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A comprehensive analysis of the structure of the nuclear matrix elements (NMEs) of neutrinoless double beta-minus (0]𝛽−𝛽−)
decays to the 0+ ground and first excited states is performed in terms of the contributing multipole states in the intermediate nuclei
of 0]𝛽−𝛽− transitions. We concentrate on the transitions mediated by the light (l-NMEs)Majorana neutrinos. As nuclear model we
use the proton-neutron quasiparticle random-phase approximation (pnQRPA) with a realistic two-nucleon interaction based on
the Bonn one-boson-exchange 𝐺 matrix. In the computations we include the appropriate short-range correlations, nucleon form
factors, and higher-order nucleonic weak currents and restore the isospin symmetry by the isoscalar-isovector decomposition of
the particle-particle proton-neutron interaction parameter 𝑔pp.

1. Introduction

Thanks to neutrino-oscillation experiments much is known
about the basic properties of the neutrino concerning its
mixing and squared mass differences. What is not known
is the absolute mass scale, the related mass hierarchy, and
the fundamental nature (Dirac or Majorana) of the neutrino.
This can be studied by analyzing the neutrinoless double
beta (0]2𝛽) decays of atomic nuclei [1–4] through analyses
of the participating nuclear matrix elements (NMEs). The
0]2𝛽 decays proceed by virtual transitions through states of
all multipoles 𝐽𝜋 in the intermediate nucleus, 𝐽 being the total
angular momentum and 𝜋 being the parity of the interme-
diate state. Most of the present interest is concentrated on
the double beta-minus variant (0]𝛽−𝛽− decay) of the 0]2𝛽
decays due to their relatively large decay energies (𝑄 values)
and natural abundancies.

In this work we concentrate on analyses of the interme-
diate contributions to the 0]𝛽−𝛽− decays for the 0+ → 0

+

ground-state-to-ground-state and ground-state-to-excited-
state transitions in nuclear systems of experimental interest.
We focus on the lightMajorana neutrinomediated transitions

by taking into account the appropriate short-range nucleon-
nucleon correlations [5] and contributions arising from the
induced currents and the finite nucleon size [6]. There are
several nuclear models that have recently been used to
compute the 0]𝛽−𝛽− decay NMEs (see, e.g., the extensive
discussions in [3, 7–11]). However, the only model that avoids
the closure approximation and retains the contributions
from individual intermediate states is the proton-neutron
quasiparticle random-phase approximation (pnQRPA) [7,
12–14].

Some analyses of the intermediate-state contributions
within the pnQRPA approach have been performed in [12,
13, 15, 16] and recently quite extensively in [17]. In [17]
an intermediate multipole 𝐽𝜋 decomposition was done for
decays of 76Ge, 82Se, 96Zr, 100Mo, 110Pd, 116Cd, 124Sn, 128,130Te,
and 136Xe to the ground state of the respective daughter
nuclei. In this paper we extend the analysis of [17] to a more
detailed scrutiny of the intermediate contributions to the
0]𝛽−𝛽− decay NMEs of the above-mentioned nuclei. We also
extend the scope of [17] by considering transitions to the first
0

+ excited states in addition to the ground-state-to-ground-
state transitions.
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2. Theory Background

In this section a very brief introduction to the computational
framework of the present calculations is given. The present
analyses on ground-state-to-ground-state decays are based
on the calculations done in [17]. Details considering the
excited-state decays are given in a future publication. We
assume here that the 0]𝛽−𝛽− decay proceeds via the light
Majorana neutrino so that the inverse half-life can be written
as
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where 𝐺
0] is a phase-space factor for the final-state leptons

defined here without the axial vector coupling constant 𝑔A.
The quantity ⟨𝑚]⟩ denotes the neutrino effective mass and
describes the physics beyond the standard model [17]. The
quantity𝑀(0]) is the light neutrino nuclearmatrix element (l-
NME). The nuclear matrix element can be decomposed into
Gamow-Teller (GT), Fermi (F), and tensor (T) contributions
as

𝑀

(0])
= 𝑀

(0])
GT − (

𝑔V
𝑔A

)

2

𝑀

(0])
F +𝑀

(0])
T ,

(2)

where 𝑔V is the vector coupling constant.
Each of the NMEs𝐾 = GT, F, and T in (2) can be decom-

posed in terms of the intermediate multipole contributions
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where each multipole contribution is, in turn, decomposed
in terms of the two-particle transition matrix elements and
one-body transition densities as
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where 𝑘
1

and 𝑘

2

label the different pnQRPA solutions for
a given multipole 𝐽𝜋 and the indices 𝑝, 𝑝, 𝑛, 𝑛 denote the
proton and neutron single-particle quantum numbers. The
operators O

𝐾

inside the two-particle matrix element contain
the neutrino potentials for the light Majorana neutrinos,
the characteristic two-particle operators for the different 𝐾
= GT, F, T and a function taking into account the short-
range correlations (SRC) between the two decaying neutrons
in the mother nucleus of 0]𝛽−𝛽− decay [17]. The final 0+
state, 0+

𝑓

, can be either the ground state or an excited state
of the 0]𝛽−𝛽− daughter nucleus, and the overlap factor
between the two one-body transition densities helps connect
the corresponding intermediate 𝐽𝜋 states emerging from the
pnQRPA calculations in the mother and daughter nuclei.

As mentioned before, our calculations contain the appro-
priate short-range correlators, nucleon form factors, and
higher-order nucleonic weak currents. In addition, we
decompose the particle-particle proton-neutron interaction
strength parameter 𝑔pp of the pnQRPA into its isoscalar
(𝑇 = 0) and isovector (𝑇 = 1) components and adjust
these components independently as described in [17]: the
isovector component is fixed such that the NME of the
two-neutrino double beta-decay (2]𝛽−𝛽−) vanishes and the
isospin symmetry is thus restored for both the 2]𝛽−𝛽− and
0]𝛽−𝛽− decays. The isoscalar component, in turn, is fixed
such that the measured half-life of the 2]𝛽−𝛽− decay is
reproduced. The resulting values of both components of 𝑔pp
are shown in Table I of [17]. The details of the chosen valence
spaces and the determination of the other Hamiltonian
parameters are presented in [17]. We further note that in
[17] two sets of NME computations, related to the value of
the axial vector coupling 𝑔A, were performed: first with the
quenched value 𝑔A = 1.00 and then with the bare value 𝑔A
= 1.26. In both computations the value of 𝑔A was fixed first.
After this theHamiltonian parameters were adjusted by using
the experimental data, as briefly described above and more
thoroughly in [17].

3. Results and Discussion

In this section we discuss and present the results of our
calculations. Presentation of the results follows top to bottom
approach. First we analyze themultipole decompositions and
total cumulative sums of the matrix elements. From these
we can extract the most important multipole components
and energy regions contributing to the NMEs. After this we
continue and dissect the most important multipole compo-
nents into contributions coming from different individual
states of the 0]𝛽𝛽 intermediate nucleus. Throughout these
computations we have used a conservatively quenched value
of the axial vector coupling 𝑔A = 1.00; that is, we use
the pnQRPA parameters which are related to the first set of
computations in [17] as was explained at the end of Section 2.

There has been a lot of discussion about the correct
value of 𝑔A in both the 2]𝛽𝛽 and 0]𝛽𝛽 decays lately. This
is so due to the fact that a large portion of the theoretical
half-life uncertainties are related to the present ambiguity
in the value of 𝑔A. In [9] the quenching of 𝑔A was studied
in the framework of IBM-2 and the interacting shell model
(ISM). The effective 𝑔A values were parametrized as 𝑔effA =

1.269𝐴

−0.18 (IBM-2) and as 𝑔effA = 1.269𝐴

−0.12 (ISM). These
parametrizations were obtained by comparing the model
calculations with experimental data on 2]𝛽𝛽 decays. Further
studieswere performedwithin the framework of the pnQRPA
by using the available Gamow-Teller beta-decay and 2]𝛽𝛽
decay data in several publications (see [18] and the references
therein). A wide systematic study of the quenching of 𝑔A
for Gamow-Teller beta decays was performed in [18]. Even
the quenching related to spin-dipole 2− states was studied
in [19]. While the beta decays and 2]𝛽𝛽 decays are low-
energy processes with small momentum transfers, the 0]𝛽𝛽
decay involves large momentum transfers and the thus
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Figure 1: Multipole decomposition of the l-NME for the nuclei 96Zr and 136Xe corresponding to the 0+gs → 0

+

gs decay transitions.

activated high-energy and high-multipolarity intermediate
states. For higher momentum transfers the effective 𝑔A can
be momentum-dependent [20] and different multipoles can
be affected in different ways. At present there exists no
known recipe on how to determine the value of 𝑔A for
the neutrinoless double beta decays, and that is why we
have chosen in the present study to work with a moderately
quenched value 𝑔A = 1.00, assumed to be the same for all
intermediate multipoles. We will study, however, the effect
of changing the value of 𝑔A to the characteristics of the
intermediate-state contributions in Section 3.3.

3.1. Ground-State-to-Ground-State Transitions. Let us begin
by considering the ground-state-to-ground-state decays
mediated by light neutrino exchange. In Figures 1(a) and 1(b)
we have plotted the multipole decomposition (3) of the l-
NMEs corresponding to the 𝐴 = 96 and 136 nuclear systems.
For most nuclei considered in this work, the leading multi-
pole component is 1−. This is the case also for the nucleus
96Zr shown in Figure 1(a).Most important contribution to the
NMEs comes from the lowest multipole components 1± −4±.
It can also be observed that the shape of the overall multipole
distribution is leveled when going towards heavier nuclei.
This can be seen by comparing the distribution of 96Zr with
the distribution of 136Xe displayed in Figure 1(b).

Nuclei can be grouped into different types according
to the shapes of their cumulative NME distributions. For
0

+

gs → 0

+

gs transitions via light neutrino exchange, we can
differentiate four types of nuclei. Type 1: nuclei belonging to
this type are 76Ge, 82Se, 96Zr, and 128Te. Representative of this
type, 76Ge, is presented in Figure 2(a). Characteristic feature
of the cumulative sum distribution belonging to type 1 is the
strong drop in the value of the NME occurring between 12
and 17MeV. Soon after this drop the NME saturates as can
be seen from panel (a). Type 2: nuclei belonging to this type
are 100Mo and 110Pd. Representative of this type, 110Pd, is
presented in Figure 2(b). Characteristic feature of this type
is the large enhancement and almost immediate cancellation
of this enhancement around 10MeV. This produces a spike-
like structure into the cumulative sum distribution as can
be seen from panel (b). Type 3: nuclei belonging to type 3
are 116Cd, 124Sn, and 130Te. Type 3 is represented by 124Sn,

shown in Figure 2(c). Characteristic features of this type
are that there occurs neither sharp cancellation of the NME
around 12–17MeV, as in type 1, nor a spike like structure
around 10MeV, as in type 2. Value of the NME rather
increases more or less smoothly to its highest value and then
smoothly saturates to its final value around 20MeV. Type 4:
type 4 is special in a sense that it includes only one nucleus,
136Xe. Cumulative sum of the NME for 136Xe is shown in
Figure 2(d). Characteristic feature of type 4 is that the lowest
energy region, roughly between 0 and 1.5MeV, contributes
practically nothing to the value of the NME as can be noticed
from panel (d).

Using the multipole decompositions, we have extracted
the most important multipole components contributing to
the light neutrino mediated ground-state-to-ground-state
decays. These most important components can be divided
into contributions coming from different energy levels of the
0]𝛽𝛽 intermediate nucleus.These contributions are collected
into Table 1 for 𝐴 = 76–100 systems, into Table 2 for 𝐴 =

110–124 systems, and into Table 3 for 𝐴 = 128–136 systems.
We see from the tables that often a very small set of states
collects the largest part of a given multipole contribution
to the NMEs. Also in some cases notable contributions are
coming from high excitation energies, well above 10MeV,
like in the case of 1− contributions for almost all nuclei,
1

+ contributions for 76Ge, 82Se, 110Pd, 116Cd, and 124Sn, 2+
contributions for 130Te and 136Xe, and a 3− contribution for
124Sn.

We notice a single-state dominance for the 2

− mode
in nuclei 76Ge, 82Se, and 96Zr. In [19] an analysis of the
unique first forbidden single 𝛽± 2− → 0

+ ground-state-to-
ground-state transitions in the mass region 𝐴 = 72–132
was performed. It was found that a strong renormalization
of the axial vector 2− single 𝛽matrix elements is needed to be
able to explain the experimental transition rates. It was then
speculated that the same kind of an effect may also appear
in the 0]𝛽𝛽 NMEs. This may have a large effect on the 0]𝛽𝛽
transition rates due to the important contribution of the 2−
multipole to the 0]𝛽𝛽 NMEs.

The energies of the intermediate states listed in Tables 1,
2, and 3 (and also those in Tables 4 and 5 for the transitions
to the excited states) originate from pnQRPA calculations.
Usually the pnQRPA cannot reproduce the fine details of



4 Advances in High Energy Physics

0

1

2

3

4

5

6

7

8

9

10
Cu

m
ul

at
iv

e N
M

E 
co

nt
rib

ut
io

n

0 2010

Energy (MeV)

(a) 76Ge

0

1

2

3

4

5

6

7

8

9

10

Cu
m

ul
at

iv
e N

M
E 

co
nt

rib
ut

io
n

0 2010

Energy (MeV)

(b) 110Pd

10 20 300

Energy (MeV)

0

1

2

3

4

5

6

7

8

9

10

Cu
m

ul
at

iv
e N

M
E 

co
nt

rib
ut

io
n

(c) 124Sn

0

1

2

3

4

5

6

7

8

9

10
Cu

m
ul

at
iv

e N
M

E 
co

nt
rib

ut
io

n

0 20 3010

Energy (MeV)

(d) 136Xe

Figure 2: Cumulative values of the computed l-NMEs corresponding to the 0+gs → 0
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76, 110, 124 and 136. The horizontal axis gives the excitation energies of the intermediate states contributing to the 0]𝛽𝛽 transition.
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Table 1: Most important multipoles and intermediate states contributing to the ground-state-to-ground-state 0]𝛽𝛽 decays mediated by the
light neutrino exchange. Columns 𝐸 give the energies (in MeVs) and multipoles of the intermediate states. Multipoles are organized from left
to right in terms of their importance, themost important being on the left. Columns labeled𝐶 give the correspondingNMEcontributions. Last
two numbers in each 𝐶 column give the summed contribution and the percentual part which the displayed states give to the total multipole
strength. The percentage inside the parenthesis gives the fraction with which the displayed states contribute to the total NME.

Nucleus 𝐸(2

−

) 𝐶 𝐸(1

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(1

+

) 𝐶 𝐸(3

−

) 𝐶

76Ge

0.22 0.748 5.87 0.155 0.51 0.166 0.00 0.344 0.30 0.189
6.32 0.058 1.87 0.056 4.09 0.199 0.92 0.148
7.00 0.077 3.04 0.094 4.48 0.148 6.77 0.056
7.16 0.064 3.62 0.108 4.94 0.578 6.85 0.053
8.27 0.190 4.81 0.058 10.80 −0.053 11.63 0.062
11.04 0.084 7.73 0.054 11.75 −0.109 12.07 −0.053
12.03 0.165 13.52 −0.522
16.70 0.158

0.748 0.635 0.556 0.668 0.454
79% (11%) 83% (10%) 77% (9%) 88% (10%) 70% (7%)

Nucleus 𝐸(2

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(1

−

) 𝐶 𝐸(3

−

) 𝐶 𝐸(1

+

) 𝐶

82Se

0.00 0.510 0.65 0.137 5.27 0.116 0.07 0.140 0.19 0.264
1.73 0.065 6.85 0.065 0.82 0.138 3.16 0.095
2.22 0.051 7.98 0.134 4.07 0.065
3.56 0.084 9.79 0.083 4.55 0.105
4.05 0.052 12.25 0.065 5.32 0.559
4.93 0.054 17.41 0.070 7.01 −0.253

14.53 −0.396
0.510 0.442 0.393 0.278 0.439

81% (11%) 81% (9%) 76% (8%) 57% (6%) 92% (9%)
Nucleus 𝐸(1

−

) 𝐶 𝐸(2

−

) 𝐶 𝐸(3

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(4

+

) 𝐶

96Zr

1.75 0.056 0.92 0.498 1.35 0.151 0.64 0.150 1.05 0.099
2.28 0.063 2.21 0.065 2.35 0.051 1.63 0.114 1.68 0.071
2.52 0.150 3.75 0.050 7.77 0.064 5.69 0.064
4.46 0.050 4.43 0.052 11.36 −0.091
5.04 0.077 8.53 0.057
5.27 0.209 8.77 −0.056
8.65 0.060
11.33 0.061

0.728 0.666 0.175 0.265 0.234
83% (16%) 96% (15%) 31% (4%) 59% (6%) 69% (5%)

Nucleus 𝐸(1

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(4

+

) 𝐶 𝐸(3

+

) 𝐶 𝐸(2

−

) 𝐶

100Mo

3.12 0.307 0.90 0.192 1.32 0.158 1.33 0.202 1.76 0.205
4.41 0.109 2.10 0.154 2.26 0.097 1.68 0.076 2.85 0.147
6.68 0.091 11.68 0.082 7.43 0.152 5.52 −0.061
11.15 0.117 11.97 −0.070 7.76 −0.173 10.17 0.219
16.72 0.058 10.93 −0.194
20.26 −0.060
23.90 −0.060

0.562 0.359 0.255 0.257 0.316
70% (11%) 62% (7%) 53% (5%) 54% (5%) 72% (6%)
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Figure 5: Multipole decompositions for the ground-state-to-ground-state decay of the nucleus 76Ge ((a) and (b) panels) and for the ground-
state-to-excited-state decay of the nucleus 82Se ((c) and (d) panels).The value𝑔A = 1.00was used for (a) and (c) panels and the value𝑔A = 1.26
for (b) and (d) panels.

the level structures found in all intermediate odd-odd nuclei
considered in this work. This is due to the general feature of
odd-odd nuclei: the extremely high density of states even at
low energies. This high density of nuclear states becomes a
problem, not only for the pnQRPA, but for any other nuclear
many-body approach, including the nuclear shell model. The
reason for this is that even small perturbations in the two-
body interactionmatrix elements tend to change the ordering
of the levels at random. For this reason the spectra of the odd-
odd intermediate nuclei are not a very good measure of the
reliability of the calculations but, instead, a better way is to
adjust the model parameters in such a way that the transition
rates of some other known processes, for example, single or
2]𝛽𝛽 decays, can be reproduced by the theory and this is the
philosophy which we have followed in this work.

3.2. Ground-State-to-Excited-State Decays. Let us then con-
sider 0+gs → 0

+

1

transitions mediated by the light neutrino
exchange. In Figures 3(a) and 3(b) we have plotted the
multipole decomposition of the l-NMEs corresponding to the
𝐴 = 76 and 96 nuclear systems. The multipole distributions
for the excited-state transitions are greatly different from
those corresponding to the ground-state transitions. Usually
there is only a couple of multipoles, 0+ and 1

+, which
give by far the largest contribution to the NMEs. In this
sense the excited-state transitions are more simple than the
ground-state transitions. Typical example is the nucleus 76Ge,
displayed in Figure 3(a). One nucleus deviating from this

trend is 96Zr which is presented in Figure 3(b). Its multipole
distribution resembles somewhat more those shown for the
ground-state decays in Figures 1(a) and 1(b). Most of this
differing behaviour can be traced back to the one-phonon
structure of the final 0+

1

excited state in the nucleus 96Mo.
The 0+

1

final states in this work are modeled as one-phonon
basic QRPA excitations for the daughter nuclei 96Mo and
116Sn. Rest of the final states are modeled as two-quadrupole-
phonon states. Nucleus 96Zr is an exceptional case since the
0

+

1

state in 96Mo has a relatively low excitation energy and
thus boasts rather strong collective features. This is why the
excited-state transition has a wide multipole distribution and
is greatly enhanced.

Again we can divide nuclei into different groups by
considering the shapes of their total cumulative sum dis-
tributions. For 0+gs → 0

+

1

transitions via light neutrino
exchange, we can differentiate two types of nuclei. Type 1:
nuclei belonging to type 1 are 76Ge, 82Se, 124Sn, 130Te, and
136Xe. Typical examples of this type, 76Ge, 82Se, and 136Xe,
are shown in Figures 4(a), 4(b), and 4(d). Characteristic
feature of this type is that there exist only few energy states
which give most of the total matrix element producing a
staircase-like structure as seen in the panels. For example,
for 76Ge there seems to be only five such energy states.
Type 2: nuclei belonging to this type are 96Zr, 100Mo, 110Pd,
and 116Cd. Typical examples of this type are 96Zr and 116Cd
shown in Figures 4(c) and 4(e). Characteristic feature of
type 2 is that a large number of intermediate states give
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Figure 6: Cumulative values of the l-NMEs for ground-state-to-ground-state decays of the nuclei 100Mo and 116Cd ((a) and (b) panels), and
for the ground-state-to-excited-state decays of the nuclei 82Se and 96Zr ((c) and (d) panels). The horizontal axis gives the excitation energies
of the intermediate states contributing to the 0]𝛽𝛽 transition. Two different values for the axial coupling were used as indicated in the panels.

important contributions to the NMEs. In case of 116Cd, panel
(e), around 50% of the total NME comes from transitions
through the ground state of the intermediate nucleus. The
other 50% is distributed rather evenly on the interval 0–
20MeV.

Using the multipole decompositions, we extracted the
most important multipole components contributing to the
light neutrino mediated 0

+

gs → 0

+

1

decay transitions.
These most important components were then again divided
into contributions coming from different energy levels of

the 0]𝛽𝛽 intermediate nucleus. These contributions are
collected into Table 4 for𝐴 = 76–116 systems and into Table 5
for 𝐴 = 124–136 systems. Again we notice that often only
a few intermediate states give the largest contribution to the
dominant multipoles 1+ and 0+. Extreme case is the nucleus
116Cd forwhich the dominant intermediate ground state gives
81% of the total 1+ strength. Combining this with the fact
that 1+ is by far the largest multipole component, we get a
rather good approximation for the total NME by considering
just a single virtual transition through the 1+ ground state
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Table 2: Most important multipoles and intermediate states contributing to the ground-state-to-ground-state 0]𝛽𝛽 decays mediated by the
light neutrino exchange. Columns 𝐸 give the energies (in MeVs) and multipoles of the intermediate states. Multipoles are organized from left
to right in terms of their importance, themost important being on the left. Columns labeled𝐶 give the correspondingNMEcontributions. Last
two numbers in each 𝐶 column give the summed contribution and the percentual part which the displayed states give to the total multipole
strength. The percentage inside the parenthesis gives the fraction with which the displayed states contribute to the total NME.

Nucleus 𝐸(1

−

) 𝐶 𝐸(2

−

) 𝐶 𝐸(1

+

) 𝐶 𝐸(3

−

) 𝐶 𝐸(2

+

) 𝐶

110Pd

2.95 0.130 0.82 0.387 0.00 0.938 1.14 0.118 0.33 0.244
3.19 0.106 2.47 0.091 4.70 −0.062 1.64 0.128 0.95 0.087
3.44 0.221 2.63 0.163 9.61 0.153 1.91 0.080 8.68 0.061
3.81 0.426 5.94 0.107 9.75 −0.146 3.07 0.053 8.73 0.075
4.52 0.126 8.88 0.161 10.22 0.079 3.61 0.075 9.00 0.061
9.11 0.109 9.54 −0.256 15.16 −0.316 5.33 0.066 9.07 0.053

16.30 0.256 8.08 0.167 9.16 0.199
8.37 −0.051 9.30 −0.366
8.45 0.052
8.68 0.275
9.11 −0.468

1.118 0.653 0.903 0.496 0.414
77% (13%) 68% (7%) 96% (10%) 60% (6%) 55% (5%)

Nucleus 𝐸(1

−

) 𝐶 𝐸(3

−

) 𝐶 𝐸(2

−

) 𝐶 𝐸(1

+

) 𝐶 𝐸(3

+

) 𝐶

116Cd

3.61 0.223 1.72 0.081 1.84 0.065 0.00 0.378 0.90 0.158
4.47 0.099 2.30 0.053 2.93 0.287 8.37 −0.102 1.40 0.068
5.37 0.118 2.79 0.051 7.56 0.075 9.51 0.087 3.89 0.057
5.87 0.140 7.24 0.104 8.31 0.246 10.74 −0.083
8.61 0.102 8.34 0.103 11.20 0.081
23.07 0.071 8.45 −0.262 13.75 0.080

9.69 −0.051 13.79 −0.087
15.73 −0.363
15.83 0.440
16.51 −0.082
16.83 0.092

0.753 0.289 0.463 0.439 0.284
72% (15%) 65% (6%) 106% (9%) 102% (9%) 76% (6%)

Nucleus 𝐸(1

−

) 𝐶 𝐸(1

+

) 𝐶 𝐸(2

+

) 𝐶 𝐸(2

−

) 𝐶 𝐸(3

−

) 𝐶

124Sn

1.68 0.522 0.00 0.690 0.23 0.157 0.52 0.271 0.36 0.050
4.82 0.089 1.00 −0.067 0.60 0.083 1.82 0.225 0.49 0.110
6.54 0.082 2.56 0.252 1.06 0.056 4.55 0.051 1.95 0.150
9.57 0.059 3.31 0.153 2.15 0.066 7.60 0.057 9.67 0.086
10.74 0.159 6.72 −0.130 7.11 0.055 7.66 −0.064 9.70 0.062
14.07 0.065 9.51 0.098 10.20 0.183 9.82 −0.087
14.46 −0.099 13.09 −0.112 10.35 −0.094 12.64 −0.053
14.83 −0.058
16.36 −0.087
18.05 −0.067

0.664 0.884 0.417 0.629 0.318
55% (8%) 95% (11%) 53% (5%) 89% (8%) 49% (4%)

of the intermediate nucleus 116In. As for the ground-state-
to-ground-state decays in some cases notable contributions
are coming from high excitation energies, well above 10MeV.
There are high-energy contributions in case of 1+ multipole
for all nuclei, and in the cases of 2− and 2+multipoles for 130Te
and 136Xe.

3.3. Effects of 𝑔A on the Intermediate-State Contributions. As
mentioned earlier, we have used in this work the quenched
value for the axial vector coupling 𝑔A = 1.00. Next we shall
briefly examine how our results will change if we increase
the value of 𝑔A from the quenched value 1.00 to the bare
value 1.26.The effect of this amplification of the axial coupling
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Table 3: Most important multipoles and intermediate states contributing to the ground-state-to-ground-state 0]𝛽𝛽 decays mediated by the
light neutrino exchange. Columns 𝐸 give the energies (in MeVs) and multipoles of the intermediate states. Multipoles are organized from left
to right in terms of their importance, themost important being on the left. Columns labeled𝐶 give the correspondingNMEcontributions. Last
two numbers in each 𝐶 column give the summed contribution and the percentual part which the displayed states give to the total multipole
strength. The percentage inside the parenthesis gives the fraction with which the displayed states contribute to the total NME.

Nucleus 𝐸(1

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(3

−

) 𝐶 𝐸(2

−

) 𝐶 𝐸(3

+

) 𝐶

128Te

4.22 0.200 0.04 0.066 0.16 0.055 0.61 0.335 0.02 0.074
4.72 0.060 0.51 0.052 0.58 0.140 4.02 0.060 2.37 0.063
6.21 0.078 2.93 0.084 3.97 0.052 4.55 0.101 6.22 0.078
6.44 0.059 3.97 0.053 10.04 0.061 4.89 −0.070 6.77 −0.065
8.07 −0.084 6.77 0.050 10.14 0.136 9.82 −0.062
8.30 0.151 10.57 −0.056 10.27 −0.057
8.98 0.068 11.55 0.058
10.69 −0.052
11.12 0.182
17.48 −0.079
19.19 −0.100

0.484 0.305 0.308 0.564 0.154
69% (8%) 52% (5%) 58% (5%) 120% (10%) 33% (3%)

Nucleus 𝐸(1

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(3

−

) 𝐶 𝐸(3

+

) 𝐶 𝐸(2

−

) 𝐶

130Te

4.18 0.184 0.13 0.054 0.84 0.113 0.10 0.056 0.97 0.277
5.72 0.059 3.16 0.089 0.36 0.052 10.25 0.061
6.27 0.059 4.70 0.064 2.60 0.056 11.33 −0.100
8.56 0.096 10.49 −0.065 6.35 0.063
11.26 0.115 10.57 0.145 6.83 0.054
17.77 −0.062 10.97 −0.088 12.31 0.059
19.51 −0.079 16.44 0.150 12.41 −0.065

16.54 −0.132
0.373 0.216 0.113 0.166 0.237

61% (7%) 40% (4%) 25% (2%) 39% (3%) 56% (5%)
Nucleus 𝐸(2

+

) 𝐶 𝐸(3

+

) 𝐶 𝐸(1

−

) 𝐶 𝐸(2

−

) 𝐶 𝐸(4

+

) 𝐶

136Xe

1.59 0.033 1.35 0.033 6.65 0.141 4.86 0.188 2.34 0.032
2.26 0.038 2.39 0.054 7.32 0.044 7.42 0.068 2.44 0.061
2.50 0.037 4.81 0.050 10.31 0.053 4.43 0.031
5.29 0.067 8.27 0.035 4.76 0.049
6.57 0.033 9.99 0.027 7.67 0.034
7.05 0.027 10.65 −0.027 9.10 0.045
14.11 0.087 9.65 −0.038
14.25 −0.085

0.238 0.172 0.238 0.256 0.214
62% (7%) 53% (5%) 76% (7%) 85% (7%) 71% (6%)

strength on the NMEs is demonstrated in Figure 5 where we
have plotted the multipole decompositions for nuclei 76Ge
and 82Se calculated with both values of the axial coupling
𝑔A = 1.00 and 𝑔A = 1.26. In case of the ground-state-
to-ground-state decays, the 1+ multipole changes rather fast
when the axial coupling is increased from 1.00 to 1.26. This
happens mainly due to the changing of the 𝑔pp parameter
(for each 𝑔A value, the parameter 𝑔pp is adjusted in such
a way that the measured 2]𝛽𝛽 rate is reproduced). The 1+
multipole contribution is very sensitive to the value of 𝑔pp.
We can see from Figures 5(a) and 5(b) that for 𝑔A = 1.00 the

1

+ component is among the five most important multipoles,
while for 𝑔A = 1.26 it is not. Some of the higher multipoles
change also somewhat, but not so rapidly. Ground-state-to-
excited-state transitions proceed mainly through the 0+ and
1

+multipole channels.We see from Figures 5(c) and 5(d) that
increasing the value of 𝑔A affects mostly the 0+ component.

Figure 6 displays the total cumulative sum distributions
for ground-state-to-ground-state decays of the nuclei 100Mo
and 116Cd (panels (a) and (b)), and for ground-state-to-
excited-state decays of the nuclei 82Se and 96Zr (panels (c)
and (d)). Axial coupling values 𝑔A = 1.00 and 𝑔A = 1.26
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Table 4: Most important multipoles and intermediate states contributing to the ground-state-to-excited-state 0]𝛽𝛽 decays mediated by the
light neutrino exchange. Columns 𝐸 give the energies (in MeVs) and multipoles of the intermediate states. Multipoles are organized from left
to right in terms of their importance, themost important being on the left. Columns labeled𝐶 give the correspondingNMEcontributions. Last
two numbers in each 𝐶 column give the summed contribution and the percentual part which the displayed states give to the total multipole
strength. The percentage inside the parenthesis gives the fraction with which the displayed states contribute to the total NME.

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶

76Ge

0.00 0.390 2.86 0.053
2.95 0.062 4.28 1.204
4.94 0.501
7.87 0.435
13.52 0.522

1.909 1.256
92% (50%) 99% (33%)

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶

82Se

0.19 0.149 5.45 0.471
5.32 0.179
7.01 0.145
14.53 0.274

0.746 0.471
90% (41%) 96% (26%)

Nucleus 𝐸(1

+

) 𝐶 𝐸(2

−

) 𝐶 𝐸(2

+

) 𝐶 𝐸(0

+

) 𝐶 𝐸(1

−

) 𝐶

96Zr

0.00 0.700 0.92 0.283 0.64 0.122 5.37 0.033 2.28 0.032
7.81 0.051 9.66 0.057 1.63 0.180 6.64 0.025 2.52 0.080
8.99 0.058 5.37 0.035 7.32 0.037 4.46 0.026
11.65 0.065 6.92 0.027 8.02 0.036 5.27 0.068
16.17 0.354 10.12 0.396 11.33 0.026

12.00 0.013
1.228 0.340 0.364 0.540 0.232

91% (23%) 60% (6%) 65% (7%) 98% (10%) 59% (4%)
Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶

100Mo

9.42 0.090 9.01 0.076
13.62 0.079 9.55 0.150
14.31 0.072
15.12 0.063

0.303 0.226
65% (40%) 77% (30%)

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶

110Pd

0.00 0.308 10.26 0.165
10.22 0.059
13.73 0.083
14.56 0.055
15.16 0.072

0.577 0.165
76% (53%) 70% (15%)

Nucleus 𝐸(1

+

) 𝐶

116Cd
0.00 0.735

0.735
81% (48%)
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Table 5: Most important multipoles and intermediate states contributing to the ground-state-to-excited-state 0]𝛽𝛽 decays mediated by the
light neutrino exchange. Columns 𝐸 give the energies (in MeVs) and multipoles of the intermediate states. Multipoles are organized from left
to right in terms of their importance, themost important being on the left. Columns labeled𝐶 give the correspondingNMEcontributions. Last
two numbers in each 𝐶 column give the summed contribution and the percentual part which the displayed states give to the total multipole
strength. The percentage inside the parenthesis gives the fraction with which the displayed states contribute to the total NME.

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶

124Sn

0.00 0.101 2.70 0.667
0.66 0.433 4.60 0.088
1.00 0.146 7.35 0.567
2.25 0.051
2.56 0.227
3.31 0.664
6.72 0.289
7.91 0.424
13.09 0.473
13.86 0.161

2.968 1.322
94% (44%) 94% (19%)

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶 𝐸(2

−

) 𝐶 𝐸(2

+

) 𝐶

130Te

0.25 0.390 7.40 0.719 0.97 0.340 0.41 0.019
1.50 0.082 8.35 0.631 5.07 0.073 0.59 0.047
2.32 0.097 17.26 0.106 1.83 0.017
2.76 0.134 18.95 0.083 2.80 0.043
4.53 0.064 4.70 0.024
5.59 0.338 4.86 0.027
7.57 0.592 5.18 0.033
14.66 0.065 6.27 0.016
15.01 0.259 6.75 0.051
15.07 0.773 9.10 0.032
15.39 0.089 10.57 0.045

17.87 0.026
23.14 0.024

2.882 1.351 0.602 0.390
95% (41%) 99.6% (19%) 79% (9%) 65% (6%)

Nucleus 𝐸(1

+

) 𝐶 𝐸(0

+

) 𝐶 𝐸(2

−

) 𝐶 𝐸(2

+

) 𝐶

136Xe

2.30 0.366 12.24 0.317 2.50 0.060 4.86 0.204
3.06 0.050 12.54 0.712 4.86 0.056 18.58 0.083
3.75 0.066 5.29 0.113 20.34 0.059
4.46 0.226 8.34 0.053
10.12 0.232 14.11 0.054
11.52 0.565
17.12 0.137
17.78 1.031

2.675 1.029 0.335 0.346
93% (43%) 101% (16%) 53% (5%) 67% (6%)
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were adopted. We notice from the figures that increasing the
axial coupling strength shifts the distributions downwards.
This is especially true for the higher energy parts. Despite this
fact, the overall shapes of the cumulative sum distributions
do not changemuch and the same classification of nuclei into
different categories according to their cumulative distribution
shapes seems to hold also for larger values of 𝑔A.

4. Conclusions

In this paper we have extended our previous work [17] on
the ground-state-to-ground-state 0]𝛽𝛽 decay transitions. In
the present work we have concentrated our studies on the
intermediate contributions to the NMEs involved in the
light neutrino mediated 0]𝛽𝛽 decay. We have calculated the
intermediate state multipole decompositions of the NMEs
and extracted the most important multipole components.
Cumulative sums of the NMEs were calculated to investigate
the important energy regions contributing to the 0]𝛽𝛽 tran-
sitions. Finally, the most important multipole components
were divided into contributions coming from the virtual
transitions through the individual states of the 0]𝛽𝛽 inter-
mediate nuclei. An extensive tabulation of these important
intermediate states were given for all the nuclei considered in
this paper.

We have done these computations by using realistic two-
body interactions and single-particle bases. All the appro-
priate short-range correlations, nucleon form factors, and
higher-order nucleonic weak currents are included in our
present results.

We found in the calculations that often there exists only
a few relevant intermediate states which collect most of the
strength corresponding to a given multipole. We also found
that there exists a single-state dominance in the important 2−
components related to the ground-state decays of nuclei 76Ge,
82Se and perhaps also for 96Zr.
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