JYVASKYLAN YLIOPISTO
H UNIVERSITY OF JYVASKYLA

This is a self-archived version of an original article. This version
may differ from the original in pagination and typographic details.

Author(s): Bjorn, Anders; Bjorn, Jana; Gianazza, Ugo; Siljander, Juhana

Title: Boundary Regularity for the Porous Medium Equation

Year: 2018

Version: pyblished version

Copyright: © The Author(s) 2018

Rights: ccya.0
Rights url: https://creativecommons.org/licenses/by/4.0/

Please cite the original version:

Bjorn, A., Bjorn, J., Gianazza, U., & Siljander, J. (2018). Boundary Regularity for the Porous
Medium Equation. Archive for Rational Mechanics and Analysis, 230(2), 493-538.
https://doi.org/10.1007/s00205-018-1251-3



Arch. Rational Mech. Anal. 230 (2018) 493-538
Digital Object Identifier (DOI) https://doi.org/10.1007/s00205-018-1251-3

@ CrossMark

Boundary Regularity for the Porous Medium
Equation

ANDERS BIORN®, JANA BIORN®, UGO GIANAZZA® &
JUHANA SILJANDER

Communicated by P. -L. LIONS

Abstract

We study the boundary regularity of solutions to the porous medium equation
u; = Au™ in the degenerate range m > 1. In particular, we show that in cylin-
ders the Dirichlet problem with positive continuous boundary data on the parabolic
boundary has a solution which attains the boundary values, provided that the spatial
domain satisfies the elliptic Wiener criterion. This condition is known to be optimal,
and itis a consequence of our main theorem which establishes a barrier characteriza-
tion of regular boundary points for general—not necessarily cylindrical—domains
in R"*!. One of our fundamental tools is a new strict comparison principle between
sub- and superparabolic functions, which makes it essential for us to study both
nonstrict and strict Perron solutions to be able to develop a fruitful boundary reg-
ularity theory. Several other comparison principles and pasting lemmas are also
obtained. In the process we obtain a rather complete picture of the relation between
sub/superparabolic functions and weak sub/supersolutions.

1. Introduction

Let ® be a bounded open set in a Euclidean space and for every f € C(00)
let u ¢ be the solution of the Dirichlet problem with boundary data f for a given
partial differential equation. Then a boundary point &y € 0@ is regular if

Gl us(©) = fE) forall f € CGO),

i.e. if the solution to the Dirichlet problem attains the given boundary data contin-
uously at &, for all continuous boundary data f.
In this paper, we characterize regular boundary points for the porous medium
equation
ou = Au™ (1.1)
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in terms of families of barriers, in the so-called degenerate case 1 < m < oo, and
for general (not necessarily cylindrical) domains. To our knowledge, Abdulla [1,2]
is the only one who has studied the Dirichlet problem for the porous medium
equation in noncylindrical domains.

The characterization of regular boundary points for different partial differential
equations has a very long history. Poincaré [40] was the first to use barriers, while
Lebesgue [33] coined the name. At that time, barriers were used to study the solv-
ability of the Dirichlet problem for harmonic functions, a question that was later
completely settled using, e.g., Perron solutions. In 1924, Lebesgue [34] character-
ized regular boundary points for harmonic functions by the existence of barriers.
The corresponding characterization for the heat equation was given by Bauer [8] in
1962, but barriers had then already been used to study boundary regularity for the
heat equation since Petrovskii [39] in 1935; see the introduction in [11] for more
on the history of boundary regularity for the heat equation.

Coming to nonlinear parabolic equations of degenerate and singular types,
the potential theory for p-parabolic equations was initiated by Kilpeldinen and
Lindqvist in [28]. They established the parabolic Perron method, and also sug-
gested a boundary regularity characterization in terms of one barrier. Even if the
single barrier criterion has turned out to be problematic, [28] has been the basis for
the further development by Lindqvist [35], Bjorn—-Bjorn—Gianazza [9] and Bjorn—
Bjorn—Gianazza—Parviainen [10] for the p-parabolic equation

du = Apu := div(|VulP~2Vu). (1.2)

For the porous medium equation (1.1), potential theory is largely at its inception,
and so far not very much is known about the boundary behaviour of solutions in
general domains. To our knowledge the main contributions in this field are due to
Ziemer [45], Abdulla [1,2] and Kinnunen-Lindqvist-Lukkari [30].

Ziemer [45] studied boundary regularity in cylinders for a class of degenerate
parabolic equations, which includes the porous medium equation with m > 1, but
with boundary data taken in a weak (Sobolev) sense; see Section 11 for further
details.

Abdulla [1,2] investigated the Dirichlet problem for the porous medium equa-
tion with m > 0 in general domains ® C R"t! n > 2. Existence was established
in [1], while uniqueness, comparison and stability theorems were presented in [2].
Therein, the smoothness condition on the boundary in order to have u € C(®)is
given in terms of a parabolic Holder-type modulus; cf. Theorems 2.4 and 2.5 for
the cylindrical case.

Kinnunen-Lindqvist-Lukkari [30] developed the Perron method for the porous
medium equation in the degenerate range m > 1 and showed that nonnegative
continuous boundary functions are resolutive in arbitrary cylindrical domains. A
boundary function f is resolutive if the upper and lower Perron solutions P f and
P f coincide.

The present paper can be considered as an extension of the previous con-
tributions in several different but strictly related directions, as well as an ini-
tial development of a boundary regularity theory for the porous medium equa-
tion in terms of barriers. Under this second point of view, it is strictly related



Boundary Regularity for the Porous Medium Equation 495

to the works [9] and [10] for the p-parabolic equation (1.2), even though the
porous medium equation has extra difficulties not present for the p-parabolic
equation. In particular, if u is a solution of the porous medium equation (1.1)
and ¢ # 0 is a constant, then typically u + ¢ is not a solution. Moreover, we
restrict ourselves to nonnegative functions, and therefore are not allowed to change
sign.

It is possible to study sign-changing solutions of the porous medium equation,
as has been done by some authors, but in addition to causing extra difficulties it
may also cause significant differences when it comes to boundary regularity, as it
seems quite possible that boundary regularity can be different for nonnegative and
sign-changing functions. Here we restrict ourselves to nonnegative, and primarily
positive, functions.

A well-known problem for the porous medium equation is the difficulty of
obtaining a comparison principle between sub- and superparabolic functions. One
of the main achievements in [30] was their comparison principle for cylinders
(cf. Theorem 3.6). In order to even start developing the theory in this paper, it is
fundamental to have a comparison principle in general domains, which we obtain
in Theorem 5.1.

Comparison principles usually require an inequality < on the boundary, and
to establish such a comparison principle for general domains has been a major
problem both for earlier authors and for us. We have chosen a slightly differ-
ent and novel route obtaining a strict comparison principle in general domains,
with the strict inequality < at the boundary (see Theorems 5.1 and 5.3). Using
a strict comparison principle causes extra complications, but we have still been
able to develop a fruitful Perron and boundary regularity theory in general
domains.

For thorough presentations of the theory of the porous medium equation, we
refer the interested reader to Daskalopoulos—Kenig [19] and Vazquez [41]; see also
DiBenedetto—Gianazza—Vespri [23]. We primarily deal with the degenerate case
m > 1, but whenever possible we have given statements for general m > 0. The
singular case 0 < m < 1 will be the object of future research.

The paper is organized as follows. Section 2 is devoted to some preliminary
material. In particular, we recall the different concepts of solutions and sub/super-
solutions, as well as various existence, uniqueness and stability results that will be
essential later on.

Section 3 deals with the notions of sub- and superparabolic functions. In Theo-
rem 3.5, we show that if u is a weak supersolution then its Isc-regularization u, is
superparabolic. A corresponding result for weak subsolutions is also obtained. (As
we are not allowed to change sign, the theory for weak subsolutions does not fol-
low directly from the corresponding theory for weak supersolutions.) We conclude
the section by presenting the parabolic comparison principle for cylinders due to
Kinnunen-Lindqvist-Lukkari [30], with a new proof.

In Section 4 we consider further results on sub/superparabolic functions: in par-
ticular, under proper conditions, sub/superparabolic functions are weak sub/super-
solutions. In this way, we establish a rather complete understanding of the relation
between weak sub/supersolutions and sub/superparabolic functions.
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Section 5 is devoted to a series of different comparison principles, for sub- and
superparabolic functions, both of elliptic and parabolic types, and both of strict and
nonstrict types. Several pasting lemmas are also obtained.

In Section 6 we deal with the Perron method, and with boundary regularity. We
introduce the notion of upper regular points, as well as of lower regular points for
positive (resp. nonnegative) boundary data. From here on we restrict ourselves to
bounded open sets @ C R”*!. Moreover, the boundary data are always assumed
to be bounded.

Section 7 is devoted to the characterization of an upper regular point in terms of
a two-parameter family of barriers, with some related properties, whereas Section 8
deals with the characterization of a lower regular point for positive boundary data,
in terms of another two-parameter family of barriers. This reflects the fact that we
can neither add constants nor change sign, which is the crucial difference compared
with the p-parabolic equation (1.2), where a single one-parameter family of barriers
is necessary and sufficient (see [9] and [10]). In this paper, we do not develop the
general theory of lower regularity for nonnegative boundary data.

In Section 9 we show that the earliest points are always regular, while in Sec-
tion 10 we prove that upper regularity, as well as lower regularity (for positive
boundary data), are independent of the future.

Section 11 collects the most important contributions of the paper. First, we
show in Theorem 11.1 that the boundary regularity (for positive boundary data)
of a lateral boundary point (xg, 7o) € dU X [t1, 2], with respect to the cylinder
U x (11, 1), is determined by the elliptic regularity of xo with respect to the spatial
set U. This result is optimal in the sense that every harmonic function u induces
a time-independent solution 1!/ of the porous medium equation, and the Wiener
criterion is a necessary and sufficient condition for boundary regularity of harmonic
functions. Then, in Theorem 11.2 we give a unique solvability result in suitable
finite unions of cylinders, which generalizes previous unique solvability results
due to Abdulla [1,2], as well as the resolutivity result by Kinnunen—Lindqvist—
Lukkari [30] for general cylinders.

Finally, “Appendix A” is devoted to the proof of Theorem 3.4; we thought it
better to postpone it, in order not to spoil the flow of the main arguments in Section 3.

2. Preliminaries

Let © be an open set in R**!, n > 2. We write points in R"*! as & = (x, 1),
where x € R" and t € R. For m > 0, we consider the porous medium equation

oru = Au™ = div(Vu'™), 2.1)

where, from now on, the gradient V and the divergence div are taken with respect
to x. In this paper we only consider nonnegative solutions u. This equation is
degenerate if m > 1 and singular if 0 < m < 1. For m = 1 it is the usual heat
equation. Observe that if u satisfies (2.1), and a € R, then (in general) au and
u + a do not satisfy (2.1).



Boundary Regularity for the Porous Medium Equation 497

All our cylinders are bounded space-time cylinders, i.e. of the form Uy, ;, 1=
U x (11, 1) € R""!, where U € R" is open. We say that Uy, ,, is a CX%-cylinder
if U is C*%-smooth. The parabolic boundary of Uy is

pUn i, = (U x {1) U @U x (11, 2]).

We define the parabolic boundary of a finite union of open cylinders U,]J s; as
follows:

N . N . N .
81’<U U’]Nj) - <U 81’Ul§!5j>\ U Ut.s;
j=1 j=1 j=1

Note that the parabolic boundary is by definition compact. Further,
Bx,r)={zeR":|z—x| <r}
stands for the usual Euclidean ball in R”. We also let

Or ={(x,t)e® :t <T},
O_-={(x,1)e® :t <0},
O, ={x,1)e Bt >0}

Let U be a bounded open set in R”. As usual, W!?(U) denotes the space of
real-valued functions u such that u € L%(U) and the distributional first partial
derivatives du/dx;,i = 1,2, ..., n, exist in U and belong to L2(U). We use the

norm
12
||”||W1*2(U):(/ Iulde+/ IVulde) .
U U

The Sobolev space Wé’z(U ) with zero boundary values is the closure of Cgo(U )
with respect to the Sobolev norm.

By the parabolic Sobolev space Lz(tl , 1 WI’Z(U)), with #; < tp, we mean the
space of measurable functions u(x, t) such that the mapping x — u(x, r) belongs
to WI'Z(U) fora.e. f; <t < tp and the norm

f 1/2
(//(lu(x,t)|2+|Vu(x,t)|2) dxdt)
n JU

is finite. The definition of the space L%(t1, to; Wé’Z(U)) is similar. Analogously,
by the space C(t1, t; L2(U)), with 11 < 12, we mean the space of measurable
functions u(x, t), such that the mapping ¢ +— u(-,t) € L?(U) is continuous in the
time interval 1, »]. We can now introduce the notion of weak solution.

Definition 2.1. A function u : ® — [0, co] is a weak solution of equation (2.1) if
whenever Uy, ;, € @, we have u € C(t1, to; L™ (U)), u™ € L?(t1, t; W'2(U))
and u satisfies the integral equality

%] 4]
/ / Vu™ -Vedxdt — / / udpdxdt =0 forallp € C°(Uy ). (2.2)
n JU 1 JU
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Continuous weak solutions are called parabolic functions.

A function u : ® — [0, oo] is a weak supersolution (subsolution) if whenever
Uy, € ©, we have u™ € L2(t1, t»; WI2(U)) and the left-hand side above is
nonnegative (nonpositive) for all nonnegative ¢ € C5°(Uy, 1,).

One can also consider sign-changing (and nonpositive) weak (sub/super)solu-
tions, defined analogously, see Kinnunen—Lindqvist [29] for details. The general
sign-changing theory is however much less developed than the theory for nonneg-
ative functions. Moreover, it seems likely that regularity for sign-changing solu-
tions of the porous medium equation may be quite different from regularity when
restricted to positive or nonnegative solutions, which we have chosen to work with
here. For simplicity, we will often omit weak, when talking of weak (sub/super)-
solutions.

In this paper, the name parabolic (and later sub/superparabolic) refers precisely
to the porous medium equation (2.1), which is just one of many parabolic equa-
tions considered in the literature. A more specific terminology could be “porous-
parabolic” but for simplicity and readability we refrain from this nonstandard term.

Remark 2.2. In Definition 2.1, when dealing with the range m > 1, one could
actually require less (see below) on u, namely

ueCt,h; L>(U)) and u"V2 e L2t 1, WH2(U)). (2.3)

This has been done e.g. in DiBenedetto—Gianazza—Vespri [23]. Roughly speaking,
our notion of solution corresponds to using u™ as a test function in the weak
formulation (2.2), whereas assuming (2.3) amounts to using . Such a choice seems
more natural in a number of applications, but it seemingly introduces the extra
difficulty that two different notions of solutions are needed, according to whether
m < 1 orm > 1. However, it has recently been proved by Bogelein—Lehteld—
Sturm [15, Theorem 1.2], that for m > 1 the two notions are equivalent.

Locally bounded solutions are locally Holder continuous: this resultis due to dif-
ferent authors. A full account is given in Daskalopoulos—Kenig [19], DiBenedetto—

Gianazza—Vespri [23] and Vazquez [41]. For m > (nn—f2)+ solutions are automati-
cally locally bounded, whereas for 0 < m < % explicit unbounded solutions
are known, and in order to guarantee boundedness, an extra assumption on u is
needed (see the discussions in DiBenedetto [21, Chapter V] and DiBenedetto—
Gianazza—Vespri [23, Appendix B]). Although it plays no role in the following,
it is worth mentioning that nonnegative solutions satisfy proper forms of Harnack
inequalities (see [23]).

Next we will present a series of auxiliary results, which will be used later in the
paper.

Besides the notion of weak solutions given in Definition 2.1, we need to be able
to uniquely solve the Dirichlet problem in smooth cylinders. Given measurable
nonnegative functions ug on U & R”" and g on the lateral boundary ¥y, ;,, =
oU x (11, tr], we are interested in finding a weak solution u = u(x, t) defined in
Uy, 1, that solves the boundary value problem
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ou = Au™ in Uy, 4,
u(-,t1) =ug in U, (2.4)
u" =g in X 4.

We need to define in which sense the initial condition and the lateral boundary data
are taken.

It is well known that for sufficiently smooth U, functions f € W!2(U) have
boundary values Tyy f, called traces, on the boundary 0 U (see e.g. DiBenedetto [22,
Theorem 18.1]). Moreover, the linear trace map 75y maps W12(U) onto the space
W1/22U) c L*(dU), and Tyy f = flay if f € WH2(U) N C(U). In the time
dependent context, the trace operator can be naturally extended into a continuous
linear map

Tz, ,, : L7 (1,1 WHAU)) — L* (11, 123 W2 0U)) € L (Z4y.1).

In Vazquez [41, Theorems 5.13 and 5.14] the following result is proved, which
addresses the problem of existence and uniqueness in the framework of L? spaces.
A somewhat analogous result is proved in Alt-Luckhaus [3].

Theorem 2.3. Let m > 0 and let U,, 4, be a C>“-cylinder. Also let ug € L™ (U)
be nonnegative and assume that there exists g € L2(t1, tr; WE2(U)) such that

Tr, @) =g

and g, 9,8 € LUy, 1,). Then there exists a unique weak solution u in U,, ;, such
that

(i) Ts,, ,, ™ = g,
(i) u(-, 1) = wug in the L' (U) topology, ast — 1.
Finally, the comparison principle applies to these solutions: if u and it are weak

solutions corresponding to g, ug and g, g, respectively, with ug < tg a.e. in U
and g < g a.e.in Xy, 1, thenu < i a.e. in Uy, 4,.

We also need to consider the existence of continuous solutions. Under this point
of view, if we assign continuous data on the whole parabolic boundary, we have
the following result:

Theorem 2.4. Let m > 0 and let Uy, ;, be a C"P-cylinder, where p = "= if
m>landp > 0if0 <m < 1. Also let h € C(0,Uy, 1,) be nonnegative. Then
there is a unique function u € C(U,, ,) that is parabolic in Uy, ;, and takes the
boundary values u = h on the parabolic boundary 0,Uy, 1,

Moreover, ifh < W' € C(3,Uy, 1,) and u' € C(Uy, ,) is the unique function
corresponding to h' as above, then u < u’ in Uy, 4,.

Variations of this second boundary value problem have been widely studied.
Aronson—Peletier [6] and Gilding—Peletier [26] proved the unique existence as here,
provided Uy, 4, is a C 2""-cylinder, m > 1, and one has homogeneous conditions
h = 0 on the lateral boundary. We need this unique existence for general boundary
conditions, in which case the result can be seen as a consequence of Abdulla [1,2],
DiBenedetto [20] and Vespri [42]; see the comments in the proof below.
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Proof. In [1,2], Abdulla studies the unique solvability of the Dirichlet problem
with continuous boundary data % in a general (not necessarily cylindrical) open
set ©® C R*™L In particular, conditions 7 and £ of [1, Theorem 2.1] ensure
existence, whereas condition .# of [2, Theorem 2.2] ensures uniqueness. When ©&
is a cylinder, .7 and Z coincide. It is not hard to verify that if U is a bounded open
C'A-smooth set, with B as above, then at every point of the parabolic boundary
dpUs.1, conditions # and .# are satisfied, yielding the unique existence of a
suitable solution in C (ﬁtl )

As a matter of fact, Abdulla uses a definition of solution which is weaker
than Definition 2.1. However, the existence of a function u € C (U,I,Q), that is
parabolic (in our sense) in U, ;, and takes the boundary values u = h on the
parabolic boundary 3, Uy, ,, follows from DiBenedetto [20, Remark 1.2] (for m >
1) and Vespri [42, Theorem 1.1 and Remarks (a) and (d)] (for 0 < m < 1). Using
integration by parts it can be shown that this parabolic function is a solution in the
sense of Abdulla.

Since solutions in the sense of Abdulla are unique, it follows that the parabolic
function provided by [20] or [42] is the unique continuous weak solution of the
boundary value problem.

Finally, the inequality u < u’ follows from [2, Theorem 2.3]. 0O

Having considered existence and uniqueness, we also need the following sta-
bility result from Abdulla [2, Corollary 2.3]:
Theorem 2.5. Let m > 0 and let Uy, 1, be a Cl'ﬂ—cylinder, where B = Z;% if
m>land B >0if0 <m < 1. Alsoleth; € C(3,Uy, 1,) be nonnegative, and let
uj € C(ﬁl1 1) be the corresponding solutions given by Theorem 2.4, j =0, 1, ....
IfsupapUtN2 |hj — hol — Oas j — oo, then uj tends to ug locally uniformly in
U x (t1,r]as j — oo.

We proceed by stating a comparison principle for sub- and supersolutions in
cylinders. It was first proved in R'*! by Aronson—Crandall-Peletier [5], and in
R"*! by Dahlberg—Kenig [16-18]. A further and somewhat different statement of
the comparison principle is given in Abdulla [2, Theorem 2.3]. For the proof of the
following statement, we refer the reader to Daskalopoulos—Kenig [19, pp. 10-12]
and Vazquez [41, pp. 132-134].

Proposition 2.6. (Comparison principle for sub- and supersolutions) Let m > 0
and let Uy, 1, be a C 2_cylinder. Suppose u and v are a super- and a subsolution in
Uy, .1p, respectively, such that u™, v™ € L>(U,, ,). Assume, furthermore, that

W —u™) (-, 1) € Wy R(U)  forae.t € (1, n),
w—u);(x,t1) =0 forae x € U.

Then0 <v <ua.e. in Uy, s,.

Proposition 2.6 is the first of many comparison principles in this paper. This is
the only one between sub- and supersolutions, but we will have several different
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parabolic (Theorems 3.6, 5.1 and 5.4) and one elliptic-type (Theorem 5.3) compar-
ison principles for sub- and superparabolic functions. In addition, sub- and super-
parabolic functions will be defined using yet another type of comparison principle,
for which we also have alternative versions in Proposition 3.8 and Remark 3.9.

3. Definition of Superparabolic Functions

Definition 3.1. A function u : @ C R"*! — [0, oo] is superparabolic if

(1) u is lower semicontinuous;
(i1) u is finite in a dense subset of @;
(iii) u satisfies the following comparison principle on each C>*-cylinder U 1 €
©:1If h € C(Uy,,y,) is parabolic in Uy, ,, and h < u on 9,U,, 1,, then h < u
m Ufl -

That v is subparabolic is defined analogously, except that v : & — [0, 00) is
upper semicontinuous and the inequalities are reversed, i.e. we require thatif 7 > v
on d,Uy 1,, then h > vin Uy, ,.

Note that as with sub- and supersolutions we implicitly assume that sub- and
superparabolic functions are nonnegative in this paper.

In Kinnunen-Lindqvist [29], Kinnunen—Lindqvist-Lukkari [30] and Avelin—
Lukkari [7] they require (iii) in Definition 3.1 to hold for arbitrary compactly
contained cylinders Uy, ;, € ©. (In [29,30] they use the name “viscosity super-
solution” instead of superparabolic, while in [7] they call them “semicontinuous
supersolutions”.)

One of our first aims is to show that our Definition 3.1 is equivalent to the
definition in [7,29,30], when m > 1. This will take some effort and will only be
completed at the end of this section. The reason for our unorthodox definition is that
we want to establish Theorem 3.5, which we have not been able to prove without
using our definition. Once Theorem 3.5 has been deduced we are able to show
that our definition of sub- and superparabolic functions is equivalent to the one in
[7,29,30] , when m > 1, see Remark 3.9.

The following consequences of the definition of sub- and superparabolicity are
almost immediate, so we leave the proof to the reader:

Lemma 3.2. The following hold for allm > 0:

(a) if u and v are superparabolic, then min{u, v} is superparabolic;

(b) if u is finite in a dense set, then u is superparabolic if and only if min{u, k} is
superparabolic fork = 1,2, ..

(¢) if u and v are subparabolic, then max{u, v} is subparabolic;

(d) if v is subparabolic, then v is locally bounded.

For a function u we define the Isc-regularization of u as
us (&) = essliminf u().
§—&o

We also say that u is Isc-regularized if u, = u. Avelin—Lukkari [7] proved the
following result:
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Theorem 3.3. Let m > 1 and let u be a supersolution. Then,
us(x, 1) = u(x,1)

at all Lebesgue points of u such that u(x,t) < oo. In particular, u, = u a.e., and
Uy is a lower semicontinuous representative of u.

Strictly speaking, Avelin—Lukkari [7] only considers m > 1; the remaining
case m = 1 can be recovered from Kuusi [32] assuming p = 2.
Similarly, for a function u we define the usc-regularization of u as

u*(&p) = esslim sup u (&)
E—&

and say that u is usc-regularized if u* = u.
Theorem 3.4. Let m > 1 and let u be a subsolution. Then,
u (x,t) =u(x,t)

at all Lebesgue points of u. In particular, u* = u a.e., and u* is an upper semicon-
tinuous representative of u.

Due to the structure of the porous medium equation, this is not a trivial conse-
quence of Theorem 3.3, but needs to be proved separately. We postpone the proof
of Theorem 3.4 to “Appendix A”.

Note that we do not need to require that u(x, ¢) is finite in Theorem 3.4, since u
is nonnegative and subsolutions are essentially bounded from above when m > 1;
see Andreucci [4].

Theorem 3.5. Let m > 1. If u is a supersolution then u, is superparabolic. Simi-
larly, if v is a subsolution then v* is subparabolic.

In a less precise form this result was stated just after Theorem 1.1 in Avelin—
Lukkari [7], without proof. We therefore provide a complete proof of this result,
and this is also the reason for our unorthodox definition of sub- and superparabolic
functions. Once Remark 3.9 has been established below, it follows directly that
Theorem 3.5 is also valid using the sub- and superparabolic definition used in
[7,29,30].

Proof. Assume first that « is a supersolution. By Theorem 3.3, #, = u a.e., and thus
also u, is a supersolution. We want to show that u, is superparabolic. Condition (i)
follows from Theorem 3.3, while (ii) follows directly. For (iii), fix a C 2""—cylinder
Uyn €O andleth € C(ﬁtl,lz) be such that it is parabolic in Uy, ;, € © and
h <u,ondyUy 1.

According to Definition 2.1, this means that A" € L%(s1, s2; WH2(V)) for every
cylinder Vs, 5, @ Uy, 1, but this is not enough to directly apply the comparison
principle in Proposition 2.6, which would require A" € L2(11, 1o; Wl'z(U)). We
therefore proceed as follows.
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Leth; € C*°(R"™)and h; = i_zjlapyw be such that 0 < hj < hon d,Uy, 1,
and SUPy, Uy, 1 |hj —h| — 0,as j — oo. Using Theorem 2.3, we can extend
h; so that it is a weak solution in Uy, ;, which takes the boundary data /4 in the
sense of traces and which satisfies h;fl( ., 1) € Wh2(U) for ae. t € (11,12). By
the comparison principle in Proposition 2.6, h; < uy a.e. in U, 4. Since h; is
continuous, and u, is Isc-regularized, it directly follows that ; < u, everywhere
in Uy p,.

Moreover, since the boundary data % are continuous, DiBenedetto [20, The-
orem, p. 421] implies that h; € C (Utl,tz)- Hence £ coincides with the solution
provided by Theorem 2.4. Letting j — oo, we conclude from Theorem 2.5 that
h < uyeverywherein Uy, ,. Hence u is superparabolic. The proof for subsolutions
is analogous, using Theorem 3.4. O

To establish the equivalence between our sub- and superparabolic functions and
the ones used in [7,29,30] , we will also need the following parabolic comparison
principle for sub- and superparabolic functions, which was obtained by Kinnunen—
Lindgvist-Lukkari [30, Theorem 3.3].

Theorem 3.6. (Parabolic comparison principle for cylinders) Let m > 1 and let
Uy, .1, be an arbitrary cylinder in Rt Suppose that u is a bounded superparabolic
Sfunction and v is a bounded subparabolic function in Uy, 1,. Assume that

lim sup v(y,s) < lim inf u(y,s) 3.1)
Utl‘tza(y,s)—)(x’[) Utl.tza(yvs)_)(-xst)

forall (x,t) € 0,Uy, 1,. Thenv < uin Uy, 4,.

As the definition of superparabolic functions in [30] is slightly different from
ours, some comments are in order. Since we also had difficulties understanding
how they concluded that # < v everywhere (and not just a.e.) at the end of their
proof, we seize the opportunity to provide our own proof (based partly on the ideas
in [30]).

Proof. Without loss of generality we can assume that both «# and v are bounded.
Using (3.1) and the compactness of d,Uy, 1,, we can for each ¢; = 1/j, j =

1,2,..., find Cz’“-cylinders Usj/_,t2 =UJ x (sj, 1) € U x (1, 2] so that
[o/0]
Ul@U2@~-@UU/=U, S1 >8> - — 1,
j=1

and

m m m - J .
v <u —1—5]- inUyn \ Us j=12,....

12

Since u and v are lower and upper semicontinuous, respectively, we can also find
nonnegative i ; € C*°(R") such that

- . j .
" §h;-"+8;” §um+8;-" in U,l,,z\Usj’tz, j=1,2....
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As in the proof of Theorem 3.5, we use Theorem 2.3, together with DiBenedetto [20,
Theorem, p. 421], to find weak solutions / ; and h ;inU, Sj/. b

data i j and (ﬁ’]’.’ + ET )!/m  respectively, both in the sense of traces and continuously

J
on aPUSj,tz'

which take the boundary

The super/subparabolicity of # and v now yield

w>hj and v<h; inU/,. 3.2)
If we extend /; and IAzj as hj and (I_z;f’ + ET)I/’” outside U&/j’,z, then also
wu>hj and v<h; inU,,\U,. (3.3)

Moreover,

hj <hj<hj+ejinUy,\Ul, and hj <h;inU] ,. (34

N

by Proposition 2.6.

Now, Theorem 5.16.1 in DiBenedetto—Gianazza—Vespri [23] shows that both
families {h j};?ozl and {fz j};?ozl are locally equicontinuous in Uy, ,. Hence, Ascoli’s
theorem and a diagonal argument provide us with subsequences, also denoted
{h j}i‘;l and {fz j}?il’ which converge locally uniformly in U, ;, to continuous

functions / and . Clearly, & < h and taking limits in (3.2) and (3.3) yields
u>h and v<h inU,,. (3.5)
Foreach j = 1,2, ..., Lemma 3.2 in Kinnunen-Lindqvist-Lukkari [30] implies
that
%) R R
/ / (hj — hj)(/’l’]n — h;-")dxdt < CSJ',
Sj Uj

where C depends on U and the bounds for « and v, but not on j. Taking into account
(3.4), we thus conclude that

%) n R
OS//(hj—hj)(h’}l—h?)dxdt§C8j.
t JU

Since hj — h and h = h in Uy, .1, and all the functions are uniformly bounded,
dominated convergence implies that

15 . N
/f(h—h)(hm—hm)dxdtzo,
1 JU

and hence i = hae. Finally, the continuity of 4 and h, together with (3.5), yields
v<h=h<u. O

Remark 3.7. The above proof also shows that the function & = h is a weak
solution in Uy, 1,. Indeed, the Caccioppoli inequality (Lemma 2.15 in Kinnunen—
Lindqvist [29]) shows that |Vh;fl| and |Vﬁ71| are uniformly bounded in L2 (s, t;
wl2(v)) for every cylinder Vs ; € U, 1. Thus, there is a weakly converging
subsequence, for which the integral identity (2.2) on V;; @ Uy, 1, pertains.
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Proposition 3.8. Let m > 1. If u is superparabolic in ©, then it satisfies the fol-
lowing comparison principle on each cylinder Uy 1, € O: If h € C(U,l,,z) is
parabolic in Uy, and h < u on d,Uy, ,, thenh < uin Uy, 4.

Similarly, if v is subparabolic in ©, U, 1, € O is a cylinder, h € C(v,l,,z) is
parabolic in Uy 1, and h > v on 3,Uy, 1, then h > w in Uy, 4,.

Remark 3.9. This shows that our definition of sub- and superparabolic functions
is equivalent to the one used in Kinnunen-Lindqvist [29], Kinnunen-Lindqvist—
Lukkari [30] and Avelin—-Lukkari [7]. It also follows from Theorem 5.4 below, that
one can equivalently assume that the comparison principle holds for all compactly
contained finite unions of cylinders; this equivalence was also pointed out in [29,
p. 147].

Whether it is equivalent to just assuming that the comparison principle holds
for space-time boxes (ay, b1) X ... x (an, by) x (t1, t) is an open problem. Such an
equivalence is known to hold for the p-parabolic equation (1.2), see Korte—Kuusi—
Parviainen [31, Corollary 4.7].

Proof of Proposition 3.8. Let u be superparabolic andlet Uy, ;,, € ® be acylinder.
By Theorem 3.5, / is subparabolic in Uy, ,,. Since 4 is continuous on Uy, ,,, it is
also bounded. By Lemma 3.2, we have that # = min{u, maxﬁw2 h} is a bounded
superparabolic function. We can thus apply the comparison principle in Theorem 3.6
to conclude that h < & < u in Uy, 4,.

The proof for the subparabolic case is similar. O

4. Further Results on Superparabolic Functions

We continue with a few more results on superparabolic functions that will be
needed later on.

The deep result below (Theorem 4.1) completes the relation between super-
parabolic functions and supersolutions. In particular, a bounded function is super-
parabolic if and only if it is an Isc-regularized supersolution.

Theorem 4.1. (Kinnunen-Lindqvist [29, Theorems 3.2 and 6.2]) Letm > 1 and u
be superparabolic. Then the following are true:

(a) u is Isc-regularized, and moreover

u(x,t) =essliminf u(y, s);
()‘,S)—>t(x,l)
§S<

(b) if u is locally bounded, then u is a supersolution.

Theorems 3.2 and 6.2 of [29] rely on the results about the obstacle problem
for the porous medium equation discussed in Lemma 2.18 of the same paper. The
main arguments are just sketched, and the interested reader is referred elsewhere
for the details. Recently, the obstacle problem for the porous medium equation
has been extensively studied in Bogelein—Lukkari—Scheven [14] in a rather general
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framework, and it is not hard to check that [29, Lemma 2.18] can be considered as
a special case of [14, Theorem 2.6 and Corollary 2.8].
We will also need the corresponding result for subparabolic functions.

Theorem 4.2. Let m > 1 and u be subparabolic. Then the following are true:

() u is usc-regularized, and moreover

u(x,t) =esslimsupu(y,s);
()’,S)—>t(x,t)
sS<

(b) u is a subsolution.

Proof. As Kinnunen-Lindqvist [29] deals also with sign-changing functions, this
follows directly by applying Theorem 4.1 to —u.

For (b) we do not need to assume that u is locally bounded, as this is automatic
for nonnegative subparabolic functions. O

The following result completes the picture:

Proposition 4.3. Let m > 1 and u be a nonnegative function in ©. Then u is
parabolic if and only if it is both sub- and superparabolic in ©.

Note that a parabolic function is, by Definition 2.1, a continuous solution,
whereas sub- and superparabolicity is defined using the quite different Defini-
tion 3.1.

Proof. First assume that « is both sub- and superparabolic. Then, u is continuous.
Let Uy, 1, C © be a C*%-cylinder. By Theorem 2.4, there is h € C(Uy, 1,) which
is parabolic in U;, ;, and satisfies & = u on d,Uy, 1,. Since u is superparabolic,
h < wuin Uy 1, and as u is subparabolic, & > u in U, 1,, 1.e. u = h in Uy 1,, and
in particular u is parabolic in Uy, ;,. As being a solution of an equation is a local
property, u is parabolic in .

Conversely, assume that u is parabolic. Then u is continuous, and thus u =
u, = u*. By Theorem 3.5, u is both sub- and superparabolic. O

Recall that @7 = {(x,t) € ® : t < T}.

Proposition 4.4. Let m > 0. Assume that v is a subparabolic function in O
satisfying v > c for some ¢ > 0. Then the function

v(x, 1), if (x,t) € Or,

limsup v(y,s), if(x,t) e @andt =T,
Or3(y,s)—>(x,1)

c, if(x,t) e@andt > T,

w(x,t) =

is subparabolic in ©.
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Proposition 4.5. Let m > 0. Assume that v is a superparabolic function in Ot
satisfying v < M for some M < oo. Then the function

v(x, 1), if (x,t) € Or,
w(x, 1) = @Tal(ifl’s)ig)l’(x’t) v(y,s), if(x,t) e andt =T,
M, if(x,t) e @andt > T,

is superparabolic in ©.
The proofs of these two results are similar, we give the proof of the latter one.

Proof. Since v is lower semicontinuous, so is w, and it is also bounded. It remains
to show the comparison principle. To this end, let U, ;,, €@ @ bea C 2.%_cylinder, and
h € C(U, ,) be parabolic in Uj, ;, and such that & < w on 3, Uy, ;,. In particular
h < M on d,U,, 1,, and thus by (the comparison part of) Theorem 2.4, h < M in
Uy, .1, Since v is superparabolic in @7, we see that i < w in Uy, 1, if eithertp < T
orty >T.

Assume therefore thatfj < T <. Since w =v > hin U,  foreachs < T,
this holds also in U, 7. If , > T, it follows from the definition of w and the
continuity of 4 that A < win U x {T'}, and moreover h < M = win U7 ;. O

Using Theorem 2.5 we can obtain the following convergence result:

Proposition 4.6. Let m > 0 and uy be an increasing sequence of superparabolic
functions in ©. If u := limg_ Uy is finite in a dense subset of ©, then u is
superparabolic in ©.

Proof. As the sequence is increasing, u is automatically lower semicontinuous, and
thus it is only the comparison principle (iii) that we need to prove. Let Uy, ;,, € ©
be a C>*-cylinder, and let h € C(Uy, 1,) be parabolic in Uy, ,, and satisfy i < u on
0pUy 1. Leth; = (h|apyw2 —1/j)+ond,Uy 1, and extenditto Uy, 4, as the unique
continuous extension which is parabolic in Uy, 1,, as provided by Theorem 2.4. It
follows from the compactness and the lower semicontinuity that for each j there
iskj such thath; < Ug; on 0pUs .1, As Uug; is superparabolic, it then follows from
the definition that /; < U, < u in Uy, 1,. By Theorem 2.5, h < uin Uy, ,. Thus u
is superparabolic. 0O

For subparabolic functions we have the following result:

Proposition 4.7. Let m > 0 and uy be a decreasing sequence of subparabolic
functions in ©. Then u := limg_, o u is subparabolic in ©.

Proof. The proof is almost identical to the proof of Proposition 4.6. However, this
time the finiteness is automatic. O

Using this we can improve on Proposition 3.3 in Kinnunen—Lindqvist [29] as
follows (for nonnegative functions).
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Proposition 4.8. Let m > 1. If uy is an increasing sequence of supersolutions and
u = limg_, oo u is locally bounded, then u is a supersolution.

Similarly, if uy is a decreasing sequence of subsolutions, then u := limy_, oo u
is a subsolution.

Proof. Consider first the case of supersolutions. By Theorem 3.3 we may assume
that uy are Isc-regularized. By Theorem 3.5, uy is superparabolic, and thus u is
superparabolic, by Proposition 4.6. It then follows that u is a supersolution by
Theorem 4.1.

The case for subsolutions is obtained similarly. As before there is no need to
assume local boundedness. O

We can now also conclude the following result, which we have not seen in the
literature, though it might be well known to experts in the field:

Proposition 4.9. Let m > 1. If u and v are supersolutions, then so is min{u, v}.
Similarly, if u and v are subsolutions, then so is max{u, v}.

To prove this we need the following characterization:

Proposition 4.10. Let m > 0 and u : ® — [0, 00] be a function such that u™ €
L2(t1, 1; Wl*z(U)) whenever Uy, 1, @ ©. Then u is a supersolution if and only if
uy := min{u, k} is a supersolution forallk = 1,2, .. ..

Proof. Assume first that u is a supersolution. Then it follows from DiBenedetto—
Gianazza—Vespri [23, Lemma 3.5.1] that also u is a supersolution, if m > 1. For
0 < m < 1, this was proved in a slightly different context, and for a wider class of
equations, in Bogelein—-Duzaar—Gianazza [13, Lemma 3.1].

Conversely, assume that ug, k = 1, 2, ..., are supersolutions. Let U;, ;,, € ©
be a cylinder and ¢ € C§°(Uy, 1,) be nonnegative. Then

n n
//Vu”’~V(pdxdt—//u8t<pdxdt
1 JU 1 JU
15) 1)
= lim (/ / VuZ’-Vgodxdt—[ / u;ﬁ,q)dxdt) >0,
k—o00 n JU n JU

and thus u is a supersolution. 0O

Using the above characterization we can obtain the following consequence (cf.
Theorem 4.1 (b)):

Proposition 4.11. Let m > 1 and let u be superparabolic in ©. If u™ €
L%(t1, tr; WE2(U)) whenever Ui 1, € O, then u is a supersolution in ®.

In general this kind of regularity does not hold for superparabolic functions,
since there are superparabolic functions which are not supersolutions, the Barenblatt
solution being perhaps the easiest example, see Kinnunen—-Lindqvist [29, p. 148].

Proof. Letk > 0. By Lemma 3.2, u; := min{u, k} is superparabolic, and hence a
supersolution by Theorem 4.1 (b). It then follows from Proposition 4.10, that u is
a supersolution. 0O
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Proof of Proposition 4.9. First, assume that # and v are supersolutions. By The-
orem 3.3, we may without loss of generality assume that they are lsc-regularized.
It then follows from Theorem 3.5 that they both are superparabolic, and hence by
Lemma 3.2, so is min{u, v}. Let Uy, ;, € ©. As u”, v € L2(t1, ;] Wl’z(U)),
also min{u, v} € L2(t1, t»; W2(U)). Thus it follows from Proposition 4.11 that
minfu, v} is a supersolution.

Next, we turn to the case when u and v are subsolutions. By Theorem 3.4,
we may assume that they are usc-regularized. It then follows from Theorem 3.5
that they both are subparabolic, and, by Lemma 3.2, so is max{u, v}. Finally, by
Theorem 4.2 (b), max{u, v} is a subsolution. O

5. Comparison Principles for Sub- and Superparabolic Functions

In this section we obtain a series of different kinds of comparison principles for
sub- and superparabolic functions, which will be important later on. Recall that one
such comparison principle has already been obtained for cylinders when m > 1 in
Theorem 3.6. Note that the next two theorems do not require m > 1.

Theorem 5.1. (Parabolic comparison principle for general sets) Let m > 0 and
® be bounded. Suppose that u is superparabolic and v is subparabolic in ®. Let
T € R and assume that

oo # limsup v(y,s) < liminf u(y,s) 5.1)
O3(y.5)—> (x.1) O3(y.s5)—>(x.1)

forall (x,t) e {(x,t) €9O® :t <T}. Thenv <uin{(x,t) € ® :t <T}

Remark 5.2. The proof of this comparison principle is very different from the
proof of the nonstrict comparison principle in cylinders in Theorem 3.6. Our proof
is based on the proof in Bjorn—-Bjorn—Gianazza—Parviainen [10, Theorem 2.4] for
the p-parabolic equation (1.2).

Proof of Theorem 5.1. Let ¢ > 0 and
E={x,1)e® :t <T—¢candv(x,t) > u(x,t)}.

By (5.1), together with the compactness of {(x,7) € d® : ¢ < T — ¢} and the
semicontinuity of # and v, we conclude that E is a compact subset of @. We argue
by contradiction. Assume that E # &, and let

To=inf{t : (x,1) € E} =min{zr : (x,1) € E} and K = {(x,t) € E : t = Tp}.
Since K is compact, we can find an open C>*-smooth set U C R” such that

K e U x {Ty} € O,
and thus also o < Ty < 7 such that

{x, e E:t<t}eUx(o,t] €O.
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In particular, the parabolic boundary 9, Uy ; C @ \ E,and hence v < u ond,Us .
(Here we could apply Theorem 3.6, but apart from adding the requirementm > 1, it
would also make this proof less elementary.) Due to the semicontinuity of # and v,
there is a continuous function ¥ on 9, Uy ¢ such that v < ¢ < u. By Theorem 2.4,
we can find a function 7 € C (UU,,) which is parabolic in U, ; and continuously
attains its boundary values 4 = v on 9, Uq ;.

The comparison principle in the definition of sub/superparabolic functions
applied in Uy . to v and A, and to u and h, shows that v < h < u in Us ;.
Thus, we obtain that U, N E = &, and so Tp > 7, which gives a contradiction.
Hence E must be empty, and letting ¢ — 0 concludes the proof. O

A direct consequence of Theorem 5.1 is the following comparison principle,
which can be considered as a sort of elliptic version of the comparison principle,
since it does not acknowledge the parabolic boundary and uses all boundary points
(to prove it just apply Theorem 5.1 with a large enough T):

Theorem 5.3. (Elliptic-type comparison principle) Let m > 0 and ® be bounded.
Suppose that u is superparabolic and v is subparabolic in ®. If

oo # limsup v(y,s) < liminf u(y,s) (5.2)
@3(y,5)—> (x.1) O>3(y,s)—(x,1)

forall (x,t) € 00, thenv < u in ©.

Both in Theorems 5.1 and 5.3 we would have liked to have nonstrict comparison
principles, only assuming nonstrict inequalities in (5.1) and (5.2), but since we
cannot add constants to sub/superparabolic functions, we have not been able to
achieve this. In fact, this is a well-known problem with the comparison principle,
and the nonstrict elliptic comparison principle is known to be equivalent to the
fundamental inequality P f < P f between lower and upper Perron solutions, see
Definition 6.1 below. Moreover, the parabolic-type and elliptic-type comparison
principles in Theorems 5.1 and 5.3 are equivalent, since the former follows from
the latter together with Propositions 4.4 and 4.5.

In both comparison principles the conclusion is nonstrict, even though the
inequalities in (5.1) and (5.2) are strict. If one knew that uy < uy., where
Y € C(3pUy 1,) is positive and uy and uy, 4 are as provided by Theorem 2.4, then
a strict inequality could also be concluded, but this seems to be one of the many
open questions in the area.

Next, we extend the nonstrict parabolic comparison principle in Theorem 3.6 to
unions of bounded cylinders. Note that this improvement also removes the bound-
edness assumption from Theorem 3.6.

Theorem 5.4. (Parabolic comparison principle for unions of cylinders) Let m > 1
and © be a finite union of bounded cylinders in R"1. Suppose that u is super-
parabolic and v is subparabolic in ©. Assume that

oo # limsup v(y,s) < liminf u(y,s)
O3(y,s)—>(x,1) O3(y,5)—(x,1)

forall (x,t) € 9,0. Thenv < uin O.
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Proof. Assume that ® = U;V=1 Uti,sj and extend u and v to (x,t) € 9,0, by
letting

v(x,t) = limsup wv(y,s) and u(x,t) = liminf u(y,s).
O3(y,5)—(x,1) O3(y.5)—>(x.1)

We argue by contradiction, assuming that E = {§ € ® : v(§) > u(§)}is nonempty.
Lett =inf{z : (x,¢) € E} and

S = {l‘],sl,tz,sz, ...,tN,SN}.

We now divide the proof into three cases.
Case 1.t ¢ S and thus min § < v < max S. Let

to=max{t € S:t <7t} and so=min{r € S:¢r > t}.

Then g < 7 < 50, Uzy,50 = {(x,1) € ® : 19 <t < sp} isacylinder, and v < u on
0pUyy,s0- Hence v < u in Uy, 5, by Theorem 3.6. But this contradicts the fact that
T <90.

Case 2. T € S but there is no point (x, t) € E. In this case we let 7y = t and
proceed as in Case 1.

Case 3. Tt € S and there is at least one point (x;, t) € E. First, we show that
v is bounded. As v is upper semicontinuous and does not take the value oo at the
compact set d,®, there is M < oo such that v < M on 3,. It then follows from
Theorem 5.1 that v < M in ©.

Next, since (x;,7) € E C ®, we can find a Cz""-cylinder Uy @ ©® with
x¢ € U. Then there is a continuous 4 : {(x,t) € dUy ; : t <t} =t A — R such
thatv < h < uon A. As v is bounded, we can choose / to be bounded. We can then
iterate Theorem 2.4 on Uy ;1/j, j = 1,2, ..., to find a continuous solution, also
called £, in Up , which has h as continuous boundary values on A. By iterating
also Theorem 3.6, we see that v < h < u in Uy .. By DiBenedetto—Gianazza—
Vespri [23, Theorem 5.16.1], & has a continuous extension (also called /) to the
top U x {r}. We then get from Theorems 4.1 and 4.2 that

v(xr, 7) = esslimsup v(x,t) < lim h(x,t) < essliminf u(x,t) = u(x¢, 1),
(x,0)—(x7,7) (Xat)t_;gxtsf) (X!t)t_;gxrsf)

<t

which contradicts the fact that (x;, t) € E. O
The following lemma is useful when constructing new superparabolic functions:

Lemma 5.5. (Pasting lemma) Let m > 1 and G C ©® be open. Suppose u and v
are superparabolic in ® and G, respectively. Let

min{u, v} inG,
u in®\G.

If{(x,t) e G:v(x,t) <ulx,t)}NO C G, then w is superparabolic in ©.
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This is a more restrictive pasting lemma than the one for p-parabolic functions
in Bjorn-Bjorn—Gianazza—Parviainen [10, Lemma 2.9]. As we only have a strict
comparison principle in Theorem 5.1, the proof in [10] does not carry over to our
situation. If however u is constant, then we can obtain the full pasting lemma. Note
that in applications the pasting lemma is often used with a constant “outer” function.

Lemma 5.6. (Pasting lemma) Letm > 1 and 0 < k < oo. Suppose G C © is open
and v is superparabolic in G. Define

min{k, v} in G,
k in®\G.

If w is lower semicontinuous, then w is superparabolic in ©.

Before proving Lemma 5.5, we first show how it can be used to obtain
Lemma 5.6.

Proof. Letk; = (k —1/j), and
min{k;, v} inG,
wj = X .
k; in®\ G,

Jj=1,2,.... As w is lower semicontinuous, it follows from the local compactness
of ® NJG that {(x,7) € G :v(x,t) <k;} N O C G. Hence, by Lemma 5.5, w;
is superparabolic. Finally, using Proposition 4.6, w is superparabolic. O

Proof of Lemma 5.5. Let us first show that w is lower semicontinuous. This is
clear in G and in © \ G. Let & € ® N 3G. Then, by assumption, w = u in a
neighbourhood of & and, since u is lower semicontinuous, we conclude that w is
lower semicontinuous at &, i.e. w is lower semicontinuous in ®.

Since 0 < w < u, w is finite in a dense subset of &, and we only have to
obtain the comparison principle. Therefore, let Uy, ,, @ ® be a C 2. _cylinder, and
h e C(ﬁzl,zz) be parabolic in Uy, , and such that 7 < w on 9,U;, 1,. Since h < u
on d,Uy, 1, and u is superparabolic, we directly have that & < u in Uy, 4, .

Next, let A = {(x,1) e Uy, NG :v(x,t) <u(x,t)}. Then A € G by
assumption. Thus, by compactness, we can cover A by a finite number of cylinders
Va]j,,j =V x(0j,7j) € G.Let& = U?’Zl(ngj,fjﬂU,],,2),whichisaﬁniteunion
of cylinders. If & € 9, Z, then either & € 0,Uy, ,, and thus A(§) < w(§) < v(§),
oré € Uy 1, \ Ain which case h(§) < u(§) < v(§).Ineithercase h <vond,~Z.
Since h is continuous it follows from the comparison principle in Theorem 5.4 that
h <vin E.Thus h < w in Uy, ;,, which shows that w is superparabolic in ®. O

We also need the corresponding pasting lemmas for subparabolic functions.
While these are not immediate consequences of the ones for superparabolic func-
tions, the proofs are easy modifications of the proofs for the superparabolic pasting
lemmas. We omit the details.
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Lemma 5.7. (Pasting lemma) Let m > 1 and G C © be open. Suppose u and v
are subparabolic in © and G, respectively. Let

max{u, v} in G,
w =
u in®\G.

If{(x,t) e G:v(x,t) > u(lx,t)}NO C G, then w is subparabolic in ©.

Lemma 5.8. (Pasting lemma) Letm > 1 and 0 < k < oo. Suppose G C O is open
and v is subparabolic in G. Define

w— max{k, v} inG,
)k in®\G.

If w is upper semicontinuous, then w is subparabolic in ©.

6. The Perron Method and Boundary Regularity
In Sects. 6-11, @ C Rt is always a bounded open set.

Now we come to the Perron method for (2.1). For us it will be enough to consider
Perron solutions for bounded (and nonnegative) functions, so for simplicity we
restrict ourselves to this case throughout the paper.

Definition 6.1. Given a bounded f : 9® — [0, 00), let the upper class % s be the
set of all superparabolic functions # on ® such that

liminf u(n) > f (&) forall€é € 3O.
Oon—¢&

Define the upper Perron solution of f by
Pf(E) = inf u(), &c0.

ue%f

Similarly, let the lower class .Z be the set of all subparabolic functions # on &
which are bounded above and such that

limsupu(n) < f(§) forall€ € 00,
O>n—&

and define the lower Perron solution of f by

Pf()= sup u(), £€0.

ueff
If Pf = Pf,then f is called resolutive.

Since we only have strict comparison principles in Theorems 5.1 and 5.3, we
also introduce strict Perron solutions as follows.
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Definition 6.2. Given a bounded f : d® — [0, 00), let the upper class % be the
set of all superparabolic functions # on ® such that

liminf u(y) > f(¢) forall& € 96.
CEVEZ

Define the upper strict Perron solution of f by

SfE = inf u@), §&eco.

ueuy

Similarly, let the lower class jf be the set of all subparabolic functions u on ®
which are bounded above and such that

limsupu(n) < f(§) forall§ € 00.
O>n—&

Define the lower strict Perron solution of f by

Sf(€) = sup u@§), §€0O,
ue s

if Z #@,andset Sf =0if £ = @.

Since jf = @ if, and only if, f takes the value 0 at some boundary point
(the constant zero function allowed otherwise is excluded in this case), the lower
strict Perron solution is rather restrictive. A possibility would have been to consider
signed subparabolic functions in the definition of .Z’r, which we have refrained from
since that would lead into uncharted territory.

Remark 6.3. Observe that the definitions of Perron solutions always depend on
the set ®. To emphasize this dependence, we will at times use the notation
Pof,Pof . Sofand S, f,aswell as %7 (0), L5 (O), %r(O) and Lf(O).

It follows from the elliptic-type comparison principle in Theorem 5.3 that v < u
wheneveru € %yandv € £y . HenceSf < Pf < S f andsimilarly, Sf < Pf <
S f.The inequality P f < P f is only known for finite unions of cylinders, in which
case it follows directly from the parabolic comparison principle in Theorem 5.4.

A key question in the theory is whether in general P f = P f. If this hap-
pens, the boundary data f are called resolutive. A recent resolutivity result from
Kinnunen—-Lindqvist-Lukkari [30, Theorem 5.1] shows that continuous functions
are resolutive on general cylinders when m > 1. In Theorem 11.2 below we gener-
alize this result to certain unions of cylinders. For m = 1 (i.e. for the heat equation)
resolutivity of continuous functions holds in arbitrary bounded open sets, see e.g.
Watson [43, Theorem 8.26].

Note that we have elliptic-type boundary conditions on the full boundary,
not just on the possibly smaller parabolic boundary, whenever it is defined.
This is similar to the case of the p-parabolic equation (1.2) in Bjorn-Bjorn—
Gianazza—Parviainen [10]. Nevertheless, the following result is true (recall that
Or ={x,1)e®:t <T}):
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Lemma 6.4. Let m > 0, T € R and suppose that f : d© — [0, 00) is bounded.
Then

Pr=PYf inor,
where FTf is the infimum of all superparabolic functions in O such that

liminf u(n) > f(&) forall £ = (x,t) € 00 witht < T.
Oran—§&

Similar identity holds for P f, S f and, when f is bounded away from 0, also
for S f, with obvious modifications in the definitions.

Applying Lemma 6.4 to both ® and ®7 immediately gives the following corol-
lary:

Corollary 6.5. Let m > 0, T € R and suppose that f : 90 U 0O — [0, 00) is
bounded. Then

Po,f=Pof. Se,f=Sof and Py f=Pyf inOr.

If f is, in addition, bounded away from O then also S, f = S f in Or.

Remark 6.6. Note that the set {§ = (x,1) € 9O : ¢ < T} in the definition of FTf
is in general not compact.
If ® = Uy, 1, is a cylinder, then the parabolic boundary is included in the full

boundary and contains the above set defining P Tf . Also the corresponding classes
of admissible superparabolic functions are included in each other. From this we
conclude that the Perron solution using only the parabolic boundary 9, Uy, 1, lies

between the two solutions P f and P Tf , and thus coincides with them.

If ® is a finite union of cylinders (and thus the parabolic boundary is defined),
the situation is less clear, unless the boundary points not belonging to the parabolic
boundary are at the same time, in which case the above argument applies.

Proof of Lemma 6.4. The inequality P f=> P Tf is obvious, since the restrictions
of functions from % 'r are admissible in the definitions of P Tf . Conversely, lete > 0
and u be admissible in the definition of FTf .For M = sup,g f + 1, let

(. 1) M, if(x,t) e®andt > T — ¢,
'x’ = . .
min{u(x,t), M}, if (x,t) e ® andt < T — ¢.

By Lemma 3.2 and Proposition 4.5, v is superparabolic in & and thus v € %;.
Taking infimum over all u shows that ﬁf(x, t) < ﬁTf(x, t)ywhent < T — e.

Letting ¢ — 0, yields Pf < P f in ©. The identities for P f, Sf and S f are
proved similarly, possibly replacing Proposition 4.5 by Proposition 4.4. 0O

Theorem 6.7. Let m > 1 and suppose that f : 9& — [0, 00) is bounded. Then
Pf, Pf,SfandSf are parabolic, and in particular they are all continuous.
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Proof. For P f and P f in cylinders this is Theorem 4.6 in Kinnunen—Lindqvist—
Lukkari [30] but since everything is local this is true in arbitrary sets, as they in fact
mention in [30, p. 2960]. For m = 1, see e.g. Watson [43].

The proofs carry over essentially verbatim to S f and Sf. O

Since we cannot add constants to solutions of the porous medium equation,
unlike in the elliptic and p-parabolic cases, the boundary regularity might a priori
depend on the value of the boundary function at that point, and could also be
different from above and below. We are therefore led to the following definitions:

Definition 6.8. A boundary point &) € 96 is upper regular with respect to ® if
limsup P f (&) < f (o)

@95%%‘0
whenever f : 9® — (0, 00) is positive and continuous.

Similarly, &y is lower regular for positive (nonnegative) boundary data with
respect to @ if

lim lnf Pf(&) = f(&o)

[CEs

whenever f : 9® — [0, c0) is positive (nonnegative) and continuous.
Finally, we say that &g is regular for positive (nonnegative) boundary data if it
is both upper regular and lower regular for positive (nonnegative) data.

We will often omit the explicit reference to &, whenever no confusion may
arise. The following result is an elementary but useful tool.

Proposition 6.9. Let m > 0 and &y € 90. Then the following are true:

@If f:00 — [0, 00) is bounded and continuous at &y, and & is upper regular,
then

limsup P f(£) < limsup Sf(£) < f(£0).
CEI =S4 [CEISS2)

® If f: 060 — [0, 00) is bounded and continuous at &y, and & is lower regular
for nonnegative boundary data, then

hmmf PfE) > f(&o).

[CEs

©If f:060 — (0, 00) is bounded, bounded away from 0 and continuous at &,
and &g is lower regular for positive boundary data, then

liminf P f(&) > hmmf SfE) = f(&o)-

O38—&)

@ If f:00 — (0,00) is bounded from above, bounded away from 0 and contin-
uous at &y, and & is regular for positive boundary data, then

lim Sf(&) = 11rg$0£f($) = @Bligrgso PfE&) = @alisniso SfE) = f(&o)-

O3E6—&
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Proof. (b) Find f € C(0®)sothat) < f < f and f(éo) = f(&p). Then

liminf Pf(§) = liminf P F(€) > f(&0) = f(&o).

O3> [CEIZZ

(c) First of all, for any ¢ > 0 small enough, we can find f € C(00®) so that
2¢ < f < fond® and f (&) = f(&). Now f — ¢ is positive on d®, and thus

liminf Sf (&) = hmmf P(f—e)&) = f&o) —& = f(5) —e¢.

OEE—)EO

Letting ¢ — 0 shows the second inequality, while the first one follows directly
from the inequality P f > S f.

(a) This is shown in the same way as (c), using a continuous function f > f+e
such that f(0) = f(50) +&.

(d) This follows from (a) and (c) and the inequalities Sf < Pf and Pf <
Sf. O

The following are direct consequences of Proposition 6.9:

(i) Upper regularity is the same for positive and nonnegative boundary data, which
is the reason why we did not define them separately. We do not know if such
an equivalence holds for lower regularity.

(i) Upper regularity can equivalently be defined using the upper strict Perron
solution S. Similarly, lower regularity for positive boundary data can be defined
using the lower strict Perron solution S.

It seems that upper regularity is easier to handle. At this point it is far from clear
whether upper and lower regularity are equivalent or not, nor if one may imply the
other. One can also ask whether (upper/lower) regularity at one level, i.e. for one
given boundary value ¢ > 0 at &, is equivalent to regularity at other levels, and
also if the growth of the functions plays a role for the regularity.

In the next two sections we are going to show that regularity for positive bound-
ary data can be characterized by the existence of two two-parameter families of
barriers, one family from above and one from below. Whether all barriers are really
needed to guarantee regularity is far from obvious, but hopefully future research
will be able to clarify this.

However, it may be worth to compare with the situation for the p-parabolic
equation (1.2) for which regularity was characterized using one one-parameter
family in Bjorn-Bjorn—Gianazza—Parviainen [10, Theorem 3.3]. (The crucial dif-
ference here necessitating two two-parameter families instead of one one-parameter
family is the fact that we can neither change sign nor add constants.) In Bjorn—
Bjorn—Gianazza [9, Proposition 1.2] it was shown that one barrier is not enough
to characterize regularity for the p-parabolic equation, at least not for p < 2, but
with one barrier one gets regularity for boundary data f not growing too fast, see
[9, Proposition 5.1].

For the heat equation one barrier is enough, as was first shown by Bauer [8,
Theorems 30 and 31] for general domains.

We end the section with the following result:
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Proposition 6.10. Let &y € 0© and a > 0. Assume that m > 0, m # 1. Then
&o is upper/lower regular for positive (nonnegative) boundary data for the porous
medium equation (2.1) if and only if it is upper/lower regular for positive (nonneg-
ative) boundary data for the multiplied equation

u = aAu™. (6.1)

For m = 1 itis well-known that this is false, by e.g. the Petrovskii criterion [38,
39], and our proof breaks down in this case.

Proof. If u is a sub/supersolution of (6.1), then v = a'/"~Dy is a sub/supersolu-
tion of the porous medium equation (2.1). The whole theory can now equivalently be
developed for the equation (6.1) and the upper/lower regularity becomes equivalent.
]

Since the space R”*! is homogeneous, one can translate the equation and still
have the same regularity. Thus, without loss of generality, we will sometimes assume
that the boundary point under consideration is the origin & = (0, 0).

7. Barrier Characterization of Upper Regularity

Definition 7.1. A family of functions w,x, withc € Qy and k = 1,2, ..., is an
upper barrier family in ® at & = (xq, to) € 9O if for each ¢ € Q4 and k,

(@) wek @ ®@ — [c, 00) is superparabolic;
b) 1 =c;

( )@Bén_l)so wek(§) =c

(c) there is j = j(c, k) € N such that

hmmf w”(;) >c+k
[CEYEs

for all (x,?) € 9® with |x — xo| + |t — 9] > 1/k.
Here Q. = {x € Q: x > 0}.

Theorem 7.2. Let m > 1 and &y € 0©. Then the following are equivalent:

(1) &y is upper regular;

(2) there is an upper barrier family at &;

(3) there is an upper barrier family at &y consisting of parabolic functions satisfy-
ing (c) in Definition 7.1 with (x, t) € 3O replaced by (x, 1) € .

Proof. We assume, without loss of generality, that &y = (0, 0).

(2) = (1) Let {w, } be an upper barrier family at &.

Assume that f : 9©® — (0, 00) is continuous. Let ¢ € Q. be such that
¢ > f(&).Thenfindk > sup,q f suchthat f(x,t) < c whenever |x|4t] < 1/k.
Let j = j(c, k) be as given in Definition 7.1 (c). Since w,, ; > ¢, we see that

Ohmlnf We,j(¢) > f(x,1) forall (x,1) € 90.
3(—
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This implies that w. ; € %y, and thus Pf < we,j in ©. Consequently,

lim sup Ff({) < limsup we ;(¢) = c.
[CEIE=Z) [CEIE=Z)

Since this holds for all rational ¢ > f (&), we conclude that

limsup P f(¢) < f (&),
O30—>&

and thus & is upper regular.
(1)= (3) Assume thaté € 0@ isupperregular. Givenc € Qyand j = 1,2, ...,
we let

Ve, j(x, 1) = (" + jlx* + jbrH)Y™ for (x,1) € R"T,

where b = mc" ! /diam ®@. Note that ¥ ; > c. Direct calculations show that

2jbt . . _ 2jbt
Opej = =— (" + jlx|* + jbr) H/m <
m mc
and
Ayl = jAlx]P =2jdivx =2jn > 0.
Hence

m . bt
atlpc,j - Al/fc’j <2j memn—1 —-n) =<0,

which implies by Theorem 3.5 that . ; is subparabolic in ®. By Theorem 6.7 the
function

We,j = ch,j

is parabolic. Since Y. ; is subparabolic, it belongs to .2, ;. Therefore, by definition,
we get that we ; > ¥ ; > ¢, and so (a) in Definition 7.1 holds. As &g is upper

regular, we also obtain using Proposition 6.9 that

limsup w j < limsup Sy j = ¢
@38 [CEIZZ)

and thus limpsg g, We,j = ¢, giving (b) in Definition 7.1. By the form of w ; it
follows that also (c) in Definition 7.1 is satisfied, and thus the functions w,, ; form

an upper barrier family of the type required in (3).
(3) = (2) This is trivial. O

The following useful restriction result is a direct consequence of the barrier
characterization in Theorem 7.2 (3):

Corollary 7.3. Letm > 1 and G C © be open. Suppose that &y € 00 N IG. If &
is upper regular with respect to ©, then it is upper regular with respect to G.
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Another consequence of the barrier characterization is that upper regularity is
a local property.

Proposition 7.4. Letm > 1 and &y € 00, and suppose that B is a ball containing
&o. Then & is upper regular with respect to © if and only if it is upper regular with
respectto BN ©.

Proof. Corollary 7.3 shows that if &y is upper regular with respect to @, then it is
also upper regular with respect to B N @. It remains to show the converse direction.

By Theorem 7.2 we have an upper barrier family w, ; in BN ®. Let k be large
enough so that 1/kg < dist(§y, dB) and let j(c, kp) be as in Definition 7.1 (c).
Define

, min{we, j(c k), ¢ +k} iInBNO,
w =
ok c+k in® \ B,
for k > ko and w;, ; = wy, for k < ko. By the pasting lemma 5.6 the function
wé, « is superparabolic, and thus {wé, «) 18 an upper barrier family in ®. This implies
that & is upper regular with respect to @. 0O

8. Barrier Characterization of Lower Regularity for Positive Boundary Data

Definition 8.1. A family of functions w. x, withc € Q. andk = 1,2, .. .,isalower
barrier family for positive boundary data in ® at the point &y = (xp, fg) € 00 if
for each ¢ € Q. and k,

(@) wek @ ©@ — [0, c] is subparabolic;
(b) lim  wex(¢) =c;

CEIE=Z)
(c) there is j = j(c, k) > k such that

1
limsup we () < —
O30 (x.1) k

for all (x, 1) € 30 with |x — xo| + |t — to| > 1/k.

Lemma 8.2. Let m > 0. Assume that u is a supersolution (subsolution) in @ \
(E x R), where E C R" is a set of zero capacity such that ® \ (E x R) is open. If
u™ e L1, 1o, W1’2(U))f0r every cylinder Uy, 1, @ O, then u is a supersolution
(subsolution) in ® as well.

For the definition of capacity, see (11.1) below.

Proof. We consider supersolutions. The proof for subsolutions is similar. Let
Uy, € O and ¢ € C°(Uy, 1,) be arbitrary. Since E has zero capacity, there
exist n; € Cg°(R") suchthatO < n; < 1inR", n; = 1in an open neighbourhood
of E and [[njllwi2mny < 1/j,J = 1,2,....Setgj(x, 1) = (1 —n;(x))e(x, 7).
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Then ¢; € C3°(Uy 1, \ (E x R)). Inserting 9,¢; = 9,9 — 10, and Vo; =
Vo — (njVe + ¢Vn;) into (2.2) gives

t 5]
/ / Vu™ - Vedxdt —/ / ud; @ dx dt
nJU n JU

%) n
> / / vu™ . (njV(p—i—goan)dxdt—/ / un;o,@dxdt.
1 JU 11 JU

Since ¢ € C{°(Uy,,1,), there exists M < oo such that |¢|, [Vel, [3;¢] < M on
Uy, 1, and hence the Cauchy—Schwarz inequality implies that the right-hand side in
the last inequality is majorized (in absolute value) by

0 12/ rty 1/2
3M<//(|Vum|2+|u|2)dxdt> <//(|an|2+|nj|2)dxdt> .
n JU nJU

By assumption, the first factor is bounded while the last factor equals

(12 — l1)1/2||71j||w1<2(R")

and tends to zero as j — oo. Thus, the left-hand side in (2.2) is nonnegative for
every ¢ € C{°(Uy,,1,), which concludes the proof. O

Theorem 8.3. Let m > 1 and &y € 90. Then the following are equivalent:

(1) &y is lower regular for positive boundary data,

(2) there is a lower barrier family for positive boundary data at &;

(3) there is a lower barrier family for positive boundary data at &y consisting of
parabolic functions satisfying (c) in Definition 8.1 with (x,t) € 00 replaced
by (x,t) € 6.

Proof. We assume, without loss of generality, that &y = (0, 0).

The proof of (2) = (1) is similar to that of Theorem 7.2 and we omit the details.

(3) = (2) This is trivial.

(1) = (3) Assume that §y € 9O is lower regular for positive boundary data.
To construct a lower barrier family for positive boundary data at &g, let 0 < o <
y <1/mandd =2+ logdiam ®. Givenc € Q; and j = 1, 2, ..., we define for
(x,1) € O,

Uy a2 J
c + "+ — X 0,
Ve (6. 1) = J d—loglx| * 7

Wy 4 jo‘t2, x =0,

14

and e j=v, ;.

Note that 0 < ¥ ; < c. Assume that x # O for the moment. Direct calculations
show that 0,v.,; = 2j%,

jx

Vy, i — — S
el X2 — log [x])2

(8.1)

and

j[tn=2)d —log |x) +2] _ 2j
W2 —loglx) =[x — loglx])?®’

Avc,j =
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since n > 2. Moreover, we have

—y—1
3:%,,’ = _ch,j 8tvc,j,
m —ym _ —ym—1 )
Ve = ch,j = —ymuy,; Ve, j, (8.2)

and thus

—ym=2 2
: [Vue 1.

AY™. = —ymv_ym_lAvC,l; +ym(ym+ Dv,;

cj ¢.J
It follows that
e — AP = ymv;]Y’"‘z[vc,jAuc,, — (ym + D[V |?
—milvcljj_.y(m_l)atvc,j].
This will be nonnegative if

Jo v _ ym+Dn 2 D a5
C P —loglx)?  IxPd —log|xD*  m -

Since ve, j > j/(d — log|x|) and m > 1, we obtain

I> 2jve,j _ (ym+Djoe; 2y F7 D o
= xPd —log x> [x[2(d —log|x])? e
(1 —ym)j pim—1) .
=V i| ———"—= — 20" “t).
”<|x|2<d —loglxp?  ed

A straightforward calculation shows that p +— p2(d — log p)3 is increasing on
[0, diam @], which together with v ; < j(c’l/” + (diam @)2 + 1) and the choice
of d yields

(I—ym)j . 1, -1 . 2 1) 1
Izvc,j(m—zﬂmm V(™Y 4 (diam @)% + )Y D diam © |.

Since « < y < 1/m, we have « + y(m — 1) < 1 and it follows that I > 0
for sufficiently large j. Thus, by Theorem 3.5 we see that v/, ; is superparabolic in
{(x,1) € © : x # 0} for such j. By (8.1) and (8.2), Vy"; € L2(t1, tr; WH2(U))
whenever Uy, ;, € @. Hence Lemma 8.2 shows that . ; is superparabolic in &
for sufficiently large j.

Set we ; = Py, ;. Then we ; is parabolic, by Theorem 6.7. Since V. ; is
superparabolic, it belongs to %y, ;, and thus w¢ ; < ¥ ; < c. By the lower
regularity of &y for positive boundary data and Proposition 6.9 (c), we also have

lim inf () > Hminf St (¢) = . —.
Am inf we,j(§) = @gr{lglgo_I//c,j({) Ve,j(§0) =c¢
and thus limgs; g, we, j(¢) = c. By the form of w, ; it follows that (c) is satisfied,
and thus (after renumbering) the functions w. ; form a lower barrier family for
positive boundary data of the type required in (3). O
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As in the case of upper regularity we have two results. The first is a direct
consequence of the barrier characterization in Theorem 8.3 (3), whereas the proof
of the second is similar to the proof of Proposition 7.4; we omit the details.

Corollary 8.4. Let m > 1 and G C © be open. Suppose that &y € 90 N IG. If
&o is lower regular for positive boundary data with respect to O, then it is lower
regular for positive boundary data with respect to G.

Proposition 8.5. Let m > 1 and &y € 00, and suppose that B is a ball containing
&o. Then & is lower regular for positive boundary data with respect to © if and
only if it is lower regular for positive boundary data with respect to B N ©.

9. Earliest Points are Always Regular

To make the notation easier, we consider regularity of the origin. Recall that
O-={(x,1)e® :t <0} and O, ={(x,1) € ® :t > 0}.

Proposition 9.1. Letm > 1 and &y = (0,0) € 90. If&y ¢ 0O_, which in particu-
lar holds if ©_ is empty, then &g is regular for positive boundary data.

Proof. By Propositions 7.4 and 8.5 we may assume that ©@_ = &.
First, we turn to upper regularity and let ¢ € Q.. be arbitrary. Let

wej = (™ + jlx> + 2 'HY™ and § = max{diam @, 1}.

Then,as 1/m — 1 < 0,

2m—1 j2m—1
(cm +j|.x|2+j2m_lt)l/m_1 > p (Cm +2j2m—152)1/m—1

Owe,j =

m
and Awi”j = jA|x|> = 2jn. We want to have

2m—1

dwe,j — Ay = —— (" 277" 18H)!" T —2jn = 0,

] = m

which is equivalent to

m >m/<1—m> jom

j2m72 = (2nm)m/(m—l) ’

and this happens if j is large enough. Thus, for such j, w, ; is superparabolic, by
Theorem 3.5. It now follows that {w, ;} (after renumbering) is an upper barrier
family, and thus & is upper regular.

For lower regularity, let again ¢ € Q. be arbitrary. This time let

Cm+2j2m—182 S<

vej = (" = jlxlP = jan}™ and Oc; = {(x.1) € O :ve,j(x.1) > O},
where @ = 2nmc™ . In O, ; we have

y .
e,y = =20 (e =l = jan ! < LR — g
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and AvZ‘j = —jAlx|?> = —2jn. Hence 9, Ve, j —Avé’fj < Oand v, ; is subparabolic
in & ;, by Theorem 3.5. Lemma 5.8 shows that v, ; is subparabolic in . Hence,
it follows that {v. ;} is a lower barrier family for positive boundary data and thus
by Theorem 8.3, &y = (0, 0) is lower regular for positive boundary data. O

Remark 9.2. Using the family {v., ;} above one can show that &y = (0, 0) is lower
regular for nonnegative data, in a similar way as the proof of (2) = (1) in Theo-
rem 8.3. We do not aim at developing the general theory of lower regular points for
nonnegative data here.

10. Independence of the Future

The next result shows that regularity is independent of the future.

Theorem 10.1. Assume m > 1 and & = (0,0) € 00. Then & is upper regular
(lower regular for positive boundary data) with respect to © if and only if either
& ¢ 00_ or & is upper regular (lower regular for positive boundary data) with
respect to ©_.

Proof. We consider first the upper regularity.

If & is upper regular with respect to @, then either &) ¢ d@_ or & is upper
regular with respect to ®@_, by Corollary 7.3.

As for the converse, if &y ¢ 0©_, then & is regular by Proposition 9.1. Thus it
remains to consider the case when & is upper regular with respect to ©®_.

Givenc € Q. and j = 1, 2, ..., we define for (x, ) € @ the function

Ve j = (™ + jlx|* + jbrH)m

with b = mc™~!/diam ©. By the proof of Theorem 7.2 we know that v jis
subparabolic in ©.

Let we, j = Py, j. We want to show that {w, ;} is an upper barrier family at
& with respect to ©.

As . ; is subparabolic and continuous, S_‘@wc, j = Wej = Yejin ©. By
the upper regularity of &y with respect to ®_ as well as by Corollary 6.5 and
Proposition 6.9 (a), we see that

limsup we j(¢) < limsup Sov ;(¢) = limsup So_v. (&) < Ve ().
O_3;—&) O_3;—&) O_3:—&)

i We.i > Yo iy W i
Since we,j > VY, j, we obtain

lim wc,j(é‘) = wc,j(EO)-

O_3—&)

Moreover, by the continuity of w ; in & we have

we,j (§) = Ve, j (o) (10.1)

~ lim
CACHET g
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Next, let

_|ve; maenae,.,
YT lue, inense..
Then ¢ is continuous at &y, by (10.1).
Ifu e f,/,w. (©),thenulg, € Z£,(6,),by the definitions of ¢ and w, ;. Hence

We,j = PoV¥e,j <Py, ¢ inO,.
Ifve .,2’7(0(@4,) then, since w. j > ¥, j in ©, we have

limsup v(¢) < @) < hmmf we,j(¢) forall§ € 90,.
()+3§—)E

Thus, by Theorem 5.3, v < w, ; in @,. Taking supremum over all v € .ﬁ;,((%r)
shows that

So, ¢ Swej <Py ¢ in6O,.

By Proposition 9.1, the initial points are always regular. Thus using also Proposi-
tion 6.9 (d), we see that

lim Soﬂ’(() ggn_)&f@gp@) = Ve, j (o).

O+9

Therefore, we obtain

Iim  we = ,
o lim  wej(©) = ¢ (&)

which, together with (10.1), shows that

@alémé We ]({) I;ch,j(é,-:O)-

All this together now allows us to conclude that {w, ;} is indeed an upper
barrier family at &) with respect to ®. Thus, by Theorem 7.2, &y is upper regular
with respect to ©.

Finally, we turn to the lower regularity (for positive boundary data). The proof
is similar to the upper regularity case above, and the first part is analogous. For the
main part, welet0 < @ <y < 1/m,d = 2 + logdiam ® and define

1y | a2 J
c —+ "t — X 0,
Ve (x.1) = J d—loglx|’ *7

and VY. ;=v_".
c Wy 4 jo‘tz, x =0,

c,J

This time v, ; is superparabolic if j > jo(c), by the proof of Theorem 8.3. The
rest of the proof is the same as for upper regularity, with the direction reversed,
and using Proposition 6.9 (¢) and Theorem 8.3 at appropriate places. We omit the
details. O
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11. Regularity of Cylinders

In this section, we will show that the boundary regularity for the boundary value
problem (2.4) for the porous medium equation in a cylinder is determined by the
elliptic regularity of the corresponding spatial set. For this reason, we recall the
concept of capacity and the elliptic Wiener criterion.

For a bounded set E C R”, we define the capacity of E as

cap(E) =inf/ (IVul® + u)?) dx, 1.1
u Rn

where the infimum s taken overallu € Cgo (R™) suchthatu > 1inaneighbourhood
of E.

With this definition, the Wiener criterion [44] characterizes the regular bound-
ary points of a bounded open set U C R", i.e. those boundary points xo € dU at
which every solution of the elliptic boundary value problem

Au=0 inU,
u=geC@OU) onalU,

attains its continuous boundary values g. We call these points elliptic regular. More
precisely, xo € dU is elliptic regular if and only if the complement of U is thick at
X, 1.€., if

— =00 (11.2)

/1 cap(B(xo, ) \ U) dr
0

(see Wiener [44], Littman—Stampacchia—Weinberger [36, Theorem 9.2] or Maly—
Ziemer [37, Theorem 4.24]).

It is well known, and rather straightforward, that the Wiener condition (11.2)
holds e.g. if x¢ is not a point of density of U or if U satisfies the following porosity
condition: there is ¢ > 0 and a sequence ry — 0 such that forevery k = 1,2, ...,
the set B(xp, rr) \ U contains a ball of radius cr¢. In particular, the famous cone
and corkscrew conditions are sufficient for boundary regularity. Thus, our results
in this section apply to a much larger class of (unions of) cylinders than the ones
considered in Abdulla [1,2].

Theorem 11.1. Let m > 1 and ©® = Uy, 4,. Also let & = (xo, to) € 00, where
t < ty < tp. Then &y is regular for positive boundary data if and only if xo is
elliptic regular with respect to U.

Note that by the main result in Kinnunen-Lindqvist-Lukkari [30], continu-
ous functions are resolutive for cylinders (see also Remark 6.3). Also, if tp = #;
then &y, being an earliest point, is always regular for positive boundary data, by
Proposition 9.1.

Proof. Without loss of generality we may assume that £y = (0, 0), and thus that
Hh<0<n.
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Assume first that x is elliptic regular with respectto U. Let ¢ (x) = |x|,x € R",
and let v be the unique classical solution of

Av=—-1inU,
v—g e W, (U),

which exists by Theorem 4.3 in Gilbarg—Trudinger [25]. Then v is superharmonic
in U. Since ¢ is subharmonic (by a straightforward calculation), we have v > ¢ a.e.,
by Lemma 3.18 in Heinonen—Kilpeldinen—Martio [27]. As v and ¢ are continuous,
v > @ everywhere in U. Since xg is elliptic regular, it satisfies the Wiener test in
Wiener’s criterion. Hence it follows from Gariepy—Ziemer [24, Theorem 2.2] (or
Maly—Ziemer [37, Theorem 4.28]) that limysx—o v(x) = ¢(0) = 0.

We need to create barrier families both for upper and lower regularity. We begin
with upper regularity and let ¢ € Q. be arbitrary. Let

we,j = (€ + ju+ajr)/™,

where a = c’"‘lm/2diam ®.Then,as 1/m — 1 <0,

2ajt 2aj diam ®
dwe j = L + jo +aj)nl z SR e
m m
while Awgf/. = jAv = —j. Hence

2a diam @
a diam cl_m> _o.

and thus w,; is superparabolic in &, by Theorem 3.5. As limys, 0 v(x) = 0 and
v > g, itfollows that {w,, ;}is an upper barrier family and therefore by Theorem 7.2,
& = (0, 0) is upper regular.

Next, we turn to lower regularity for positive boundary data. Let again ¢ € Q.
be arbitrary. This time we let

1 1/m
Uej = max{cm —jv —bjl/mtz, —,} ,
' J
w1
Ocj =1, 1) €0 iuc;j(x, )" > =1,
J

where b = m /2 diam © and v is the same function as above. In &, ;, which is open
as v is continuous, we have

2bjl/m’(cm _ju— pjimyimt < 2651/ diam@jl—l/m
m o m

8tuc,j = - =/,
while Auf’j = —jAv = j. Hence

duc,j — Aug'; < j—j=0,

and thus u. ; is subparabolic in ®. ;, by Theorem 3.5. As v is continuous, u., ; is
also continuous. Hence, Lemma 5.8 shows that u. ; is subparabolic in @. Since
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limysysov(x) =0and v > g, it follows that {u. ;} is a lower barrier family for
positive boundary data and thus by Theorem 8.3, &y = (0, 0) is lower regular for
positive boundary data.

Assume now instead that & = (0, 0) is regular for positive boundary data. We
let ¢ be a continuous function on dU and let 2 be the harmonic Perron solution with
boundary values 1 withrespectto U. We need to show thatlimysx—.o 2(x) = ¥ (0).
As we can scale and add constants to harmonic functions we may assume that
1<y <2, andthusalsol <h < 2. Let

Y(x), ifx edUandt; <t < 1y,
h(x), ifxeU, andt =t;ort =1t,.

flx, ) =

By Theorem 10.1 we may assume that 7, > 0. Then 1 < f < 2 on d® and
f is continuous at &). Moreover, if u belongs to the elliptic lower class for the
harmonic Perron solution of ¥, then it(x, ) = max{u(x), 1} € £ and hence
Pf(x,t) = h(x) for (x,t) € ®. By Proposition 6.9 (a),

limsup 2(x) < limsup P f(x,0) < limsup S f(x,0) < £(0,0) = ¥ (0).
Usx—0 Usx—0 Usx—0
It follows similarly that lim infysy—o2(x) > ¥(0), and thus limysx—o h(x) =
¥ (0). Hence 0 is elliptic regular with respectto U. O

A related result is proved by Ziemer in [45, Theorem 4.4]. He considers general
degenerate parabolic equations, which include the porous medium equation with
m > 1 as a special case. He deals with signed weak solutions u in a cylinder Uy, ;,,
and assumes them to be bounded. The boundary data f belong to the Sobolev space
W21’1 (R”“ ) of functions which, together with their distributional first derivatives,
belong to L2(R**1), and f IR#+1\0;, ,, i continuous. The boundary condition on
dU, 1, is taken in a weak (Sobolev) sense, that is u — f is assumed to be in
the Wzl’l(U,l, 1 )-closure of smooth functions with compact support in Uy, 1,. If
& = (xp, t9) € U x (11, 1) and xy is elliptic regular, then by [45, Theorem 4.4],

U, Jiglsl_) 6 u(€) = fo)-
There is no restriction on the boundary behaviour of f at &y, which can be positive,
negative, or vanish, but the condition for continuity is only proved to be sufficient.

Our aim in the rest of this section is to obtain the following generalization of
Abdulla’s unique solvability result (Theorem 2.4) for m > 1 and positive boundary
data (note that it is a generalization also in the case when @ is just one cylinder):

Theorem 11.2. Let m > 1 and ® be a finite union of cylinders. Assume that the
time-sections

O ={x,)e®:t=T}
are bounded elliptic regular open sets in R" satisfying
O(T)) C ©(Tp) whenever Thin < T1 < T < Tax,

where Tin := inf{t : (x,1) € O} and Thax 1= sup{t : (x,t) € O}. Then
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(a) every point in the parabolic boundary 3, is regular for positive boundary
data;
(b) every positive f € C(3,0) is resolutive and

u:=Pf=Sf=Pf=Pf=058f (11.3)

is the unique function in C (@) which is parabolic in @ and takes the boundary
values u = f on the parabolic boundary 9,0;
(c) every nonnegative f € C(3,0) is resolutive and for every &) € 9,0, either

@ahgnigo Pf(&) = f(o) or 0= (l)lggglsfo Pf(§) =< gr;;ilg) Pf(&) = f(&o).
(11.4)

The last part also generalizes the resolutivity result in Kinnunen—Lindqvist—
Lukkari [30, Theorem 5.1] (for general cylinders) to certain finite unions of cylin-
ders.

We will divide the proof into several results. Since they have independent inter-
est we formulate them in greater generality than Theorem 11.2.

Theorem 11.3. Let m > 1 and © be a finite union of cylinders. Let h € C(3©) be
nonnegative. Then there is at most one u € C(®) that is parabolic in © and takes
the boundary values u = h on the parabolic boundary 9,0.

Proof. Let u and v be two solutions of the boundary value problem under consid-
eration. Theorem 5.4 shows that v < u < v in ® and hence, by continuity, in @.
]

Proposition 11.4. Let m > 0. For T € R, let
or® =& =(x,1) €00 :t < T}

and assume that f : 001 — [0, 00) is bounded on dO1 and continuous on ot ©.
Then the following are true:

(a) If every & € 07 © is upper regular, then
F@Tf =< E@Tf = f@Tf

(b) If every & € 91 © is lower regular for positive boundary data and f is bounded
away from 0O, then

Po,f=Se,f=Pof.
(c) If every & € 07O is lower regular for nonnegative boundary data, then
F@T f S BQT f

(d) If the comparison principle P, f < 13@7 f is valid on O then in any of the
above cases (a)—(c), f is resolutive in Or.
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(e) Let 0 < h € C(0O7) be positive. Then in any of the above cases (a)—(c), there
is a countable set A C (0, 1) such that

Py, (f+ah) = Po,(f +ah) foreverya e (0,1)\ A,
i.e. f + ah is resolutive in Or.

This result naturally combines with Lemma 6.4 and Corollary 6.5. In particular,
itcan be applied to bounded continuous functions defined only on 97 & and extended
arbitrarily in a bounded way to 0@7 and 06.

Proof. (a)Proposition 6.9 (a), together with the upper regularity assumption, shows
that

limsup S, f(¢) < f(€) forevery & € drO.
O>3;—¢&

Since .S_'@T f is parabolic in ®7, this together with Lemma 6.4 (applied to @r)
shows that

Sorf < P'f =Pg,f.

The converse inequality Py, f =< S_(.)T f follows from Theorem 5.3, while
Remark 6.3 shows that Pe, f < Se, f.

(b) This is shown in the same way as (a), by interchanging the role of
the upper and lower solutions, and taking into account the positivity of f and
Proposition 6.9 (c).

(c) As in (a), Proposition 6.9 (b), together with the lower regularity assumption,
implies that

limsup P, f(n) = f(§) forevery & € 76,
[CEVEZS

and hence, by Lemma 6.4 (applied to ©&7), Py, f > FTf = Po,f.
(d) This is a direct consequence of (a)—(c) and the general inequalities

So,f <Po,f<Seo,f and Su f < Po,f < So,f.

(e) Let E be a countable dense subset of ®@7. For each £ € E the function
©0,1) > a — P(f + ah)(&) is nondecreasing and thus has jumps for at most
countably many values of a; let Ag¢ be the set of these values of a. Then A :=
Ug ek Ae is also countable.

Now let a € (0, 1) \ A. Then, for every & € E, using the positivity of & on
dOrt and the elliptic comparison principle (Theorem 5.3), together with (a), (b) or
(c) above, we see that

P(f +ah)@) = lim P(f+bh)E) = P(f +ah)(§) = P(f +al)(©).

Thus P(f + ah) = P(f + ah) in E and as they both are continuous this holds
everywhere in O7, i.e. f + ah is resolutive. O
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Theorem 11.5. Let m > 1 and let f : 9® — [0, 00) be bounded. Assume in
addition that f is continuous at &y € 00, f(&) > 0 and that &; is lower regular
for positive boundary data. Then either

(})igglgléfopf(é) = f(o) or (ljlgglglsfo Pf() =0.

Similarly, either liminf g g, Sf(§) > f (&) or liminfesg g, Sf (&) = 0.

Proof. Assume thit liminfgse g, _F f(&) > 0. Then there_ exists & > 0 and a ball
B > &y, suchthat Pf > eon® N Band f > ¢ on d® N B. Thus, the function

s on 9@ N B,
| Pf ondBNO,

is bounded away from zero on d(B N @) and continuous at &.
Now, let u € % (©®) be arbitrary. Then by definition,

gm{ingu(é) > f(€) =h() forf € 9O NB,

while the lower semicontinuity of u, together with the definition of P f and h,
implies that

gm;ingu@) >u(§) = Pf(§) =hE) for§ cIBNO.

It follows that u € %4,(® N B) and taking infimum over all such u yields
Pf > Pgnoh > Sgrph inBNO.

Corollary 8.4 shows that &y is lower regular for positive boundary data with respect
to B N ®. We therefore conclude from Proposition 6.9 (c) that

liminf Pf(¢) 2 liminf Spneh(¢) 2 h(go) = £ (o).

The case with S f is obtained similarly. 0O
Finally, we are ready to prove Theorem 11.2.

Proof of Theorem 11.2. (a) There are two types of points in d,,®: those belonging
to the lateral surface of one of the cylinders constituting & and those belonging to the
flat bottom of one of these cylinders. Because of the assumption ® (77) C O (T3),
none of the parabolic boundary points belongs to the top of any of the cylinders.
(Here by the top of U, ,, we mean dUy, 1, \ 0pUy, 1,.)

The lateral points are regular for positive boundary data by Theorem 11.1,
together with Propositions 7.4 and 8.5, while the bottom points are regular for
positive boundary data by Proposition 9.1.

(b) The resolutivity and the identities in (11.3) follow from Proposition 11.4 (a),
(b) and (d), together with the parabolic comparison principle, Theorem 5.4. The
uniqueness is a direct consequence of Theorem 11.3.
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The continuity of u on 9,® follows from Proposition 6.9(d), while Theo-
rem 5.16.1 in DiBenedetto—Gianazza—Vespri [23] shows that u has a continuous
extension to all points on the top level 30 \ 3,6.

(c) As in (b), the resolutivity follows from Proposition 11.4 (a) and (d), together
with Theorem 5.4. Proposition 6.9 (a) then shows that

limsup Pf(§) < f(&) forall§, € 9,0,
@35—)%‘0

while Theorem 11.5 implies that (11.4) holds. O

Acknowledgements. This research started while the authors were visiting Institut Mittag-
Leffler in 2013, we thank the institute for the kind hospitality.

Conflict of interest: The authors declare that they have no conflict of interest.

Funding: A. B. and J. B. were supported by the Swedish Research Council, Grant Nos.
621-2011-3139, 621-2014-3974 and 2016-03424. J. S. was supported by the Academy of
Finland grant 259363 and a Viisild foundation travel grant.

Open Access This article is distributed under the terms of the Creative Commons Attribu-
tion 4.0 International License (http://creativecommons.org/licenses/by/4.0/), which permits
unrestricted use, distribution, and reproduction in any medium, provided you give appropri-
ate credit to the original author(s) and the source, provide a link to the Creative Commons
license, and indicate if changes were made.

Appendix A. Proof of Theorem 3.4

Kuusi [32], working with the p-parabolic equation (1.2), observed that the crucial step
towards establishing inner regularity results like Theorem 3.4 is a supremum estimate for
subsolutions. Such results had earlier been obtained using weak Harnack inequalities, which
are more difficult to deduce than supremum estimates. Avelin—Lukkari [7] later adapted
Kuusi’s argument to supersolutions of the porous medium equation (establishing Theo-
rem 3.3).

First, we set the notation

0(x0, 10, p) = B(x0, p) X (19 — p*, 19+ p?) and Q(p) = 0(0,0, p).

Proposition A.1. (Supremum estimate for subsolutions) Let m > 1, u be a bounded non-
negative subsolution in Q(xg, ty, p), 0 <o < 1 and M > 0. Then

1/2
ess sup (u—M)§C< ! f/ (u—M)idxdt) , (A.1)
0(x0.10.0p) 120 J S0 (x0.10.p)

whlere A =MZ —I—dw, and C only depends on n, m, o and L := essSUp g, 1, p) 4> but
not on u, M and p.

To prove this estimate we modify the technique used by Andreucci [4]. Note that we do
not have the extra corrective term that appears in [4], since here we directly assume that the
height of the cylinder is p2 and allow C to depend on L, which is sufficient for our purposes.

Before proving Proposition A.1, we show how this estimate is used to obtain Theorem 3.4.
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Proof of Theorem 3.4. Let (x, tg) € ® bealebesgue pointof . Without loss of generality
we assume that (xq, 7o) = (0, 0). We want to show that u* (0, 0) = u(0, 0). First of all,

1

u*(0,0) > lim /f udx dt = u(0, 0).
=010 JJ o)

For the converse inequality, first choose r such that Q(r) € ©®. Let L = ess SUpo () U,

which is finite, see e.g. Andreucci [4]. Then, by Proposition A.1 (with M = u(0, 0) and

o= %), we have forany 0 < p < r,

1 1/
esssup(u — u(0,0)) < C( // (u —u(0, 0))2 dx dt)
0(p/2) 12) /o i

1/x
§CL1/A<;// |u—u(0,0)|dxdt> ,
1O JJop)

which tends to 0, as p — 0, since (0, 0) is a Lebesgue point. Thus we conclude that
u*(0,0) <u(0,0). 0O

Now we turn to the proof of Proposition A.1.

Proof of Proposition A.1. Without loss of generality we assume that (xg, fp) = (0, 0).
Define for all j > 0,

tj-‘ = :t(az,o2 + 1;}.02;02), pj=o0p+ 12_].0,0,
Bj = B(0, pj). Q) =Bj x (t;.1)).
Note that
Qop) € Q1 € Qj € Qo = Q(p).

We also consider C°°-cutoff functions ¢ j such that 0 < ¢; < 1and

{jzooutsider, {jElian_H,
2j+2 2J+2
Vil < ——, 0<10¢i| < ————. A2
| (jl_(]_a)p _|l§]|_(1_02)p2 ( )
Fix k > 0 to be chosen later, set
k
uj=w—-M-kji1)+, wherekj:k—ﬁ,
and use f; = 2u; ;} as a test function. Note that
duj=0du and Vu; =Vu (A.3)

a.e.in the set where u; 7 0 (and that 6;u; = Vu; = 0 a.e. otherwise). Some of the calcula-
tions below are formal. As far as the time derivative d;u ; is concerned, the calculations can
be made rigorous by means of a Steklov averaging process, cf. e.g. DiBenedetto—Gianazza—
Vespri [23, pp. 21 and 35], or by a mollification in time, see e.g. Kinnunen—Lindqvist [29,
pp- 141-143]. Another difficulty is represented by Vu, since in general only Vu'™ is well-
defined: for a way to deal with this second issue, see e.g. Bogelein—Duzaar—-Gianazza [12,
Lemma 2.2]. Note, however, that in the integrals below, Vu is only considered at points,
where u > kj, and thus Vu = m_l(um)l/m_1Vu"1 is well defined.
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Forall T € (t]T, t;.r), the time part of the weak formulation of subsolutions, within Q; =
Bj x (th, 7), becomes

/f fja,udxdtzf ¢7 oy dx dt (A.4)
Qj Q0j

5 ) 2]+3
> ui(x,t)¢i(x,7)°dx — // u; dxdt
./;3» ! 2 (1 —02)p ©

J

where we used partial integration with respect to d¢ and properties (A.2) of the cutoff function
¢j in the second step.
Now we turn to the elliptic part. We have
Vfj =207Vuj +4u;¢Ve; ae,

and hence, using (A.3), we see that

// Vu™ -V f;dx dt 22m// WV dx dr
o 1o}

J J

— 4m f/QT u" N VU ) Vg dx d.

J

Next, using Young’s inequality, we get that for every 6 > 0,

// Vu™ .V fjdx d z(2m—2m9)// m—1 2|Vu 12 dx dt
T o)
J

2
——m// "2V dade.
0 ot
J

‘We now make the choice 6 = % Using alsothat L > u > k;41 > k/2 when uj # 0 (and
that Vu ; = 0 a.e. otherwise), together with (A.2), we conclude that

mkm71
m
/[TVu -Vfjdxdt > i
Jj
47 'HmLm 1
— u; 2dxdr.
(1— 0—)2 2 // t J

Combining this with (A.4) and using that u is a subsolution yields the energy estimate

/ uj(x, 0% (x, 1) dx + KM 1// § |Vu]|2dxdt<—// w5 dx dt,
B;

where 7 only depends on m, o and L, but not on u, M, k, p or j. Taking the supremum
separately of each term on the left-hand side and adding the estimates yields

/ ;]2|wj|2dxdz

sup -/I;.uj(x,t)zgjz(x,t)dx-i-km*]/Q;}Wuﬂzdxdt
j j

- +
L <t<t.
17 <t<t;

kv 477
< T[] darar <]y, (AS)
P 0Q; P
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where
Yj = // W, 1) — M — kj)? dx dt.
Qj
Next, we need an estimate for the measure of
Aj={(x,)eQ; ujx,t) >0t ={(x,1) € Qj :ulx,t) > M +kj1}

Using that k1 — k; = 2= U4k, we see that
Y; > //A G, 1) = M —kpdxdr > 47 UT2Dp214;). (A.6)
j

Let o = 2/(n + 2) and note that 1| — o« = n/(n + 2). By Holder’s inequality and the
parabolic Sobolev embedding (see e.g. DiBenedetto—Gianazza—Vespri [23, Proposition 4.1,
Chapter 1]), we obtain that

Yiti gff (u;¢j)? dx dt
Qj
l—a
s|A,»|“<fo <uj;j>2/“—“>dxdr>
J

l—a
sy(n)|A,~|“(//Q (|c,~wj|2+|ujvz;j|2>dxdr>
J

o
x( sup / uj(x,t)2§j(x,l)2dxdt>.
J

1<t 5t;.’
Estimating the factors on the right-hand side using (A.6) and (A.5) we can conclude that

Y1 < Ab YT

where

P 4 kIml-e
k2o p2

and ¥ only depends on n, m, o and L, but not on u, M, k, p or j. It is now easily shown by

induction (cf. DiBenedetto—Gianazza—Vespri [23, Lemma 5.1, Chapter 1]) that

=41 and A=

)

Y; < A"Vep= eyl 0 as j > 00, ie.u <M +kin Q(op),
provided that & is chosen so that Yy < A~V/ep=1/2% Such a condition is satisfied if
kZer-Z
(14 klfm)n/Z'

o Yo \/* Yo \!/2
=Y pn+2 + pn+2 ’

with y’ large enough only depending on n, m, o and L, will do. Since Yy/p
2|B(0, 1)|L2 and 1/2 — 1/x > 0, we see that

Y < // (u(x, 1) — M) dxdt < sljap=1/a?
Qo

Choosing

n+2

Yo \'/*
esssup(u—M)§k§y<T> ,
Q(ap) p"

where y again only depends on n, m, o and L. From this (A.1) follows. O
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