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On a posteriori error bounds for approximations
of the generalized Stokes problem generated
by the Uzawa algorithm

I. ANJAMF M. NOKKA! and S.I. REPIN¥

Abstract — In this paper, we derive computable a posteriori error bounds for approximations com-
puted by the Uzawa algorithm for the generalized Stokes problem. We show that for each Uzawa
iteration both the velocity error and the pressure error are bounded from above by a constant multi-
plied by the L,-norm of the divergence of the velocity. The derivation of the estimates essentially uses
a posteriori estimates of the functional type for the Stokes problem.

1. Introduction

Let Q € R" be a bounded connected domain with a Lipschitz continuous boundary
dQ. Henceforth, we use the space of vector valued functions

V(Q,R") := W) (Q,R")
and two spaces of tensor-valued functions

2(Q) = Ly(Q,M"™")
Y(Div,Q) := {w € £(Q) | Divw € Lr(Q,R")}

where M"*" is the space of symmetric n X n-matrices (tensors). The scalar product
of tensors is denoted by two dots (:), and the L, norm of X is denoted by || - ||z. The
L, norm of scalar and vector valued functions is denoted by || - ||

By $(Q) we denote the closure of smooth solenoidal functions w with compact
supports in Q with respect to the norm ||Vw||x. Let Vo (Q,R") denote the subspace
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of V(Q,IR") that consists of functions with zero traces on dQ. The space of scalar
valued square summable functions with zero mean is denoted by ZQ(Q,R).

The classical statement of the generalized Stokes problem consists of finding a
velocity field u € $ (Q) + up and pressure p € ZQ(Q) which satisfy the relations

—Div(VVu) +pu+Vp=f inQ (1.1)
divu=0 inQ (1.2)
u=up onadQ (1.3)

where f € L,(Q,R"), and

/ up-ndx=0.
Q.

Here and later on n denotes the outward unit normal vector to dQ, and we assume
that the material parameters v and u belong to the space L..(Q,R), and

Vx
Vx

vix) <V
px) <m

ol Ol

0< €
O<su €

The generalized solution of (1.1)—(1.3) is a function u € S(Q) + up such that
/(vVu:Vw—i—uu-w)dx:/f-wdx Yw e $(Q). (1.4)
Q Q

It is well known that u can be defined as the first component of the saddle point
problem generated by any of the Lagrangians

(1 1
L(v,q) ::/Q <§v]Vv]2+5uM2—qdivv—f-v> dx
La(v,q) ::/Q §v|Vv| +5/.L|v| +§k|dlvv| —qgdivv—f-v ) dx.

The quantity in Ly is called the augmented Lagrangian (in which A € R, ). We have

L(V,p) <L(H,p) gL(I’l7q) VVEV()—FMD, CIELZ
La(v,p) < Ls(u,p) < Ls(u,q) YveVo+up, g€ L.

From the right-hand side inequalities we see that [o(p — ¢)divu dx = 0 for all

q € Ly, from which we conclude that divu = 0. From the left-hand side inequali-
ties it follows that for any solenoidal v we have J(v) > J(u), where

1 1
J(v):= /Q <5v]Vv]2+§u]v\2—f-v> dx.
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Indeed, the exact solution of the problems

inf  sup L(v,q), inf  sup La(v,q)
veVo+up gcls veVo+up q€ly

is (u, p). For a detailed exposition of this subject, we refer to [4].
Finding approximations of (u,p) can be performed by the Uzawa algorithm

presented below.
Algorithm 1.1 (Uzawa algorithm).

1: Setk=0 and p € R... Make initial guess for p* € L.

Find «* by minimizing the Lagrangian L(v, pX) or Ls (v, p*) w.r.t. v, i.e., by solv-
ing either (1.5) or (1.6), respectively.

For the Lagrangian L, we have the problem: Find u* € Vy + up such that:

/ <vVuk : Vw—i—uuk-w) dx = / (f-w+pkdivw> dx vweVy. (1.5
Q Q
For the Lagrangian L4, we have the problem: Find u* € Vj + up such that:
/ <vVuk Vw4 il w4 Adivit divw) dx
Q
= / (f-w+pkdivw> dx YweVy. (1.6)
Q

3: Find P = (pk —pdivuk) cl,. 1.7

4: Set k=k+1 and go to step 2.

Our goal is to deduce computable bounds of the difference between u* and the
exact solution « in terms of the energy norms

Wl = [ (vIVwP + alwl?) ax

and
w6 i= [ (vIVwP -+l 2ldivwf?) .

Theorem 1.1. The Uzawa algorithm (Algorithm 1.1) converges, i.e.,
e strongly in V (Q,R")
P o P weakly in L ()

provided that
(1.8)

0 < p < 2min(v,u)

and p° € Ly(Q). If 4 = 0, the condition is 0 < p < 2v. These conditions are the
same for both (1.5) and (1.6).
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Proof. The proof is based on well known arguments (see, e.g., [13]). However,
for the convenience of the reader, we present the proof for the generalized Stokes
problem, in the case of (1.5).

The exact solution of the generalized Stokes problem satisfies the relation

/(vVu:Vw+uu-w)dx:/(f-w+pdivw)dx Yw € Vo(Q). (1.9)
Q Q

k

We set w = u* — u and subtract (1.9) from (1.5), which gives

Il == [ (pF = p)diviat ~ w)a.
Let v* := u¥ — u and ¢* := p* — p. Then we rewrite this relation in the form
IV 2= /Q grdivi* dx. (1.10)
On the other hand, (1.7) is equivalent to
/S;(pk'H -pMe dx—i—p/gdivukqb dx=0 V¢ cLy(Q).
By setting ¢ = p**! — p we obtain

/Q(p"“—p")(p"“—p)derP/gzdivuk(p"*l—p)dx:O

which is equivalent to

/(qk+1 _qk)qk+ldx+p/ divvqu+l d.X:O
Q Q

and
61 = [P+ I = 1P = =2p [ divitgae

By combining (1.10) and (1.11), we obtain
g P = Nl 1P+l =g 17+ 20 1l

—2p / divi¥ (¢! — ¢F)dx
Q
“lg !

< 2p||divy ol
< 871 p?div P + 8¢+ — g1
<8P (VIR + IH2) + 81l =g I (1.12)
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where & € (0,1). Note that
14 1P > VIV + P > min(y ) (19943 + 4]12)
and, therefore, (1.12) implies the estimates

g 112 = llg1? + (1 = 8)llg"*" — 4|2

+p (2min(v,p) —8'p) (IVFIE+ I4?) <0 (1.13)

Now, we sum inequalities (1.13) for k =0,...,N and find that
12 Al k1 k)2
g P+ (1=8) Y 4 =]
k=0

N
+p (2min(v.p) ~87'p) Y (IVVFR+ M) <llg’ll.  (1.14)
k=0

Because of condition (1.8), there exists a 8, € (0, 1) such that
2min(v,p) -8, 'p > 0.
We set 6 = &, in (1.14), and see that

k12 k12 k 2 k 2 k—weo
VI + IV = IV —w)lls + (" —ul® — 0.

Also, we see that ||¢*|| = ||p* — p|| is bounded in Ly(Q), so ||p¥|| is bounded in
L,(). We also observe from (1.14), that
k—o0
g =g > = 1P =17 =5 0

so we can extract from p* a subsequence pk/, which converges to some element p*
weakly in L,(Q). The equation (1.5) gives in the limit

/ (vVu: Vw+/.u4-w)dx:/ (f-w+p-divw)dx YweV
Q Q
and by comparison to (1.9) we find that

/(p—p*)divwdxzo Yw e Vp
Q

which means that p* = p + ¢, where ¢ € R In other words, the sequence p con-
verges weakly to p in LZ(Q) However, if p° € L,, then it is easy to see from (1. 7)

that pk € L, with all k. From this we make the conclusion that the sequence p
converges weakly to p in L (Q).
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2. Error estimates for exact solutions generated
by the Uzawa algorithm

In this section, we show that the errors of approximations generated by the Uzawa
algorithm are controlled by the L,-norm of the divergence of the velocity. First, we
compare approximations computed on two consequent iterations and establish the
following result.

Theorem 2.1. Let (u*, p*) and (uk*!, p**1) be the solutions of two consecutive
iterations of the Uzawa algorithm. Then, for both (1.5) and (1.6) we have

Il =k || < v plldivet| 2.1
1P =PI = plldivad]. 2.2)
In addition, for (1.6) we also have

Il =t o < vV plldivad]). (2.3)

Proof. The equation for pressure (2.2) follows directly from (1.7). By subtract-
ing the kth equation (1.5) from the (k+ 1)th equation, we obtain

/ v — by Vw4 (T by wdx = / (P = pFydivw du.
Q Q

Since
[divw] < [Vwlls < VY IVVIwlls < VY wll

we can estimate the right-hand side with
L =i de <[4 = divw|

—1
<SVY P =Pl
k+1 k

By choosing w = u*"" — u*, we obtain

-1
It = 1P < TP = I =

By (2.2) we obtain the estimate for velocity (2.1). The estimate (2.3) is obtained
with exactly the same arguments applied for the augmented form (1.6). Since
Il wl| <] wlx for all L € Ry, we see by (2.3), that the estimate (2.1) holds also
for approximations calculated by (1.6).

Henceforth, we will use functional a posteriori error estimates for the Stokes
problem derived in [11, 12]. For a consequent exposition of the theory of functional
a posteriori error estimates we refer the reader to [8, 10].

The following lemma is essential in deriving our main results.
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Lemma 2.1. Let Q be a bounded domain with Lipschitz continuous boundary
dQ. Then there exists a positive constant Crgg depending on the domain Q such
that for any function g € ZZ(Q) there is a function v € V satisfying the condition
divv =g, and

IVvllz < Cigslisll

Here Cygp is the constant in the well-known Ladyzhenskaya-Babuska-Brezzi (LBB)
condition (see, e.g., [1,2]). See proof in [6,7].

For some simple domains the constant Cygg, or the bounds for it, are known
(see, e.g., [3,5,9)).

Lemma 2.1 implies an important corollary. Let v € Vj, and divv = g. Then there
exists a function v, € Vj such that div(v —v,) =0, and

IVvellz < Crgpligll = Crplidivyll.
This means that there exists a solenoidal field vo = (v — v,) € $(Q) such that
IV(y=vo)llz < Cigglldivv].

A similar qstimate holds for v € Vy + up. Indeed, for v — up we can find a solenoidal
field vo € S(Q) such that

190 —up—vo)llz < Cog ldiviy —up)|| < Cilldivy]].
Thus, we can find a function wo € S(Q) + up such that
IV(v=wo)llz < Ciggldivy- (2.4)

With the help of (2.4) we can now derive our main results. We show that the
errors of «* and p* generated on the iteration k of the Uzawa algorithm are both
estimated from above by the Ly-norm of the divergence of u* multiplied by a con-
stant depending on Cygg. The proofs are based on the derivation of functional a
posteriori error estimates for the generalized Stokes problem as they are presented
in [12].

Theorem 2.2. Let u* be the exact solution computed on the iteration k of the
Uzawa algorithm. Then, for solutions calculated by (1.5) or (1.6), we have

llu—u || < 2C]|dived| 2.5)

C:=Cjgp\/CEH+V. (2.6)

Here Cg is the constant in the Friedrichs inequality

Wl < CellVwll

where

and Cy gg is the constant in the LBB-condition.
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Proof. Let uy € S(Q) + up be such that, by using (2.4), we have
IV = uo)llx < Crgglidivec|. 2.7)

Let the pair (u*, p*) be an approximation of the saddle point computed on the itera-
tion k. We can now write

o= < M=o [+ [ a0 — w1 (2:8)
First, we estimate from above the first term on the right-hand side of (2.8). Let w € S.

By subtracting the integral [, (VVuo : Vw + tug - w) dx from both sides of (1.4) we
obtain

/Q(VV(u—uo) :Vw+ u(u—up)-w)dx

:/Q((f—uuo)-w—vVuO:Vw)dx. (2.9)
It is easy to see that
/Q(Divr-w%—T:Vw)dx:O V1 € £(Div,Q), w € Vp(Q) (2.10)
and
/Q(vq-w+qdivw)dx:0 Vg € W) (Q.R), we Vp(Q).. @.11)

By adding (2.10) and (2.11) to the right-hand side of (2.9), we rewrite it in the form
/Q((f—uuo—kDivr—Vq)-w—i—(T—vVuo):Vw)dx (2.12)
which is equivalent to
/S; <<f—uuk+Divr—Vq) Wt (f—vVuk) : VW) dx
+/Q <vV(uk—u0) :Vw+u(uk—uo)-w> dx. (2.13)

Let us choose 7 = vVu* and g = p*. In view of (1.5), we see that that the first
integral of (2.13) vanishes. Indeed,

/ <<f— Witk + DivvVik — Vpk) W (vVuk - vVuk> : Vw> dx
Q

:/ (f-w+pkdivw—vVuk:Vw—/.mk-w)dx:O. (2.14)
Q
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Since w is a function from S", the same conclusion is also true if #* has been calcu-
lated by (1.6). We combine (2.9) with (2.12)—(2.14), and arrive at the relation

/Q(VV(u—uo) :Vw+ v(u—up)-w)dx

:/Q <vV(uk—u0):Vw—Hl(uk—uo)-w) dx. (2.15)

The right-hand side of (2.15) can be estimated from above as follows:
/ (vV(uk—uo) Vw (k= up) - w)dx
Q

= /g (\/VV(uk—uo) RVARAURSV/TI (TR \/[._LW) dx
S IVVV @ —uo)llz VYWl + VR —uo) | [|v/Ew]
< e —uo [l w (2.16)

where we have used the Cauchy—Schwarz inequality. We set w = u — ug, and find
that

Il — o | < | = uo || - (2.17)
Note that for all w € V we have

2
w1l

IVYVwlig + [ viw]?

VI[Vwlig +llwl®

V(| Vw3 + CRE[ VWl

(CER+V) ||[Vwlz. (2.18)

INCININ

We substitute (2.17) into (2.8), and use (2.18) with w = u — ug, and obtain
o= || <2 [ g — |
< 2\/GRE A V|V (ug — ) . (2.19)
Now, (2.7) and (2.19) imply the estimate
= o I} < 2C 3 /2R + ldivul ]| = 2C] divi |
where C is defined in (2.6).

In order to prove a similar estimate for the pressure, we also need Lemma 2.1.
Let g € L, be an approximation of the exact pressure p. Then (p — q) € L, and there
exists a function w € V;y such that

diviw) =p—gq (2.20)
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and
IVwlz < Cragllp —4ll- (2.21)

Theorem 2.3. Let p* be the function computed on the iteration k of the Uzawa

algorithm. Then,
lp—p¥|| < Cl|divu¥| (2.22)

where C = 2C? for (1.5), and C = 2C? + A for (1.6).
Proof. We use (2.20) for ¢ = p* and obtain
lp—PrII? = /QdiVW(p—pk)dX = /QdiVWp—i—Vpk -w dx.
Multiplying (1.1) by w and integrating over €2, we obtain
/QdiVWpdx :/S;(vVu VW uu-w— f-w)dx.
In view of this relation, we have
Im—pwzzﬂxwaVw+er—ﬁw+Vﬁwﬁdm
We use (2.10) with w = w, and arrive at the relation
lp— | :/Q ((=f+mt =Dive+vpt) -+ (vWik —7) - Vi) de
+/Q (vV(u—uk) :VW—H.L(u—uk)-W) dx. (2.23)

As before, we choose T = vVu¥, and observe that the first integral is zero. By esti-
mating the latter integral with the help of the same arguments as in (2.16), we find
that
k2 k .
lp=p"lI" <Ilu—u" [ 11 - (2.24)

By (2.18) and (2.21), we obtain

1% 1> < (C3r+V) ||Vl
Cras (CREE+V) |Ip— PH|)?

= C*|lp—p*|? (2.25)

<
<

where C is defined in (2.6). Substituting (2.25) into (2.24) results in the estimate
lp—p < Cllu—u*]|.

Now, we apply Theorem 2.2 and deduce (2.22).
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In the case of (1.6), we add
/Q Adiv (i — i )divie dx = 0
to (2.23) and obtain
lp—PHII? :/S; ((—f—i—uuk—Divr—i—Vpk) -W—thivukdin) dx
+/£;(vvuk—r> Vi dx
+ /Q (VW) Vit (o) - = Adiv i diviv) .

Again, we choose T = vVuF, and see from (1.6) that the first and second integrals are
zero. By estimating the latter integral with same arguments as in (2.16), we obtain
lp = P17 < M= 1w I+ Afldive]| [|divi]. (2.26)
Recall that divw = p — pk . Now, (2.25) and (2.26) imply the estimate
lp =PIl < Clllu—u || + Alldivu].
Applying Theorem 2.2 results in (2.22).
By Theorems 2.2 and 2.3, we easily conclude the following statement.

Remark 2.1. The classical Stokes problem corresponds to the case where tt =0

and Vv is a constant. Let (%, p) be the exact solution computed on the iteration k of

the Uzawa algorithm, for the Stokes problem. Then, for velocity we have (for both
cases (1.5) and (1.6))

IV (= u)|| < 2C g divad].

For the pressure we have
lp—p¥|l < Cdive|

where C = 2C; 2, v for (1.5) and C = 2C; 2,V + A for (1.6).

3. Computable error estimates for approximations
generated by the Uzawa algorithm

Let .7, be a mesh having the characteristic size 4, and let the spaces Vy, (Q,R") and

05,(Q) be finite dimensional subspaces of Vo (€, R") and L, (L), respectively. We
assume that for all v, € Vy;, + up it holds that divv, € Q. We also assume that the
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spaces are constructed so that they satisfy the discrete LBB-condition, i.e, for any
qn € O, with zero mean, there exists v € Vy;, such that

divvy, =gy

and
[Vvillz < cllgnll

where the positive constant ¢ does not depend on A.

Let u’,; € Von 4+ up be an approximation of u* calculated on the mesh .7,. We
need to combine the error of the pure Uzawa algorithm with the approximation
error. Below we present the corresponding results, where we set p* = p';l € Op, on
the iteration k, and understand u* as satisfying (1.5), or (1.6), with the chosen pﬁ.

Then, the pair (u*, p';l) can be viewed as the exact pair associated with the Uzawa
algorithm on iteration k.

Our first goal is to derive fully computable error majorants Mé; and Mgg’l for
approximate solutions (e.g., uﬁ) of the problems generated at the first step of Uzawa
algorithm by the Lagrangians L and L4, respectively. In order to make the quality of
the majorants robust with respect to small or large values of the material functions
v or U, we apply the same method that was suggested in [12] for the generalized
Stokes problem.

Later we combine these estimates with the estimates of the difference between
u and »* and obtain estimates applicable for approximate solutions computed within
the framework of finite dimensional approximations.

First, we prove the following result for the problem generated by the La-
grangian L.

Theorem 3.1. Let (u, p’fl) be the exact solution on the iteration k of the Uzawa
algorithm. Then, for the solutions calculated by (1.5), and for an approximation
u’,; € Von + up we have

Il =y 1> < ME(uy, P, T, B) VT EHDIvV,Q), BER,
where

1
Mg(uivpl}{wfvﬂ)::/QHl(V7”7B)r2(u]}{wT)dx+HZ(B)H\/V d(”]LPivT)H%

and
Ci(1+B)
H(v,u,p) = —E_TF 3.1
WP =y e B o
Hy(B) :==1+p"" (32)
r(uf,7) = f— uuk +Divt (3.3)
d(uf, pk 1) == 1—vVik +1pf. (3.4)

Here 1 denotes the unit tensor.
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Proof. By equation (1.5) we have

/Q(vVuk:Vw—Hmk-w>dx: /é(f-w—i—pﬁdivw)dx.

333

We subtract the integral [, (vVu';l :Vw+ “”I;z . w) dx from both sides of the above

equation, and obtain
/QVV(uk — ) Vw4 (= k) wdx
- /Q ((f—uu’,;) w— Vit Vw—i—pl,‘ldivw) dx.
By adding (2.10) to the right-hand side of (3.5) we have
/Q (vV(uk —ul) Vw4 p (k- ub) -w) dx
= /Q <(f—/,tul,‘l+DiV1:) W (T— VvV +1pf) Vw) dx
= /Q <r(ul,‘l,r)-w—|—d(u],;,pl,‘l,r) : Vw) dx
where we have used the notation (3.3) and (3.4). Note that
/Qr-wdx:/Q<\/ﬁ_lar-\/ﬁw+(l—a)r-w)dx
<IVEar (| EWl + [1(E = e [lwl]
VA arl| [ly/Ewl +Cryy (1= a)r] VY9l

<
where 0 < o(x) < 1. Also, we have
—1
/Qd Vwdr < VY d||g|[ VYV
By (3.7) and (3.8) the right-hand side of (3.6) becomes

(o (1=l + VY dlls ) IVl + VA ][]

—1 —1 2 —1
<J(CF@ 10 = eyl + Vv dlls) + VR a2l wll
We set w = u — uﬁ, use (3.6) and (3.9), and obtain
—1 —1 2 —1
Il =y 12 < (oI =)+ IVV )+ VR e
<(1+B)CRV (1 - )P
_ —1 _
+ (1B IR + Vi e

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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It is easy to see that the optimal value of « is defined by the relation

Ci(1+B)u

= 7" 11
v+ B)n G-AD

so that (3.10) implies the estimate

© o Ci1+B) _ —1
k k2 F 2 1 2
u —u g/ rrdx+(1+p v d

—1
:/Qlede—ngH\/V d|I2
where we have used the notation (3.1) and (3.2).
Remark 3.1. Itis easy to see that the upper bound M@ is sharp. Indeed, by setting
T=vVuk - Hp';l, and letting B tend to infinity, we get the exact error in the energy

norm | - .

A similar estimate can be derived for the problem generated by the augmented
Lagrangian Ly.

Theorem 3.2. Let (u, pk) be the exact solution on the iteration k of the Uzawa
algorithm. Then, for the solutions calculated by (1.6), and for an approximation
uﬁ € Von + up we have

[ = 12 < Wt = |G < ME*(uf, P, 7.B) Ve € H(DIV,Q), B R,
where
ME (e, B) 1= [ H (v B) P o) e+ Ho(B)[VY G )R-
The quantities Hy,H,, and r are defined in (3.1)—(3.3), and
d*(uf, pk 1) = 1= vVl +1(pk — Adivif). (3.12)
Proof. By (1.6), we have

/(vVuk:Vw+uuk-w+),divukdivw>dx - / <f-w+p’,§divw>dx.
Q Q

We subtract the integral [q, (VVu} : Vw + puf, - w+ Adivuj divw) dx from both sides
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of the above equation, and use (2.10), and obtain
/ <vV(uk —ub) : Vw+ u (= k) -w+ Adiv(uf — ulfl)divw) dx
Q

= / ((f— wuk) - w—vvuk : Vw4 (ph — Adivu’;,)divw> dx
Q

= / <(f— puf +Div) - w+ (T— VVuk +1(ph — ldivuﬁ)) : Vw) dx
Q

:/ <r(ul,‘l,r)-w+dl(u§‘l,pﬁ,f):Vw)dx (3.13)
Q

where we have used the notation (3.3) and (3.12). By the same arguments as in (3.7)
and (3.8), we represent the right-hand side of (3.13) in the form

(Ceva 10 = arl + VY ) VYVl + IV ol |V

< \/(C}:ﬂ‘1 11— a)rl| + Hﬁ’ldluz)er IWE arP]lwil  (.14)

since || w || <]l w |[[- By choosing w = u* — uk, (3.13) and (3.14) give

_ ~1 2 _
e = 13 < (Cev 10 =@yl + IV dH )+ VR ar?
<(1+B)CRy (1 -
— —1 —
+ (1B + VR e

Again, we see that the optimal value of « is given by the relation (3.11), and obtain

 G(1+B) - -1 2
HW“MH&<LEIEH:BEFM+U+BUMN d |3

S AN
where we have used the notation (3.1) and (3.2).

Finally, by using Theorems 2.2, 3.1, and 3.2 we obtain the final result.

Theorem 3.3. Let u be the exact velocity, (u*, p’,;) be the exact solution calcu-

lated on the iteration k of the Uzawa algorithm, and u’,; € Vo + up be an approxi-
mation of the velocity calculated on this iteration. For (1.5) we have

Il =y I < ME (u, phy 7. B) ¥z € H(Div,Q), BER,
and for (1.6) we have

llu—uf Il < ME*f, ph7.B) Vo€ H(DIv,Q), pERy
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where

2C||div ]|+ (2C/V " + 1)/ ME (uf, pf. 7, B)

M (i, 7.B)
kA .
Mea (M];wp]}(zar,ﬁ) .

with C defined in (2.6).

2cdivid| + 20w + Dy M ot 7. )

Proof. It is clear that
oo =t <=+ W = ]
By Theorem 2.2 we have
Clldiv ||+ [ u* —uj |
Clldiv ud || +2C | div (@ — u) ||+ I = aay ||
Clldiv b || +2C v VYV (b = h) ||+ [ o =y |
. —1
Clldivedy | +(2CvY "+ 1) || u* —uj ||

(A

Using the upper bounds presented in Theorems 3.1 and 3.2 for the two cases (1.5)
and (1.6), respectively, we arrive at the result.

Finally, we note that estimates for the pressure follows from the above derived
estimates. The exact pressure in the Uzawa algorithm is calculated by (1.7), i.e.,

P = (pk = pdivi¥) € L,(Q) (3.15)

and an approximation of it is calculated within the framework of the selected finite
dimensional subspaces, i.e.,

P = (v — pdivid) € 04(). (3.16)

Theorem 3.4. Let (u*, p’fl) be the exact solution calculated on the iteration k

of the Uzawa algorithm, and uﬁ € Von + up be an approximation of the velocity
calculated on this iteration. Now, we apply the estimates presented in Theorems 3.1
and 3.2, and obtain for (1.5):

-1 :
1P =P < vV ME ) P T B) VT e H(DWv,Q), B ER.

and for (1.6)

—1 kA :
15— g < p v M Gl T B) YT € H(DIV,Q), B R,
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Proof. Indeed, from (3.15) and (3.16) we find that
1P =P = plldiv( — up) |
<PV VYVt —up)|
—1
<pVY i = )l

Applying the error bounds presented in Theorems 3.1 and 3.2 completes the proof.

This paper is focused on theoretical analysis of a posteriori error bounds for ap-
proximations computed by the Uzawa algorithm. However, it is worth adding some
comments on the practical applications of the above derived error majorants. The
majorants contain the function T € H(Div,Q) and a positive parameter 3, which in
general can be taken arbitrary. Getting sharp estimates requires a proper selection
of them. Finding an optimal 8 leads to a one-dimensional optimization problem
which is easy solvable. The reconstruction of the stress tensor T based upon com-
puted functions u’,; and p’,‘l provides a reasonable first guess. A better selection can be
performed by methods that have been developed and tested for various elliptic prob-
lems (see, e.g., [8, 10, 14] and the references cited therein). A systematical study of
computational questions in the context of above derived estimates will be exposed
in a separate paper, which is now in preparation.
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