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Rapid shape evolutions near A = 100 are now the focus of much attention in nuclear science. Much of the
recent work has been centered on isotopes with Z � 40, where the shapes are observed to transition between
near-spherical to highly deformed with only a single pair of neutrons added. At higher Z, the shape transitions
become more gradual as triaxiality sets in, yet the coexistence of varying shapes continues to play an important
role in the low-energy nuclear structure, particularly in the odd-Z isotopes. This work aims to characterize
competing shapes in the triaxial region between Zr and Sn isotopes using ultrafast timing techniques to measure
lifetimes of excited states in the neutron-rich nucleus 109Rh. The measurements confirm the persistence at higher
Z of similarly large deformations observed near Z = 40. Moreover, we show that new self-consistent mean-field
calculations, with proper treatment of the odd nucleon, are able to reproduce the coexisting triaxial and highly
deformed configurations revealing, for the first time, the important contribution of the unpaired nucleon to these
different shapes based on the blocking of specific single-particle orbitals.

DOI: 10.1103/PhysRevC.98.064320

I. INTRODUCTION

One of the overarching questions in nuclear physics today,
as increasingly neutron-rich isotopes become more and more
accessible, is concerned with how intrinsic nuclear shapes and
their related shell structure evolve away from stability. There
is now a wealth of evidence to indicate that the traditional
magic numbers describing nuclear shell structure often do
not hold for isotopes that sit off the valley of stability [1–8].
The mechanism driving the evolution of shell structure is
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generally attributed to various forms of residual interactions
between the outermost valence nucleons [4–6,9–12]. These
residual interactions effectively alter the overall shape of the
nuclear potential as more nucleons are added, thus modifying
the underlying single-particle structure which can result in a
quenching of shell gaps along with the creation of new gaps
elsewhere.

One of the best examples of this phenomenon is seen in
the region of neutron-rich nuclides with A ∼ 100 [11,13–
18]. In this region, near-spherical and highly quadrupole-
deformed shapes are observed to closely compete for the
lowest energy configuration resulting in wide shape variations
between neighboring isotopes. As a result, these isotopes
provide a sensitive test for modern nuclear models rooted
in density functional theory (DFT) [19–25] or even large-
scale Monte Carlo shell model (MCSM) calculations [26–28]
that are both capable of predicting nuclear properties out to
extreme neutron-to-proton ratios. Indeed, the rapidly varying
nuclear structure in this region has recently been attributed
to large-scale reconfiguration of single-particle orbitals near
the Fermi surface, known as Type II shell evolution [26–
28], however, such calculations have so far been limited
by the high computational demands required to adequately
model the A ∼ 100 region and its large valence space. Self-
consistent mean-field (SCMF) DFT calculations, with their
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TABLE I. Lifetime results obtained for levels in 109Rh from the present fast timing analysis along with the available literature values. The
level energies, spins, and parities were taken from Ref. [76]. Lifetimes reported in Ref. [76] for the levels below are based on preliminary
results from a conference presentation of the current measurement and should be superseded by the values reported here. The γ -γ coincidence
pairs used in the determination of each lifetime value are listed in the last column (see also Fig. 2).

ELev.(keV) J π T Lit.
1/2 (ps) T Pres.

1/2 (ps) γ γ (Ge-LaBr3)a

206.2 9/2+ 16.7(13)b 12(2)c 1305-206, 820-206, 466-206, 1078-206
358.6 3/2+ <500d 114(2) 68-358, 245-358, 1502-358, 1537-358, 1735-358, 1832-358
409.7 7/2+ 430(230)d 473(15) 644-184, 226-184
426.8 5/2+ <500d 46(2)c 1537-427, 1502-427, 245-427
478.3 (5/2)+ <600d 166(5) 226-221, 383-221, 383-252, 1616-221, 1616-252
530.7 11/2+ <7.3b,e <90c 566-324
568.1 3/2− <100 226-194
623.1 5/2− 223(10) 116-249
671.9 (5/2+) <60 358-245, 427-245
740.8 3/2− <60 116-367, 226-367
856.0 5/2− <60 249-233, 194-288, 116-288
861.0 (9/2+) <80 221-383
926.8 5/2− 107(16) 367-186, 194-359
980.7 (1/2) <70 358-622, 367-240, 116-240
1051 (1/2,3/2,5/2−) <60 116-677
1053 5/2+, 7/2+ <60 184-644
1311 (3/2+) <80 358-266, 358-201
1512 7/2+ <30 206-1305
1576 5/2+, 7/2+ <90 358-266, 206-1370
1929 7/2+ <40 206-(1723+1757)f, 427-(1502+1537)f

1963 (5/2)+ <40 206-(1723+1757)f, 427-(1502+1537)f

2094 (3/2+) <40 116-1720
2190 (3/2+) <40 358-1832

aInverted gates included for centroid-shift results.
bReference [77], published during the final editing stages of this manuscript.
cCentroid-shift technique.
dReference [59].
e95% confidence.
fUnresolved in LaBr3.

global applicability, have also demonstrated promising results
in reproducing experimental trends [17,19–25,29] and, thus,
provide another good option for studying the shape variations
in this region.

In spite of the theoretical challenges, within the past
few years alone, there has been a multitude of experimen-
tal efforts directed towards the A ∼ 100 region of nuclides
[17,19,20,22,27–36]. Many of the recent experiments have
been focused on the sudden increase in deformation for N >
60 in isotope chains with Z < 40 and how sudden or gradual
the isotopic trends are to map out the low-Z boundary for
which shape coexistence remains prevalent in the low-energy
structure [19,20,28–31,37]. Other studies have focused on
measuring the collectivity beyond N = 60 showing that the
maximum in deformation seems to occur at N = 64, just
ahead of the midshell point [7,22,35,38].

For higher Z (�42), the evolution of structure and shape
coexistence becomes less clear, however, it is well known
that axial asymmetry begins to play an important role in the
low-energy structure [16,24,34,39–47]. Many studies indicate
that in Mo and Ru isotopes, the coexisting shapes tend to
merge to form relatively rigid, triaxially deformed ground
states [22,25,36,43,48,49] or, in the least, potential energy

surfaces that are γ soft [21,23,50–52]. The rigidity of triaxial
deformation in nuclei remains an open question, but the
general consensus is that triaxiality occurs in isotopes that
are transitional between two regions where widely different
shapes are favored: either between prolate and oblate regions,
or between spherical and substantially (quadrupole) deformed
regions [14,21,24].

However, such an idea about the occurrence of triaxiality
and its role in shape-coexisting mass regions may not be
complete, especially considering past measurements of shape
coexistence in the Z > 42 region, particularly in odd-mass
isotopes, combined now with the recent experimental and
theoretical works mentioned above pertaining to the isotopes
at lower Z. Despite the apparent regularity of triaxiality above
Mo, shape coexistence does remain an important feature in the
low-energy structure of Tc [53–56], Rh [44,57–59], Ag [60],
In [61,62], and to a lesser extent, the even-even isotopes of
Ru [63,64], Pd [65], and Cd [66]. As discussed by Heyde and
Wood [11], many have attributed this, perhaps erroneously, to
specific, deformation-driving single-particle orbitals crossing
the Z = 50 shell gap, so-called intruder orbitals. However,
an alternative interpretation, with increasing favor recently
for the Z � 40 isotopes, suggests that the highly deformed
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FIG. 1. (a) The time spectrum (β-LaBr3) obtained by the co-
incidence gate on the 643.5-keV (Ge) and 183.8-keV (LaBr3) γ

rays from the 1053.3-keV and 409.7-keV levels, respectively. The
delayed component of the spectrum is caused by the lifetime of the
409.7-keV level. The inverted parabola shows the prompt time peak
obtained from the fit. The inset shows the corresponding Ge-gated
LaBr3 spectrum. (b) Time spectra obtained from the coincidence
gates on the 426.8-keV and 1537-keV γ rays from the 426.8-keV
and 1963-keV levels, respectively. The difference in centroids of the
two time peaks, corrected for the energy-dependent time walk and
Compton backgrounds (see Ref. [71] for details), is caused by the
lifetime of the 426.8-keV level. Note the reduced resolution in LaBr3

at lower energies.

configuration is more from the strong p − n residual inter-
actions that involve a much larger fraction of the valence
nucleons [26]. Such interactions have long been considered a
key component for a unified description of shape coexistence
[67]. Indeed, the minimum in the highly deformed intruder
configuration of Tc [53,54,56] and Rh [59] isotopes precisely
coincides with the deformation maxima elucidated recently
for the lower-Z even-even isotopes Sr [35], Zr [38], and Mo
[22] providing an important clue about the evolving structure
at higher Z. Up to now, there have been no precise measure-
ments of the collectivity exhibited by these low-lying intruder
configurations other than a few lifetimes reported for 113,115Ag
in Ref. [60], where little experimental detail was provided,
and a couple of uncertain results in 109Rh based on conversion
electron [57] and lifetime [59] measurements.

In this manuscript, we report the first precise measurements
of collectivity in the higher-Z intruder configuration taken
from the isotope 109Rh64, based on fast timing of excited
state lifetimes populated in β decay. In addition, to better un-
derstand the interplay between collective and single-particle
degrees of freedom exhibited in odd-A nuclides, new calcu-
lations based on SCMF theory which properly account for
broken symmetries (i.e., axial, time reversal) and the blocking
effect on pairing correlations induced by the odd (unpaired)
nucleon [68] are presented. Details related to the experimental
work and data analysis are provided in Sec. II, while the
theoretical work is described in Sec. III. A brief summary and
conclusions are provided in Sec. IV.

II. EXPERIMENT AND ANALYSIS

The experimental work was performed at the Ion-Guide
Isotope Separator On-Line (IGISOL) facility at the University
of Jyväskylä. Isobars with A = 109 were produced from in-
duced fission in a thin, natural uranium target by bombarding
with 30-MeV protons from a K130 cyclotron. The fission
fragments were thermalized in a He gas catcher, extracted
and guided into high vacuum with a radiofrequency sextupole
device [69], and finally electrostatically accelerated through
an isobar separator. More details about the IGISOL technique
and facility can be found in Ref. [70].

After mass separation, the A = 109 isobars were deposited
on an aluminum catcher foil surrounded by scintillation and
high-purity germanium (HPGe) detectors to record the β and
γ rays emitted as the neutron-rich fission products decayed
towards stability. The A = 109 isobars were continuously
deposited on the catcher foil throughout the data collection pe-
riod which totaled 33 h. The average β count rate was 1 × 104

cps. The most neutron-rich A = 109 isotope produced from
IGISOL in significant quantities was 109Mo, which meant
levels and γ rays from all its daughters were observed down
to the stable isotope 109Ag. The present report focuses on life-
time measurements made in 109Rh, while measurements from
109Pd, 109Ru, and 109Tc have been reported previously [71,72].

The new lifetime measurements were obtained using the
advanced time-delayed (ATD) βγ γ (t ) method [2,73–75]. In
the present experiment, a thin plastic NE111A scintillator
was positioned just behind the beam stop to record β rays,
while two LaBr3(Ce) scintillation detectors were positioned
adjacent to (one above and one below) the beam stop at 45◦
relative to the upstream direction. A HPGe detector of 50%
relative efficiency was placed on each side of the beam stop,
perpendicular to the beam direction. More details about the
experimental setup and subsequent data analysis can be found
in Ref. [71].

To obtain level lifetimes, the ATD method uses βγ γ triple
coincidences to determine the decay path with β-Ge-Ge coin-
cidences initially examined, taking advantage of the superior
energy resolution in those detectors. Then to obtain timing
information Ge-β-LaBr3 events are used where the time is
recorded through fast electronics; the present case utilized
time-to-amplitude converters (TACs) started by β’s in the
plastic and stopped by γ ’s in the LaBr3 [71], both having
excellent temporal resolution.
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FIG. 2. A partial β-decay scheme showing the relevant levels and γ rays used for the timing analysis and results presented in Table I.
The β-feeding intensities from Refs. [57,76] are provided on the left along with the relative γ -ray intensities displayed above each transition.
Lifetimes obtained from the present work are labeled in purple font.

For 109Rh, the β-decay scheme of its 109Ru parent is
already well known [57]. The present Ge-Ge coincidence
results were consistent with the previous γ ray and level
placements in the relevant low-energy portion (<1 MeV) of
the decay scheme where lifetimes could be obtained. The
newly measured level lifetimes are summarized in Table I. The
lifetimes were primarily obtained by fitting the slopes of the
delayed components of the time spectra using the convolution
technique [73] where the finite time resolution of the detector
pair is accounted for in the fit [Fig. 1(a)]. Note that the
high-lying 109Rh states that feed the low-lying levels listed in
Table I were checked to ensure those lifetimes were suffi-
ciently short to not affect the measured lifetime values (see
Ref. [73] for details). Upper limits on the lifetimes of those
states are also listed in Table I. For lifetimes that were
too short for the convolution technique, the relative shifts
between time-peak centroids from inverted Ge-LaBr3 coin-

cidences were utilized [centroid-shift technique, Fig. 1(b)]
[2,73], where the time-peak calibration was performed using
decay measurements of A = 138 isotopes as described in
Ref. [71].

III. RESULTS AND DISCUSSION

The new lifetime results include members of the strongly
deformed Kπ = 1/2+ intruder band up to spin 7/2+ along
with members of the Kπ = 1/2− band originating from
the spherical p1/2 single-particle orbital and members of
the Kπ = 7/2+ ground-state band originating from the g9/2

spherical orbital. Those results with the relevant M1 and E2
transition probabilities are summarized in Fig. 3. The fast
E2 transitions in the Kπ = 1/2+ band with reduced transi-
tion probabilities B(E2; 5/2+ → 1/2+) = 113(8) W.u. and
B(E2; 7/2+ → 3/2+) = 136(5) W.u. confirm the enhanced
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FIG. 3. Low-lying levels and transitions in 109Rh. New lifetimes
are labeled in purple; the others were taken from Ref. [76]. Transition
multipolarities are assumed pure unless experimental data exists
to indicate otherwise.1 E2 transitions are labeled dark blue, while
M1 transitions are orange. The B(Xλ) probabilities are labeled
above in Weisskopf units. The level colors indicate the various band
structures: ground state (black), K = 1/2+ (red), K = 1/2− (blue),
and γ band (green); see text for details. Note that for ease of viewing
not all transitions have been displayed.

collectivity indicated by previous measurements [57,59,60],
lending support to the large deformations suggested in prior
studies of the nearby isotopes [44,45,54,58]. These B(E2)
values are among the largest in the region [78], comparable
to those observed in the strongly deformed bands found in the
Z � 42 isotopes [22,28,29,31,37,38].

Also of interest are the E2 transitions between the 5/2+
1

(427 keV) and 9/2+
1 (206 keV) levels and the 3/2+

2 (359 keV)
and 7/2+ ground state. The measured B(E2) values suggest
that the 5/2+

1 and 3/2+
2 pair of levels are the antialigned

component of the γ -vibrational band built on the ground-state
quasirotational band (e.g., see Refs. [79,80]). This is further
supported by the similar M1 strengths between members of
the two pairs (Fig. 3). Another interesting result is the mea-
sured M1 strength connecting the 3/2− and 5/2− members
of the Kπ = 1/2− band, which is essentially 1/4 the strength
observed in the ground-state band supporting the respective
� = 1 and � = 4 character of the unpaired nucleon in those
bands. The E2 strength measured in the Kπ = 1/2− band
between the 5/2− and 1/2− members is consistent with that
observed from the 2+

1 → 0+
1 transitions in the neighboring

even-even 108Ru and 110Pd isotones [81–83]. A lower limit on
the E2 strength in the 109Rh ground-state band is provided
by the very recent measurement of the 11/2+

1 (531 keV)

1In the most recent evaluation [76], the level at 258 keV was
assigned a spin of (3/2) based on an experimental α(K ) of the
221-keV transition from the (5/2)+ level above at 478 keV reported
in Ref. [88]. However, the reported value is consistent with a pure E2
transition multipolarity within 1σ and the level systematics presented
in Ref. [59] indicate the spin should be 1/2 for this level.

lifetime [77] yielding B(E2) > 12 W.u. for the ground-state
transition.

In an attempt to better understand the mechanisms be-
hind shape coexistence, triaxiality, and their interplay with
single-particle degrees of freedom, a novel SCMF calcu-
lation with proper treatment of the odd, unpaired nucleon
was performed. The novelty resides on the 〈Ĵ 2

z 〉 constraint
(as discussed below) used to identify the configurations of
interest. For a recent comparison of state-of-the-art Hartree-
Fock-Bogoliubov (HFB) blocking calculations with different
interactions, relativistic and nonrelativistic, see Ref. [84].
In the past, only simplistic particle-rotor calculations were
performed to study odd-A isotopes in the higher-Z Rh region,
with parameters derived empirically to match experimental
observations [44,45,53,54]. Such calculations provided some
characterization of the shape coexistence and triaxiality in
these odd-A systems, but could not say anything regarding
the underlying microscopic structure responsible for these
phenomena. The calculations here are based on the HFB
method with the Gogny D1S interaction. To begin, a “refer-
ence” calculation of the β-γ potential energy surface (PES)
is performed. In this “reference” calculation 109Rh is treated
as an even-even nucleus (i.e., time-odd fields are set to zero)
but with the appropriate constraints that 〈Z〉 = 45 and 〈N〉 =
64. In the β-γ PES obtained in this way and depicted in
Fig. 4, a triaxial minimum is observed at Q0 = 4b, where
β = √

4π/5Q0/(A〈r2〉), and γ ≈ 25◦ as well as prolate and
oblate saddle points at Q0 = 4b, γ = 0◦ and Q0 = 3b, γ =
60◦, respectively.

To properly describe the structure of odd-A nuclides, spe-
cific wave functions tailored to deal with the odd number
of particles are required. They are obtained by the blocking
procedure [85], which breaks time-reversal invariance and
generates time-odd fields. Taking one of the “reference” wave
functions with a given value of Q0 and γ , we block a proton
quasiparticle state and look for the self-consistent blocked
solution using the gradient method [86]. This procedure is
repeated for a few of the lowest lying proton quasiparticle
excitations. The blocked solution with the lowest energy is
the ground state and other solutions correspond to excited
states. Although all self-consistent symmetries are preserved
in the calculation, in the present case the only one that breaks
degeneracies is parity, so the number of states to be obtained
is limited to two. The positive-parity blocked state turns out
to have a 〈J 2

z 〉 value equivalent to K = 7/2+ (K is not a good
quantum number for triaxial wave functions). The negative-
parity state lies at an excitation energy of 0.869 MeV and its
〈J 2

z 〉 value is equivalent to K = 1/2−. The excitation energy
of the K = 1/2− is a factor of two too high but this is not so
crucial given the global character of the Gogny D1S parameter
set. Another successful Gogny parametrization, D1M, reduces
the excitation energy to 0.667 MeV. The β deformation pa-
rameter of both states is similar while the γ values differ
slightly—see Table II. The experimental ground-state spin
and parity are well reproduced in this triaxial calculation
and cannot be obtained in an axially symmetric calcula-
tion. This is seen in the middle panel of Fig. 4 where the
single-particle energies (SPE) are obtained by diagonalizing
the HF Hamiltonian. The plots show the evolution of the SPE
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as a function of the deformation parameter Q0 on both the
prolate (left) and oblate (right) sides, ending at a deformation
Q0 = 3.8b which corresponds to the prolate axial saddle
point. They are connected by a plot showing the behavior of
the SPE as a function of the γ deformation parameter with
Q0 fixed at 3.8b. The position of the proton Fermi level is
marked by a dotted red line. In the spherical configuration
the proton g9/2 orbital is at the Fermi level. The K = 7/2+
orbital is above the Fermi level in the prolate side whereas the
K = 5/2+ remains below. On the other hand, the K = 1/2−
orbital originating from p1/2 quickly approaches the Fermi
level. Therefore it is not surprising that a full self-consistent
blocking calculation preserving axial symmetry yields the
ordering 1/2−, 5/2+, 1/2+ (this one having a larger Q0 value)
and 7/2+ for the prolate excited states. In this axial calculation
the ground state is actually oblate and the level ordering in that
well is 3/2+, 1/2+ and 5/2+. To reproduce the experimental
ground-state spin and parity Jπ = 7/2+ one needs to go to
the triaxial sector to mix the 7/2+ with other orbitals to bring
it closer to the Fermi level (at γ = 30◦).

To obtain other excited states we have carried out blocked
calculations constraining the value of 〈J 2

z 〉-〈J 2
z 〉ref , where the

latter is the 〈J 2
z 〉 value of the “reference” calculation. By

constraining the quantity to 0.25 we obtain results for the
K = 1/2+ band head. The corresponding β and γ defor-
mation parameters are given in Table II. We observe how
the β parameter of the K = 1/2+ is larger than the one
of the ground state while the γ parameter is smaller. This

TABLE II. The energies and deformations calculated for the
lowest few blocked quasiparticle configurations. The Kπ = 1/2+

calculation requires a constraint on 〈J 2
z 〉.

Kπ Eexc (keV) β γ

7/2+ 0 0.26 26◦

1/2+ 567 0.33 16◦

1/2− 869 0.25 14◦

difference in deformation parameters naturally explains the
slow E2 transition between the Jπ = 3/2+, built on the K =
1/2+ band head, and the ground state. Moreover, the ratio
of β deformations between the positive- and negative-parity
K = 1/2 bands is consistent with the experimental ratio of
deformations obtained from the measured B(E2) values and
rotational approximation (within 0.3 σ ). An interesting fea-
ture of the calculation is the structure of the energy landscape
for the different blocked quasiparticles. On the right side of
Fig. 4, the minimum value of energy E(β, γ ) is plotted as a
function of β for each blocking configuration. The minima of
the K = 7/2+ and K = 1/2− have nearly the same deforma-
tion but much different than the shape isomeric K = 1/2+,
as described above. The topologies of the three curves are
quite distinct reflecting the unique response of the system
to dynamical fluctuations in the Q0 degree of freedom. The
main outcome is that different blocked configurations have
different PESs each with minima located at unique values
of deformation having correspondingly unique shapes. The
position and depth of those minima can give us clues about
the structure of the corresponding physical states, however,
the global character of Gogny D1S does not allow for a
spectroscopic-quality description of those states. An example
of this deficiency, characteristic of all relativistic and non-
relativistic functionals, is discussed at length in Ref. [84]
where blocking HFB calculations were carried out in a series
of super-heavy nuclei. As discussed there, the systematic
discrepancies can be expected across the whole periodic table.
In that study it was found that although the relative ordering
of levels was usually not reproduced, all the low-lying states
observed experimentally were also present in the calculations.

IV. SUMMARY AND CONCLUSIONS

To summarize, subnanosecond lifetimes of excited states
in the odd-Z isotope 109Rh were measured via fast electronic
timing. These results provide new insight into the shape co-
existence present in the neutron-rich mass region above A =
100 and confirm the persistence there of similarly enhanced
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quadrupole deformations observed near Z ∼ 40, N ∼ 60. In
addition, a novel SCMF calculation tailored for odd-mass nu-
clei in this mass region, based on the HFB method with Gogny
D1S interaction and properly accounting for associated axial
and time-reversal asymmetries, was carried out. The calcula-
tions confirm the importance of ground-state triaxiality in this
region, as previously indicated by more simplistic particle-
rotor models, yet reproducing the experimentally observed
shape coexistence in a self-consistent way. The new calcu-
lations highlight the intimate role that the unpaired nucleon
plays in picking different shapes based on the single-particle
level occupied. This has a blocking effect on the pairing
correlations that tend to mix various shapes in the even-even
isotopes, explaining the more pronounced shape coexistence
observed in the odd-A isotopes of this mass region. From a
microscopic point of view, triaxial shapes become favorable
here, where large quadrupole deformation is reinforced by
strong p-n interactions between highly overlapping orbitals
(i.e., πg9/2 and νg7/2), as the Fermi surface approaches the
higher-lying K components. This enables a large gain in

binding energy to occur through the mixing of high- and
low-K orbitals.
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