, [PaP5| for
more geometric applications, and [PaP4| for arithmetic applications using real hyperbolic
spaces.

We recall the necessary geometric background on the complex hyperbolic spaces in
Section Section [] is devoted to the computation of the measure theoretic constants
that appear in the geometric counting and equidistribution result in the special case of the
complex hyperbolic spaces, as was done in [PaP6, §7| in the case of the real hyperbolic
spaces. In particular, these computations allow to obtain the following geometric counting
result (see Corollary [13| for a more general version).

Theorem 3 Let I' be a discrete group of isometries of the complex hyperbolic n-space
HE such that the orbifold M = T'\Hf has finite volume. Let D™ be a horoball in HE
centred at a parabolic fized point of T and let DV be a complex geodesic line in H: whose
quotient under its stabiliser I'p+ in T has finite volume, and let m™ be the cardinality of
the pointwise stabiliser of DV in T'. Then the number (counted with multiplicities) of the
common perpendiculars of length at most t between the images of D~ and DT in M is
equivalent as t — 400 to

4(n —1) Vol([p-\D~) Vol(Tps\D¥)
2n—1)r m* Vol(M) ‘

nt

In order to motivate our next results, let us state in an appropriate way the classical
result, known as Mertens’ formula, describing the asymptotic behaviour of the average
order of Euler’s function, or equivalently the asymptotic counting of Farey fractions, and
its related equidistribution result of Farey fractions in the group R. The additive group Z
acts on Z X Z by horizontal shears (transvections): k- (u,v) = (u + kv,v). Then

6
Card Z\{(u,v) EZXZ : (u,v) =1, |v| < s} = —28—1—0(81_”)
™
for some k > 0 (see for example [HaWl, Thm. 330], a better error term is due to Walfisz

[Wal|). Furthermore, with A, the unit Dirac mass at x, as s — +00,

L Z Ax = Lebp .

(u,0)=1, [o|<s

Our next result is an analog of Mertens’ formula for Heisenberg groups. Let tr,n
be the (absolute) trace and norm of K, and let (a,b,c) be the ideal of Ok generated by
a,b,c € Ok. The nilpotent group

HeiSzJ,(ﬁK) = {(’LU(),’LU) €Ok X O tr(wo) = n(w)}

with law
(wo, w)(wp, w') = (wo + wy + w' W, w + w') (1)

3



acts on Ok X O X Ok by the shears
(wg,w)(a,a,¢) = (a+Wa+wyc,a+we,c) .

Theorem 4 There exists k > 0 such that, as s — +00,

Card Heiss(Ok)\{(a,a,¢) € Ok x Ok x Ok : L

_ ¢(3)
27 D] i (3)

where Dy is the discriminant and (g Dedekind’s zeta function of K.

s? + 0(52_”) ,

The 3-dimensional Heisenberg group
Heisg = {(wo, w) € C x C : 2Re wg = |w|*},

with the group law defined by Equation is the Lie group of R-points of a Q-group whose
group of Q-points is Heiss N(K x K). We endow it with its Haar measure

d Haarpeis, (wo, w) = d(Imwp) d(Rew) d(Imw) . (2)

Theorem {4 is a counting result of rational points (£, %) (analogous to Farey fractions) in

Heiss, and the following result is a related equidistribution theorem.

Theorem 5 As s — +o00, we have

7 |Dk|? Cr(3)
O 2 A

*
) — HaarHeiS3 .

ole
QR

(a,0,c) €0k X O X O, 0<n(c)<s
tr(a¢)=n(a), (a,®,c)=0k

Theorems [4] and [f] being of an arithmetic nature without any reference to the geometry
used in their proofs, can certainly be proven using techniques from analytic number theory,
and such a direct approach can produce somewhat more precise results. We refer to Theo-
rems [14] and [15|in Section [5|for more general results with added congruence properties, and
to Remark [I§] for counting and equidistribution results in higher dimensional Heisenberg
groups.

Acknowledgement: The first author thanks the Université de Paris-Sud (Orsay) for a visit of a
month and a half which allowed an important part of the writing of this paper, under the financial
support of the ERC grant GADA 208091. We thank Y. Benoist and L. Clozel for their help with
Proposition [20]

2 Geometric counting and equidistribution

In this Section, we briefly review a simplified version of the geometric counting and equidis-
tribution results proved in [PaP7|, whose arithmetic applications will be considered in the
main part of this paper (see also [PaP6| for a review of related references).

Let M be a negatively curved rank one symmetric space (see [PaP7, §2| for a more
general setting). In other words, M is a hyperbolic space H where I is the set R of real
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numbers, C of complex numbers, H of Hamilton’s quaternions, or @ of octonions, and
n > 2, with n = 2 if K = O see for instance [Mos| [Par3|). We will normalise them so that
their maximal sectional curvature is —1. . .

Let I" be a discrete nonelementary group of isometries of M and let M = I'\ M be the
quotient orbifold. Let D~ and D+ be nonempty proper closed convex subsets of M , such
that the families (yD™)yer and (yD™),er are locally finite in M (see [PaP7, §3.3] for more
general families). Let I'p- and T'p+ be the stabilisers in T' of the subsets D~ and DV,
respectively.

We denote by 0 M the boundary at infinity of . M by AT the limit set of I' and by
(&, 2,y) — Be(x,y) the Busemann function on Ou M x M x M (see for instance [BrH]).
For every v € TlM let w(v) € M be its origin, and let v_, v, be the points at infinity of
the geodesic line defined by v. We denote by 91 DT the outer/inner unit normal bundle of
ODT | that is, the set of v € T*M such that m(v) € DT and the closest point projection
on DF of vy € OsoM — 95 DF is 7(v). For all v,~" in T', the convex sets YD~ and /D™
have a common perpendicular if and only if their closures yD~ and 4D+ in MU OOOM do
not intersect. We denote by o, - this common perpendicular (starting from yD~ at time
t = 0) and by £(c, ) its length. The multiplicity of a, ., is

1
Card(ZI'p-y 1 Ny Tpry 1)’

Moy y =

which equals 1 when T acts freely on T M M (for instance when I is torsion-free). Let

Np- pt+(t) = Z Moy o' s
(v, v)EN\((T/T - )x(T/T 1)) : YD~ Ny’ DT =0, £(ex,, 1)<t

where I" acts diagonally on I' x I'. ' When I has no torsion, 45— p+(t) is the number (with
multiplicities coming from the fact that T'p+\ D¥ is not assumed to be embedded in M) of
the common perpendiculars of length at most ¢ between the images of D™ and D% in M.
We refer to [PaP7, §4] for the use of Holder potentials on 7'M to modify this counting
function by adding weights, which could be useful for some further arithmetic applications.

Recall the following notions (see for instance [Robl). Fix a basepoint z9 € M. The
critical exponent of I is

1
or = limsup — In Card{y € I' : d(xo,yz0) < n},

n—+4oo N
which is positive, finite and independent of zy € M. Let (/‘l‘)z i be a Patterson density
for ', that is a family (um)x i of nonzero finite measures on &X,M whose support is AT,
such that sz = 4, and
dux —&

€ =e rBe(z,y)

dpiy

forally €T, x yel\jandfeﬁ M.
The Bowen-Margulis measure mpgy for I' on TM is defined, using Hopf’s parametri-
sation v — (v—,v4, By, (x0,m(v)) ) from T'M into oM x oM x R, by

Or (Bu_ (m(v), 20)+Bu . (7(v), T0)) Aptpy (V) dpigg (v4) dt .
5

dmpym(v) = e



Note that in the right hand side of this equation, 7(v) may be replaced by any point x’
on the geodesic line defined by v, since f,_(7(v), ') + By, (7(v), 2’) = 0. We will use
this elementary observation in the proof of Lemma [12[(ii). The measure mpy is nonzero,
independent of xy € M , 18 invariant under the geodesic flow, the antipodal map v — —wv
and the action of I'. Thus, it defines a nonzero measure mpy on 7'M which is invariant
under the geodesic flow of M and the antipodal map, called the Bowen-Margulis measure
on M = T\M. When mgy is finite (for instance when M has finite volume or when T'
is geometrically finite), denoting the total mass of a measure m by ||m/||, the probability
measure ”’ﬁﬁ is then uniquely defined, and is the unique probability measure of maximal

entropy for the geodesic flow (see [OP]).

Using the endpoint homeomorphism v — v from 841er t0 0o M — Ooo D™, we defined
in [PaP3| (generalising the definition of Oh and Shah [OhS1) §1.2] when D~ is a horoball
or a totally geodesic subspace in Hy) the skinning measure cp- of I' on 8_1FD*, by

—6r Bu (7(v), m0) iz, (vy) .

dop-(v) =e
The measure gp- is independent of xg € M , 18 nonzero if AL is not contained in 0, D™,
and satisfies 6, p- = 10 p- for every v € I'. Since the family (yD™),er is locally finite in

M , the measure Zyer T ~v+0 p— is a well defined I'-invariant locally finite (nonnegative

Borel) measure on T M. Hence, it induces a locally finite measure oy on T'M = INVA M,
called the skinning measure of D~ in T*M. We refer to [OhS2, §5] and [PaP3], Theo. 9] for
finiteness criteria of the skinning measure op-, in particular satisfied when M has finite
volume and if either D~ is a horoball centred at a parabolic fixed point of I' or if D™ is a
totally geodesic subspace.

Remark 6 Let J# be a horoball in M centred at &, and let p be the geodesic ray starting
from any point in 0.7 and converging to £&. Then (see for instance [HeP1l §2.3|) the
weak-star limit

pe = lim €™ 1y

t——+o0

exists, defines a measure on Do M — {¢} which is invariant under the elements of I' pre-
serving J¢. The limit measure satisfies

Atz ~b0By(@,250 )
n) =e TPn\T, T n 3
) Q

for all z € M, n € OsoM — {¢}, where x4 , is the intersection with 0.7 of the geodesic
line from 7 to . Take z¢p = p(t) and let ¢ go to +00 in the definition of the Bowen-Margulis
measure and the skinning measures. Then, for every v € T'M such that vy # £, we have

g (v) = o0 Bo_ (m(v), 2o, 0_)+Buy (7(v), 0,0y )) dpe(v_) dpie(vy) dt . (4)
Furthermore, for every v € ai%ﬂ , we have
05 () = dpe(vs), (5)
since 3, (7(v), p(t)) = =t +o(1) as t — 4-o0.
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The following result is a special case of [PaP7, Coro. 20, 21, Theo. 28] (we prove that the
pairs of the initial /terminal tangent vectors of the common perpendiculars equidistribute in
the product of the outer /inner tangent bundles of D~ /D%). We refer to [PaP6] for a review
of the particular cases known before [PaP7| (due to Huber, Margulis, Herrmann, Cosentino,
Roblin, Oh-Shah, Martin-McKee-Wambach, Pollicott, and the authors for instance).

Forall t >0 and x € 0D, let

my(z) = Z Me

YET/T 4 : D= NyD¥ =0, ae, 4 (0)=x, £(ae, )<t

be the multiplicity of x as the origin of common perpendiculars with length at most ¢ from
D~ to the elements of the I'-orbit of D™. We denote by A, the unit Dirac mass at a point
T.

Theorem 7 Let Z\7, [',D~, D" be as above. Assume that the measures mpm, op—,0p+
are nonzero and finite. Then

oOnp— g
N pr(t) ~ lop-|l llop+|| ot
or [mpmll

as t — +oo. If I' is arithmetic or if M is compact, then the error term is O( (or—~) t) for
some k > 0. Furthermore, the origins of the common perpendiculars equidistribute in the
boundary of D™ :

) Or—
I o e € 5 mio) 8 = 520
4> —
> 119p=1l l9D* 2€dD~ oD
for the weak-star convergence of measures on the locally compact space T'M. O

When 0D~ is smooth, for smooth functions 1 with compact support on 0D~ , there is
an error term in the equidistribution claim of Theorem [7] when the measures on both sides
are evaluated on 1, of the form O(e " ||1)||,) where k > 0 and [|¢||; is the Sobolev norm
of ¥ for some ¢ € N, as proved in [PaP?, Theo. 28].

When M has finite volume, the Bowen-Margulis measure mpy coincides up to a multi-
plicative constant with the Liouville measure on 7'M, and the skinning measures of points,
horoballs and totally geodesic subspaces D* coincide with the (homogeneous) Riemannian
measures on 91 DT induced by the (Sasaki’s) Riemannian metric of T'M. In Section l
we explicit some of these proportionality constants when Mis a complex hyperbolic space
(see [PaP6l §7| for the real hyperbolic case).

3 Complex hyperbolic geometry

In this Section, we recall some background on the complex hyperbolic spaces, as mostly
contained in [Gol|, and, unless otherwise stated, we will follow the conventions therein.
For all w,w’ in C"~!, we denote by w-w’ = Z?;ll W; Ué their standard Hermitian product,
and we denote |w|? = w - w. Recall that for every n > 1, the Siegel domain model of the

complex hyperbolic n-space H is

{(wo,w) eCxC" 1! : 2Rewy — |w|? > 0},



endowed with the Riemannian metric

e
(2Re wp — |w|?)?

ds%ﬂg = (dwo — dw - W) (dwy — w - dw) + (2Re wy — |w|?) dw -dw) .
In accordance with Section [2] this metric is normalised so that its sectional curvatures are

in [—4, —1], instead of in [~1, —%] as in [Gol| and [Pard]. Its boundary at infinity is

O HZ = { (wo, w) € Cx C"! : 2Re wy — [w|? = 0} U {oo}.

A complex geodesic line in Hf: is the image by an isometry of H of the intersection of Hf
with the complex line C x {0}; with our normalisation of the metric, a complex line has
constant sectional curvature —4. The boundary at infinity of a complex geodesic line is a
topological circle, called a chain (see Section [7| for more informations). A chain is finite if
it does not contain oco.

Let ¢ be the nondegenerate Hermitian form —zqZz, — 2, Z + |2|? of signature (1,n)
on C x C"! x C with coordinates (zq,2,2,). This is not the form considered in [Gol,
p. 67], hence we need to do some computations with it, but it is better suited for our
purposes. It is the one considered for instance in [PaP1], to which we will refer frequently.
The Siegel domain H embeds in the complex projective n-space Py, (C) by the map (using
homogeneous coordinates)

(wo,w) > [wg : w: 1] .

We identify H with its image by this map. This image, called the projective model of

¢ when endowed with the isometric Riemannian metric, is the negative cone of g, that
is {[z0 : 2 : zn] € Pu(C) : q(20,%,2n) < 0}. This embedding extends continuously to
the boundary at infinity, by mapping (wo,w) € OcHg — {o0} to [wg : w : 1] and oo to
[1:0:0], so that the image of O HE is the null cone of ¢, that is {[z0 : 2 : z,] € P,(C) :
q(z0, 2z, 2n) = 0}.

The linear action of the special unitary group of ¢

SU; ={9 € SLp41(C) : gog=gq}

on C™*! induces a projective action on P, (C). The quotient group PSU, = SU, /(Uy41 1d)
of SU, by the kernel of the projective action, where Uy, is the group of (n+1)-th roots of
unity, preserves H, and its restriction to Hf is the orientation-preserving isometry group
of H¢. For instance by the paragraph above [PaP1l, Lem. 6.3], an element v € SU, fixes oo
if and only if v is upper triangular (this is the reason, besides rationality problems, that
we chose the Hermitian form ¢ rather than the one in [Goll), see for instance [Gol, p. 119],
[FaPl §2.1] up to signs.

By for instance [PaPll Eq. (42)], the intersection of SU, with the upper triangular
subgroup of SL3(C) is

ar ¢ o= —iu)
Bq = 0 ao Z:?C
0 O as

C7a17a27a3 € (Ca u € R7
arasaz =1, agay = 1, ‘(12’ =1

and its image B, in PSU, is equal to the stabiliser in PSU, of occ.



If v € SU, induces a loxodromic isometry on Hg, then v is diagoniﬂisable over C, it

1 A

has a unique eigenvalue A\ of modulus > 1, and its eigenvalues are A, 5 (see for instance

[Pardl, §3.2]). Furthermore, the translation length ¢ of v in H is
(=, (6)
(see for instance [Pard, Prop. 3.10], noting that this reference normalises the curvature to

be between —1 and —1/4).

The horospherical coordinates (¢, u,t) € C" 1 xR x [0, +-00[, that we will use from now
on unless otherwise stated, of (wo,w) € H U (0cHg — {oo}) are

1
(Cvuat) = (U], —21Im wo, 2Re wo — |w|2) hence (wo,w) = (§(|C|2 +1— Z’LL), C) ’ (7)
so that the Riemannian metric is given by
1

4t2(dt2+(du+21mdg-2)2+4td<.?g). (8)

ds%[_]lg —

In horospherical coordinates, the geodesic lines from (¢, u,0) € OcHE — {00} to oo are, up
to translations at the source, the map s — ((,u,€2®), by the normalisation of the metric.
The closed horoballs centred at oo € O, H¢ are the subsets

A= {(Cuyt) €HE : ¢ s},
and the horospheres centred at co are their boundaries

076 = {((,v,t) e H¢ : t = s},
for any s > 0. Note that, for every s > 1, we have

A0, 0H,) = 1%5 . )

As introduced by [Parll p. 297], the Cygan distance on H U (OcHf — {oo}) (analogous
to the Euclidean distance on the closure in R™ of the upper halfspace model of H) is

doye((Cust), (¢ ) = | [¢ = ¢+ |t = ] +i(u — o/ +2Tm ¢ - T)[/2.

The Heisenberg group Heiso, 1 of dimension 2n — 1 is the real Lie group structure on
C" ! x R with law

(Cu)(¢u) =+ utu' +2Im (- ()
and inverses (¢,u)"! = (=(, —u). It identifies with OscHE — {00} by the map (¢, u) —
(¢, u,0). It acts on HE U (OsoHE — {00}) by the Heisenberg translations
(Cu)(¢ ' t) = ((+utu +2Im - (1)

that are isometries for both the Riemannian metric and the Cygan distance, and that
preserve the horospheres centred at co. For every u € R, the Heisenberg translation by
(0,u) is called a vertical translation.



It is easy to see that the Cygan distanceﬂ on Heisg,—1 (see [Gol, page 160]) is the unique
left-invariant distance on Heisg,,—1 with dcoyg((¢,u), (0,0)) = (|¢]* + uz)i We introduced
in [PaP1l §6.1] the modified Cygan distance d,Cyg as the unique left-invariant distance on
HeiSQn_l with

(G ), (0,0)) = ((IC[* +u?)Z +[¢[?)2 .

2
We introduced in [PaP2, Lem. 3.4] the map d¢,,, = il(,:yg , which is almost a distance on
Cyg

Heiss,,_1, as it satisfies % dcyg < d’éyg < dcyg. For every nonempty subset A of Heisa, 1,
we define the diameter of A for this almost distance as

diamdgyg (A) = xs;lgA déryg(T,y) -

The following result on diameters of finite chains will be useful in Section

Lemma 8 For every finite chain C, we have

diamgy. (C) = \% diamg,, (C)=Vv2 diamgy ().
Proof. For every chain C, there exists (see for instance |Gol, §3.1.4]) a unique point
P =z : z: zy) in P,(C), called the polar point of C, such that q(zp : z : z,) > 0 and C'is
the intersection with O, H¢ of the orthogonal to P for q. Note that if v € PSU,, then the
polar point of vC' is vP, and that C is finite is and only if z, # 0.
Let P = [z : 2z : z,) be the polar point of a finite chain C. Let v € PSU, be the
Heisenberg translation by

2
[ Z i 20— 2 1] € Heisan s
2|z |? Zn Zn
An easy computation shows that v[zp : z : z,] = [—a : 0 : b] with a = ¢(29, 2, 2z,) > 0 and

b = 2|z2/? > 0. Since the distances dcyg, doyg and dg,, are left-invariant, we may assume
that P is the point [-R?/2: 0 : 1] with R > 0. Hence, using the facts that Re wo = |w|?,

w = ¢ and Im wy = —5, we have

C = {[wo : w: 1] € Heisg,, 1 : R*/2 —wp =0} = {(¢,u) € Heisg,_1 : u=0, |¢| = R},

which is the sphere with radius R in the first factor C"~! of Heisg,_1. Since the Heisenberg
dilations (¢,u) + (A, A?u) with A > 0 are homotheties of ratio A for dgyg, dey and

’éyg, we may assume that R = 1. This proves in particular that the three diameters are
proportional, and we now compute the proportionality constants.

For every (¢, 0) € C, we have dcy,((¢,0), (0,0)) = 1 and dg,((¢,0), (0,0)) = v/2, hence

by the triangle inequality, diamg.  (C) < 2 and diamdéyg(C) < 2v2. If ¢ = (1,0,...,0),
we have

dCyg((Ca 0)7 (_Ca 0)) - dCyg((QC7 0)7 (07 O)) =2
and similarly dg,((¢,0),(—¢,0)) = 2v/2. Hence diamg.  (C) = 2 and dia,mdlcyg(C’) =
21/2, which proves the first equality.

2Tt is called the Kordnyi distance by many people working in sub-Riemannian geometry, though Koranyi
[Kor] does attribute it to Cygan [Cyg].
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Assume first that n > 3. Since the group U(n — 1) acts transitively on the unit sphere
of C"~1, since the stabiliser of (1,0,...,0) in U(n — 1) acts transitively on the complex
planes containing (1,0, ...,0) and on the real halflines of the second factor of C*~1, for all
¢, ¢ € §73 there exist v € U(n — 1), § € [0,27] and ¢ € [0, 7] such that

(v¢,7¢") = ((1,0,...,0), (" cos p,sin ,0,...,0)) .

0

Hence we may assume that n = 3, and with (5, = (€' cos ¢, sin ), we have

diamdn (C) = d,(/jyg((C0,0, O)a (C@,g@a 0)) .

= min
Cyg 0€[0,27], p€[0,7]

Note that

(—€0.0:0)  (Co.0+0) = (oo — C0,0, —2Im Co0 - Cp.) = (¢ cosp — 1,sinp), 2sinf cos o) ,

and that |(e% cos ¢ — 1,sin ¢)|? = 2(1 — cos@ cos ). Therefore

/éyg((C0,07 0)7 (C97<P7 O))2 = /C/yg((_C0,0a 0) ’ (Cg,%” O)’ (07 O))2
B 4(1 — cos 0 cos )2 + 4sin? 0 cos?
~ (4(1 — cos B cos ¢)? + 4sin? f cos? p)1/2 4+ 2(1 — cos 0 cos ¢)
2

1 + 1—cos 6 cos ¢
(14-cos? p—2 cos 6 cos p)1/2 1+cos? p—2 cos 0 cos ¢

Now 1+ cos? p —2cosf cos p < 2(1 —cos @ cos ) < 4 and both equalities hold for instance
if § =7 and ¢ = 0. Hence d¢,((Co,0,0), (o, 0))? < 2 with equality if # = 7 and ¢ = 0,
therefore diamg; g(C’) = /2. This proves the result when n > 3.
Y
If n = 2, for all ¢,¢’ € S!, there exist v € U(1) and 6 € [0, 27] such that (v¢,7¢’) =

(1,¢e"?) and the result follows from the same computations as above with ¢ = 0. O

We conclude this section by two geometric lemmas that will be useful in Section [4
See also [Kim), §3|, with slightly different conventions, for a computation similar to Lemma
|§| based on [Gol, p. 113]. The Cygan distance, the Poisson kernel %€ the Patterson
measures i, computed in the next section, and related quantities are useful in potential
theory on the Heisenberg group and for the study of the hypoelliptic Laplacian in sub-
Riemannian geometry, see for instance [E'S| [Kral.

Lemma 9 For all x = (C,u,t) and &’ = ({',u/,t') in HE, for all (§,7) € Heisgp_1 =
OooHtt — {00}, we have

t' doyg(z, (&, 7“))4
t dCyg(I‘/, (ga T))4 '

1
Bie,r) (x,2") = 5 In

Proof. Since the Busemann function 8 (z, ') is unchanged if z, 2’ are replaced by other
points on the horospheres centred at oo through them, and since the map s ~ (0,0, e2%)
is a geodesic line in HE from (0,0) € 0,HE to oo, we have

1.t
6@(1’,(13/) = 5 ln? .

11



It is easy to check that the map ¢ : (wp, w) — (u}o’ oo ) is an isometric involution of Hg:

sending (0,0) € OcHE to co. Hence, with o = (wo, w) and o’ = = (w(, w’), using Equatlon
and the fact that deyg(z, (0,0))* = 4wg|? and deyg(2/, (0,0))* = 4jwj|?, we have

1 2Re*—l’” ? 1 ¥ deyg(x, (0,0))
n o A yg\+4y )
5(0,0)(90»$) = @(0,0)(@’@) D) In 2Re 1w ’2 = 5 In t dcyg(w’, (0’0))4 .

The Heisenberg translation 7 by (&, r) preserves the last horospherical coordinates and the
Cygan distances. Thus, B ,(w, ') = Bo,0)(T~ Yz, 7712"), which implies the claim. O

Lemma 10 The orthogonal projection from O HE — {(0,0),00} to the geodesic line in
HE with points at infinity (0,0) and oo is (wo, w) — (2 |wg|,0), that is, in horospherical
coordinates, (¢, u,0) — (0,0, (|¢|* + u?)'/2).

In particular, the preimages by this orthogonal projection are the spheres of center
(0,0) for the Cygan distance on Heisg,—1. They are spinal spheres with complex spine
{(wo,w) € HE : w =0}, see [Gol, §5.1.9].

Proof. For every parameter a ranging in |0, 400, consider the horosphere 0.7, centred
at co. Its image by the isometric involution ¢ : (w,wp) (w%’ w) is, using Equation ()}

the horosphere {(¢,7,t) € HE : ¢ = %((|¢]* +¢)? + r?)} centred at (0,0). The image of
this horosphere by the Heisenberg translation by ((,u) is the horosphere

{(Er0) eHt : =5~ CHeP+102+ (—utr—2Im(-§?)

centred at (¢, u). The orthogonal projection of (¢, u) on the

geodesic line ¢ from (0, 0) to oo is attained when the param-

eter a gives a double point of intersection (0,0,¢) between ;
this horosphere and ¢. The quadratic equation

a
t= (I + 0% +u?) (0,0,1)

with unknown ¢ has a double solution if and only if its re- |

duced discriminant A’ = (|¢> — 2)% — (|¢[* + u?) vanishes, (0,0) (¢,u)

that is, since a > 0, if and only if a = W’ giving

t = (|¢|* + u?)'/2. The result follows. O

4 Measure computations in complex hyperbolic spaces

In this Section, we give proportionality constants relating, on the one hand, Patterson,
Bowen-Margulis and skinning measures associated to some convex subsets and, on the
other hand, the corresponding Riemannian measures, in the complex hyperbolic case.

We will denote the standard Lebesgue measure on C*~! by d(, and the usual left Haar
measure on Heiso,_1 by

dAan1(C,u) = d(du.

In horospherical coordinates, the volume form of H: = Heisg,—1 X% |0, +o0] is

dvolgr (¢, u,t) = d¢ dudt . (10)

4tn+1
12



We begin by recalling a lemma that relates the volume of a Margulis cusp neighbour-
hood with the volume of its boundary (compare [HeP2, Lem. 5.2|).

Lemma 11 Let D be a horoball in H and let I' be a discrete group of isometries of H
preserving 0D (hence D). Then Vol(I'\OD) = 2n Vol(T'\ D).

Proof. Since the group of isometries of Hf acts transitively on the set of horospheres
of Hf, we may assume that D = J7. The horosphere centred at oo through a point
(C,u,t) € H4 is 0.7 and its orthogonal geodesic line at this point is s +— (¢, u, e?*), hence

dt
dvolgr (¢, u,t) = dvola (¢, u,t) %

By Equation (|10]), we hence have
1
dvola%(g,u,t) = ﬁd(du (11)

for every ¢t > 0, therefore dvolg 4 ((,u,t) = tin dvolps (¢, u,1). The homeomorphism from
0 to 074 defined by ((,u,t) — ((,u,1) commutes with the action of T'. Thus,

dt

vol(r\#) = [ ul

+oo
dVOlHE(C, u,t) = / / dvolgs (¢, u,t)
N1 t=1 Mo

oo dt 1
= dvoly; 1) —— = — Vol(I'\0s7). O
/tl /1—‘\8)2”1 Vo 04 (C?u7 ) 2tn+1 2n o ( \ 1)

Let I be a lattice in Isom(HZ). Its critical exponent is dp = 2n (see for instance [CI, §6]).
The Patterson density (piy)zemp of I' is uniquely defined up to a multiplicative constant,
and is independent of I'. We will choose the normalisation such that the measure pqo
defined in Remark@by the horoball 7 coincides with Xoj,—1 on 0o HE — {00} = Heiso,—1,
that is

dioo(€,7) = dAon_1(&,7) = dE dr .

This is possible since poo is invariant under the isometry group Heiso, 1 preserving J47,
hence it is a Haar measure on O H — {00} = Heisgp,—1.

Lemma 12 Let I' be a lattice in Isom(HE), and let 1o be normalised as above. For all
z = ((u,t) and o' = (' ', 1) in HE, for all (&,7) € OHE — {00} and v € T'HE such
that v+ # 0o, we have

: "
(Z) d)uz(£7 ’f’) = dCyg(xa (67 T))

(ii) using a Hopf parametrisation v — (v_,v4,s),

i dédr

d)\znfl (U,) d)\anl (U+) ds .

dmpnm(v) =

dCyg (fU*7 U+)4n ’
(117)
~ 2n —1
MBM = D2 VOlTIIHIg )
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and in particular

2n— 1) 7"
sl = s DT voi(ar) ;

23 (D)1
(v) using the homeomorphism v — vy from 0174 to OsHE — {00} = Heisg,_1,
o (v) = dAany1(v4)
and for every horoball D™ in H,
T0p- = 2 volgp- ,

and
lop-Il = 4n Vol(I'p-\D7) ;

(v) for every geodesic line D~ in H,

~ n
dT('*O'Df = m dT('* VO].@Jerf

and, with m the order of the pointwise stabiliser of D™ in I,

271yl _
Vol(Tp-\D"):

lop- |l = m

vi) for every complex geodesic line D~ in HZ, we have
Y g C

1
59n—3 d’ﬂ'* VOla_l‘er

d7r*5D— = 22n

and, with m the order of the pointwise stabiliser of D~ in T,

7rn71

m4n=2(n — 2)

lop-1| = j Vol(l'p-\D7).

Proof. In the computations below, it is useful to note that Lemma 0] implies that

n / 4an
e 2B, (@ a") _ t/ dCyg(x (&) - (12)
(t )n dCyg(xv (57 T)) "
(i) The geodesic line from (£,7) to oo goes through 077 at the point (£,7,1). By the
normalisation of du, and by Equation , we hence have

dpiy
dg dr

(€)= T2 (6 7) = el 6D

dltoo

The result then follows from Equation ((12)).

14



(i) Note that if 2’ is on the geodesic line defined by v, then deyg (2, v_)? ~t" as 2’ — v_.
Hence, by Equation and Assertion (i), by letting 2’ converge to v_ on the geodesic
line defined by v, we have

deM(”) — 6_2’”(6’07 ($,,I)+ﬁv+ (xlvx)) d,U/:c (’U_) dﬂz(v-',-) dS

B ( t' deyg(z,v_) 1 doyg (2, v4) 1 £
t dCyg(xla U—)4 3 dCyg(xla U+)4 dCyg(x7 U—)4 dCyg(wy ’U+)4

an d)\gn_l (’U_) d)\2n—1 (’U_;,_) ds.

) Don1(v_) Dan_1(vy) ds

a dCYg(v— ) v-l—)

141 eca a e Liouville measure volpign (which is the Riemannian measure for
Recall that the L 1 1THC hich is the R f
Sasaki’s metric on T'HZ) disintegrates under the fibration 7= : T'HZ: — HZ over the
Riemannian measure volyn of H, with conditional measures the spherical measures on
the unit tangent spheres:

dvolpigy (v) = / dvolrigy (v) dvolyp (z) .
reHF

Let x € H with last horospherical coordinate ¢. Since the group I, of isometries of H
fixing  acts transitively on T/ H?, and both u, and the Riemannian measure VOITleg are
invariant under I, using the I,-equivariant homeomorphism v — v, from T;Hg to O HIE,
we have, for all v € TJHZ such that v} # oo, using Assertion (i) for the last equality,

Vol(s2»—1)
[

Vol(S?—1) »
d:um(UJr) = ( )

d 1 n p— —
volryi (v) ol doye(, vp)?

n d)\znfl(fUJr) . (13)

By homogeneity and by Assertion (i), we have,

- - dé dr
sl = ool = [ | e
— 2Vol(S23) / P dpdr
04002 (P2 +1)2 +72)n

Using Mathematica for the first equation and the well known expression of I'(n 4 1/2) for
the second one, we have

2/ s"2dsdr VT (n=2)!'T(n+1/2)
[0, 4002 (

2472425+ 1)0 (2n —2)!

_ Vi (n—=2)! 2n)l/m _ 2n—1)m
(2n—2)! 227l 22n=1(n—1) "

Using the change of variable s = p?, since Vol(S**~1) = = Vol(S*"~?), we hence have

ey
(2n—1) _

W VO](S2TL 1) .

Hence, by Equations and , using the homeomorphism v — (vy,7(v) = (¢, u,t))
from TlH% to O HE x HE, we have, for all v € Tlﬂ-ﬂg such that vy # oo,

]| =

22n73

(2n - 1) tdCyg((<v u, t)? 1}+>4
15

dvolpigy (v) = — dX\op—1(v4) dCdudt. (14)



Consider the map F': Heisg,—1 xR — Hg defined by

; 6P ir ey

= :—I =
T+ (e —imye = TR (e —ir)e T T L+ (62 — ir)e2P?

(&rys) = (¢

Note that F'(0,1,0) = (0, %, %) By the first two centred formulas of [PaP2, page 113],
applied with the term ¢ in these formulas equal to 2s + In2 and using Equation (7)),
noting that the sectional curvature in [PaP2] is normalised to be in [~1,—%], the map
s+ F(& r, s) is a geodesic line starting from (&, r) and ending in (0,0). On this geodesic,
s and the time parameter in Hopf’s parametrisation differ only by an additive constant,
hence have the same differential.

Recall that by homogeneity, the two measures mpy and v01T1H(rCL are proportional.
Hence, computing their (constant) Radon-Nikodym derivative at v € Tng such that

v_ = (0,1) and 7(v) = (0,1, 1) (so that v is tangent to the geodesic line s — F(0,1, s) at

s =0, hence v; = (0,0)), we have, by Assertion (i7) with (£, r) parametrizing v_ and by

Equation ,

dvolpign 2273 dg,,((0,1,0),(0,0,0))*  d¢ dudt
dmpy (20— 1) 3 doye((0, 1, 3),(0,0,0))4n d€ drds
23n72
_ d¢ du dt(07 10).
(2n —1) d¢drds

(0,1,0)

The first claim of Assertion (%) follows by computing the Jacobian at (0, 1,0) of the map
F, which is equal to 2%, since at the point (0,1,0), we have
o 1 8(_5){_0 ou ou ) ot 1

ge 1ot 5,75, 570 T 5T

The second claim follows from the facts that Vol(T'M) = Vol(S**~!) Vol(M) and that
Vol(§* 1) = 2o,

(iv) The first claim follows from Equation (5). By Equation (11)), we have

1
dvolpm (¢, u, 1) = 5 d¢ du . (15)

Hence 7,0 % = 2 volgz, and by the transitivity of the isometry group of Hf on the set
of horoballs in Hf, the second claim of Assertion (iv) follows. Therefore, by Lemma

lop-|| = lmop-1|| =2 Vol(T'p-\0D ") = 4n Vol(I'p-\D").

(v) By the transitivity of the isometry group of Hf: on the set of its geodesic lines, we may
assume that D~ is the geodesic line in H with points at infinity (0,0) and co. The map
from the full-measure open subset {((, u) € Heisgp—1 @ ( # O} in Heisg,,_1 to the product
manifold S*"~#x]0, +o00[ x ] — %, Z[ defined by

(C,u) — (O’ =1 p=(I¢* + u?)Y2, 6 = arctan ﬁ) (16)
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is a diffeomorphism. Since || = y/pcosf and u = psin§, we have

1 1
A€ du = 5 |C["~* dvolgan s (é) A(I¢I?) du = S(pcos 0)"%p dvolgzn-s(0) dpdf .

By Lemma , by Equation (12)) and by Assertion (i), using the homeomorphism sending
v € ILD™ tovy = (¢, u) € Heisgy—1 —{(0,0)} and the inverse transformation |(|? = pcos¥,
u = psinf, we have

da'/D, ('U) = e_znﬂ(C,u)((0707(|C|4+u2)1/2)7 (07 071)) du(o 0 1) (C’u)

_ (16! +u?)"/2 dg du - (o GGl
~ doyg((0,0, (¢ + u®)V2), (Gu 0)F (G2 + (1G] +u2)12)2 4

n—2

)" d¢ du

B cos
~ 27F1 (1 + cos )"

d
dvolgan—s(a) L dg .
p

Thus,
dr7p (0.0,p) = 2 YAET) d’f’ , (17)
where, using Mathematica,
i =m?3§2f5-
—z 3

The next step is to obtain a similar expression for the Riemannian measure of the
submanifold 8_1~_D_ of TTHZ (endowed with Sasaki’s metric). For every z € D™, let us
denote by v1 D~ the fiber over x of the normal bundle map v — m(v) from 81 D~ to D~.
We endow vl D~ with the spherical metric induced by the scalar product of the tangent
space T H¢ at z. The Riemannian measure of 6&Di disintegrates under this fibration
over the Riemannian measure of D™ as

dvola}rD_(v) = / dvol,1p-(v) dvolp-(z).
zeD~

By looking at the expression of the Riemannian metric of H in horospherical coordi-
nates, using the homeomorphism p — x = (0,0, p) from [0, +oc[ to D™, we have

dp
dvolp-(z) = 2
Hence p
2y dp
d volyt p- (0,0, p) = Vol(S**~2) 2 (18)
2n—2 24773 _ 22 lan—l(p1) 2n—3 9 pn—1 .
We have Vol(S*"7%) = T = eI and Vol(S*"7) = T3y Since I(z+1) =

aI'(x) for all z > 0, Equations and give the first claim of Assertion (v).
The second one follows, since pushforwards of measures preserves their total mass, and

since Vol(Tgt - \04 D) = Y2 Vol(T-\D™).

(vii) By the transitivity of the isometry group of Hf on the set of its complex geodesic
lines, we may assume that D~ is the complex geodesic line C' = {(wo, w) € H¢ : w = 0}

17



or, in horospherical coordinates, C' = {((,u,t) € H¢ : ¢ = 0}. By [Gol, p. 157|, the
orthogonal projection of H to C' is the map (wo,w) — (wo,0), which in horospherical
coordinates on GocHPE — 95C' extends as (¢, u,0) — (0,u,[¢]?).

Hence, using the homeomorphism from BLC to {({,u) € Heisy,—1 : ¢ # 0} sending a

normal unit vector v to its point at infinity v; = ((, u), we have, by Equation and by
Assertion (i), [9]

dac<v>::e2”5«mﬂ<&"v<P%<“0J>>duaxmlﬂc,u>==4niimldCdu
dvolgzn—s (C‘) dud(|¢|?).

1
2t IS

In particular,

_Vols ) L d(cP)

dﬂ'*&C(OaZ% |C’2) 922n—1 u |<|4

For every x € C, let us denote by v!C the fiber over z of the normal bundle map
v +— 7(v) from O}FC to C, endowed with the spherical metric induced by the scalar product
of the tangent space T, H at x. The Riemannian measure of 8}FC disintegrates under this
fibration over the Riemannian measure of C' as

dvoly o(v) = / dvol,1c(v) dvolg(x) .
+ zeC ‘

Using the homeomorphism (u,t = |(|?) — 2 = (0,u,t) from Rx[0, +-00[ to C, and Equation
(8), we have

dvolo(z) dudt  dud(|¢|?)

42 4|C)
Hence s )
dr.volyy () = Vl(§™'~9) dvolo () = “* >mﬁﬂ)
The result follows as in the end of the proof of the previous Assertion. O

By Theorem [7] we then have the following counting and equidistribution result of
common perpendiculars. We first define some constants.

Let D~ be a horoball in Hf: centred at a parabolic fixed point of a lattice I" in Isom (Hg).
If D7 is also a horoball in H. centred at a parabolic fixed point of T', let

4npl Vol(Tp-\D~) Vol(I'p+\DF)

(D7, D7) = 2n— 1) Vol(M)

If D7 is a geodesic line in HE such that I'p+\D™ is compact, let

4" (n))2 Vol('p-\D~)Vol(T'p+\D7)

D D7) = Gstan 1) s Vol (M)

If D7 is a complex geodesic line in H such that I'p+\ D™ has finite volume, let

4(n—1) Vol(Tp-\D~) Vol(Tp+\D*)

(D7, DY) = 2n—1)r Vol(M)

18



Corollary 13 Let I' be a discrete group of isometries of Hg such that the orbifold M =
D\HZ has finite volume. In each of the above three cases, if m™ is the cardinality of the
pointwise stabiliser of DT in T, then

C(DivDJr) 2
—_— €

nt
er

Np- p+(t) ~

If T is arithmetic, then there exists k > 0 such that, as t — +00,

«(D~, D)
m+

Np- pe(t) = (14 0(e™) .

Furthermore, if D™ is a horoball centred at a parabolic fized point, then the origins of the
common perpendiculars from D™ to the images of DT under the elements of I equidistribute
in 0D~ to the induced Riemannian measure:
2nm™* Vol(I'p-\D")
o(D~, DY)

e 2nt Z my(z) Ay = volgp- . O (19)
x€dD~

For smooth functions 1 with compact support on 0D ™, there is an error term in the
equidistribution claim of Corollary [I3] when the measures on both sides are evaluated on
¥, of the form O(e " ||4]|;) where k > 0 and |||, is the Sobolev norm of 1 for some
¢ € N, by the remark following Theorem

5 A Mertens’ formula for Heisenberg groups

Let K be an imaginary quadratic number field. We will denote, in Sections [f| to[7} by Ok
its ring of integers, by Dy its discriminant, by (x its zeta function, and by |0'%| the order
of the unit group of Ok. Let tr,n: K — Q be the (absolute) trace and norm of K, that
is tr(z) = 2+ 7z = 2Re z and n(z) = 27 = |z|?>. We denote by (a,q,c) the ideal of O
generated by a,a,c € Of.

Let m be a nonzero ideal in 0. We endow the ring Ok /m with the involution induced
by the complex conjugation. Let SU,(Ok /m) be the finite group of 3 x 3 matrices in O /m,
having determinant 1 and preserving the Hermitian form —z0%5 — 2075 + 2121 on (O /m)3.
Let B,(Ok/m) be its upper triangular subgroup. The action by shears on Ok x Ok x Ok
of the nilpotent group Heis3(0k) defined in the Introduction preserves O x m x m. In
this section, we will study the asymptotic of the counting function V¥.,, where, for every
>0, Upy(s) is the cardinality of

Heiss(Ox)\{(a,a,c) € O xm xm : tr(a€) =n(a), (a,a,¢) = Ok, n(c) < s}.

When m = O, this map V¥, is the counting function, in terms of their standard heights,
of the rational points over K in the complex projective plane Py(C), that lie in Segre’s
hyperconic with equation 2Re u — |v|> = 0 in the standard affine chart with coordinates

(u,v).
Theorem 14 As s — +00, we have

Gus) = ((3) |By (O /m)|
27| Di |7 Ci(3) | SUy(Ox /m)]

s2 4+ 0(s277).
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The particular case m = O gives Theorem [4| in the Introduction. We will prove this
result simultaneously with the next one. We endow the 3-dimensional Heisenberg group
Heisz with its Haar measure Haargeis, as in the introduction. The following result is an
equidistribution result of the set of Q-points (satisfying some congruence properties) in
Heiss. The particular case m = O gives Theorem [5| in the introduction.

Theorem 15 As s — +oo, we have

3

m|Dr|2 Ck (3) [ SUg(Ok /m)| s 3

C(3) ’Bq(ﬁK/m)‘ (a,a,c)EOK xmxm, 0<n(c)<s
tr(a¢)=n(a), (a, o, c)=0k

As said after Corollary [I3] for smooth functions ¢ with compact support on Heiss,
there is an error term in this equidistribution result when the measures on both sides are
evaluated on 1, of the form O(s™" |[¢||¢) where x > 0 and ||?||¢ is the Sobolev norm of v
for some £ € N.

Proof of Theorem and Theorem As a preliminary remark, the 3-dimensional
Heisenberg group Heiss defined above contains Heisg(0k) (by the definition of the norm
and trace of K), as a (uniform) lattice, and identifies with the Heisenberg group Heiss
defined in Section [3| by the change of variable

1

=S¢ —iw), w=0).

(C? u) = (wO
so that the Haar measures Haargeis, and A3 satisfy
)\3 =2 HaaI‘H6153 . (20)

Let g be the Hermitian form —z¢Zzz — 222 + 2121 of signature (2,1) on C x C x C with
coordinates (2o, 21, 2z2) (which is, up to isomorphism, the unique Hermitian form over K
with signature (2,1) and determinant —1, see [Sch, Ch. 10] for this cultural remark). As
previously, we denote by SU, the special unitary group of ¢q. Let I' = SU, N SL3(0k) be
the Picard modular group of K, which is a nonuniform arithmetic lattice in SU, by a result
of Borel and Harish-Chandra (see for instance [PaP1l §6.3|). As another cultural remark,
every nonuniform arithmetic lattice in SU, is commensurable to a Picard modular group
(see for instance [Sto, § 3.1]).

Consider the map from Heis3z to SU, defined, in the two sets of coordinates of Heis3
defined in the Introduction and in Section [3 by

wo 1 ¢
w or (C,u)— 10 1
1 0 0

o~ g

1
(wo,w) — | O
0

This map is a Lie group isomorphism onto its image, by which we identify from now on
Heiss and its image. Note that Heis3 NT" is then exactly Heiss(Ok).

We denote by I'y, the Hecke congruence subgroup of I' modulo m, that is the preimage,
by the group morphism I"' — SL3(0k /m) of reduction modulo m, of the upper triangular
subgroup of SL3(Ok /m).
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As previously, we denote by PSU, the quotient Lie group SU, /{id, jid, j2id} where
Jj= ¢5". For every subgroup G of SU,, we denote by G its image in PSU,, and again by
g the image in PSU, of any element g of SU,.

We denote by I' ;4 the stabiliser in I'y, of the horoball

A4 = {Jwo : w: 1] € Py(C) : 2Rewp — |w|* > 1}

centred at 0o = [1 : 0 : 0] in the projective model of HZ. Note that this agrees with our
notation for horoballs introduced in Section [3] The group I' 4 is independent of m, since
I'y, is Hecke’s congruence subgroup of I'. Note that Heis3(0k) is contained in I' ;4 , and
that the projection map from Heisz(0x) to Heiss(Ok) is injective.

Let B, be as defined in Section 3} Note that T »; = B;NT'y = ByNT, since an isometry
of HZ fixes oo if and only if it preserves 7. We claim that the index of Heiss(Ok) in I'up
is

T4 : Heisg(Ok)] = |OF| . (21)

Indeed, it is the cardinality of the set of (ay, ag,as3) € (ﬁ;é)3 such that aiasasz = 1, agag =
1, |az| = 1, which is the cardinality of the set of (a1,a2) € (0)? such that a1 = 1/as.
A separate treatment of the cases Dg = —3,—4 and of the general case gives the result.
A similar argument shows that the projection map from I' sy to Ty is (1+28p, —3)-to-1
(in particular injective when D # —3).

For all a,a,c € Ok and A € C, we have (\a, \a, A\¢) = (a,a,c) = Ok if and only if
A € 0. Therefore the cardinality of the fibers of the projection map from {(a,a,c) €
Og xmxm : (a,o,¢) = Ok} to Py(C) is equal to |0}, and no two distinct elements of
such a fiber are sent one to the other by an element of Heis3(0k). By [PaP1l Prop. 6.5
(2)], the orbit T'y, - 00 of oo = [1: 0 : 0] under Ty, is equal to the set of elements of Py(C)
which can be written in homogeneous coordinates [a : « : ¢| where (a,a,c) € O x m x m,
(a,a,c) = Ok and tr(ac) = n(a).

Let g € SU, be such that g4 and 7 are disjoint (there are only finitely many double

Qg
classes [g] € T \I'm/ T for which this is not the case). If | a4 | is the first column
c
of g, then g - 0o = [ay : oy : ¢g]. Futhermore, by [PaP1l, Lem. 6.3] gand since the sectional
curvature is normalised to have maximum —1, the length of the common perpendicular J,
between g 771 and 7] is then
0(0g) =In|eg| —In2. (22)

We use, in the last one of the following equalities, Equation (21)) and Corollary (13| with
n=2T="Tyand D~ = D" = J4 (whose pointwise stabilisers in 'y, are trivial). We
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hence have, for some x > 0,

(a,a,¢) € O x m X m,
Wo(s) = |05] Cord o \{lasa d e+ {aand) = O
tr(ac) =n(a), n(c) <s

X . o T . . (a,a,c)Eﬁmexm,
= 10%| Card gz \Mla:a:c €Tn oo : (a,a,¢) = Ok, n(c) < s }

=|0F| Card {[g] € Heis3(Ok) \I'm/ T : n(cy) < s}

: S 1
=|65| [Tz : Heis3(Ok)] Card{[g] € T \T/T s : 5(5)<$_1 n2} +0(1)

[T : Heisz(Ok)] Ins
1+25DK,_3 JV]gﬂl7Jf1( 2 ln2)—|—O( )

2|0k Vol(T 4 \7A)?
© 3m2(1+28p,,—3) Vol(Tw \HZ)

= |OK|

s*(1+0(s™)) . (23)

The next two lemmas are devoted to the computation of the two volumes that appear
in the previous line.

(1+20py,-3) [ D]
810%]

Lemma 16 We have Vol(I' ;4 \JA) =

Proof. We follow arguments similar to the ones in the reference [KK| §4|, which uses
the same convention as [Par2| for the Riemannian measure on Heisg,_1, see also [FaPl
§3.1] when Dg = —3. Let n = 2. As in [Par2|, we endow Heiss with the left-invariant
Riemannian metric

(du 4+ 2Im(d¢ €))? +4d¢ dC,

whose Riemannian volume is volgeis; = 4)3. In particular, the Heisz-equivariant map from
074 to Heiss, which in horospherical coordinates maps (¢, u,t) to ({,u), sends volg4 to
%)\3 = % VOlHeisy, by Equation .

Let tx be the minimal vertical translation in Heiss(0k ), that is, the minimal s > 0
such that (wy = %, w = 0) € Heis3(0k). In particular,

tK:min{s>O : %Eﬁ[(}.

Recall that O = Z + ZY 25 if Dy = 0 mod 4 and 6y = 7 + 2z VIPK ¢ py = 1
mod 4. Hence tx = /|Dk]| 1f Dy =0 mod 4 and tg =2+/|Dgk| if Dy =1 mod 4.
Consider the following set
II(Heis3(Ok)) ={w e C : Jwy € C, (wp,w) € Heisz(Ok)}
={w € Ok : Jwy € Ok, tr(wy) =n(w)} =n" ' (tr(0k)).

We have tr(0k) = Z if Dk =1 mod 4. If Dg =0 mod 4, then tr(0k) = 27 and for
all a,b € Z, the integer n (a + bi Y D K') =a?+ bQ% is even if and only if
e a is even, when 2 = | is even,

Dkl -
e a — b is even, when lffl is odd.
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Hence II(Heis3(0k)) is a Z-sublattice in Ok with index equal to 1 if Dxg =1 mod 4 and
equal to 2 if Dg =0 mod 4.
By [Par2, Lem. 1.2|, we have

VOlHeiS3 (Heis;z,(ﬁK)\Heis@ = 4tK VOI(C/H(HeiS3(ﬁK))) .

Note that Vol(C/0k) = Pl gince Ok is generated as a Z-module by 1 and (Dx +

2
in/|Dkl)/2. Hence
VOlHeis;; (He183(ﬁK)\He183) = 4tK [ﬁ[{ : H(Heis;:,(ﬁK))] VOl(C/ﬁK» =4 |DK‘ . (24)

As already seen, the map I';; — I's4 is a 3-to-1 map if Dg = —3 and injective
otherwise. By Lemma [TT] we then have

_ 1 -
Vol(Ts \H4) = 7 Vol(I' \04)

1 [
= - VOI( Heng,(ﬁK) \8%”1)
4 [Fﬁﬁ : Hels;g(ﬁ[()]
1 +25DK7,3

- Vol cis (Hei % Hei .
32 [y : Heis3(Ok )] olieis, (Heisz (O )\ Heisg)

The result hence follows from Equation and Equation (24)). O

The volume of the orbifold I', \HZ is known (see for instance [Hol3, [Sto]). We only
give a proof since the normalisation of the measures is a bit tricky to follow amongst the
various references.

(1+426p,.-3) |Dk[>? (k(3) | SUg(Ok /m)|

Lemma 17 We have Vol(T, \H2) =
(T \Hic) 7C(3) By (O /m)

Proof. In the complex ball
B2 = {(21 = 21 +iy1, 20 = w0 + i) € C2 ¢ |52 + |22 < 1},

the Riemannian metric invariant under its group of biholomorphisms, which makes it
isometric to the Siegel domain H(QC, has volume form at the point (0,0) equal to

4 dxy A dyy Adzo A dys

(see [Gol, page 105], which normalises the sectional curvature to be in [—1,—1], as we
normalise it to be in [—4, —1] in this paper). The volume form voly, at the point (0,0) of
B2 used in [Hol3 page 86] for its volume computation is

6
— dxy Ndyp Adxo N dys .
T

The Cayley transform from the Siegel domain to the ball model of the complex hyperbolic

space conjugates I' to the Picard modular group I' used by Holzapfel in loc. cit.. Hence
= 2

Vol(T\H%) = 22~ Vol (I'\BZ). By the Main Theorem 4.9 of [Hol3, page 83, we have

(14 20p,.—3) | Dk|*? Lk(3)
3273 ’

VOlHol (F\E%) =
23



where Li(s) = > o7, Xk (n)/n® is Dirichlet’s L-series of K, whose character is given by
Jacobi’s symbol x i (n) = (DTK) Hence, using the well known relation L (s) = (x(s)/((s)
between Dirichlet’s L-series and Dedekind’s zeta function of K, the result follows since

[T ) = [0 Tl = U (/) B0 /) = Ll

Theorem [14] follows from Lemma Lemma [16{ and Equation ([23)).

Let us prove now Theorem [15]

The orthogonal projection map f : d,HZ — {00} — 854 is the homeomorphism
defined by [wo : w: 1] = (( = w,u = —2Imwyp, 1) using the homogeneous coordinates on
DsoHZ — {00} and the horospherical coordinates on 9.7 (see Equation (7))). Let = € 094
be the origin of a common perpendicular of length at most ¢ from J# to an element .74
for some v € 'y, not fixing co. By the previous arguments, = is the orthogonal projection
on JA of the point at infinity of this horoball v.5#]. This point at infinity may be written
[¢: 2 : 1] for some triple (a, a, ¢) € Ok x m x m with (a, a, ¢) = Ok, tr(ac) = n(a)
and 0 < n(c) < 4¢* (using Equation (22)). There are exactly |0}| such triples. Hence
by Equation (19)), considering the value of C(D~,D%) for D~ = Dt = J#, using the

horospherical coordinates on 0.747, we have, as t — 400,

372 Vol(T'w \HZ) ot Z
8 Vol( T \JA) |0

A(%,_le%l) A VOlajgi . (25)
(a,a,c)EO0K xmxm, 0<n(c)<4e2?
tr(a¢)=n(a), (a,a,c)=0k

The image of the Haar measure Haarpeis, (defined in Equation ) by f is, by Equation
().

f* HaarHei% = VOla‘)fl .

Using the change of variables s = 4 ¢*, the identification of O H% — {oco} with Heiss and
the continuity of the pushforward by f~! of the measures on 9.4 applied to Equation
, we hence have, as s — +00,

62 Vol( 'y, \HZ x
i 70( m\ (C)Z s72 Z A(g,g) — HSLaI“HeiS3 .
VOI( F%ﬂl \%) |ﬁK| (a,a, c)EOK xmxm, 0<n(c)<s
tr(a¢)=n(a), (a, o, c)=0k
Finally, Theorem [I5] follows from this and from Lemma [I7] and Lemma [16] O

Remark. A result of Feustel [Feu| (see also [Hol2, page 280| and [Zin]) says that the
map, which associates to a parabolic fixed point of I' the fractional ideal generated by
its homogeneous coordinates in Ok, induces a bijection from the set of cusps (that is, of
orbits under T' of its parabolic fixed points) to the set of ideal classes of K. In The-
orem 4 and Theorem replacing in its proof DT = J#A by a horoball centred at a
parabolic fixed point p of T not in the orbit of oo (which hence exists if and only if
Dy # —3,—4,—7,—-8,—11,—19,—43, —67, —163), we can obtain a counting and equidis-
tribution result with error term in Heisg of the points in I' - p. But the volume of the
quotient of this new D% by its stabiliser in T' is not explicit for the moment, hence we
would not have results as precise as in the case p = co.
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Remark 18 Theorem [14] and Theorem [15| have generalisations in higher dimension. Let
n > 2, and let (w,w’) — w - w’ be the standard Hermitian scalar product on C*~!. Let

Heisgp—1 = {(w07w) e C x C™ ! : 2Re wo = w -@},

with law (wo, w)(wp, w') = (wo+wj+w'-w, w+w'), be the Heisenberg group of dimension
2n — 1, which identifies with the boundary at infinity of the Siegel domain Hg with oo
removed. Let ¢ be the Hermitian form defined in Section . Let SU, be its special unitary
group and I' = SU, N .#,(0k), which is an arithmetic lattice in SU,. Then Corollary
(which is valid in any dimension), applied with the image T’ of T' in PSU, and with
D~ = D7 the horoball of points in Hf with last horospherical coordinates at least 1,
gives a counting and equidistribution result with error term in Heiss,—1 of the points in
I'- 0o — {oc}. The volume of T\HZ could be computed using [EmS], up to computing the
index of I' in a principal arithmetic subgroup containing it. But the volume of the cusp
corresponding to oo in T\Hg is not explicit for the moment, hence we would not have
results as precise as in the case n = 2.

Other counting and equidistribution results of arithmetically defined points in the
Heisenberg group Heisg,—; may be obtained by varying the integral Hermitian form ¢
of signature (1,n) and the arithmetic lattice I" in SU,.

6 Counting cubic points over quadratic imaginary fields in
the projective plane

Let K be an imaginary quadratic number field. Let g be the Hermitian form —zgzg —
2970+ |21| on C3 (the following result could be adapted to any Hermitian form on K? with
complex signature (1,2), see for instance [Schl Ex. 1.6(iv), p. 351| for their classification).
We will say that a point in the complex projective plane Po(C) is isotropic (respectively
that two projective points are orthogonal) if the corresponding complex lines in C? are
isotropic (respectively orthogonal) for q.

The Galois group Gal(C|K) acts naturally on Py(C) by o[zp : 21 : 22] = [020 : 021 : 023]
using homogeneous coordinates. A point z € Po(C) will be called Hermitian cubic over K
if it is cubic over K (that is, if its orbit under Gal(C|K) has exactly three points), and if
its other conjugates 2/, 2" over K are isotropic and orthogonal to z.

We will denote by (7, 2) — - z the projective action of SL3(C) or PSL3(C) on P3(C).
Recall that SU, is the real Lie group of linear automorphisms of C3 having determinant 1
and preserving ¢q. Let I' = SU,(Ok) = SU,;NSL3(0k), which is an arithmetic lattice in
SU,. The action of I on Po(C) preserves the sets of rational, cubic and Hermitian cubic
points of P2(C) over K. The number of orbits of Hermitian cubic points is infinite, which
explains why we will restrict ourselves to a given orbit below. Let 'y, be the stabiliser

of oo =[1:0:0]in I', which preserves the Cygan distance dcy, and its modifications
Cyg> ACryg 0N Heisg = {[wg : w : 1] € P2(C) : 2Re wo = lw|?}.

Let z € Py(C) be Hermitian cubic over K, and let 2/, 2" be its other conjugates over
K. Since 2/, 2" are distinct, irrational over K, and isotropic for ¢, they lie in Heisz, and we
may define the complezity ¢(z) of z as the inverse of a modification of the Cygan distance
between its conjugates over K:



The complexity of z is in particular invariant under I'oo. It is part of the proof of the
following result that the number of projective points, that are Hermitian cubic over K,
belong to a given orbit of I' = SU, (0 ), and have complexity at most s, is finite for every
s > 0. It turns out that the use of d’éyg instead of the actual Cygan distance dcy, allows
in this Section to give precise asymptotic results with error terms, instead of upper/lower
estimates that differ by a multiplicative constant.

Let us now state and prove an asymptotic estimate as s — 400 of the counting function
of the set of points in the projective plane that are Hermitian cubic over K, in a given
orbit of for instance a congruence subgroup of SU,(0f ), with complexity at most s.

Theorem 19 Let K be an imaginary quadratic number field. Let zy € Po(C) be Hermitian
cubic over K. Let G be a finite index subgroup of PSU4(0K ), and let G be the stabiliser
of oo =[1:0:0] in G. Then there exists k > 0 such that, as s — 400,

Card{z € Goc\G - 20 : c(z) < s}
256 In|X\o| ¢(3) [PSU4(OK )0 : Goo)

- 1014 0(s"
310 |Of| DK |32 Ck (3) [PSUL(Ok) : G SSA+06)

where |\o| is the smallest modulus > 1 of an eigenvalue of an element in G fizing the other
two conjugates z, z) of zo over K, where 1o = 2 if G contains an element exchanging z,
and zy and 1o = 1 otherwise, and where ng is the cardinality of the pointwise stabiliser in
G of the projective line through z, and z{;.

Proof. The group G, which has finite index in the arithmetic lattice T = PSU,(0k),
is also an arithmetic discrete group of isometries with finite covolume in the complex
hyperbolic plane H%. By Lemma we have

Vol(G\HZ) = [T : G] Vol(T \HZ)
[T : G] (1 +20p,,—3) | Dx|>? Cx(3)

- 487 ((3) ‘ (26)

Let noo = [Too : Goo] be the index of G in the stabiliser of co in T'. By Lemma since
G is equal to the stabiliser G in G of the horosphere .71, we have

noo (14 20p,,,-3) | Dk

Vol(Goo\741) = Vol(G 5 \74) = 2107
K

(27)

Proposition 20 A point zy € Po(C) is Hermitian cubic over K if and only if there exists
Y0 € PSUL(OK) of infinite order and K -irreducible such that zy is the only fized point of
vo that belongs to the positive cone of q in Po(C).

Recall that an element of PSU,(K) is K -irreducible if it does not preserve a point or a
line defined over K in Py(C).

Proof. (Y. Benoist) Assume first that 79 € PSU,(0k) has infinite order and is K-
irreducible. Then vy is not an elliptic element, since elliptic elements of PSU, (0K ) have
finite order. It is not parabolic, since the fixed points in OOOH(QC of the parabolic elements
of PSU,(0k) are rational over K (see [Holl|] or [Hol2, page 290]). Hence, it is loxodromic,
and fixes exactly two distinct points 2{, and z{ in OcHZ. In particular, z{, and z{ are
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isotropic for ¢. Since vy belongs to PSL3(C) and preserves &X,H%, it preserves the unique
complex projective lines L’ and L” tangent to d-HZ at the points 2z, and z{, respectively.
Note that L' and L” are exactly the sets of points in IP2(C) which are orthogonal to z{, and
z{], respectively. The projective lines L’ and L” meet at exactly one point zg, which belongs
to the complement in Py(C) of H% U GOOH%. This complement is exactly the positive cone
of ¢ in Py(C). The fixed points zp, z(, 2, of 7o are at most cubic over K, since 7o has
coefficients in K. They are exactly cubic and conjugates, since 7y is K-irreducible. Hence
zp is Hermitian cubic, and is the only fixed point of 7y in the positive cone of g.
Conversely, let zp € P2(C) be Hermitian cubic over K, and let z(,z be its other
two Galois conjugates. Let G be the linear algebraic group defined over Q, such that
G(Z) = PSU,(0k) and G(R) = PSU,. It has R-rank one. The pointwise stabiliser of
{20, 20} in G is the centraliser Z(T) of a maximal algebraic torus T in G, since z(, 2
are distinct and isotropic. Note that Z(T') also fixes zp, since zg, being orthogonal to z,
and z{j, belongs to the complex projective lines tangent to the null cone of ¢ in Py(C) at
z{, and z{/, and as seen above, these two projective lines meet at exactly one point. The
algebraic group Z(T'), being the pointwise stabiliser of {z, z(, 2} } which is invariant under
Gal(C/K), is defined over K. The torus T has rank one and has finite index in Z(T).
Hence T is also defined over K, and is isomorphic to C* over C. It has no nontrivial
Q-character (as it is one-dimensional, it is not defined over Q, otherwise its fixed points
20, 2(), 2 would individually be defined over Q). Hence by the Borel and Harish-Chandra
theorem (see [BoHl, Th. 9.4], though the particular case we use here is due to Ono), T'(7Z)
is a lattice in T'(R). Such a lattice contains an element of infinite order y. The set of fixed
points of 7y in Pa(C) is {20, 2§, 2 }. Any proper nonzero linear subspace of C? invariant
under 7 is the sum of one or two geodesic lines in {2, 2, 2 }, hence is not defined over K
since zg is cubic. Therefore 7g is K-irreducible. As seen above, zg is the only fixed point
of 7p in the positive cone of q. O

Let 70 be as in Proposition 20| for zy given by the statement of Theorem As seen in
the above proof, g is loxodromic. Let D' be the geodesic line in the projective model of
HZ with endpoints the other two Galois conjugates 2, 2{| of zg over K, and let Gp+ be its
stabiliser in G. Up to replacing g by a power, we may assume that 79 € G. We may also
assume that 7g is primitive in G, so that if A\ is its eigenvalue with modulus > 1, then its
translation length in H2 is In |\o| (see Equation (6])), and

In | Ao

VOI(GD+\D+) = L
0

(28)
with g defined in the statement of Theorem [19]

Let G, be the stabiliser of zp in G, which is also the stabiliser of ZOL = DT, hence
coincides with Gp+. Let g € G be such that the geodesic line gDV is disjoint from .4
(which is the case except for finitely many double classes in G \G/Gp+). Let 2/, 2’ be
the endpoints of gD*. Let d, be the common perpendicular from 4 to gD*. The length
of 04 is, by [PaP2, Lem. 3.4], by Equation @D, and by the definition of the complexity,

/! Z/, ZN 1 2
0(5,) = d(gD*, 78) — d(JA, #3) = —n Cygg) - HT = In(v2¢(g20)) -
Therefore, by Corollary (with n = 2, in the case D™ = 77 is a horoball, whose pointwise
stabiliser is trivial, and D7 is a geodesic line, with pointwise stabiliser of order ng as defined
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in the statement of Theorem , and by Equations , and ,

Card{z € Goo\G - 29 : ¢(z) < s} = Card{[g] € Goc\G/G, : c(g20) < s}
= Card{[g] € Gp-\G/Gp+ : £(5,) <In(sV2)} +O(1)
= Mp-,p+(In(sv2)) + 0(1) = C(Dn’om) (s V2) (1 4 O(erInlsv2)y)
32 Vol(Gp-\D~) Vol(Gp+\D™)
B 97 ng Vol(G\HZ)
B 256 1n [Ao| €(3) noo
3w |O%]|IDK[P2 (ke (3)no [T : G

st (14 0(s7%))

st (1+0(s7)).
This proves Theorem [T9] O

7 Counting arithmetic chains in hyperspherical geometry

Let us consider again the Hermitian form q = —2¢ 23 — 29 25 + | 21|? of signature (1,2) on C3
with coordinates (zo, 21, 22). Following Poincaré [Poi| (who was rather using the diagonal
form —|2g|2 + |21|% + |22/?), see also [Car], we will call hypersphere the projective isotropic
locus of g, that is the subspace

HS ={[z0: 21 22) € P2(C) : q(z0,21,22) =0}

of the complex projective plane Py(C) with homogeneous coordinates [z : 21 : 22]. It
is a real analytic submanifold, diffeomorphic to the 3-sphere S3. The subgroup PSU, of
PSL3(C), acting projectively on Py(C), preserves the hypersphere.

In Section |3] we introduced a natural modification d’éyg of Cygan’s distance dcyg on
.S — {oo}, with co = [1 : 0 : 0], as follows. We identified 7. — {oo} with the real
quadric (called a hyperconic by Segre) Heisg = {(wo,w) € C? : 2Re wy — |w|> = 0} by
the map (wo,w) — [wo : w : 1]. Then d¢, is the unique map from (A7 — {00})? to
[0, +o00], invariant under the diagonal action of the unipotent radical of the stabiliser of oo
in PSUy, such that

lw|* + 4Tm? wy o Awl?

(lw|* + 4Tm?2 wg)? + |w|? 2 wol + [w]?

Cye (w0, w), (0,0))% =

A complex projective line L in Po(C) intersects the hypersphere either in the empty
set, or a one point set (in which case L is the unique complex projective line tangent to
S at this point, giving at this point the canonical contact structure of .7.%), or a real
analytic circle, called a chain (a notion attributed to von Staudt by [Car, footnote 3)|).
A chain C separates the complex projective line L(C') containing it into two real discs
D4 (C), which we endow with their unique Poincaré metric (of constant curvature —1)
invariant under the stabiliser of C' in PSU,. It is finite if and only if C' is a finite chain,
that is, if it does not contain co = [1: 0 : 0]. We refer to [Gol, §4.3] for more informations
on the chains, including the following fact: the infinite chains are precisely the fibers of the
vertical projection (wp,w) — w, and the finite chains are ellipses in the affine coordinates
(2Im wg, w) of Heisg whose vertical projections are circles.
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Let K be an imaginary quadratic number field. For every finite index subgroup G of
the arithmetic lattice PSU,(Ok ), we will denote by G¢ the stabiliser of C' in G, by G
the stabiliser of co in G, and by Covolg(C) the (common) volume of Go\D+(C). A chain
C will be called arithmetic (over K) if PSU,(0k)c has a dense orbit in C.

Theorem 21 Let Cy be an arithmetic chain in the hypersphere €. over an imaginary
quadratic number field K. Let G be a finite index subgroup of PSU,(Ok). Then there exists
a constant k > 0 such that, as € > 0 tends to 0, the number ¢, c(€) of chains modulo G
in the G-orbit of Cy with dcyg-diameter at least € is equal to

2048 ¢(3) Covolg(Co) [PSU4(Ok oo : Goo]
6% |D|? ¢ (3) o, ¢ [PSU,(Ok) = G

where ng, ¢ is the order of the pointwise stabiliser of Co in G.

6_4(1 + O(e“)) ,

Given a complex projective line L in Po(C), there is a unique order 2 complex projective
map with fixed point set L, called the reflexion in L. Given a finite chain C| contained
in the projective line L(C), the center of C (see for instance [Gol, 4.3.3]), denoted by
cen(C) € HS — {oo} = Heisg, is the image of co = [1 : 0 : 0] under the reflexion in L(C).
The following result is an equidistribution result in the Heisenberg group of the centers of
the arithmetic chains in a given orbit under (a finite index subgroup of) PSU,(0k).

Theorem 22 Let Cy and G be as in Theorem[21. As e > 0 tends to 0, we have

no,G (1+20p,,3) [Dxc|? ¢ (3) [PSUy (k) : G 4 5
1024 ¢(3) Covolg(Cy)

*
ACen(C’) - HaarHeng, .
CeG-Cy :diamdCyg C>e
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Proof of Theorem [21] and Theorem As seen in Section [3] the hypersphere 7.
is the boundary at infinity of the projective model of the complex hyperbolic space ]HI(%.
The chains are precisely the boundary at infinity of the complex geodesic lines in H%. The
diameter of a chain is invariant under the stabiliser in PSUj, of the horosphere 0.4, hence
is invariant under G,. The counting function ¢, ¢ is thus well defined.

Recall (see for instance [Bow]|, in particular for the terminology) that a discrete group
of isometries I' of a complete simply connected Riemannian manifold M with sectional
curvature at most —1 is geometrically finite if and only if every limit point of I' is either
a bounded parabolic point or a conical limit point. Furthermore, the discrete groups I'
of isometries of M with finite covolume are the geometrically finite discrete groups of
isometries I' whose limit set is the whole sphere at infinity 0., M of M; then the orbit
under I' of every point in Jy,M is dense in Jxo M.

Let C' be a chain in %, and let D be the complex geodesic line (which is totally
geodesic in H2) with d,.D = C. Hence, C is arithmetic over K if and only if the stabiliser
in PSL,(Ok) (or equivalently in G) of D has finite covolume on D.

We denote by DT the complex geodesic line in H% with 0o DT = Cy. Let Gp+ be the
stabiliser of DT in G. By definition, we have

Vol(Gp+\DT) =4 Covolg(Cp), (29)

since the sectional curvature of D1 is constant —4 and D% has real dimension 2.

Let g € G be such that the complex geodesic line gD is disjoint from 7 (which is the
case except for g in finitely many double classes in G5 \G/Gp+). Let §,4 be the common
perpendicular from 7% to gD™. Its length ¢(d,) is the minimum of the distances from 4
to a geodesic line between two points of dx(gDT) = gCy. Hence, by [PaP2, Lem. 3.4,
Equation @ and Lemma , we have

2 ", I 2
t(0g) = min In —7———s — d(4, 7) = — max IDM _n=e
z,y€gCo, T#Y dcyg(x7 y) z,y€gCo, T#Y 2 2
diamd// (gCO) diam C
:—mLZ_mM. (30)

NG 2

Now, we apply Corollary with n = 2, in the case D™ = J7 is a horoball, whose
pointwise stabiliser is trivial, and DT is a complex geodesic line, whose pointwise stabiliser
has order ng, ¢ as defined in the statement of Theorem @ Respectively by the definition
of the counting function ¢, ¢ in the statement of Theorem since the stabiliser of CY

in G is equal to Gp+, by Equation , by Corollary , and by Equations , and
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, we have, as € > 0 tends to 0,

Yoy, c(€) = Card{C € G \G - Cp : diamg,, (C) > €}
= Card{[g] € Goo\G/Gp+ : diamg,, (9Co) > €}
= Card{[g] € G4 \G/Gp+ : U(5y) < _1n§} +0(1)

+
= JVyfl,DJr(—lng) +0(1) = c(tipl’D)
0,G
64 Vol(G \J4) Vol(Gpi \DY) _, .
- 37 no, Vol(G\HZ) < (1+0(e)
_ 2048 ¢(3) Covole(Ch) [PSU4(OK ) : Goo)
03| DK Cie(3) o, [PSUg(Oc) - G

e—41n§(1 + O(enlng))

6_4(1 + 0(e")) .

This proves Theorem Let us now prove Theorem

We apply the equidistribution result in Equation (in the case DT is a complex
geodesic line) of the origins or(dy) of the common perpendiculars d, from D~ = J# to the
images gD for g € G. As t — 400, we hence have

3no,gm VOl(G\HZ) _4,
I e Z

A X Volyy - 1
Vol(Gp+\D7) or(dg) Vol n (31)

[Q]EG/GD+7 f(5g)§t

Let f : OxxHZ — {00} = Heiss — 074 be the orthogonal projection map, which in
horospherical coordinates is (¢, u,0) — (¢, u, 1). By Equations and , the image of
the Haar measure Haarpeis, by f is

I+ HaarHeng = VOla%’l .

Note that, for every chain C, if r¢ is the reflexion on the complex projective line
containing C, then the geodesic line from oo to cen(C') = r¢(o0), being invariant under
rc, is orthogonal to the complex geodesic line with boundary at infinity C'. Hence for every
g € G, we have

FHor(8,)) = cen(gCo) -

Let us use in Equation the change of variables ¢ = —1In § and the continuity of
the pushforward of measures by f~!'. By Equations , and , as € > 0 tends to

0, the measures

no, (1+20py,-3) | Dic|? Cie(3) [PSU,(0) : G
€ Z ACen(gC’o)
1024 {(3) Covoli(Coh) .
l9]€G/G b+, diamg  (9C0) =€
weak-star converge to the Haar measure Haarpejs;. This proves Theorem @ O

Example. Let K = Q(i), so that |Dg| = |0f| = 4. Let Cp be the intersection of the
hypersphere and the complex projective line L(Cp) with equation z; = 0.

Let us use oo = [1 : 0 : 0] as the point at infinity in L(Cy), and let us identify L(Cp) with
P1(C) = CU{oco} by the map [20 : 0 : z2] = z = 2. Then the restriction I't,1 to L(Cp) of
the stabiliser in PSU,(Ok) of Cy is exactly the subgroup of PSLy(C) preserving the right
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halfplane with equation Re z > 0. The homography z — iz sends the right halfplane to the
upper halfplane H%{. Hence ((Z) (1]> I'1,1 <_OZ (1)> is the subgroup of PSLy(C) preserving
H% and having coefficients in Z[i]. It is hence equal to PSLy(Z), and it is well known that
the hyperbolic volume of PSLy(Z)\H2 is 5. In particular, Cy is an arithmetic chain over
K.

Let a be an element in the pointwise stabiliser of Cy in PSU,(0k). Then a fixes
oo =1[1:0:0]and [0:0 : 1], hence consists of diagonal matrices. The diagonal coefficients
A1, A2, A3 of a belong to Z[i]* = {£1,+i}. We have \; = A3, otherwise @ would not
act by the identity on Cy. Therefore (A1, A2, A3) belongs to {(1,1,1), (—1,1, 1), (¢, —1,4),
(—i,—1,—1)}. This gives the following values

7
COVOlPSUq(Z[i})(CO) = 3 and N0, PSUG(Z[i]) = 4.
Theorems [21] and 22] then give

16 3
Yy, PSU,(z[i]) (€) = ?)C(;i((?))) 674(1 +O(e")) ,

and 3o (3)
250m5) 4 S Acen(c) — Haarges, -

Am <(3) CePSU,4(Z[4))-Co : diamdCyg C>e

The above picture, as well as the one in the introduction, represents the orbit of Cj
under the arithmetic lattice PSU,(Z[i]). The pictures were produced using Mathematica
and they show images of the chain Cy by elements of PSU,(Z[i]) of word length at most
16 in the generating set given in [FaFP, Theo. 7]. Both images show the same set of chains
from two different viewpoints in the 3-dimensional space Heisg, except that in the second
one we removed some of the smaller chains in order to make the structure more visible.
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