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ABSTRACT

Nokka, Marjaana
A posteriori error estimates for variational problems in the theory of viscous
fluids
Jyväskylä: University of Jyväskylä, 2016, 30 p.(+included articles)
(Jyväskylä Studies in Computing
ISSN 1456-5390; 244)
ISBN 978-951-39-6751-2 (nid.)
ISBN 978-951-39-6752-9 (PDF)
Finnish summary
Diss.

The papers included in the thesis are focused on functional type a posteriori error
estimates for the Stokes problem, the Stokes problem with friction type bound-
ary conditions, the Oseen problem, and the anti-plane Bingham problem. In the
summary of the thesis we consider only the Oseen problem. The papers present
and justify special forms of these estimates which are suitable for the approxima-
tions generated by the Uzawa algorithm. The estimates are of two main types.
Estimates of the first type use exact solutions obtained on the steps of the Uzawa
algorithm. They show how errors encompassed in Uzawa approximations be-
have and have mainly theoretical meaning. Estimates of the second type operate
only with approximations (e.g. finite element solutions). Therefore, they are fully
computable. In the thesis it is shown that estimates of this type indeed provide
realistic evaluation of errors for finite element approximations of problems asso-
ciated with viscous incompressible fluids.

Keywords: functional a posteriori error estimates, Stokes problem, Oseen prob-
lem, Bingham problem, nonlinear boundary conditions, Uzawa algo-
rithm
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1 INTRODUCTION

Various phenomena appearing in natural sciences are modeled with the help of
partial differential equations. Typical examples are presented by diffusion type
problems, electromagnetic problems, continuum media, etc. Other typical appli-
cations include medicine, meteorology, and aerodynamics. In the thesis, we focus
our attention on mathematical models of viscous incompressible fluids, which
belong to the class of most important and interesting models in continuum me-
chanics.

Only in very rare cases partial differential equations can be solved exactly.
In the majority of cases, only approximations (numerical solutions) are indeed
available. Here, the most known methods are the finite element method (FEM)
(there is a large amount of literature devoted to this subject, see, e.g., [10, 17, 49]),
the finite difference method (FDM) (a consequent exposition is presented in, e.g.,
[50]) and the finite volume method (FVM) (see, e.g., [27]). By using numerical
methods, we find an approximate solution, which always contain errors of differ-
ent origin.

There exist two main approaches to analysis of these errors. The first ap-
proach is to measure the error a priori, which means that we determine the error
before finding the approximation of the exact solution. A priori analysis forms
the first stage of studying. Typical a priori estimate is derived under rather de-
manding conditions (higher regularity of the exact solution, certain regularity of
the mesh, Galergin orthogonality), which are difficult to guarantee in real life
computations. This approach provides a general presentation on properties of
approximations. It is difficult to use if we wish to get a realistic estimate of the er-
ror encompassed in concrete numerical solution. Moreover, a priori estimates do
not suggest an information on local distribution of errors, what is very important
for modern mesh-adaptive algorithms.

For these reasons, other error control methods (known as a posteriori meth-
ods) started to attract serious attention. A posteriori type error estimate targets
to get computable and realistic estimates of the accuracy of particular solution.
There are several types of a posteriori error indicators, namely, the explicit resid-
ual method [3, 4, 6, 48, 49], equilibration based methods [11] and gradient aver-
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aging type methods [76, 77]. In this thesis we use and investigate another group
of estimates called a posteriori estimates of the functional type, (see [51, 66], and ref-
erences cited therein). A posteriori estimates of this type are independent of the
numerical method that has been used to compute the approximate solution. The
estimates contain only global constants, which are independent of the mesh used
to discretize the domain.

The main goal of the research is to investigate how a posteriori estimates
of functional type can be used in the context of iteration Uzawa type methods,
which are often used in computer modeling of viscous problems. For this pur-
pose, we deduced special modifications of the estimates adapted to the structure
of Uzawa approximations and obtained easily computable error majorants for the
Stokes, Stokes with nonlinear boundary conditions, Oseen and Bingham prob-
lems.

Author’s contribution to included articles:

[PI] This paper is concerned with new type of functional a posteriori er-
ror estimates adapted to approximations generated by the Uzawa method. The
proofs of the error estimates presented here are based on a posteriori error es-
timates for the generalized Stokes problem as they are presented in [71]. The
mathematical results were done in close collaboration with co-authors I. Anjam
and S. Repin.

[PII] This paper is concerned with a posteriori error estimates for the sta-
tionary Stokes problem with nonlinear friction type boundary conditions. The
mathematical results were done in close collaboration with co-authors P. Neit-
taanmäki and S. Repin.

[PIII] The focus of this paper is to derive error estimates for the station-
ary Oseen problem. Also in this paper the estimates are applied to the Uzawa
method. The numerical experiments confirming the results in the paper were
carried out by the author, using The FEniCS Project [28]. The mathematical re-
sults were carried out in close collaboration with co-author S. Repin.

[PIV] In this paper, we focus on bounds of error for variational problems
in the theory of visco-plastic fluids. These bounds of error have two forms. The
first form includes global constants (such as the constant in Friedrichs inequality)
and the second one is based on decomposition of the domain into a collection of
subdomains, and uses local constants. The mathematical results were carried out
in close collaboration with co-author S. Repin.



2 MATHEMATICAL BACKGROUND

In this chapter, we introduce the notation and basic mathematical knowledge that
we need for the results presented in this thesis.

By Rd we denote the space of d-dimensional real valued vectors, and by
Md×d the space of real valued second order tensors (d ≥ 2). The inner products
of a, b ∈ Rd and τ, σ ∈ Md×d are defined by

a · b :=
d

∑
i=1

aibi and τ : σ :=
d

∑
i=1

d

∑
j=1

τijσij,

respectively. They generate the norms |a| = √
a · a and |σ| = √

σ : σ, respectively.
Throughout the thesis Ω ⊂ Rd denotes a connected bounded domain with Lips-
chitz continuous boundary ∂Ω and Ω̄ is the closure of Ω. These requirements for
Ω will not be repeated, and additional requirements will be separately empha-
sized if necessary.

2.1 Function spaces

By V we denote a Banach space with the norm ‖ · ‖V . The respective dual space
is V∗, it consists of linear functions of V and is equipped with norm

‖ f ‖V∗ := sup
v∈V,v �=0

f (v)
‖v‖V

.

If V is Hilbert space, then the norm ‖ · ‖V is generated by the scalar product
(·, ·)1/2. The so-called duality product 〈·, ·〉V∗×V : V∗ × V → R is defines the
value of a linear functional v∗ on the element v

〈v∗, v〉V∗×V := v∗(v), ∀v ∈ V.
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The Lebesgue-measurable functions v with finite norm

‖v‖Lp :=

⎛⎝∫
Ω

|v(x)|p dx

⎞⎠1/p

form a separable Banach space that is denoted by Lp(Ω), p ∈ [1,+∞[. The case
p = ∞ defines the space of essentially bounded functions and the norm is defined
as

‖v‖L∞ := ess sup
x∈Ω

|v(x)|.

Our main interest is the Hilbert space of square-integrable functions L2(Ω) equipped
with the norm

‖ · ‖ := (·, ·)1/2
L2(Ω)

induced by

(u, v)L2(Ω) = (u, v) :=
∫
Ω

uv dx, ∀u, v ∈ L2(Ω).

The space of scalar valued square summable functions with zero mean is denoted
by L̃2(Ω). The αth generalized derivative of u ∈ L2(Ω) is denoted by w = Dαu ∈
L2(Ω) and is defined as a function satisfying the integral identity∫

Ω

wv dx = (−1)|α|
∫
Ω

uDαv dx, ∀v ∈ C∞
0 (Ω).

The Banach space Wk
p(Ω), p ∈ [1,+∞[, and k ∈ N is called the Sobolev space

Wk
p(Ω) := {v ∈ Lp(Ω) | Dαv ∈ Lp(Ω), |α| ≤ k}

and is equipped with the norm

‖v‖Wk
p

:=

⎛⎝ ∑
|α|≤k

‖Dαv‖Lp

⎞⎠1/p

.

Often the Hilbert spaces with p = 2 are denoted as Hk(Ω) = Wk
2 (Ω). In this

thesis, we use spaces

H1(Ω) :=
{

v ∈ L2(Ω) | ∇v ∈ L2(Ω, Rd)
}

, and (1)

H(div, Ω) :=
{

v ∈ L2(Ω, Rd) | divv ∈ L2(Ω, Rd)
}

. (2)

Also, we use the space H−1, which is defined as the dual space of H1
0(Ω), i.e.

H−1(Ω) := (H1
0(Ω))∗.

The space H−1(Ω) is equipped with the norm

‖v‖−1 := sup
w∈H1

0(Ω)

| < v, w > |
‖∇w‖ .
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S(Ω) denotes the subspace of V := H1(Ω) that consists of solenoidal (divergence
free) functions and V0(Ω) denotes the subspace of V that consists of the functions
vanishing on the Dirichlét part of the boundary.

Important differential operators applied in the thesis are listed below:

– The gradient of a scalar valued function v is a vector

∇v :=
[

∂w
∂xi

]d

i=1
∈ Rd.

– Gradient of a vector valued function [w]di=1 is a tensor valued function

∇w :=

[
∂wi

∂xj

]d

i,j=1

∈ Md×d.

– For vector and tensor valued functions the divergence is defined by the re-
lations

divw :=
d

∑
i=1

∂wi

∂xi

and

Divτ :=

[
d

∑
i=1

τij

∂xi

]d

j=1

,

respectively.

2.2 Inequalities

In the thesis, we use the following inequalities.

– For a, b ∈ R and for any α > 0 the general Young inequality reads as follows:

ab ≤ 1
p
(αa)p +

1
p′

(
b
α

)p′

,
1
p
+

1
p′

= 1. (3)

– For any functional F : V → R and its convex conjugate F∗ : V∗ → R, the
generalized Fenchel inequality reads

< v∗, v >V∗×V≤ F∗(v∗) +F (v), ∀v∗ ∈ V∗, ∀v ∈ V. (4)

– When Young and Fenchel inequalities are used in combination, then we
sometimes use the term Young-Fenchel inequality.

– For all integrable functions f , g the Hölder inequality reads∫
Ω

f g dx ≤ ‖ f ‖Lp‖g‖Lp′ , ∀ f ∈ Lp(Ω), ∀g ∈ Lp′(Ω),
1
p
+

1
p′

= 1. (5)
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– As a special case of the Hölder inequality we have the Cauchy-Schwarz
inequality ∫

Ω

f g dx ≤ ‖ f ‖ ‖g‖ ∀ f , g ∈ L2(Ω). (6)

– The Friedrichs inequality

‖w‖ ≤ CF‖∇w‖, ∀w ∈ H̊1(Ω), (7)

where CF > 0 is a constant, independent of the function w.
– The classic trace inequality reads

‖φ‖Γ ≤ CΓ‖∇φ‖ ∀φ ∈ H1(Ω). (8)

Lemma 2.2.1 [43, 44] Let Ω be a bounded domain with Lipschitz continuous boundary.
There exists a constant CLBB > 0 depending only on the domain Ω, such that for any
function g ∈ L̃2(Ω) there is a function v ∈ V0 satisfying the condition divv = g and

‖∇v‖ ≤ C−1
LBB‖g‖.

Here the constant CLBB is the constant in the well-known Ladyzhenskaya-Babuška-
Brezzi (LBB) condition.

Above lemma leads to important condition in theory of incompressible flu-
ids. The so called Inf-Sup (or Ladyzhenskaya-Babuška-Brezzi (LBB)) condition
reads: There exists a constant CLBB > 0 such that

inf
q∈L̃2(Ω), q �=0

sup
w∈V, w �=0

∫
Ω

qdivw dx

‖q‖‖∇w‖ ≥ CLBB. (9)

The LBB condition and its discrete analogs are in proving the convergence and
stability of numerical methods in problems related to the theory of viscous incom-
pressible fluids. The LBB condition can also be justified by the Necas inequality
(for domains with Lipschitz boundaries [12]). For estimates of CLBB for various
domains, see, e.g., [24, 56, 58].



3 BASIC MATHEMATICAL MODELS OF VISCOUS

FLUIDS

It is commonly accepted that evolution of a generalized Newtonian fluid is de-
scribed by the Navier-Stokes differential equation of motion

ut − Divσ + (u · ∇u) = f −∇p in Ω, (10)

incompressibility condition
divu = 0 in Ω, (11)

and the differential inclusion
σ ∈ ∂π(∇u) (12)

that reflects mechanical properties of the fluid. In (12) π denotes the dissipative
potential of the fluid and ∂ denotes the subdifferential. In addition, the system
(10)-(12) should be supplied with boundary and initial conditions. See, e.g., [25]
for mathematical details.

3.1 The generalized Stokes problem

The Stokes model is one of the simplest models in the theory of viscous incom-
pressible fluids. The generalized formulations of the Stokes problem are often
motivated by semi-discrete formulations of evolutionary problems. In these for-
mulations u(x, t) is represented as a sequence of approximations un(x) := u(x, tn),
where tn, n = 0, 1, . . . , N are values of the time variable t. Here we consider a
scheme

un − un−1

tn − tn−1
− Div(ν∇un) + Div(un−1 ⊗ un−1) = f −∇p in Ω

divun = 0 in Ω.

This scheme differs from the Stokes problem by the term μu, where we have
μ = 1

tn−tn−1
.



16

We consider the (stationary) generalized Stokes problem described as

−Div(ν∇u) + μu = f −∇p in Ω, (13)
divu = 0 in Ω, (14)

u = uD on ΓD, (15)
σn = F on Γ, (16)

where ν > 0 is the viscosity, n denotes the unit outward normal vector to the
boundary, p is the pressure, f ∈ L2(Ω, Rd), and σ = ν∇u is the stress tensor. The
function uD defines the Dirichlét boundary condition and satisfies∫

∂Ω
uD · n dS = 0.

The system (13)-(16) describes a slow motion of an incompressible fluid. We as-
sume that

0 < ν ≤ ν(x) ≤ ν̄; ∀x ∈ Ω̄

and
0 ≤ μ ≤ μ(x) ≤ μ̄; ∀x ∈ Ω̄.

The generalized solution of (13)-(15) is a vector valued function u ∈ V0 + uD
satisfying the integral identity∫

Ω

(ν∇u : ∇w + μu · w)dx =
∫
Ω

( f · w + pdivw)dx, ∀w ∈ V0(Ω). (17)

Notice, that u can also be defined as a divergence free (solenoidal) vector function
satisfying ∫

Ω

(ν∇u : ∇w + μu · w)dx =
∫
Ω

f · w dx, ∀w ∈ S0(Ω).

3.1.1 Nonlinear boundary conditions

In the second paper, we consider the system (13)-(15) with the nonlinear bound-
ary condition on Γ:

un = 0, −σt ∈ g∂|ut| on Γ, (18)

where g ≥ 0 is a constant and un, ut are the normal and tangential components of
u and

σn := σnn, σt := σnnn, σnn := σn · n = σijninj.

This boundary condition is equivalent to a friction type condition

|σn| ≤ g, σnun + g|un| = 0 on Γ.

The generalized solution u ∈ S0(Ω) + uD of (13)-(15),(18) can be defined by the
variational inequality (see [31])

a(u, v − u) +
∫

Γ
(j(vt)− j(ut))dS ≥ ( f , v − u) ∀v ∈ S0(Ω), (19)

where j(η) := g|η| for η ∈ H1/2(Γ).
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3.2 The Oseen problem

The Oseen problem can be viewed as a linearization of the Navier-Stokes problem
at a neighborhood of a constant velocity field a ∈ S(Ω). The Oseen system is often
used in quantative analysis of the Navier-Stokes problem. The classical formula-
tion of the stationary Oseen problem is to find the velocity field u ∈ S(Ω) + uD
and the pressure function p ∈ L̃2(Ω), which satisfy the relations

−Div(ν∇u) + Div(a ⊗ u) = f −∇p in Ω, (20)
divu = 0 in Ω, (21)

u = uD on ∂Ω, (22)

where a, uD, and f are given vector valued functions. It is assumed that∫
∂Ω

uD · n dx = 0, (23)

ν is a positive bounded function for all x ∈ Ω̄, and a ∈ S(Ω) is a bounded vector
function. The generalized solution of (20)-(23) is a function u ∈ S(Ω) + uD such
that ∫

Ω

(ν∇u : ∇w − (a ⊗ u) : ∇w)dx =
∫
Ω

f · w dx ∀w ∈ S(Ω). (24)

Existence and uniqueness of generalized solution to Oseen problem is well estab-
lished (see, e.g., [43])

3.3 The Bingham model

Models of fluids with nonlinear viscosity are commonly used in natural sciences
and engineering applications [18, 32, 33]. Physically interesting models are de-
scribed by the dissipative potential in the form

π(ε) =
1
m

ν|ε|m + k∗|ε|, (25)

where m > 1 is associated with the energy growth at infinity, ν is the viscosity
parameter, and k∗ ≥ 0 is the plasticity parameter. This type of models are called
Bingham models. The most known Bingham fluid model is described by the
potential

π(ε) =
1
2

ν|ε|2 + k∗|ε|, k∗ > 0. (26)

This type of models are often used for computer simulation of the blood flow, see,
e.g., [18, 20, 29].
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In the thesis, we consider a stationary anti-plane flow of Bingham type in a
long domain Ω×]0, L[, with the potential

π(ε) =
1
2

Aε : ε + k∗|ε|.

Here k∗ > 0 and A is a symmetric matrix satisfying the condition

c2
1|ξ|2 ≤ Aξ · ξ ≤ c2

2|ξ|2 ∀ξ ∈ Rd, c2 ≥ c1.

In this case (see [25, 35]), the problem can be presented as a variational inequality:
Find the velocity u ∈ V0 + uD such that

a(u, w − u) +
∫
Ω

(j(∇w)− j(∇u))dx ≥ �(w − u) ∀w ∈ V0 + uD, (27)

where uD ∈ V is defines Dirichlet type boundary conditions, a : V × V → R is a
bilinear V-elliptic form

a(v, w) :=
∫
Ω

A∇v · ∇w dx,

and j : Rd → R is a convex continuous function, and is defined as

j(∇w) = k∗|∇w|.

The inequality (27) is equivalent to the following variational problem: Find u ∈
V0 + uD such that

J(u) = inf
w∈V0+uD

J(w), (28)

where
J(w) :=

1
2

a(w, w) +
∫
Ω

j(∇w)dx − �(w).

Due to well known results in the theory of variational calculus, the problem
(28) associated with a strictly convex and lower semicontinuous functional is
uniquely solvable (see, e.g., [25]).

3.4 The Uzawa algorithm

Uzawa type methods form a well-known and easily implemented class of itera-
tive methods for solving saddle-point problems that arise, for example, in fluid
dynamics. Other applications include constrained optimization, linear elasticity,
and economics (see a survey of the use of the Uzawa algorithm in various saddle
point problems [7]). Originally, the classical Uzawa algorithm was proposed in
[2]. The classical Uzawa algorithm also many modifications and generalizations,
that include inexact Uzawa algorithm (see, e.g., [13, 15, 26, 41, 45, 46, 59, 78]) and
augmented Lagrangian (see, e.g., [8, 36, 47]).
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3.4.1 Uzawa algorithm for Stokes and Oseen problems

In the case of generalized Stokes problem and Oseen problem, the Uzawa algo-
rithm is often used to avoid difficulties with exact satisfaction of the divergence-
free condition. It can be used in the following form:

1. Set k = 0 and p0 ∈ L̃2(Ω).
2. Find uk ∈ V0(Ω) + uD such that∫

Ω

(ν∇uk : ∇w + μuk · w − (a ⊗ uk) : ∇w)dx

=
∫
Ω

( f · w + pkdivw)dx ∀w ∈ V0.
(29)

3. Find
pk+1 = pk − ρdivuk, where ρ ∈ (0, ρ̄). (30)

4. Set k = k + 1 and go to step 2.

In the above algorithm, equation (29) corresponds to generalized Stokes problem
by choosing a = 0 and to Oseen problem by choosing μ = 0. It is well known
(see, e.g., [73]) that approximations generated by the Uzawa algorithm converge
in the sense that

uk −→ u ∈ V(Ω, Rd),

pk −→ p weakly in L2(Ω),

as k → ∞, provided that

0 < ρ < ρ̄ :=

{
2ν if μ ≡ 0
2 min

{
μ, ν

}
otherwise.

3.4.2 Uzawa algorithm for the anti-plane Bingham flow problem

For the anti-plane Bingham problem (27), numerical approximations can be con-
structed by different methods. Many of them are discussed in [14, 34, 35, 38] (see
also publications cited therein). In the thesis, we consider the simplest form of
the Uzawa method.

1. Set k = 0. Define ρ satisfying (34) and

λ0 ∈ K := {λ ∈ L∞(Ω) : |λ| ≤ 1} . (31)

2. Find uk+1 ∈ V0 as a generalized solution of the problem∫
Ω

(A∇uk+1 · ∇w + k∗λk · ∇w)dx =
∫
Ω

f w dx, ∀w ∈ V0. (32)
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3. Find
λk+1 = Π(λk + ρ∇uk+1), (33)

where Π : L∞ → K is the projection operator on the set K

Πλ(x) =
λ(x)

max(1, |λ(x)|) , a.e. in Ω.

4. Set k = k + 1 and go to step 2.

It is well known (see, e.g., [22]) that approximations generated by algorithm de-
scribed above converge to the exact solution as k → ∞ in the sense that

uk −→ u in V

provided that

0 < ρ < ρ̄ :=
2c1

k2∗
. (34)

The algorithms (29)-(30) and (32)-(33) generate infinite sequences
{

uk}. In practi-
cal computations, we append them with certain stopping criteria that follow from
a posteriori estimates that control the accuracy of

{
uk}.



4 MAIN RESULTS

In the field of computational hydrodynamics, the error control problems have
gained a lot of interest, especially in solving problems related to incompressibility
condition.

In the framework of residual method, a posteriori error estimates for the
Stokes problem has been studied in numerous paper (see, for example [1, 5,
16, 21, 39, 42, 55, 57, 74, 75]). Computable error estimates, that do not contain
constants arising for solution methods or domain discrezation, we studied in
[61, 64]. For elliptic type problems of the divergent type, estimates were obtained
in [60, 61, 64]. These estimates utilize duality theory in the calculus of variations
(see [51]). Another method, based on transformations of the integral identities,
was presented in [63, 64, 65, 66].

Functional type a posteriori error estimates for Stokes problem were derived
in [63, 65]. The practical efficiency of these estimates was studied in [37]. For
nonlinear boundary conditions, the error estimates were studied in [52, 72]. In
[9, 30, 71] similar type of estimates were derived for classes of generalized New-
tonian fluids. For considered type of Bingham fluids, a posteriori error estimates
were studied in [62, 66, 68].

In the thesis, we focused on finding explicitly computable error estimates
that are realistic and generated by Uzawa iterations. These estimates take into ac-
count the approximation errors that are caused by the dicsretization of the bound-
ary value problem.

4.1 Upper bounds generated by the Uzawa algorithm for Oseen
problem

Guaranteed upper bounds of the distance to the exact solution of the Oseen prob-
lem were derived in [66, 69]. Following the methods presented there, we obtain
certain form of these estimates, which are suitable for the Uzawa algorithm. The
respective proofs and more details are presented in the paper [PIII]. Below, we
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explain the principal ideas with the paradigm of one simplest case.

Theorem 4.1.1 Let u be the exact solution of the problem (20)-(22) with pure Dirichlét
boundary conditions. Let v ∈ V0(Ω) + uD. Then for any q ∈ L̃2(Ω) and τ ∈ Σ(Ω) we
have

|||u − v |||≤ ν−1/2 ‖r(τ)‖−1,Ω + ‖ν−1/2d(v, τ, q)‖Σ

+ (2ν̄1/2 + CΩ)κΩ‖divv‖ := M⊕(v, τ, q). (35)

where

r(τ) := f + Divτ, CΩ = CFΩ‖ν−1/2a‖∞,Ω,
d(v, τ, q) :=τ − ν∇v + a ⊗ v + Iq,

and

‖r(τ)‖−1,Ω := sup
w∈V0(Ω)

∫
Ω
( f · w − τ : ∇w) dx

‖∇w‖Σ
.

It is easy to see that the error majorant consists of residuals of two basic equations
forming the Oseen equation and a penalty term that penalizes violations of the
divergence free condition.

Now we want to use (35) and deduce a computable and realistic estimate of
uk − u. We use Theorem 4.1.1 with

v = uk, (36)

q = pk, (37)

τ = ν∇uk − a ⊗ uk − Ipk. (38)

In this case,
d(v, τ, q) := τ − ν∇uk + a ⊗ uk + Ipk = 0

and in view of (29),

‖r(τ)‖−1,Ω := sup
w∈V0(Ω)

∫
Ω
( f · w − (ν∇uk − a ⊗ uk − Ipk) : ∇w) dx

‖∇w‖Σ
= 0. (39)

Thus we arrive at the following result.

Theorem 4.1.2 Let uk be the exact solution computed on the step k of the Uzawa algo-
rithm. Then

|||u − uk |||≤ (2ν̄1/2 + CΩ)κΩ‖divuk‖ := MUz
⊕ (uk). (40)

This estimate shows the principal behavior of the error associated with the Uzawa
solutions. It is simply the value of ‖divuk‖ with the factor depending on viscosity
and constant CFΩ
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4.2 Advanced upper bounds

If we would have the function uk (exact solution of the boundary value problem
in the first step of the Uzawa method), then the estimate in Theorem 4.1.2 would
give a complete answer to the question stated. However, in practice, the problem
is solved on a certain mesh Th (h is considered as a characteristic size of cell of
the mesh). In order to take the approximation error into account, we need an
advanced form of the estimate.

Let V0h(Ω, Rd) and L̃2h(Ω) be a finite dimensional subspaces of V0(Ω) and
L̃2(Ω), respectively. It is assumed, that these spaces are constructed so that the
corresponding numerical problem is stable and satisfies the discrete LBB-condition.
Let uk

h ∈ V0h + uD be an approximation of uk and pk
h ∈ L̃2h(Ω) be an approxima-

tion of pk. We have

Theorem 4.2.1 For any η ∈ Σ(Ω, Div),

|||u − uk
h |||≤ E h(uk

h, pk
h, η) + MUz

⊕ (uk
h), (41)

where the first term

E(uk
h, pk

h, η) = ν−1/2(CFΩ‖r(η)‖Ω + ‖d(uk
h, η, pk

h)‖Σ)

is related to the approximation error and the second term presents the error associated
with the Uzawa method.

We see that the both terms are indeed computable and the numerical applicabil-
ity of this technology was verified. For an arbitrary domain Ω, the constant κΩ
may be difficult to define. However, for plane domains that are star-shaped with
respect to a ball, good upper bounds have been derived, see [19]. For arbitrary
domains, it was shown (see [66, 67]) that computation of the distance to the set of
divergence free fields can be performed by ideas of domain decomposition using
constants for local (simple) subdomains.

In [PIII] we presented the results from numerical computations to test the
majorants. The computations were performed with the help of the FEniCS Project
open source software [28]. Indeed, we see that the estimates provide guaranteed
upper bounds of error and the bounds reflect correctly the decrease of the cor-
responding errors and also indicate the moment when the mesh adaptation is
required.
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YHTEENVETO (FINNISH SUMMARY)

A posteriori virhearvioita variaatio-ongelmille viskoottisten nesteiden tapauk-

sessa

Matemaattiset mallit luovat tärkeän tavan tulkita luonnonilmiöitä. Erityisesti vir-
tausmekaniikka on tärkeässä roolissa fysikaalisia ilmiöitä mallinnettaessa. Vir-
tauksen mallintaminen on tärkeää esimerkiksi lääketieteessä, meteorologiassa,
aerodynamiikassa ja putkistosuunnittelussa. Virtauksen mallintamiseen käytet-
tävät yhtälöt ovat yleensä osittaisdifferentiaaliyhtälöitä.

Vaikka osittaisdifferentiaaliyhtälöiden tutkimus on edennyt viime vuosisa-
dalla hyvinkin nopeasti, on tarkkojen ratkaisujen löytäminen vaikeaa, yleensä
jopa mahdotonta. Tapauksissa, joissa analyyttinen ratkaisu voidaan löytää koh-
tuullisella vaivalla, on yleensä tehty huomattavia yksinkertaistuksia, tai yhtälö on
alkujaankin keinotekoinen. Näiden yksinkertaistusten myötä menetetään mal-
linnuksen tarkkuus. Jotta edellämainituilta yksinkertaistuksilta vältyttäisiin, on
osittaisdifferentiaaliyhtälöille kehitetty monia numeerisia ratkaisumenetelmiä, jot-
ka tuottavat osittaisdifferentiaaliyhtälölle numeerisen ratkaisun. Numeerisen rat-
kaisuun sisältyy aina jonkunlainen virhe, ja näinollen on olennaista tietää kuinka
suuri tämä virhe on.

Tässä väitöskirjassa keskitytään tutkimaan funktionaalisia a posteriori
-virhearvioita. Väitöskirjaan sisällytetyissä artikkeleissa käsitellään virhearvioi-
ta ajasta riippumattomille Stokesin, Oseenin ja Binghamin yhtälöille. Kolmessa
julkaisussa sovelletaan homogenisiä reunaehtoja ja numeerisia ratkaisuja tuote-
taan Uzawan algoritmin avulla. Uzawan algoritmin erityispiirteitä hyödyntäen
virhearvioille saadaan hyvinkin yksinkertainen muoto. Neljännessä julkaisussa
mahdollistetaan ratkaisun epälineaarinen käytös alueen reunalla Stokesin yhtä-
lön tapauksessa. Esitetyt virhearviot edustavat kahta eri tyyppiä. Ensimmäisen
tyypin virhearviot ottavat huomioon Uzawan algoritmin erityispiirteet ja niillä
on lähinnä teoreettinen merkitys. Toisen typpiset virhearviot ottavat huomioon
myös approksimaatiovirheen, mikä tekee niistä täysin laskettavissa olevia.

Tässä väitöskirjassa esitellyt virhearviot tarjoavat aina todellisen ylärajan
virheelle. Virhearviot ovat myös täysin laskettavissa, eli kaikki esiintyvät muut-
tujat ovat tiedossa. Tässä työssä tehdyt numeeriset kokeet suoritettiin FEniCSin
Python-rajapintaa hyödyntäen.
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Abstract — In this paper, we derive computable a posteriori error bounds for approximations com-
puted by the Uzawa algorithm for the generalized Stokes problem. We show that for each Uzawa
iteration both the velocity error and the pressure error are bounded from above by a constant multi-
plied by the L2-norm of the divergence of the velocity. The derivation of the estimates essentially uses
a posteriori estimates of the functional type for the Stokes problem.

1. Introduction

Let Ω ∈ R
n be a bounded connected domain with a Lipschitz continuous boundary

∂Ω. Henceforth, we use the space of vector valued functions

V (Ω,R
n) := W 1

2 (Ω,R
n)

and two spaces of tensor-valued functions

Σ(Ω) := L2(Ω,M
n×n)

Σ(Div,Ω) := {w ∈ Σ(Ω) | Divw ∈ L2(Ω,R
n)}

where M
n×n is the space of symmetric n×n-matrices (tensors). The scalar product

of tensors is denoted by two dots (:), and the L2 norm of Σ is denoted by ‖ · ‖Σ. The
L2 norm of scalar and vector valued functions is denoted by ‖ · ‖.

By S̊(Ω) we denote the closure of smooth solenoidal functions w with compact
supports in Ω with respect to the norm ‖∇w‖Σ. Let V0(Ω,Rn) denote the subspace
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of V (Ω,Rn) that consists of functions with zero traces on ∂Ω. The space of scalar
valued square summable functions with zero mean is denoted by L̃2(Ω,R).

The classical statement of the generalized Stokes problem consists of finding a
velocity field u ∈ S̊(Ω)+uD and pressure p ∈ L̃2(Ω) which satisfy the relations

−Div(ν∇u)+μu+∇p= f in Ω (1.1)
divu = 0 in Ω (1.2)

u = uD on ∂Ω (1.3)

where f ∈ L2(Ω,Rn), and ∫
∂Ω

uD ·n dx = 0.

Here and later on n denotes the outward unit normal vector to ∂Ω, and we assume
that the material parameters ν and μ belong to the space L∞(Ω,R), and

0 < ν � ν(x) � ν , ∀x ∈Ω

0 � μ � μ(x) � μ , ∀x ∈Ω.

The generalized solution of (1.1)–(1.3) is a function u ∈ S̊(Ω)+uD such that∫
Ω

(ν∇u : ∇w+μu ·w)dx =
∫
Ω
f ·w dx ∀w ∈ S̊(Ω). (1.4)

It is well known that u can be defined as the first component of the saddle point
problem generated by any of the Lagrangians

L(v,q) :=
∫
Ω

(
1
2
ν |∇v|2 +

1
2
μ |v|2−qdivv− f · v

)
dx

LA(v,q) :=
∫
Ω

(
1
2
ν |∇v|2 +

1
2
μ |v|2 +

1
2
λ |divv|2−qdivv− f · v

)
dx.

The quantity in LA is called the augmented Lagrangian (in which λ ∈ R+). We have

L(v, p) � L(u, p) � L(u,q) ∀v ∈V0 +uD, q ∈ L2
LA(v, p) � LA(u, p) � LA(u,q) ∀v ∈V0 +uD, q ∈ L2.

From the right-hand side inequalities we see that
∫
Ω(p− q)divu dx = 0 for all

q ∈ L2, from which we conclude that divu = 0. From the left-hand side inequali-
ties it follows that for any solenoidal v we have J(v) > J(u), where

J(v) :=
∫
Ω

(
1
2
ν |∇v|2 +

1
2
μ |v|2− f · v

)
dx.
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Indeed, the exact solution of the problems

inf
v∈V0+uD

sup
q∈L2

L(v,q), inf
v∈V0+uD

sup
q∈L2

LA(v,q)

is (u, p). For a detailed exposition of this subject, we refer to [4].
Finding approximations of (u, p) can be performed by the Uzawa algorithm

presented below.

Algorithm 1.1 (Uzawa algorithm).

1: Set k=0 and ρ ∈ R+. Make initial guess for pk ∈ L̃2.

2: Find uk by minimizing the Lagrangian L(v, pk) or LA(v, pk) w.r.t. v, i.e., by solv-
ing either (1.5) or (1.6), respectively.

For the Lagrangian L, we have the problem: Find uk ∈V0 +uD such that:∫
Ω

(
ν∇uk : ∇w+μuk ·w

)
dx =

∫
Ω

(
f ·w+ pkdivw

)
dx ∀w ∈V0. (1.5)

For the Lagrangian LA, we have the problem: Find uk ∈V0 +uD such that:∫
Ω

(
ν∇uk : ∇w+μuk ·w+λdivuk divw

)
dx

=

∫
Ω

(
f ·w+ pkdivw

)
dx ∀w ∈V0. (1.6)

3: Find
pk+1 = (pk−ρdivuk) ∈ L̃2. (1.7)

4: Set k = k+1 and go to step 2.

Our goal is to deduce computable bounds of the difference between uk and the
exact solution u in terms of the energy norms

||| w |||2 :=
∫
Ω

(
ν |∇w|2 +μ |w|2)dx

and
]|| w ||[2λ :=

∫
Ω

(
ν |∇w|2 +μ |w|2+λ |divw|2)dx.

Theorem 1.1. The Uzawa algorithm (Algorithm 1.1) converges, i.e.,

uk
k→∞−→ u strongly in V (Ω,R

n)

pk
k→∞−→ p weakly in L2(Ω)

provided that
0 < ρ < 2min(ν ,μ) (1.8)

and p0 ∈ L̃2(Ω). If μ ≡ 0, the condition is 0 < ρ < 2ν . These conditions are the
same for both (1.5) and (1.6).
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Proof. The proof is based on well known arguments (see, e.g., [13]). However,
for the convenience of the reader, we present the proof for the generalized Stokes
problem, in the case of (1.5).

The exact solution of the generalized Stokes problem satisfies the relation∫
Ω

(ν∇u : ∇w+μu ·w)dx =
∫
Ω

( f ·w+ pdivw)dx ∀w ∈V0(Ω). (1.9)

We set w = uk−u and subtract (1.9) from (1.5), which gives

||| uk−u |||2=
∫
Ω
(pk− p)div(uk−u)dx.

Let vk := uk−u and qk := pk− p. Then we rewrite this relation in the form

||| vk |||2=
∫
Ω
qkdivvk dx. (1.10)

On the other hand, (1.7) is equivalent to∫
Ω
(pk+1− pk)φ dx+ρ

∫
Ω
divukφ dx = 0 ∀φ ∈ L2(Ω).

By setting φ = pk+1− p we obtain∫
Ω
(pk+1− pk)(pk+1− p)dx+ρ

∫
Ω
divuk(pk+1− p)dx = 0

which is equivalent to∫
Ω
(qk+1−qk)qk+1 dx+ρ

∫
Ω
divvkqk+1 dx = 0

and
‖qk+1‖2−‖qk‖2 +‖qk+1−qk‖2 = −2ρ

∫
Ω
divvkqk+1 dx. (1.11)

By combining (1.10) and (1.11), we obtain

‖qk+1‖2−‖qk‖2+‖qk+1−qk‖2 +2ρ ||| vk |||
= −2ρ

∫
Ω
divvk(qk+1−qk)dx

� 2ρ‖divvk‖ ‖qk+1−qk‖
� δ−1ρ2‖divvk‖2 +δ‖qk+1−qk‖2

� δ−1ρ2
(
‖∇vk‖2Σ +‖vk‖2

)
+δ‖qk+1−qk‖2 (1.12)
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where δ ∈ (0,1). Note that

||| vk |||2 � ν‖∇vk‖2Σ +μ‖vk‖2 � min(ν ,μ)
(
‖∇vk‖2Σ +‖vk‖2

)
and, therefore, (1.12) implies the estimates

‖qk+1‖2−‖qk‖2 +(1−δ )‖qk+1−qk‖2

+ρ
(
2min(ν ,μ)−δ−1ρ

)(
‖∇vk‖2Σ +‖vk‖2

)
� 0. (1.13)

Now, we sum inequalities (1.13) for k = 0, . . . ,N and find that

‖qN+1‖2 +(1−δ )
N

∑
k=0

‖qk+1−qk‖2

+ρ
(
2min(ν ,μ)−δ−1ρ

) N

∑
k=0

(
‖∇vk‖2Σ +‖vk‖2

)
� ‖q0‖. (1.14)

Because of condition (1.8), there exists a δ∗ ∈ (0,1) such that

2min(ν ,μ)−δ−1
∗ ρ > 0.

We set δ = δ∗ in (1.14), and see that

‖∇vk‖2Σ +‖vk‖2 = ‖∇(uk−u)‖2Σ +‖uk−u‖2 k→∞−→ 0.

Also, we see that ‖qk‖ = ‖pk − p‖ is bounded in L2(Ω), so ‖pk‖ is bounded in
L2(Ω). We also observe from (1.14), that

‖qk+1−qk‖2 = ‖pk+1− pk‖2 k→∞−→ 0

so we can extract from pk a subsequence pk
′
, which converges to some element p∗

weakly in L2(Ω). The equation (1.5) gives in the limit∫
Ω

(ν∇u : ∇w+μu ·w)dx =

∫
Ω

( f ·w+ p∗divw)dx ∀w ∈V0

and by comparison to (1.9) we find that∫
Ω
(p− p∗)divw dx = 0 ∀w ∈V0

which means that p∗ = p+ c, where c ∈ R. In other words, the sequence pk
′
con-

verges weakly to p in L̃2(Ω) However, if p0 ∈ L̃2, then it is easy to see from (1.7)
that pk ∈ L̃2 with all k. From this we make the conclusion that the sequence pk

′

converges weakly to p in L2(Ω).
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2. Error estimates for exact solutions generated
by the Uzawa algorithm

In this section, we show that the errors of approximations generated by the Uzawa
algorithm are controlled by the L2-norm of the divergence of the velocity. First, we
compare approximations computed on two consequent iterations and establish the
following result.

Theorem 2.1. Let (uk, pk) and (uk+1, pk+1) be the solutions of two consecutive
iterations of the Uzawa algorithm. Then, for both (1.5) and (1.6) we have

||| uk+1−uk ||| �
√
ν
−1
ρ‖divuk‖ (2.1)

‖pk+1− pk‖ = ρ‖divuk‖. (2.2)

In addition, for (1.6) we also have

]|| uk+1−uk ||[λ �
√
ν
−1
ρ‖divuk‖. (2.3)

Proof. The equation for pressure (2.2) follows directly from (1.7). By subtract-
ing the kth equation (1.5) from the (k+1)th equation, we obtain∫

Ω
ν∇(uk+1−uk) : ∇w+μ(uk+1−uk) ·w dx =

∫
Ω
(pk+1− pk)divw dx.

Since
‖divw‖ � ‖∇w‖Σ �

√
ν
−1‖√ν∇w‖Σ �

√
ν
−1 ||| w |||

we can estimate the right-hand side with∫
Ω
(pk+1− pk)divw dx � ‖pk+1− pk‖ ‖divw‖

�
√
ν
−1‖pk+1− pk‖ ||| w ||| .

By choosing w = uk+1−uk, we obtain

||| uk+1−uk |||2 �
√
ν
−1‖pk+1− pk‖ ||| uk+1−uk ||| .

By (2.2) we obtain the estimate for velocity (2.1). The estimate (2.3) is obtained
with exactly the same arguments applied for the augmented form (1.6). Since
||| w ||| � ]|| w ||[λ for all λ ∈ R+, we see by (2.3), that the estimate (2.1) holds also
for approximations calculated by (1.6).

Henceforth, we will use functional a posteriori error estimates for the Stokes
problem derived in [11,12]. For a consequent exposition of the theory of functional
a posteriori error estimates we refer the reader to [8, 10].

The following lemma is essential in deriving our main results.
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Lemma 2.1. Let Ω be a bounded domain with Lipschitz continuous boundary
∂Ω. Then there exists a positive constant CLBB depending on the domain Ω such
that for any function g ∈ L̃2(Ω) there is a function v ∈ V0 satisfying the condition
divv = g, and

‖∇v‖Σ � C−1
LBB‖g‖.

Here CLBB is the constant in the well-known Ladyzhenskaya-Babuška-Brezzi (LBB)
condition (see, e.g., [1, 2]). See proof in [6, 7].

For some simple domains the constant CLBB, or the bounds for it, are known
(see, e.g., [3, 5, 9]).

Lemma 2.1 implies an important corollary. Let v ∈V0, and divv= g. Then there
exists a function vg ∈V0 such that div(v− vg) = 0, and

‖∇vg‖Σ � C−1
LBB‖g‖ = C−1

LBB‖divv‖.
This means that there exists a solenoidal field v0 = (v− vg) ∈ S̊(Ω) such that

‖∇(v− v0)‖Σ � C−1
LBB‖divv‖.

A similar estimate holds for v ∈V0+uD. Indeed, for v−uD we can find a solenoidal
field v0 ∈ S̊(Ω) such that

‖∇(v−uD− v0)‖Σ � C−1
LBB‖div(v−uD)‖ � C−1

LBB‖divv‖.
Thus, we can find a function w0 ∈ S̊(Ω)+uD such that

‖∇(v−w0)‖Σ � C−1
LBB‖divv‖. (2.4)

With the help of (2.4) we can now derive our main results. We show that the
errors of uk and pk generated on the iteration k of the Uzawa algorithm are both
estimated from above by the L2-norm of the divergence of uk multiplied by a con-
stant depending on CLBB. The proofs are based on the derivation of functional a
posteriori error estimates for the generalized Stokes problem as they are presented
in [12].

Theorem 2.2. Let uk be the exact solution computed on the iteration k of the
Uzawa algorithm. Then, for solutions calculated by (1.5) or (1.6), we have

||| u−uk ||| � 2C‖divuk‖ (2.5)

where

C :=C−1
LBB

√
C2
Fμ +ν . (2.6)

Here CF is the constant in the Friedrichs inequality

‖w‖ � CF‖∇w‖Σ
and CLBB is the constant in the LBB-condition.
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Proof. Let u0 ∈ S̊(Ω)+uD be such that, by using (2.4), we have

‖∇(uk−u0)‖Σ � C−1
LBB‖divuk‖. (2.7)

Let the pair (uk, pk) be an approximation of the saddle point computed on the itera-
tion k. We can now write

||| u−uk ||| � ||| u−u0 ||| + ||| u0−uk ||| . (2.8)

First, we estimate from above the first term on the right-hand side of (2.8). Let w∈ S̊.
By subtracting the integral

∫
Ω (ν∇u0 : ∇w+μu0 ·w)dx from both sides of (1.4) we

obtain∫
Ω

(ν∇(u−u0) : ∇w+μ(u−u0) ·w)dx

=
∫
Ω

(( f −μu0) ·w−ν∇u0 : ∇w)dx. (2.9)

It is easy to see that∫
Ω

(Divτ ·w+ τ : ∇w)dx = 0 ∀τ ∈ Σ(Div,Ω), w ∈V0(Ω) (2.10)

and ∫
Ω

(∇q ·w+qdivw)dx = 0 ∀q ∈W 1
2 (Ω,R), w ∈V0(Ω).. (2.11)

By adding (2.10) and (2.11) to the right-hand side of (2.9), we rewrite it in the form∫
Ω

(( f −μu0 +Divτ−∇q) ·w+(τ−ν∇u0) : ∇w)dx (2.12)

which is equivalent to∫
Ω

((
f −μuk +Divτ−∇q

)
·w+

(
τ−ν∇uk

)
: ∇w

)
dx

+

∫
Ω

(
ν∇(uk−u0) : ∇w+μ(uk−u0) ·w

)
dx. (2.13)

Let us choose τ = ν∇uk and q = pk. In view of (1.5), we see that that the first
integral of (2.13) vanishes. Indeed,∫

Ω

((
f −μuk +Divν∇uk−∇pk

)
·w +

(
ν∇uk−ν∇uk

)
: ∇w

)
dx

=
∫
Ω

(
f ·w+ pk divw−ν∇uk : ∇w−μuk ·w

)
dx = 0. (2.14)
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Since w is a function from S̊, the same conclusion is also true if uk has been calcu-
lated by (1.6). We combine (2.9) with (2.12)–(2.14), and arrive at the relation∫

Ω
(ν∇(u−u0) : ∇w+ν(u−u0) ·w)dx

=
∫
Ω

(
ν∇(uk−u0) : ∇w+μ(uk−u0) ·w

)
dx. (2.15)

The right-hand side of (2.15) can be estimated from above as follows:∫
Ω

(
ν∇(uk−u0) : ∇w+μ(uk−u0) ·w

)
dx

=
∫
Ω

(√
ν∇(uk−u0) :

√
ν∇w+

√
μ(uk−u0) ·√μw

)
dx

� ‖√ν∇(uk−u0)‖Σ‖
√
ν∇w‖Σ +‖√μ(uk−u0)‖ ‖√μw‖

� ||| uk−u0 ||| ||| w ||| (2.16)

where we have used the Cauchy–Schwarz inequality. We set w = u− u0, and find
that

||| u−u0 ||| � ||| uk−u0 ||| . (2.17)

Note that for all w ∈V we have

||| w |||2 = ‖√ν∇w‖2Σ +‖√μw‖2
� ν‖∇w‖2Σ +μ‖w‖2
� ν‖∇w‖2Σ +C2

Fμ‖∇w‖2Σ
�

(
C2
Fμ +ν

)‖∇w‖2Σ. (2.18)

We substitute (2.17) into (2.8), and use (2.18) with w = u−u0, and obtain

||| u−uk ||| � 2 ||| u0−uk |||
� 2

√
C2
Fμ +ν‖∇(u0−uk)‖Σ. (2.19)

Now, (2.7) and (2.19) imply the estimate

||| u−uk ||| � 2C−1
LBB

√
C2
Fμ +ν‖divuk‖ = 2C‖divuk‖

where C is defined in (2.6).

In order to prove a similar estimate for the pressure, we also need Lemma 2.1.
Let q ∈ L̃2 be an approximation of the exact pressure p. Then (p−q)∈ L̃2 and there
exists a function w ∈V0 such that

div(w) = p−q (2.20)



330 I. Anjam, M. Nokka, and S. I. Repin

and
‖∇w‖Σ �C−1

LBB‖p−q‖. (2.21)

Theorem 2.3. Let pk be the function computed on the iteration k of the Uzawa
algorithm. Then,

‖p− pk‖ � C‖divuk‖ (2.22)

where C = 2C2 for (1.5), and C = 2C2 +λ for (1.6).

Proof. We use (2.20) for q = pk and obtain

‖p− pk‖2 =
∫
Ω
divw(p− pk)dx =

∫
Ω
divw p+∇pk ·w dx.

Multiplying (1.1) by w and integrating over Ω, we obtain∫
Ω
divw p dx =

∫
Ω

(ν∇u : ∇w+μu ·w− f ·w)dx.

In view of this relation, we have

‖p− pk‖2 =

∫
Ω

(
ν∇u : ∇w+μu ·w− f ·w+∇pk ·w

)
dx.

We use (2.10) with w = w, and arrive at the relation

‖p− pk‖2 =
∫
Ω

((
− f +μuk−Divτ +∇pk

)
·w+

(
ν∇uk− τ

)
: ∇w

)
dx

+

∫
Ω

(
ν∇(u−uk) : ∇w+μ(u−uk) ·w

)
dx. (2.23)

As before, we choose τ = ν∇uk, and observe that the first integral is zero. By esti-
mating the latter integral with the help of the same arguments as in (2.16), we find
that

‖p− pk‖2 � ||| u−uk ||| ||| w ||| . (2.24)

By (2.18) and (2.21), we obtain

||| w |||2 �
(
C2
Fμ +ν

)‖∇w‖2Σ
� C−2

LBB

(
C2
Fμ +ν

)‖p− pk‖2
= C2‖p− pk‖2 (2.25)

where C is defined in (2.6). Substituting (2.25) into (2.24) results in the estimate

‖p− pk‖ � C ||| u−uk ||| .
Now, we apply Theorem 2.2 and deduce (2.22).
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In the case of (1.6), we add∫
Ω
λdiv(uk−uk)divw dx = 0

to (2.23) and obtain

‖p− pk‖2 =

∫
Ω

((
− f +μuk−Divτ +∇pk

)
·w+λdivuk divw

)
dx

+

∫
Ω

(
ν∇uk− τ

)
: ∇w dx

+
∫
Ω

(
ν∇(u−uk) : ∇w+μ(u−uk) ·w−λdivuk divw

)
dx.

Again, we choose τ = ν∇uk, and see from (1.6) that the first and second integrals are
zero. By estimating the latter integral with same arguments as in (2.16), we obtain

‖p− pk‖2 � ||| u−uk ||| ||| w ||| + λ‖divuk‖ ‖divw‖. (2.26)

Recall that divw = p− pk. Now, (2.25) and (2.26) imply the estimate

‖p− pk‖ � C ||| u−uk ||| + λ‖divuk‖.
Applying Theorem 2.2 results in (2.22).

By Theorems 2.2 and 2.3, we easily conclude the following statement.

Remark 2.1. The classical Stokes problem corresponds to the case where μ ≡ 0
and ν is a constant. Let (uk, pk) be the exact solution computed on the iteration k of
the Uzawa algorithm, for the Stokes problem. Then, for velocity we have (for both
cases (1.5) and (1.6))

‖∇(u−uk)‖ � 2C−1
LBB‖divuk‖.

For the pressure we have
‖p− pk‖ � C̃‖divuk‖

where C̃ = 2C−2
LBBν for (1.5) and C̃ = 2C−2

LBBν +λ for (1.6).

3. Computable error estimates for approximations
generated by the Uzawa algorithm

Let Th be a mesh having the characteristic size h, and let the spaces V0h(Ω,Rn) and
Qh(Ω) be finite dimensional subspaces of V0(Ω,Rn) and L̃2(Ω), respectively. We
assume that for all vh ∈V0h + uD it holds that divvh ∈ Qh. We also assume that the
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spaces are constructed so that they satisfy the discrete LBB-condition, i.e, for any
qh ∈ Qh with zero mean, there exists vh ∈V0h such that

divvh = qh

and
‖∇vh‖Σ � c‖qh‖

where the positive constant c does not depend on h.
Let ukh ∈ V0h + uD be an approximation of uk calculated on the mesh Th. We

need to combine the error of the pure Uzawa algorithm with the approximation
error. Below we present the corresponding results, where we set pk = pkh ∈Qh on
the iteration k, and understand uk as satisfying (1.5), or (1.6), with the chosen pkh.
Then, the pair (uk, pkh) can be viewed as the exact pair associated with the Uzawa
algorithm on iteration k.

Our first goal is to derive fully computable error majorants Mk⊕ and Mk,λ
⊕ for

approximate solutions (e.g., ukh) of the problems generated at the first step of Uzawa
algorithm by the Lagrangians L and LA, respectively. In order to make the quality of
the majorants robust with respect to small or large values of the material functions
ν or μ , we apply the same method that was suggested in [12] for the generalized
Stokes problem.

Later we combine these estimates with the estimates of the difference between
u and uk and obtain estimates applicable for approximate solutions computed within
the framework of finite dimensional approximations.

First, we prove the following result for the problem generated by the La-
grangian L.

Theorem 3.1. Let (uk, pkh) be the exact solution on the iteration k of the Uzawa
algorithm. Then, for the solutions calculated by (1.5), and for an approximation
ukh ∈V0h +uD we have

||| uk−ukh |||2 � Mk
⊕(ukh, p

k
h,τ ,β ) ∀τ ∈ H(Div,Ω), β ∈ R+

where

Mk
⊕(ukh, p

k
h,τ ,β ) :=

∫
Ω
H1(ν ,μ ,β )r2(ukh,τ)dx+ H2(β )‖√ν

−1
d(ukh, p

k
h,τ)‖2Σ

and

H1(ν ,μ ,β ) :=
C2
F(1+β )

ν +C2
F(1+β )μ

(3.1)

H2(β ) := 1+β−1 (3.2)

r(ukh,τ) := f −μukh +Divτ (3.3)

d(ukh, p
k
h,τ) := τ−ν∇ukh + Ipkh. (3.4)

Here I denotes the unit tensor.
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Proof. By equation (1.5) we have∫
Ω

(
ν∇uk : ∇w+μuk ·w

)
dx =

∫
Ω

(
f ·w+ pkhdivw

)
dx.

We subtract the integral
∫
Ω

(
ν∇ukh : ∇w+μukh ·w

)
dx from both sides of the above

equation, and obtain∫
Ω
ν∇(uk−ukh) : ∇w+μ(uk−ukh) ·w dx

=

∫
Ω

(
( f −μukh) ·w−ν∇ukh : ∇w+ pkhdivw

)
dx. (3.5)

By adding (2.10) to the right-hand side of (3.5) we have∫
Ω

(
ν∇(uk−ukh) : ∇w+μ(uk−ukh) ·w

)
dx

=
∫
Ω

(
( f −μukh +Divτ) ·w+(τ−ν∇ukh + Ipkh) : ∇w

)
dx

=

∫
Ω

(
r(ukh,τ) ·w+d(ukh, p

k
h,τ) : ∇w

)
dx (3.6)

where we have used the notation (3.3) and (3.4). Note that∫
Ω
r ·w dx =

∫
Ω

(√
μ−1αr ·√μw+(1−α)r ·w

)
dx

� ‖√μ−1αr‖ ‖√μw‖+‖(1−α)r‖ ‖w‖
� ‖√μ−1αr‖ ‖√μw‖+CF

√
ν
−1‖(1−α)r‖ ‖√ν∇w‖Σ (3.7)

where 0 � α(x) � 1. Also, we have∫
Ω
d : ∇w dx � ‖√ν

−1
d‖Σ‖

√
ν∇w‖Σ. (3.8)

By (3.7) and (3.8) the right-hand side of (3.6) becomes(
CF

√
ν
−1‖(1−α)r‖+‖√ν

−1
d‖Σ

)
‖√ν∇w‖Σ +‖√μ−1αr‖ ‖√μw‖

�

√(
CF

√
ν
−1‖(1−α)r‖+‖√ν

−1
d‖Σ

)2
+‖√μ−1αr‖2 ||| w ||| . (3.9)

We set w = uk−ukh, use (3.6) and (3.9), and obtain

||| uk−ukh |||2 �

(
CF

√
ν
−1‖(1−α)r‖+‖√ν

−1
d‖Σ

)2
+‖√μ−1αr‖2

� (1+β )C2
Fν

−1‖(1−α)r‖2

+ (1+β−1)‖√ν
−1
d‖2Σ + ‖√μ−1αr‖2. (3.10)
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It is easy to see that the optimal value of α is defined by the relation

α =
C2
F(1+β )μ

ν +C2
F(1+β )μ

(3.11)

so that (3.10) implies the estimate

||| uk−ukh |||2 �

∫
Ω

C2
F(1+β )

ν +C2
F(1+β )μ

r2 dx+(1+β−1)‖√ν
−1
d‖2Σ

=
∫
Ω
H1r

2 dx+H2‖
√
ν
−1
d‖2Σ

where we have used the notation (3.1) and (3.2).

Remark 3.1. It is easy to see that the upper boundMk⊕ is sharp. Indeed, by setting
τ = ν∇uk− Ipkh, and letting β tend to infinity, we get the exact error in the energy
norm ||| · |||.

A similar estimate can be derived for the problem generated by the augmented
Lagrangian LA.

Theorem 3.2. Let (uk, pkh) be the exact solution on the iteration k of the Uzawa
algorithm. Then, for the solutions calculated by (1.6), and for an approximation
ukh ∈V0h +uD we have

||| uk−ukh |||2 � ]|| uk−ukh ||[2λ � Mk,λ
⊕ (ukh, p

k
h,τ ,β ) ∀τ ∈ H(Div,Ω), β ∈ R+

where

Mk,λ
⊕ (ukh, p

k
h,τ ,β ) :=

∫
Ω
H1(ν ,μ ,β )r2(ukh,τ)dx+ H2(β )‖√ν

−1
dλ (ukh, p

k
h,τ)‖2Σ.

The quantities H1,H2, and r are defined in (3.1)–(3.3), and

dλ (ukh, p
k
h,τ) := τ−ν∇ukh+ I(pkh−λdivukh). (3.12)

Proof. By (1.6), we have∫
Ω

(
ν∇uk : ∇w+μuk ·w+λdivuk divw

)
dx =

∫
Ω

(
f ·w+ pkhdivw

)
dx.

We subtract the integral
∫
Ω

(
ν∇ukh : ∇w+μukh ·w+λdivukh divw

)
dx from both sides



On a posteriori error bounds 335

of the above equation, and use (2.10), and obtain∫
Ω

(
ν∇(uk−ukh) : ∇w+μ(uk−ukh) ·w+λdiv(uk−ukh)divw

)
dx

=

∫
Ω

(
( f −μukh) ·w−ν∇ukh : ∇w+(pkh−λdivukh)divw

)
dx

=
∫
Ω

(
( f −μukh+Divτ) ·w+

(
τ−ν∇ukh+ I(pkh−λdivukh)

)
: ∇w

)
dx

=

∫
Ω

(
r(ukh,τ) ·w+dλ(ukh, p

k
h,τ) : ∇w

)
dx (3.13)

where we have used the notation (3.3) and (3.12). By the same arguments as in (3.7)
and (3.8), we represent the right-hand side of (3.13) in the form(

CF
√
ν
−1‖(1−α)r‖+‖√ν

−1
dλ‖Σ

)
‖√ν∇w‖Σ +‖√μ−1αr‖ ‖√μw‖

�

√(
CF

√
ν
−1‖(1−α)r‖+‖√ν

−1
dλ‖Σ

)2
+‖√μ−1αr‖2 ]|| w ||[λ (3.14)

since ||| w |||� ]|| w ||[λ . By choosing w = uk−ukh, (3.13) and (3.14) give

]|| uk−ukh ||[2λ �

(
CF

√
ν
−1‖(1−α)r‖+‖√ν

−1
dλ‖Σ

)2
+‖√μ−1αr‖2

� (1+β )C2
Fν

−1‖(1−α)r‖2

+ (1+β−1)‖√ν
−1
dλ‖2Σ + ‖√μ−1αr‖2.

Again, we see that the optimal value of α is given by the relation (3.11), and obtain

]|| uk−ukh ||[2λ �

∫
Ω

C2
F(1+β )

ν +C2
F(1+β )μ

r2 dx+(1+β−1)‖√ν
−1
dλ‖2Σ

=
∫
Ω
H1r

2 dx+H2‖
√
ν
−1
dλ‖2Σ

where we have used the notation (3.1) and (3.2).

Finally, by using Theorems 2.2, 3.1, and 3.2 we obtain the final result.

Theorem 3.3. Let u be the exact velocity, (uk, pkh) be the exact solution calcu-
lated on the iteration k of the Uzawa algorithm, and ukh ∈V0h + uD be an approxi-
mation of the velocity calculated on this iteration. For (1.5) we have

||| u−ukh ||| � Mk
⊕(ukh, p

k
h,τ ,β ) ∀τ ∈ H(Div,Ω), β ∈ R+

and for (1.6) we have

||| u−ukh ||| � Mk,λ
⊕ (ukh, p

k
h,τ ,β ) ∀τ ∈ H(Div,Ω), β ∈ R+
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where

Mk
⊕(ukh, p

k
h,τ ,β ) := 2C‖divukh‖+(2C

√
ν
−1 +1)

√
Mk⊕(ukh, p

k
h,τ ,β )

Mk,λ
⊕ (ukh, p

k
h,τ ,β ) := 2C‖divukh‖+(2C

√
ν
−1 +1)

√
Mk,λ

⊕ (ukh, p
k
h,τ ,β )

with C defined in (2.6).

Proof. It is clear that

||| u−ukh ||| � ||| u−uk ||| + ||| uk−ukh ||| .
By Theorem 2.2 we have

||| u−ukh ||| � 2C‖divuk‖+ ||| uk−ukh |||
� 2C‖divukh‖+2C‖div(uk−ukh)‖+ ||| uk−ukh |||
� 2C‖divukh‖+2C

√
ν
−1‖√ν∇(uk−ukh)‖+ ||| uk−ukh |||

� 2C‖divukh‖+(2C
√
ν
−1 +1) ||| uk−ukh ||| .

Using the upper bounds presented in Theorems 3.1 and 3.2 for the two cases (1.5)
and (1.6), respectively, we arrive at the result.

Finally, we note that estimates for the pressure follows from the above derived
estimates. The exact pressure in the Uzawa algorithm is calculated by (1.7), i.e.,

pk+1 = (pkh−ρdivuk) ∈ L̃2(Ω) (3.15)

and an approximation of it is calculated within the framework of the selected finite
dimensional subspaces, i.e.,

pk+1
h = (pkh−ρdivukh) ∈ Qh(Ω). (3.16)

Theorem 3.4. Let (uk, pkh) be the exact solution calculated on the iteration k
of the Uzawa algorithm, and ukh ∈ V0h + uD be an approximation of the velocity
calculated on this iteration. Now, we apply the estimates presented in Theorems 3.1
and 3.2, and obtain for (1.5):

‖pk+1− pk+1
h ‖ � ρ

√
ν
−1
√

Mk⊕(ukh, p
k
h,τ ,β ) ∀τ ∈ H(Div,Ω), β ∈ R+

and for (1.6)

‖pk+1− pk+1
h ‖ � ρ

√
ν
−1
√

Mk,λ
⊕ (ukh, p

k
h,τ ,β ) ∀τ ∈ H(Div,Ω), β ∈ R+.
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Proof. Indeed, from (3.15) and (3.16) we find that

‖pk+1− pk+1
h ‖ = ρ‖div(uk−ukh)‖

� ρ
√
ν
−1‖√ν∇(uk−ukh)‖

� ρ
√
ν
−1 ||| uk−ukh ||| .

Applying the error bounds presented in Theorems 3.1 and 3.2 completes the proof.

This paper is focused on theoretical analysis of a posteriori error bounds for ap-
proximations computed by the Uzawa algorithm. However, it is worth adding some
comments on the practical applications of the above derived error majorants. The
majorants contain the function τ ∈ H(Div,Ω) and a positive parameter β , which in
general can be taken arbitrary. Getting sharp estimates requires a proper selection
of them. Finding an optimal β leads to a one-dimensional optimization problem
which is easy solvable. The reconstruction of the stress tensor τ based upon com-
puted functions ukh and pkh provides a reasonable first guess. A better selection can be
performed by methods that have been developed and tested for various elliptic prob-
lems (see, e.g., [8, 10, 14] and the references cited therein). A systematical study of
computational questions in the context of above derived estimates will be exposed
in a separate paper, which is now in preparation.
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A Posteriori Error Bounds for Approximations
of the Stokes Problem with Friction Type

Boundary Conditions

Pekka Neittaanmäki∗ Marjaana Nokka† Sergey Repin‡

Abstract

In the paper, we derive computable and fully guaranteed estimates of the
difference between exact solutions (velocity) of Stokes problems with nonlin-
ear (friction type) boundary conditions and vector functions from the admissi-
ble energy space. The estimates are valid for any function satisfying the main
boundary conditions and possessing first generalized derivatives. The esti-
mates can be used for a posteriori error control of numerical solutions obtained
by various numerical methods.

1 Introduction

Stokes type equations of viscous incompressible fluid supplied with nonlinear ”slip”
and ”leak” boundary conditions are often used for simulation of blood flow in veins
affected by sclerosis and in modelling of avalanche of water and rocks. These math-
ematical models were introduced by Fujita in [9]. In [10] Fujita proved existence
and uniqueness of weak solutions to Stokes problem with nonlinear slip and leak
boundary conditions. Applications to oil flow beneath or over sand layers are stud-
ied by Kawarada, Fujita and Saito [16], and Kawarada and Saito [17]. In this paper,
we are concerned with friction type boundary conditions, which are suitable, when
modeling some fragile state of the surface, that allows the fluid to slip on the surface,
but as long as the the pushing force is below a threshold, the fluid does not slip. Sim-
ilar boundary conditions are often used in mathematical models of solid mechanics.
Numerical methods for such type nonlinear problems are well developed (see, e.g.,
[8, 12, 14, 13, 27, 34]).
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In this paper, we address a different problem, which arises when a numerical
solution has been already found and we need to estimate how accurately it repre-
sents the respective exact solution. For the considered class of problems, we deduce
such type estimates (error majorants). The majorants include only known functions
(approximations of the velocity, stress, and pressure fields) and global constants
associated with certain functional inequalities (Friedrichs, Poincaré, inf sup). Esti-
mates of these constants can be found by known methods discussed in the paper.
Therefore, the majorants are fully computable. Moreover, they are nonnegative and
vanish if and only if approximate solutions coincide with the exact ones. Another
important property of the majorants is their universality: they are valid for any ap-
proximation satisfying the main boundary conditions and having first generalized
derivatives. Hence they do not depend on special features of approximations (e.g.,
Galerkin orthogonality, extra regularity) or properties of a numerical method used.
A posteriori error majorants of this type has been derived and tested for a wide
spectrum of boundary value and initial boundary value problems (see [30, 20] and
references cited therein).

1.1 Notation and basic equations

Let Ω be a bounded domain in R
d, d = 2, 3 with Lipshitz boundary ∂Ω, which is

composed of two disjoint measurable parts Γ and ΓD. Throughout the paper, we
use the following notation: n denotes the outward unit normal vector to ∂Ω,

L̃2(Ω) :=

{
φ ∈ L2(Ω) | {φ }Ω :=

1

|Ω|

∫
Ω

φ dx

}
,

S(Ω) denotes the subspace of V := H1(Ω,Rd) that consists of solenoidal (divergence
free) functions, V0(Ω) denotes the subspace of V (Ω) that consists of the functions
vanishing on the Dirichlet part of the boundary ΓD.

Also, we use spaces of tensor valued functions Σ(Ω) := L2(Ω,Md×d), where M
d×d

is the space of d × d-matrices (tensors). I denotes the unit element of Md×d. Since
no confusion may arise, we denote L2-norm of scalar and vector valued functions
by ‖ · ‖, which is associated with the corresponding inner product ( , ). The scalar
product of tensors is denoted by two dots (:). Since no confusion may arise, the norm
of this space containing tensor valued functions is denoted by the same symbol, i.e.,
‖τ‖2 :=

∫
Ω
|τ |2 dx. By div and Div, we denote the divergence of vector and tensor

fields, respectively, and introduce the Hilbert spaces

H(div,Ω) := {w ∈ Σ(Ω) | divw ∈ L2(Ω)},
H(Div,Ω) := {τ ∈ Σ(Ω) | Div τ ∈ L2(Ω,Rd)}.

Henceforth, we use the bilinear form

a(u, v) :=

∫
Ω

ν∇u : ∇v dx,
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where ν is a positive constant (viscosity). In general, ν can be a strictly positive
bounded function with values in [ν, ν̄]. The forms are defined for u, v and p ∈ L2(Ω).
The subindex 0 denotes subspaces of functions vanishing on Γ, i.e., V0 := {v ∈ V |
v = 0 on Γ}. We assume that Γ has positive d − 1 measure, so that for the functions
in V0 the norms

|||v|||2 :=
∫
Ω

ν∇v : ∇v dx and |||η|||2∗ :=
∫
Ω

ν−1η · η dx

are equivalent to the original norm of V . Analogously, S0(Ω) denotes the subspace
of S(Ω) consisting of functions vanishing on Γ.

The classical Stokes problem consists of finding a velocity field u ∈ S0(Ω) + uD

and a pressure field p ∈ L̃2(Ω) which satisfy the relations

−Div(ν∇u) +∇p = f in Ω, (1)
div u = 0 in Ω, (2)

u = uD on ΓD, (3)
σn = F on Γ, (4)

where f ∈ L2(Ω,R
d), n denotes the unit outward normal vector to the boundary, uD

is a given divergence free function, and σ = ν∇u is the stress tensor.
It is well known (see, e.g., [18, 19]) that the problem (1)–(4) possesses a unique

generalised solution, which satisfies the integral identity

a(u, v) =

∫
Ω

f · w dx +

∫
Γ

Fw ds ∀w ∈ S0(Ω). (5)

Approximation theory and various numerical methods for the Stokes problem
and other problems related to models of viscous incompressible fluids are well stud-
ied (see, e.g., [11, 34, 8]). In this paper, we are concerned with a posteriori error
estimation methods, which form another essential part of quantitative analysis of
boundary value problems. In this concise introduction we have no space to present
a consequent overview of the literature related to this actively studied problem (the
reader can find it in monographs [30, 20] and other publications cited therein). We
recall only some previous results related to Stokes type problems, which are closely
related to the method used in the paper.

Let v ∈ V0 + uD be a vector valued function considered as an approximation of
u. In general, a posteriori analysis of a problem is aimed to deduce fully guaranteed
two sided bounds of the error e = u − v in terms of the natural energy norm that
depends on the problem data and known approximation v (i.e., the estimates must
be indeed computable). To be of practical relevance, the estimates must possess
other properties. They must be continuous with respect to basic variables, vanish at
the exact solution, and do not generate significant gaps between the error and the
estimate. For the Stokes problem, such estimates has been derived in [29, 33, 30].
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One of them (error majorant) has the following form: let v ∈ V0 and { div v }Ω = 0.
Then,

‖ν∇(u− v)‖ ≤ M(v, q, τ) := ‖ν∇v − τ − Iq‖
+ CF‖Div τ + f‖+ CΓ‖τt − F‖+ 2νCΩ‖ div v‖. (6)

Here q ∈ L̃2(Ω) is considered as an approximation of the exact pressure p and τ as
an approximation of the exact stress σ. The majorant involve three constants. The
first constant comes from the Friedrichs inequality

‖w‖Γ ≤ CF‖∇v‖ ∀v ∈ V0, (7)

CΓ is a constant in the trace inequality

‖φ‖Γ ≤ CΓ‖∇ϕ‖ ϕ ∈ H1(Ω), (8)

and CΩ is the constant in Babuška–Aziz–Ladyzhenskaya–Solonnikov lemma (also
called Ladyzhenskaya-Babuška-Brezzi (LBB) condition; see [3, 2, 4, 19]).

Lemma 1. For any function g ∈ L̃2(Ω) there exists a function v ∈ V vanishing at the
boundary such that div v = g, and

‖∇v‖ ≤ CΩ‖g‖,

where CΩ is a positive constant depending on the shape of Ω.

Lemma 1 implies the estimate

inf
v0∈S,

v0=0 on ∂Ω

‖∇(v − v0)‖ ≤ CΩ‖ div v‖. (9)

In general, the constants CF , CΓ, and CΩ are unknown and for domains with com-
plicated boundaries getting guaranteed and realistic majorants of them may be a
difficult task (especially for CΩ). In [30], it was shown that using ideas of decom-
position and Poincaré inequality, we can avoid difficulties related to CF and in []
it was shown that in a posteriori estimates CΩ can be replaced by a collection of
local constants associated with simple subdomains covering Ω (this result is based
on a modified version of Lemma 1. Estimates of the constant CΩ has been studied
by several authors (mostly for d = 2; see [6, 7, 15, 5]...). Thus, for relatively simple
domains (e.g., triangles, rectangles) we have explicit estimates of CΩ and, therefore,
difficulties related to this constant can be overtaken.

The trace constant CΓ can be excluded if τt = F on Γ. However, this condition
(as well as other more general conditions considered below) may be difficult to ex-
actly satisfy if either F or Γ are complicated. To avoid these difficulties, we apply a
version of Poincaré inequality (the so-called “sloshing” inequality), which reads

‖ϕ‖Γ ≤ C̃Γ(Ω)‖∇ϕ‖Ω (10)
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for any ϕ ∈ H1(Ω) such that {ϕ }Γ = 0. It is clear, that if we know the constant C̃Γ(Ω
′)

for some “simple” subdomain Ω′ ⊂ Ω (which boundary contains Γ), then we can use
it for the whole Ω. For such domains as parallelepipeds, triangles, tetrahedrons CΓ

has been found analytically or numerically (see [22, 21] and references therein). In
the last paper, sharp bounds of C̃Γ has been found for arbitrary simplexes. Ob-
viously the inequality (8) for scalar valued functions yields similar inequality for
vector valued functions, i.e.,

‖v‖2Γ = C̃2
Γ(Ω)‖∇v‖2, (11)

provided that { vi }Γ = 0 for i ∈ 1, . . . , d.

1.2 Nonlinear boundary conditions

In this paper, we consider the system (1)–(3) with the following nonlinear boundary
conditions on Γ:

un = 0, −σt ∈ g∂|ut| on Γ, (12)

where g ≥ 0 is a constant (in general, a scalar valued function), un := u · n and
ut := u− nun (normal and tangential components of the velocity). Also, we define

σn := σnn, σt := σn − σnnn, σnn := σn · n = σijninj.

Since

∂|z| =
{

z
|z| if z �= 0, z ∈ R

d,

ζ ∈ R
d, |ζ| ≤ 1 if z = 0, z ∈ R

d,

the condition (12) is equivalent to

|σn| ≤ g, σnun + g|un| = 0 on Γ.

Now we need to redefine the set S0 that contains the divergence free functions
satisfying homogeneous main boundary conditions, i.e.,

S0 := {v ∈ S | v = 0 on ΓD, vn = 0 on Γ}.

The generalized solution u ∈ S0 + uD of (1)–(3), (12) is defined by the variational
inequality [9]

a(u, v − u) +

∫
Γ

(j(vt)− j(ut)) dS ≥ (f, v − u) ∀v ∈ S0, (13)

where j(ζ) := g|ζ| for η ∈ H1/2(Γ). Hence, if |ζ∗| ≤ g, then

Dj(ζ, ζ
∗) =

∫
Γ

(j(ζ) + j(ζ∗)− ζ∗ · ζ) dS =

∫
Γ

(g|ζ| − ζ∗ · ζ) dS.
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Our analysis is based on functional type a posteriori estimates. For a conse-
quent exposition of the theory of functional a posteriori error estimates we address
the reader to [23, 30]. A posteriori estimates for elasticity problems with nonlinear
boundary conditions were obtained in [24] by methods of duality theory and con-
vex analysis. For the Stokes problem, first a posteriori estimates of the functional
type were established in [28, 33]. Later, different form of these estimates has been
studied in [30]. In [1], the estimates were adapted to approximations generated by
the Uzawa method. In [26], a posteriori error majorants were derived for Bingham
fluids.

A significant modification of the estimates was presented in [32] (for the Stokes
problem) and in [25] (for the Oseen problem). In these papers, new majorants were
derived, where violations of the divergence free condition are estimated by terms
containing local constants CΩi

for subdomains forming the domain Ω. This “local-
ization method” is used in this paper for similar purposes. Using these ideas, we
obtain new estimates that provide guaranteed error bounds for the problem with
nonlinear boundary conditions of friction type.

2 Error majorant for solenoidal approximations

Let v ∈ S0 + uD. Since (u− v) vanishes on ΓD, (13) implies

a(u− v, v − u) +

∫
Γ

(j(vt)− j(ut)) dS ≥ (f, v − u)− a(v, v − u), (14)

wherefrom

|||u− v|||2 ≤
∫
Ω

(ν∇v − τ − Iq) : ∇(v − u) dx

+

∫
Γ

(j(vt)− j(ut)) dS −
∫
Ω

(f · (v − u)− τ : ∇(v − u)) dx. (15)

Here τ is any tensor function in Σ, q ∈ L2(Ω) and I is the unit tensor. In view of the
Young-Fenchel inequality, for any η ∈ L2(Γ,Rd), we have∫

Γ

−j(ut) dS ≤
∫
Γ

(j∗(η)− η · ut) dS, (16)

where j∗ is the functional conjugate to j. Notice that η can be viewed as an image of
the true normal stress σ·n. In general, j∗ is defined on a wider set H−1/2, however, we
will always operate with tensors having summable normal traces on Γ and restrict

6



admissible arguments of j∗ accordingly. From (15) and (16), it follows that

|||u− v|||2 ≤
∫
Ω

(ν∇v − τ − Iq) : ∇(v − u) dx

+

∫
Γ

(j(vt) + j∗(η)− η · vt) dS

+

∫
Γ

η · (vt − ut) dS −
∫
Ω

(f · (v − u)− τ : ∇(v − u)) dx. (17)

Notice that for any η and τ

Lη,τ (w) :=

∫
Ω

(τ : ∇w − f · w)dx+

∫
Γ

η · wt dS

is a linear continuous functional on

V0 :=
{
w ∈ H1(Ω,Rd) | w = 0 on ΓD, wn = 0 on Γ

}
.

Define
||| Lη,τ ||| := sup

w∈V0

|Lη,τ (w)|
‖∇w‖ .

The set KerLη,τ contains tensor-valued functions that satisfy (in a generalized sense)
the equilibrium equation Div τ + f and the condition −τt = η, which states the
identity between two functions serving as images of the true normal stress σn. Then,∫

Ω

(ν∇v − τ − Iq) : ∇(v − u) dx + |Lη,τ (v − u)|

≤ α

2
|||u− v|||2 + 1

2α

(
|||ν∇v − τ − Iq|||∗ +

1√
ν
||| Lη,τ |||

)2

,

and we find that for any α < 2

1

2
|||u− v|||2 ≤ M1

⊕(v, τ, η, q, α) =:
1

2− α
Dj(vt, η)

+
1

2α(2− α)

(
|||d(v, q, τ)|||∗ +

1√
ν
||| Lη,τ |||

)2

, (18)

where
Dj(vt, η) :=

∫
Γ

(j(vt) + j∗(η)− η · vt) dS

and
d(v, q, τ) := ν∇v − τ − Iq.
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Assume that M1
⊕(v, τ, η, q, α)=0. Then,

Div τ + f = 0, η = −τt, η ∈ ∂j(vt), τ = ν∇v − Iq.

These relations mean that −τn ∈ ∂j(vt) and τ and q satisfy (1). Thus, the majo-
rant vanishes if and only if v, τ , and q coincide with the exact velocity, stress, and
pressure.

So far the estimate is not fully computable because of the term ||| Lη,τ ||| is defined
with the help of supremum over an infinite amount of functions (however, majo-
rants of these type can be useful for other purposes, e.g., for analysis of errors in
Uzawa type methods). We can deduce a fully computable error majorant if the sets
of admissible η and τ are narrowed, namely,

τ ∈ HΓ(Div,Ω) :=
{
τ ∈ H(Div,Ω), τt ∈ L̃2(Ω,Rd) on Γ

}
, (19)∫

Γ

(η − τt) dS = 0. (20)

It is clear that for τ = σ and η = σt this condition holds, so that these restrictions do
not exclude physically meaningful functions. In this case,

Lη,τ (w) =

∫
Ω

(f +Div τ) · w dx +

∫
Γ

(η − τt) · wt dS.

Notice that wn = 0 on Γ, so that the last integral is estimated as follows:∫
Γ

(η − τt) · wt dS =

∫
Γ

(η − τt) · (wt − {wt }Γ) dS

≤ ‖η − τt‖Γ ‖w − {w }Γ‖ ≤ C̃Γ‖η − τt‖Γ ‖∇w‖.

where C̃Γ is a constant in the inequality (11). Analogously,∫
Ω

(f +Div τ) · w dx ≤ CF‖f +Div τ‖‖∇w‖,

where CF is a constant in the Friedrichs type inequality

‖w‖ ≤ CF‖∇w‖ ∀w ∈ V0. (21)

As a result, we find that

||| Lη,τ ||| ≤ CF‖f +Div τ‖+ C̃Γ‖η − τ · n‖Γ
and replace (18) by

1

2
|||u− v|||2 ≤ M2

⊕(v, τ, η, q, α) :=
1

2− α
Dj(vt, η)

+
1

2α(2− α)

(
|||d(v, q, τ)|||∗ +

1√
ν
(CF‖f +Div τ‖+C̃Γ‖η − τt‖Γ)

)2

. (22)

Now, the only remaining difficulty is that the majorant is applicable only to solenoidal
approximation v.
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3 Non solenoidal approximations

We begin with one auxiliary result important for extending majorant M2
⊕ to func-

tions in V0 + uD. In [30, Chapter 6, Sect. 2.6], it was shown that if v ∈ H1(Ω,Rd)
satisfies homogeneous Dirichlet boundary conditions on ΓD (which is only a part
of the overall boundary) and { div v }Ω = 0, then the distance to the set of diver-
gence free fields vanishing on ΓD meets (9). Since in our case the mean condition is
automatically satisfied, we conclude that

inf
v0∈S0

‖∇(v − v0)‖ ≤ CΩ‖ div v‖. (23)

Let v ∈ V0 + uD. Then, for any β > 0, we have

|||u− v|||2 ≤ (|||u− v0|||+ |||v − v0|||)2

≤ (1 + β)|||u− v0|||2 + (1 +
1

β
)|||v − v0|||2,

where v0 ∈ V is a divergence free field vanishing on Γ. We need to estimate
M1

⊕(v0, τ, η, q, α), which majorates the first norm in the right-hand side.
Consider the respective parts of the majorant. First, we notice that

|||d(v0, q, τ)|||∗ ≤ |||ν∇v − τ − Iq|||∗ + |||ν∇(v − v0)|||∗
≤ |||ν∇v − τ − Iq|||∗ + |||∇(v − v0)|||
≤ |||ν∇v − τ − Iq|||∗ +

√
ν‖∇(v − v0)‖.

Since v0 vanishes on the boundary∫
Γ

(j(v0t) + j∗(η)− η · v0t) dS = Dj(vt, η) +

∫
Γ

(η · vt − j(vt)) dS

≤ Dj(vt, η) +

∫
Γ

((η − τt) · vt + j∗(τt)) dS.

Notice that j∗(τt) = 0 if |τt| ≤ g and∫
Γ

(η − τt) · vt dS =

∫
Γ

(η − τt) · (vt − v0t) dS

≤ C̃Γ‖η − τt‖‖∇(vt − v0t)‖ ≤ C̃Γ‖η − τt‖‖∇(v − v0)‖.

We find that

M1
⊕(v0, τ, η, q, α, β) ≤ 1

2− α
Dj(vt, η) + C̃Γ‖η − τt‖‖∇(v − v0)‖

+
1

2α(2− α)

(
R(v, q, τ, η) +

√
ν‖∇(v − v0)‖

)2

,
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where

R(v, q, τ, η) := |||d(v, q, τ)|||∗ +
1√
ν

(
CF‖f +Div τ‖+ C̃Γ‖η − τt‖Γ

)
.

In view of Lemma 1, there exists v0 such that

‖∇(v − v0)‖ ≤ CΩ‖ div v‖.

Hence, we can estimate all terms containing the respective norms. As a result, we
arrive at the estimate.

|||u− v|||2 ≤ 1 + β

2− α

(
Dj(vt, η) +

1

2α
R2(v, q, τ, η)

+

(√
ν

α
R(v, q, τ, η) + (2− α)C̃Γ‖η − τt‖

)
CΩ‖ div v‖

+
4α− 2α2 + β

2α
νC2

Ω‖ div v‖2
)
. (24)

This estimate holds for α ∈ (0, 2), β > 0, and τ and η must satisfy additional condi-
tions

|τt| ≤ g, |η| ≤ g.

We see that the right-hand side of (24) contains terms of three types. First, these are
the terms without a penalty for violations of the divergence free condition (in the
majority of cases these “zero order” terms will contain the main part of the approx-
imation error). The second term contains ‖ div v‖. It adds the major correction asso-
ciated with not exact satisfaction of the divergence free condition. Finally, the third
term contains ”second order” corrections related to violations of the divergence free
condition.

Remark 1. Finding CΩ (or a close lower bound of this quantity) for an arbitrary do-
main Ω is not an easy task. To overcome this difficulty, we use the following result
from [31].

Lemma 2. Let Ω be represented as a set of nonintersecting convex subdomains Ωi, i =

1, . . . , N , i.e., Ω̄ =
∑N

i=1 Ω̄i.
For any function

v ∈ V div
N := {w ∈ V0 | {div v}Ωi

= 0}
there exists v0 ∈ S0 such that

‖∇(v − v0)‖2 ≤ d2N(v) :=
N∑
i=1

C
2
Ωi
‖ div v‖2. (25)
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By means of this lemma and arguments analogous to those used above, we obtain
another estimate

|||u− v|||2 ≤ 1 + β

2− α

(
Dj(vt, η) +

1

2α
R2(v, q, τ, η)

+

(√
ν

α
R(v, q, τ, η) + (2− α)C̃Γ‖η − τt‖

)
dN(v)

+
4α− 2α2 + β

2α
νd2N(v)

)
. (26)

The estimate (26) can be viewed as a generalisation of (6) to the case of friction type
boundary conditions, where the trace constant is replaced by the constant C̃Γ and
CΩ is replaced by a collection of local constants CΩi

for subdomains (which may
be easier to find or to estimate from above). Therefore, this estimate may be more
convenient numerically than the estimates based on global constants.
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1 Introduction
We consider the stationary Oseen problem in a bounded connected domain Ω ⊂ ℝ𝑑 (𝑑 = 2, 3) with Lipschitz
continuous boundary 𝜕Ω. Throughout the paper, we use the following notation: 𝑛 denotes the outward unit
normal vector to the boundary 𝜕Ω; the space of scalar valued square summable functions with zero mean

is denoted by 𝐿̃2(Ω); 𝑆0(Ω) denotes the closure of smooth solenoidal functions with compact supports in Ω
with respect to the norm of 𝑉(Ω) := 𝐻1(Ω, ℝ𝑑); and 𝑉0(Ω) denotes the subspace of 𝑉(Ω) that consists of the
functions with zero traces on 𝜕Ω.

Also, we use spaces of tensor valued functions Σ(Ω) := 𝐿2(Ω,𝕄𝑑×𝑑), where 𝕄𝑑×𝑑 is the space of 𝑑 × 𝑑-
matrices (tensors). 𝕀 denotes the unit element of 𝕄𝑑×𝑑. The 𝐿2-norms of scalar and vector valued functions

are denoted by ‖⋅‖ and the corresponding inner products are denoted by ( , ). The scalar product of tensors
is denoted by two dots (:), and the norm of Σ is denoted by ‖⋅‖Σ. By div and Div, we denote the divergence of
vector and tensor fields, respectively. Finally, we introduce the Hilbert space

Σ(Div, Ω) := {𝑤 ∈ Σ(Ω) | Div 𝑤 ∈ 𝐿2(Ω, ℝ𝑑)},
which can be viewed as a tensor analogous to the vector space𝐻(Ω, div) containing 𝐿2 vector functions with
square summable divergence.

The classical formulation of the stationary Oseen problem is to find the velocity field 𝑢 ∈ 𝑆0(Ω) + 𝑢𝐷 and
the pressure function 𝑝 ∈ 𝐿̃2(Ω), which satisfy the relations

−Div(𝜈∇𝑢) + Div(𝑎 ⊗ 𝑢) = 𝑓 − ∇𝑝 inΩ, (1.1)

div 𝑢 = 0 inΩ, (1.2)

𝑢 = 𝑢𝐷 on 𝜕Ω, (1.3)

where 𝑎, 𝑢𝐷, and 𝑓 are given vector valued functions. It is assumed that

∫
𝜕Ω

𝑢𝐷 ⋅ 𝑛 d𝑥 = 0, (1.4)

that the viscosity 𝜈 is a positive bounded function, i.e., 0 < 𝜈 ≤ 𝜈(𝑥) ≤ ̄𝜈 for all 𝑥 ∈ Ω, and that 𝑎 ∈ 𝑆0(Ω) is a
bounded vector function.
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The generalized solution of (1.1)–(1.4) is a function 𝑢 ∈ 𝑆0(Ω) + 𝑢𝐷 such that
∫
Ω

(𝜈∇𝑢 : ∇𝑤 − (𝑎 ⊗ 𝑢) : ∇𝑤) d𝑥 = ∫
Ω

𝑓 ⋅ 𝑤 d𝑥 for all 𝑤 ∈ 𝑆0(Ω). (1.5)

Existence and uniqueness of generalized solutions to the Stokes and Oseen problems are well established

(see, e.g., [9]). In essence, the corresponding results are based on the following lemma.

Lemma 1.1. For any function 𝑔 ∈ 𝐿̃2(Ω), there exists a function 𝑣 ∈ 𝑉0(Ω) satisfying the condition div 𝑣 = 𝑔 such
that

‖∇𝑣‖Σ ≤ 𝜅Ω‖𝑔‖.
Here 𝜅Ω is a positive constant depending only on the domainΩ.
We note that the constant inverse to 𝜅Ω arises in the so-called Ladyzhenskaya–Babuška–Brezzi (LBB) con-

dition (see, e.g., [2, 4]), which can be viewed as a different form of Lemma 1.1. Also, these results guarantee

boundedness of the energy norm of the exact solution, namely, |||𝑢||| := ‖𝜈1/2∇𝑢‖Σ ≤ 𝑐, where the constant 𝑐
depends on the problem data and on the constant 𝐶𝐹Ω in the Friedrichs type inequality

‖𝑤‖ ≤ 𝐶𝐹Ω‖∇𝑤‖Σ for all 𝑤 ∈ 𝑉0.
The constants 𝐶𝐹Ω and 𝜅Ω play an important role in our analysis because they control distances between

a vector valued function and the set of solenoidal fields evaluated in different norms (see [12, 15–17]). In

particular, Lemma 1.1 implies an important corollary: for any 𝑣 ∈ 𝑉0(Ω) there exists 𝑣0 ∈ 𝑆0(Ω) such that
‖∇(𝑣 − 𝑣0)‖Σ ≤ 𝜅Ω‖div 𝑣‖. (1.6)

A similar estimate holds for 𝑣 ∈ 𝑉0(Ω) + 𝑢𝐷 with some 𝑣0 ∈ 𝑆0(Ω) + 𝑢𝐷.
If functions vanish on the whole boundary, then a guaranteed upper bound of 𝐶𝐹Ω is easy to find. For

some domains the constant 𝐶LBB = 𝜅−1Ω or computable bounds for it can be found if the field satisfies some

additional requirements (see, e.g., [5, 8, 13, 18, 20]).

In [16, 17], guaranteed and fully computable bounds of the distance between the exact solution of the

stationary Stokes problemandany function in𝑉0(Ω)+𝑢𝐷were derivedby transformations of integral relations

similar to (1.5). If the function compared with 𝑢 is an approximation, then these estimates yield robust and

efficient a posteriori error bounds (for the Stokes problem, they were numerically tested in [6, 7], see also

[11]). In [20], analogous estimates were derived for the generalized Stokes problem. In Section 2 of the present

paper, we use the same ideas in order to derive estimates of the distance to the exact solution of (1.1)–(1.4).

We obtain estimates for the velocity, pressure, and stress fields. In Section 3, similar estimates are derived

for the combined error norm, which encompasses errors of approximations related to all fields. In Section 4,

the estimates are applied to approximations generated by the Uzawa algorithm. Section 5 contains results of

numerical tests, which confirm practical applicability and efficiency of the estimates.

2 Estimates of Deviations from the Exact Velocity Field
Theorem 2.1. Let 𝑣 ∈ 𝑉0(Ω) + 𝑢𝐷. Then for all 𝑞 ∈ 𝐿̃2(Ω) and 𝜏 ∈ Σ(Ω) we have

|||𝑢 − 𝑣||| ≤ 𝜈−1/2‖𝑟(𝜏)‖−1,Ω + ‖𝜈−1/2𝑑(𝑣, 𝜏, 𝑞)‖Σ + (2 ̄𝜈1/2 + 𝐶Ω)𝜅Ω‖div 𝑣‖ := 𝑀⊕(𝑣, 𝜏, 𝑞), (2.1)

where

𝑟(𝜏) := 𝑓 + Div 𝜏, 𝐶Ω = 𝐶𝐹Ω‖𝜈−1/2𝑎‖∞,Ω, 𝑑(𝑣, 𝜏, 𝑞) := 𝜏 − 𝜈∇𝑣 + 𝑎 ⊗ 𝑣 + 𝕀𝑞,
and

‖𝑟(𝜏)‖−1,Ω := sup
𝑤∈𝑉

0
(Ω)

∫
Ω
(𝑓 ⋅ 𝑤 − 𝜏 : ∇𝑤) d𝑥

‖∇𝑤‖Σ .
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Proof. For any 𝑣0 ∈ 𝑆0(Ω) + 𝑢𝐷, we have
|||𝑢 − 𝑣||| ≤ |||𝑢 − 𝑣0||| + |||𝑣0 − 𝑣|||. (2.2)

First, we estimate from above the first term of the right-hand side of (2.2). Let 𝑤 ∈ 𝑆0(Ω). By subtracting the
integral

∫
Ω

(𝜈∇𝑣0 : ∇𝑤 − (𝑎 ⊗ 𝑣0) : ∇𝑤) d𝑥
from both sides of (1.5), we obtain

∫
Ω

(𝜈∇(𝑢 − 𝑣0) : ∇𝑤 − (𝑎 ⊗ (𝑢 − 𝑣0)) : ∇𝑤) d𝑥 = ∫
Ω

(𝑓 ⋅ 𝑤 − 𝜈∇𝑣0 : ∇𝑤 + (𝑎 ⊗ 𝑣0) : ∇𝑤) d𝑥. (2.3)

For any 𝜏 ∈ Σ(Ω) and 𝑞 ∈ 𝐿̃2(Ω) we rewrite the right-hand side and estimate it as follows:

∫
Ω

(𝑓 ⋅ 𝑤 − 𝜏 : ∇𝑤 + (𝜏 − 𝜈∇𝑣0 + 𝑎 ⊗ 𝑣0 + 𝕀𝑞) : ∇𝑤) d𝑥
= ∫
Ω

(𝑟(𝜏) ⋅ 𝑤 + 𝑑(𝑣0, 𝜏, 𝑞) : ∇𝑤) d𝑥
≤ ‖𝑟(𝜏)‖−1,Ω‖∇𝑤‖Σ + ‖𝜈−1/2𝑑(𝑣0, 𝜏, 𝑞)‖Σ‖𝜈1/2∇𝑤‖Σ
≤ (𝜈−1/2‖𝑟(𝜏)‖−1,Ω + ‖𝜈−1/2𝑑(𝑣0, 𝜏, 𝑞)‖Σ) ‖𝜈1/2∇𝑤‖Σ. (2.4)

Set 𝑤 = 𝑢 − 𝑣0. Since
∫
Ω

(𝑎 ⊗ (𝑢 − 𝑣0)) : ∇(𝑢 − 𝑣0) d𝑥 = 0,
the estimates (2.4) and (2.3) yield

|||𝑢 − 𝑣0||| ≤ 𝜈−1/2‖𝑟(𝜏)‖−1,Ω + ‖𝜈−1/2𝑑(𝑣0, 𝜏, 𝑞)‖Σ. (2.5)

Now, we estimate the second term in the right-hand side of (2.5). We have

‖𝜈−1/2𝑑(𝑣0, 𝜏, 𝑞)‖Σ ≤ ‖𝜈1/2∇(𝑣0 − 𝑣)‖Σ + ‖𝜈−1/2𝑑(𝑣, 𝜏, 𝑞)‖Σ + ‖𝜈−1/2𝑎 ⊗ (𝑣0 − 𝑣)‖Σ.
Note that

‖𝜈−1/2𝑎 ⊗ (𝑣0 − 𝑣)‖Σ ≤ ‖𝜈−1/2𝑎‖∞,Ω‖𝑣0 − 𝑣‖,
where

‖𝜈−1/2𝑎‖∞,Ω := max
𝑖=1,...,𝑑

sup
𝑥∈Ω

{𝜈−1/2𝑎𝑖}.
We find that

‖𝜈−1/2𝑑(𝑣0, 𝜏, 𝑞)‖Σ ≤ ( ̄𝜈1/2 + 𝐶Ω)‖∇(𝑣0 − 𝑣)‖Σ + ‖𝜈−1/2𝑑(𝑣, 𝜏, 𝑞)‖Σ.
Hence,

|||𝑢 − 𝑣||| ≤ (2 ̄𝜈1/2 + 𝐶Ω)‖∇(𝑣0 − 𝑣)‖Σ + ‖𝜈−1/2𝑑(𝑣, 𝜏, 𝑞)‖Σ + 𝜈−1/2‖𝑟(𝜏)‖−1,Ω.
In view of (1.6), we finally obtain (2.1).

Remark 2.2. If 𝜏 ∈ Σ(Div, Ω), then it is easy to show that

‖𝑟(𝜏)‖−1,Ω ≤ 𝐶𝐹Ω‖𝑟(𝜏)‖.
In this case, (2.1) is reduced to the majorant derived for the Oseen problem in [17].
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3 Estimate of Deviations from the Exact Pressure and Stress Fields
Let 𝑞 ∈ 𝐿̃2(Ω) be a function considered as an approximation of the exact pressure 𝑝. Then (𝑝 − 𝑞) ∈ 𝐿̃2(Ω) and
due to Lemma 1.1 there exists a function 𝑤̄ ∈ 𝑉0(Ω) such that

div(𝑤̄) = 𝑝 − 𝑞 (3.1)

and

‖∇𝑤̄‖Σ ≤ 𝜅Ω‖𝑝 − 𝑞‖. (3.2)

As in the case of the Stokes problem (see [16, 17]), this fact allows us to deduce computable majorants of

‖𝑝 − 𝑞‖.
Theorem 3.1. Let 𝑞 ∈ 𝐿̃2(Ω). Then for all 𝜏 ∈ Σ(Ω)

1
𝜅Ω ‖𝑝 − 𝑞‖ ≤ 𝐶𝑎,𝜈|||𝑢 − 𝑣||| + ‖𝑑(𝑣, 𝜏, 𝑞)‖Σ + ‖𝑟(𝜏)‖−1,Ω, (3.3)

where 𝐶𝑎,𝜈 := ( ̄𝜈1/2 + 𝜈−1/2𝐶𝐹Ω‖𝑎‖∞,Ω) and |||𝑢 − 𝑣||| is estimated by (2.1).
Proof. From (3.1) we have

‖𝑝 − 𝑞‖2 = ∫
Ω

div 𝑤̄(𝑝 − 𝑞) d𝑥 = ∫
Ω

(div 𝑤̄𝑝 − 𝑞𝕀 : ∇𝑤̄) d𝑥. (3.4)

Multiplying (1.1) by 𝑤̄ and integrating overΩ, we obtain
∫
Ω

div 𝑤̄𝑝 d𝑥 = ∫
Ω

(𝜈∇𝑢 : ∇𝑤̄ − (𝑎 ⊗ 𝑢) : ∇𝑤̄ − 𝑓 ⋅ 𝑤̄) d𝑥. (3.5)

From (3.4) and (3.5), we obtain

‖𝑝 − 𝑞‖2 ≤ ∫
Ω

((𝜈∇𝑣 − 𝜏 − 𝑎 ⊗ 𝑣 − 𝕀𝑞) : ∇𝑤̄) d𝑥 + ‖𝑟(𝜏)‖−1,Ω‖∇𝑤̄‖ + ∫
Ω

(𝜈∇(𝑢 − 𝑣) : ∇𝑤̄ − 𝑎 ⊗ (𝑢 − 𝑣) : ∇𝑤̄) d𝑥.
Here

∫
Ω

(𝜈∇(𝑢 − 𝑣) : ∇𝑤̄ − 𝑎 ⊗ (𝑢 − 𝑣) : ∇𝑤̄) d𝑥 ≤ ̄𝜈1/2|||𝑢 − 𝑣|||‖∇𝑤̄‖Σ + ‖𝑎‖∞,Ω‖𝑢 − 𝑣‖‖∇𝑤̄‖Σ
≤ 𝜅Ω( ̄𝜈1/2 + 𝜈−1/2𝐶𝐹Ω‖𝑎‖∞,Ω)|||𝑢 − 𝑣|||‖𝑝 − 𝑞‖

and in view of (3.2) we have

∫
Ω

𝑑(𝑣, 𝜏, 𝑞) : ∇𝑤̄ d𝑥 ≤ ‖𝑑(𝑣, 𝜏, 𝑞)‖Σ‖∇𝑤̄‖Σ ≤ 𝜅Ω‖𝑑(𝑣, 𝜏, 𝑞)‖Σ‖𝑝 − 𝑞‖.
Thus, we arrive at the estimate (3.3).

The exact solution generates the tensor

𝜎 := 𝜈∇𝑢 − 𝑎 ⊗ 𝑢 − 𝑝𝕀.
Assume that 𝑣 ∈ 𝑉0(Ω) + 𝑢𝐷, 𝜂 ∈ Σ(Ω), and 𝑞 ∈ 𝐿̃2(Ω) approximate 𝑢, 𝜎, and 𝑝, respectively. Then,

‖𝜂 − 𝜎‖Σ = ‖𝜂 − 𝜈∇𝑢 + 𝑎 ⊗ 𝑢 + 𝑝𝕀‖Σ ≤ ‖𝜂 − 𝜈∇𝑣 + 𝑎 ⊗ 𝑣 + 𝑞𝕀‖Σ + ‖𝜈∇(𝑢 − 𝑣)‖Σ + ‖𝑎‖∞,Ω‖𝑢 − 𝑣‖ + √𝑑‖𝑝 − 𝑞‖
≤ ‖𝑑(𝑣, 𝜂, 𝑞)‖Σ + 𝐶𝑎,𝜈|||𝑢 − 𝑣||| + √𝑑‖𝑝 − 𝑞‖.

By (3.3) we obtain

‖𝜂 − 𝜎‖Σ ≤ √𝑑𝜅Ω‖𝑑(𝑣, 𝜏, 𝑞)‖Σ + ‖𝑑(𝑣, 𝜂, 𝑞)‖Σ + √𝑑𝜅Ω‖𝑟(𝜏)‖−1,Ω + (1 + √𝑑𝜅Ω)𝐶𝑎,𝜈𝑀⊕(𝑣, 𝜏, 𝑞), (3.6)

where 𝐶𝑎,𝜈 is defined in Theorem 3.1.

Brooought to you by | Jyvaskyyylan Yliopisto / Jyväskyyylä Universsity Libraryyy
Authenticated | 10.248.254.158
Download Date | 8/22/14 6:42 AM



M. Nokka and S. Repin, Error Bounds for the Oseen Problem | 377

Remark 3.2. If we choose 𝜂 = 𝜈∇𝑣 − 𝑎 ⊗ 𝑣 − 𝑞𝕀, then ‖𝑑(𝑣, 𝜂, 𝑞)‖Σ = 0.
Also, we can measure the error in terms of the norm of the product space

𝑊:= (𝑉0(Ω) + 𝑢𝐷) × 𝐿̃2(Ω) × Σ(Ω),
which is

‖(𝑣, 𝑞, 𝜂)‖𝑊 := |||𝑣||| + ‖𝑞‖ + ‖𝜂‖Σ.
Combining the estimates (2.1), (3.3) and (3.6) we find that

‖(𝑢 − 𝑣, 𝑝 − 𝑞, 𝜂 − 𝜎)‖𝑊 ≤ 𝑐⊕𝑀⊕(𝑣, 𝜏, 𝑞) + ‖𝑑(𝑣, 𝜂, 𝑞)‖Σ,
where

𝑐⊕ := 1 + (𝜅Ω + √𝑑𝜅Ω)(𝐶𝑎,𝜈 + max{1, 𝐶𝐹Ω}).

4 Error Estimates for Approximate Solutions Generated by
the Uzawa Algorithm

Uzawa type algorithms are commonly used for solving various saddle point problems (see, e.g., the survey

article [3]). They are widely used in numerical analysis of incompressible media. In our case, the algorithm

can be used in the following form:

(1) Set 𝑘 = 0 and 𝑝0 ∈ 𝐿̃2(Ω).
(2) Find 𝑢𝑘 ∈ 𝑉0(Ω) + 𝑢𝐷 such that

∫
Ω

(𝜈∇𝑢𝑘 : ∇𝑤 − (𝑎 ⊗ 𝑢𝑘) : ∇𝑤) d𝑥 = ∫
Ω

(𝑓 ⋅ 𝑤 + 𝑝𝑘 div 𝑤) d𝑥 for all 𝑤 ∈ 𝑉0. (4.1)

(3) Find

𝑝𝑘+1 = 𝑝𝑘 − 𝜌 div 𝑢𝑘, where 𝜌 ∈ (0, ̄𝜌). (4.2)

(4) Set 𝑘 = 𝑘 + 1 and go to step (2).
It is well known (see, e.g., [21]) that approximations generated by the Uzawa algorithm converge (as

𝑘 → ∞) in the sense that

𝑢𝑘 → 𝑢 in 𝑉(Ω,ℝ𝑑), 𝑝𝑘 → 𝑝 weakly in 𝐿2(Ω)
provided that

0 < 𝜌 < ̄𝜌 := 2𝜈.
Our first goal is to deduce computable and realistic estimates of 𝑢𝑘−𝑢 and 𝑝𝑘−𝑝 in terms of the respective

norms.

For this purpose, we use results of previous sections. We set

𝑣 = 𝑢𝑘, 𝑞 = 𝑝𝑘, 𝜏 = 𝜈∇𝑢𝑘 − 𝑎 ⊗ 𝑢𝑘 − 𝕀𝑝𝑘.
In this case,

𝑑(𝑣, 𝜏, 𝑞) := 𝜏 − 𝜈∇𝑢𝑘 + 𝑎 ⊗ 𝑢𝑘 + 𝕀𝑝𝑘 = 0
and in view of (4.1),

‖𝑟(𝜏)‖−1,Ω := sup
𝑤∈𝑉

0
(Ω)

∫
Ω
(𝑓 ⋅ 𝑤 − (𝜈∇𝑢𝑘 − 𝑎 ⊗ 𝑢𝑘 − 𝕀𝑝𝑘) : ∇𝑤) d𝑥

‖∇𝑤‖Σ = 0.
We use the estimate (2.1) and arrive at the following result.

Brooought to you by | Jyvaskyyylan Yliopisto / Jyväskyyylä Universsity Libraryyy
Authenticated | 10.248.254.158
Download Date | 8/22/14 6:42 AM



378 | M. Nokka and S. Repin, Error Bounds for the Oseen Problem

Theorem 4.1. Let 𝑢𝑘 be the exact solution computed in the 𝑘-th step of the Uzawa algorithm. Then
|||𝑢 − 𝑢𝑘||| ≤ (2 ̄𝜈1/2 + 𝐶Ω)𝜅Ω‖div 𝑢𝑘‖ := 𝑀𝑈𝑧⊕ (𝑢𝑘) (4.3)

and

‖𝑝 − 𝑝𝑘‖ ≤ 𝜅Ω𝐶𝑎,𝜈𝑀𝑈𝑧⊕ (𝑢𝑘). (4.4)

Remark 4.2. Since
|||𝑢𝑘 − 𝑢|||2 ≥ 1

𝑑 𝜈 ‖div 𝑢𝑘‖2 =: 𝑀𝑈𝑧⊖ (𝑢𝑘),
we find that

𝑀𝑈𝑧⊖ (𝑢𝑘) ≤ |||𝑢 − 𝑢𝑘||| ≤ 𝑀𝑈𝑧⊕ (𝑢𝑘). (4.5)

Thismeans that the efficiency index of themajorant is boundedby an explicitly computable constant, namely

𝐼eff(𝑀𝑈𝑧⊕ (𝑢𝑘)) := 𝑀𝑈𝑧⊕ (𝑢𝑘)
|||𝑢 − 𝑢𝑘||| ≤ 𝐼eff⊕ , (4.6)

where

𝐼eff⊕ := 𝑀𝑈𝑧⊕ (𝑢𝑘)
𝑀𝑈𝑧⊖ (𝑢𝑘) ≤ 2 ̄𝜈1/2 + 𝐶𝐹Ω‖𝜈−1/2𝑎‖∞,Ω

𝜈1/2 √𝑑𝜅Ω.
We note that 𝜅Ω ≥ 1√𝑑 , so that 𝐼eff⊕ ≥ 1 (which of cause also follows directly from (4.5) and (4.6)).

In particular, for the Stokes problem with constant 𝜈 the ratio is smaller than 2√𝑑𝜅Ω. The estimate (4.5)

shows that the quantity ‖div 𝑢𝑘‖ reliably controls convergence of 𝑢𝑘 to 𝑢 in 𝑉.
The estimates (4.3) and (4.4) are of theoretical relevance. In practice, the problem (4.1) is solved numerically

on a certain mesh Tℎ, whose cells have the characteristic size ℎ. For this case, we need an advanced form of

the error majorant, which is derived below.

Let 𝑉0ℎ(Ω, ℝ𝑑) and 𝐿̃2ℎ(Ω) be finite dimensional subspaces of 𝑉0(Ω) and 𝐿̃2(Ω), respectively. We also as-

sume that the spaces are constructed so that the corresponding numerical problem is stable and satisfies the

discrete LBB-condition.

Let 𝑢𝑘ℎ ∈ 𝑉0ℎ + 𝑢𝐷 be an approximation of 𝑢𝑘 calculated in the 𝑘-th step (4.1) of the Uzawa algorithm

and 𝑝𝑘ℎ, 𝑝𝑘+1ℎ ∈ 𝐿̃2ℎ(Ω) be approximations of the pressure related to step (4.2). Our goal is to derive a fully

computable error majorant for the pair (𝑢𝑘ℎ, 𝑝𝑘ℎ) generated in step 𝑘.
Theorem 4.3. For any 𝜂 ∈ Σ(Ω, Div),

|||𝑢 − 𝑢𝑘ℎ||| ≤ E
ℎ(𝑢𝑘ℎ, 𝑝𝑘ℎ, 𝜂) + 𝑀𝑈𝑧⊕ (𝑢𝑘ℎ) := 𝑀𝑈𝑧⊕ (𝑢𝑘ℎ, 𝑝𝑘ℎ, 𝜂),

where the first term

E(𝑢𝑘ℎ, 𝑝𝑘ℎ, 𝜂) = 𝜈−1/2(𝐶𝐹Ω‖𝑟(𝜂)‖Ω + ‖𝑑(𝑢𝑘ℎ, 𝜂, 𝑝𝑘ℎ)‖Σ)
is related to the approximation error and the second term presents the error associated with the Uzawamethod.

Analogously, 1
𝜅Ω ‖𝑝 − 𝑝𝑘ℎ‖ ≤ (1 + 𝐶𝑎,𝜈)E(𝑢𝑘ℎ, 𝑝𝑘ℎ, 𝜂) + 𝐶𝑎,𝜈𝑀𝑈𝑧⊕ (𝑢𝑘ℎ).

Proof. We set

𝑣 = 𝑢𝑘ℎ, 𝑞 = 𝑝𝑘ℎ, 𝜏 = 𝜈∇𝑢𝑘ℎ − 𝑎 ⊗ 𝑢𝑘ℎ − 𝕀𝑝𝑘ℎ
and use the estimate (2.1). In this case, 𝑑(𝑢𝑘ℎ, 𝜏, 𝑝𝑘ℎ) = 0 and

‖𝑟(𝜏)‖−1,Ω := sup
𝑤∈𝑉

0
(Ω)

∫
Ω
(𝑓 ⋅ 𝑤 − (𝜈∇𝑢𝑘ℎ − 𝑎 ⊗ 𝑢𝑘ℎ − 𝕀𝑝𝑘ℎ) : ∇𝑤) d𝑥

‖∇𝑤‖Σ .
Let 𝜂 ∈ Σ(Div, Ω). Then,

‖𝑟(𝜂)‖−1,Ω = sup
𝑤∈𝑉

0
(Ω)

∫
Ω
((𝑓 + Div 𝜂) ⋅ 𝑤 − (𝑑(𝑢𝑘ℎ, 𝜂, 𝑝𝑘ℎ)) : ∇𝑤) d𝑥

‖∇𝑤‖Σ ≤ 𝐶𝐹Ω‖𝑓 + Div 𝜂‖Ω + ‖𝑑(𝑢𝑘ℎ, 𝜂, 𝑝𝑘ℎ)‖Σ.
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Hence, we arrive at estimate (4.3). Now, we use (3.3) and find that

1
𝜅Ω ‖𝑝 − 𝑝ℎ‖ ≤ 𝐶𝑎,𝜈|||𝑢 − 𝑢𝑘ℎ||| + 𝐶𝐹Ω‖𝑓 + Div 𝜂‖Ω + ‖𝑑(𝑢𝑘ℎ, 𝜂, 𝑝𝑘ℎ)‖Σ.

Remark 4.4. Analogously to (4.5), we find that

𝑀𝑈𝑧⊖ (𝑢𝑘ℎ) ≤ |||𝑢 − 𝑢𝑘ℎ||| ≤ 𝑀𝑈𝑧⊕ (𝑢𝑘ℎ) + E(𝑢𝑘ℎ, 𝑝𝑘ℎ, 𝜂), (4.7)

whichmeans that the guaranteed efficiency index of the errormajorant is subject to similar estimates, namely

𝐼eff(𝑀𝑈𝑧⊕ (𝑢𝑘ℎ)) ≤ 𝐼eff⊕ + 𝐼eff𝑘 , (4.8)

where the second term

𝐼eff𝑘 := E(𝑢𝑘ℎ, 𝑝𝑘ℎ, 𝜂)|||𝑢 − 𝑢𝑘
ℎ
|||

represents the efficiency index associated with the approximation error.

We end up this section with a short comment on practical applications of the estimate (4.7). First we note

that it has the form which is natural to expect. It is clear that the quality of error estimation related to solv-

ing the boundary value problem (4.1) by means of a certain numerical method should enter the estimate and

increase the overall value of the majorant (cf. (4.8)). In the numerical tests presented below, we indeed ob-

served this effect. In these examples, the function 𝜂 was defined by means of very simple (and very cheap)

reconstructions of the numerical stress (based on local averaging) and, therefore, the term E(𝑢𝑘ℎ, 𝑝𝑘ℎ, 𝜂)made

a considerable contribution to the overall error bound. Nevertheless, the majorant correctly reflects the de-

creasing of the error in the process of the Uzawa iterations. Certainlymore sophisticated stress reconstruction

procedures (e.g., global minimization) would lead to much better results (see a consequent discussion of the

corresponding methods in [11]). However, even if the approximation error would be defined sharply, for suf-

ficiently large 𝑘 the right-hand side of (4.7) will not decrease because the mesh Tℎ is too coarse for getting

approximations with a required accuracy. In practice, this “saturation” phenomenon is easily detected by

comparing the values of two terms forming the majorant (in our tests this phenomenon was observed). This

means that fully reliable computations based on the Uzawa type methods require “modeling-discretization”

adaptive algorithms in the spirit of, e.g., [19].

5 Numerical Experiments
Below we present results from numerical computations performed to test the majorants and minorants. Ap-

proximations for model problem were calculated with MINI-elements [1] for the velocity field, linear triangu-

lar elements for the pressure field, and linear Raviart–Thomas elements [14] for the stress field.

We consider the Oseen problem with 𝜈 = 1 in Ω = [0, 1] × [0, 1] and homogeneous Dirichlet boundary

conditions. The exact velocity

𝑢(𝑥, 𝑦) = ( 20𝑥2𝑦(2𝑦 − 1)(𝑥 − 1)2(𝑦 − 1)
−20𝑥𝑦2(2𝑥 − 1)(𝑥 − 1)(𝑦 − 1)2)

and the pressure𝑝(𝑥, 𝑦) = 2𝑥−1 generate the right-hand side of the equation. The iterationswere startedwith
𝑝0 = 0 in Ω. Computations were performed with the help of FEniCS Project open source software [10]. Uni-

form refinements of the mesh were performed if the majorant for the velocity field shows that practically the

error does not decrease (if the absolute value of difference between the values computed for two consecutive

iterations was less than 10%). At the very beginning we had 512 elements. At every refinement one triangle

element was divided into four similarly shaped triangles (so that we had 2048 degrees of freedom after the

first refinement, and then 8192 after the second refinement). The algorithm was stopped after the third mesh

refinement.
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𝑘
𝑀⊕(𝑣,𝜏,𝑞)

|||𝑣|||
‖div 𝑣‖
|||𝑣|||

‖𝑑(𝑣,𝜏,𝑞)‖

|||𝑣|||
‖𝑟(𝜏)‖
|||𝑣|||

‖(𝑢−𝑣,𝑝−𝑞,𝜂−𝜎)‖𝑊
‖(𝑣,𝑞,𝜂)‖𝑊

𝑐⊕𝑀⊕(𝑣,𝜏,𝑞)

‖(𝑣,𝑞,𝜂)‖𝑊

6 0.814861 0.108033 0.186701 6.14041×10−5 0.18877 3.3947

9 0.394441 0.0533815 0.0840590 3.76671×10−6 0.0921263 1.61059

12 0.197608 0.0266837 0.0424575 2.34323×10−7 0.0509854 0.798602

Table 1. Components of the majorant, 𝑎 = (1, 0).

Figure 1. Behavior of the majorants, 𝑎 = (1, 0).

Figure 2. Divergence of the approximate velocity, 𝑎 = (1, 0).
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𝑘
𝑀⊕(𝑣,𝜏,𝑞)

|||𝑣|||
‖div 𝑣‖
|||𝑣|||

‖𝑑(𝑣,𝜏,𝑞)‖

|||𝑣|||
‖𝑟(𝜏)‖
|||𝑣|||

‖(𝑢−𝑣,𝑝−𝑞,𝜂−𝜎)‖𝑊
‖(𝑣,𝑞,𝜂)‖𝑊

𝑐⊕𝑀⊕(𝑣,𝜏,𝑞)

‖(𝑣,𝑞,𝜂)‖𝑊

6 0.816497 0.108253 0.187053 6.13097×10−5 0.187327 3.36203

9 0.394957 0.0534651 0.0840883 3.76496×10−6 0.0913371 1.59401

12 0.197734 0.0267046 0.0424624 2.34283×10−7 0.0505014 0.78988

Table 2. Components of the majorant, 𝑎 = (1, 1).

Figure 3. Behavior of the majorants, 𝑎 = (1, 1).

Figure 4. Divergence of the approximate velocity, 𝑎 = (1, 1).
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𝑘
𝑀⊕(𝑣,𝜏,𝑞)

|||𝑣|||
‖div 𝑣‖
|||𝑣|||

‖𝑑(𝑣,𝜏,𝑞)‖

|||𝑣|||
‖𝑟(𝜏)‖
|||𝑣|||

‖(𝑢−𝑣,𝑝−𝑞,𝜂−𝜎)‖𝑊
‖(𝑣,𝑞,𝜂)‖𝑊

𝑐⊕𝑀⊕(𝑣,𝜏,𝑞)

‖(𝑣,𝑞,𝜂)‖𝑊

5 0.78383 0.114972 0.182948 6.12371×10−5 0.219877 3.03241

8 0.372967 0.0553391 0.0837532 3.76496×10−6 0.102283 1.39201

11 0.185204 0.0273769 0.0421268 2.34320×10−7 0.0542261 0.680833

Table 3. Components of the majorant, 𝑎 = (0, 0).

Figure 5. Behavior of the majorants, 𝑎 = (0, 0).

Figure 6. Divergence of the approximate velocity, 𝑎 = (0, 0).
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We tested the algorithm for different 𝑎. Below, we focus attention on three examples, which present typ-

ical results. We set 𝑎 = (1, 0), 𝑎 = (1, 1) and 𝑎 = (0, 0) (this case corresponds to the Stokes problem). Values

for majorants and exact errors are shown in Figure 1 for 𝑎 = (1, 0), Figure 3 for 𝑎 = (1, 1) and Figure 5 for

𝑎 = (0, 0). In Figures 2, 4 and 6 we show how the norm of the divergence decreases in the process of Uzawa

iterations. For the velocity field, errors are calculated in the energy norm and for the pressure in the 𝐿2-norm.

Values of themajorants and exact errors for the velocity and pressure are normalized with the norms |||𝑣||| and
‖𝑞‖, respectively. Dotted vertical lines mark the iterations after which mesh refinements were done. In the

examples, the “free” function 𝜏 was computed by minimization of the majorant on the same mesh that was

used for the velocity field. Also, we can compute guaranteed bounds on the errors in terms of stresses and the

combined primal-dual norm (see Table 1 for 𝑎 = (1, 0), Table 2 for 𝑎 = (1, 1) and Table 3 for 𝑎 = (0, 0)). We see

that the estimates indeed provide guaranteed upper bounds of errors in the functions computed by means

of the Uzawa iterations. These bounds correctly reflect decrease of the corresponding errors and indicate the

moment when adaptation of the mesh is required.
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