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Morrey-Sobolev Extension Domains

Pekka Koskela, Yi Ru-Ya Zhang and Yuan Zhou

Dedicated to Professor Viadimir G. Maz’ya on his 75th birthday.

Abstract We show that every uniform domain of R™ with n > 2 is a Morrey-Sobolev
W1 P-extension domain for all p € [1, n), and moreover, that this result is essentially best
possible for each p € [1, n) in the sense that, given a simply connected planar domain or
a domain of R™ with n > 3 that is quasiconformal equivalent to a uniform domain, if it
is a #' 1 P-extension domain, then it must be uniform.

1 Introduction

Let n > 2 and Q C R™ be a domain, that is, an open connected subset. The Sobolev space
W1P(Q) with p € [1, 0o) is the collection of all functions u € L} . () with the seminorm

[ullwrr) = [Vl o) < oo,

where Vu is the distributional derivative of u. Modulo constant functions, W1 ?(Q) forms
a Banach space. We say that  is a W!P-extension domain if there exists a bounded
(linear) operator A : WHP(Q) — WLP(R™) such that Aulg = u for all u € W1P(Q).
Regarding the issue of linearity in our definition we refer the reader to [4]. Notice that our
definition of WP and the corresponding norm only deal with Vu. The extension problem
for the usual norm is equivalent to our definition when 2 is bounded [5].

Jones showed in his seminal paper [6] that every uniform domain of R™ is a WlP-
extension domain for all p € [1, co). Let us recall the definition.

Definition 1.1. A domain 2 is called uniform if there exists a positive constant ey such
that for all x, y € Q, there exists a rectifiable curve v C € joining z, y and satisfying that

[z =2llz=yl a2 en

1
(1.1) 0(y) < —|z —y| and d(z, Q) > €
€0
Jones’ idea was to construct an extension operator via a reflection technique for Whitney
cubes, motivated by “quasiconformal reflections”; it was well-known that a simply con-
nected planar domain is uniform if and only if it is the image of the unit disk under some
quasiconformal mapping on R?, see [2].

2000 Mathematics Subject Classification: 42B35

Key words and phases: Morrey-Sobolev space, extension, LLC, uniform domain.

Pekka Koskela and Yi Zhang were supported by the Academy of Finland grant 120972; Yuan Zhou
was supported by the New Teachers’” Fund for Doctor Stations (# 20121102120031) and Program for
New Century Excellent Talents in University (# NCET-11-0782) of Ministry of Education of China, and
National Natural Science Foundation of China (# 11201015) .



2 P. Koskela, Y.Zhang and Y. Zhou

In the case p = n, Jones’ result is essentially best possible: a simply connected planar
domain is a W 2-extension domain if and only if it is a uniform domain; see [13] and also
[2] for a higher dimensional analog.

In the case p > n, the correct geometric condition is %—Subhyperbolicity: each such
domain is a WhP-extension domain and a simply connected planar domain is a WhP-
extension domain if and only if it is a Zj—subhyperbolic domain; see [11] and also [8].
This class of domains is strictly larger than the class of uniform domains.

In the case 1 < p < n, it is also known that even a simply connected planar W1 P-
extension domain is not necessarily uniform (see [10] and related examples in [7, 9]), and
it is still open to find a geometric characterization.

The geometric characterization for the planar case for p = n can be obtained via the

concept of linear local connectivity.

Definition 1.2. A domain Q) is linearly locally connected (for short, LLC) if there ezists
a constant b € (0, 1] such that for all z € R™ and r > 0,

LLC(1) points in QN B(z, r) can be joined by a rectifiable curve in QN B(z, r/b);
LLC(2) points in Q\ B(z, r) can be joined by a rectifiable curve in Q\ B(z, br).

Linear local connectivity is intimately related to uniformity in the sense that each domain
that is quasiconformally equivalent to a uniform domain is uniform if and only if LLC,
see e.g. [2]. Hence a simply connected planar domain is LLC if and only if it is uniform.
Regarding Sobolev extensions, one knows that each W ™-extension domain is LLC, see
[2]. In fact, WhP-extension domains are known to be LLC(1) for p > n (see [14]) and
LLC(2) for n — 1 < p < n and also for p = 1 when n = 2; see [3, 7].

As a by-product of the proof of our main result Theorem 1.5, we are able to remove
the restriction that p > n — 1 for concluding LLC(2).

Proposition 1.3. For p € [1, n] every Wb P-extension domain satisfies LLC(2).
Let us move to the case of a Morrey-Sobolev space # 1P, 1 < p < n, defined as follows.

Definition 1.4. Let p € [1, n] and let © be a domain of R™. Define the Morrey-Sobolev
space #1'P(Q2) as the collection of all u € L} _(2) with

1/p
|ruu«///1,p<m:sup(rg-" / IVu\pdac) o
B BNQ

where the supremum is taken over all balls B C R"™, rp is the radius of B and Vu is
the distributional gradient of u. The above formula only gives a seminorm, but modulo
constant functions, #1:P(2) is a Banach space.

Observe that #57(Q) = WHn(Q), and that (via the Holder inequality), for every p €
[1, n), we always have W1 (Q) Cc #1P(Q). Moreover, for every p € [1, n), #1P(Q) C
WhHP(Q) when € is bounded, and #1?(2) ¢ WhP(Q N B) for all balls B when § is
unbounded.

The main aim of this paper is to establish the following result for # !P-extension do-
mains. Below ) is a (Morrey-Sobolev) # ! P-extension domain if there exists a bounded
(linear) operator A : #1P(Q) — #'P(R") such that Au|q = u for all u € #P(Q).
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Theorem 1.5. (i) Every uniform domain of R"™ is a #1P-extension domain for all p €
[1, n).

(ii) Let p € [1, n). Then every W “P-extension domain is linearly locally connected. In
particular, a domain € in R™ that is quasiconformal equivalent to a uniform domain is a
W P_extension domain if and only if it is uniform.

Theorem 1.5 shows that, from the point of view of extendability, the Morrey-Sobolev
spaces #' 1P, p € [1, n), are similar to W instead of to WP,

The proof of Theorem 1.5 (i) employs a slight modification to the extension operator
constructed by Jones and several properties of uniform domains. The proof of Theorem
1.5 (ii) relies on a lower bound on the Morrey-Sobolev capacity established in Lemma 5.2,
a measure density property obtained in Theorem 4.1, and some ideas from [2]. We stress
here that (ii) is not an obvious consequence of the ideas in [2]: for p <n —1and n > 3, it
may well happen that the Morrey-Sobolev capacity of a pair of continua is zero, see [15].
Up to now, this phenomenom for the usual variational capacity has been the obstacle for
establishing Proposition 1.3.

This paper is organized as follows. In Section 2, we recall several properties of uniform
domains. In Section 3, we prove Theorem 1.5(i). In Section 4, we obtain a strong measure
density property of Morrey-Sobolev and Sobolev extension domains. In Section 5, we
establish a simple lower bound on the Morrey-Sobolev capacity. In Section 6, we prove
Proposition 1.3 and Theorem 1.5 (ii).

The notation used in what follows is standard. We denote by C a positive constant
which is independent of the main parameters, but which may vary from line to line.
Constants with subscripts, such as ¢y, do not change in different occurrences. The symbol
A< Bor B2 Ameans that A< CB. If A< Band B < A, we then write A ~ B. For
any locally integrable function u and measurable set X, we denote by + yu the average
of fon X, namely, f,f= ﬁ Jx fdz. For aset Q and z € R", we use d(x, Q) to denote
inf,ecq |z — 2|, the distance from z to 2. Here A@ denotes the cube concentric with @,
with sides parallel to the axes, and with edge length £(AQ) = M(Q).

2 Uniform domains

We recall several facts about uniform domains and establish some lemmas which will be
used to prove Theorem 1.5(i).

Let Q be a uniform domain. It is well known that |0 = 0; see [6]. Since 2 is open
it admits a Whitney decomposition, that is, there exists a collection Wi = {S;},en of
countably many dyadic (closed) cubes such that

(i) Q = UjenS; and (Sk)° N (S;)° =0 for all j, k € N with j # k;

(ii) E(Sk) < dist (Sk, GQ) < 4\/ﬁ€(Sk),

(ili) Le(Sk) < €(S;) < 4€(Sk) whenever S N S; # 0.

Whenever (28)° # 0, we let Wy = {Qj}jen be a Whitney decomposition of Q. 1f
diam € < oo, set

Ws = {Q; € Wa: £(Q;) < %diamﬁ};
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otherwise, W3 = Ws. Foreachi =1, 2, 3and Q € W;, set W;(Q) = {Q; € W;,Q;NQ # 0},
which is the collection of all neighbor cubes of @) in W;. It is easy to see that there exists
an integer N depending only on n such that

iwWi(Q) < N

forall Q e W; and i =1, 2, 3.

Jones [6] derived from (1.1) that for each cube in W3, we can pick a “reflected” cube in
W1 in the following sense: for every ); € W3, we can find at least one S), € W1 satisfying
that

0(Q;) < £(Sk) < 46(Q;)
and

dist(Qj, Sk) < C1l(Q;),

where (j is a constant depending on €y and n but not on ¢); and S;. Usually, for each
Q; € W3, there may exist more than one such Sy, but if Spy € Wi is another cube as
above, we have

(1) dist(Sk, Si) < dist(S. Q) + diam Q5 + dist(Qy, i) < (2C1 +VA)U(Q;)-

Below we fix one of these cubes and denote it by Q;. Then there is an integer N7 depending
only on C; and n such that for all Sy € Wy, there are at most Ny cubes (Q; € W3 such
that Q; = S, that is,

H{Qj € Wy Qj* = Sk} < N1

For every pair of Q;, Qi € W3 with Q; N Qy # 0, by (2.1), we have

(2.2) dist(Q}, Qy) < dist(Q},Q;) + diam Q; + diam Qy, + dist(Q, Q)
< (5C1 + 5vn)(Q;).

Moreover, based on (1.1), we have

Lemma 2.1. For every pair of Qj, Qr € W3 with Q; N Qr # 0, we can find a family
Fjr = {S, -, Si,,} C W1 such that S;, = ;, Si. = Qr, Si, N S;,, consists of an
(n — 1)-dimensional (closed) cube for all s=1,---, m —1, and m < Na, where N3 is an
integer depending only on n and €y but not on Q; and Q.

We call such a family Fj j; a chain of length m joining Q7 and Q. Obviously, %f (Sisi1) <
0(S;,) < 4L(S;,,,) forall s =1, ---, m — 1. We should point out that our chain Fj j is a
slightly different from that in [6, Lemma 2.8], where it is only required that S;, NS;,., # 0.
Lemma 2.1 can be obtained by a slight modification of [6, Lemma 2.8]; we omit the details.

For each pair of Q;, Qr € W3 with Q; N Qy # 0, we fix one family Fj; as in Lemma
2.1 (notice that there may have more than one such family), and set

QrEW3(Q;)

where and in the sequel, by abuse of notation, we also denote the union U; ;S;, by Fj j.
One can easily derive from Lemma 2.1, (2.1) and (2.2) that
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Lemma 2.2. There exists a positive constant N3 depending only on €y and n such that
for each Q; € W3, we have

< N37

LOO

Z XUF; ),

QrEW3(Q5)

H Z XUF(Q;)

Q;€EW3

| > Y

QjEW2\W3 QrLeW3(Q;)

< N37
1,00

and

< Na.
LOO

To prove Theorem 1.5 (i), we need further properties of uniform domains.

Lemma 2.3. There exists C5 depending only on n and €y such that for every ball B =
B(xg, ) and every Q; € Ws, if Q; N B # 0 and £(Q;) < 32r, then

U  F(@x) c Bla, Car)n Q.
QrEW3(Qy)

Proof. Given Q) € W3, we claim that diam F(Qx) S ¢(Q}). Indeed, for each Q €

~

W3(Qr), let Fj = {Si,,---,S5i,,} C Wi be a chain connecting @} and @} as in Lemma
2.3. Then by 1£(S;,) < £(Si,,,) < 46(S;,), we have

(2.3) A70U(Qx) < U(Si,) < 47UQ%),

and hence

diam Fy,p < ) diam S;, <) 4°vnb(QF) S A(Q5).

s=1 s=1

Since there at most N; cubes Qy € W3(Qy), we have

diam F(Qy) < Z diam Fy, , S 4(Q)).
QreW3(Qr)

If Q; € W3 with BN Q; # 0 and £(Q;) < 32r, we have d(zo, Q;) < r and hence, by
Q7)) ~ £(Q;), for all 2 € QF,

|2 — 20| < diam (QF) + d(Q5, Q;) + diam Q; + d(xo, Q;) S 7

For each Qi € W3(Q;), we have £(Q}) ~ £(Q;) ~ £(Qk) ~ £(Q},) which together with the
above claim implies that diam F(Qx) < €(Q7); hence by (2.3), for each 2 € F/(Qx)

|z — 20| < diam (F} 1) + dist (Q;, Q;) + diam Q; + diam Q; + d(zo, Q) S K(Q;) <r

as desired. This finishes the proof of Lemma 2.3. O
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Lemma 2.4. There exists a positive constant Co depending only on €y and n such that
for all Q; € W3 and u € WHP(Q), we have

(2.4) > fue; - ug;
QrLEW3(Qy)

Proof. For Qj € W3 and Qp € Wg(Qj), let Fij; = {Sil,"' ,Sim} C Wi be a chain
connecting Q;f and @ as in Lemma 2.3. Then

"< @y [ LGS
J

m—1

< Z )uSis T USi

s=1

< USi) (][sisus

is41

It then suffices to show that

(25) ‘Usis —us

is+1

1/p
|Vu(z)P dz) .

Indeed, this, together with £(S;,,,)/4 < £(S;,) < 46(Si,,,), £(Q;) ~ £(QF) and m < Na,
leads to that

[y

m—

s S (][s us;

1/p
jug; — oy V()P dz>

w
—_

s+1

m—1 1/p

< 3 (s, ( / \Vu(z)\ﬁdz)

s=1 Fik

m—1 1/p
S S 0@ ([ va)p:
s=1 Fjk

)

)

1/p
SUQ )P (/F( | IVu(2)PxF;, dz) .

Hence applying Lemma 2.2, we have

Z ‘UQ; — UQZ

QreEWs(Q;)

P
SCu@r [ Vel Y s
FQj) QrEWs(Q;)
s CQE(Qj)p"/ |Vu(z)P dz
F(Qj)
as desired.
Towards (2.5), let Ry be the cube with ¢(R;) = 35¢(S;,) and with the same center as

the (n — 1)-dimensional cube S;; NS;,,,. Also let RS C S, be the cube with same edge
length as R, and |R} N Ry| = §|Rs|. Then R} C 2R, C S;, US;,,,.

‘USiS - uRS S ‘USiS - uR;r + ‘UR: - uQRS + ”LLQRS - U/R5|
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/.
1/p )
< ((si) ( f. |Vu|P) s (f, )"

s

1/p
saS@-s)(][s . |Vurp> |
s 2P is 4

A similar estimate holds for ‘uSis+1 — UR, ‘ Combining these estimates gives the desired

\u—usi5|+][ ——
2R

results, and hence completes the proof of Lemma 2.4. O
Jones further established the following density result.

Lemma 2.5. Suppose that Q is a bounded uniform domain. Then CG°(R"™) is dense in
WhLP(Q) for all p € [1, 00).

Finally, we need a Sobolev-Poincaré inequality for suitable subdomains of uniform do-
mains. This result follows by combining the main result in [1] with a localization result,
see 1.9 in [12].

Lemma 2.6. Suppose that Q is a uniform domain and 1 < p < n. Set px = pn/(n — p).
Then there exist positive constants Cy, Cs depending only on n and ) so that the following
holds. Given any x € Q0 and r > 0, there is a subdomain €, C Q0 with

B(z,r/Cy) NQ C Q. C B(x,Cyr) N
and such that for all u € WHP(Q,.), we have u € L'(Q,) and

(][QJU(Z) — ug|P* dz) 1/px < Cy diam () (][Q Tu(2)? dz> l/p‘

r

3 Proof of Theorem 1.5 (i)

Let 2 be a uniform domain. We divide the proof into the following 4 steps.

Step 1. We employ Jones’s construction of extension operator on uniform domains
(with a slight modification when diam < oo). Let Wi, Wy and W3 be as in Section
2. For each Q; € W3, let ¢; € C°(R") such that ¢; is supported on %Qj, 0<¢; <1,
2.Q ews 95 =1 on Ugew; Q; and

(3.1) Vil < CUQy)™,

where C' is a constant independent of @);.
For u € #1P(Q), we define an extension Au as:

Au(z) = 10 T Layem (ug; —ua)dj, x €R™\Q
u(gj)’ x e Q,
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where Q* € W1 corresponds to @; as in Section 2, and ug = Iﬂ\ fQ z)dz if diam ) < co
and ug = 0 if diam{) = oco. Notice that A is linear and 1ndependent of p, and Au is
defined on R™\ 99. Now we have to show that Au induces another function Au defined on
entire R” such that Au = Au on R"\ 99, Au € #VP(R"™) and || Aully1.p@n) < Jullprr)-

Step 2. We first show that Au € #HP(R"\ Q) and [Aull 1oy S lullpre@)- It

suffices to show that Au € W p(Q ) and for every ball B = B(xq, r), we have

loc
(3.2) H=r [ 98P d < ulbnso
BNQ

Without loss of generality, we may assume that (Q ) # 0.

We first show that Au € Wloc (QE) Indeed, for every ball B with 2B C ﬁc, there are
finitely many @; € Wy such that Q; N B # (). For each @Q); € Wa, notice that if ¢; # 0 on
Q@;, then Q; € Wg(@j), that is, Qj € Wg(QZ) So on B

AMu=ug+ > —uQ)9;
Q;NB#D
Q;EW3(Q4)

as a finite sum. Hence Au is differentiable on B and

VAul S 30 fugy, —uf, [6Q) " < oo
Q;NB#D
Q;EW3(Q;)

on B, that is, Au € W,P(B). So we have Au € W p(QE).

loc loc

To see (3.2) for arbitrary B C R", write

H= rp_”/ VAu(z)|Pdz
> Binl (2)]

QiEWs

=y / IVAu(z)|Pdz+ ) " / |VAu(z)[Pdz
Q;eWs3 BNQ: QieW2\W3 BN

=H; + Hs.

Observe that if diam = oo, then W3 = W5 and hence Hy = 0. Recall that on each
Qi € W3, we have ZQJ'EW3 ¢j = 1. Thus, by (3.1), we have

le rp"/
B

QzGWS

P
uQ; - uQ;] Voi(z)| dz
sz Q €W3

Observe that ¢; # 0 on @Q; only happens when Q; € W3(Q;). Indeed, we have

17
supp ¢; C 1—6Qj C U Q-
QreEW3(Q;)
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So if ¢j 7& 0 on in then Qz € Wg(Qj), that iS, Qj S Wg(Ql) By ﬂWg(Q,) S 1, K(QZ) ~
0(Qj) for all Q; € W3(Q;) and Lemma 2.4, we obtain

V4
Hi S ) o / ‘uQ; —ugr| [V;(z)Pdz
QZGW3 Ble Q €W3
p

S > Q) p\BﬂQzl > ue; —ug;
Qi;eWs QjEW3(Qy)

< S Q) B Qi) / Vu(z) P d
Qi€W3 F(Ql)

S rp”/ |Vu(z)P dz
Z F(Qi)

Q;EW3, Q;NB#D
2(Q;)<32r

D IO B E T

Q;EW3, Q;NB#D
£0(Q;)>32r

=H;1+H; .

By Lemma 2.2 and Lemma 2.3, we obtain
Hio S Vu(2)? dz S [lulyn)-
B(z0,Cr)NQ

To estimate H; 2, we may assume that BNQ;, # 0 for some Q;, € W3 with 32r < £(Q;,)-
Observe that 32r < £(Q;,) implies that B C %Qio, and hence, applying Lemma 2.3 to the
ball B = B(zq,, {(Qi,)), we have

Hy, <UQu" Y / Vu(z)PP dz

QieWs (on

S UQi)P™ [Vu(z)[P dz

/;(inO ) CZ(QZO))
S lullpr o)

If diam 2 = oo, by Ha = 0, the proof of (3.2) is finished. Assume that diamQ < oo.
Suppose that u # 0 on @Q; for some Q; € Wy \ W3. Observing that ¢; # 0 on @; only
happens when @Q; € W3(Q;), we have

u=uqg + Z (ug: — uq)o;
QjeW3(Qy)

on @;. Notice that for each Q; € W3(Q;),

(Q;) <

1
T diam (D) < Q) < 160(Q)).
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and hence, by Lemma 2.6,

jugy ~unl £ { Ju(z) ~ualdz
Qj

< ][ fu(z) — ug| dz
Q

diam (02) < ][ VU dz> v

diam (Q)' /P ( /Q |Vu(z)[P dz)l/p.

N

N

SO, by ﬁW3(Q’L) fs ]-a

H, < / lug; — ual’|Ve;|Pdz
QIEWQ\WB BNQ Qj €W3 (Qi)
BNQ;#0
< Y rBQIdane) ™ [ [Vu()pd
Q; EW\W3 @

Notice that §{Q; € Wa\ W5 : BNQ; # 0} <1 due to £(Q;) ~ diamQ and dist (Q;, Q) 2>
0Qq). If r < ﬁ diam €2, then

H, < r”(diamQ)_”/ |Vu(z)|Pdz < (diamQ)p_”/ Vu(2)|P dz < lully e
Q Q
fr>q-~ dlamQ then
H, < rp"/ |Vu(2)|Pdz < (diamQ)p"/ |Vu(2)|Pdz < HUHWLP(Q)
Q Q

Combining the estimates of Hy and Hs, we obtain the desired result.

Step 3. For u € #1P(Q) N CHR™), we define Au = Au on R"\ Q and Au = u on 9.
We claim that Au € WP (R™).

To see that Au € WLP(B) for every ball B C R™, it suffices to show that Au is locally
Lipschitz on R™, that is,

(3.3) |Au(z) = Ru(y)| S |z -y

whenever z, y € A CC R™.

Case z, y € Q. Obviously, u € C}(R") implies (3.3).

Case z € Q and y € R"\ Q. Then y € Q; for some Q; € Ws. Notice that if ¢; # 0 on
Q;, then Q; € Wg(QJ’), that is, Qj S Wg(Ql) So

Au(z) = Au(y) = (u(@) —ug) + > (uh, — ua)d;.
Q;€W3(Qy)
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If Q; € W3, since ZQjGWg(Qi) o; = ZQjGWg ¢; =1on Q;, we have

Au(z) — Au(y) = D (u(z) —uh,)e;l
Q;EW3(Qy)
< |[[Vul[poo mny(§W3(Q:)) sup  sup [z — z].
Q;EW3(Q;) 2€Q7

For each z € Q] with Q; € W3(Q;), since [z —y| > d(y, 9) > £(Q;) 2 {(Q;), we have

|z — 2| <|z—yl+ |y — 2| < |z —y| + Vnl(Qy) + dist (Q;, QF) + vVnl(Q])
Sl =yl +0Q)) S |z —yl.

We conclude that |Au(z) — Au(y)| < |z — yl.

If Qz S Wg\Wg, we have ]x—y\ > d(y, GQ) > K(Qz) z K(Q]) for all Qj S Wg(Qi), which
together with ZQjeWQ(Qi) |¢j| <1 and |u(x) — ua| + |u22] — ug| < 2[|[Vul| oo rn) diam §2
gives (3.3).

Case z, y € R\ Q. Notice that Au € C1(R™\ Q) and |VAu| < V]| poo (rny on R™\ €.
Indeed, for z € Q; with Q; € W3, by ZQJEWS(QZ) ¢»j =1 on Q;, we have

IVAu(z)| =] ) (u@: — uq:) Vel
QjGWS(Qi)
S D VUl e VRIUQ]) + L@)1NQ;)
Q;eEW3(Qs)
S

for z € Q; with Q; € Wa \ W3, by £(Q;) ~ £(Q;) ~ diam Q we have

VAu@z)| =] > (ugr —ua)Vel S Y lullor@e)(diam Q)(@y) " S 1.
Q;EW3(Q:) Q;EW3(Q:)

Thus (3.3) follows.

Step 4. Finally, for arbitrary u € #%P(Q), we define A with Au = Au on R \ 00 as
above.

Since |09 = 0, for every ball B C R™, we have

/ IVAu(z)|P dz = / |VAu(2)|Pdz +/ o [VAu(2)[? dz.
B BNQ BNQY

By this and the estimate from Step 2, our claim would follow if we knew that Au €
17p n
Wl (R™). B
We show that Awu has this degree of regularity relying on Step 3. We separate our
argument into two cases.
Case of diam ) < co. Then u € #17(Q) implies that u € W1 P(Q) and from Lemma

2.6 we further deduce that u € LP(2). From Lemma 2.5 we conclude that C}(R™) is dense



12 P. Koskela, Y.Zhang and Y. Zhou

in WLP(Q) and since u € LP(Q) it easily follows via the Poincaré inequality that there
exists a sequence {ug }reny C Cg(R™) such that |w = uklwr. o) + v —ukllLe) S 27% By
Step 3, Kuk is well-defined, and Kuk — Kue = K(uk — uy) for all k,¢ € N. Moreover, by
Jones [6],

[ Ay, — Augllypi ey = | A(we — uo)lwrp@ey S I1Auk — Augllirnig) < 275

By the Poincaré inequality, we know that there exists a function still denoted by Au such
that Auy converges to Au in L (R™) and in WHP(R™). Obviously on §, we have Au = u.
Hence for each S; € W1, us, = limg 00 (ug)s;. Thus, Kuk(z) = Aug(z) converges to Au(z)
for all z € QE, that is, Au(z) = Au(z) for all z € [0

Case of diam 2 = co. Observe that u € WHP(Q N By) for all balls By = B(xo, \) with
zo € 9 and X € N. Fix X and choose 7y € Cj(B)) so that ny = 1 on By ;. Applying
Lemma 2.6 for the ball B(zg, Cs)\) we see that uny € WHP(Q) N LP(R).

Since uny has bounded support, we conclude as in our previous case that there exists a
sequence {ux, i }ren C Cj(R™) such that [luny — ux kllwre@) + luns — ux klle@) S 27k,
As above, we obtain an extension A(uny) € WLP(R™) such that A(uny) = A(uny) on
R™\ 0f.

Fix a ball B C R™. Observe that whenever A, 7 € N with A < 7, we have A(uny) =
A(un,) on By /2 N K. Choose now X so that B C By y. If o # (), then B nat # ) can
be covered by cubes in Q; € Wy with diam @Q; < 4,/n\. There exists a positive integer N
such that for all 7 > NA, F(Qi) C B;/s, and hence ug: = (unr)q: = uq:, which further

implies that A(un;) = Au on Q; and hence on B N QE. So A(un,) = Alunyy) = Au on
B\ 9Q C B, \ 99Q. Since [9Q| = 0, we conclude that Au € WHP(B).
_ The claim follows by noticing from above that we may define Au via the extensions

Aunny)

4 Measure density of #!7- and W'P-extension domains

We first show the following strong measure density property for # 1P-extension domains,
which will be employed to prove Theorem 1.5(ii).

Theorem 4.1. Letp € [1, n) and Q be a #'1-P-extension domain of R™. Then there exists
a constant C > 0 such that for every component Qo of Q\ K, where K is an arbitrary
closed set of R"™, and for all x € Qg and 0 < r < min{ dist (z, Q9 \ 0N), diam Q} we have

|Q0 N B(x, )| > Cr".

Theorem 4.1 means that the components of Q2 \ K for an arbitrary closed set K of R™
are Ahlfors n-regular to some extent. To prove this, we use ideas from [4].

Lemma 4.2. Letp € [1, n) and Q be a # “P-extension domain of R™. There exist positive
constants Cg and Cy7 such that for each B C R™ and for all u € #'P(Q),

inf/ exp Colu=c| dx < Cq|B].
c€R Jpng lullp1.p(0)
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Proof. Since € is a # bP-extension domain of R”, denoting the extension operator by A,
for every u € #1P(Q), we have that Au € #1P(R") with

HAUHWLP(Rn) < COHUHV/LP(Q),

where Cj is a fixed constant. Applying Poincaré’s inequality, we have Au € BMO(R")
with

_ Up
|Aull Brromny = sup ][ |Au — (Au)g| < Co SupT <][ |VAU\p> < CollAully, pmny,
B B

where Cp is a fixed constant. Moreover, by the John-Nirenberg theorem for BMO-
functions, for each ball B,

][ exp ColAu — (Au) | dr <1
B [ Aull prrown)

)

where 50 is a fixed constant. Thus, choosing C = 50 / 0050, we have

1 — Au — (A
inf — exp M dw S f exp (C()’ u ( U)B|> dﬂj S 1
cek |B| Jpna el e B | Aull paromwn

as desired. O

Proof of Theorem 4.1. Without loss of generality, we may assume that r < co. Let by = 1
and b; € (0, 1) for j € N be such that

(41) |B(l’, bj?“) N Qo| = 2_1|B(l', bj,lr) N Qo| = 2_j|B(£L', T‘) N Qo|

Define a function u on €2 by setting

1, y € B(x, bar) N Qy,
bir—ly—=x
ul) = W= (B, i)\ B, bar) 0%,
bl’l“ — bQT
0, otherwise.

Since B(z, 1) N QN K = 0 and B(x, r) has empty intersection with other components of
O\ K, we know that u is well defined. Then

|(B(x, bir) \ B(, bor)) N Q| _ |B(, r) N Q|7
bir — bar ~ bir — bar '

1wl e < llullwing) <

By Lemma 4.2 and (4.1), we have

inf/ exp <CU(?J) —c|(bir — 5127“)> dy < Cyr™.
c€R J B(z, )N |B(z, bir) N Qo[M/»




14 P. Koskela, Y.Zhang and Y. Zhou

Observe that, for each ¢ € R, |u — ¢| > 1/2 either on (B(z, r) \ B(z, bir)) N Qy or on
B(x, bar) N Q. By (4.1), we conclude that

C(blr—bgr)
Blz, bir) N Q <
|B(x, bir) 0| exp <|B(w, bir) A o[/ ) ~ r

which implies that

Cr®
byr — bar < |B(z, byr) N QO|1/n log <’B(x byr) ﬂQO‘) .

Similar inequalities also hold for b;r — bj 17 with j > 2. This leads to

C(bj—1r)" )
(2, bjr) N Qo

bir = Z(bjr — bj+1’l“) 5 Z ’B(l‘, bj’l“) N Qo’l/n log <|B
JEN JEN

. ) Orn
< 2-7/" B N Q|1 2
S 2 2Bl ) Nl or 2 5 g

" Cr™
5 |B($, 7‘) N Q[)|1/ log <M) .

If b; > 1/10, observing that tlog% > 1 implies that ¢ 2 1, we have
B, 1) N Q" 2 7

as desired. If by < 1/10, we choose R = 2r/5 and a point y € B(z, ) N Q such that
|y — x| = bir + R/2. Then

B(z, byr) C B(y, R) C B(z, )

but B(y, R/2) N B(x, byr) = (. Therefore, if

By, BuR) 0 | = 3 |Bly, B) 0|
then by

B, bir) 0 ] = 51B(y, R) N ),
we have by > 1 /2. Applying the result when b; > 1/10, we conclude that

Bly, R)n | 2 R,
which implies |B(x, r) N Qg| 2 r™ as desired. O
Theorem 4.1 implies the following result.

Corollary 4.3. Let p € [1, n) and Q be a # VP-extension domain of R™. Then Q has the
measure density property, that is, there exists a constant C > 0 such that for all x € Q
and 0 < r < diam 2, we have

QN B(z, r)| > Cr".
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For WlP-extension domains with p € [1, n), a result similar to Corollary 4.3 was
established in [4]. But to show the LLC(2)-property of Sobolev W !P-extension domains
when p € [1,n — 1], we need the following stronger version, which is similar to Theorem
4.1; see Section 6 below.

Theorem 4.4. Letp € [1, n) and Q be a WhP-extension domain of R™. Then there exists
a constant C > 0 such that for every component Qo of Q\ K, where K is an arbitrary
closed set of R"™, and for all x € Qg and 0 < r < min{ dist (z, 00 \ 0N), diam Q} we have

|Q0 N B(x, r)| > Cr".
Proof of Theorem 4.4. Without loss of generality, we may assume that r < co. The proof

is similar to that of Theorem 4.1; we sketch it. Let b; for j € NU {0} and the function u
be exactly as in Theorem 4.1. Then

|(B(x, b17) \ B(z, bar)) N Q| /P < 1Bz, r)N Qo|/P

<
HUHWLP(Q) — bl"f’ — b27‘ ~ b17" — 627’

Since 2 is a W P-extension domain, we may extend v to u € W1 P(R") with a norm
bound. Applying the Sobolev-Poincaré inequality, we have

(n—p)/np 1/p
( [ sl <“—P>> < ( / \va|P>
B(z,) B(z,r)

S ”ﬁHWLP(R") S ”ﬁHWLP(Q)-

Observe that, for each ¢ € R, |u — ¢| > 1/2 either on (B(z, r) \ B(z, bir)) N Qo or on
B(x, bar) N Q. By (4.1), we have

|B(a, ) N Qo['/?

B(z. b O |(=P)/mp <
| (.75, 1T)ﬂ 0’ ~ blT‘*bQ’I“

which implies that
bir — bor 5 |B(£L‘, bl’l“) N Qo|1/n.

Similar inequalities also hold for b;r — b; 17 with j > 2. This leads to

o0

bir =Y (br —bjpar) S Y |B(@, bjpar) N Q"
j=1 jeN
<327/ B(w, r) N Q"
JEN

S B, ) N Q| "

Applying the same argument on b; as Theorem 4.1, we have |B(z, r) N Qo|"/" > r as
desired. ]
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5 Morrey-Sobolev Capacity

We obtain a lower bound for the Morrey-Sobolev capacity, which will be used in the proof
of Theorem 1.5 (ii). Since we will only deal with estimates in terms of the usual Lebesgue
measure, the following definition will be sufficient for our purposes.

Given a pair of disjoint set E, F C Q, define the # "P-capacity as

(5.1) Capyn(E, F, Q) = inf{[ull’) ,q : u € A(E, F, Q)},

where A(E, F, Q) denotes the class of all functions u € #1?(Q) such that 0 < u < 1 on
2 u=0a.. onE,and u=1a.e. on F. Obviously, 1fE F C R" are disjoint sets, E C E
and F' C F then

Capy1.,(E, F, Q) < Capy,,(E, F, R").
Moreover, we have the following trivial estimates.

Lemma 5.1. If Q is a # 1 P-extension domain with p € [1, n), then there exists a positive
constant C such that for every pair of disjoint sets E, F' C €,

Capy1,»(E, F, Q) < Capy,»(F, F, R") < CCapy,»(F, F, Q).

Lemma 5.2. Let Q is a #W1P-extension domain for p € [1, n) and § > 0. There exists a
positive constant C' depending only on n, § and p such that for every pair of disjoint sets
E, F C QN B(xg, r) for some r >0, if min{|E|, |F|} > dr™ then

CaJI)’Wl,p(.EI7 F, Q) Z C.

Proof. By Lemma 5.1, we may assume that Q = R"™. Let u € A(E, F,R"). Assume first
that up(y,, ) > 1/2. Then, by the Poincaré inequality,

B] v
S wvzer(f )
2|B(xo,7)| ][B(xow)‘ o ( B(zo,7) | >

and the desired estimate follows. If up(gy ) <1 /2, we obtain our estimate by replacing
FE in the above string of inequalities by F. O

Define the Sobolev W!P-capacity Capy1.,(E,F,Q) similarly to (5.1). We have the
following well-known consequence of the above proof.

Lemma 5.3. Let Q is a WY P-extension domain for p € [1, n) and § > 0. There exists a
positive constant C' depending only on n, § and p such that for every pair of disjoint sets
E, F C QN B(xg, r) for some r > 0, if min{|E|, |F|} > ér™ then

Capy1.0(E, F, Q) > Cr"P.
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6 Proofs of Proposition 1.3 and Theorem 1.5 (ii)

Proof of Theorem 1.5 (ii). Case LLC(2). Let x1, x2 € Q\ B(xo, r) for some zy € Q and
r > 0. Without loss of generality, we may assume that z1,x2 € 0B(xg, r) N Q. Indeed,
the general case can easily be reduced to this one since 2 is a domain and hence pathwise
connected.

Assume that z; and zo are not in the same component of Q \ B(xg, br) for some
b e (0, 1). We may assume that b < 1/16. It then suffices to prove that b is bounded away
from zero, independent of x1, xo9, zg, r. Denote by ; the component of Q \ B(xg, br)
containing x; for 2 = 1,2. Then Q1 N Qs = (.

Let F; = Q; N B(z;, r/2) for i =1, 2. Obviously, Fy, F» C B(xg, 2r), F1 N Fy =0,

dist (z;,0Q; \ 0Q) >r —br > r/2

and F; N B(xzg,r/2) = 0 for i = 1, 2. By Theorem 4.1, |F;| 2 r™ for i = 1, 2. Applying
Lemma 5.2, we obtain

(61) CapWLp(Fl, Fg, Q) Z 1.

The lower bounded on b then will follow from the upper bound

L\ (=)
(6.2) Capy,p(F1, Fo, Q) S <log 2b> :

1

Indeed, if this holds, then we have (log %) w 2 1, which gives b 2> 1.
To obtain (6.2), for all z € R", define

1, x € Qg \ B(xg, 7/2);
(6.3) u(z) = bgl% log 2220l 2 € Qy 1 (B(wo, 7/2) \ Blxo, br));
2
0, otherwise.

Obviously this function is well defined. Then

1\! _
|Vu| = <10g 2b> | — 20| T Xaun(B(zo, r/2)\ B(zo, br))
and hence u € #17(Q) and

[ullyrp@) < lullwin)

1 - 1/n
o T—
2b B(zo,7/2)\B(z0o, br)

1 1/n—1
< (log 2b> :

Obviously, u € A(Fy, Fz, ), and hence (6.2) holds as desired.
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Case LLC(1). Let x1, x2 be a pair of points in Q and z1,x2 € B(z, r) for some z € R"
and r > 0. We are going to show the existence of a rectifiable curve v C Q N B(z, r/b)
joining x1 and xo for some constant b < 1.

If |21 — 2| < max{d(z1, L), d(z2, )}, then the line segment joining 21 and x5 gives
the desired curve. Below we assume that |21 — 29| > max{d(z1, QF), d(xs, QC)}.

Let €0; be the component of

QN B(x, |1 — x2]/8) = Q\ {B(zi, |x1 — x2]/8)}c
containing x; for ¢ = 1, 2. By Theorem 4.1,
€] 2 |21 — ao|"

for i = 1, 2. Obviously, 21 N Qs = ) and Oy, Q2 C B(x1, 2|21 — x2|). Applying Lemma
5.2, we obtain
CapWLp(Ql, QQ, Q) Z; 1.

Now we claim that there exists a positive constant Ny > 2 independent of z1, x2, 1, Q9
such that ©;, Q9 are in the same component of QN B(z1, No|x1 —x2|). To see this, assume
that Q1, Q9 are not in the same component of QN B(xz1, N|z1 — x2|) for some N > 2, say,
in components €, Qs of QN B(z1, N|z1 — 22|) respectively. Define a function u on Q by
setting

17 yEB(:El’ |x1—:1;2|/8)ﬂ§1,
_ Nlz1— 3
u(y) = { asy log M2l y € (B(a, Nzt — 2a]) \ Bla, 21 — 22//8)) N,
0, otherwise.

Then
HUHWLP(Q) < HUHWL”(Q) S (log N)(lfn)/n

Observing that u =1 on € and = 0 on {22, we have
Capy,»(Q1, Do, Q) < (log NI/

which means N < 1 and hence shows the existence of Ny as claimed.

Therefore there exists a rectifiable curve vo C Q N B(z1, No|x1 — x2|) joining €y and
Qy. Let 2; € Q; N~y for i = 1, 2. Since x;,%; € ; and (; is connected, we can find
a rectifiable curve v; C Q; C QN B(x1, No|z1 — x2|) joining z; and z; for i = 1, 2. Set
v =0 U~1 Uvz. Then v joins z; and o and v C QN B(z1, N1|z; — x2|). Observing that

B(x1, No|z1—x2|) C B(z, No|x1—z2|+|2—21|) C B(z, (No+1)|x1—x2]) C B(z,2(No+1)r),
we have v C QN B(z, r/b) with b =1/2(No + 1) as desired. O

Proof of Proposition 1.3. The proof is similar to the Case LLC(2) in the proof of Theorem
1.5(ii). Indeed, assume that that 21 and x2 are not in the same component of Q\ B(zg, br)
for some 0 < b < 1/16. It then suffices to prove that b is bounded away from zero,
independently of x1, x2, g, T
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Let Q; be the component of Q\ B(xg, br) containing x; and let F; = Q; N B(x;, r/2)
for i = 1, 2. Since Q) is pathwise connected, Theorem 4.4 easily implies that |F;| = 7" for
i =1, 2. Applying Lemma 5.3, similarly to (6.1), we obtain

Capwl,p(Fl, Fs, Q) z PP,

The lower bounded of b then will follow from the upper bound

1
< pnPRP g —
<r 8 5
Indeed, if this holds, then we have " 7P log % 2 1, which gives b 2> 1.
To show (6.4), we set

(6.4) CapW1,p(F1, FQ, Q)

17 I‘EQQ\B('I‘D) 7/‘/Q)a
br)—n/PHl_|p_ g |—n/PH1
G e @ € Q2N (Blao, 1/2) \ Blao, br));
0, otherwise.

u(z) =

Notice that here u is different from that in (6.3). Since p < n, we have u € WHP(Q) with

1/p
1
lullws.r) S 7o | . o — o] " dz
(br)—m/ptl — (r/2)~n/P Bl(zo,/2)\B(=o, br)

1
< n/p—=1pn/p—1 log — 1/p.
S PR (log o)

Obviously, u € A(Fy, F, ), and hence (6.4) holds as desired. O

Remark 6.1. Finally, if p € [1, n), one can not prove the condition LLC(1) for Wl -
extension domains by using the argument in the proof of the case LLC(1), Theorem 1.5
(ii). The point is that if p € [1, n), the seminorm of WP is not scaling invariant, while
the seminorms for W™ and # 1P are. With the aid of scaling property, # 1P is imbedded
into the Sobolev space W™ and one has the estimate

Capy1,» (1, 22, Q) 2 1.

whenever Q1,Qs C Q satisfy |Qq] ~ Q2] ~ r™ and dist (Q1,Q9) 2 7. In fact, for
p € [1, n), a WhP-extension domain may fail to satisfy LLC(1), see e.g. [7, 9, 10].
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