UNIVERSITY OF JYVASKYLA UNIVERSITAT JYVASKYLA

DEPARTMENT OF MATHEMATICS INSTITUT FUR MATHEMATIK
AND STATISTICS UND STATISTIK
REPORT 167 BERICHT 167

APPLICATIONS OF THE QUASIHYPERBOLIC METRIC

DEBANJAN NANDI

JYVASKYLA
2018






UNIVERSITY OF JYVASKYLA UNIVERSITAT JYVASKYLA

DEPARTMENT OF MATHEMATICS INSTITUT FUR MATHEMATIK
AND STATISTICS UND STATISTIK
REPORT 167 BERICHT 167

APPLICATIONS OF THE QUASIHYPERBOLIC METRIC

DEBANJAN NANDI

To be presented, with permission of the Faculty of Mathematics and Science
of the University of Jyvaskyla, for public criticism in Auditorium MaA 211
on August 24th, 2018, at 9 o'clock morning.

JYVASKYLA
2018



Editor: Pekka Koskela

Department of Mathematics and Statistics
P.O. Box 35 (MaD)

FI-40014 University of Jyvaskyla

Finland

ISBN 978-951-39-7520-3 (print)
ISBN 978-951-39-7521-0 (pdf)
ISSN 1457-8905

Copyright (© 2018, Debanjan Nandi
and University of Jyvaskyla

University Printing House
Jyvaskyla 2018



ACKNOWLEDGEMENTS

I would like to express my deepest gratitude to my advisor Professor
Pekka Koskela, for his guidance and support. It was a great plea-
sure and inspiration to witness him work and learn from him about
research in Mathematics. He is not only a leading researcher but also
a remarkable person and I am very fortunate for having received his
mentorship.

I would like to thank the Department of Mathematics and Statistics
at the University of Jyvaskyla, for being an excellent research environ-
ment and the management for being so accessible and helpful.

I would like to thank Changyu Guo and Nijjwal Karak for our many
discussions on Mathematics and for their friendship which I enjoyed
very much. I would like to thank Tapio Rajala for sharing with me
his ideas and teaching me so much on how to present my work to the
community. I would like to thank Manas Kar for his friendship and
support during his time at the University.

I would like to thank my Masters advisor Professor Saugata Bandy-
opadhyay for his encouragement and for introducing me to Mathemat-
ical rigour.

I can not thank enough my lovely family; my parents and sister, for
their presence, love and support.

Jyvaskyla, August 2018
Debanjan Nandi



LIST OF INCLUDED ARTICLES

This dissertation consists of an introductory part and the following
articles:

[A] P. Koskela, D. Nandi, A. Nicolau. Accessible parts of boundary for simply
connected domains. Preprint; https://arxiv.org/abs/1709.06802

[B] P. Goldstein, C. Guo, P. Koskela, D. Nandi. Characterizations
of generalized John domains in R™ via metric duality. Preprint;
https://arxiv.org/abs/1710.02050

[C] D. Nandi, T. Rajala, T. Schultz. A density result for homogeneous Sobolev
spaces on planar domains. Preprint; https://arxiv.org/abs/1801.02824

[D] D. Nandi. A density result for homogeneous Sobolev spaces. Preprint;
https://arxiv.org/abs/1803.08715

In the introductory part these articles will be referred to as [A], [B],
[C] and [D] whereas other references will be referred as [1], [2],...

The author of this dissertation has actively taken part in the research
of the joint articles [A, B, C].



PREFACE

A basic fact in real analysis says that if every continuous real-valued
function defined in £ C R"™ is bounded, then E is compact and therefore
each continuous function in F is uniformly continuous. There seems to
be a recurrent and fruitful scheme: studying ‘geometric’ properties sat-
isfied by suitable classes of functions with given regularity, defined in a
set, helps investigating geometric or topological restrictions on the set;
on the other hand, suitable geometric properties of sets indicate better
regularity for certain classes of functions or mappings defined in the
set. Among the numerous instances of this phenomenon, we mention
for example the property of admitting a local Poincaré type inequal-
ity by Lipschitz functions defined in a set in a suitable metric space,
which under appropriate conditions imposes further geometric restric-
tions on the set (linear local connectedness; see Heinonen-Koskela [19)],
for example). Such properties prove useful in studying quasiconformal
mappings defined in these sets (see [19]).

The present dissertation may be considered to fit roughly into this
scheme. For instance, the analytical properties of conformal parametriza-
tions are used in [A] to study boundary accessibility in simply con-
nected domains from which a pointwise weighted Hardy inequality for
compactly supported smooth functions can be deduced. The approach
in [A] is of course classical and provides quantitative estimates for the
size of the accessible boundary. In the other direction, certain hyper-
bolic type domains are shown to be suitable for the density of functions
with bounded derivatives in the (homogeneous) Sobolev classes defined
in them (see [D], and also [C]). The article [B] also contributes in this
direction where we study domains which have good geometric proper-
ties (overlapping with the other articles in the dissertation) from the
point of view mentioned above of admitting nice properties for classes
of functions and mappings defined in them. Hyperbolicity, or exis-
tence of suitable metrics with ‘negative curvature’ is the key property
in many of the domains we consider. We will introduce next some of
the concepts being used in this dissertation and then discuss some of
the motivation and possible applications of the included articles.






1. BACKGROUND

1.1. Quasihyperbolic metric. The quasihyperbolic metric, a gener-
alization of the hyperbolic metric of simply connected planar domains
was introduced in Gehring-Palka [8] in 1976. Given a domain 2 C R
and points x,y € €1, the quasihyperbolic distance between x and y is

defined as ]
z

k =inf | ——

Q(l’, y) 1% / dQ(Z) ’

where the infimum is taken over all rectifiable curves joining x and y
in €, the integral is the line integral of the density 1/dg(-) over such a
curve v and dg(z) is the distance from any z € €2 to the boundary 05.
It coincides with the hyperbolic metric when €2 is the half plane and
is comparable to it in the general case by an application of the Koebe-
distortion theorem (see for example Pommerenke [31]). It follows from
the Arzela-Ascoli theorem that (2, kq) is a geodesic space.

1.2. John and Ball separation.

Definition 1.1 (Ball separation property). Let Q2 C R™ be a domain.
A curve I' C () satisfies the c-ball separation property, for some ¢ > 1,
if for every point z € I, the intrinsic ball B = Bq(z, cdq(z)) separates
any z,y € I'\ B in Q such that z € I'(z,y), where I'(z,y) denotes
the subcurve of I" between x and y. The domain €2 has the c-ball
separation property if every quasihyperbolic geodesic in {2 satisfies the
c- ball separation property.

Definition 1.2 (John domains). Let A > 1. We say that a domain
Q0 C R™ is John with center xy if g €  is such that for any point
x € §2, there exists a curve 7, joining x and xy in €2 such that

(7=(,2)) < Ada(2),
for all z € v,. The curves 7, are called A-John curves.

The ball separation property was introduced in Koskela-Buckley [5]
where it was shown that if a domain has the separation property and
admits a Sobolev-Poincaré inequality, then it is a John domain. It is
easy to see that John curves satisfy the separation property. It makes
sense to ask under what conditions John domains have the property
that all quasihyperbolic geodesics are John curves. It was shown in
Gehring-Hag-Martio [10] that in planar simply connected domains this
is true and they also gave examples of domains where it is false. It
turns out that planar simply connected domains satisfy the separation
condition which is sufficient for this purpose and the topological condi-
tion of simply connectedness is not relevant. In fact the theorem below
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states that the domain needs to only be checked for the weaker local
connectivity property (see Section 1.3 for the definitions of p-LC-2 and
-John).

Theorem 1.3 (Proposition 5.5, [B]). Let Q C R"™ be a domain with the
C-ball separation property. Then ) is p-John if and only if Q is p-LC-
2, quantitatively. Moreover, the quasihyperbolic geodesics are -John

curves, where (t) = (Ct).

1.3. Generalized John domains. We recall the quasihyperbolic bound-
ary condition defined in Gehring-Martio [11]. This condition appeared
already in Becker-Pommerenke [2] where it was used to study Holder
continuity of conformal mappings. A domain () satisfies the quasihy-
perbolic boundary condition if there exists a point xy € ) such that
for all x € Q,

dQ (1’0) )
ko (zo,x) < alog ( () + b,

where a > 1 and b > 0 are constants. It was shown in [2] that confor-
mal mappings from a disk onto a domain which has the quasihyperbolic
boundary condition are Holder continuous. It was proved in [11] that a
quasiconformal mapping from a domain in R™ is Holder continuous on
all balls contained in the domain (with uniformly bounded constants
for Holder continuity) if and only if the image satisfies the quasihy-
perbolic boundary condition. Also, certain global Poincaré inequal-
ities hold in domains with the quasihyperbolic boundary conditions.
See for example Smith-Steganga [32]. See also Koskela-Onninen-Tyson
26] for validity of (g, p)-Poincaré inequalities in domains satisfying the
quasihyperbolic boundary condition leading to solvability conditions
for Neumann problems in planar domains. See Koskela-Onninen-Tyson
[25] for global Hélder continuity of quasiconformal mappings (in the in-
trinsic metric, obtained via capacity estimates) when the image satisfies
the quasihyperbolic boundary condition.

The quasihyperbolic boundary condition implies for quasihyperbolic
geodesics I', joining the fixed point zy to a point x € 2 the inequality

ko(zo, 2z) < alog (%) + by,
for any z € 'y, where by = by(a,b) (see [32]). It is not difficult to
see that John domains satisfy the quasihyperbolic boundary condition
with a and b depending only on the John constant of 2. Domains which
satisfy the quasihyperbolic boundary condition, are s-John domains in
the sense that the quasihyperbolic geodesics I', joining the center xg



to an arbitrary point x satisfy
I(Ty(x, 2)) < Adq(2)?,

where 0 < s < 1 depends only on a, b, o and 2. See Hajlasz-Koskela
[16] for Sobolev imbedding theorems in these domains. It makes sense
to generalize the definition of John domains in the following way. Given
a homeomorphism ¢ : [0,00) — [0,00) with ¢(0) = 0 and ¢(t) > t,
for t € [0,00), we say 2 is ¢-John if there exists a center xy such that
quasihyperbolic geodesics I';, starting from xz satisfy

[(Te(z,2)) < @(da(z)),
whenever z € I',. This generalization was introduced in Guo-Koskela
[13] where several properties of these domains were studied. See Guo
[12] for modulus of continuity (in terms of ¢) of quasiconformal map-
pings when the image is ¢-John; see also Guo-Koskela [14].

Next we state two properties which were introduced by Gehring in [6]
for characterizing quasidisks. A set E C R” is called Linearly Locally
Connected (LLC) if there is a constant C' > 1 such that

(LLC-1) each pair of points in B(z,r)NE can be joined in B(x, Cr)N

E, and
(LLC-2) each pair of points in E\B(z,Cr) can be joined in E \
B(x,r).
The LLC-condition can be generalized to the non-linear case as follows:
aset £ C R is (i, 1)-locally connected ((¢,1)-LC) if
(¢-LC-1) each pair of points in B(x,r)NE can be joined in B(z, ¢(r))N
E, and

(¢-LC-2) each pair of points in E\ B(z, r) can be joined in E\B(z,(r)),
where @, : [0,00) — [0, 00) are smooth increasing functions such that
©(0) = (0) =0, p(r) > r and ¥(r) < r for all » > 0. Depending on
what is meant by joining, one can consider pathwise and continuumwise
versions of p-LC-1, ¥-LC-2, and (¢, 1)-LC. It is known that for Jordan
curves in the plane that if one of the complementary domains is LLC-
1, then the other is LLC-2 (see Nakki-Véisila [29] and also [13] for
the generalized case in the plane). Véisild [34] generalized this duality
to higher dimensions. We have the following generalization of metric
duality results of Viiséla [34] to the non linear case.

Theorem 1.4 (Proposition 1.1, [B]). Let 2 C R" be a bounded domain
such that Q) satisfies the ball separation property and that H'(2) = 0.
Then the following conditions are quantitatively equivalent:

1). Q is p-diam John;

2). Qis p-LC-2;



3). the complementary domain Q' = R™\Q is homologically (n —
2, ¢)-bounded turning.

In the above theorem, homologically (p, p)-bounded turning is the
generalization of the bounded turning condition for curves (which says
that given any pair of points in the domain there exists a continuum
joining them of diameter comparably smaller than the distance between
the points) to higher dimensions, by using p-cycles and (p + 1)-chains
(see [34], and [B] for the non-linear version). There is also an analog of
higher dimensional bounded turning that uses homotopy groups (see
Section 7, [B]). It is shown in [B, Theorem 1.4] that homotopically
bounded turning and homologically bounded turning are quantitatively
not the same.

1.4. Gehring-Hayman property.

Definition 1.5 (Gehring-Hayman property). Let  C R" be a domain.
A curve I' C Q satisfies the c-Gehring-Hayman property, for ¢ > 1, if

Z(F(xv y)) < C)‘Q(xv y)>

forall z,y € T, where Ag(x, y) is the infimum of the lengths of all curves
joining x and y in €2. The domain () has the ¢-Gehring-Hayman prop-
erty if every quasihyperbolic geodesic I' C (2 satisfies the c-Gehring-
Hayman property.

There is also the corresponding diameter version (see below) of this
condition which is sometimes useful. A curve I' has the diameter
Gehring-Hayman property if for all z,y € T’

diam(I'(z,y)) < cda(x,y),

where dq(z, y) is the infimum of the diameters of all curves joining « and
y in 2. The Gehring-Hayman property was first proved for hyperbolic
geodesics in simply connected domains in Gehring-Hayman [7]. It was
later shown to hold for quasihyperbolic geodesics in quasiconformal
images of uniform domains [20] and for conformal metric deformations
of unit balls [3]. In [D] we use suitable local versions of the Gehring-
Hayman property for quasihyperbolic geodesics.

1.5. Whitney decomposition. Given a domain 2 C R" the Whitey
decomposition W of ) is a collection of cubes (edges parallel to coor-
dinate axes) with disjoint interiors which cover €2 and satisfy:

(i) if Q € W, then
/\il\/ﬁz((og) < d(Q,00) < A Vnl(Q),



and
(7) if Q,Q" € W intersect, then

1

A_11(@ <UQ") < Ml(Q),

where Aj, A2 > 4 and [(Q) denotes the edge-length of a cube @ (see
for example Whitney [35] or the book of Stein [33]). Given a Whitney
cube @ € W, a simple computation shows that

log (f u i) < diamy(Q) < A, 1)
where diamg(Q) is the diameter of @) in the quasihyperbolic metric
kqo. In applications, we do not require the sets in the decomposition
to be restricted to cubes and allow for more general connected sets ()
which satisfy the properties above with edge length of cubes replaced
by diameter of the respective sets which are additionally required to
satisfy B(z,cidiam(Q)) C @ C B(z, cediam(Q)), for some 0 < ¢q, ¢o
and x € Q.

1.6. Gromov hyperbolicity.

Definition 1.6 (Gromov hyperbolicity). Let 0 < § < co. A domain
Q0 C R™ is 6-Gromov hyperbolic if all quasihyperbolic geodesic triangles
are 0-thin in the quasihyperbolic metric. That is, given any three points
z,y, z € Q and quasihyperbolic geodesics I';,, I',. and I, joining them
pairwise, it holds for any w lying in any of the three geodesics that the
ball of radius 9, in the quasihyperbolic metric, centered at w intersects
the union of the remaining two geodesics.

Gromov hyperbolicity of domains was introduced and studied in [4],
where more general spaces were considered. The Whitney decompo-
sition of a domain provides another way to identify the Gromov hy-
perbolicity of a domain. Indeed, let 2 C R™ be bounded and W its
Whitney decomposition. Enumerate W as {Qo, Q1, ...} where Qg is
one of the cubes with the largest diameter. Let x; be the center of
Q. Let GOWW) be the graph with {z;}; as the set of vertices and edges
consisting of pairs {z;,z;} where @); and @, intersect in a face. Equip
G(W) with the graph metric dg, for which dg(z;, x;) is the smallest
number of edges in a path joining z; to z; in G. It follows from (1)
that

de(wi, z5) = ka(w;, x;),
with constants depending only on A; and Ay (see for example [25]).
Thus (G,dg) and (€2, k) are quasiisometric with constants given by A\
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and \y. It follows that €2 is Gromov hyperbolic, if and only if G(W) is
Gromov hyperbolic.

Definition 1.7 (Uniform spaces [4]). A non-complete metric space X
is A-uniform if there exists a constant A > 1 such that for each pair of
points z,y € X, there exists a curve ,, C {2 joining « and y such that

(1) 1(Yay) < Al =y,
(i) For any z € 7oy, {(Vay(7, 2) Al(Vay(2,9))) < Adx(2),
where dy(z) is the distance between z and the boundary 0X. The

curves 7, are called uniform curves. Curves that satisfy only the
second requirement are called doubly-John.

It was shown in [4] that A-uniform domains are §(A)-Gromov hy-
perbolic. On the other hand, every Gromov hyperbolic domain can be
equipped with a metric, obtained via a conformal deformation of the
euclidean metric, which makes it a uniform space.

Definition 1.8 (Conformal modulus). Let @ > 1. Let X be a recti-
fiably connected metric space. Let p be a Borel measure in X. The
@-modulus of a family G of curves in X is

modg(G) = inf / fQdu,
X

where the infimum is taken over all Borel functions f : X — [0, 0]

such that
/ fds>1
.

Definition 1.9 (Loewner Spaces). Let @ > 1. Let X be a rectifiably
connected metric space. Let y be a Borel measure in X. Then X is
Loewner space if the function

@(t) = inf{modg(E, F; X) : A(E,F) <t}

for all v € G.

is positive for each ¢ > 0, where E and F are any non-degenerate
disjoint continua in X with

_ dist(B, F)
AB F) = diam E A diam F

and (E, F; U) is the family of all curves in U joining the sets £, F' C U.

The following characterization of Gromov hyperbolic domains is avail-
able.
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the unit disc.

Theorem 1.10 ([4],[1]). A §-Gromov hyperbolic domain has both the
c1-ball separation property and the co-Gehring-Hayman property, for
c1 = c1(0,n) and co = c2(d,n). Conversely, a domain which has both
the cq-ball separation property and the co-Gehring-Hayman property is
also 0-Gromov hyperbolic, for § = 6(cy,ca,n).

We show in [D] that the diameter version of the Gehring-Hayman
condition is also true.

Theorem 1.11. Suppose that Q C R" is a §-Gromov hyperbolic do-
main. Then there exists a constant M = M (d,n) such that for any pair
of points x,y € Q) we have

diam(T") < Mog(z,y) (2)
for any quasihyperbolic geodesic I" joining x and y in €.

For the counterpart of Theorem 1.11 in the special case of hyperbolic
geodesics in simply connected domains see Pommerenke [31, page 88].
For the proof of Theorem 1.11 we use the aforementioned method of
uniformization developed in [4]. It can be shown that the uniform space
thus obtained is a bounded Loewner space (when equipped with corre-
sponding measure) and that conformal modulus of families of curves is
preserved under this deformation. Also the boundary of the deformed
spaces is quasisymmetrically equivalent to the boundary of (€, k) with
its quasisymmetric gauge (of visual metrics).

1.7. A dense subset of Sobolev spaces. Let 2 C R". Let p € [1, 0]
and k € N. We write L*P(Q) for the space of Sobolev functions with
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p-integrable distributional derivatives of order k;

LPP(Q) = {u € L,.(Q) : D*u € LP(Q), if |a| = k}.
We equip it with the homogeneous Sobolev seminorm 3, [V@ul|Ls(o)-
The (non-homogeneous) Sobolev space W*?(Q) is defined as

WEP(Q) = {u € L () : D € LP(Q), if || < k}
and is equipped with the norm »° ., [[V*u| 1»(). Here and below an

n-multi-index « is an n-vector of non-negative integers and |« is its
{{-norm.

In articles [C] and [D], we study the question of density of functions
with bounded derivatives in the homogeneous Sobolev spaces. Such a
density does not hold in general (see for example [23]). It was proved
in Koskela-Zhang [22] that in the class of first order Sobolev spaces in
planar simply connected domains, W1 functions are dense in both the
homogeneous and non-homogeneous Sobolev norms. The same density
result was generalized to the case of Gromov hyperbolic domains in all
dimensions higher than or equal to two in Koskela-Rajala-Zhang [23].
We generalize their results for higher order Sobolev spaces with the
homogeneous norm.

Theorem 1.12 (Theorem 1.1, [C]). Letk € N, p € [1,00) and Q C R?
be a bounded simply connected domain. Then the subspace W*>(Q) N
C*>(Q) is dense in the space L*P(Q).

Theorem 1.13 (Theorem 1.1, [D]). Let 0 < § < oo, k € N and
p € [1,00). Let Q C R™ be a bounded 0-Gromov hyperbolic domain.
Then Wk (Q) N C*°(Q) is dense in L*P().

For defining an approximating sequence, we use the values of a
smooth approximation of the Sobolev function u to be approximated,
in an increasing (nested) sequence of precompact subdomains (cores)
of 2 to assign values to points in the rest of the domain by a suitable
reflection procedure (inner extension). The smooth approximation to
u, is approximated by polynomials in Whitney cubes (see for example
Jones [21]) and the ball separation property is used to decompose the
remaining domain (outside of the core) into components blocked from
the core by suitable neighbourhoods of Whitney cubes at the bound-
ary of the core. The Gehring-Hayman inequality is used to find chains
of Whitney cubes of bounded length (for example in the metric dg
for the centers) joining cubes whose neighbourhoods intersect. The
Poincaré inequality is then used to obtain bounds on the oscillations
of the polynomial approximations in cubes whose neighbourhoods in-
tersect. Finally, a suitable partition of unity is used to show that the



13

polynomials can be smoothly summed up to obtain an approximating
function with bounded k-derivatives.

1.8. Boundary accessibility. We prove the following theorem about
the Hausdorff content of the set of points in the boundary of a simply
connected planar domain which can be joined by a John curve (with
suitable John constant) starting from a given point in the domain and of
length comparable to the distance from the given point to the boundary.

Theorem 1.14 (Theorem 1.1, [A]). Let Q be a bounded, simply con-
nected domain in the plane. Let 0 < o < 1 be fixred. Given z € §,
there is a John subdomain €, C € with center z and John constant
depending only on a such that

HE (092, N 09Q) = () da(2)".

In the above theorem, we used the following definition of Hausdorff
content where to each A C R? and o > 0 is assigned the number

JEN

M2 (A) = inf{ Y diam(E))”: E; CR?, AC U Ej}.
j=1

Theorem 1.14 tells in particular that the Hausdorff dimension of the
set of points in the boundary which are the vertices of a twisted interior
cone of suitable length is bounded below by one. It may be viewed as
the quantitative version of a result of Makarov [28].

1.9. Weighted Hardy inequalities. For a domain 2 C R™ and a
compactly supported smooth function, u € C§°(€2) the inequality

/Q lu(z)|Pdq(2)? P dr < C’/Q \Vu(x)[Pdo(x)? da

is the weighted (classical) Hardy inequality (see [17],[18] for the classical
Hardy inequality and [30], [24] for higher dimensional versions of it).

The integral Hardy inequality above follows from the stronger point-
wise version:

1/q
8
ol <Caa@) s (£ wapat) L)
0<r<2dg(z) B(z,r)NQ
where 1 < ¢ < p and —oo < 8 < oo. This pointwise version of the

Hardy inequality is a corollary of Theorem 1.14.

Corollary 1.15. Let Q C C be simply connected. Let 1 < p < oo.
Then, for each B < p — 1 there exist 1 < q(B,p) < p and C > 0
for which the weighted pointwise Hardy inequality (3) holds for each
u e C(R2) and x € (.
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The corresponding integral weighted Hardy inequalities were already
established in [27] by different methods.
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ABSTRACT. For a bounded simply connected domain Q C R?, any
point z €  and any 0 < o < 1, we give a lower bound for the a-
dimensional Hausdorff content of the set of points in the boundary
of 2 which can be joined to z by a John curve with a suitable John
constant depending only on «, in terms of the distance of z to 9.
In fact this set in the boundary contains the intersection 92, NI
of the boundary of a John sub-domain €2, of ), centered at z, with
the boundary of €. This may be understood as a quantitative
version of a result of Makarov. This estimate is then applied to
obtain the pointwise version of a weighted Hardy inequality.

1. INTRODUCTION

Let €2 C C be a domain. We say that 2 is C-John with center z, if
for any z € () there exists a rectifiable curve 7, joining z and zy in €2
such that for any point 2z’ in the image of ~,, it holds that

Cda(2') > U(1:(¢, 2)),

where dg(2') = dist(2’,09) and [(v.(2/, z)) is the length of the sub-
curve between 2’ and z. Given A C C, we define the a-Hausdorff
content as

Mo (A) == inf{ > diam(E;)*: E; CC, AC Y B}
j=1

Given a simply connected John domain and z € () there is a John
subdomain 2, with center z so that, for the ball in the intrinsic metric
(defined by taking the infimum of the lengths of rectifiable paths in the
domain joining pairs of points) of radius 2dg(z), we have Bq(z,2dq(2)) C
€),; see [5], for example. This statement is quantitative in the sense that
the John constant of 2, depends only on the John constant of Q. It
is easy to see that this conclusion fails for general simply connected
2: we may not capture all of 0Bgq(z,2dq(z)) N 02 by 092, for a John
subdomain €2, for a fixed John constant. The best we can hope for is

Key words and phrases. simply connected, John domain, Hardy inequality.
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Catalunya and MTM2014-51824-P and MTM2017-85666-P of Ministerio de Ciencia
e Innovacién. P. Koskela and D. Nandi were partially supported by the Academy
of Finland grant 307333.
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to capture a part of 9Q of H'-content of the order of dg(z). Our main
result gives a rather optimal conclusion.

Theorem 1.1. Let €2 be a bounded, simply connected domain in the
plane. Let 0 < a < 1 be fized. Given z € €1, there is a John subdomain
Q. C Q with center z and John constant depending only on o such that

HE (02, N ON) > c(a)da(z)”.

The motivation for Theorem 1.1 partially arises from the weighted
pointwise Hardy inequalities (see [1], [4], [5])

s 1/q
(1) lu(z)| < Cda(z)' "> sup <][ |Vu|qd?f/p)

0<r<2dg(z) B(z,r)NQ
where u € C§°(Q2), 1 < ¢ < p and —oo < f < oco. This inequality im-
mediately yields the usual weighted Hardy inequality (see [2],[3] for the
classical Hardy inequality and [8], [5] for higher dimensional versions
of it)

/ lu(z)|Pdg(x)? P dx < C’/ \Vu(z)[Pdo (2)? da
Q Q

via the boundedness of the Hardy-Littlewood maximal operator on
L1, The pointwise Hardy inequalities were shown in [5] to hold for any
simply connected John domain for all 1 < p < oo and every f < p — 1.
This is the optimal range even for Lipschitz domains; see [8]. From
Theorem 1.1 together with Theorem 5.1 in [5] we have the following
corollary.

Corollary 1.2. Let Q2 C C be simply connected. Let 1 < p < oo.
Then, for each 8 < p — 1 there exist 1 < q(B,p) < p and C > 0 such
that the weighted pointwise Hardy inequality (1) holds for each x € Q.

Above, ¢ and C' are independent of €). The corresponding weighted
Hardy inequalities were already established in [6]. Our proof of The-
orem 1.1 is based on the following estimate for conformal maps which
we expect to be of independent interest. Let H be the upper half plane.

Theorem 1.3. Let f: H — Q be a conformal map. Let 0 < o < 1 be
fized. Then there exists C(a) > 0 such that the following holds.
Given zy = xg + iyo € H, there exists a set E = F(zp,a) C (g —
Yo/2,x0 + Yo/2) such that
() H(E) > 2
(b) iyl (20)] < |f'(w)] < C(@)]f'(20)]
for any point w in the sawtooth region S(E) := {x +iy : x € (g —
Yo/2, w0 +yo/2), d(x, E) <y < yo}-

Theorem 1.3 can be understood as a quantitative version of a result of
Makarov; see Theorem 5.1 of [7], see also corollary 1.4 of [11]. Our proof
of Theorem 1.3 uses Makarov’s idea of approximating Bloch functions
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by dyadic martingales. Theorem 1.1 then follows from Theorem 1.3
and Lemma 3.3 below; in fact we have that (£,,,dq. ) is bilipschitz
equivalent to the sawtooth region in Theorem 1.3.

2. PRELIMINARIES

Let D be the unit disk in the complex plane. A function g : D — C
is called a Bloch function if it is analytic and

lglls = sup(1 — |21)g' ()] < o0.
zZE

This defines a seminorm. The Bloch functions form a complex Banach
space B with the norm |g(0)| + ||¢]|5-

Given a univalent analytic function f : D — C we have that the
function log f” is a Bloch function by the Koebe Distortion theorem
with || log f’||s < 6. Conversely, given a function g € B with ||g||z < 2,
there exists a univalent function f : D — C such that g = log f’, see
(Chapter 4, [10]). Given a conformal map f : H — C, it follows by a
conformal change of coordinates that

sup Im(2)[g(2)] < 6
z€H
where ¢ is the function log f’.

Let us introduce some notation. Given a closed interval I C R we
denote by x; the center of I and z; := x;+|I|. We denote by Q(I) the
square {x + iy : x € I, y € (0,|I|)}. The intrinsic metric of a domain
Q2 C Cis given by do(z,y) = inf{l(y.,) : 7ay is a rectifiable curve
joining z and y in Q}. The euclidean disk with center z and radius r
is denoted by B(z,7) and Bq(z,r) is the corresponding intrinsic ball.
We denote by diam(A), the diameter of a set A C C. We denote by
diamg(A) the diameter of a subset A C Q measured with respect to
the intrinsic metric of €.

3. PROOFS OF THE THEOREMS

We first sketch the proof of Theorem 1.3. The set E constructed
below is a Cantor-type set. One considers the harmonic function v =
log | f|, the real part of the Bloch function log f’, where f is the con-
formal map from Theorem 1.3. The construction involves selecting
“good” parts in the boundary near which the function u remains es-
sentially bounded and estimating the size of the “bad” parts in the
boundary where the difference from a fixed value is large and positive
or large and negative. The good parts correspond to the points in the
boundary, accessible from some interior point of {2 by a John curve.
The key observation is that it is possible to recursively choose subsets
from the bad parts of the boundary, near which the difference from the
fixed value is “up” and “down” at consecutive generations so that the
final error in the intersection is not too large. The set E consists of
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the good parts and an intersection of suitable nested sets of the bad
part. The Hausdorff content of F is shown to be large by the mass
distribution principle after defining a limit measure supported on E.

We use the following well known lemma in the proof of Theorem 1.3;
see Lemma 2.2 of [9].

Lemma 3.1. Let u be a harmonic function in the upper half plane H
such that

sup Im(z)|Vu(z)| < A.

z€H
Let I C R be an interval and let {I;} be a collection of pairwise disjoint
dyadic subintervals of I and assume additionally that u is bounded in

Q)\U; Q(L;). Then we have

(2) u(zr) = Zu(zfj)% + L u(x)dr + O(A).

|I‘ I\U;I;

Proof. Let us write y for the imaginary part of z and fix 0 < € < 1.
Green’s theorem applied to the harmonic functions v and y in the

domain U, := (Q(1)\U;(Q(I;))) N {y > €} gives

/ yAu—/ uAy—/ qu-l/ds—/ uVy - vds
€ € 8U5 8U5

and thus

(3) / uVy - vds = / yVu - vds
U U

where v is the outward unit normal vector. The absolute value of
the latter integral is bounded by 10A|I| by assumption. Note that
the oscillation of u on the upper edges of Q(/) and Q(/;) is bounded,;
indeed

u(z +il]) —u(a" + i L] < Ale —2'[/]1j]

for x,2’ € I;. From (3) we have

I 1 .
u(zr) = Z U(le)% + m f u(x + ZE)XI\(HHJX[])(:E) dx + O(A)
|7;]>e€

J

because the vertical sides of 9(Q(Z;)) do not contribute to the integral.
The estimate now follows once we let ¢ — 0, since the function v has
radial limits almost everywhere in I'\ U; I;. O

Lemma 3.2. Let u be a harmonic function in the upper half plane H
such that

sup Im(2)|Vu(z)| < A.

zeH
Then there is a number My = My(A) such that the following holds for
any M > M.
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Given any interval I C R, define
G(I) = {Re() : 2 € Q(),  sup |u(z) — u(zr)| < M + AV},

0<Im(z)<|I|
and assume that |G(I)| < % Consider the family F(I) of mazimal
dyadic subintervals I; C I such that |u(zr,) — u(zr)| > M. Then we
have
() Ju(2) = u(zr)] < M + AV2 for any z € QI)\ U Q(;). In
j
particular, |u(zr;) —u(zr)] < M + AV2.
(b) |I;| < 2" ava 1] for every I, € F(I).
(c) Consider the family F*(I) (respectively F~(I)) of intervals in
F(I) such that u(zr,) —u(zr) > M (respectively u(zr,) —u(zy) <
—M ). Then we have
DESSITAEIOT
Ij€.7:+(1)
(i) > Ll =|[1]/4
IieF—(I)
Proof. Given z = x + iy € H such that x € I (respectively I;) and
1I1/2 < y < |I| (vespectively |I;]/2 < y < |I;]) it follows that |u(z) —
u(z7)] < AV/2 (respectively |u(z) — u(zy)| < AV/2) by our hypothesis.
Part (b) follows by iterating the above inequality and part (a) follows
from the maximality of the dyadic intervals.
For part (c) we write the estimate from Lemma 3.1 as
I;
Z(U(le) - u(z]))% + il (u(z) —u(zy))de =0
3 N\UI;
where 0 = §(u, A) lies in the interval [—d4, 4], where d4 is a constant
that depends only on A. We observe that I\ UI; C G(I). Thus the
j
absolute value of the integral is bounded by %i, by part (a) and
the assumption that |G(I)| < |I|/100. Hence we have

Ll M+ AV2
— — + 9]
D0 —ute) | < S5+
Next we note that M < |u(zr,) — u(z)| < M + AV/2 for any j. Part
(c) then follows from this. Indeed, if

) > Hl<d

IjE.F+(I)

74
P 7= 10

then we have
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and
M+ AV2 M + A2 1|
YTy e =Y ) — =il
00 0] < ———+ Z (ulzr) —u(z0) 7,
IieF—(I)
from which we get
;] _ 26 2642 64
7] — 100 AN M
IieF—(I)
This contradicts (4) if M > My(A). The other inequality in part (c)
follows similarly. O

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let 0 < o < 1 be fixed.

We may assume without loss of generality that zy = 7. We construct
the set F as follows. Set u(z) =log(|f’(z)|). Then w is the real part of
a Bloch function and thus satisfies the hypothesis of Lemma 3.2 with
A=6.

Denote by Iy the interval (—1,1). Consider the set Q(/(”)) and the
subset G(I(?) as defined in Lemma 3.2. An interval [ is called “good”
if |G(I)] > |I|/100 and “bad” otherwise. If |G(I®)| > [I©]/100, then
set £ = G(I?). Then H% (E) 2 1 and the claim follows.

So we assume that the other case holds and consider the maximal
family F(I(®)) of subintervals I; C I, as chosen in Lemma 3.2, with
M = M(«) to be fixed later. Thus I is a bad interval and we may
apply Lemma 3.2. We have

11| <27 83|19 if [ € FHIO)

and
>, =104
TeF+(I0)

The first generation G, = G;(I") is formed by the subsets G(I) of
the good intervals I € F*(I(©) and by the bad intervals I € F*(1(®).
We write G, = GY U G? where

GIIOY ={GI): I € FH(I?)is good}
and
GIOY = {1 e FF(IY): Iis bad}.

We also have

> | = 1] /400.

1€Gy

The construction stops in the sets in the family Gf of good sets. In
the sets I € GY it continues as follows.
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Fix I € Gb. Since I is bad we can apply Lemma 3.2 and consider
the collection F~(I™) which satisfies
11| <27 aE|IO] if I e F-(ID)

and

S 1] > [1M)/400.

TeF—(IM)
The first generation Gy (1)) of the interval ") € G is written G¥(1(V) =
G (IM)Y U Gb(IM), where
GI(IW)y ={G(I): T € F~(IW) is good}
and
GO(IWy ={I € F~(IW): I is bad}.

We use the first generation as defined above, of members of the
collection G¥(1), to define the second generation Go(I¥) = GJ(I¥)u
G5(1©), where

9(700)y — g(7(1)

G0 = G
and

Gy(I1) = Gr(I1w).

 IWegh(@)

We also have

Z 1] > |IW]/400 for any IV € Gb.
1cI
1€Go
Observe that u oscillates to the right of u(zy,) in the first step of the
construction and to the left of u(z;) in the second. We have

lu(z1) — u(z;0)] < 12v2  for any I € GS.

Again the construction continues in the intervals of G4(I®). Since
the errors cancel but do not vanish, we use a slightly different value
of M, if needed, for choosing the maximal family F(I) for the bad
intervals I € G5, so that the errors do not add up. More precisely, given
I € G4, we choose a value M’ from the interval [M — 6+/2, M + 6+/2]
such that u(z;2) + M' = u(z;0) + M.

So the construction stops after finitely many steps or continues in-
definitely providing new generations G,. Let [ () ¢ G,.. Either I™ is
of the form G(I) and the construction stops in I or I € G (1)
and the construction provides new sets and intervals of G, .1 contained
in 1 which satisfy

1] <27 8| 1™ i1 I™ T e G
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and
> = 1) /400.
10
We define

E = (Ungz) U (mngrbL)
By construction for any x € F and any 0 < y < 1 we have
|log | f'(z + iy)| — log | f'(i)|| < 2M + 24.

Consider the set S(E) as defined in the statement of the theorem. Since
u is a Bloch function, the previous estimate gives that

e RO < 1 (w)] < 0]

for any w € S(E). Thus part (b) of the statement follows.
Part (a) of the statement follows if it is shown that

Hoo(E) = c(a).

To prove the last estimate, it suffices by the mass distribution principle
to construct a positive measure p with pu(FE) > 1 such that there exists
a constant c(a) > 0 with

pl) < el
for any interval I C Iy. The measure pu will be the limit of certain
measures [, supported in the union (kL<J G{) U Gb, where G} are the

good parts of the previous generations.
Next we construct the measure . Let po = dx L (9. Consider

0]
" i I
which satisfies a(I(?)) < 400. By defining
1 = a(I9) Z deo ]

1€Gy

a([(ﬂ))

we have ju;(I(9) = 1. The measure py will coincide with p; on GY.
On G, the measure ps will be defined by redistributing the mass of y;.
More concretely, if () € Q{’ set

1
a(I(l) = —'ul(]( ) )
Zlcl(l) \f!

1€Go

Since
|I(1)’ Ml(f(l)) (0) |I(1)‘

= = a(IV) ",
chﬂl) If! |I(1)’ ZIcl(l) \f!
1€Gy

1€Go

a([(l))
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we deduce that a(I)) < 4002. Define

,UQZ,Ungf—i- ZCL Zdl‘LI

IWegh IcIM

I1eG,
The measures ps, . . ., iy, - . . are defined recursively. Observe that p (1) =
tn(I) for any k > n, provided I € G,. Moreover, if I € G, we have
1]
Finally set
p=lim p,.
n—oo

It is clear that spty C F and p(F) = 1. We want to check that
w(l) < e(a)|I]* for any interval I C Iy. Let J C Iy be an interval. We
may assume that there is a positive integer j such that

M@+1)

2 TovE < |J| <2 oA,

Let G;(J) (respectively G{(J)) be the family of sets of generation G;
(respectively G{) which intersect J. Let .A i(J) be the family of sets in

UL_4GL(J) of diameters smaller than 2~ &5, Since the sets in g;(J)u
A;(J) intersect J and have diameter smaller than 2|J|, we have

Gi(J) UA;(J) C 4.

Hence
TUED RIS LY
IeG;(J) k=0 I1egy(J
< Y uh+ Z p(InJ)
1€G;(J)UA;(J) TEUL_ oG (I)\A;(J)
= A+ B.
If I € G;(J)U.A,;(J), then we have
s (1)
(1) = (1) = 211 < 4001
Hence

A<400) > |1 < 4-400]].

Ic4g
1€G;(J)VUA;(J)

Since the sets in UJ_;GY(J)\A;(J) intersect J and are contained in
intervals of length larger than |J| which are pairwise disjoint, the col-

lection Uj_;GY(J)\A;(J) is contained in at most two intervals L; and
Lg. Now

[\

2
Z ) <4007 ) |L; N J| < 4007[J].

i=1 =1
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Hence u(J) < A+ B <5-4007]J].
Mj
Since |J| < 27 6v2 we deduce that

/L(J) S 5‘J’176\/§1r]1\3(400)
We choose M large enough so that 1 — % > «. The theorem
follows with this value of M. O

The proof of Theorem 1.1 uses the following auxiliary result.

Lemma 3.3. Assume that a set E = E(zy,«) C R euxists, for which
part (b) of Theorem 1.3 is satisfied. Then we have that f(S(E)) is a
John domain with John constant depending on «. Moreover,

HIL(F(E)) = c(a)|f'(20)|*HE(E).

Proof. We may assume that E is compact. We have for f(z) € f(S(E))
that

dyeseen(f(2), 0F(S(E))) Z c(a)lf(20)Ids(r)(2)

from which it follows that f(S(E)) is John, with John curves being the
images of the John curves in S(E) (which we may take to be the vertical
line segment joining the point z to the upper edge of Q(I) followed by
a horizontal line segment till z;). The constant only depends on «.
Let {B;}; be a countable (possibly finite) collection of disks covering
f(E). We may assume that f(z9) ¢ B; for all indices i. For each point
f(2) € f(E) N B; consider the John curve v; joining f(2) to the John
center f(z9). Let f(z) € 7z be a point such that [(v:(f(2), f(2))) =
rad(B;) =: R;. By the John condition we have that dgsg))(f(2)) >
L R;.
| I)n the following we write S'(E) for the set f(S(£)). Consider the
collection of intrinsic balls {Bg(g)(f(2), c(a)ds/(m)(f(2)))}fe) in the
intrinsic metric of S’(E). The balls in this collection cover the set
f(E) N B;. By the 5r-covering theorem we find pairwise disjoint balls

Bse)(f(2)), c(@)dsm)(f(2)), 1 = 1,2, ...

such that { Bg/(g)(f(2}), 5c(a)ds ) (f(2))))}; covers f(E) N B;.

We have also an upper bound N («) for the number N; of the pairwise
disjoint intrinsic balls found above for each f(E) N B;, since every ball
By (f(2}), c(a)dsz)(f(2}))) in the collection contains the euclidean
disk B(f(2%), Ri/c(a)). Let the collection of finitely many such intrinsic

balls chosen for each index ¢ be denoted together {B;;} ien where for
1<j<N;

given 7 and 1 S j S Ni; Bij = Bs/(E)(f(z;),5c(a)dgf(E)(f(z;))) We
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have
> (i (B)" 2 Y i(diams'w)(&j))a
> (o)l (o)l 3 inm o (77 (B,))"
> c(o) | (o) H(B)
The lemma follows. O

Proof of Theorem 1.1. Let f be the conformal map from H to 2. Con-
sider the set £ = E(f~'(z),a) obtained using Theorem 1.3. Applying
Lemma 3.3 we have

HL(f(E) 2 (M (FH))D) HG(E).

Theorem 1.1 now follows by combining the above estimate with part
(a) of Theorem 1.3 and observing that, by part (b), z can be joined to
%) by a curve which is the bilipschitz image of a curve in H of length
comparable to Im f~1(2) joining f~'(z) to R.

O
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ABSTRACT. Using the metric duality theory developed by Viisild, we character-
ize generalized John domains in terms of higher dimensional homological bounded
turning for their complements under mild assumptions. Simple examples indi-
cate that our assumptions for such a characterization are optimal. Furthermore,
we show that similar results in terms of higher dimensional homotopic bounded
turning do not hold in dimension three.
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1. INTRODUCTION

Recall that a bounded domain 2 C R"™ is a John domain if there is a constant
C and a point zy € €2 so that, for each x € (), one can find a rectifiable curve
v:[0,1] = Q with v(0) =z, y(1) = 2 and with

Cd(y(t),0€) > 1(y([0,1])) (1.1)

for each 0 < ¢ < 1. Alternatively, one may replace the right-hand side with |y(t) — z|
or with diam(v([0,¢])), see [24], and rectifiability of 7 is not needed in these two
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modifications to the above definition. Here John refers to F. John, who used this
condition in his work on elasticity [21]; the terminology was introduced by Martio
and Sarvas [22]. The class of John domains includes all smooth domains, Lipschitz
domains and certain fractal domains (for example snowflake-type domains).

In the planar case, Nékki and Véiséld [24] performed a detailed study of the John
disks, i.e., simply connected planar John domains. In particular, all the different
definitions of a John disk were shown to be equivalent, quantitatively (see Section 2
for a precise meaning of that term). Moreover, the following well known properties
of John disks were proved there:

i). a bounded simply connected domain is a John disk if and only if it is inner
uniform,

ii). a bounded simply connected domain is a John disk if and only if it is LLC-2
and if and only if its complement is of bounded turning.

Moreover, both statements are quantitative in the sense that the coefficients asso-
ciated to John disks, inner uniform domains, LLC-2 domains and bounded turning
domains depend only on each other. See Section 2 below for the precise definitions
of inner uniform domains, LLC-2 sets and bounded turning sets.

Motivated by the recent studies on generalized quasidisks [16, 14], Guo and Koskela
have introduced in [15] the class of ¢-John domains, which forms a natural gener-
alization of the class of John domains. Let ¢: [0,00) — [0,00) be a continuous,
increasing function with ¢(0) = 0 and () >t for all t > 0. A bounded domain 2
in R™ is called a @-length John domain when (1.1) is replaced with

p(Cd((1),09)) = 1(v([0, 1])). (1.2)

The concepts of p-dist and @-diam John domains are defined analogously. A corre-
sponding curve + is called a @-dist (diam, length) John curve.

Unlike the John disk case, being a ¢-length John domain is not necessarily quan-
titatively equivalent with being a ¢-diam John domain, despite of the fact that
the latter is quantitatively equivalent with being a (-dist John domain; see [15].
However, the well-known properties i) and ii) above do have natural formulations
in the category of generalized John disks [15]. Property i) and the first part of
property ii) were further generalized to higher dimensions in [13], where the simply
connectedness assumption was replaced by Gromouv-hyperbolicity with respect to the
quasihyperbolic metric (see e.g. [7] for the precise definition).

In this paper, we aim at finding a natural substitute to the bounded turning of
the complement in ii) for a certain class of domains in higher dimensions. Instead of
more or less standard assumption €2 being Gromov-hyperbolic with respect to the
quasihyperbolic metric, we require a weaker ball separation property, introduced in
[8] and studied further for instance in 7, 6]. This property has turned out to be useful
in many problems, for example in connection with Sobolev-Poincare inequalities [§]
and uniform continuity of quasiconformal mappings into irregular domains [13].

A crucial observation towards this generalization was made by Vaiiséla in [26],
where he discovered a general metric duality property:

quantitative metric properties of open subsets of Fuclidean spaces can
be derived from corresponding properties of their closed complements,
and vice versa.

This is in spirit similar to Ahlfors’ three point characterization of quasidisks [2]:
intrinsic properties of a Jordan curve provide quantitative geometric information
about the two complementary components, and conversely.
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A principal difference from the planar case, as discovered by Viisila (see also [4,
5, 19]), is that one needs p-dimensional analogues of the linear local connectivity
and bounded turning properties. These definitions, based on homology for open sets
U c R" and on cohomology for closed sets X C R™, are given in Section 3.

We begin by recording the following result that follows rather easily from the
techniques in [26]. We will provide a detailed proof in Section 5 below.

Proposition 1.1. Let 2 C R” be a bounded domain such that §2 satisfies the ball
separation property and that H*(Q) = 0. Then the following conditions are quanti-
tatively equivalent:
1). Q is p-diam John;
2). Qis p-LC-2;
3). the complementary domain €' = R™\Q is homologically (n — 2,¢)-bounded
turning.

Under the assumption of Proposition 1.1, the condition 2) (or equivalently 3))
implies that not only €2 is p-diam John, but also that quasihyperbolic geodesics
starting from the John center are ¢-diam John curves; see Proposition 6.1 below.

The boundedness assumption on €2 in Proposition 1.1 is not needed if we extend
the notion of p-diam John domains to the unbounded case, as in Section 5. Thus
Proposition 1.1 can be regarded as a bounded version of the following, slightly more
general result.

Proposition 1.2. Let Q2 C R" be a proper subdomain such that €2 satisfies the
ball separation property and that H'(Q) = 0. Then the following conditions are
quantitatively equivalent:
1). Qs (0,p)-John;
2). Qis p-LC-2;
3). the complementary domain Q' = R™\Q is homologically (n — 2, p)-bounded
turning.

The equivalence of 1) and 3) in Proposition 1.2 in the linear case (p(t) = t)
actually (under stronger assumptions than ours) can be obtained as a corollary to
the main results in [26] . However, some extra (nontrivial) work is necessary because
of nonlinearity of ¢ and our weaker assumption of the ball separation property.
Moreover, this additional separation property cannot be dropped from Proposition
1.2 as indicated by the following example.

Example 1.3. There exists a domain Q C R3 with H'(Q) = 0 such that Q is
LLC-2, but not C-diam John for any C > 1. In particular, Q0 fails to have the ball
separation property.

Construction of Example 1.3. Simply rotate |y| = (1 — 2)?,0 < = < 1 about the
y-axis to sweep out a cusp domain in the space (see Figure 1).

O

The duality in Proposition 1.1 is formulated in terms of homological bounded turn-
1ng, which in general looks apparently weaker than the homotopic bounded turning.
On the other hand, when n = 2 and 2 is simply connected, these two concepts are
indeed quantitatively equivalent. Thus one could still expect that a stronger form of
Theorem 1.2 in terms of homotopic bounded turning could hold, if €2 enjoys a suit-
able higher dimensional “simply connectedness” assumption. As already mentioned
earlier, one natural such kind of assumption would be the Gromov-hyperbolicity with
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FiGURE 1. Example 1.3

respect to the quasihyperbolic metric. We will refer to these domains as Gromov-
hyperbolic domains. Somewhat surprisingly, our main result of this paper shows
that this expectation is false when n = 3.

Theorem 1.4. There exists a domain Q@ C R? with the following properties

1). 9 is homeomorphic to the open unit ball B;

2). Q is homeomorphic to the closed unit ball B;

3). Qisa un_z'form domain with ball separation property;

4). U =R3\Q is homologically (1, C)-bounded turning for some positive constant
C>1.

5). U is not homotopically (1,C)-bounded turning for any C > 1.

The definition of a uniform domain is given in Section 2 below. Bounded uni-
form domains are John domains and quasiconformal images of uniform domains are
typical examples of Gromov-hyperbolic domains, see [7].

Let us shortly comment on the ideas behind the construction of the domain (2.
The starting point for the construction was the question, whether there exists a
domain U homeomorphic to a closed ball, which is hlog-(1,C')-inner joinable, but
not htop-(1, C')-inner joinable for any C' > 0, or, in other words, that, for any a € U
and any ball B(a,r) C R", every loop contained in U \ B(a,Cr) is homologically
trivial in U \ B(a,r), however, for all C' there are a € U, r > 0 and a loop v in
U \ B(a,Cr) which is not homotopically trivial in U \ B(a,r). Such v is then a
commutator of loops in U \ B(a,r).

In sufficiently high dimension n, one can easily find a domain U with these prop-
erties: let M be a manifold with perfect, non-trivial fundamental group (e.g. let M
be the Poincaré sphere). Recall that a group is perfect if its abelianization is trivial,
i.e. every element is a commutator. Then M embeds in S* for k sufficiently large,
and we may take V to be a small tubular neighborhood of M in S*. We construct
U by embedding a countable number of copies V,, of V in S¥ = dB**! = B and
attaching to B along V;,, a cylinder V,, x [0,m], for m = 1,2,.... Then, for any
r > 1, U\ B(0,r) consists of a countable number of cylinders over V', which have
perfect fundamental groups, and thus every loop in U\ B(0,r) is a commutator. On
the other hand, if » > 1 and C' > 1, every non-trivial loop in U \ B(0,C'r) is still
non-trivial in U \ B(0, 7).

In dimension n = 3, however, it is not obvious how to construct a domain U
homeomorphic to a ball and such that U \ B, for an Euclidean ball B, has perfect
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fundamental group. A well known example of a domain with perfect m; is the
complement of the Alexander’s horned sphere ([17, Example 2B.2]), but then it is
given as a Fuclidean ball minus a set diffeomorphic to a ball, and not the other way
around. In fact, as Ian Agol pointed to us in a discussion on MathOverflow [1], at
least one component of U \ B has a non-perfect fundamental group — or all have
trivial fundamental groups. Thus in dimension 3 we have to proceed differently. The
construction of U mimics the construction of an infinite grope (see e.g. [9, Section
38]), but, since we wish to have in the end a domain, we construct finite gropes
and attach a countable number of them to a half-space, just like we could do with
cylinders in high dimensions.

Our construction of Theorem 1.4 relies heavily on three dimensional topology,
in particular, the close relation of the fundamental group and the first homology
group. Thus, this kind of constructions do not generalize easily to higher dimensions
(i.e. m > 4). In fact, we do not know whether Theorem 1.2 holds in terms of the
homotopic bounded turning assumption when n > 4.

Some of the arguments that we use in the proofs of our results in Section 3 and
Section 4 are rather similar to the ones in [24] for the case of p(t) = ¢. For the
convenience of the readers we have included full details even in these cases.

The paper is organized as follows. Section 2 fixes the notation and basic defi-
nitions. We introduce the joinability conditions in Section 3 and study their basic
properties in Section 4. In Section 5, we prove Proposition 1.1 and show its sharp-
ness in terms of given assumptions. Some remarks on quasihyperbolic geodesics in
domains with the ball separation property are given in Section 6. In Section 7, we
discuss the relation of homotopic bounded turning and homological bounded turn-
ing, and present a basic example to indicate their differences, and in the final section,
Section 8, we present our construction of Theorem 1.4.

2. NOTATION AND DEFINITIONS

Notation. The one-point compactification of R™ is denoted by R™, that is R" =
R™ U {oc}. The closure of a set U C R" is denoted U and the boundary OU. The
open ball of radius r > 0 centered at © € R™ is denoted by B(x,r) and in the
case of the unit ball we omit the centre and the radius, writing B := B(0,1). The
boundary of B(z,r) will be denoted by S(x,r) and in the case of the boundary of
the unit ball, by S := S(0,1). The symbol € always refers to a domain, i.e. a
connected and open subset of R”. Whenever we write y(z,y) or v,,, it refers to
a curve or an arc from x to y. For an open or closed set X in R", we denote by
H,(X) the reduced singular p-homology group of X and by H?(X) the Alexander-
Spanier p-cohomology group, both with coefficients in Z. Occasionally, we shall
need the unreduced integral zero-homology and cohomology groups of X, which,
following Viisild ([26]), we denote by Hy(X) and HO(X), recall that if X # @,
Hy(X) = Hy(X)® Z and H(X) = H'(X) & Z.

If a condition P with data v implies a condition P’ with data v so that v depends
only on v, then we say that P implies P’ quantitatively, and we say that P and P’
are quantitatively equivalent, if in addition P implies P quantitatively, as well.

Local connectivity. A set E C R™ is called Linearly Locally Connected (LLC) if there
is a constant C' > 1 such that
(LLC-1) each pair of points in B(x,r) N E can be joined in B(z,Cr)N E,
and
(LLC-2) each pair of points in E\B(x,Cr) can be joined in E \ B(x, 7).
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The LLC-condition can be generalized to the non-linear case as follows: a set £ C R"
is (@, ¥)-locally connected ((¢,1))-LC) if

(p-LC-1) each pair of points in B(z,r) N E can be joined in B(z, ¢(r)) N E,

and

(1-LC-2) each pair of points in F\B(z,r) can be joined in £\ B(x,(r)),
where ¢, : [0,00) — [0,00) are smooth increasing functions such that ¢(0) =
P(0) = 0, p(r) > r and ¢(r) < r for all » > 0. Depending on what is meant
by joining, one can consider pathwise and continuumuwise versions of p-LC-1, -
LC-2, and (p,9)-LC. If E is locally compact, and locally path-connected, then

pathwise connectivity is quantitatively equivalent to continuumwise connectivity
(see e.g. [20]).

Bounded turning. A subset E C R™ is p-bounded turning if there exists a continuous
function ¢ such that each pair of points x,y € E can be joined by a continuum ~ in
E satisfying

diam(y) < o(|z — y|). (2.1)
When ¢(t) = Ct, we recover the so-called C-bounded turning or simply bounded
turning sets.

Uniformity. A domain Q C R" is called a uniform domain, if there exists a constant
A > 1 such that each pair of points x1, 25 € €2 can be joined by a rectifiable curve
v in € for which

min l(y([z;,7()])) < Ad(y(1), 09) (2.2)

1,2
and
l(y) < Ad(xy, z3). (2.3)

A curve v as above is called an A-uniform curve.

Inner uniformity. A domain Q C R"™ is p-dist (diam, length) inner uniform, if there
exists a constant C' > 0 such that each pair of points x1, x5 € €2 can be joined by a
curve v in €2 for which

min S(7([z;,7()])) < p(Cd((t), 00)) (2:4)

i=1,2
and

S(y) < Cdr(ay,22) (2.5)
with S(7) equal to |y(1) —~(0)|, diam(y) and I(y), respectively. When ¢(t) = t, we
recover the definition of an inner uniform domain.

Quasihyperbolic metric and quasihyperbolic geodesics. The quasihyperbolic metric
ko in a domain 2 C R"™ is defined to be

ko(x,y) = inf ko-length(7),
v

where the infimum is taken over all rectifiable curves ~ in 2 that join x to y and

ds

kq-length(~) :/—
- d(x,00)

denotes the quasihyperbolic length of v in ). This metric was introduced by Gehring
and Palka in [12]. A curve 7 joining = to y for which kqo-length(y) = kq(z,y) is
called a quasihyperbolic geodesic. Quasihyperbolic geodesics joining any two points
of a proper subdomain of R" always exist but they need not be unique; see [11,
Lemma 1]. Given a pair of points z,y € €, we denote by [z,y] a quasihyperbolic
geodesic that joins x and y.
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Ball separation property. Let €2 C R™ be a proper domain. We say that () satisfies
the ball separation property if there exists a constant C' > 0 such that for each pair
of points z,y € Q, for each z € [z,y], and for every curve 7 in 2 joining z to y it
holds that

Ba(z,Cd(z,00Q)) N~y # @, (2.6)
where Bq(z,7) is the ball of radius » > 0 in the intrinsic length metric of €2, defined
as the infimum of the lengths of curves in {2 joining any pair of points.

3. BASIC ALGEBRAIC TOPOLOGY CONCEPTS

In this section, we define a nonlinear variant of the joinability conditions intro-
duced by Véiséla [26].

Let

A% B2 (3.1)
be a short sequence of groups and homomorphisms. We say that the sequence is fast
if ker(Ba) = kera or, equivalently, ker(Ba) C kera. Dually, the sequence is slow if
im(Ba) = imf or, equivalently, imf C im(f«). In particular, the short sequence
in (3.1) is fast if @ = 0 and slow if 8 = 0.

Let A C R", a € A\{co}, 7 > 0 and ¢ : [0,00) = [0,00) be a homeomorphism
such that ¢(r) > r and @ is non-decreasing. For each integer p, inclusions induce
four sequences
(a): Hy(AN B(a,r)) = Hy(AN B(a, (r))) = Hy(A);

(b): Hy(A\B(a,¢(r))) = Hp(A\B(a,r)) = Hy(A);

(c): H?(A) — HP(AN B(a,¢(r))) — HP(AN B(a,r));

(d): H?(A) — HP(A\B(a,r)) — HP(A\B(a, p(r))).

If the sequence (a) is fast for every a € A\{oo} and r > 0, we say that A is
homologically outer (p, p)-joinable. If (b) is fast for all such a, r, then A is homolog-
ically inner (p, ¢)-joinable. If (c) is slow for all such a, r, then A is cohomologically
outer (p, p)-joinable. If (d) is slow for all such a, r, then A is cohomologically inner
(p, ©)-joinable.

We shall abbreviate the words “homologically” and “cohomologically” by hlog and
cohlog, respectively. We say that A is hlog (p, ¢)-joinable if A is both hlog outer
(p, p)-joinable and hlog inner (p, ¢)-joinable. The concept of cohlog (p, p)-joinability
is defined in an analogous way.

The homological joinability properties can be defined more explicitly in terms of
cycles and chains. For example, an open set U C R™ is homologically outer (p, ¢)-
joinable if and only if, given a € U and r > 0, a p-cycle in U N B(a,r) bounds in
U N B(a, ¢(r)) whenever it bounds in U.

Note that in the definitions of four (p, ¢)-joinability properties, one requires the
corresponding sequences (a), (b), (¢) and (d) to be fast or slow for all a € A\{oo}.
Hence, these properties are intrinsic properties of A (referred as absolute joinability).
It is often convenient to consider these conditions also for points a outside A and
we say that A has one of the four properties in R™ (refereed as relative joinability)
if the corresponding condition holds for all a € R™. The next lemma shows that
the relative joinability is in fact quantitatively equivalent to the absolute joinability;
compare with [26, Lemma 2.5].

Lemma 3.1. If p > 0 and if A C R" is hlog outer (p, )-joinable for all a € A\{co}
and r > 0, then A is hlog outer (p,2¢ + id)-joinable in R™. The corresponding
statement is valid for the other three joinability properties as well.
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Proof. Let a € R", r > 0. Writing ¢'(r) = 2¢(r) + r, we must show that the
sequence

H,(AN B(a,r)) = Hy(AN B(a,¢'(r))) = Hy(A)
is fast. If AN B(a,r) =0, the first group is trivial, and, consequently, the sequence
is fast. If AN B(a,r) # (), choose a point x € AN B(a,r). Now

B(a,r) C B(x,2r) C B(x,2¢(r)) C B(a,¢'(r)),
and we obtain the commutative diagram
Hy(AN B(a,r)) —— Hp(ANB(a,¢'(r))) —— Hy(A)

| |

H,(ANB(z,2r)) —— Hy(AN B(x,2¢(r))) —— H,y(A).
Since the lower row is fast, so is the upper row.

Next assume that A is hlog inner (p, p)-joinable and that a € M, r > 0. We must
show that the sequence

Hy(A\B(a,¢(r))) = Hy(A\B(a, 1)) — H,(A)

is fast. If AN B(a,r) = (), the sequence is trivially : fast since then the second map
is the identity. If AN B(a,r) # 0, choose x € AN B(a,r)- Now

B(a,r) C B(z,2r) C B(z,2¢(r)) C B(a,¢'(r)),

and we can proceed essentially as in the first case.

The cohlog cases are treated by analogous arguments.
O

The following Metric Duality Theorem is due to Viiséla [26, Theorem 2.7]. (The
statement in [26, Theorem 2.7] is written in the case ¢(t) = ct, but the proof there
works for general ¢ without change.)

Theorem 3.2 (Metric Duality Theorem). Suppose that U is an open set in R"™ and
p s an integer with 0 < p < n — 2. SetX:R"\U and g =n —2 —p. Then
(1) U is hlog outer (p, p)-joinable in R™ if and only if X is cohlog inner (q,p)-
joinable in R™;
(2) U is hlog inner (p, @)-joinable in R™ if and only if X is cohlog outer (q,p)-
joinable in R™;
(8) U is hlog (p,p)-joinable in R™ if and only if X is cohlog (q,¢)-joinable in
R™.

Note that in the formulation of Theorem 3.2, one uses relative joinability. With
the aid of Lemma 3.1, one obtains also the corresponding absolute version of the
duality theorem: if U or X is outer or inner (p, ¢)-joinable, then X or U is inner or
outer (q,2¢ + id)-joinable.

4. BASIC PROPERTIES OF JOINABILITY

In this section, we consider some useful consequences of the non-linear joinability
that we have introduced in the previous section. The presentation here is parallel
to [26, Section 3] for the linear case.

As in [26], to simplify terminology, we omit the word “hlog” if A is open in R™
and the word “cohlog” if A is closed in R™.

The following theorem was proved in [26, Theorem 3.2] for the linear case. The
proof in [26, Theorem 3.2] also works in our more general situation.
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Theorem 4.1. Suppose that A C R™ is open or closed. Then A is outer or inner
(p, ¢)-joinable if and only if each component of A is outer or inner (p,¢)-joinable,
respectively.

Lemma 4.2 ([26], Lemma 3.4). Let X C R" be a measurable subset and let A C
B C X. Then the following conditions are equivalent:
(1) The sequence Ho(A) — Ho(B) — Ho(X) is fast;
(2) The sequence Hy(A) — Ho(B) — Ho(X) is fast;
(8) Points x,y € A can be joined by a path in B whenever they can be joined by
a path in X.

A direct application of Lemma 4.2 gives us the following result.

Theorem 4.3. Let A C R™. Then the following two conditions are equivalent:

o A is hlog outer (0, p)-joinable in R";
e Fvery path component of A is pathwise p-LC-1.

The following two conditions are also equivalent:
e A is hlog inner (0, p)-joinable in R™;
o Fvery path component of A is pathwise o-LC-2.

Recall that two points x and y € A are separated in a topological space T, if
x and y belong to different quasi-components of A, that is, A can be written as a
disjoint union of two closed set £ and F with x in F and y in F'. Equivalently, there
is a continuous map o : A — {0, 1} with a(z) =1 and a(y) = 1.

Lemma 4.4. [26, Lemma 3.7] Let X C R be a measurable subset and assume that
A C B C X. Then the following two conditions are equivalent:
(1) The sequence HO(X) — HO(B) — HO(A) is slow;
(2) The sequence H*(X) — H°(B) — H°(A) is slow.
Moreover, they imply the condition
“If points x,y € A are separated in B, then they are separated in X.”
If X is compact metrizable and if A is closed in X, then all three conditions are
equivalent.

Theorem 4.5. Let A C R" be compact. Then the following two conditions are
equivalent:

e A is cohlog outer (0, p)-joinable in R™;

e Fvery path component of A is continuumwise p-LC-1.

The following two conditions are also equivalent:

e A is cohlog inner (0, ¢)-joinable in R";
e Fvery path component of A is continuumwise p-LC-2.

Proof. We only prove the first part, since the proof of the second part is similar.
Suppose that A is cohlog outer_(p, ¢)-joinable, that C'is a component of A and that
a€R" r>0. Let z,y € C'N B(a,r). Then, the sequence

H°(A) — H° (AN B(a, ¢(r))) — H' (AN B(a,r))

is slow. Since x and y are not separated in A, it follows from Lemma 4.4 that they
are not separated in A N B(a, p(r)). Since this set is compact and since the quasi-
components of a compact set are components, there is a component of ANB(a, (1))
containing = and y. Hence every component of A is continuumwise p-LC-1.
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Conversely, assume that every component of A is continuumwise ¢-LC-1. Let
a € R™ and r > 0. It suffices to show that the sequence

H°(A) — H°(AN B(a,¢(r))) — H (AN B(a,r))

is slow. Let 2,y € AN B(a,r) be points which are not separated in A. Since A
is compact, these points belong to a component C' of A. By the ¢-LC-1 condition,
there is a continuum o with {z,y} C o C C N B(a,(r)). Hence z and y are
not separated in A N B(a, (r)). It follows again from Lemma 4.4 that the above
sequence is slow and hence the theorem follows. O

The following duality theorem in the plane generalizes the corresponding results
in the linear case [26, Theorem 3.11].

Theorem 4.6 (Duality in the plane). Let U be open in R? and let X = R2\U. Then

(1) The components of U are pathwise p-LC-1 if and only if the components of
X are continuumuwise o-LC-2;

(2) The components of U are pathwise 1¥-LC-2 if and only if the components of
X are continuumwise Y-LC-1;

(8) The components of U are pathwise (p,v)-LC if and only if the components
of X are continuumuwise (¢, p)-LC.

Proof. The claim follows from Theorem 3.2, Theorem 4.3 and Theorem 4.5. U

Remark 4.7. 1. If X is assumed to be connected, then the components of U are
simply connected domains in R2. For such domains, the property w-LC-2 is known
to be quantitatively equivalent to p-diam John property, see [15]. Recall that p-LC-1
is equivalent to o-bounded turning. Hence we obtain that: a continuum X C R?2
is of w-bounded turning if and only if, quantitatively, all components of RQ\X are
p-diam John domains.

2. If X C R? s compact and locally path-connected, one can replace the ‘contin-
uumuwise (1, p)-LC”, quantitatively, by (v, p)-LC”.

5. JOINABILITY, BOUNDED TURNING AND JOHN CONDITION

Let Q be a domain in R”. Following [26], we say that Q is (p, ¢)-John if H,(€2) = 0
and for every p-cycle z bounding in 2 there is a (p+1)-chain g C €2 such that dg = 2
and

d(z,|z]) < o(d(z,00)) for all z € |g|. (5.1)

As in the classical case, we call the above condition (5.1) the lens condition. It
is straightforward to check that bounded (0, ¢)-John domains are ¢-diam John,
quantitatively.

Let Q € R™ be a set. If each p-cycle z in Q bounds a chain g with diam(|g|) <
(diam(|z])), then Q is said to be hlog (p, ¢)-bounded turning, or briefly hlog (p, ¢)-
BT. Note that when ¢(r) = cr, we recover the definitions of hlog (p,c)-bounded
turning. For p = 0, it is easy to see that the definition is equivalent to the usual
p-bounded turning.

The next lemma is an easy consequence of the definition of hlog bounded turning.

Lemma 5.1. Let p € N and Q C R™ be a set such that Hy(Q) = 0. Then the
following two conditions are quantitatively equivalent:

e Q is hlog (p, p)-BT;
e Q) is hlog outer (p, ¢)-joinable.
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Proof. Suppose € is hlog (p, ¢)-BT. Then every p-cycle z in 2 bounds a chain g C Q
such that diam(|g|) < e(diam(|f|)). This implies that for a € Q and r > 0, the
sequence

H,(2n B(a,r)) = H,(2N B(a,2p(r))) — H,(2) (5.2)
is fast. Hence by Lemma 3.1,  is hlog (p, ¢’)-joinable. Conversely, if (5.2) is fast for
alla € Q and r > 0, then by the assumption H,(€2) = 0, we deduce that the mapping
H,(2N B(a,r)) — H,(2N B(a,2p(r))) is zero as a homomorphism. Therefore, 2
is (p,¢’)-BT. O

Lemma 5.2. [26, Lemma 5.3] Suppose that 0 < p < n — 2 and that A,V C R" are
such that V' is open, H,(V) =0, and V¢ C intA. Then the map H,(ANV) — H,(A)
18 an isomorphism.

The next result can be regarded as a p-dimensional version of the fact that ¢-diam
John domains are p-LC-2, quantitatively.

Theorem 5.3. Let U C R” be a (p, ¢)-John domain with 0 < p < n —2. Then U
is hlog inner (p, )-joinable, quantitatively.

Proof. Let a € R™ and r > 0. Let z be a p-cycle in U\B(a, 2¢(r) + r) bounding in
U. We need to show that z bounds in U\B(a,r). Since U is (p, ¢)-John, z = dg for
some (p + 1)-chain g satisfying the lens condition in U. If |g| N B(a,r) = 0, there is
nothing to prove. In the opposite case, we fix a point x € |g| N B(a,r). Now
20(r) = 2¢(r) +r —r < d(z, |2]) < @(d(z,0U)),

and hence B(a,r) C B(a, o7 (2p(1))) C U. Applying Lemma 5.2 with A = U and
V = B(a,r)® we see that z bounds in U\ B(a,r). O

As a particular consequence of Theorem 5.3, we infer that ¢-diam John domains
U in R™ are p-LC-2, quantitatively.

Proposition 5.4. Let Q) C R™ be a set such that HY(Q) = 0. Then Q is o-LC-2 if
and only if, ' = R"\Q is (n — 2, p)-bounded turning, quantitatively.

Proof. By the Alexander duality (see e.g. [23, Theorem 74.1]), H, (') = 0. Now,

Lemma 5.1

Q' is (n — 2, p)-bounded turning <= Q' is hlog outer (n — 2, ¢)-joinable

g 32 1) is cohlog inner (0, ¢)-joinable

Thezem 490 is cohlog inner (0, ¢)-joinable.

O

Proposition 5.5. Let 2 C R" be a proper domain with the ball separation property.
Then Q is (0,¢)-John if and only if Q is p-LC-2, quantitatively.

Proof. Based on Theorem 5.3, it suffices to show that if €2 is -LC-2, then it is
(0,7)-John for some v that is quantitatively equivalent to ¢, i.e., there exists some
positive constant C' such that ¢ (t) = ¢(Ct) for all t > 0. We first claim that for
each pair of points x,y € (), there exists a quasihyperbolic geodesic v that joins x
and y with the property that

either ~,, or v,, is contained in B(z, Y (d(z, 8Q))> (5.3)

for all z € v with ¢» = ¢(Ct), where C' is the constant from the ball separation
property. Indeed, if (5.3) fails for some 2z € 7, then there exists zy € 7, and y € 7,



12 P. GOLDSTEIN, C.-Y. GUO, P. KOSKELA, AND D. NANDI

such that z and y are outside the ball B(z,w(d(z,(‘?{l))). Then, by the o-LC-2

condition, they can be joined outside B(z, Cd(z,0f?)), which contradicts the fact
that Q) satisfies the ball separation property with constant C'. Thus (5.3) holds for
all z € ~, and consequently, 2 is (0,%)-John. O

Proof of Proposition 1.2. Proposition 1.2 follows from Proposition 5.4 and Proposi-
tion 5.5 upon noticing that for a domain in R", {2 is ¢-LC-2 if and only if, quanti-
tatively, Q is p-LC-2. U

We also point out the following characterization of John domains in three dimen-
sion, which is essentially due to Viisild [26].

Theorem 5.6. Let Q) C R3 be a domain with trivial homology groups, such that
Q= R3N\Q is LLC-1. Then Q is John if and only if Q' is hlog (1,c)-bounded
turning, quantitatively.

Proof. The necessity is a direct consequence of Theorem 5.3, Lemma 5.1 and Theo-
rem 3.2.

For the sufficiency, note that by [26, Theorem 5.21), if €2 satisfies H;(2) = 0 =
H,(§2) and if © is hlog inner (0, ¢g)-joinable and hlog (1, ¢)-inner joinable, then (2
is ¢-John, quantitatively. In our situation, by the metric duality Theorem 3.2,
being hlog (1, ¢)-inner joinable is quantitatively equivalent to the condition that € is
LLC-1 and Q being LLC-2 is quantitatively equivalent to being outer (1, ¢)-joinable,
which is further equivalent to being hlog (1, ¢)-bounded turning by Lemma 5.1. Thus
the claim follows. O

6. QUASIHYPERBOLIC GEODESICS IN DOMAINS WITH BALL SEPARATION
PROPERTY

Recall that from Proposition 5.5, we know that if 2 C R™ is a bounded domain
with the ball separation property and if € is ¢-LC-2, then 2 is a ¢-diam John
domain with a center point xy. Moreover, the proof implies that quasihyperbolic
geodesics starting from zy are p-diam John curves. We formulate this result as a
separate proposition below.

Proposition 6.1. Let  C R™ be a bounded domain with the ball separation prop-
erty. If Q0 is p-LC-2, then ) is a @-diam John domain with a center point xo and
quasihyperbolic geodesics starting from xq are p-diam John curves.

Note that Proposition 6.1 was previously known to hold for bounded Gromov
hyperbolic p-diam John domains [13, Proposition 3.8]. As a consequence of Propo-
sition 6.1 and [13, Proof of Theorem 3.1 (2)], we obtain the following result, that
generalizes [13, Theorem 3.1 (2)] by removing the a priori Gromov-hyperbolicity
assumption.

Theorem 6.2. Let 2 C R™ be a bounded domain with the ball separation property.
If Q is o-LC-2, then €2 is n-length John for

n(t) = C’/:(Ct) (%(S)Y_lds? (6.1)

provided this integral converges. The statement is essentially sharp in the sense that
n defined in (6.1) is best possible.
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[==2,

FIGURE 2. A pinched torus — the Ficure 3. Filling o« and [ with
loop at the cut is a commutator of the disks.
loops a and f.

7. THE BOUNDED EXAMPLE

Let p € N, ¢ : [0,00) — [0,00) be a homeomorphism, and 2 C R"™ be a domain.
If every map f : S? — () has an extension g : B = Q such that

diam(g]) < p(diam(|f])). (7.1)

then € is said to be htop (p, ¢)-bounded turning, or briefly htop (p, p)-BT. Equiv-
alently, € is htop (p, ¢)-bounded turning if m,(£2) = 0 and the sequence

(2N B(z,1)) = m,(2N B(x, p(r))) — m,(Q)

is fast. Here 7, denotes the p-th order homotopy group (see e.g. [17, 25] for the
definition). As always, €2 is htop (p, C)-bounded turning if it is htop (p, ¢)-bounded
turning with o(r) = Cr.

Similarly, we can define htop inner joinability as in the homology case (simply
replacing H,, with ).

Next, we construct a bounded domain  C R3, topologically equivalent to an
open ball, that is hlog (1, C)-bounded turning for some C' > 1, but not htop (1, C)-
bounded turning for any C' > 1.

7.1. An infinite mushroom — construction. The starting point of our construc-
tion is a pinched torus, i.e., a torus with a disk cut out.

Since we are interested in constructing a domain, not a surface, we use a ‘thick-
ened’ torus, i.e. a tubular neighborhood of the torus surface. The thickness of the
torus is uniform, and equal to 1073 of the diameter of the whole torus.

In the next step, we glue (thickened) disks along the loops a and 3, see Figure
3. The resulting set has trivial fundamental group and it is homeomorphic (and
diffemorphic, if we keep the boundary smooth) to a unit ball. This can be easily
visualized if we (diffeomorphically) thicken the disks plugging the loops a and 3 so
that they almost fill the torus, see Figure 4. Note also that if we plugged only alpha
with a thickened disk, we would obtain a set diffeomorphic to a filled torus.

Note that if the tentacles are cut off at some level, the resulting set is again
(diffeomorphic to) a pinched torus from Figure 2.

We extend the tentacles further down, cut off the one representing the /5 loop,
and attach a pinched torus to it. In the resulting space, the loop 3, seen on Figure
6 as the cut in the larger tentacle, becomes a commutator of the two loops in the
attached pinched torus.

Next, we extend another two tentacles from the disks glued into the smaller
pinched torus (see Figure 8), then, we iterate the construction. Of the two loops
generating the fundamental group of the pinched torus attached at stage k, one ()
is filled with a disk, extended to a tentacle, the other () - with a pinched torus. If
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FI1GURE 4. The piched torus with «
and [ filled with thickened disks is dif-

i FI1GURE 5. Extending ‘tentacles’ out
feomorphic to a 3-ball.

of plugging disks.

F1GURE 6. Cutting the tentacle rep-
resenting [ loop and attaching a
pinched torus to it. Cutting off both
tentacles reproduces a pinched torus.

Ficure 7. Filling the loops in the

smaller pinched torus with thickened
disks.

FIGURE 8. Extending tentacles from FIGURE 9. The infinite mushroom.
the attached pinched torus.

we cut off the tentacles constructed at stage (k + 2), oy becomes contractible (the
tentacle extended from «y, ends in stage (k+ 1)) and S represents the commutator
[aks1, Brr1]. Of course, we cannot keep the thickness of the tubular neighborhood
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FIGURE 10. The loop f; is a commutator of 5 and as.

fixed — it has to decrease with subsequent stages of the construction, but we keep
the thickness in parts modified at stage k comparable to 1072 of the diameter of the
pinched torus attached at stage k.

Note that at each stage we attach along (3, a pinched torus with both loops filled
with disks, i.e. a space diffeomorphic to a ball, or, equivalently, to a thickened disk,
which shows that the k + 1-st stage of our construction is diffeomorphic to the k-th
stage, and, by induction, to the first stage — to a pinched torus with both loops
plugged with thickened disks, i.e. to a space diffeomorphic to a ball.

The resulting set M, to which we shall refer as the infinite mushroom, is presented
in Figure 9.

Denote the limit point of M., by z. At each point y € M., the thickness of the
mushroom, the size of the stage of construction and the distance to z are comparable.
Assume we have a ball B = B(z,r) centered at x # z such that BN M, # &. We
either have B CC intM,, (and then the fundamental group of M, \ B is the same
as that of M), or the diameter of B is greater than the thickness of M., at points
where B cuts M. Then, if k-th stage of M., is the earliest stage cut by B, the
inflated ball 10*B = B(x, 10*r) contains all the stages of M, from (k — 2)-th up.

Let (r;) be the sequence of radii such that r:jQ = cg << 100 for all k£ and that the
sphere S(z, i) separates stage k of M from stages (k+1), (k+2), ... (see Figure 10).

The set S; = My \ B(z,71) is homeomorphic to a pinched torus plus a thick
cylinder obtained from a dissected tentacle. Therefore, any loop in S; is generated by




16 P. GOLDSTEIN, C.-Y. GUO, P. KOSKELA, AND D. NANDI

aq, B1 and ap. However, in S35 = M, \ B(z,13), the loops a; and « are contractible,
and the loop f; binds a pinched torus attached at stage 2 of our construction, thus
it becomes a commutator (up to orientation, 5 = [fs, as]). Therefore, the inclusion

map S <% S5 induces a zero mapping on the first homology group.

The same phenomenon holds for any inclusion My \ B(z, 1) = Mo \ B(2, Tsa).

Note also that the infinite mushroom M, is contractible (it is homeomorphic to
a thick cylinder that thins to a single point at the center, or, more precisely, to a
closed ball minus a double open cone). Thus the sequence

Hy (Moo \ B(2,7)) 5 Hy(Moo \ B2, 4s0)) — Hy(Ma) = 0

is fast.
Since the ratio 1y /rg 2 is constant and much less than 100, we have that for any
r > 0 the sequence

Hy (Mo \ B(2,1007)) <% Hy (Mo \ B(z, 7)) — Hi(M) =0 (7.2)

is fast.
By earlier remarks, the sequence

Hy (Mo \ B(z, 10%)) <22 1, (M \ B(w, 7)) — Hi(M) =0,  (7.3)

for any x € R™ and r > 0, is fast, as well.
On the other hand, the sequence analogous to (7.2) in the first homotopy groups

(Moo \ B(z,71)) Lk T (Moo \ B(2,7k42)) = (M) =0 (7.4)

is not fast at all — the loop (31 is not contractible in M., \ B(z,r) for any k.

7.2. Finite mushrooms. The problem with M, is that it is not a domain, and its
interior does not have the above property, since it is not contractible — and neither
the homology sequence (7.2), nor the homology sequence (7.4) is fast with intM.
in place of M.

To overcome this difficulty, we observe that if, instead of constructing an infinite
mushroom M, we stop at some finite stage Mj, (e.g. My depicted in Figure 8),
we obtain, as we observed before, a set diffeomorphic to a ball, with closure diffeo-
morphic to a closed ball, which is both hlog and htop inner (1, C')-joinable, but the
higher k, the higher is the constant C' in htop inner (1, C)-joinability. This comes
from the fact that for balls B(z,7) centered at the limit point of the infinite mush-
room M, there is no difference between M, \ B(z,r) and M \ B(z,r), unless r is
sufficiently small. Thus the sequence

(Mg \ B(z,71)) <225 70 (Mg \ B(z,7)) — m (M) = 0

is fast only if » < 7, (and the ratio 71 /ry tends to infinity). At the same time the
analogous sequences for homology grups are fast, because, as before, the inclusion
maps induce zero maps on homology.

These observations are now valid also for the interiors of the mushrooms M, and
are independent of scaling.
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F1GURE 11. Finite mushrooms, to be planted on a ball

7.3. Mushrooms on a ball. Our example Q of a bounded domain in R3, which
is hlog inner (1, C)-joinable for C' > 10%, but not htop inner (1, C)-joinable for any
C > 0 will consist of an open ball B, with an infinite countable family of finite
mushrooms M), attached to it. We attach the mushrooms sufficiently far away from
each other: the distance between any two mushrooms is more than twice the size
of the larger of these two. This can be obtained by attaching not the original
mushrooms My, but their sufficiently small copies: M, rescaled by a factor Ay (we
shall refer to this smaller copy of My as to A\yMy. This is to ensure that if any
ball B(z,r) cuts two different mushrooms, then B(z,2r) contains both mushrooms
— and thus any loop in 2\ B(z,2r) lies outside these two mushrooms and thus it is
contractible outside B(z,r)).

Then, there is no uniform constant C' such that € is htop inner (1, C')-joinable,
since for any C' we can find k such that r; /7, > C — and then, for the ball B = B(z,r)
of radius r = A\, 17%, centered at the limit point z of the mushroom A, My, the
sequence

QN B(z, ) <25 1 (Q\ B(z, 7)) = m(Q) = 0

is not fast.

At the same time, by the same arguments as for the infinite mushroom M, € is
hlog inner (1, C)-joinable for C' > 10*. We can also deduce this fact via the metric
duality theorem as follows: by Theorem 4.6 and Theorem 4.5, €2 is hlog inner (1, C)-
joinable if and only if quantitatively its complementary is C;-LLC-1. In our case, it
is clear that R™\Q is 10*-LLC-1.

Note that each of the finite mushrooms M, is diffeomorphic to a ball, and by
taking that ball sufficiently small, we may assure that the diffeomorphism has small
derivative. Therefore, 2 is homeomorphic to an open ball, and the homeomorphism
is differentiable (in particular, it is Lipschitz). The inverse homeomorphism, how-
ever, is not differentiable.

8. THE UNBOUNDED EXAMPLE

In this section, we give the explicit construction of the example in Theorem 1.4.
The basic idea behind that example is quite similar to the bounded example in the
previous section, except that this time, we break the htop outer joinability.

8.1. Trumpets. Geometrically, a k-trumpet is a k-mushroom that, if extended to
oo-mushroom, would have a limit point at infinity. In particular, every stage of
construction is of the same size and thickness. A 3-trumpet is depicted on Figure
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FI1GURE 13. Vertical planes intersecting a trumpet.

12 (as in the case of mushrooms, the trumpet is an open tubular neighborhood of
the contractible surface that one sees on the picture).

Every k-trumpet is diffeomorphic to the mushroom M, and thus is diffeomorphic
to an open ball, and its closure is diffeomophic to a closed ball. It also shares
the crucial property of the mushroom: any loop that is contained in the first ¢
stages of construction becomes homologically trivial (i.e. either contractible, or a
commutator) when considered as a loop in the first ¢ + 2 stages.

Assume the last, trivial stage of the k-trumpet T}, (the “mouthpiece”) is contained
in {—1 < 21 < 0}. Then, denoting by L, the half-space {(z1,...,z,) € R* : 21 < {}

we have that the inclusion mapping T} N Ly NN Ly, 5 induces a zero mapping in
the first homology group, thus the sequence

Hi(T, N Lg) 2 Hy(T}, N Lyys) — Hy(Ty) =0
is fast. At the same time, the sequence
(T N Le) 2 m1(Th N Less) = m(T}) = 0

is not fast as long as ¢ € [—k, —3| — this is exactly the same phenomenon as in the
case of a finite mushroom. Indeed, to each k-trumpet we can associate the loop =
of the pinched torus in the first stage of the construction (c.f. loop [«, 5] in Figure
2). Then 7 is not contractible in Ty N L, for any ¢ < —1.

8.2. Trumpet wall. To construct our infinite example U, we attach an infinite
countable family of trumpets T}, to a vertical wall (i.e. the half-space {(z1,...,z,) :
xr1 > 0}), assuming again that the trumpets are far apart from each other: the
distance between any two is at least twenty times the size of the larger one. It is
clear that the complementary domain Q = R™\U is a (0,C)-John domain and it
satisfies the ball separation property (recall definition from Section 5). Every k-
trumpet is diffeomorphic to a ball and its closure is diffeomorphic to a closed ball,
thus, ) satisfies the conditions 1) and 2) in Example 1.4, since it is, essentially, a
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half-space with some (sets diffeomorphic to) balls nicely attached, each away from
the other ones.

We next show that the trumpet wall U is an example of a domain which is homo-
logically (1, C)-bounded turning for some positive constant C' > 1, but not homo-
topically (1,C)-bounded turning for any C' > 1.

To see that it is not htop (1, C')-BT for any given C' > 1, it suffices to consider the
~ loops of different trumpets in the trumpet wall. Each of these loops is contractible
(i.e. it binds a disk in U), but such a disk has to reach the wall, and thus its
diameter is as large as the diameter of the whole trumpet. Since we have trumpets
of arbitrary length, U is not htop (1, C')-BT for any given constant C' > 1.

To see that it is hlog (1,C)-bounded turning for some constant C' > 1, let us
assume 7 is a loop in U.

If v passes through more than one trumpet, then the ball B centered at some
point of it, of radius equal to diam(7y), contains all the trumpets that v intersects
(thanks to the fact that the distances between trumpets are at least twice their
sizes) and the loop 7 is contractible in U N B (and thus it bounds a disk of diameter
comparable with diam(7)).

Assume now that - is contained in a single trumpet. Then we have two possible
cases:

e 7 has very small diameter — less than the thickness of the trumpet. Then it
binds a small disk of comparable diameter (recall that a trumpet is diffeo-
morphic and bi-Lipschitz equivalent to a ball, or if one prefers, thick cylinder
plugged at one end, along which end it is attached to the half-space).

e v has diameter comparable or much larger than the size of a single stage of
the trumpet. Let T denote the sum of stages of the trumpet intersected by
~. Form T by adding to T two more stages of the trumpet towards the wall
(add one or none if T" already contains last-but-one or the last stage of the
trumpet towards the wall). Then T has diameter comparable with T, thus
comparable with diam(v) and ~ is homologicaly trivial in T (it is a boundary
in 7).

Thus we conclude that U is hlog (1, C)-bounded turning with C' > 100. Alterna-
tively, we can also conclude U being hlog (1, C)-bounded turning by noticing that
R™\U is C-LLC-2 with some absolute constant C' > 100.

8.3. Uniformity. Finally, we show that 2 is an A-uniform domain for some con-
stant A > 1. For this, it suffices to show that for each pair of points z,y € €2, we
may find an A-uniform curve ,, in  joining = and y.

Before turning to the rigorous proof, let us briefly point out the difficulty in finding
a uniform curve between the points x and y. If the points are sufficiently close to
each other (say very close in a small neighborhood of the same trumpet), then by
our construction of trumpet, we know that (away from the hyperplane) it consists
of self-similar “mushrooms”, each of which is a Lipschitz domain, in particular an
A-uniform domain, and so we may connect them by a A-uniform curve. If the
points are very far away from each other (say stay in neighborhoods of different
trumpets), then it is not difficult to connect them by curves with property (2.2).
Moreover, since the distance between each two trumpets is at least twenty times the
size of the larger one, it is easy to adjust the corresponding curve so that it also
satisfies (2.3). Thus, the essential difficulty lies in the case when these two points
stay in the same neighborhood of some trumpet but are not so close to each other.
This would correspond to Case 2 below.
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FIGURE 15. T} has 4 components.

Let k € N,k > 2. Let C} be the cubical neighbourhood with one of its faces
intersecting (perpendicularly) the mouth of the i-th level of the trumpet T}, such
that the opposite face intersects the mouth of the (i + 2)-th level of the trumpet.
Let B! be the cubical neighbourhood contained in C}, with its edge parallel to ez and
ey of the same length as edge parallel to ez and respectively ey of Ci and the edge
normal to the e; direction of length half as edge parallel to e; of C%; see Figures 15
and 16.

We will call the two intersecting faces horizontal faces and the four other faces
vertical faces of C}. For each k there are i), = k—2 such neighbourhoods which cover
the “middle portion” of the trumpet T},. We also define a cubical neighbourhood C}
which has one of its faces lying in OH® and the opposite face intersecting the mouth



CHARACTERIZATIONS OF GENERALIZED JOHN DOMAINS 21

FIGURE 16. The rectangular parallelepiped C} contains 7, é“ and T,?“z.

of the 2-nd level and a neighbourhood C’,i’“ﬂ with one of its faces intersecting the
mouth of the (i, — 1)-th level as shown in Figure 16. Recall that the thickness of
the trumpet is 1072 and the diameter of each level T} and the distance between
consecutive levels are 1 (in particular comparable to 107®). The distance between
each of the vertical faces of C} to the i-th level T} is at least 10 and comparably
smaller than 1. Note also that the distance between the non-intersecting horizontal
surface of C}g’“ﬂ to T} is at least 1 and comparably smaller than 1. Set

i1

= ci
=0

and notice that T}, C U,. We consider the following cases.

Case 1: x,y € Uy, for some k € N and |z — y| < 1073.

In this case, we assign to the pair (z,y) any one of the C} such that z,y € C}
and obtain an A-uniform curve 7,, joining z and y in C} N Q.

Case 2: z,y € Uy, and |z —y| > 1073.

In this case, we may assume that {x,y} ¢ CL for any I. Let C and CY be the
cubical neighbourhoods containing x and y, respectively. If x € B{ then let ~, be
a quasihyperbolic geodesic joining x to a point 2’ in the vertical face J* of C}, that
has the standard coordinate vector e; as the outward normal and such that

dcs (z,2") < 2d(, JY,

where d¢; (2, 2') is the diameter distance in C% obtained by taking the infimum over

the diameter of all curves joining = and =’ in C}.

Let 2” be the point where v, meets dB;. With a slightly abuse of notation, from
now on, we also denote by v, the subcurve of v, lying between = and z”. Similarly,
if y € By, we may find a point y” € Bj, and a quasihyperbolic geodesic 7, joining
y and y”. We let ~,,» denote the half-circle not intersecting B}, with centre as the
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FIGURE 17. Case 2.

midpoint of the line segment joining z” and y”; of diameter |x” — y”| and lying in
the plane that is normal to the plane coinciding with J¢ and intersecting it along
the line containing 2” and y”. We denote by 7,, the curve joining z and y obtained
by concatenation of the curves v, 7,7, and ,; see Figure 17. It is clear that

l(%ry) < Alz -y

for some absolute constant A > 1. Furthermore, it also follows from our construction
that ~,, satisfies (2.2) for a suitable constant A > 1 and thus it is an A-uniform
curve joining x and y. ‘

In the case when either x ¢ Bj or y ¢ Bj, we denote by 2" (resepectively y")
the normal projection of x (respectively ) in the plane coinciding with J* and
choose a similar half-circle passing through z” and y” and then obtain a curve ,,
by concatenation of the corresponding curves. It is straightforward to check as in
the previous case that +,, is an A-uniform curve for some absolute constant A > 1.

Case 3: z,y € Q\ Uy, Ug.

In this case, observe that Q\ U, Uy is an A-uniform domain (indeed even a Lipschitz
domain) for some large enough constant A and that an A-uniform curve joining z
and y in Q\ Uy, Uy is also an A-uniform curve joining x and y in €.

Case 4: x € U; and y € Uj, i # j, or x € U; for some ¢ and y ¢ U; for any j.

In this case, the required A-uniform curve joining x and y can be obtained by
arguing as in Case 2 and concatenating the corresponding uniform curves. We leave
the details to the interested readers.
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A DENSITY RESULT FOR HOMOGENEOUS SOBOLEV SPACES
ON PLANAR DOMAINS

DEBANJAN NANDI, TAPIO RAJALA, AND TIMO SCHULTZ

ABSTRACT. We show that in a bounded simply connected planar domain €2 the smooth
Sobolev functions W*>°(Q)NC>°(2) are dense in the homogeneous Sobolev spaces L*? ().

1. INTRODUCTION

By the result of Meyers-Serrin [16] it is known that C*°(2) is dense in W*?(Q) for every
open set 2 in R%. The space C*(R?) is not always dense in W*?(Q), for example when € is
a slit disk. However, a slit disk is not a very appealing example as it is not the interior of its
closure. Counterexamples for the density satisfying 2 = int(Q) were given by Amick [1] and
Kolsrud [9]. In fact, in these examples even C(Q) is not dense in W*?(Q). Going further in
counterexamples, O’Farrell [18] constructed a domain satisfying Q = int(2) where W*>(Q)
is not dense in W*P(Q) for any k and p. The domain constructed by O’Farrell was infinitely
connected. From the recent results of Koskela-Zhang [14] and Koskela-Rajala-Zhang [13]
we can conclude that this is necessary for such constructions in the plane, since W (Q)
is dense in W'?(Q) for all finitely connected bounded planar domains (see also the earlier
work by Giacomini-Trebeschi [4]). Further examples of domains where W?(2) is not
dense in Wh4(Q) were constructed by Koskela [11] and Koskela-Rajala-Zhang [13].

In this note we continue the study of density of W**(Q) in W*?(Q). Let us remark
that such density clearly holds in the case where the Sobolev functions in W*?(Q2) can be
extended to Sobolev functions defined on the whole R%. By work of Jones [8], this is true
when 02 is a quasi-circle. (See also the works [6, 5, 7].) Geometric characterizations of
Sobolev extension domains are known, especially in the planar simply connected domains
when k =1, see [3, 10, 19, 12].

Being an extension domain is only a sufficient condition for the density. For example,
there are Jordan domains © and functions f € W'?(Q) that cannot be extended to a
function in W'?(R?). However, global smooth functions are dense in W'?(Q) for any
Jordan domain and any p € [1,00], see Lewis [15] and Koskela-Zhang [14]. For W*»(Q)
with & > 2 this is still unknown.

In [20] Smith-Stanoyevitch-Stegenga studied the density of C*°(RR?) as well as the density
of functions in C*(£2) with bounded derivatives, in W*P(Q). For the latter class they
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obtained a density result assuming €2 to be starshaped or to satisfy an interior segment
condition. For the smaller class of functions C*°(R?) they also required an extra assumption
on the boundary points to be my-limit points. (See also Bishop [2] for a counterexample
on a related question.)

The result of Koskela-Zhang [14] showing that W1>°(Q) is dense in W?(Q) for every
bounded simply connected planar domain was generalized to higher dimensions by Koskela-
Rajala-Zhang [13]. They showed that simply connectedness is not sufficient to give such
a density result, but Gromov hyperbolicity in the hyperbolic distance is. In this paper
we provide another generalization to the Koskela-Zhang result by going to higher order
Sobolev spaces. We show that if we restrict attention to the homogenous norm, then being
simply connected is sufficient for domains in the plane.

For a domain  C R? and p € [1,00), by homogenous Sobolev space L*P(§)) we mean
functions with p-integrable distributional derivatives of order k;

LFP(Q) = {u € L,.(Q) : V*u € LP(Q), if |a| = k},
with semi-norm Zm:k |V¥U| 1r(0), Where « is any 2-vector of non-negative integers and
|| is its £;-norm. The (non-homogenous) Sobolev space W*P(Q) is defined as

WkP(Q) = {u € L, (Q) : V*u € LP(Q), if |a| < k},
with norm 3, o, [[Veul

Lr(Q)-

Theorem 1.1. Let k € N, p € [1,00) and 2 C R? be a bounded simply connected domain.
Then the subspace W*(Q) N C°(Q) is dense in the space LFP(S).

The approach in [13] differs from ours in that there the approximating functions are de-
fined via shifting matters to the disk via the Riemann mapping. Instead, we directly make
a Whitney decomposition of the domain and a rough reflection to define our approximating
sequence. We achieve this via an elementary use of simply connectedness in the plane. In
both of these approaches the values of the function in a suitable compact set are used to
define a smooth function in the entire domain which approximates the original function in
Sobolev norm. For this we employ similar tools as used by Jones in [8].

In p-Poincaré domains, that is domains €2 where a p-Poincaré inequality

/|u—uD|pd$§C/|Vu|pdaj
Q Q

holds, we can bound the integrals of the lower order derivatives by the integrals of the
higher order ones and thus we obtain the following corollary to our Theorem 1.1.

Corollary 1.2. Let k € N, p € [1,00) and Q C R? be a bounded simply connected p-
Poincaré domain. Then WH*(Q) N C>(R) is dense in the space W*P(Q).

For instance Holder-domains are p-Poincaré domains for p > 2, see Smith-Stegenga [21].
It still remains an open question whether Corollary 1.2 holds if one drops the assumption
of being a p-Poincaré domain.

Next we come to the question of density of C°°(R?) functions in L*¥?(2) in our setting of
bounded simply connected domains. We have the following corollary which is analogous to
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[14, Corollary 1.2], where it is shown that €2 being Jordan is sufficient. A small modification
of the argument there applies to our situation as well. See the end of Section 4 for the
proof.

Corollary 1.3. Let k € N, p € [1,00) and Q2 C R? be a Jordan domain. Then C*(R?) is
dense in the space L*P(Q).

In Section 2, we collect the necessary ingredients which will be used for defining the
approximating sequence; these include a suitable Whitney-type decomposition of a simply
connected domain and a local polynomial approximation of Sobolev functions. In Section
3 we describe a partition of the domain using the Whitney-type decomposition of Section
2, which is needed for obtaining a suitable partition of unity. Then in Section 4, we define
the approximating sequence and present the necessary estimates for proving Theorem 1.1
and Corollary 1.3.

2. PRELIMINARIES

For sets A, B C R? we denote the diameter of A by diam(A) and the distance between
A and B by dist(A, B). We denote by B(z,r) the open ball with center 2 € R? and radius
r > 0 and more generally, by B(A,r) the open r-neighbourhood of a set A C R?. Given a
connected set £ C R? and points z,y € E, we define the inner distance dg(z,y) between
x and y in E to be the infimum of lengths of curves in E joining x to y. (Notice that in
general the infimum might have value co.) We write the inner distance in E between sets
A, B C E as distg(A, B).

With a slight abuse of notation, by a curve v we refer to both, a continuous mapping
v:10,1] — R? and its image v([0,1]). Given two curves 71,79: [0,1] — R? such that
71(1) = 72(0), we denote by 71 * ¥o: [0, 1] — R? the concatenated curve vy x () = v1(2t)
for t < 1/2 and v *y2(t) = 2t — 1 for ¢ > 1/2. We denote the length of a curve v by L(7).

We will use the following facts in plane topology whose proofs can be found in the book
of Newman [17, Chapter VI, Theorem 5.1 and Chapter V, Theorem 11.8].

Lemma 2.1. Let Q be a simply connected domain in R?* and ~: [0,1] — R? a continuous
curve that is injective on (0,1), whose endpoints v(0) and (1) are in 02 and interior
7((0,1)) in Q. Then 2\ v has two connected components, both of which are simply con-
nected.

In the case where Q) is Jordan and ~ is homeomorphic to a closed interval, the two
connected components of Q\ v have boundaries yU J; and vU Jy, where Jy and Jy are the
two connected components of 02\ .

2.1. A dyadic decomposition. Although it is standard to consider a Whitney decom-
position of a domain in R? (see for instance Whitney [23] or the book of Stein [22, Chapter
VIJ), we will use a precise construction of such a decomposition. We present this construc-
tion below. Here and later on we denote the sidelength of a square @ by I(Q).

For notational convenience we start the Whitney decomposition below from squares with
sidelength 271. Formally, by rescaling, we may consider all bounded domains Q C R? to
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have diam(§2) < 1 in which case no Whitney decomposition would have squares larger than
the ones used below regardless of the starting scale.

Definition 2.2 (Whitney decomposition). Let Q C R? be a bounded (simply connected)
open set. Let Q, be the collection of all closed dyadic squares of sidelength 27". Define
a Whitney decomposition as F = U F, where the sets F,, are defined recursively as
follows. Define

neN

ﬁl = Q S Ql . U Ql C Q
Qe
Q'NQ#D

and

Fort ={QE€Quun:Q¢ Fand ) @cayp,
Q'NQ#D
where F, = Uj<n Uger, @
Lemma 2.3. A Whitney decomposition given by Definition 2.2 has the following properties.
(W1) © = Uper Q ~
(W2) 1(Q) < dist(Q, Q%) < 3v2l(Q) = 3diam(Q) for all Q € F

(W3) int Q1 Nint Qy = 0 for all Q1, Qs € F.Q1# Qs
(W4) If Q1,Q2 € F and Q1N Qa # 0, then ﬁgglg <2.

Proof. Although the proof is very elementary, we give it here for completeness.

For (W1), take any € Q and n € N such that + € Q € Q,, where 27722 <
dist(z, Q¢) < 27"3y/2. Then for any Q' € Q,, with Q' N Q # () we have Q' C Q. Hence by
definition either Q € F, or z € Q C Q" € F; for some i < n.

In order to see (W2), let Q € F,. Then all Q' C Q for all Q' € Q, with Q' N Q # 0.
Consequently, dist(Q,°) > 27 = [(Q). For the upper bound, suppose dist@, ¢ >
3v227". Let Qy € Q,_1 be such that Q C Q.. Then dist(Q2, 29) > V227" and so
Qs C Q for all Q3 € @, for which Q> N Q3 # (). Thus Q, € F, 10r QyC Q4 € FE, for
some i < n — 1. In either case, Q ¢ F giving a contradiction.

Property (W3) holds by the recursion in the definition and the fact that the dyadic
squares are nested.

Suppose (W4) is not true. Then there exist Q, € F, and Qy € F,,, with n < m — 1 and
Q1N Qs #0. Let Q3 € F,y1 be such that Q, C Q3. Then

U @c | @ce
QIGQTL+1 Q’egn
Q'NQ3#0 Q'NQ1#0

and so either Q3 € ]}nﬂ or Q3 C Fn In both cases ()5 C Fn—i—l and so @y ¢ .7:“m. O
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FIGURE 1. A core part D, is selected from the Whitney decomposition of
Q) by taking the connected component containing () of the interior of the
union of Whitney squares with sidelength at least 27".

By a chain of dyadic squares {Q;}7*, we mean a collection of sets Q; € F such that
Qi N Q;+1 is a non-degenerate line segment for all i € {1,...,m — 1}. We say that the
chain connects ()1 and Q,,.

2.2. Approximating polynomials. We record here the following two Lemmas from [§]
which will be used when estimating the approximation in Section 4.

Lemma 2.4 (Lemma 2.1, [8]). Let Q be any square in R* and P be a polynomial of degree
k defined in R%. Let E,F C Q be such that |E|,|F| > n|Q| where n > 0. Then

| PllLey < C(n, K)I[PllLer)-

Given a function u € C*°(Q) and a bounded set £ C 2, we define (see [8]) the polynomial
approximation of u in E' | Py(u, E') to be the polynomial of order k¥ — 1 which satisfies

/va — Py(w,E)) =0

for each a@ = (a1, ag) such that |a| = ay + as < k — 1. Once k is fixed, we denote the
polynomial approximation of v in a dyadic square @) as Py
The next lemma is a consequence of Poincaré inequality for Lipschitz domains.

Lemma 2.5 (Lemma 3.1, [8]). Let Q C R be a bounded simply connected domain and F
a Whitney decomposition of Q). Fix a such that | < k. Let {Q;}2, in F be a chain of
dyadic squares in F.Then we have

IV (Pay = Po, ey < CUQD* IV ull oy, @),
where VFu is the vector (Vu) =, normed by the ly-norm and C' = C(m).

In what follows, given § = (51, f2) and a = (a1, az), we write § < « if the inequality
holds coordinate-wise.
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3. DECOMPOSITION OF THE DOMAIN

From now on we fix a bounded simply connected domain €2 C R? and a Whitney decom-
position FofQ given by Definition 2.2. For our purposes we need to choose at each level
a nice enough subcollection of F,, namely we take connected components of the Whitney
decomposition (see Figure 1). More precisely we fix Qg € Fi and for each n € N let C, be
the connected component of the interior of F}, that has int Qq as a subset. We define

Foj={Q € F:intQcC C,}
and using this the families of squares

Fn ::Fn,na D, ::Ufn,j

j<n

and the corresponding sets for two of the above collections by

F, = U Q and D, := U Q=0C,.

QEFn QEDy

The collection of boundary layer squares in D, is denoted by

oD, = {QeDn:Qﬂ(Q\Dn) #@}.
With this notation we have the following lemma.

Lemma 3.1. The above collections have the properties:

(i) Dy, C Dpy1 for all k € N.
(1) Q =, ey Dn-
(iii) If Q1,Q2 € F,, and Q1 N Qs is a singleton, then there exists Q3 € D,, for which
Q1NQ2NQ3 #0.
() If Q € OD,,, then Q € F,.
(v) If Q € OD,,, then QN (Q\ F,) # 0.
(vi) The set C,, is simply connected.

Proof. The property (i) is obvious by the definitions of F,, ; and D,, since C,, C Cp41.

For (ii) it suffices to prove that for every @ € F there exists n € N so that Q € D,,. Let
Q € F,. Since () is connected and open, there exists a path v in 2 joining @ to Qy. By
the fact that Fj C int Fj,; and the property (W1) of the decomposition F we have that
1 = Ujenint Fj. Then by the compactness of v there exists m > n so that v C int F,.
Hence @ € D,,.

For (iii) let 1, Q2 € F,, be so that Q1 N Q2 is a singleton {q}. Assume that the claim
is false. Then for the two squares ) € Q,, that intersect both )1 and @) it is true that
Q& F,and Q¢ Q for all Q' € F,_1. Let ¢ and ¢» be the centres of the squares Q; and
()2 respectively. Consider a curve v': [0,1] — Q for which vj = ¢1, 7, = ¢ and 7 C C,,.
Such a curve exists by the definition of C),,. We may also assume that 7' is an injective
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FIGURE 2. The constructed Jordan curve v in the proof of Lemma 3.1 ((7i7))
has in its interior domain a dyadic square () that also has to be an element
of D,

curve. Let to == sup{t : 7/(t) € Q1} and t; == inf{t >ty : 7/ (t) € Q2}. Define a Jordan
curve

v =ty e Y
where 7', 7%, 4* and ~* correspond to the line segments [q, ¢1], [q1,7,], [, 2] and [g2, q]
respectively. By Jordan curve theorem ~ divides R? into two components, one of which is
precompact (see Figure 2). Denote the precompact component by A.

For small enough ball B around ¢ we have by the definition of v that B\ v has exactly
two components. Since v is a Jordan curve one of those components has to contain an
interior point of A and thus the whole component lies inside A. On the other hand that
component has to intersect with one of the dyadic squares in Q,, touching both (); and
Q)2 (but being different from @; and @);). Let Q € Q, be that square. Now for all the
neighbouring squares Q € Q, (except the opposite one) of @ either Q N ~([0,1]) # 0
implying that Q € D, or Q is in the precompact component of R?\ ([0, 1]) and thus by
simply connectedness @ C ). Since )1 € F,,, also the opposite square of @) is a subset of
Q. Hence Q € F,, or Q C Q' € F,,_; which is a contradiction. Thus we have proven (iii).

In order to see (iv), suppose that there exists Q € 9D, such that @ ¢ F,. Then
Qe F,.C F; for some i < n. By Property (W4), for all the Q' € F with Q' N Q # 0 we
have Q' € .7:"J for j <i+1<mn. Thus, Q' C D, and Q ¢ 0D, giving a contradiction.

If property (v) fails for some Q € 0D, then for every Q' € F with Q' N Q # 0 we have
Q' € F; for some i < n. Thus, again Q' C D, and Q ¢ 9D, giving a contradiction.

Finally, we prove property (vi). Since C), is open it suffices to prove that every Jordan
curve is loop homotopic to a constant loop. Suppose this is not the case. Then there exists
a Jordan curve v that is not homotopic to a constant loop, and a point = € Q \ C,, that
lies inside . In particular there exists ) € Q,, such that Q) ¢ D,, which lies inside v and
for which @ N D,, is an edge of a square. Now by similar argument as in (iii) we conclude
that @) € D,,, which is a contradiction. O
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The next lemma shows that we can connect the boundary of D,, to the boundary of 2
with a short curve in the complement of D,,.

Lemma 3.2. For each point © € OD,,, there exists an injective curve v: [0,1] — R? so
that 4(0) = =, v(1) € 99, 4(0,1) C Q \ int D,, and L(v) < 2v/21(Q).

Proof. Let @@ € 0D,, be such that x € Q@ N 9dD,,. By Lemma 3.1 (v) we have that there
exists a square Q' € Q, touching Q at x so that Q' ¢ F,, and Q' ¢ Q for every Q € Fj,
j < mn. Thus, there exists a neighbouring square Q" € Q,, of Q' and a point y € 9Q N Q".
Let v' be a curve corresponding to a line segment connecting x to a point z € Q' N Q"
and let 4% be a curve corresponding to a line segment connecting z to y. Moreover, let
to == inf{t : 7} € 90}, Since ON is closed, we have that 72 € 9. Define a curve
v =y % 9%|j0,4]- For v we have that v(0,1) C (Q\int D,)N(Q'UQ"), 7(0) = z, v(1) € 9Q
and L(7) < d(Q') +d(Q") = 2V2(Q). 0

Observe that by Lemma 3.1 (iv) we have 9D,, = Jgcop, (QNID,,). Thus, by Lemma 3.1
(ili) we have that 0D, is locally homeomorphic to the real line. Since by Lemma 3.1 (vi)
C,, is simply connected, we have that 0D, = 0C,, is connected. Hence, dD,, is a Jordan
curve. Thus, we may write

Ln
oD, = I, (3.1)
i=1

where I; = [y;, y;+1] is an edge of a square in F,, with vertices y; and y; 41, and y; =y, 1.
For the rest of the paper we fix a constant M > (4v/2 + 2). However, the following
lemma is true for any M > 0 and with C' depending on M.

Lemma 3.3. There ezists C € N so that for anyn € N and z,y € 0D,, with dsp, (x,y)
)

27"C, and for any v in Q\int D,, connecting x to y we have that yN(Q\ B(z, M27")) #
In particular, L(y) > M2™".

>
0.

Proof. By taking a slightly larger C', namely C' 4 2, we may assume that x = y; and
y = y; for some i and j, where y;, y; are two endpoints of intervals from the collection {I;}
forming the boundary as noted above. Moreover, by symmetry we may assume that ¢ < j
and j —i < n+1—j. Since each [; is a side for two squares in Q,,, by taking C' large
enough, we obtain

H2(B(z,2(M + 1)27)) = w(2(M +1)27")% < 30(2")2 <1 JQ),

where the union is taken over all ) € Q,, having I, as one of it sides for some i < m < j—1.
Therefore, one of the intervals [,,,, for « < m; < j—1, has to intersect with the complement
of the ball B(x,2M27™). Let @} € 0D, be the boundary square corresponding to that
interval and let ¢, € I, \ B(x,2M27™). By symmetry, there also exists @), € 0D,, whose
side is some I,,,, with mg ¢ {i+1,i+1,...,j—1} such that there is g5 € I,,, \ B(z,2M27™).

Suppose now that there exists a curve « in Q\int D,, joining z to y with v C B(xz, M27").
We may assume that 7 is injective, and by compactness that y(t) € Q \ D, for every
t € (0,1). Then, for i = 1,2 we have that B(Q},2v2((Q})) C B(q, M2™™) and hence
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FiGure 3. In the proof of Lemma 3.3 we assume towards a contradiction
that « and y can be connected by a short curve v in Q\ D,,. This will imply
that one more square in Q,, (here Q) will be a subset of D,,.

B(Q!,2v21(Q")) N~y = (). Now by definition of @’ there is a neighbouring square Q” € Q,,
of @} which is not a subset of D,,, see Figure 3. We claim that either Q] or @)} lies inside
the Jordan curve 4 obtained by concatenating the curve v and the part of the boundary,
denoted by ~”, obtained from the intervals {/, h}%;, or by concatenating v and 9D, \ 7.

This can be seen in the following way. Consider 2 I R2 S?, where h is a homeomor-
phism and the inclusion R? < S? is the inverse of the stereographic projection. Under this
composite map S?\ D,, is a simply connected domain. Hence, by Lemma 2.1 (S?\ D,,)\y has
exactly two components whose boundaries are the two connected components of 9D, \ v
together with v. Thus, (2 \ D,) \ v = (S*\ D,) \ v has exactly two components. Since
0Q) N dD,, and Q4 N ID,, are in two different connected components of 9D, \ vy, we
conclude that @7 and Q) are in different components of (2\ D,,) \ 7. We denote the Q7
that lies inside the Jordan curve by Q".

Since Q" C B(Q',Vv2((Q")), we have that every neighbouring square of Q" either lies
inside +' or is an element of 9D,,. In particular, by the simply connectedness of (2 they all
are subsets of . Hence, Q" C D, which is a contradiction. Thus, we have proven that
YN (QN\ B(x, M27™)) # . O

Let us now partition Q2 \ D,, in the following way. Recall (3.1). Notice that for large
enough n we have that L, > 2C. Define x; := y; and then x,, = y(,—1)c until L, +1— (m—
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Y7 — Hg 7 i, V5 Hy
T [ [T [ &g TTTTTTT ] &5
Hy Th
b L
T8 3 | gg
8
sttt 1 | | | T3
Hg V1 ‘ ‘ Y3
’ i
- QD) 2
H,y

FIGURE 4. Here the domain €} is decomposed into the core part D3 and
eight boundary parts H;. A neighbourhood Hg of Hy is also illustrated.

1)C" < 2C. Notice that for every i # j we have dpp, (i, z;) > 27"C. We now partition the
set 2\ D, up to Lebesgue measure zero into connected sets { H;}7., where H; is the open
set bounded by 7;, v;+1 given by Lemma 3.2 for points x; and z;41, and J; = UZC:(JCJ;D I;
(with interior in Q\ D,,). This partition is well defined by Lemma 2.1. Notice that since
L(v;) < M for all 4, we have that 7;N~y; = () for all i # j. Let us define H; as the connected
component containing ﬁj of the set QN (.ﬁI] U Bgz(yj U 41 U Jj, 5)), where § = 27773,
See Figure 4 for an illustration of the decomposition. Although the decomposition depends

on n, for simplicity we do not display the dependence in the notation. A crucial property
of our decomposition is the following lemma.

Lemma 3.4. We have H; N H; # 0, if and only if |i — j| <1 in a cyclic manner.

Proof. Trivially ;41 € H; N H;+y. Thus, we only need to show that H; N H; # () implies
li — j| < 1. We may assume that i # j. Let z € H; N H;.

Suppose first that « € H;. Then, by (path) connectedness of H; there exists a path v in
H; from x to H,. Let

to = inf{t € [0,1] : v(t) ¢ H}.

Then, (to) ¢ H; but v(t) € H;NH;. Thus it suffices to consider the case when z ¢ H;UH,.

Suppose now that « € D,,. Since § < ?, we have that x € @ for some ) € 0D,,. Then,
there are neighbouring squares @Q;, Q; € Q,, of ) for which @; N H; # 0 and Q;N ﬁj # ().
Since ¢ is small, we may choose the @Q;, Q; so that Q;NQ; # 0. If Q; = Q; or if @Q; and Q)
have a common edge, then there is a curve 4" in @; U @), from H; to ﬁj with L(v") < 24.
If Q; N Q; is a singleton, then by Lemma 3.1 (iii) the neighbouring square ' # @ of both
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Q; and Q; lies in 2\ int D,,. Indeed, if this were not the case, then @, Q € F,, and Q' NQ
is a singleton, implying that @Q; € D,, or Q; € D,,. Thus, there exists a curve 7/ in Q \ D,
joining @); and @; with L(v') < 4.

Now, we have Q; N J; # 0 or Q; N (v; Uvit1) # 0. Notice that v N J; # 0 # v N .
By Lemma 3.2 we have max(l(¥;),!(7i41)) < 2v/2-27". Combining these observations
with the analogous ones for ();, we have that J; and J; can be connected by a curve in
Q\ Dy with length less than 49 + 44/2 27" < 27" M. Hence, we have by Lemma 3.3 that
distop, (Ji, J;) < C. Thus, |i — j| <1 in cyclical manner.

We are left with the case where x € Q\ (D, U H; U H;). By definition we have that
B(D,,,20) C Q. Thus, if dist(z, J;) < d, we may join z to J; by a curve in Q \ int D,, with
length less than §. If dist(x,J;) > 9, then © € B(yy,,0), where m € {i,7 + 1}. By path
connectedness of H; there is a curve v in H; connecting = to v; U ;11 U J;. We want to
prove that = can be joined to 7, in d-neighbourhood of v,,. If (a subcurve of) ~ is not
such a curve, then we may define

to = inf{t € [0,1] : y(¢t) € B(D,,0)}.

Then, 7vjo,4)C B(V¥m,9). Therefore, there exists a point y € 7, with d(v(t),y) < 6. In
particular, the line segment [y(to), y] lies in (2 \ D,,) N B(ym,0) and thus we have proven
that there exists a curve 4/ in (Q2\ D,,) N B(7y,,d) connecting x to 7,,. By the definition of
Ym We have that v/ C B(,(0),2v/2-27"+6). By the same argument for j we conclude that
J; and J; can actually be connected by a curve vy in (2 \ int D,,) N B(y(0),4v/2 - 27" +20).
Hence, by Lemma 3.3 distsp, (J;, J;) < C, and thus |i — j| <1 in cyclical manner. O

4. APPROXIMATION

In this section we finish the proof of Theorem 1.1 by making a partition of unity using
the decomposition of €2 constructed in Section 3 and by approximating a given function by
polynomials in this decomposition. Recall that our aim is to show that for any u € L*?(Q)
and € > 0 there exists a function u. € W**(Q) N C>=(Q) with |V*u — VFu|| 1) S e
By noting that L*P(2) N C>() is dense in LFP(Q) we may assume that function u €
LFP(Q) N C>(Q2). From now on, let u and ¢ > 0 be fixed.

Using the notation from Section 3, we write the domain €2 as the union of the core part
D,, and the boundary regions {Hz}ﬁ:1 For each ﬁi we let Z; be the collection of squares ()
in D, such that Q N H; # 0, which are bounded in number independently of n. We need
to decide what polynomial to attach to each set H;. For this purpose, for each 1 < i <
we assign a square (; € Z;. We call Q); the associated square of H;.

Given ) € Z; we set Py := U;J;LI{Q’ € TZ;}, which is a collection of squares from a
suitable neighbourhood of Q.

Recall the approximating polynomials Fp introduced in Section 2.2. We abbreviate
P, = Py, for the associated squares @);.

We make a smooth partition of unity by using a Euclidean mollification. (Compare to
[14] where the inner distance in €2 was used for the mollification.) Let p, denote a standard
Euclidean mollifier supported in B(0,7). We start with a collection of functions {¢;}'_,,
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where ¢y = XD, * pa-n-s and v = (XH * pQ_n_s) |g, for ¢ > 1. Using this we obtain a
e . . 7 l 7
partition of unity {;}!_, by setting ¢; = 1;/ >0 Vi
Now the partition of unity {¢;}._, satisfies the following.
1) The function t is supported in B(D,, %5).
For ¢ > 1 the function v; is supported in H;.

)

) For all 7, 0 <, < 1.
) >y =1on .
)

5) For all 4, |[Ve;| < 0,277l for all multi-indeces a.
We will fix n later such that for the function u. defined as

l
u(w) = u(@)o(w) + Y vi(x) Pi(x)
i=1
for z € 0, we have
HVku — V’“ueﬂm(g) < Ce.

Note that u. = u on D,,_1; indeed D, 1 N; = () for i > 1, see Lemma 3.1 (iv).
First of all, we consider only n large enough so that

IV ull o,y < € (4.1)
Now, we need to show that n can actually be chosen large enough so that also
||Vkue||Lp(Q\Dn,1) < Ce.
So, we compute for @) € Z; and |o| = k

1/p
Vsl < 3 ([ 1990 = T R@PT (o) az )

BLla

+ ZZ (/Q VP Py(x) — VP P(2) [PV, ()P d;c> 1/p

B<a g

== Al + Ag,

where A; and A, are the first and second terms on the right hand side of the inequality
and we used that for f < «, Zj Ve=F; = 0 and order of P is at most k — 1. We first
estimate A; as

41§ Y 2|V~ TR g

p<a
< S 20 ([P Py = VP Pyl o) + VP4 = VP Pl in()

)» (4.3)
< 37 2nllel- 8D AR Ry s

B<a

S HvkuHLP(UQ)7



A DENSITY RESULT FOR HOMOGENEOUS SOBOLEV SPACES ON PLANAR DOMAINS 13

where in the third inequality we used that @); (associated square of f[l) and () may be
joined by a chain of bounded number of squares from Z; by our construction, and therefore
we may apply Lemma 2.5. Similarly we estimate A, as

i+1 1/p
YD (/ [VPPj(x) = VP Pi(2) [PV ()| dx)
B<aj=i-1 W@
i+1
S 2 S (VPP = VPl + VPP = VoPoll@) 4y
B<a j=i—l |
< S el 18D gnB-) Ty, o

BLa

S HvkuHLP(UQ)7

where again in the second inequality we used that if ¢;(z) # 0 for x € @ € Z; then by
our construction ); and ) can be joined by a chain of bounded number of squares as j is
either i — 1,7 or i + 1 (cyclically); and therefore we can apply Lemma 2.5.

For Q € F \ D, such that Q N spt(ty) # 0, we assign to Q a square Q' € Z;, such that
QN Q' # 0. Note that such a square )’ exists by our construction. Then @ and @’ can
be joined by a chain of bounded (by an absolute constant) number of squares from D, ;.
We choose such a chain for () and denote it by Bg. We also set

Ju={Q € F\ Dy : QNspt(y) # 0}.

We estimate using Lemma 2.5 exactly as above (see (4.2)) to obtain for |o| = k

1/p
HvauEHLp(Q) < Z (/Q ‘Vﬁu — VBPQ(m)‘p‘Vaiﬁwo(m)’P dfl])

BLa

1/p
DD ( / V2 Py(x) — VP Po(a) 7|V 4 ()P dx)
B<a j Q
= Bl -+ BQ.

(4.5)

Again, we estimate separately,

B < Z onllal=I8)|| 78y, — vﬂPQHLP(Q)

Bla
S IV o)
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and
i+1 1/p
B S ([ WRE) - VR@pv s wpa)
Baj=i-1 N Q
i+1

< 2 N (VPP = VP Py o) + V7 Po = V7 Pallur@)
B<a J=i-1

5 Z2n(|a|_m|)2n(|ﬁl_k)(Hka”LP( U QH) —|— ||Vku||LP( U Q”)
p<a QP QEB

SIVRullee U e
QHEPQI UBQ/

Next we note that VFu, = 0 in H;\ U spt(¢;) and we compute for |a| = &

IV ullzomy < Y IV ull@ + Y IV o)

QeQ; QETn,QNH;#0

i+1
+ ) IV Ul pwprsmtwon U @n
j=i—1 Q" e€dDn N In

(4.6)

The terms in the first and second summands have been estimated earlier. Denoting H :=

(UL spt(w;) Nspt(y)) \ U @, we estimate now the third one;

j=i—1
Q”EaDnmjn
i+1
IV uclliogmy 3207 3 0 IVIP; = VOB

B<a j=i1

< S 22e-BD (| VP Py — VPR 1o
B<a

< 7 gullal=18Ngn(81=R) | 7hyy | ., Q
ﬁzﬁ;l (Q/g)Qi !

SVl u @)
Q'ePq,

where we used the facts that for f < o, V&7 >-;(1;) = 0 and ¢y = 0 in H] in the first
inequality, Lemma 2.4 in the second inequality since H! C C'Q); for some absolute constant

C coming from Lemma 3.2 and in the third inequality we used Lemma 2.5.

Remark 4.1. Note that for each () € Z; we have Py = P, where (); is the associated
square of H;. We note that any @ € D,, occurs in at most three distinct collections Po,.
Moreover any ) € D, appears in only a bounded number of the collections By, where
Q" € J,. In particular, any Q)" € 9D,, appears in only a bounded number of the collections
Bgr, where Q" € J,,. The bounds are provided by absolute constants coming from volume

comparison.
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Now it follows from equations (4.3), (4.4), (4.5), (4.6) and (4.7) that

IV ucll oy S D NV 0 o,y + HV'“UHLP(Q U Q

€0Dnp,

4.8
IVl U o+ IVl U o+ IVl U @y D)
Q€EdD, QETn QEIn

Q,EBQ

when |a| = k. By Remark 4.1 we may choose n such that

||Vku||Lp( U @ T+ ||Vku||Lp( Ut ||Vku||Lp( U @) <e
Q€D QETn QEIn
Q’EBQ

Then, the claim follows from (4.1) and (4.8).

Remark 4.2. We note that when £ = 1 we may take the function to be smooth as well
as bounded for showing the density of Wh>(Q) in WP(Q). This is because truncations
approximate the functions in W1?(Q). This allows us to also approximate the LP norm of
u. Indeed let u € WP(Q)NC>*(Q)NL>*(Q) such that ||u| ~ < M. Decompose the domain
as in the above construction; then choose n large enough such that ||u||wir@\p, ;) < € and
M|Q\ D,,_| < e. Then it follows from estimates in the proof that the function u, defined
as above approximates u in W1P(Q) with error given by e. This conclusion is the content
of [14].

Finally, let us show how the smooth approximation in Jordan domains is done.

Proof of Corollary 1.3. The argument we need follows the one used to prove [14, Corollary
1.2]. As in [14], given a bounded Jordan domain we approximate it from outside by a
nested sequence of Lipschitz and simply connected domains Gy which are obtained for
example by taking the complement of the unbounded connected component of the union
Whitney squares larger than 27° from the Whitney decomposition of the complementary
Jordan domain of €.

Then, we note that for given n, taking s, large enough, we have that the squares in 0D,
are Whitney type sets in G, meaning they have diameters comparable to the distance
from the boundary of Gy, .

Note that G, C B(£,27*"%5) are simply connected. Now the set G, \ C, (recall that
C, is a suitable connected component of the interior of the union of the Whitney squares
of scale less than 27") can be decomposed in the same way as Q \ C,, was decomposed into
the sets ﬁl in Section 3.

We may then follow the argument used in the proof of Theorem 1.1 to obtain an approx-
imating sequence of functions u, in G, which are in the space W**°(G, )N LF?(G, ) N
C*>(Gs,). By multiplying with a smooth cut-off function that is 1 on © and compactly
supported in G , we obtain a sequence of global smooth functions having the desired
properties. O
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A DENSITY RESULT FOR HOMOGENEOUS SOBOLEV SPACES

DEBANJAN NANDI

ABSTRACT. We show that in a bounded Gromov hyperbolic domain 2 smooth functions
with bounded derivatives C°°(Q2) N W (Q) are dense in the homogeneous Sobolev spaces
LEP(Q).

1. INTRODUCTION

We continue the study of density of functions with bounded derivatives in the space of
Sobolev functions in a domain in R™. It was shown by Koskela-Zhang [13] that for a simply
connected planar domain  C R?, W™ is dense in WP and in the special case of Jordan
domains also C*°(R?) N W1°°(Q) is dense. The above result of Koskela-Zhang has been
generalized to have the density of W% in the homogeneous Sobolev space L¥P for k € N in
planar simply connected domains by Nandi-Rajala-Schultz [19]. In dimensions higher than
two however simply connectedness is not sufficient (see for example [14]). Recall that simply
connected planar domains are negatively curved in the (quasi) hyperbolic metric. A useful
metric generalization of negatively curved spaces was introduced by Gromov [8], in the context
of group theory. Following Bonk-Heinonen-Koskela [4], we call a domain Gromov hyperbolic
if, when equipped with the quasihyperbolic metric, it is d-hyperbolic in the sense of Gromov,
for some § > 0 (see Section 3 for definitions). Gromov hyperbolicity has turned out to be a
sufficient condition for the density of W1°° in WP as shown by Koskela-Rajala-Zhang [14],
and these are primarily the domains we consider in this paper.

A simply connected domain, equipped with the quasihyperbolic metric (equivalent to the
hyperbolic metric by the Koebe distortion theorem) in the plane, as mentioned before, is
Gromov hyperbolic. Conversely, a Gromov hyperbolic domain with uniqueness of quasihy-
perbolic geodesics is simply connected. The latter is of course true in higher dimensions as
well (indeed, in this case, for any pair of points, any curve «y joining the points is homotopic to
the unique quasihyperbolic geodesic I" joining the given points, with the homotopy given by
quasihyperbolic geodesics joining the points v(t) and I'(t) once I' is parametrized suitably).
Gromov hyperbolic domains are often seen as a topological generalization of planar simply
connected domains; for it was shown by Bonk-Heinonen-Koskela [4] that Gromov hyper-
bolic domains are conformally equivalent to suitable uniform metric spaces equipped with the
quasihyperbolic metric and corresponding suitable measures. Finally, we note that in higher
dimensions, simply connectedness alone does not imply Gromov hyperbolicity; consider for
example the unit ball in R? deformed to have a cuspidal-wedge along an equator.

We denote by L*P the space of functions with finite homogeneous Sobolev norm (see Section
3 for definition). We obtain the following extension of the result of Koskela-Rajala-Zhang [14]
to Sobolev spaces of higher order.

Key words and phrases. Sobolev space, Gromov hyperbolic, density, quasihyperbolic.
This research has been supported by the Academy of Finland via the Centre of Excellence in Analysis and
Dynamics Research (project No. 307333).
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Theorem 1.1. Let 0 < § < oo, k>1and 1 <p < oo. If Q C R"™ is a bounded §-Gromov
hyperbolic domain, then C*(Q) N W >(Q) is dense in LFP(Q).

We have the following corollary to Theorem 1.1.

Corollary 1.2. Let0<d < oo, k>1and1l < p < oo. IfQ is a bounded 6-Gromov hyperbolic
domain with C°-boundary, then C°(R™) N Wk>°(Q) is dense in L*P(Q).

In the statement of Corollary 1.2, for a domain with C°-boundary, we require that given
x € 0, there is a neighbourhood U, C R" of x such that U, N has the representation
Yn < f(y1,...,Yn—1) in suitable coordinates, with a continuous function f (see Maz’ya [18]).

The approximating functions are obtained by an inner extension of a smooth approximation
to the function to be approximated, from an increasing sequence of suitable compact subsets,
to the domain in question. This method of inner extension for this purpose has been used
in [13], [14] and [19]. In [13] this extension is done using the conformal parametrization of
simply connected domains. In [19], the topology of the plane is utilized directly to construct
an approximating sequence although the hyperbolic structure of planar simply connected
domains plays an implicit role in the construction. Our approach in this paper is along the
lines of [14].

The information coming from the conformal invariance may be read off in terms of any
suitable Whitney decomposition of our domain and towards that end we use as tools the uni-
formization of Gromov hyperbolic domains developed in [4] along with two of its geometric
implications also from [4], employed already in [14], namely the ball separation condition and
the Gehring-Hayman condition (see Section 3 below for defintions). Using uniformization
we prove a diameter counterpart of the usual Gehring-Hayman condition (see Theorem 5.6)
which in its original form relates the lengths of quasihyperbolic geodesics with the intrin-
sic distance between the points they join (see Pommerenke [20] for the property in simply
connected domains). We use also the polynomial approximations of smooth functions in
precompact subsets of the domain (see Section 3.3) which were utilized by Jones [11] for
showing the extendibility of Sobolev functions defined in uniform domains and also in [19] for
the inner extension. We actually prove the density under weaker assumptions than Gromov
hyperbolicity (see Theorem 4.1).

One may want to know under what other conditions such density results could hold. Recall
that a domain 2 is called c-John with center xg if for each x € ) there exists a curve -, joining
x to xg such that at each point z € -, of the curve, ¢ times the distance to the boundary is
larger than the length of the subcurve joining « to z. The curve 7, is called a c-John curve.
The domain 2 is c-quasiconvex if for each pair of points x,y € Q, cd(z,y) > Aq(z,y). Here
Aq is the intrinsic distance; see Section 2. There are domains that are simultaneously John
and quasiconvex for which the density of C* N W*>_functions in the Sobolev classes W*?
in the homogeneous L¥P-norm fails to hold. As an example, we recall the following class of
domains which appear in a paper of Koskela [12].

Example 1.3. Let E C R"! be a p-porous set for 1 < p < n. Then E is removable for
WP in R™. Moreover, for each 1 < p < n, there exists a p-porous set £ C R"™! that is
non-removable for W4 for any ¢ < p.

Here a set F is called removable for the class W1P(R") if we have that the norm preserving
restriction operator WP(R") < W1P(R™\E) is an isomorphism. If E is removable for W1
then it is removable for W14 for ¢ > p by the Hélder inequality and since a set being removable
is a local condition. The complements of sets removable for W14 for ¢ > n are quasiconvex;
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see for example Koskela-Reitich [15]. Therefore for p < n — 1, the unit ball with a suitable
(p + 1)-porous set as in Example 1.3 removed from the intersection of a (n — 1)-hyperplane
with the concentric ball of radius half, is a John and quasiconvex domain, for which the
C>®NWhe functions, for ¢ > p+1, can not be dense in the class WP, The Sobolev-Poincare
inequality holds in John domains (see Bojarski [2]) from which it follows that L' = WP in
John domains and in particular that C>° N W14 is not dense in L' for ¢ > p + 1.

We note however that domains where the John curves may be chosen to be quasihyperbolic
geodesics and a suitable quasiconvexity condition involving the lengths of the quasihyperbolic
geodesics holds, are Gromov hyperbolic (see Section 3.2) and the required density therefore
follows.

We say that a domain € admits a global p-Poincaré inequality if for functions u € L'(£2)
with (weak) first order p-integrable derivatives it holds

/ = uglP < c/ IVl
Q Q

for C' = C(Q), where uq = §, u. We have the following corollary to Theorem 1.1.

Corollary 1.4. Let 0 < <oo, k>1and 1 <p<oo. If Q CR" is a §-hyperbolic domain
which admits a global p-Poincaré inequality, then W*>(Q) is dense in WP ().

The paper is arranged as follows. In Section 2, we set some of the notation to be used below.
In Section 3, we introduce definitions of relevant function spaces and geometric conditions on
domains being used in this paper. In Section 4, we prove the density result under the (weaker)
geometric conditions from Section 3. In Section 5, we verify that Gromov hyperbolic domains
satisfy the geometric assumptions sufficient for the density result which proves Theorem 1.1
and then prove some technical facts required for the proof of Theorem 4.1 in Section 4.

2. NOTATION

We write #A for the cardinality of a set A and the Lebesgue £™-measure of sets A C R”
is denoted |A|. For an open cube @) with edges parallel to the coordinate axes, I(Q)) denotes
its edge length. For a point z € Q we write do(x) for d(z,992). For a set A C R™ and € > 0,
B(A,e) is the e-neighbourhood of A in R". When A = {z}, we just write B(x,r).

The intrinsic length metric of a domain €2, denoted \q(z,y), is the infimum of the euclidean
lengths of paths in 2 joining a given pair of points x,y € 2. The intrinsic diameter metric
is the infimum of euclidean diameters of paths in 2 joining a pair of points and is denoted
da(z,y). For a curve v C Q (with injective parametrization) and z,y € v we write y(z,y) for
the subcurve of v between the points 2 and y. We write () for the length of a rectifiable
curve .

For z € Q, we write Bq(z, €), for the set of points y in 2 such that A\qg(x,y) < €, that is the
e ball in the intrinsic metric of ). Similarly for sets A C 2 we write Bq(A, €) for the intrinsic
e-neighbourhoods. We use dist(, ) to denote the distance between sets obtained by taking
infimum of pairwise distances of points lying in the respective sets.

For a set A C §, the domain  in question being fixed, we will write A for the closure of
A in the relative topology of 2.
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3. PRELIMINARIES

Let Q C R™. Let p € [1,00] and k € N. We write L*P () for the space of Sobolev functions
with p-integrable distributional derivatives of order k;

LPP(Q) = {u € LL.(Q) : D% € LP(Q), if || = k}.

We equip it with the homogeneous Sobolev seminorm ., [[V*ul| (o). The (non-homogeneous)
Sobolev space W*P(Q) is defined as

WkP(Q) = {u € L} (Q) : D*u € LP(Q), if |a| < k}

and is equipped with the norm . [|[Vul[»(q). Here and below an n-multi-index « is an
n-vector of non-negative integers and |«/| is its ¢1-norm.

3.1. Whitney decomposition. We use the standard Whitney decomposition of a domain
2 C R™ (see for instance Whitney [23] or the book of Stein [21, Chapter 6]).

3.2. Some geometric conditions.

Definition 3.1 (Uniform domain). A domain Q C R™ is A-uniform if there exists a constant
A > 1 such that for each pair of points z,y € €, there exists a curve v, C €2 joining x and y
such that

(i) (Vay) < Alz —yl,

(i¢) For any z € Yoy, U(Vay(z,2) Al(Y2y(2,¥))) < Ada(z).
The curves v, are called uniform curves. Curves that satisfy only the second requirement
are called doubly-John.

Uniform domains, introduced by Martio-Sarvas [17] are more general than Lipschitz do-
mains but nice enough for being Sobolev extension domains (see Jones [11]). Therefore
Lipschitz functions are dense both in the homogeneous and non-homogeneous Sobolev spaces
defined in these domains. They come up naturally in the theory of quasiconformal mappings,
for example as a characterization for the quasisymmetric images of disks. Note that the def-
inition requires only a non-complete metric space. We may similarly define uniform spaces
as metric spaces with non empty topological boundary that satisfy the conditions above. We
will require the notion of uniform spaces in Section 5.

Definition 3.2. (Quasihyperbolic metric) Let € C R™ be a domain. Given x,y € € the
quasihyperbolic distance is defined as

. |dz|
= inf
ka(z,9) %By/ do(2)

where the infimum is taken over all rectifiable curves joining = and y in .

It is a consequence of the Arzela-Ascoli theorem that a quasihyperbolic geodesic (for which
the infimum is achieved) exists for each pair of points; see for example the paper of Gehring-
Osgood [6] where several facts about the quashyperbolic metric and its relation with quasi-
conformal mappings had been proved. It was also shown in [6] that in uniform domains

N [z —y|
ka(w,y) = log (1 * d<>Ad<y>) @
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for x,y € Q. It may be noted that quasihyperbolic distance dominates the logarithmic term
in (1) in general, that is

Aa(z, y) ) 2)

do(2) A da(y)
for x,y € Q, where € need not be uniform. We use this and its consequence

ka(z,y) = ‘log <Z$g;> : (3)

later in Section 5. We note that the equivalence in (1) characterises uniformity (see [6]).
We define here two more quantities (which are equivalent to the logarithmic term in (1) in
uniform domains but not in general), which we will require later. Set

B da(z,y)
Aq(z,y) = log (1 + dg(az)/\dg(y)>

Aq(z,y) = log <1 T dg(m)/\dg(y)) ’

for z,y € 2 C R™. These quantities are quasi-metrics in uniform domains.

ka(x,y) > log <1 +

and

Definition 3.3 (Ball separation property). Let Q@ C R™ be a domain. A curve I' C Q
satisfies the c-ball separation property, for some ¢ > 1, if for every point z € I', the intrinsic
ball B = Bq(z,cdq(z)) separates any x,y € I' \ B in  such that z € T'(x,y). The domain
Q has the c-ball separation property if every quasihyperbolic geodesic in (2 satisfies the c-ball
separation property.

The above separation property was perhaps first introduced by Buckley-Koskela [5] who
showed that in the class of domains satisfying the above property, if the domain admits a
global (np/(n—p), p)-Sobolev-Poincaré inequality for 1 < p < n, then the separation condition
of geodesics improves to geodesics being John. If a domain €2 is the quasiconformal image of a
uniform domain, then the quasihyperbolic geodesics of €2 are the images of diameter-uniform
curves (that is properties (7) and (i) in Definition 3.1 hold with length replaced by diameter;
existence of such curves for each pair of points is quantitatively equivalent to the definition
of uniformity given here, see Martio-Sarvas [17] for this) under the quasiconformal mapping,
see Heinonen-Nakki [9]. An argument using the conformal modulus (see [5]) then shows that
quasiconformal images of diameter uniform curves (and thus the quasihyperbolic geodesics in
quasiconformal images of uniform domains in particular) have the ball separation property.

Definition 3.4 (Gehring-Hayman property). Let Q@ C R™ be a domain. A curve I' C Q
satisfies the c-Gehring-Hayman property, for ¢ > 1, if

[(T(z,y)) < chalz,y),

for all x,y € I'. The domain (2 has the c-Gehring-Hayman property if every quasihyperbolic
geodesic I' C ) satisfies the ¢-Gehring-Hayman property.

The Gehring-Hayman property appears first perhaps in the paper [7] where it was shown
to hold for hyperbolic geodesics in simply connected domains in the plane. Subsequently, it
was shown to hold for quasiconformal images of uniform domains by Heinonen-Rohde [10]
and for conformal metric deformations of the euclidean unit ball by Bonk-Koskela-Rohde [3]).
We will define below a local version of this property which will suffice for our purpose.
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By a Gromov hyperbolic domain we mean a domain  such that the space (Q,kq) is
Gromov hyperbolic.

Definition 3.5 (Gromov hyperbolicity). Let 0 < § < oco. A domain 2 C R" is §-Gromov
hyperbolic if all quasihyperbolic geodesic triangles are d-thin in the quasihyperbolic metric.
That is, given any three points z,y,z € Q and quasihyperbolic geodesics I'zy,I'y. and I'.,
joining them pairwise, it holds for any w lying in any of the three geodesics that the ball of
radius ¢, in the quasihyperbolic metric, centered at w intersects the union of the remaining
two geodesics.

Quasiconformal images of uniform domains are Gromov hyperbolic (for example by the
results in [10] and [5] combined with Theorem 3.6 below). A strictly weaker version of
uniformity obtained by using the intrinsic metric of the domain instead of the euclidean
metric, for the quasiconvexity of the uniform curve, is often useful. Domains satisfying this
latter property are called inner uniform. Inner uniform domains are Gromov hyperbolic (see
[4]), and thus functions with bounded derivatives are dense in the homogeneous Sobolev
spaces in these domains by Theorem 4.1. In fact, the density in this case holds also in
the non-homogeneous Sobolev norm as the hypotheses of Corollary 1.4 are satisfied (see for
example [2]). The next theorem is a known characterization of Gromov hyperbolic domains.
The geometric implications were proved in [4] using uniformization. It was later shown by
Balogh-Buckley [1] that they characterize Gromov hyperbolicity.

Theorem 3.6 ([4],[1]). A §-Gromov hyperbolic domain has both the c1-ball separation property
and the cao-Gehring-Hayman property, for ¢; = c1(6,n) and ca = ca2(d,n). Conversely, a
domain which has both the ci-ball separation property and the co-Gehring-Hayman property
is also 0-Gromov hyperbolic, for 6 = §(c1,c2,n).

We define the following local versions of the Gehring-Hayman condition defined above
which are suitable to our purpose. Recall the definitions of Aq(-,-) and Aq(:,-) from the
discussion following Definition 3.2.

Definition 3.7 (Local length/diameter Gehring-Hayman). Let @ C R™ be a domain and
¢>1,R >0 be fixed. Let E C Q be given. We say that F has the (¢, R)-length Gehring-
Hayman property if for any pair of points x,y € E for which

AQ(‘ru y) < Ra
each quasihyperbolic geodesic I';, joining x and y in (2 satisfies
[(Tzy) < cAa(z,y).

We say that E has the (¢, R)-diameter Gehring-Hayman property if for any pair of points
x,y € F for which
AQ (LL', y) < Ra

each quasihyperbolic geodesic I';, joining x and y in (2 satisfies
diam(I'y,) < cdq(z,y).

Remark 3.8. The above definition may be equivalently reformulated by saying E C Q has the
above (¢, R)-length Gehring-Hayman property if for all z,y € E, for which

= do(@) < doly) < Rda(a) (@
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and
Aa(7,y) < R(da(z) Ada(y)), (5)

each quasihyperbolic geodesic I';, joining x and y in 2 satisfies
(Tay) < Aol y).
Similarly, we may say that E has the (¢, R)-diameter Gehring-Hayman property if
diam(T'yy) < cdq(z,y)

holds for any pair of points x,y € E and quasihyperbolic geodesics I';, joining them, where
and y satisfy the condition (4) of being comparably distant from the boundary as above and

da(z,y) < R(da(z) Ada(y)).

Note that the value of R in this reformulation is related to but different from the R in the
previous defintion.

The first condition (4) says for example that quasihyperbolic unit balls centred at x and
y have comparable sizes in the euclidean geometry. It is not known if the (¢, R)-length
and diameter Gehring-Hayman conditions defined above are quantitatively equivalent for
domains which have the ball separation property. However, in the case of domains where
quasihyperbolic geodesics are doubly-John curves (see Definition 3.1) the equivalence holds
in the global sense. A domain is (¢, 0o0)-diameter Gehring-Hayman, if it has the (¢, R)-diameter
Gehring-Hayman property for all R > 0.

Lemma 3.9. Let Q C R"™ be a domain such that the quasihyperbolic geodesics are A-doubly-
John curves. Suppose Q2 has the (co,00)-diameter Gehring-Hayman property. Then € also
has the c-Gehring-Hayman property, where ¢ = c¢(A,co,n), that is, Q is inner uniform. The
converse is also true quantitatively.

Proof. Let I" be a quasihyperbolic geodesic joining x,y € ). Let z € I' be the midpoint, that
is [(T'(z,2)) = I(I'(2,y)) = (T')/2. We may assume that dq(x,y) > dq(z)/2. Then by the
John property of I', we have

3Adq(x,y) > Adq(z) > I([(z, 2)).
The converse follows from Lemma 5.6. O

The converse utilizes conformal uniformization (see Section 5) and the proof can not be
applied if the global inequalities are replaced by the local ones. Lemma 3.11 below says that if
there exists any curve that joins x and y and lies uniformly away from the boundary then the
local diameter Gehring-Hayman property implies the local length Gehring-Hayman property
for the pair {z,y}. We need to state the following simple lemma before Lemma 3.11.

Lemma 3.10. Let M > 0 be a given number. Suppose Q0 has the (¢, R)-diameter Gehring-
Hayman property and the co-ball separation property. Let x,y € Q) be such that

%dg(x) < dqo(y) < Rda(x)

and
do(z,y) < R(da(z) A da(y)).
Suppose there exists a curve v C Q joining x and y such that for each z € =, do(z) >
(da(z) AN da(y))/M. Then
ko(z,y) < (¢, R, M,n).
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Proof. Assume that dq(x,y) < R(dq(z) A da(y)). Then we have by the (¢, R)-diameter
Gehring-Hayman property that diam(I') < cRdg(z) for any quasihyperbolic geodesic I" join-
ing x and y. Fix such a geodesic I'. The ball separation condition implies that, for any z € T,
there exists a 2’ € v such that Aq(z,2’) < cpda(z). Along with our assumption for the curve
v, it follows that .
do(z) > Moo+ 1)019(90)7

and a similar estimate then follows for the edge-lengths of the Whitney cubes intersecting
I'. Since all these cubes lie in a ball of radius at most 2Rdq(z), by the upper bound on
the diameter of ', there are at most ¢/(c¢, R, M,n) of these. This gives an upper bound for

Lemma 3.11. Let M > 0 be a given number. Suppose Q0 has the (¢, R)-diameter Gehring-
Hayman property and the cy-ball separation property. Let x,y € Q) be such that

%dg(x) < do(y) < Rda(x)

and
Aa(z,y) < R(da(z) A da(y)).
Suppose there exists a curve v C Q joining x and y such that for each z € =, do(z) >
(da(z) A da(y))/M. Then,
l(rxy) < C(C7 Rva TL))\Q<$,y)
where I'zy is any quasihyperbolic geodesic joining x and y in €.

Proof. Since dq(x,y) < Aa(z,y), we have by the previous lemma that kq(x,y) < (¢, R, M, n).
We may assume that A\q(z,y) > %dg(az) Fix a quasihyperbolic geodesic I" joining = and
y. Note that {(I' N Q) < 51(Q), for each Whitney cube Q; see [10] for example. Thus, we get
that
I(T) < ¢ -5-2Rdg(z) < 20¢ RAq(z,y)
since the number of Whitney cubes intersecting I' is comparable with kq(x,y) and their sizes
are comparably smaller that dg(z). O

Thus the local diameter Gehring-Hayman is a priori a stronger condition than the length
counterpart, in the sense of the above lemma when the points  and y are chosen correctly.
In the next definition we introduce the class of domains for which we show the W#>-density
to hold.

Definition 3.12 ((co, ¢, R)-radially hyperbolic). Let ¢, ¢ > 1, R > 0. We say that a domain
Q C R™is (¢, ¢, R)-radially hyperbolic with center xq, if it has the co-ball separation property
and there exists zg € ) so that for any xg # x € ) and any quasihyperbolic geodesic T,
joining xg to z, the following are true:
(i) T'; has the (¢, R)-diameter Gehring-Hayman property (from Definition 3.7).
(#) Whenever zg # y € Q and I'y is a quasihyperbolic geodesic from xy to y such that
(TCyNTy) \ {zo} # 0, the set T'; UT, satisfies either of the two:
(a) the (¢, R)-length Gehring-Hayman property,
(b) the (¢, R)-diameter Gehring-Hayman property.
We will refer to the curves I';, for xg # x € Q2 as radial geodesics. We will say Q is (¢, ¢, R)-

radially hyperbolic when reference to the center xg is not required or when x( is fixed and
understood.
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Remark 3.13. We note the following.
(7) It is clear that a (co, ¢, R)-radially hyperbolic domain is also (¢, ¢, R')-radially hyper-
bolic whenever R > R/.

(ii) When the geodesics are unique the second requirement of above definition becomes
vacuous. An example of this class would have to be simply connected as noted previ-
ously; a planar simply connected domain for example.

(@3i) If we have that the (¢, R)-diameter Gehring-Hayman property holds for all relevant
pairs of points in the second requirement, then we get the first requirement as an
implication of it. This need not be the case in general, and therefore we specify the
first requirement separately.

(iv) It follows from Theorem 3.6 and Lemma 5.6 below that a 6-Gromov Hyperbolic domain
is a (co, ¢, 00)-radially hyperbolic domain (for any choice of center), where ¢ = ¢(d,n)
and cg = co(d,n). We do not know if the converse is true as the Gehring-Hayman
conditions above are required to hold only radially. Also note that when R is close
enough to zero, say R < 1/2, the domains defined above may only have the ball
separation property, as the local Gehring-Hayman conditions above become vacuous.
We would like to know if for some R € (0, 0], (co, ¢, R)-radially hyperbolic domains
are Gromov hyperbolic.

3.3. Approximating polynomial. Let v € VVIIZ’CP(Q) For each measurable set E € 2, let
us denote by Pg = P(v;k, E) the unique polynomial of order k£ — 1 such that

/Eva(v —Pg) =0,

for all multi-indices « such that |a| < k (see Jones [11, page 79]).
We note the following general result.

Lemma 3.14 (Lemma 2.1, [11]). Let Q be any cube in R™ and P be a polynomial of degree
k defined in R™. Let E,F C Q be such that |E|,|F| > n|Q| where n > 0. Then

1Pl < C(n, k)P Le(r)-

Let Q,Q" € W be Whitney cubes where W is the Whitney decomposition of a domain
Q C R"™, such that there is a chain of Ny Whitney cubes {Q = Q1,Q2,...,Qn, = Q'} C W
forming a continuum joining @ and Q' such that consecutive cubes from the collection intersect
in faces. Then we have the following estimate from [11], which follows via chaining, using the
Poincaré inequality.

Lemma 3.15 (Lemma 3.1, [11]). Fiz « such that |a] < k and let v € VVZIZ’CP(Q) Then for any

pair of Whitney cubes as above, we have

IV(Pg = Pg)lznq) < Cn No)U(@)* IV 0] o

where |V¥v| is the £o-norm of the vector Ve =k
4. DENSITY IN THE L*P-NORM
In this section we prove the following density result.

Theorem 4.1. Let Q C R"™ be a bounded cy-ball separation domain. Then, given ¢ > 1, there
exists Ry = Ro(co,c,n) such that, if Q is (cg,c, R)-radially hyperbolic for any R > Ry, we
have that C*>(Q) N W™ (Q) is dense in L*P(Q).
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Let € > 0 be fixed. Let u € LFP(Q) be given. We will define a function u, € W*>(Q) N
LFP(Q) N C>() such that ||u — Ue|| Lrp(0) S € We begin by constructing a suitable decom-
position of € into subsets with finite overlap.

4.1. A decomposition of Q. In this section let  C R™ be a domain with the {3-ball
separation property for cg > 10. We denote by W the Whitney decomposition of the domain
Q.

We briefly describe the role of the ball separation condition in the decomposition of (2.
Recall that we want to extend the function from a connected compact ‘core’ (where a smooth
aproximation of the function u to be approximated has bounded derivatives of order up to k)
formed by large Whitney cubes to the rest of the domain in such a way that the derivatives of
the extension are still bounded. Suitable neighbourhoods (to be determined by the separation
property) of cubes in the boundary of the core block parts of the remaining domain which
appear as ‘tentacles’ separated from other tentacles and the core (see Figure 1). The points
in a tentacle should then receive their values for the extension of the given function from the
cube whose neighbourhood separates it from the core and the other tentacles. However, (it
may be seen below that) we need to deal with the case when there are more than one possible
choices of cubes which block a given such tentacle. In particular, we need the polynomial
approximations (Section 3.3) to our function, in cubes whose neighbourhoods intersect, to
oscillate in a controlled way with respect to each other, so that the derivatives are not very
large. The construction in [14] takes care of this by considering intrinsic neighbourhoods
of cubes for blocking the tentacles. The Gehring-Hayman condition in that case ensures
that if suitable intrinsic neighbourhoods of two Whitney cubes intersect, for example with
a tentacle, then the euclidean length of the quasihyperbolic geodesic joining their centres is
at most, say a constant multiple of the diameter of the larger cube. This is then used to
obtain suitable estimates for the oscillations. We will however need to work with euclidean
neighbourhoods to define a euclidean partition of unity. This is because the intrinsic distance
is only (locally) Lipschitz and we need a partition of unity with k-derivatives. Thus we modify
the construction in [14], allowing us also to work under slightly weaker hypothesis. We do
this below.

Let Q%) denote the interior of the connected component containing zg of the set U{Q :

1(Q) > 27™}, where m is large enough so that Q) is well defined (contains the point xg).
Define

W ={Qew:Qcall)}
and
PH = {Qewl : 27m < (Q) < 27 (™2,

Given Q € W, A > 0, A\Q is the concentric cube with edge length A times that of ). We write
(AQ). for the component of \Q) N Q that contains Q. Set

11
BQ = (1000@> .

Given a Whitney cube () and a set A in €0, we say that Q) blocks A if xy and A lie in different
components of Q\(¢oQ),.. Given another Whitney cube Q’, we write Q|Q’, if @ blocks the set
BQ/. Set

P = {Q e PV :3Q € PV such that Q’|Q}
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and subtract this collection from the original collection to define

P = PIN\PLD,

Let us denote the components of Q\ QL7Jj (coQ)c by V! for i = 0,1,2... where V{ is the
€Pm

component containing xg. Set

Vi i={Q € P : ViN (@) # 0}

fori=0,1,2,...

The member cubes of V! together separate the set V/ from zp. We want the sets V/ for i > 0
to correspond to the tentacles mentioned above while Vjj corresponds to the core. After that,
we would like to find bounds on oscillations of the polynomial approximations to our functions
across the cubes in V; for each ¢ > 0. Some of the sets V/ however may be ‘pockets’ composed
of large cubes bounded by neighbourhoods of the cubes in P,,. We need to relabel the sets
V/ in order to exclude such ‘thick’ components and consider them as part of the core instead.

Lemma 4.2. We have a decomposition

Im
o\ | @o.=Ju v U
=0

QEPn, i>1
where the sets V] have been relabeled as U; or V; so that the following hold.

(i) There are finitely many V;, denoted and enumerated as
{Uo=Vy,..., U, } having the property that for any Whitney cube Q such that QNU; #
O for j = 1,2,... 1y it holds that 1(Q) > 2= We write U; := {Q € Py, :
U;N (coQ)e # O} for the collection of boundary cubes whose neighbourhoods bound U;
fori=0,... 1.

(i) The components V! ¢ {Uy,...,U,,. } are relabeled as {V;};. For each i, set V; :={Q €
P s Vi (coQ)e # 0} as the boundary cubes whose neighbourhoods bound the set V;.
We have that #V; < M, where M = M(co,n).

Proof. We begin with the component Vjj, containing the point zy. Suppose that there exists
a point z9 € Q C Vj such that I(Q) < 2=(m=2) " Then there exists Qg € ’P7(nl) for which
I',, NQo # 0. By the ball separation property, either z¢ and zg lie in different components of
Q\ (c0Qo),. or zp € (coQo),. Suppose first that Qo € Pp,. This gives a contradiction to our

assumption that zg and zo lie in the same component of Q\ | (c@Q),. If Qo ¢ Py, then
QEPn

there exists Q) € Py, such that QY|Qo. Since by the ball separtion property either (coQo),
separates o and zg or zg € (coQo), and since zp ¢ (coQ))

.» we have that zp and z¢ are in

different components of Q\ |J (co@), which is the same contradiction again. Therefore,
QEPm
there is no point zp € V{ as above. From this we conclude that for every @) € W such that
QN V] # 0 we have [(Q) > 272, We set Uy = V{ and Uy = V.
We continue by induction. Suppose the sets Vj’ , where 0 < j < i —1, have been relabelled.

Consider now the component V/ of @\ |J (coQ).. We have the following cases.
QEPm
Case 1:

Suppose first that there exists z; € V/ and Q; € P such that I, NQ; #0. It follows from
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the ball separation property that z and z; are not in the same component of Q\ (¢oQ;),.. We
consider the following subcases.

Case 1.1 (coQi), NV/ = 0.
Given @ € V!, such that (coQ;), N (co@)c # 0, we have that zy and (coQ), are in separate
components of Q\ (coQ;),.. By the definition of P,, it is impossible that Q;|Q. We conclude

that (coQ;). N Bg # 0.

Case 1.2: (coQi). NV} # 0.

In this case Q; ¢ Pp. So let Q! € Py, be such that Q¢|Q;. Then we are back to the previous
case. We conclude again that if @ € V!, then (COQ;:)C N Bg # 0.

Since the cubes in V! have comparable sizes, are disjoint and by the above reasoning are
contained in a set of measure bounded from above by a constant times the measure of the
smallest cube, we get #V! < M, where M = M(c,,n). We set Vj,41 = V/ and Vj,41 = V!
where j; is the smallest index such that Vj, has been already defined, (if no such j; exists,
take j; = 0).

Case 2:
Suppose next that it is not possible to find a point z; as above. Then we have that for any
Whitney cube @ such that Q N'V; # 0, I(Q) > 2-m=2) since if 27(™2) > [(Q) then we get
a contradiction with the assumption that there is no point z; as above. In this case we set
Uji+1 := V] and Uj,41 = V], where j; is the largest index for which Uj, has already been
defined.
This concludes the relabelling. ([l

The sets (co@Q), for @ € Py, V; and U, provide a decomposition of 2. Before we may
proceed however, we are faced with the issue that uniformly enlarged neighbourhoods of
the tentacles {V;}; might not have bounded overlap which we require if we have them as
sets being used to define a partition of unity. Therefore, in what follows we make some
modifications to the decomposition of ) in order to take care of this problem. Namely, we
group together some of the sets V; and the neighbourhoods Bg of the cubes that block them.
This provides a decomposition where suitably uniformly enlarged neighbourhoods of the sets
in the decomposition have bounded overlap. We need a lemma first.

Write V™) for the union |JV; (see part (i) of the definition of the relabeled sets in Lemma
i>1
4.2). Fix an enumeration {Q1,...,Qj,, } of Pp,.

Lemma 4.3. For each Q; € Pp,, there exists a collection {Vj,,...,V;,} so that Q; € V;, for
1 < s <1, which is mazimal in the sense that Vj, ¢ U;xsV;, for 1 < s <1 and Q; € Vy, implies
Vi, C Ulgigs Vj,. Moreover, | is bounded above by a constant depending only on cy and n.

Proof. 1f Q; ¢ V(™) then set [ = 0. If Q; € () V., where {V;, }1<s<; is a maximal distinct
1<s<l
such collection, then for each Q@ € |J V;,, Q C (CQj)., where C = C(c,,n), by part (i) of
1<s<l
our decomposition in Lemma 4.2. Thus, there are an absolutely bounded number of cubes in

1<U<lv‘5' So we get an upper bound for [ in terms of ¢y and n. To see the existence of such
<s<

a maximal collection one observes that there are finitely many distinct collections V. O
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S

FiGure 1. Illustrating the sets B;.

For each Q; € P,,, set
Q= U Vi

1<j<l
where {V;;}; is a chosen collection for @Q;, maximal in the sense of the Lemma 4.3. Note
that the definition of Q; does not depend on the maximal collection Viis ...,V used. Choose

a maximal subcollection {Q;}; from {Q;}; such that collections in {Q;}; are distinct in the

sense that
UecsU U@

QeQ; i#sQEQs

Uao=Jai=vm.

Denote this collection by Qlm) .— {Qi}i.
Note that given V;, there exists j; € N such that V; and zg are in separate components of

Q\ U (coQ),. (since V; is contained in one of these collections). There may be more than
QEQy;

one Q; satisfying the above condition, so we assign to V; the smallest possible index j; so
that Q;, works.

Therefore, we may classify the collection of components {V;}; based on who blocks them

as follows. Recall that Bg = (%COQ)C. For each Q; € Q™) let B; be the collection {Vi,};j of
components that have been assigned as above to Q;. Set

B; .= U Vij U UBQ.

Vi, €Bi QeQ;

and satisfy
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The sets B; may be now interpreted as the tentacles mentioned at the beginning of this section
(see Figure 1). Fix a cube Q; € Q;, which we will below refer to as the ‘assigned’ cube of Q;
(and B;). We write B(™) for the collection {B;};.

Set U™ = P, \ |U{Q; € Q'™} as the collection of cubes whose neighbourhoods are not
needed for separating the components V;. Next, we describe the decomposition of €2 which
we use for our partition of unity. The sets are

(i) By, == B(U;,27™/100), 0 <7 < [,

(it) B;, where Q; € oM and

(i41) Bg, where Q € U™,

Then we have the following estimate.

Lemma 4.4. It holds that
1< Y Xpo(@)+ Y Xpy (@) + Y Xp(x) <(co,m), (6)

QGu(m) 0<i<lm Q,LGQ(””)
for x € Q.
Proof. The lower bound follows since @ = |J By, U |J B;U |J Bg. For the upper
0<i<lm Q:€9Q; Qeulm)

bound, it is clear that

lm
ZXBU'L < (n) and Z Xp, < d(co,m).
=0 Qeum)

Let x € Q. Suppose x € B;; N...N By, where {B;, }2-:1 is the collection of all such sets B;.

We want an upper bound for I. Then, since {V}}; are pairwise disjoint, for any Q € <U<. Qs
115851

we have by Lemma 4.3 and the construction of the collections V; that
dist(z,Q) < C27™,

where C' = C(cp). This gives an upper bound in terms of ¢y and n for the number of cubes

_ <U<A Q. So, we get an upper bound A for [, such that A = A(co,n). O
115857
Define l
O = U;.
§=0

We note the following.

() We have that Qg&l) C Q,, for M(m,co) chosen small enough; precisely we require
that, 2=™ > 10¢92~™. This follows from our definitions. We therefore have that
|| — || as m — oo.
We will need the following definitions for the ensuing lemmas.
Definition 4.5 (Trail and cover of Q). Given @ € W, define the trail of Q, denoted T(Q)

to be the set of all points y € Q2 such that I'y(zo,y) N Q # 0. In particular Q C T(Q).
Next, given @ € P, define the cover of @, denoted by A(Q) to be the collection of those

Whitney cubes Q' € Wy(r%) such that there exists z € Bg for which either
(a) z€ @', or
(b) zeT(Q), Q € P and T, N Q' # 0 for a radial geodesic I',.
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The following lemmas are just direct consequences of our geometric assumptions on €2 and
the definition of our decomposition.

Lemma 4.6. Given Q € Py, we have that Bg C U{T(Q') : Q" € A(Q)} and #A(Q) <

c(co,m).

Proof. Let z € Bg. We have two cases. Let us first assume that z € 7(Q’), where Q' € 777(,%)
satisfies I', N Q" # (. Then by the ball separation applied to the curve I',, we have that if
(@), N (coQ’),. # 0, then xp and (coQ). are in different components of Q \ (coQ’),.. Since
Q'|Q is false, we must have (coQ’), N Bg # 0.

Next note that if z is not of above type, then z € Q%) and thus case (a) in the definition
of A(+) must hold. Thus By C U{T(Q') : Q" € A(Q)}.

Again, since (¢o@’), N Bg # 0 for Q' € A(Q), by volume comparison we get the required
bound on the cardinality of A(Q). Indeed, the members of A(Q) are comparably large with
respect to () and are all contained in the set 100coQ. ([

So far we have only used the ball separation condition. The next lemma specifies the
role of the Gehring-Hayman conditions. Denote by distx(A, B) the distance measured in the
quasihyperbolic metric between sets A, B C Q.

Lemma 4.7. Given ¢ > 1, there exists R = R(co,c,n) such that, if Q is (co, ¢, R')-radially
hyperbolic for R’ > R, then given Q € Py, and Q1 and Q2 in A(Q) such that T(Q1)NT (Q2) #
0, we have that disty(Q1,Q2) < M, where M = M(cg,c,n).

The proof of Lemma 4.7 is rather technical and we postpone it to Section 5.

Remark 4.8. We note that if a global diameter Gehring-Hayman property or a suitable local
quantitative version of it holds then the proof is simpler. In fact Lemma 4.9 below then
follows directly from hypothesis without Lemma 4.7 being necessary. Indeed, if Q1, Q2 € P,
then pairs of points from (); and ()2 can be joined by a curve which is uniformly away from
the boundary, namely contained in QS}L); and pairs of such points are comparably distant from
the boundary. Lemma 4.9 then follows from Lemma 3.10.

Lemma 4.9. With the above definitions the following hold:

(7) Ij?r any )Q and Q' in Py, such that Bo N Bg: # 0, we have that dist;(Q,Q") <
d(co,c,m).

(it) For any Q € P, and Q' € A(Q) such that Bo N Q" # 0, we have that disty(Q, Q") <
d(co,c,m).

Proof. By Lemma 4.6, we have that #(A(Q) U.A(Q’)) is finite and bounded above by ¢ =
d(co,n). Also note that Bg U By is connected and 7(Q") is relatively closed (by Arzela-
Ascoli) and connected in Q for each Q" € A(Q) U A(Q’). Moreover, {T(Q") : Q" € A(Q)U
A(Q')} covers Bg U By efficiently (that is, each 7(Q"”) necessarily intersects Bg U Bey).
Thus we may find an enumeration of A(Q)U A(Q') say Q1,...,Qs; s < ¢ such that T(Q;) N
T(Qit1) #0 for 1 <i < s. Part (i) of the Lemma then follows from Lemma 4.7.

Part (4i) follows arguing similarly as in part (i), since in this case also @ and @’ can again
be connected by a chain of trails of cubes in A(Q) as before, consecutive members of which
have intersecting trails when enumerated suitably, so that Lemma 4.7 applies. O
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Recall that we fixed a cube Q; € Q;, called the assigned cube of Q; and B;, when Q; € Qlm),
When defining the approximating function, the values of u in @); will be used to assign values
to the larger set B;.

Lemma 4.10. If Q € Q;, for Q; € Q| then disty(Q,Q;) < ¢, where ¢ = ¢ (cy, ¢, n).

Proof. Note that (co@Q),. are connected and #V, are uniformly bounded for the sets Vj

U
QEVs
(recall from property (iii) of the relabeled sets in the decomposition). Thus, QUQ Bg is

€<

connected, since {V;}; are disjoint. Then the claim follows by induction and proof of Lemma
4.9 after noting that by Lemma 4.3, #Q; is bounded by a constant. O

For each Q,Q’ € W,(TP such that distx(Q,Q’) < ¢, fix a chain of Whitney cubes {Q =
Q1,...,Qs =Q'} with s < = (c¢) forming a continuum joining @ and Q" and enumerated
such that consecutive cubes intersect in faces. Denote by F(Q, Q') this chain. The selection

may be done so that F(Q, Q') = F(Q', Q) for any pair of cubes Q,Q’ € W, We will need
the following lemma in the estimates below.

Given Q" € qu%), denote by F(Q") the set of pairs (Q, Q") where Q" € F(Q,Q’) and one
of the following holds:

(1) Q@ € P, and Q' € A(Q) such that Q' N Bg # 0 or
(i) Q,Q" € Py, such that BgN By # 0 or
(11i) Q@ = Q; € Q; and Q' = Q; € Q;, where @; and Q; are the assigned cubes of the
tentacles B; and Bj respectively such that B; N B; # () or
(iv) Q € Py and Q' = Q; € Q;, where Q; is the assigned cube of the tentacle B; such
that Bo N B; # 0.

Then we have the following.

Lemma 4.11. Given Q" € WS, #F(Q") < d(co,c,n).

Proof. By Lemmas 4.9 and 4.10 we have that for any (Q,Q’) € F(Q")
disty(Q, Q") V dist,(Q', Q") < ¢ (co, ¢, n).

Then the claim follows by volume comparison. U

4.2. Proof of Theorem 4.1. We begin by defining a partition of unity. Recall the decompo-
sition of € obtained in the previous section (Figure 1). Given Q € U (m) et g be a smooth
function such that

~ A 11
Vol(coq). = 1, spt(¢q) C ECOQ

and |V°‘1ﬁQ(x)| < C(a)2™°l for all z € Q and 0 < |a| < k.
For Q; € Q(m), let and let ¢; be a smooth function such that

. . _ 11
2l U v,0 U e, =1 set(@) c | Bv;,27m/100) U (15%0@)
V;EB; QeQ; ’ V;€eB; QeQ;
and |V, (z)] < C(a)2™el for all z € Q and 0 < |af < k.
For U;, 0 <1 < Iy, let & be a smooth function such that

&lv, =1, spt(&) € By,
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and ]V"‘fﬂ < C(a)2™el for all z € Q@ and 0 < |a| < k. The functions above are obtained by
standard mollification of suitable indicator functions related to the sets involved.
We define the partition of unity by setting

Pi(x)
Y o)+ X+ Y gil)

Qeum) Q,c9(m)

pi(z) =

and similarly defining 1g and &; by dividing by the sum as above. As a consequence of (6)
we have

() ¥ do@)+Xm&@) + ¥ wilw) =1, forallzeq.
Qeutm) Q;eQ(m
(1) 0 < g, e, & < 1.
(i) max{[|V*Pq | Lo (@), V@il oo @), Vil Lo ()} < C ()21, whenever 0 < |a] < k.
(4v) spt(vg) C %CQQ for Q e U™,

spt(p;) € U B(V;,27™/100) U U (35co@) for Q; € Q™ and
V;eB; QEeQ;
spt(&) C By, fori=1,...,1Ly,.

Proof of Theorem 4.1. By the density of smooth functions in L*?(Q) (see Maz’ya’s book [18]
for example), we may assume without loss of generality that u € C*°(€2). Recall the definition
of approximating polynomials from Section 3.3. For any Whitney cube () we write Pg for

the approximating polynomial of v in Q. For Q; € QU™ recall Q; € Q; as the assigned cube
for Q; (appearing also in Lemma 4.10). We write P; for the polynomial Pp,. We define an
approximating function by setting

Im
um(z) = Y vo@)Pox)+ D ¢il@)Pi(x)+ Y &Gx)u(x),
Qeum) Q;eQ(m) i=0

for m € N and for all 2 € Q. We note that u,, € W">(Q) N C>®(Q). By (6) and property

(iv) of the partition of unity it suffices to show that m € N can be chosen large enough so
that

lwmllrr( U Bou U B = wm | Lrr(By) + [wmll Lrr(B,) S €
Q Q
Qeu(m) g;ea(m) Qeuim 0,€0(m)

Fix a multi-index « such that |a| = k. We note that

bm
VRS o+ Y. ¢+ &) =0forB<a and V*Py =0,

Qeum) Q,eQ(m) =0
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where < o means 0 < 3; < «; for all 0 < i < n where o = (), 8 = (8;);- Let Q € Uum.
Then we have

Voun(a) = (Y VP P(@) Vg (a)

B<a ey
+ Y VRV Py, +ZV‘3 (2)VP&i(2) )
Q;eQ(m)
=20 VP (@)~ Pola) VMg () -
B<a Q'eu(™
+ Y VA(Pi(x) — Pola) Vo Ppi(x) + Z VA (u(x) — Po(x)) Ve Pe(x))
Q;€Q(m)
lm
+Vu(e) ) &i(x)
i=0
Using (7) and property (i) of the partition of unity, for @ € U™ we get
lm
IVt o) < Y gm(k=I18) > IVP(u-— Po)ll e (Bonby,)
B<a =0
£ 2m SN 9 Py — Po)llinsgns,)
B<a Qleu(nl,)
BoNBgi#0 (8)
I
+ Y 2nEED N VOB = Po)llesonsy + 1 &)V ull (s
B<a Q,e0(m) i=0
BiﬂBQGﬁ@
=: A1+ As + As + Ay,
where we write A; for the summands in their order of appearance.
We estimate them separately. First of all,
A < Z gm(k—|8l) Z [ Vi — V’GPQ”LP(Q')
p<a Q'eAQ)
Q'NBo#0
< Z om(k—|8]) Z [ Vi — VBPQ/HLP(Q/)
B<a Q'EAQ)
Q'NBo#0 (9)
+ Y omEB N VAP — VAP g
B<a Q' eAQ)
Q'NBo#0

S Z Z IV ull Lo,

Q'EAQ) Q"EF(Q.Q)
Q'NBo#0
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where in the first inequality we observed that {Q" € A(Q) | Q" N Bg # 0} covers Bg N
UEZO spt(&). The second inequality is triangle inequality whereas in the last inequality we
use the Poincaré inequality and Lemma 3.15 respectively.

We estimate

Ay =" 2mEA ST 1VPRy — VPP e(sonn,)

B<a Q'eut™
BQOBQI;ﬁ@
< S B ST 9P Py — VPR
2 Vo (10)
BoNBgi#0

S Z Z HvkuHLl’(Q”)a

Q'eu™ QeF(Q,Q")
BQﬂBQ/ #0

where in the first inequality we applied Lemma 3.14 and for the second inequality we used
Lemma 3.15. Similarly,

A3 Y 2mEA N VPP — VPP, e (onm)

B<a Q,eQ(m)
BQQBHHD
< S o ST VPR - VPP g
B<a Q,eQ(m) "
BQﬂBi7£®

Y > IVFullegn.

Q;e0m Q'eF(Q,Q:)

BonBi#0
Finally,
Ars D VRl
Q'eA(Q) (12)
Q'NBo#0
Similarly we estimate ||V ®u| 1»(p,) for Q; € QM) ag follows;
Im
IVt oy < D2 2" F DY IVE(w— Pl osinmy,)
B<a 7=0
+ Y 2t N 1VP (P — P)l| e (sinBg)
B<a Qeu(m)
BiNBo#0 (13)
Im
+ Y 2D N V(P = P) e, + 1O &)V ulles,)
B<a Q]EQ(’") 7=0
BiﬂB]‘#@

=: A} + Ay + A5 + A
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Now,

Secondly,

Thirdly,

and finally,

D. NANDI

Al < ZQm(k—lﬁl) Z Z HVﬁu _ VBH‘|LP(Q)

B<a QEQ; Q'eA(Q)
Q'NBg#0
B<a QEQ; Q'eAQ)
Q'NBQ#0

+ 3 2mEBD ST SN VPPy — VAR oy
B<a QREQi Q'eA(Q)
Q'NBo#0

<Y Y Y VFullen,

QeQ; Q'cA(Q) Q"eF(Q:,Q")
Q'NBg#0

Ay 53 2 XTIV R = VPP asgnn)

[‘3<O¢ Qeu(m)
BoNBgi#0
<SS N VAR, — VPR,
B<a Qeu™)
BQNB;#0

S Y Y IVl

Qeu'™ Q'EF(Q,Q:)
BQﬂBﬁﬁw

Ay <N 2mE=IB) NN 1VPP — VPR o(s,0m)

B<a QjeQm
Bijﬁ’é(D

< S 2mtI S VPP - VOR L,
B<a QjeQm
Bijﬁ’éQ)

Y Y Vule

Q;€Q(M QEF(Q;,Q:)
Bj ﬁBliw

Ap< Y Y IV gy

QeQi Q'€AQ)
Q'NBo#0

(14)

(15)

(16)

(17)
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Combining (9), (10), (11), (12), (14), (15), (16) and (17) we get
lumllerc U Bou U B) S Z Z Z IV ul| Lo ()

Qeulm Q;eQ(m) QEPm Q'€A(Q) Q'eF(Q,Q")
Q'NBo#0

2 2 IVl

Qeu(m) Q'EM("") Q"G]:(Q,Q’)

BQOBQ/;ﬁw
D DD DI DR R e e
0,60(m) QEQ; Q'EA(Q) QEF(Q:Q") (18)
Q'NBg#0

+ Z Z Z Hvku”Ll’(Q')

Q;€Q(m Qey™ Q'eF(Q,Qi)
BQﬂBi;ﬁ@

LD IRED DD DI e s

0,c0m Q,ea(™ QEF(Qy.Q:)
B;NB;#0

Therefore, for |a| =k

k
lonllivo y mau U ) SIV ey (19)

where 0 < o = a(cg, ¢,n) < 1; the inequality in (19) follows from interchanging the order of
summation in (18) using Lemma 4.11. Hence by choosing m large enough, we get the required
error bound. ]

5. GROMOV HYPERBOLIC AND RELATED DOMAINS

In this section we show that the hypotheses of Theorem 4.1 are satisfied by Gromov hy-
perbolic domains in R™. For this we use the uniformization of Gromov hyperbolic domains
by a conformal deformation of the quasihyperbolic metric. This idea was developed in [4]
(see also [16]), where it was proved among other things that the domain equipped with the
deformed metric is a uniform space. It was also shown that the resulting metric space is
Loewner (see Definition 5.4 below) when equipped with a suitable measure, compatible with
the metric deformation. We use this information to prove a diameter version of the length
Gehring-Hayman Theorem (Theorem 5.6) which, in turn implies the hypothesis of Theorem
4.1. In the following we discuss the main concepts needed for our purpose.

Given a domain Q C R", consider the metric space (€2, k) and conformal deformations of
2 by densities, denoted pe, for € > 0 and defined as (see page 28 in [4])

pe() := exp{—ek(x, x0)},

for all x € 2, where x¢ € (2 is a fixed basepoint. The metric d. induced by pe is defined by

e
ol
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where the infimum is taken over all curves joining x and y in the domain 2. Here the measure
dsy, is induced by the quasihyperbolic metric k, that is we have

)
ﬂpedsk = | oty

where v is parametrized by arc-length in the domain 2 in the usual sense.

Theorem 5.1 (Proposition 4.5, [4]). The conformal deformations (2, de) of a d-hyperbolic
domain Q C R™ are bounded A(d)-uniform spaces for 0 < € < €y(9).

For our purpose we fix € = ¢y(9)/2 and take z( as defined in Section 4 to be the fixed base
point for the conformal deformation metric p. and denote p. by p below. We also denote the
metric d as d, for our chice of e.

Theorem 5.1 says that for any domain {2 which is Gromov hyperbolic with the quasihyper-
bolic metric (induced by the density 1/dq(+)), one can find a metric d¢ induced by multiplying
the density 1/dq(-) with a suitable weight, with which the domain €2 is a bounded and uni-
form metric space. Hence 2 equipped with the deformed metric d, is also quasihyperbolic
with the metric k,, induced by the density 1/d,(-), where

dy(x) = infd,(x,y),

and the infimum is taken over all points in the topological boundary, denoted 9,(2, of the
metric space (€2, d,); see for example Theorem 3.6 in [4]. The boundary 09,2 with the metric
d, extended to the boundary is shown to be quasisymmetrically equivalent to the Gromov
boundary (equipped with its quasisymmetric gauge) of (€2, k) in Proposition 4.13 of [4]. The
boundary is thus stretched out by the deformation to make the interior uniform. We state
next as a lemma, a fact which follows from Proposition 4.37 and Lemma 7.8 in [4].

Lemma 5.2. The metric spaces (2, k,) and (2, k) are C(6)-bilipschitz equivalent.

Definition 5.3 (Conformal modulus). Let @ > 1. Let X be a rectifiably connected metric
space. Let u be a Borel measure in X. The @-modulus of a family G of curves in X is

modg(G) = inf/ fRdp,
b's

where the infimum is taken over all Borel functions f : X — [0, oo] such that

[ as=1
gl

Definition 5.4 (Loewner Spaces). Let @Q > 1. Let X be a rectifiably connected metric space.
Let p be a Borel measure in X. Then X is Loewner space if the function

¢(t) = inf{modg(E, F; X) : A(E,F) <t}

for all v € G.

is positive for each ¢ > 0, where F and F' are any non-degenerate disjoint continua in X with
B dist(E, F)

~ diam E A diam F

and (F, F;U) is the family of all curves in U joining the sets E, F' C U.

A(E, F)
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The crucial fact from [4] for us is that the resulting uniform space (£2,d,, u,) obtained
through the deformation is n-Loewner. This is Proposition 7.14 in [4]. Here dpu, = p"dx. We
note that conformal modulus is preserved in the deformed space.

Lemma 5.5. Let Q C R™ be a §-hyperbolic domain, § > 0. Then there exists M = M (n,d)
such that for any pair of points x,y € Q0 we have that

diam(T;) < log2

where T'; are the connected components of I\ B(xz, Mdoq(x,y)) and T’ is a quasihyperbolic geo-
desic from x to y in Q.

Proof. Let (£2,d,, 1,) be the A-uniform metric measure space obtained by conformal defor-
mation (recall € = €(0)/2 was fixed), where A = A(d) as in Theorem 5.1. Let C’ > 1 and
consider the annulus

Acr = B(x,2C"6q(x,y))\B(x, 26q(x,7)).
Let C be the supremum of all numbers C’ such that there exists a connected subcurve I'y €
[z, y]\B(x,2C"dq(x,y)) such that

diamg(Tg) > log 2.
If —oo < C < 2, then we again have the claim with M = 6, so let us assume that C' > 3 and
fix I'g be as above.
Let A be a curve connecting x and y which lies inside the ball B(x,2dq(x,y)). We have
the following modulus estimate (see for example Véisala [22]).

mod(A, T'g, Q) < mod(B(x,2C0q(z,y))\B(z,20a(z,y)), R") < (20)

-
(log C)n—1"

Next we find a lower bound for mod, (A, I'g, §2), where mod, denotes the conformal modulus
of paths computed in (£2,d,, 11,). We have by Lemma 5.2 that

. log 2
diamy,, (I'g) > co)

where C(6) is the constant from Lemma 5.2. Let zp and yp be points in I'g such that
ky(xo,y0) = kp(T'o). Since I' is A-uniform we have

(21)

1

diamg, (To) > dp(z0,%0) > (2447 — 1)d,(z0) (22)
and
dist,(To, A) < Ad,(xo). (23)
We again have by uniformity that
Adiamg,(A) > 1,(T) > dy(wo, yo)- (24)

Thus we obtain from the Loewner property a lower bound as required which depends only on
0. This gives an upper bound for C in terms of §. The theorem follows with M =2C'+1. O

Theorem 5.6. Let QQ C R™ be a 6-Gromov hyperbolic domain. Then there exists a constant
M = M(6,n) such that for any pair of points x,y € Q we have

diam(T") < Moq(x,y) (25)

for any quasihyperbolic geodesic I' joining x and y in §2.
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Proof. Choose M as in Lemma 5.5. Choose a component 'y of I' that lies outside the ball
B(x, Méq(x,y)). If no such component exists then the claim in the theorem follows. Let
wo € I'g be the midpoint of I'y in the metric k. For I'y we have that
diamy(T'p) < log?2 (26)
from which it follows that
Ty C B(wo,dQ(wo)/Q).
If g € Ty is the point where Iy leaves B(x, Mdq(x,y)), then

do(wp) < 2dg(xg) < 2(Mog(z,y) + da(x)) < (2M + 4)dq(z,y). (27)

Next, let A be a curve in B(z,20q(z,y)) N2 joining x and y. We have by the ball separation
property that
dist(wo, A) < coda(wo) < co(2M + 4)da(z,y). (28)
The same holds for any other component that falls under this case.
Thus I' C B(z,3Mco da(z,y)).
0

Proof of Theorem 1.1. In this case Q is (¢, ¢, 00)-radially hyperbolic for some ¢y = ¢¢(9) and
¢ = ¢(6) by Theorem 3.6 and Theorem 5.6. The claim follows by Theorem 4.1. O

Proof of Corollary 1.2. Using the C%-boundary assumption we may find a sequence of Lips-
chitz domains {€Q }ren such that Q C Qg1 € Q, for each k € N (see for example Corollary
1.2 of [14] or Corollary 1.3 of [19]). The proof then proceeds as the proof of Corollary 1.3 of
[19].

O

It remains now to prove Lemma 4.7.

Proof of Lemma 4.7. Fix 1 € Q1 and z3 € Q3 such that (I'y, NTy,) \ {zo} # 0, and fix
x €'y, NTy,. We have by Lemma 4.6 and definitions that
60 (21, 2) Sco,n da(z1) = da(z2),

and therefore R = R(cp,n) may be chosen based on the previous inequality, such that if Q is
(¢, R)-radially hyperbolic with only diameter Gehring-Hayman in requirement (ii), then by
Lemma 3.10, the conclusion of Lemma 4.7 follows. We still need to show the existence of R
such that also allowing the (¢, R)-length Gehring-Hayman condition provides the claim (cf.
Remark 3.13). Towards this end we need to show that

(71, 22) Sepren da(r1) ~ da(r2),
when z1 € Q1 and x2 € Q2 such that (I'y, NTy,) \ {zo} # 0. This will be achieved through
the lemmas below. For convenience of notation we write I'y for Iy, and I'y for I'y,.
Lemma 5.7. If z € T;(xg,x;) fori=1 ori=2, then
5(co + 1)da(z) > da(z;). (29)
Proof. This is a consequence of the separation property. We consider competing curves,

denoted A; for ¢ = 1,2 which join x; to xg in Q%). These curves exist because Q%) was
defined to be connected. Suppose z € I'1(xg,x1). Then, by the ball separation property of
I'1, there exists a point ' in A1 such that

Aa(2,2') < coda(2).
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o T
T ) X €2
Z/
Y1 Y2 Y1 Y2
T T
Ficure 2. Illustrating the Ficure 3. Illustrating the
curves I'y, T'g, T'zy, and competing curves 7{ and
I13821/1' Fl‘lyz'

On the other hand, since 2’ € Q,(%), we also have dg(2') > 1do(x2) and the claim follows. [
Next, fix y; € I'; and y9 € I's such that
Aa(z1,92) = inf Ag(z1,y) < coda(z1) (30)
yel's
and
Aa(w2, 1) = nf Aa(y, z2) < coda(w2), (31)
1

where the upper bounds are due to the ball separation property, since I'; and I's are competing
quasihyperbolic geodesics (see Figure 2).
We note that by the triangle inequality

dQ(yl) < (Co + 1)dQ(:E2) ~ dQ(iL’l) (32)

and
dQ(yz) < (C() + 1)dQ(x1) ~ dg(mz). (33)

Lemma 5.8. If y; € I';(xo,x;) fori =1 ori =2, then the claim of Lemma 4.7 is true.

Proof. To this end, suppose ys € T'a(xg,x2). Since we have that dq(z1,22) S da(zr), it
follows by the triangle inequality and (30) that

da(z2,y2) S da(z1) S da(wa). (34)
From the previous claim we also have
da(ze) < 5(co + 1)da(y2)- (35)

Thus, by (33), (35) and since xa,ys € I'a, there exists Ry = Ri(cp) such that if Q is (¢, R)-
radially hyperbolic for R > Ry, then by Lemma 3.10, we get
ka(y2, 22) < d(co,c,n),
which implies Aq(y2, x2) < dq(z2), by (2). This, together with (30) gives
Ao(1,72) Sep.en da(r1) = do(z2).

Thus, since I'y N Ty # 0, there exists Ro = Ra(co,c,n) such that if Q is (¢, R)-radially

hyperbolic for R > max R;, then Lemma 4.7 follows by arguments in Lemma 3.10. Indeed,
<i<



26 D. NANDI

we only need to observe that there is a curve competing with I';,, ;, and joining z; and z2 in
o).
0

Therefore we may assume y; € I';(z;,z) for i = 1,2. Fix I';,,,, a quasihyperbolic geodesic
joining x1 to yo in 2 and and I'y,,,, a quasihyperbolic geodesic joining z3 to y1 in .

Lemma 5.9. If z € I'y,,, then
100(co + 1)3da(2) > da(y2). (36)

Proof. Fix z € I'y,y,. Let 11 denote the competing curve f‘l(:cl,xo) * I'y(z0, y2) joining z; to
y2 (where I" denotes the reversed curve of T'). Choose a point 2z’ € p; such that

Aa(z,2') < apda(2), (37)
which we get from ball separation. If 2’ & T's(x2,y2), then by (29) and (33), we have that
100(co + 1)?da (") > da(21)(co + 1) > da(ye) (38)
and by the triangle inequality with equation (37) that
da(2)(co +1) = da(2). (39)

The claim follows by combining (38) and (39).

So we assume next that 2z’ € T'y(x9,y2) (see Figure 3). We use now the fact that ys is taken
to be at minimal intrinsic distance from z1; see equation (33). Let 4§ be a curve joining z;
and yo such that

Aa(z1,y2) 2 1(7]) — € (40)
Choose a point z. € ¥{ such that

Aa(z, ze) < coda(z), (41)

obtained by applying ball separation to the geodesic I';,,, with respect to the competing
curve 7§. From equations (37) and (41) we have

Aa(ze, 2") < 2¢odq(2) (42)
From equations (40) and the choice of y2 we have
Aa(1, 2e) + Aa(ze, y2) < 1(71)
< Xo(z1,y2) + €

< Ag(x1,2') +¢ (43)
< Xa(z1,2¢) + dalze, 2') + ¢
and therefore by equations (41),(42) and (43) and passing to the limit we get
da(y2) < d(z,42) + da(2)
< lim (d(z20) + d(ze.0) + da(2) (44)
< (3co + 1)da(z)
which was the claim. O

Similarly for points z € I'y,,,, we get

da(y1) <100(co + 1)3da(2). (45)
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Lemma 5.10. For ¢ = 1,2, we have

do(y:) < 100(co + 1)*do(2) (46)
for any z € Ti(x, ;).
Proof. This follows by comparison with the competing curves T's(zq, z2) * ' (g, z1) * Covys

and f’l(xo, x1) * 1 (20, z2) * ['z,y, respectively for the geodesics I'a(x2, y2) and 'y (z1,y1) and
using the ball separation property. O

Next, we assume without loss of generality that

ka(T1(y1,2)) < ka(T2(y2, 7)), (47)
and complete the proof of Lemma 4.7 by considering the following two possible cases.
Case 1: Assume first that do(y;) > % for either i = 1 or i = 2; say

do(z1)
d > 48
W) Z 1500, + 102 (48)

In this case we have

do(z1,y1) < da(x1, 22) + da(yr, 22) S da(yr) =~ da(z1),
where the second equivalence comes from our assumption and (31). Thus there exists Rg =
Rs3(cp, ¢) such that if Q is (¢, R)-radially hyperbolic for R > max R;, then by Lemma 3.10
(which we may apply by Lemma 5.10), we have kq(z;, ;) < ¢ (co, ¢, n) and

I(T1(z1,91)) S da(z). (49)
Now by (49) we get

Aa(z1, 22) < UT(z1,91)) + Aoy, 72) S da(z).
Thus there exists Ry = Ra(co, ¢, n) such that if Q is (¢, R)-radially hyperbolic for R > max R;,
7

we have {(I'y,4,) < da(z1), where I, 5, is any quasihyperbolic geodesic joining x; and zy. It
then follows by arguments similar to those in Lemma 3.10, that kq(z1,x2) < ¢/(co, ¢,n) which
is the claim.

Case 2: Next we consider the case
10(co + 10)2
for i = 1,2. By the ball separation property of I'1, there exists a point zo € I's (see Figure 4)
such that

dao(yi) < (50)

Aa(y1, 22) < coda(yr). (51)
Due to our assumption that dg(y;) is small enough compared to do(z1), Lemma 5.7 tells that
z9 ¢ T'a(x0, x2). Indeed, note that

da(w2) < 5(co + 1)da(22) < 5(co + 1)%da(ye)

contradicts (50).
We next assume that that zo € T'y(y2, ). Then by (31),(50) and (51) we have that

Aa(z2,y2) < Aa(x2, 22) < Aa(w2,y1) + Aa(y1, 22) S da(ze). (52)
We have by (31) and (52)
Ao(r1,22) < Aa(1,92) + Aa(y2, v2) S da(ze). (53)



28 D. NANDI

Zo
22
T T2
29
n Y2
z2
X

FI1GURE 4. Illustrating the three possibilities for the position of zs.

Thus there exists R5 = Rj5(co, ¢, n) such that if Q is (¢, R)-radially hyperbolic for R > max R;
<i<

then kq(x1,22) < ¢(co,¢,n) and the claim of the lemma is true in this case.
Next, note that if
do(y2)
da(v) < 55600 + 177
and zo € T'a(x0,y2), then we get a contradiction between the consequences of ball separation
for T'1; (51), that
da(y1)(co + 1) = da(y1) + Aa(y1, 22) > da(z2), (54)
and that of Lemma 5.10. This forces z3 € I'y(y2, x), which has been considered previously.
We interchange the roles of the pairs (y1,I'1) and (y2,I'2) in above argument to observe
that the only remaining case is when dg(y1) ~¢, da(y2).
Thus we only need to check the claim in the case when 2z € I'z(z2,y2) and do(y1) ~¢,
da(y2). Let I'y, ., be a fixed geodesic joining y; and z». Then, by (54),

100(co + 1)*da(z2) > da(y2) ~ da(y1),

(coming from Lemma 5.10) and since y; and zy lie on intersecting radial geodesics, there
exists Rg = Rg(co) such that if(2 is (¢, R)-radially hyperbolic for R > max R; we get
<i<

I(Ty2) < da(y), (55)
and arguments similar to the ones in Lemma 5.9 provide
da(y1) < da(w) (56)

for all w € I'y,,,. Then by a covering argument considering equations (55) and (56) we get
ka(yi,z2) < ¢(co,c,n). Comparing now the quasihyperbolic lengths of the curves T'y, ., *
I'1(y1,x) and T'y(22, ) and recalling assumption (47), we get kq(22,y2) < ¢(co, ¢,n) and thus

Aa(z2,y2) S da(ye) (57)
by (2). Therefore by (30), (31), (51) and (57) we get
Aa(z1,22) < Aa(z1,y2) + Aa(y2, 22)
< Aa(z1,y2) + Aalye, 22) + Aa(22, y1) + Ao (y1, z2) (58)
< da(z1)
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Hence there exists Ry = Rz(cg,c,n) such that if Q is (¢, R)-radially hyperbolic for R >
max R;, then by arguments in Lemma 3.10, we get the desired claim, namely kq(z1,2z2) <
_/L_
d(co,c,n). This completes the proof of Lemma 4.7. O
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