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Abstract

In this thesis which consists of an introductory part and six publications the neutral-
current neutrino-nucleus scatterings o� the stable molybdenum nuclei are studied
using microscopic nuclear models. The main focus is on supernova neutrinos and the
nuclear responses to them for the aforementioned nuclei are computed by folding the
computed cross sections with realistic neutrino-energy spectra.

In this work both the coherent and incoherent contributions to the cross sections are
considered. The contributions from the prominent multipole channels to the incoherent
cross sections are also discussed in great detail.
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1 Introduction

The history of neutrino physics began already in 1930 when W. Pauli proposed the
neutrino to explain the missing energy in nuclear beta decay. The neutrino and its
properties have since then been a rapidly expanding research �eld with e.g. the obser-
vations of the non-zero neutrino mass and neutrino �avour oscillations [1], see [2] for
a review. There are however still many open questions such as e.g. the unknown value
of the neutrino mass, the Dirac-or-Majorana nature of the neutrino and the value of
the third neutrino mixing angle.

From the astrophysical point of view neutrinos and neutrino-nucleus reactions play
important roles in e.g. supernova explosions and for the nucleosynthesis of the heavy
elements [3, 4]. Neutrinos interact only weakly with matter and neutrinos from astro-
physical sources can therefore be detected by Earth-bound detectors by using neutral-
current and charged-current neutrino-nucleus reactions. Supernova neutrinos therefore
constitute valuable probes of both the unknown supernova mechanisms and neutrino
properties [5]. One example of a possibility for future measurements is the MOON (Mo
Observatory of Neutrinos) project [6]. In this experiment the neutrinos will be mea-
sured by using both charged-current and neutral-current neutrino-nucleus scattering.
Observations of the neutral-current induced neutrino-nucleus reactions are important
in order to test the e�ects of neutrino oscillations on the measured energy spectra of
the electrons produced by inversed beta decays [7].

Nuclear responses to neutrinos are important both for measurements and as inputs in
supernova simulations [8]. Neutral-current neutrino-nucleus scattering is independent
of the neutrino �avour and can therefore be adopted also for detection of muon and tau
neutrinos. Neutral-current detectors such as the OMNIS (Observatory for Multi�avor
NeutrInos from Supernova) [9] or the LAND (Lead Astronomical Neutrino Detector)
[10] could therefore be used to test current supernova models and to study neutrino
oscillations. The purpose of this work is therefore to study neutral-current neutrino
scattering o� open-shell nuclei. The calculations presented in this thesis are based on
the Donnelly-Walecka method [11, 12] for the treatment of semi-leptonic processes in
nuclei. In its original form the theory was written in the isospin formalism. As part of
this thesis the theory therefore has been formulated in the proton-neutron formalism
which is more suitable for the treatment of heavy open-shell nuclei.

As the main application of our theory framework the cross sections for the neutrino
scatterings o� the stable (A = 92, 94, 95, 96, 97, 98, 100) molybdenum isotopes are
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2 Introduction

calculated. It should however be noted that the tools presented in this thesis could be
applied to other nuclear systems as well.

In addition, the 100Mo nucleus is a famous double-beta-decay emitter and has been
used by several current experiments e.g. the NEMO (Neutrino Ettore Majorana Ob-
servatory) [13]. Thus nuclear-structure calculations in the Mo region are welcome from
many points of view. The obtained nuclear wave functions are essential in studies of
weak processes in 100Mo and in the other stable molybdenum nuclei. In the case of the
neutrino-nucleus scattering the cross sections are derived from these wave functions
and then folded with the appropriate neutrino spectra in order to obtain realistic
estimates for the nuclear responses to supernova neutrinos.

An accurate description of the �nal and initial nuclear states is a key ingredient in
realistic neutrino-nucleus scattering calculations. In the following work the quasipar-
ticle random-phase approximation (QRPA) [14] is adopted for the even-even isotopes.
The possibility of using large valence spaces means that the QRPA and its exten-
sions, e.g. the MAVA model [15], constitute therefore the most feasible models for
the construction of vibrational states in heavy open-shell nuclei [16]. For the odd
nuclei (95Mo and 97Mo) the nuclear states are constructed by using the microscopic
quasiparticle-phonon model (MQPM) [17].



2 Neutral-current neutrino

scattering o� nuclei

The calculations in this thesis are based on the so-called Donnelly-Walecka formalism
for the treatment of semi-leptonic processes in nuclei. The general theory is outlined
in the comprehensive work by J. D. Walecka [18] and the application of the formalism
to neutral-current reactions in nuclei was reviewed in [12]. An extensive review of the
theory in the form used in the present computations is given in [19]. In this chapter the
formalism for the treatment of neutral-current neutrino-nucleus scattering therefore
is only brie�y summarized.

2.1 The semi-leptonic weak Hamiltonian

The Feynman diagram for the neutral-current neutrino scattering o� a nucleus with
proton number Z and mass number A is shown in Fig. 2.1. In this process which
proceeds via the exchange of a neutral Z0 boson the nuclear �nal state is either
the same as the initial state (coherent scattering) or an excited state of the nucleus
(incoherent scattering which is indicated by an asterisk). In the �gure kµ and k′µ are
the four momenta of the incoming and outgoing neutrinos and pµ and p′µ represent
the four momenta of the initial and �nal nuclear states. Here the same conventions as
in [19] are adopted. The four-momentum vector for the incoming neutrino therefore
is written as kµ = (Ek,−k) where Ek is the energy and k is the three momentum. For
the outgoing neutrino we have similarly k′µ = (Ek′ ,−k′). The four momenta pµ and
p′µ are de�ned correspondingly.

In the computations of this thesis the transferred four momentum qµ ful�ls −qµqµ �
M2

Z where MZ is the mass of the Z0 boson. The complicated coupling in Fig. 2.1
can therefore to an excellent approximation be replaced by an e�ective four-point
interaction. The nuclear matrix element of the e�ective weak Hamiltonian can then
be cast into the form

〈f |He�|i〉 =
G√

2

∫
lµd

3xe−iq·x〈f |J µ(x)|i〉, (2.1)

where for the neutral-current processes the coupling constant is G = GF = 1.1664 ×

3



4 Neutral-current neutrino scattering o� nuclei

lepton current jlept
µ

ν ′

k′
µ

ν
kµ (A, Z)

pµ

(A, Z)∗
p′µ

qµ

Z0

hadron current Jµ

Figure 2.1: Neutral-current neutrino scattering o� a nucleus (A,Z). The transferred four
momentum is here qµ = k′µ − kµ.

10−5 GeV. In (2.1) the hadron current J µ(x) is of the V− A structure

J µ(x) = JV,µ(x)− JA,µ(x), (2.2)

and lµ is de�ned by
〈f |jleptµ (x)|i〉 = lµe

−iq·x, (2.3)

where jleptµ (x) represents the lepton current. At the origin (x = 0) the single-nucleon
matrix elements of the hadron currents JV,µ(x) and JA,µ(x) can be expressed in the
general forms

p(n)〈p′σ′|JV,µ(0)|pσ〉p(n)
=
ū(p′, σ′)

V

[
F

NC;p(n)
1 (Q2)γµ − i

mN
σµνqνF

NC;p(n)
2 (Q2)

]
u(p, σ), (2.4)

and

p(n)〈p′σ′|JA,µ(0)|pσ〉p(n) =
ū(p′, σ′)

V
F

NC;p(n)
A (Q2)γ5γ

µu(p, σ), (2.5)

where |pσ〉p(n) denotes the state vector of a free proton (neutron) with three-momentum
p and spin σ and mN denotes the nucleon mass. In the present theory the nucleons
are treated as point-like particles. The quark degree of freedom is then approximately
taken into account by introducing the nucleon form factors FNC;p(n)

1 (Q2), FNC;p(n)
2 (Q2)

and FNC;p(n)
A (Q2) in (2.4) and (2.5). In this work the adopted expressions for the nu-

cleon form factors are those of [19, 20, 21].
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2.2 Cross-section formula for neutral-current ν-nucleus

scattering

The double-di�erential cross section for neutral-current neutrino-nucleus scattering
from an initial state i with angular momentum Ji to a �nal state f characterized by
angular momentum Jf can by a multipole expansion of 2.1 be written [18, 19](

d2σi→f
dΩdEexc

)
ν/ν̄

=
G2

F|k′|Ek′

π(2Ji + 1)

(∑
J>0

σJCL +
∑
J>1

σJT

)
, (2.6)

where

σJCL = (1 + cos θ)
∣∣(Jf‖MJ(q)‖Ji)

∣∣2 +
(
1 + cos θ − 2b sin2 θ

)∣∣(Jf‖LJ(q)‖Ji)
∣∣2

+ qEexc(1 + cos θ)2Re
{

(Jf‖MJ‖Ji)∗(Jf‖LJ(q)‖Ji)
}
, (2.7)

and

σJT =
(
1− cos θ + b sin2 θ

)(∣∣(Jf‖T mag
J (q)‖Ji)

∣∣2 +
∣∣(Jf‖T el

J (q)‖Ji)
∣∣2)

∓ Ek + Ek′

q
(1− cos θ)2Re

{
(Jf‖T mag

J (q)‖Ji)(Jf‖T el
J (q)‖Ji)∗

}
. (2.8)

Here Eexc = Ek −Ek′ is the excitation energy of the nuclear �nal state and θ denotes
the angle between the incoming and outgoing neutrinos. The magnitude of the three-
momentum transfer is furthermore given by

q = |q| =
√
E2

exc + 2EkEk′(1− cos θ) (2.9)

and b = EkE
′
k/q

2 has also been introduced. In (2.8) the minus sign is used for neutrinos
and the plus sign for anti-neutrinos. The operatorsMJ(q), LJ(q), T mag

J (q) and T el
J (q)

are the ones de�ned in e.g. [19].

In (2.7) and (2.8) one-body forms are assumed for the operators and they can conse-
quently be expanded as [22]

TJM = Ĵ−1
∑
ab

(a‖TJ |b)[c†ac̃b]JM , (2.10)

and therefore
(Jf‖TJ‖Ji) = Ĵ−1

∑
ab

(a‖TJ‖b)(Jf‖[c†ac̃b]J‖Ji), (2.11)

where the index a holds the single-particle quantum numbers na, la and ja. Here
c†a is the particle creation operator and the time-reversed annihilation operator c̃a
is de�ned through the magnetic quantum number mα as c̃α = (−1)ja+mαc−α where
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−α = (a,−mα). In (2.11) both a and b are either proton or neutron indices and the
summations run over all single-particle orbitals in the chosen valence space. Expres-
sions for the reduced transition densities (Jf‖[c†ac̃b‖Ji) for the MQPM are given in
appendix A and the transition densities in the QRPA are discussed in great detail in
[22].



3 Quasiparticle description of

open-shell nuclei

In the included publications of this thesis the quasiparticle random-phase approxima-
tion (QRPA) is adopted to construct the initial and �nal nuclear states of the even-
even isotopes. For the odd-mass nuclei (95Mo and 97Mo) the microscopic quasiparticle-
phonon model (MQPM) is used. In this chapter the quasiparticle mean-�eld is �rst
introduced. The formalisms of the QRPA and the MQPM are then brie�y summarized.
More comprehensive treatments are given in [22] (QRPA) and in [17] (MQPM).

3.1 Nuclear mean �eld

In this thesis nuclear systems consisting of up to 100 nucleons are considered. The
standard way to solve this rather involved many-body problem is to use the so-called
mean-�eld approximation. The dominant part of the nuclear interaction is then taken
into account by constructing a nuclear mean-�eld of non-interacting particles. The
nuclear Hamiltonian with a two-body interaction V is hence written as

H =
∑
α

εαc
†
αcα + 1

4

∑
αβγδ

v̄αβγδc
†
αc
†
βcδcγ, (3.1)

where v̄αβγδ = 〈αβ|V |γδ〉 − 〈αβ|V |δγ〉. Here the notation introduced in Sec. 2.2 is
adopted and thus e.g. α = (a,mα) with a = (na, la, ja). The single-particle energies εa
in (3.1) can either be generated by the self-consistent Hartree-Fock (HF) procedure
(see e.g. [22]) or by the use of a phenomenological nuclear potential. In this work the
Coulomb-corrected Woods-Saxon potential has been adopted.

An appropriate description of the pairing correlations is essential for the description of
the nuclear states in open-shell nuclei. Evidence for nuclear pairing comes from e.g the
odd-even mass di�erence and the fact that most open-shell nuclei have low-lying
states of spherical shape. The foundations for the treatment of pairing phenomena in
fermionic systems were laid by Bardeen, Cooper and Schrie�er [23]. The importance
of pairing correlations in nuclei were �rst recognized by A. Bohr, B. R. Mottelson
and D. Pines [24]. The BCS theory constitutes today one of the standard tools in
theoretical nuclear physics. The starting point in this formalism is the ansatz for the

7



8 Quasiparticle description of open-shell nuclei

BCS ground state
|BCS〉 =

∏
α>0

(
ua − vac†αc̃†α

)|HF〉, (3.2)

where the amplitudes ua and va are solved iteratively from the BCS equations. The
quasiparticles are subsequently de�ned via the Bogoliubov-Valatin transformation{

a†α =uac
†
α + vac̃α,

ãα =uac̃α − vac†α.
(3.3)

With (3.3) the nuclear Hamiltonian (3.1) in quasiparticle representation takes the
form

H = H11 +H02 +H20 +H13 +H31 +H40 +H04, (3.4)

where Hij is proportional to a normal-ordered product of i quasiparticle creation op-
erators and j quasiparticle annihilation operators. In (3.4) a constant term has been
omitted which anyway has no contribution to the excitation energies of interest for
the present work. By the BCS procedure, i.e. by the minimization of the energy of
the BCS ground state (3.2), the terms H02 and H20 vanish. In (3.4) the diagonal
term H11 contains most of the nucleon-nucleon short-range interactions and by the
BCS approximation therefore a so-called quasiparticle mean �eld is introduced, i.e. a
generalization of the Hartree-Fock mean-�eld of particles and holes. In practice the
parameters of the BCS calculation however have to be �tted to reproduce the exper-
imental pairing gaps. In this work the emperical pairing gaps have been computed
from the three-point formulae [22]{

∆p =1
4
(−1)Z+1(Sp(A+ 1, Z + 1)− 2Sp(A,Z) + Sp(A− 1, Z − 1)),

∆n =1
4
(−1)N+1(Sn(A+ 1, Z)− 2Sn(A,Z) + Sn(A− 1, Z)),

(3.5)

by using the proton (Sp) and neutron (Sn) separation energies of [25]. In (3.5) Z
denotes the proton number and N the neutron number of the even-even reference
nucleus.

3.2 Quasiparticle random-phase approximation

In the QRPA the excited states of the even-even nucleus are constructed by coupling
two-quasiparticle operators to good angular momentum Jω and parity πω. The state
vector for the excitation ω = (Jω, πω, kω) is then given by

|ω〉 = Q†ω|QRPA〉, (3.6)

where
Q†ω =

∑
a6a′

σ−1
aa′
(
Xω
aa′
[
a†aa

†
a′
]
JωMω

+ Y ω
aa′ [ãaãa′ ]JωMω

)
, (3.7)
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and |QRPA〉 denotes the QRPA vacuum. Here σaa′ =
√

1 + δaa′ and kω enumerates
phonons with the same angular momentum and parity. In (3.7) the sum runs over all
proton-proton and neutron-neutron con�gurations so that none of them are counted
twice. The QRPA equations can be expressed in the matrix form [22](

A B
−B∗ −A∗

)(
Xω

Yω

)
= Eω

(
Xω

Yω

)
, (3.8)

where A is the well-known quasiparticle Tamm-Danco� (QTDA) matrix and B con-
tains the induced ground-state correlations. In (3.8) Eω denotes the energy of the
QRPA phonon, i.e. the excitation energy of the state |ω〉 in a nucleus. The eigenen-
ergies (Eω) and the eigenvectors (Xω and Yω) are then solved from (3.8) by using
e.g the diagonalization method introduced by Ullah and Rowe [26].

3.3 Microscopic quasiparticle-phonon model

In the MQPM the building blocks are quasiparticles and QRPA phonons determined
in the even-even reference nucleus adjacent to the odd-A nucleus under discussion. The
states of the odd-A nucleus are then constructed by using the creation operator

Γ†k(jm) =
∑
n

Xk
na
†
njm +

∑
aω

Xk
aω

[
a†aQ

†
ω

]
jm
, (3.9)

where j denotes the angular momentum and m the z-projection of the state. The
quantum number k enumerates here states with the same angular momentum and
parity. The MQPM equations of motion [17] then lead to a generalized symmetric
eigenvalue problem of the form

Hψk
jm = Ek

jNψ
k
jm, (3.10)

where H and N are the Hamiltonian matrix and the overlap matrix respectively and
the components of the eigenvector ψk

jm are the amplitudes Xk
n and Xk

aω of (3.9). For
the explicit forms of the matrices H and N the reader is referred to [17]. In (3.10)
Ek
j denotes the energy of the MQPM state. In this work the overcompleteness and

non-orthogonality of the quasiparticle-phonon basis have been handled by using the
diagonalization method established by Rowe [27].
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4 Results and Discussion

In this chapter the performed calculations of the neutral-current neutrino-nucleus
cross sections for the stable molybdenum isotopes upon which this thesis is based
are reviewed. The computed energy spectra and wave functions are �rst considered in
Sec. 4.1. The results for the neutrino-nucleus cross sections are subsequently discussed
in Sec. 4.2.

4.1 Nuclear structure of the stable molybdenum iso-

topes

In the nuclear-structure calculations carried out for the even-even Mo isotopes in
[28] and for the odd nuclei (95Mo and 97Mo) in [29] we adopted a single-particle
valence space composed of the full 3~ω and 4~ω harmonic-oscillator shells plus the
0h11/2 and 0h9/2 orbitals both for protons and neutrons. The single-particle energies
were �rst computed from the Coulomb-corrected Woods-Saxon potential by using
the parametrization by Bohr and Mottelson [30]. In the next step the quasiparticles
were de�ned by performing BCS calculations for protons and neutrons separately. In
these computations the monopole part of the interaction was scaled by a constant
gpairp (gpairn ) for protons (neutrons) so that the energy of the lowest quasiparticle state
was roughly equal to the emperical pairing gap ∆p (∆n) computed from (3.5). In
the present calculations the Bonn one-boson-exchange potential [31] was used as the
two-body interaction. The agreement between the computed BCS spectra and the
available experimental level data could be improved by slightly adjusting the single-
particle energies for some of the states in the vicinity of the respective Fermi surfaces.
The excited states of the even-even nuclei were subsequently constructed by using the
QRPA. In the QRPA calculations the particle-particle and particle-hole parts of the
QRPA matrix were scaled by the parameters gpp and gph respectively. For the odd-A
nuclei the calculation proceeds further by the use of the MQPM. For the MQPM
calculations no further adjustments of parameters were made.

In Fig. 4.1 the calculated excitation energies of 94Mo and 100Mo are shown together
with the available data [32, 33]. It is seen from the �gure that the results are in
satisfactory agreement with the experimental energies. The obtained results are also
supported by the higher-QRPA calculations performed in [34]. Here it should be noted

11
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Figure 4.1: Comparison between the QRPA computed energy spectra and the experimental
data of [32, 33] for 94Mo and 100Mo.

that it was concluded in [34] that the 2+
2 and 4+

2 states in 94Mo and the 0+
2 state in

100Mo are of two-phonon character.

In Fig. 4.2 the MQPM results for the energy spectra of the odd isotopes (95Mo and
97Mo) are compared with the experimental energies of [35, 36]. It can be concluded
that the agreement with the data is excellent except for the energy of the 3/2+

1 state in
95Mo. In [29] the quality of the MQPM wave functions were tested also by computing
log ft values of beta-decay transitions from 95Tc to 95Mo and between 97Tc and 97Mo.
The obtained results were in fair agreement with experimental data and the nuclear
wave functions can thus be considered as a suitable starting point for neutrino-nucleus
scattering calculations. The distribution of the computed states in 95Mo are displayed
in Fig. 4.3. It is seen in the �gure that the states are quite irregularly distributed with
respect to the excitation energy Eexc. This is explained by the cut of the quasiparticle-
phonon basis. The same pattern is repeated for 97Mo and those results are therefore
not shown here.
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Figure 4.2: Comparison between the MQPM calculated energy spectra and experimental
data [35, 36] for 95Mo and 97Mo.
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4.2 Neutral-current neutrino-nucleus cross sections

In the papers [28, 38] we subsequently computed the cross sections for the neutral-
current neutrino-nucleus scattering o� the even-even and odd molybdenum isotopes
respectively by using the formalism outlined in [19]. In the calculations the double-
di�erential cross section (2.6) was �rst calculated for all �nal states f , scattering
angles θ and neutrino energies Ek. The total cross section, σ(Ek), was then computed
by numerical integration over the scattering angle and subsequently adding up all the
individual contributions of the included nuclear �nal states.

In Figs. 4.4 and 4.5 the coherent and incoherent contributions to the reactions
94Mo(ν, ν ′)94Mo∗ and 95Mo(ν, ν ′)95Mo∗ as functions of the energy of the incoming
neutrino are shown. From the �gures it can be concluded that for both reactions
the total cross section is dominated by the coherent, g.s. −→ g.s., transition for the
neutrino energies relevant to supernova neutrinos. The same characteristics were also
obtained for the other molybdenum isotopes.
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Figure 4.4: Coherent, incoherent and total cross sections as functions of the energy of the
incoming neutrino for the neutral-current neutrino-nucleus scattering o� 94Mo.
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Figure 4.5: Coherent, incoherent and total cross sections as functions of the energy of the
incoming neutrino for the reaction 95Mo(ν, ν ′)95Mo∗.

In [38, 39] we studied the contributions from the possible multipole channels of (2.6) to
the incoherent neutrino-nucleus cross sections. The results for 94Mo, 95Mo and 100Mo
for the energies Ek = 13.2 MeV and Ek = 60.0 MeV of the incoming neutrino are
presented in Figs. 4.6 and 4.7 respectively. In the �gures the contributions from the
axial-vector and vector components of the nuclear current (2.2) to each multipole are
also shown. In Fig. 4.6 and Fig. 4.7 the contribution ("interference") coming from the
mixing of the axial-vector and vector parts of the nuclear current is also displayed. It
is visible in Fig. 4.6 that in the low-energy region excitations by the 1+ multipole are
the most prominent ones for the neutral-current neutrino-nucleus scattering o� 94Mo,
95Mo and 100Mo. The same conclusions holds also for the other molybdenum isotopes.
The conclusion which we stated in [39] concerning the large contribution from the
0+ multipole to the cross sections for 98Mo and 100Mo is therefore wrong. This was
caused by a minor bug found in our computer codes.

The contributions from the 1+ multipole for 98Mo and 100Mo are however smaller
than the ones for 94Mo and 96Mo. For small neutrino energies the 1+ transitions pro-
ceed mainly through the operator T el,A

1 . The essential nuclear-structure information
is thus contained in the strength functions S1+(Eexc) which here have been de�ned as
S1+(Eexc) = |√6π(1+

f ‖T el,A
1 (q = 0.0)‖0+

g.s.)|2 for all 1+ �nal states 1+
f with excitation

energies Ef . The calculated strength functions for 94,96Mo and 98,100Mo are shown in
Figs. 4.8 and 4.9 respectively. It can be concluded from the �gures that for 94,96Mo
most of the 1+ strength is coming from transitions to states with Eexc < 10.0 MeV.
On the other hand in 98Mo and 100Mo the bulk of the total strengths corresponds
to states with Eexc > 10.0 MeV. The smaller 1+ contributions for 98,100Mo compared
to the ones of 94,96Mo are consequently explained by the fact that for the prominent
1+ excitations in the heaver isotopes (98Mo and 100Mo) the energy of the outgoing
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neutrino Ek′ is smaller leading to a suppression of cross sections because of the phase
space factor |k′|Ek′ in (2.6). From Fig. 4.7 it can furthermore be concluded that for
larger neutrino energies the picture is more complicated with many contributing mul-
tipoles. In this region of neutrino energies transitions of axial-vector nature dominate
the cross sections.
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The most important quantity from the experimental point of view is the averaged cross
section, 〈σ〉, which is obtained by folding the total cross section σ(Ek) with a given
pro�le of neutrino energies. In this thesis the main focus is on the supernova neutrinos
and the spectrum of neutrino energies can then be approximated by a two-parameter
Fermi-Dirac distribution, i.e.

〈σ〉 =
1

F2(α)T 3

∫
dEkσ(Ek)E

2
k

exp(Ek/T − α) + 1
, (4.1)

where T denotes the neutrino temperature and α is the degeneracy parameter. In
(4.1) the neutrino �ux is normalized to unity by the constant F2(α). The values of T
and α employed in this work are presented in Table 4.1. In the table the corresponding
average neutrino energies 〈Ek〉 are also given.

�avour α T [MeV] 〈Ek〉 [MeV]

νe 2.1 3.6 13.0
ν̄e 3.2 3.8 15.4
νµ, ντ , ν̄µ, ν̄τ 0.8 4.8 15.7

Table 4.1: Adopted values from [40] of the parameter α and the neutrino temperature T ,
and the corresponding average neutrino energy 〈Ek〉 for the di�erent neutrino �avours.

The calculated averaged cross sections for the coherent neutral-current neutrino-
nucleus scattering o� the stable molybdenum isotopes are shown in Table 4.2. The
results for the incoherent neutrino-nucleus scattering are similarly presented in Table
4.3. From Table 4.1, Table 4.2 and Table 4.3 it is seen that both the incoherent and
coherent cross sections increase signi�cantly with increasing mean neutrino energy
〈Ek〉. As is seen in Table 4.2 the coherent cross sections for the odd nuclei (95Mo
and 97Mo) are almost the same as the ones for their even-even partners (94Mo and
96Mo respectively). On the contrary the incoherent cross sections for 95Mo and 97Mo
are slightly larger than for the even-even isotopes. The reason for this discrepancy is
currently unknown.

It can also be concluded from Table 4.3 that the incoherent cross sections for 98Mo
and 100Mo are smaller than the ones of the other even-even isotopes. To explain this
behaviour the 0+ and 1+ contributions to the averaged cross sections for the νe-
scattering o� the even-even nuclei are displayed in Fig. 4.10. As is visible in the �gure
the 0+ contribution is rather small for all the even-even isotopes It is also seen in
Fig. 4.10 that the 1+ contribution is roughly the same for 92Mo, 94Mo and 96Mo but
is notably smaller for 98Mo and 100Mo. This suppression of the 1+ transitions in the
heavier isotopes (98Mo and 100Mo) was discussed earlier.

It should be noted that the computed cross sections in Table 4.2 and Table 4.3 are
quite sensitive to the adopted values of T and α. In [38] we showed that for tau and
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muon neutrinos the calculated averaged cross sections can di�er by a factor of ∼ 2−3
depending on the adopted neutrino spectra.

�avour 〈σ〉A=92
coh 〈σ〉A=94

coh 〈σ〉A=95
coh 〈σ〉A=96

coh 〈σ〉A=97
coh 〈σ〉A=98

coh 〈σ〉A=100
coh

νe 1.81 1.96 2.00 2.12 2.11 2.28 2.45
ν̄e 2.40 2.60 2.66 2.81 2.81 3.03 3.26
νµ, ντ 2.56 2.78 2.84 3.00 3.00 3.23 3.47
ν̄µ, ν̄τ 2.56 2.78 2.83 3.00 3.00 3.23 3.47

Table 4.2: Computed averaged cross sections for the coherent neutral-current neutrino-
nucleus scattering o� the stable molybdenum isotopes in units of 10−39 cm2. The employed
values of T and α are those given in Table 4.1.

�avour 〈σ〉A=92
incoh 〈σ〉A=94

incoh 〈σ〉A=95
incoh 〈σ〉A=96

incoh 〈σ〉A=97
incoh 〈σ〉A=98

incoh 〈σ〉A=100
incoh

νe 11.6 11.8 16.2 11.9 16.0 9.94 8.59
ν̄e 17.3 17.6 22.1 17.7 21.8 15.1 13.1
νµ, ντ 25.5 25.3 28.3 25.3 27.8 22.1 19.9
ν̄µ, ν̄τ 22.7 22.7 25.5 22.8 25.1 20.0 17.7

Table 4.3: Computed averaged cross sections for the incoherent neutral-current neutrino-
nucleus scattering o� the stable molybdenum isotopes in units of 10−42 cm2. The employed
values of T and α are those given in Table 4.1.
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Figure 4.11: Di�erential cross sections for incoherent neutral-current neutrino-nucleus scat-
tering to �nal states with excitation energy Eexc in

95Mo.

In Fig. 4.11 and Fig. 4.12 I show the di�erential cross sections for supernova-νe scat-
tering to various �nal states in 95Mo and 97Mo respectively. As we concluded in [37]
the singe-particle transitions 1d5/2 −→ 1d3/2 are important. These transitions cor-
respond to the 3/2+

2 and the 3/2+
1 states in 95Mo and 97Mo respectively. The other

prominent �nal states in the �gures are 3/2+, 5/2+ and 7/2+ states which are of
mainly three-quasiparticle character. The most important transitions are of the form
1d5/2 −→ 0g9/2 ⊗ ω or of the form 1d5/2 −→ 0g7/2 ⊗ ω where ω stands for a QRPA
phonon. In 97Mo there are also prominent transitions of either the non-spin-�ip form
1d5/2 −→ 1d5/2 ⊗ ω or the spin-�ip form 1d5/2 −→ 1d3/2 ⊗ ω. The prominent �nal
states can thus be interpreted as an odd neutron in the 1d orbital or as a 0g (or 1d)
neutron coupled to a vibrating core. This is visualized in Fig 4.13 for 95Mo and the
same reasoning holds also for 97Mo.
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5 Conclusions

In this thesis a comprehensive study of the neutral-current neutrino-nucleus scat-
terings o� the stable (A = 92, 94, 95, 96, 97, 98, 100) molybdenum isotopes was per-
formed. Studies of weak interaction phenomena in these nuclei are of importance for
e.g. the MOON experiment planned in Japan. In this work the cross sections for the
aforementioned nuclear targets were computed for neutrino energies relevant for su-
pernova neutrinos. The nuclear responses to supernova neutrinos were subsequently
calculated by folding the obtained cross sections with a two-parameter Fermi-Dirac
distribution. In the computations the �nal and initial nuclear states of the even-even
isotopes were constructed within the context of the QRPA. For the odd nuclei (95Mo
and 97Mo) the nuclear states were generated by using the microscopic quasiparticle-
phonon model.

In our calculations we have found that the coherent contribution dominates the cross
sections for the neutrino energies which are relevant for supernova neutrinos. For the
typical energies of supernova neutrinos excitations of the 1+ multipole are the most
important for all the studied nuclei. For neutrino energies which correspond to the
high-energy tail of the neutrino spectrum similar patterns are seen for all the studied
isotopes. At these energies the most important multipole is 1− but also several other
multipoles contribute signi�cantly to the cross sections.

For the odd nuclei we have found that the prevalent �nal states can simply be thought
of as an unpaired nucleon in a 1d orbital or as a 0g nucleon coupled to a vibrating
core. The coherent cross sections for the odd nuclei are roughly the same as for the
even-even isotopes. On the contrary the incoherent cross sections for 95Mo and 97Mo
are slightly larger than for even-even nuclei. The reason for this enhancement of the
cross sections for the odd isotopes is currently unknown. One aspect which needs to
be studied more is how the cut of the quasiparticle-phonon basis a�ects the cross
sections.

The computed averaged neutrino-nucleus cross sections turn out to be rather sensi-
tive to the supernova model used. Depending on the adopted values of the neutrino
parameters the nuclear responses to tau and muon neutrinos might di�er by a fac-
tor of ∼ 2 − 3. This uncertainty is probably larger than the errors coming from the
nuclear-structure calculations. Future experiments can thus presumably be used to
test the validity of the current supernova models.
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A Neutral-current transition

densities in the MQPM

In this appendix the reduced neutral-current transition densities in the MQPM frame-
work are presented. In the present notation the label p refers to a proton orbital and
n to a neutron orbital. When the indices a and b are adopted both of them are ei-
ther proton or neutron indices. Here only the expressions for a neutron-odd nucleus
are given. It is however straightforward to obtain the corresponding expressions for
a proton-odd nucleus by interchanging all neutron labels into proton labels and vice
versa.

In the MQPM the basis set consists of one-quasiparticle states |ν〉 = |n;m〉 =
|nnlnjn;m〉 and quasiparticle-phonon states |nω; jm〉. A quasiparticle state with an-
gular momentum j and magnetic quantum number m is then given by

|n;m〉 = a†ν |QRPA〉 (A.1)

and a quasiparticle-phonon state is de�ned as

|nω; jm〉 = [a†nQ
†
ω]jm|QRPA〉, (A.2)

where |QRPA〉 is the QRPA vacuum. The QRPA creation operator Q†ω is here given
by

Q†ω = 1
2

∑
aa′

σ−1
aa′(X̄

ω
aa′ [a†aa

†
a′ ]JωMω + Ȳ ω

aa′ [ãaãa′ ]JωMω), (A.3)

where the auxiliary amplitudes are given by

X̄ω
aa′ =


Xω
aa′ if a < a′,

2Xω
aa′ if a = a′,

(−1)ja+ja′+Jω+1Xω
a′a if a > a′

(A.4)

and the amplitudes Ȳ ω
aa′ are de�ned correspondingly. In this way the restriction a 6 a′,

present in (3.7), is relaxed to simplify the calculations.

The reduced transition density for a transition between two one-quasiparticle states
is given by

(nf‖[c†ac̃b]λ‖ni) = λ̂(uaubδanf δbi + (−1)ja+jb−λvavbδaniδbnf ). (A.5)
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For the reduced transition densities concerning transitions between a one-quasiparticle
state and a quasiparticle-phonon state the matrix elements take the forms

(nf‖[c†pc̃p′ ]λ‖niωi; ji)
= −δninf δλJωi (−1)jnf+ji+λĵiσ

−1
pp′
(
vpup′X̄ωi

pp′ + upvp′Ȳ ωi
pp′
)
, (A.6)

(nf‖[c†nc̃n′ ]λ‖niωi; ji)

= −(−1)jnf+ji+λλ̂ĵiĴωi

[
δnfni

δλJωi

Ĵωi
2 σ
−1
nn′
(
vnun′X̄ωi

nn′ + unvn′Ȳ ωi
nn′
)

+
(
δn′nivnun′

{
jnf λ ji
jn′ Jωi jn

}
σ−1
nnf

X̄ωi
nnf

+ δnnf
δjij′n

ĵn′
2 unvn′

× (−1)jn+jn′+λσ−1
n′niȲ

ωi
n′ni

)
− (−1)jn+jn′+λ

(
δnnivnun′

{
jnf λ ji
jn Jωi jn′

}
× σ−1

n′nf X̄
ωi
n′nf + δn′nf

δjijn

ĵn
2 vnun′(−1)jn+jn′+λσ−1

nni
Ȳ ωi
nni

)]
, (A.7)

(nfωf ; jf‖[c†pc̃p′ ]λ‖ni) = δnfniδλJωf ĵfσ
−1
pp′
(
upvp′X̄

ωf
pp′ + vpup′Ȳ

ωf
pp′
)
, (A.8)

and

(nfωf ; jf‖[c†nc̃n′ ]λ‖ni)

= ĵf λ̂Ĵωf

[
δnfni

δλJωf

Ĵωf
2 σ
−1
nn′
(
unvn′X̄

ωf
nn′ + vnun′Ȳ

ωf
nn′
)

+
(
δn′nfunvn′

×
{
jf λ jni
jn Jωf jn′

}
σ−1
nni
X̄
ωf
nni + δnni

δjf jn′

ĵn′
2 vnun′(−1)jf+jni+λσ−1

n′nf Ȳ
ωf
nnf

)
− (−1)jn+jn′+λ

(
δnnfunvn′

{
jf λ jni
j′n Jωf jn

}
σ−1
n′niX̄

ωf
n′ni

+ δn′ni
δjf jn

ĵn
2 vnun′(−1)jni+jf+λσ−1

nnf
Ȳ
ωf
nnf

)]
. (A.9)

The reduced transition density between two quasiparticle phonon states can be written
on the form

(nfωf ; jf‖[c†ac̃b]λ‖niωi; ji)
= uaub(nfωf ; jf‖[a†aãb]λ‖niωi; ji) + (−1)ja+jb+λvavb(nfωf ; jf‖[a†bãa]λ‖niωi; ji),

(A.10)
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where

(nfωf ; jf‖[a†pãp′ ]λ‖niωi; ji)

= δnfniλ̂Ĵωf Ĵωi ĵf ĵi

{
jf λ ji
Jωi jnf Jωf

}∑
b′

(−1)jf+jnf+jp+jb′σ−1
pb′σ

−1
p′b′

×
({Jωf λ Jωi

jp′ jb′ jp

}
X̄
ωf
pb′X̄

ωi
p′b′ + (−1)λ

{
Jωf λ Jωi
jp jb′ jp′

}
Ȳ
ωf
p′b′Ȳ

ωi
pb′

)
(A.11)

and

(nfωf ; jf‖[a†nãn′ ]λ‖niωi; ji)

= Ĵωf Ĵωi ĵf ĵiλ̂

[
δn′ni(−1)jnf+Jωf+ji+λ

{
ji jf λ
jn jn′ Jωi

}∑
b′
σ−1
nb′σ

−1
nf b′

×
({jf Jωi jn

jb′ Jωf jnf

}
X̄
ωf
nb′X̄

ωi
nf b′ −

δjb′jf

ĵb′
2 Ȳ

ωi
nb′Y

ωf
nf b′

)
− δnnf (−1)Jωi+jni+jn+jn′+ji+λ

{
ji jf λ
jn jn′ Jωf

}∑
b′
σ−1
nib′σ

−1
n′b′

×
({ ji Jωf jn′

jb′ Jωi jni

}
X̄
ωf
nib′X̄

ωi
n′b′ −

δjb′ji

ĵb′
2 Ȳ

ωi
nb′Ȳ

ωf
n′b′

)
+ δninf

{
λ jf ji
jnf Jωi Jωf

}∑
b′

(−1)jn+jb′+jnf+jfσ−1
nb′σ

−1
n′b′

×
({Jωf Jωi λ

jn′ jn jb′

}
X̄
ωf
nb′X̄

ωi
n′b′ + (−1)λ

{
Jωi Jωf λ
jn′ jn jb′

}
Ȳ ωi
nb′Ȳ

ωf
n′b′

)
+ σ−1

nni
σ−1
n′nf

(
(−1)Jωf+Jωi+jn′+λ


jn jni Jωf
jn′ Jωi jnf
λ ji jf

 X̄
ωf
nniX̄

ωi
n′nf

+ (−1)jn+jf+λ
δjn′jf δjnji

ĵn′
2
ĵn

2
Ȳ ωi
nni
Ȳ
ωf
n′nf

)]

+ δnnf δn′niδωiωf ĵf ĵiλ̂(−1)jn+ji+Jωf+λ

{
ji jf λ
jn jn′ Jωf

}
. (A.12)

In the case then the initial (i) and �nal (f) states are the same also the term
δabδλ0ĵav

2
aĵi has to be added to (A.5), (A.6), (A.7), (A.8) , (A.9) and (A.10). This

is the case in e.g. coherent neutrino-nucleus scattering which is considered in this
work.
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