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The differential cross sections of the 11B(d, p) 12B reaction leading to formation of the 1+ ground state and
the 0.95-MeV 2+, 1.67-MeV 2−, 2.62-MeV 1−, 2.72-MeV 0+, and 3.39-MeV 3− excited states of 12B are
measured at Ed = 21.5 MeV. The analysis of the data is carried out within the coupled-reaction-channels method
for the direct neutron transfer and the Hauser-Feshbach formalism of the statistical compound-nucleus model.
The spectroscopic factors, asymptotic normalization coefficients, and rms radii of the last neutron in all states
studied are deduced. The existence of the neutron halos in the 1.67-MeV 2− and 2.62-MeV 1− states is found,
consistent with the earlier published data. New information about the enlarged rms radii of the last neutron in
the 2.72-MeV 0+ (5.7 fm) and the unbound 3.389-MeV 3− (5.9 fm) states of 12B was obtained, resulting in the
possible existence of neutron halo-like states in 12B.

DOI: 10.1103/PhysRevC.98.034602

The discovery of neutron halos in some neutron-rich ra-
dioactive light nuclei located close to the neutron drip line
[1,2] was one of the most remarkable discoveries in nuclear
physics at the end of the 20th century. Nuclei possessing
neutron halos were named exotic nuclei [3,4] because they
are characterized by unusual properties. Neutron-halo nu-
clei are structured so that they are two-component objects:
the intrinsic core with normal density is surrounded by a
diffuse region with lower density containing only valence
neutrons. As a result, the exotic nuclei possess dimensions
much larger than those of “ordinary” nuclei with the same
mass number. Among the most spectacular examples of such
nuclei are the one-neutron-halo isotopes 11Li and 11Be, in
the ground states of which the average distance between
valence neutron and the center of the nuclear core can reach
up to 7 fm and even 8 fm [5,6], that is, about three times
larger than the rms radii of their stable isotopes. It should
be particularly emphasized that the halo phenomenon has a
universal character appearing not only in the ground states
of exotic nuclei but in the excited states of normal nuclei
[7–10]. Nevertheless, sufficiently precise and rigorous defi-
nitions of halos should be applicable irrespective of whether
a halo is formed in the ground or excited state. Following
Refs. [11–15] the halo state is characterized by (i) a large
probability for finding a cluster component in the total many-
body wave function and (ii) a large spatial extension imply-
ing that more than half of the probability should be in the
classically forbidden region outside the outer classical turning
point.

These are quite strict requirements, and it is important to
answer the question of whether realistic halos satisfy to these
criteria and how the halo features appear in less developed
halos. The problem of halos in the excited states is related
to the search for enlarged radii of nuclei in the short-lived
excited states located close to and above the particle-emission
threshold (the so-called size isomers). Considerable advances
in this area have been made recently (see, e.g., Ref. [16] and
references therein).

The 12B nucleus is the only odd-odd nucleus in whose
excited states neutron halos were detected [17]. The low-lying
states of 12B with negative parity are formed owing to the
fact that the last neutron is brought into the 2s shell, and this
fact contributes to the formation of a halo. The doublet of the
1.67-MeV 2− and 2.62-MeV 1− states possesses this
structure. The states are located at 1.70 and 0.75 MeV,
respectively, below the 12B + n threshold. Liu et al. [17]
were the first to report the observation of halos in these
excited states of 12B in (d, p) reactions on 11B measured at
11.8 MeV, which they analyzed by the method of asymptotic
normalization coefficients (ANC). The existence of neutron
halos in these states is not only of certain astrophysical
interest [18], but also has significance for the problem of
appearance of halos as a whole. Application of the ANC
theory [19–23] to peripheral reactions on light nuclei is
especially adequate for determining the radii of halos [17,24].
In actual practice, the ANC theory is widely used to obtain
spectroscopic and astrophysical information [25–29].

The 3.39-MeV 3− state of 12B located in the continuum
spectrum (only 20 keV above the neutron emission threshold)
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is of particular interest. The valence neutron in this state
falls into the 1d shell. Note that the 3.39-MeV 3− state is
a sufficiently long-lived state, because its half-life is much
greater than the characteristic nuclear time (an average flight
time of the last neutron in its orbit in the nucleus), τ1/2 � τfl.
The ratio τ1/2/τfl for this state is about 6 × 104 (the width
of the state is � = 3.1 eV and the time of flight for a
distance of about 6 fm by a neutron with energy 20 keV is
approximately equal to 103 fm/c), which evidently satisfies
the requirement to treat this state as a long-lived one. Note
that the ratio τ1/2/τfl for the 3.39-MeV 3− state is substantially
greater than that, for example, for the 1/2+, 5/2+, 3/2+ states
belonging to the rotational bands of the 9Be and 11Be nuclei,
in which neutron halos were revealed [16]. A factor that can
prevent halo formation in the 3.39-MeV 3− state is the high
centrifugal barrier for the ln = 2 orbital. An observation of
the anomalously large neutron radius in this state comparable
with those in the 1.67-MeV 2− and 2.62-MeV 1− states would
indicate that the 3.39-MeV 3− state can be a candidate for
a neutron-halo state. Calculation of the neutron radius in the
unbound 3.39-MeV 3− state is possible, if we use the effective
small positive binding energy of the valence neutron, taking
into account the proximity of this state to the neutron emission
threshold and its sufficiently long half-life.

Another important reason for interest in studying neutron
halos in the excited states of 12B is related to the fact that
12B belongs to the isospin triplet including additionally the
12C and 12N nuclei. The measured 12B and 12N spectra
are very similar and their low-lying levels correspond to
the one-particle–one-hole shell-model configurations [30,31].
One can expect that excited states with halos can also appear
in other nuclei of this triplet. In particular, a proton halo
presumably can exist in the isobar-analog states of 12N with
spin-parities 1− and 2−. Unfortunately, the proton-emission
threshold in 12N is located only 0.60 MeV above the ground
state (g.s.), which hinders application of the ANC method for
direct calculation of the radii of 12N in the excited states.
The relationship of the ANCs for the g.s. of mirror nuclei
was established in Refs. [32,33]. Thus the radii of 12B in the
halo states that will be presented in this paper are useful in
estimating the radii of the nuclei with A = 12 determined by
other methods. It should be mentioned in this connection that
a possibility to apply the modified diffraction method (MDM)
[34–36] for determining the radii of nuclei in the excited
states by studying the charge-exchange (3He, t ) reactions was
recently proposed [37]. The first applications of MDM to the
mirror states of 13C and 13N nuclei [37] have demonstrated the
effectiveness of this new approach.

In this paper, new data for the 11B(d, p) 12B reaction at
deuteron energy 21.5 MeV are reported. The differential cross
sections are measured for the g.s. and five excited states of
12B. The data are analyzed by the statistical compound nu-
cleus (CN) model and the coupled-reaction-channels (CRC)
method for direct neutron transfer. The main goal of the work
is to determine the radius of 12B in the studied states by the
ANC method. Particular attention is paid to the 3.389-MeV 3−
state to answer the question of whether there exists a neutron
halo in this state formed by the valence neutron occupying
the l = 2 orbital. The new data for other bound excited states

FIG. 1. A proton spectrum from the 11B(d, p) 12B reaction at 18◦

(c.m.) with the excitation of 12B states up to Ex ≈ 3.5 MeV.

of 12B, acquired at an appreciably higher energy than in
Ref. [17], are also of undoubted interest. Preliminary results
were previously reported in the conference paper Ref. [38],
but only included a sketchy outline of the preliminary calcula-
tions. The present work presents complete measured data and
a more thorough analysis using two different reaction models.
It includes also a summary of the recent data concerning neu-
tron halos in the excited states obtained by different methods.

The paper is organized as follows: Sec. II describes the
experimental setup and the results of the measurements. The
theoretical analysis within the Hauser-Feshbach formalism
of the statistical CN model and the CRC method for direct
neutron transfer is presented in Sec. III. The deduced spectro-
scopic factors (SFs), the ANCs, and the last neutron rms radii
of 12B in the excited states are presented in Sec. IV. In Sec.
V, we discuss the results and compare the rms and halo radii
of some light nuclei possessing neutron halos in the excited
states. The conclusions are summarized in Sec. VI.

I. EXPERIMENTAL PROCEDURE AND RESULTS

The measurements were conducted at the University of
Jyväskylä (Finland) using the K130 cyclotron to produce a
deuteron beam at Ed = 21.5 MeV. The 150 cm diameter Large
Scattering Chamber was equipped with four �E-E detector
telescopes, each containing two independent �E detectors
and one common E detector. So each device allowed carrying
out measurements at two angles. The measurements in c.m.
angular range 10◦ were conducted in one exposure. The
differential cross sections of deuteron elastic scattering and
the (d, p) reaction on 11B were measured in the c.m. angular
range 5◦–85◦. A self-supported 11B foil of 0.275 mg/cm2

thickness was used as a target. The beam intensity was about
20 particle nA.

It should be mentioned that, before starting measurements,
an additional beam monochromatization was done, which
made it possible to diminish beam energy spreading up to
three times and obtain a total energy resolution about 70 keV.
In Fig. 1 a sample proton spectrum from the 11B(d, p) 12B
reaction at 18◦ (c.m.) showing the excitation of 12B states up to
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σ
Ω

FIG. 2. Deuteron elastic-scattering CRC calculation (solid line)
compared with the d + 11B elastic scattering cross section at
21.5 MeV measured in the present work (points).

Ex ≈ 3.5 MeV is presented. Carbon (12C) and oxygen (16O)
were the only impurities in the target, so peaks for excited
states of 13C and 17O are also seen. All peaks are distinct
and are well separated. The beam monochromatization made
possible a separation of the neighboring 2.62-MeV 1− and
2.72-MeV 0+ states of 12B.

A standard expansion method was employed to obtain
cross sections: the spectrum peaks were fitted with a Gaussian
shape. The peak positions and widths were fixed in accor-
dance with the world-average values, and the area under the
peak was the only free parameter.

Proton angular distribution for the g.s. and five first ex-
cited states of 12B:, 0.95-MeV 2+, 1.67-MeV 2−, 2.62-MeV
1−, 2.72-MeV 0+, and 3.39-MeV 3−, were measured. The
resulting differential cross sections for the elastic deuteron
scattering and the 11B(d, p) 12B reaction are presented in
Figs. 2–5.

II. THEORETICAL ANALYSIS

A. Elastic scattering analysis

The first step of the analysis includes choosing the reason-
able optical potentials (OPs) to fit the experimental elastic-
scattering angular distribution. The effective potentials are
represented by the OPs of the standard form:

V(r ) = VCoul(r ) − V0f0(r ) + Vs.o.

(
h̄

mπc

)2

2(L · s)

× 1

r

d

dr
fs.o.(r ) − i

[
W − 4WD

d

dr

]
fW (r ), (1)

fi (r )=
{

1+ exp
[(

r−riA
1/3
T

)/
ai

]}−1
, i =0, s.o., and W,

(2)

with the real, spin-orbital, and imaginary components, re-
spectively. The Coulomb interaction is represented by the
VCoul(r ) potential of a uniformly charged sphere of radius
RC = rCA

1/3
T .

Parameters of the OP used for the d + 11B channel at
21.5 MeV are chosen based on the global parametrization
presented in Refs. [39,40] and taking into account the elastic
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FIG. 3. Proton angular distributions from the 11B(d, p) 12B reac-
tion populated the 1+ ground state and the first excited 0.95-MeV 2+

state of 12B at Ed = 21.5 MeV (points). The curves corresponds to
the CRC (dotted lines) and CN (dashed lines) calculations, and their
incoherent sum (solid lines).

scattering and reaction coupling effect. The final sets of pa-
rameters (see Table I) correspond to the best fit of the elastic-
scattering data obtained. Parameters of the OPs describing the
p + 12B interaction at 17–21 MeV and the p + 11B interaction
at half of the proton energy are calculated based on the global
parametrization presented in Ref. [41] and taking into account
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FIG. 4. The same as in Fig. 3, but for the second excited
1.67-MeV 2− state and the third excited 2.62-MeV 1− state of 12B.
The dash-dotted lines correspond to the CRC calculations with the
standard geometric parameters r0 = 1.35 fm and a0 = 0.65 fm.
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FIG. 5. The same as in Fig. 3, but for the fourth excited
2.72-MeV 0+ state and the fifth excited 3.39-MeV 3− state of 12B.
The dash-dotted lines correspond to the CRC calculations with the
standard geometric parameters r0 = 1.35 fm and a0 = 0.65 fm.

corresponding energy dependence of the parameters V0, WD ,
r0, rWD

, and rs.o..
Figure 2 shows the angular distribution of deuterons scat-

tered from 11B at a deuteron laboratory energy of 21.5 MeV.
The result of the CRC elastic-scattering calculation (solid
line) is depicted in comparison with the measured data (cir-
cles). Parameters of the OPs presented in Table I are used
for the reaction cross section calculations in the CRC and CN
models.

B. Compound-nucleus analysis

The Hauser-Feshbach formalism of the statistical CN
model is applied to carry out the compound-nucleus analysis
of the 11B(d, p) 12B reaction. The results obtained with the
code CNCOR [42] are shown in Figs. 3–5 (dashed lines) in
comparison with the experimental differential cross sections.
For the total width calculations, we take into account the
decay into three main channels (p, n, and d) with the contribu-
tion from the levels located in the discreet (about 20–30 levels)
and continuum spectra. The continuum spectrum contribution
is calculated with standard parameters: the density level pa-
rameter a = A/6.52, the paring energy parameter D = 1.509,
and the yrast-line-cutoff coefficient y = 0.157.

The analysis showed that the CN mechanism provides less
than 1% of the cross section values at forward angles and
manifests itself only at medium angles �c.m. > 60◦ in the
minima of the cross sections. This result supports a conjecture
about a predominate role of the transfer mechanisms in this
reaction at given energy.

C. Coupled-reaction-channels analysis

We performed CRC calculations of the 11B(d, p) 12B
reaction, implying a finite-range one-neutron direct transfer
mechanism, by using the code FRESCO [43]. The CRC method
includes couplings between elastic scattering and direct trans-
fer, thus bringing the calculations into agreement with the
data.

The one-neutron direct transfer mechanism in the post rep-
resentation relies on the interaction potential Vnp + Up+11B −
Up+12B, where Vnp is the deuteron binding potential and
the full complex remnant term Up+11B − Up+12B represents
the effective interactions (optical potentials, here) for the
p + 11B and p + 12B channels. The distorted-wave Born ap-
proximation (DWBA) amplitude of the 11B(d, p) 12B reac-
tion corresponds to the direct stripping mechanism 2H(Id ) +
11B(IA) → [p(sp ) + n(sn)] + 11B(IA) → p(sp ) + 12B(If ).
We use a two-body potential model, where the exact overlap
function is approximated by the model single-particle (sp)
wave function, the radial part ϕAn,lj (r ) of which is found
as the eigenfunction of a core-neutron interaction potential
VAn(r ) corresponding to the eigenvalue of the binding energy
εAn.

The proton-neutron sp overlap wave function in the
deuteron, ϕpn,l=0,j=1/2(r ), with orbital angular momentum
l = 0 (we suppose that the d-wave part of the deuteron wave
function can be neglected in the cross-section calculations)
is generated by the proton-neutron potential of a Gaus-
sian form, Vpn(r ) = −72.15 exp[−(r/1.484)2] MeV with the
ANC Cpn,l=0,j=1/2 = 0.87 fm−1/2 and the SF Spn = 1.

For each state of 12B we use the Woods-Saxon potentials
V11Bn(r ) with varying radii and diffuseness parameters, the
strengths of which are adjusted to fit the neutron binding
energy in given state. The normalized sp overlap 11B + n
wave function ϕ11Bn,nr lj (r ) generated by the V11Bn(r ) potential
describes the relative motion of a core 11B and a valence neu-
tron in the specific state of 12B characterized by the principle
quantum number nr , orbital l2, and total j2 angular momenta,
which satisfy the angular-momentum coupling scheme (see,
e.g., [21])

j1 = sn + l1, Id = j1+ sp ,

j2 = sn + l2, If = j2 + IA,

L = j1 +j2 = l1 +l2. (3)

Here L is the transferred angular momentum, and l1 and l2 are
the orbital angular momenta of the neutrons in the deuteron
and 12B, respectively; j1 and j2 are the total neutron angular
momenta in the deuteron and 12B. The quantum numbers of
the last neutron in the ground and excited states of 12B are
shown in Table II.

Optimal sets of the geometric parameters of the 11B + n
interaction potentials giving the best fit to the data for different
states are shown in Table II. CRC transfer calculations (dotted
lines) are shown in Figs. 3–5. The solid curves represent the
incoherent sum of the cross sections calculated in the CN and
CRC models. The figures show that the calculations reproduce
the proton angular distributions very well.
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TABLE I. Parameters of the optical model potentials for the elastic scattering and 11B(d, p0) 12B reaction calculations.

Channel V0

(MeV)
r0

(fm)
a0

(fm)
W

(MeV)
rW

(fm)
aW

(fm)
WD

(MeV fm)
rWD

(fm)
aWD

(fm)
Vs.o.

(fm)
rs.o.

(fm)
as.o.

(fm)
rC

(fm)

d +11B 80.8 1.180 0.75 0.4 1.35 0.63 8.0 1.30 0.85 6.0 1.05 1.10 1.3
p +12B 55.0 1.125 0.57 0. 6.5 1.125 0.5 5.5 1.125 1.05 1.125
p +11B 53.0 1.123 0.57 0. 6.6 1.123 0.5 5.5 1.123 1.05 1.123

The phenomenological or experimental SFs Sexpt are de-
termined as a ratio of the observed cross section to that
calculated by an appropriate theoretical method. Their values
are usually compared with theoretical SFs Sth, which by a
general definition (see, e.g., Refs. [21–23]) are the square
norm of the overlap function of two cluster configurations.
In the framework of a cluster approach, the overlap function
is a model-independent characteristic of a nucleus and gives
a probability of the total wave function of the nucleus to be
composed of the wave functions of two clusters. The overlap
function is not an eigenfunction of the Hermitian Hamiltonian
and is not normalized to unity. Phenomenological SFs are
also relative and are not normalized to unity. Theoretical
SFs were introduced in the shell-model formalism and, for
the nucleon transfer reactions, measure a degree of single-
particle occupancy of a state [21–23]. Thus according to the
halo criterion [11–15] mentioned above, halo candidates are
expected to have large spectroscopic factors.

The structure of the low-lying levels of 12B is usually
considered in terms of the shell model and corresponds to
the one-particle–one-hole shell-model configurations [30,31]
exhibiting a very low degree of fragmentation of the sp

strength. Thus the last neutron occupies the 1p orbital in the
ground state, the 2+ state, and the 0+ state of 12B. For other
studied states of 12B, the last neutron is localized in the 2s and
1d shells. The only shell-model orbital is available for the last
neutron to form the 0+ and 3− states of 12B: 1p1/2 and 1d5/2,
respectively. It is reasonable to assume that a large probability
of finding a neutron sp component in the total many-body
wave function is connected with a high degree of peripherality
of this neutron transfer reaction.

The transition amplitude for neutron transfer contains a co-
herent summation over the angular momenta j1, l1, j2, l2, L,
and the interference between partial amplitudes can have a
pronounced effect on the final cross sections. According to
Table II, all transitions, such as to the ground state and to
the excited states of 12B as well (with the exception of the
2.72-MeV 0+ state), are characterized by definite sets of the
neutron angular momenta, that is why in Table II we show
the amplitudes �

12B→12B+n
l2j2If

of the SFs (the reduced widths)
and also the SFs. The reduced widths are determined by com-
paring the experimental and model differential cross sections
calculated with different V11Bn potentials. Our calculations
show that the 11B + n wave functions do not depend on the

TABLE II. The excitation energies, spin-parities, neutron binding energies, geometric parameters of the 11B + n interaction potential, sp
quantum numbers (the principle quantum number, orbital, and total angular momenta), sp ANCs, reduced widths, and spectroscopic factors
for the states of 12B.

Ex

(MeV)
J π

f εn

(MeV)
r0

(fm)
a

(fm)
n2l2j2 bn2 l2

(fm−1/2)
�

expt
n2 l2j2

S
expt
n2 l2j2

0.0 1+ 3.37 1.35 0.65
1 1 1/2
1 1 3/2

1.37
0.37
0.75

0.14
0.55

0.95 2+ 2.42 1.35 0.65

1 1
1/2
3/2

3 1
1/2
3/2

3 3
5/2
7/2

1.03
1.03

−1.45
−1.45

0.10
0.10

0.23
0.56
0.42
0.05
0.05
0.0

0.05
0.31
0.18

0.0025
0.0025

0.0

1.67 2− 1.69 1.85 0.80
2 0 1/2
2 2 3/2
2 2 5/2

−2.22
0.43
0.43

0.575
0.115
0.115

0.33
0.013
0.013

2.62 1− 0.75 1.85 0.90
2 0 1/2
2 2 3/2
2 2 5/2

−1.32
0.18
0.18

0.79
0.024
0.024

0.63
6 × 10−4

6 × 10−4

2.72 0+ 0.65 1.75 0.65 1 1 3/2 0.45 0.34 0.113

3.39 3− 0.01a 1.75 0.80
2 2 3/2
2 2 5/2

0.002
0.002

0.0
0.50

0.0
0.25

aWe use the effective positive binding energy of a valence neutron, whereas this state belongs to the continuum spectrum with εn =
−0.019 MeV.
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total spin j2, because the interaction 11B + n potential does
not account for the spin-orbital interaction. In the result, the
transfer amplitudes, which are characterized by two j2 values
complying with the angular-momentum coupling scheme (3)
at the same (n2l2) subshell, are added incoherently, and the
spectroscopic factors S

expt
n2l2

for this subshell are calculated as

the incoherent sum of squares of the reduced widths �
expt
n2l2j2

.
The experimental neutron SFs Sexpt(12B → 11B + n) for all
states studied are shown in Tables II and III.

Note that parameters of the 11B + n interaction potential
generating the sp overlap 11B + n wave function affect not
only the SFs, but also the magnitudes and positions of maxima
and minima of the proton angular distributions. As can be
seen in Table II, in the g.s. and the 0.95-MeV 2+ state,
the geometric parameters have nearly standard values. How-
ever, those for the higher excited states have enlarged values
(in comparison with the standard ones), r0 = 1.7–1.85 fm
and a0 = 0.80–0.95 fm. Furthermore, the calculations with
smaller geometric parameters fail to reproduce the shapes
of the experimental proton angular distributions for these
states. In Figs. 4 and 5, by way of illustrations, we show
(by dashed-dotted lines) the cross sections of this reaction
populating the 1.67-MeV 2−, 2.62-MeV 1−, 2.72-MeV 0+,

and 3.39-MeV 3− states that are calculated with the standard
geometric parameters r0 = 1.35 fm and a0 = 0.65 fm. One
can see that the agreement of these calculations with the
data is significantly worse. Using the enhanced geometric
parameters in our calculations should not create confusion,
because their increase, in general, characterizes an increase
of the neutron-core interaction range and conforms with the
enlarged radius of the neutron wave function in the higher
excited states.

The 3.39-MeV 3− state is situated in the continuum spec-
trum lying 0.019 MeV above the neutron-emission threshold.
Nevertheless, in view of the small positive energy and the
structure of the proton angular distribution being similar to
those of the preceding bound states, we used the effective pos-
itive small (0.01 MeV) binding energy of the valence neutron.

The values of the neutron SFs and ANCs deduced via
our CRC and CN analysis are shown in Table III in com-
parison with the results obtained by the DWBA analysis of
the 11B(d, p) 12B reaction in Refs. [17,44,45]. One can see
that the SF for the 1+ g.s. is in perfect agreement with the
values reported earlier [44,45], as well as for the first excited
0.953-MeV 2+ state when a sum over two possible (n2l2)
orbitals is taken into account. For the higher excited states,
the extracted S

expt
n2l2

are found, in general, to be smaller in
comparison with the previous results, which is related to the
enlarged geometric parameters of the interaction sp potential
that allowed us to reach a more detailed fit of the data. Note
that the DWBA analyses performed in Ref. [44] were carried
out in the zero-range approximation, assuming that only a
single j2 value of the transferred neutron contributes to each
cross section. The DWBA calculations realized in Ref. [45]
to describe the angular distribution data for the 11B(d, p) 12B
reaction in the inverse kinematics cover a very restricted
angular interval θc.m. = 8◦–28◦, where the uncertainty in the
SF determination is rather large.

A decrease of the SFs for the 2.72-MeV 0+ and the
3.39-MeV 3− states (in comparison with the lower ones)
indicates that a degree of the sp shell occupancy for the
last neutron in these states is smaller than in the lower
states.

III. ANC AND LAST NEUTRON RMS RADIUS
CALCULATIONS

Neutron-transfer reactions with light nuclei are mainly
peripheral; that is, they are actually sensitive only to the
surface part of the neutron-core potential. Numerous studies
have shown (see, e.g., Refs. [19–21] and references therein)
that for the peripheral direct nuclear reactions the combination
S

expt
lj (B → A + v)b2

Av,lj , which can be found from an appro-
priate theoretical analysis of the data, is almost constant or
only weakly depends on the model parameters, contrary to the
behavior of S

expt
lj and the sp ANC bAv,lj separately, which are

obviously model dependent. Following Ref. [19], let us define
the model-independent ANC as the product of a square-root
of the SF S(B → A + n) (the reduced width �B→A+n

l2j2If
) and

the sp ANC bAn,lj

CAn,l2j2If
= �B→A+n

l2j2If
bAn,l2j2If

. (4)

Calculations of the ANCs accordingly to Eq. (4) with dif-
ferent sp wave functions enable us to answer the question
of whether there exist states in 12B that are formed due to
the peripheral neutron transfer reactions. We can assume that
the 11B(d, p) 12B reaction at Elab = 21.5 MeV, populating all
studied states of 11B, exhibits well the features of a peripheral
process. A criterion of peripherality of this reaction is the
persistence of C

expt
An,lj in a number of cross-section calculations

with different sp wave functions. The extracted ANC values
shown in Table III differ from their averaged values no more
than by 5% under reasonable changes of the sp potential pa-
rameters; i.e., the peripherality criterion is rather well fulfilled.

The ANC values found in our analysis are shown in
Table III. For the 1+ g.s., 1.67-MeV 2−, and 2.62-MeV 1−
states they agree well within the error bars with those reported
by Liu et al. [17]. Additionally, we deduced ANCs for the
0.95-MeV 2+ and 2.72-MeV 0+ states of 12B.

It was already mentioned that, in the sp approximation, the
exact overlap function is approximated by the two-body sp
wave function. Thus the rms neutron radius Rn is approxi-
mately determined by the rms radius

√
〈r2〉 of the sp neutron

wave function (see, for instance, Eq. (13) in Ref. [24]).
Samples of the sp overlap neutron wave functions ϕn2l2j2 (r )
for all studied states of 12B are presented in Figs. 6 and 7
in comparison with the asymptotic parts of the corresponding
Hankel functions ik11Bnhl (ik11Bnr ). The sp functions ϕ11Bn(r )

are multiplied by (Sexpt
n2l2

)
1/2

and the Hankel functions are

multiplied by C
expt
11Bn

. Figures 6 and 7 illustrate the coincidence
of the asymptotic behavior of the sp and Hankel functions
beyond RN ≈ 5 fm for all states except the 1− state, for which
RN ≈ 5.5 fm.

In accordance with a rigorous definition of a halo, it is
assumed that the halo nucleon would spend about 50% of the
time outside the range of the core potential [11–15,46]. This
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TABLE III. Summary of the neutron spectroscopic factors, asymptotic normalization coefficients, rms neutron radii, and D1 and D2

coefficients for the states of 12B.

Ex

(MeV)
J π

f n2l2 S
expt
n2 l2

C
expt
11Bn

(fm−1/2)

(
C

expt
11Bn

)2

(fm−1)

Rn

(fm)
D1

%
D2

%
Ref.

0.0 1+ 1 1 1.16 ± 0.10 1.35 ± 0.23 3.16 ± 0.32 19.9 70.2 [17]
0.69 [44,45]
0.69 1.15 ± 0.06 1.31 ± 0.13 3.55 ± 0.20 11 57 this work

0.95 2+ 1 1 0.55/0.56 [44,45]
1 1
3 1

0.36
0.18

0.62 ± 0.03
−0.62 ± 0.03

0.38 ± 0.04
0.38 ± 0.04

3.8 ± 0.2
4.5 ± 0.2

14
27

64
77

this work

1.67 2− 1.34 ± 0.12 1.80 ± 0.43 4.01 ± 0.61 53.6 91.9 [17]
0.57 [44,45]

2 0
2 2

0.33
0.026

−1.28 ± 0.06
0.07

1.63 ± 0.16
0.005

5.9 ± 0.3
4.7 ± 0.2

53
28

94.5
77

this work

2.62 1− 0.94 ± 0.08 0.88 ± 0.15 5.64 ± 0.90 66.8 96.3 [17]
2 0 0.75 [44,45]
2 0 0.63 −1.05 ± 0.05 1.10 ± 0.10 7.4 ± 0.4 62 95.6 this work

2.72 0+ 1 1 0.21 [44,45]
1 1 0.113 0.15 ± 0.01 0.023 ± 0.002 5.5 ± 0.3 37 86 this work

3.39 3− 0.5 [44,45]
2 2 0.25 5.9 ± 0.3 39 87 this work

is a sufficiently strict requirement, whereas there are many
“real halos” that are large, but have up to 50% of the neutron
wave function remaining within the potential well [14]. Also,
less developed halos and halo-like states do not exactly fulfill
this criterion. To calculate this probability quantitatively, a
coefficient D1(RN) estimating the weight of the asymptotic

0 5 10 15

-0.2

0.0

0.2

-0.1

0.0

0.1

0.0

0.1

0.2

 1.67 MeV  2−

r(fm)

(n,l) = (3,1)
(n,l) = (1,1)

r = 1.35 fm a = 0.65 fm

C
An

ik
An

h lj;  
 S

1/
2 ϕ

An
(fm

-3
/2

)

0.95 MeV  2+

r = 1.85 fm  a = 0.80 fm

r = 1.35 fm  a = 0.65 fm

12B , g.s. 1+

r(fm)

FIG. 6. Examples of the radial sp neutron wave functions ϕn2 l2 (r )
multiplied by (Sexpt )1/2 for the 1+ g.s., the first excited 0.95-MeV 2+

state, and the second excited 1.67-MeV 2+ state of 12B (solid and
dashed lines) in comparison with the asymptotic parts of the cor-
responding Hankel functions ik11Bnhl (ik11Bnr ) multiplied by C

expt
11Bn

(dotted lines).

part of the wave function is introduced,

D1(RN) =
∫ ∞
RN

ϕ2
An,lj (r )r2dr∫ ∞

0 ϕ2
An,lj (r )r2dr

=
∫ ∞

RN

ϕ2
An,lj (r )r2dr, (5)

-0.2

0.0

0.2

0.4

0 5 10 15
0.00

0.05

0.10

0.05

0.10

r = 1.75 fm  a = 0.8 fm

r = 1.75 fm  a = 0.65 fm

12B, 2.62 MeV 1−

r = 1.85 fm  a = 0.9 fm

3.39 MeV 3−

2.72 MeV 0+

C
An

ik
An

h lj;  
 S

1/
2 ϕ

An
(f

m
-3

/2
)

r(fm)

FIG. 7. The same as in Fig. 6, but for the third excited 2.62-MeV
1− state, the fourth excited 2.72-MeV 0+ state, and the fifth excited
3.39-MeV 3− state of 12B.
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as well as a coefficient D2(RN) estimating the contribution of
the asymptotic part of the wave function to the rms radius,

D2(RN) =
(∫ ∞

RN
r4ϕ2

An,lj (r )dr∫ ∞
0 r4ϕ2

An,lj (r )dr

)1/2

=
(∫ ∞

RN

r4ϕ2
An,lj (r )dr

)1/2/
Rn. (6)

The main problem appearing here is a correct definition of
the channel radius RN. We will associate RN with the distance
where the sp neutron wave function gets out to the asymptotic
region and coincides with the Hankel function. Then in the g.s.
and all excited states, the channel radius RN is 5 fm, with ex-
ception of the 2.62-MeV 1−, for which RN = 5.5 fm is used.

IV. DISCUSSION

Let us discuss the results presented in Table III.
Our calculations show that the rms radii of the last neutron

in all excited states under consideration are greater than that in
the g.s. of 12B. Specifically, in the 2.62-MeV 1− state, the ra-
dius is more than two times greater than the rms neutron radius
in the g.s. The large values of D1 and D2 coefficients, 62%
and 96%, respectively, determined for this state, along with
the enormous neutron rms radius, Rn(1−) = 7.4 ± 0.4 fm,
undoubtedly indicate that the 2.62-MeV 1− state possesses a
neutron halo with the halo radius Rh(1−) = Rn(1−).

The 1.67-MeV 2− state evidently can also be considered
as the halo state, with the last neutron spending more than
50% of its time outside the range of the core potential and the
neutron rms radius Rn(2−) = Rh(2−) = 5.9 ± 0.3 fm, which
exceeds that for the g.s. by a factor of 1.7. This result confirms
a conclusion made by Liu and collaborators in Ref. [17]
that the second (1.67-MeV 2−) and third (2.62-MeV 1−)
excited states of 12B are the neutron halo states. Nevertheless,
our analysis indicated that the halo radii in these states are
considerably greater.

In the 2.72-MeV 0+ state located 0.65 MeV below the
neutron-emission threshold, the neutron rms radius is also
found to be enlarged, but is smaller than that in the 1.67-MeV
2− state, Rn(0+) = 5.5 ± 0.3 fm, and D2 = 86%. One can
see that D1 = 37% is less than 50% and the SF S

expt
n2l2

= 0.113
is reduced in comparison with the lower states. We propose the
2.72-MeV 0+ state as a neutron halo-like state, in which the
halo features are beginning to appear and manifest themselves
in the enlarged neutron rms radius.

The most interesting case is concerned with the 3.39-MeV
3− excited state localized only 0.019 MeV above the neutron-
emission threshold. Since this state belongs to the continuum
spectrum, there is no way to correctly calculate its ANC. In
order to determine the radius of 12B in this state, we carried
out the calculation with a very small positive neutron binding
energy (ε = −0.01 MeV) and found that the asymptotic be-
havior of the sp and Hankel functions becomes the same at
the distance about 5.0 fm. Thus, we can determine the rms
radius of the last neutron by determining the rms radius of
the sp wave function. It is found to be Rn = 5.9 fm, which
is equal to the neutron rms radius in the 1.67-MeV 2− state
of 12B and is a factor of 1.7 greater than that for the g.s. The

contribution of the asymptotic part of the wave function to the
rms radius, the D2 coefficient, achieves 87% compared with
92% for the 1.67-MeV 2− state. The neutron transfer reaction
to this state is definitely peripheral, though the weight of the
asymptotic part of the neutron wave function, D1 ,is lower
than 50%, D1 = 39%, and the extracted phenomenological SF
S

expt
n2l2

= 0.25. Thus we propose that the 3.39-MeV 3− excited
state in 12B is a neutron halo-like state with enhanced neutron
radius Rn = 5.9 ± 0.3 fm and the orbital momentum ln = 2
of the last neutron.

Our results confirm the statement above that the halo
phenomenon has a universal character and appears as in
the ground states of exotic nuclei and in the excited states
of normal light nuclei. The enlarged radii obtained in our
work, as well as the respective D1 and D2 coefficients are
emphasized in Table III by bold.

Table IV shows the summary of the neutron halo radii Rh

in the excited states accordingly to the recent data obtained
by different methods, the neutron orbital momenta ln, and the
neutron binding energies εn. The rms radii of nucleus Rrms

in the given state is also shown. A relationship between the
one-neutron halo radius Rh and the rms radii Rrms of the core-
nucleus A and the (A + 1) system proposed by Tostevin and
Al-Khalili in Ref. [47],

(A + 1)[Rrms(A + 1)]2 = A[R rms(A)]2 + [A/(A + 1)]R2
h,

(7)

is used to relate these radii. The rms matter radii of 10Be, 11B,
12C, and 13C are taken to be 2.30, 2.09, 2.35, and 2.28 fm,
respectively, from Ref. [48].

The halo states are characterized not only by the extent
radius of valence neutrons, but also by the enhanced matter
radius of a nucleus itself. This fact is definitely seen from
Table IV, where the halo radii (the last neutron rms radii) and
the rms matter radii of the corresponding nuclei in the excited
states are shown. Note that the rms matter radii of 9Be, 12B,
13C, and 14C in the ground states are adopted as 2.38, 2.39,
2.28, and 2.30 fm, respectively [48].

The existence of neutron halos in the short-lived excited
states of some stable and radioactive nuclei was revealed,
in particular, by the ANC analysis of the neutron-transfer
reactions [17,24,51]. Liu et al. [17] reported the observation
of halos in the first (1/2+, Ex = 3.089 MeV) excited state
of 13C and the second (2−, Ex = 1.674 MeV) and the third
(1−, Ex = 2.621 MeV) excited states of 12B in the (d, p)
reactions on 12C and 11B, respectively. The (d, p) reaction
analysis made in Ref. [51] showed that neutron halos exist
in the first 1− and 0− excited states of the radioactive carbon
isotope 14C. We have shown in Ref. [24] that 11Be possesses
one neuron halo not only in the 1/2+ g.s. (with the halo radius
Rh = 8.0 ± 0.2 fm), but in the first excited 0.32-MeV 1/2−
state as well (with the halo radius Rh = 4.65 ± 0.20 fm).
The much smaller halo radius for the first excited state in
comparison with the g.s. is a consequence of the fact that the
valence neutron has an orbital moment l = 1.

A neutron halo in the 1.68-MeV 1/2+
1 state of 9Be, located

15 keV above the neutron emission threshold, was recently
found by MDM analysis of the α + 9Be inelastic scattering
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TABLE IV. Summary of the rms matter radii and halo radii in the excited states of light nuclei.

Nucleus J π
f , Ex (MeV) Rrms (fm) Rh (fm) ln εn (MeV) Method

9Be 1/2+, 1.68 3.42 ± 0.20 8.2a 1 −0.015 MDM, [16]
11Be 1/2−, 0.32 2.57 ± 0.05 4.65 ± 0.20 1 0.18 ANC, [24]
12B 2−, 1.67 2.29 ± 0.24 4.01 ± 0.61 0 1.69 ANC, [17]

2.58 ± 0.11 5.90 ± 0.30 ANC, this work
1−, 2.62 2.54 ± 0.33 5.64 ± 0.90 0 0.75 ANC, [17]

2.86 ± 0.11 7.40 ± 0.35 ANC, this work
0+, 2.72b 2.51 ± 0.11 5.48 ± 0.30 1 0.65 ANC, this work
3−, 3.39b 2.58 ± 0.11 5.90 ± 0.30 2 −0.019 ANC, this work

13C 1/2+, 3.09 2.40 ± 0.15 5.04 ± 0.75 ANC, [17]
2.72 ± 0.10 5.72 ± 0.16 0 1.86 ANC, [24]
2.74 ± 0.06 5.88 ± 0.40a MDM, [49]

2.68 5.47 OCM, [50]
14C 1−, 6.09 2.49 ± 0.11 4.57 ± 0.30 0 2.08 ANC, [51]

1−, 6.90 2.65 ± 0.12 5.78 ± 0.36 0 1.27 ANC, [51]

aRh is calculated from the corresponding Rrms value by Eq. (7).
bThe halo-like state.

at various energies [16,52,53]. The halo structure observed
in this state is formed by a valence neutron occupying the p
orbital, similar to that observed in the first excited state of
11Be. The 9Be nucleus in the 3.053-MeV 5/2+ and 4.70-MeV
3/2+ states and 11Be in the 1.78-MeV 5/2+ and 3.41-MeV
3/2+ states provide other very possible candidates to possess
neutron halos in the unbound states [49,53].

Table IV shows that the neutron halos in the excited states
of light nuclei possess the same properties as neutron halos
in the ground states of exotic radioactive nuclei: (1) location
of the corresponding states below neutron emission thresholds
and close to them, and (2) occupation of the s orbital by the
valence neutron. In addition, halos in the excited states have
new properties: (3) existence of halos as in the discrete and in
the continuum spectra as well, and (4) possession also of the
nonzero orbital momenta ln = 1 and 2.

Exotic states of light nuclei are not limited by the neutron-
halo structures. Very recently the observation of a proton halo
in the unbound 2.37-MeV 1/2+ state of 13N, a mirror state
with respect to the 3.09-MeV state of 13C, was reported [37].
The enhanced rms radius of 13N in this state (in comparison
with the g.s. radius equal to 2.31 fm) was found to be equal
to 2.91 ± 0.14 fm. This value is closed to the radius of 13C
in the mirror 3.09 MeV state (its estimates ranges from 2.7 to
2.9 fm, as shown, for instance, in Ref. [24]).

V. CONCLUSIONS

In recent years a considerable amount of research has been
realized on neutron- and proton-transfer reactions, both in
the traditional kinematics with stable and radioactive beams
on light targets and in the inverse kinematics, especially
with radioactive targets. The obtained data contain relevant
astrophysical and spectroscopic information about neutron
and proton single-particle states of nuclei. Many of these
reactions are proved to have a peripheral character and can be
used for extracting the ANCs and estimating the last neutron
and proton radii, including radii of nuclei in the short-lived

excited states. In our paper, we measured the differential
cross sections of the 11B(d, p) 12B reaction at Ed = 21.5 MeV
populating the 1+ ground state and the 0.95-MeV 2+,
1.67-MeV 2−, 2.62-MeV 1−, 2.72-MeV 0+, and 3.39-MeV
3− excited states. The analysis of the data at θc.m. 	 5◦–85◦
was carried out within the coupled-reaction-channels method
for the direct neutron transfer and the Hauser-Feshbach for-
malism of the statistical compound-nucleus model. The spec-
troscopic factors, asymptotic normalization coefficients, and
rms radii of the last neutron in all states studied were deduced.
The existence of neutron halos in the 1.67-MeV 2− and
2.62-MeV 1− states was found, consistent with the earlier
published data. The large neutron rms radius (5.5 ± 0.3) was
found for the 2.72-MeV 0+ state located 0.65 MeV below
the neutron-emission threshold. This state can be consid-
ered as a neutron halo-like state with the orbital momentum
ln = 1. New information was obtained about the enlarged
rms radius (5.9 fm) of the last neutron in the unbound
3.39-MeV 3− state of 12B, which also can be identified
as a neutron halo-like state with the orbital momentum
ln = 2 of the last neutron. Estimates of the matter radii of
nuclei possessing halo states revealed their enhanced sizes as
well.

The results presented in this paper for the radii of 12B
in the halo states can be useful for determining the radii of
the nuclei with A = 12 by other methods, which, in particu-
lar, employ charge-exchange reactions to the isobaric analog
states located above the nucleon-emission threshold.
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