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ABSTRACT

Kuznetsova, Olga
Lyapunov Quantities and Limit Cycles in Two-dimensional Dynamical Systems:
Analytical Methods, Symbolic Computation and Visualization
Jyväskylä: University of Jyväskylä, 2011, 80 p.(+included articles)
(Jyväskylä Studies in Computing
ISSN 1456-5390; 137)
ISBN 978-951-39-4494-0 (nid.)
ISBN 978-951-39-4495-7 (PDF)
Finnish summary
Diss.

The aim of this work is the development of effective methods of investigation of
limit cycles of two-dimensional dynamical systems.

The First Chapter is devoted to the computation of Lyapunov quantities
and analysis of "small" limit cycles. Here, for the first time, a complete expres-
sion of the 4-th Lyapunov quantity has been obtained. In addition, the symbolic
expressions of 5-th, 6-th, and 7-th Lyapunov quantities of Lienard system have
been computed. This system describes real electrical and mechanical models and
plays an important role in the study of limit cycles of quadratic systems and lower
estimates of a possible number of limit cycles in polynomial systems. The devel-
opment of these new expressions of Lyapunov quantities became possible due
to advances in analytical methods of computation, realization of effective algo-
rithms on their basis, and the use of modern software for symbolic computation.

Proceeding from the famous Bautin’s method, the technique of computation
and analysis of Lyapunov quantities developed in the present work was applied
in the Second Chapter to the analysis of the domains of coefficients correspond-
ing to the existence of different configurations of limit cycles of quadratic systems
and their visualization. Toward this end, the problem by Kolmogorov concern-
ing the localization and modeling of cycles of quadratic systems is considered
in the Second Chapter. Using the method of reduction of quadratic system to
Lienard system with discontinuous right-hand side and further development of
the asymptotic integration technique made it possible to obtain effective criteria
of qualitative behavior of trajectories for sufficiently large initial data. The so
developed analytical criteria of global behavior of trajectories, local analysis of
Lyapunov quantities, and computational experiments allowed for the investiga-
tion of the domains of coefficients, corresponding to the existence of four limit
cycles in quadratic system. Furthermore, the methods developed in this work
enabled the visualization of three and four limit cycles in quadratic system and
computational study of a "cycles dance".

Keywords: two-dimensional dynamical systems, Lyapunov quantities, symbolic
computation, limit cycles, computer visualization, hidden oscillations
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INTRODUCTION AND THE STRUCTURE OF THE WORK

The present work is devoted to the study of limit cycles of two-dimensional
dynamical systems and the computation of symbolic expressions of Lyapunov
quantities.

The notion of limit cycle appeared first in Poincare’s works, where he pointed
out the importance of the analysis of limit cycles for the study of nonlinear sys-
tems behavior and suggested general methods of their investigation. Further
consideration of limit cycles was motivated by as fundamental questions (such
as Hilbert 16-th problem on possible number and mutual disposition of limit cy-
cles in two-dimensional polynomial systems) as the problems of investigation of
applied systems and the search of effective existence criteria of limit cycles in
these systems ([Lyapunov, 1892, Lienard, 1928], et al.).

Note that for more than century history (see, references in [Reyn, 1994]) of
study of the famous Hilbert 16-th problem it has not been solved even for the sim-
ple case of quadratic systems. One of important directions of the solution of this
problem is a proof of finiteness of the number of limit cycles. The history of this
proof for polynomial systems on plane is connected with the well-known work
of Dulac [Dulac, 1923]. However later in the work [Ilyashenko, 1985] the gaps
in Dulac’s proof were found. Further, these gaps were corrected in the works of
Bamon [Bamon, 1985] (for quadratic polynomial systems) and, independently, in
the works of Ilyashenko [Ilyashenko, 1991] and Ecalle [Ecalle, 1992] (for general
polynomial systems).

The creation of effective methods for the construction of systems with limit
cycles was initiated by the works of Bautin [Bautin, 1949, Bautin, 1952], in which
for the construction of nested limit cycles there was suggested the effective an-
alytical method based on determining sequential symbolic expressions of Lya-
punov quantities (being called also focus values or Poincare-Lyapunov constants). Se-
quential small perturbations of Lyapunov quantities, used by Bautin, allowed
him for the first time to discriminate a class of quadratic systems with three
nested limit cycles [Bautin, 1952] (such cycles are obviously called "small" limit
cycles). Next, Petrovskii and Landis published the work [Petrovskii & Landis,
1957], in which it was asserted that in quadratic system there can be less than
or equal to three limit cycles. However they found then a gap [Petrovskii &
Landis, 1959]. Later there were obtained quadratic systems with four limit cy-
cles [Chen & Wang, 1979, Shi, 1980] (three nested "small" limit cycles, obtained
by perturbations of weak focus, and one limit cycle, surrounding another focus
equilibrium).

Note that the cycles that can be seen by means of computational proce-
dures are called "large" or "normal" limit cycles (this term is due to L.M. Perko
[Perko, 1991]). Existence of semistable and nested limit cycles, and trajectory flat-
tening effects [Kudryashova, 2009] make rather difficult computational analysis
and visualization of limit cycles and show that a simple search of systems and
computational integration are ineffective for the search of limit cycles. For exam-



12

ple, academician V.I. Arnold writes [Arnold, 2005]: "To estimate the number of
limit cycles of square vector fields on plane, A.N. Kolmogorov had distributed
several hundreds of such fields (with randomly chosen coefficients of quadratic
expressions) among a few hundreds of students of Mechanics and Mathematics
Faculty of Moscow State University as a mathematical practice. Each student had
to find the number of limit cycles of his/her field. The result of this experiment
was absolutely unexpected: not a single field had a limit cycle!"

This example confirms the necessity of the search of effective analytical
methods of investigation limit cycles.

The relevance of investigation of limit cycles of two-dimensional dynamical
systems is also affirmed by the fact that with the help of these systems various
real models are described in many scientific fields, including mechanics, biology,
chemistry, and physics. In these models the important role play limit periodic
solutions (called limit cycles). We give here certain well-known examples (see,
e.g., [Strogatz, 1994, Jones et al., 2010], et al.) of such systems.

Examples of limit cycles in mechanics and electronics.
In studying string oscillations [Rayleigh, 1877] Rayleigh discovered first that

in two-dimensional nonlinear dynamical system can arise undamped vibrations
without external periodic action (limit cycles). It is considered localization of limit
cycle in Rayleigh system

ẍ − (a − bẋ2)ẋ + x = 0, (1)

for a = 1, b = 0.1. In Fig. 1 the limit cycle is localized by two trajectories (each of
which trajectories begins in the red, and ends in green), tending to the limit cycle.

The extension of equation (1) is Van der Pol equation [van der Pol, 1926]
(describe the nonlinear electrical circuits used in the first radios). It is considered
localization of limit cycle in Van der Pol system

ẍ + μ(x2 − 1)ẋ + x = 0, (2)

for μ = 0.1 (Fig. 2).
This system, in turn, is a special case of Lienard system [Lienard, 1928], the

study of which was motivated by the development of radio and vacuum tube
technology. The Lienard system is as follows

ẍ + f (x)ẋ + g(x) = 0, (3)

where f , g are smooth differentiable functions. This equation can also be inter-
preted mechanically (see, e.g., [Perko, 1991]) as the equation of motion for a unit
mass subject to a nonlinear damping force − f (x)ẋ and a nonlinear restoring force
−g(x).

For this class of systems, Lienard has suggested effective criterium for exis-
tence of unique limit cycle (see, e.g., [Cesari, 1959]).

Lienard theorem. System (3) has a unique and stable limit cycle surrounding the
origin if the following conditions are satisfied:
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FIGURE 1 Localization of limit cycle in Rayleigh system.

1) g(x) > 0 ∀x > 0

2) lim
x→∞

x∫
0

f (s)ds = ∞

3) F(x) =
x∫

0
f (s)ds has exactly one positive root at certain value a, F(x) < 0 for

0 < x < a, and F(x) > 0 and monotonically increases for x > a.

Examples of limit cycles in biology.

In the year 1925 the famous scholar Alfred Lotka suggested a mathemati-
cal model of competition of two species (known as the Lotka-Volterra "predator-
prey" model), which is presented in the form of two-dimensional dynamical sys-
tem [Lotka, 1925]. Lotka showed that all the trajectories of this system are peri-
odic, reflecting what is well-known in nature, the periodicity of variation in the
population number [Volterra, 1926]. Note, however, that the periodic trajectories
of Lotka-Volterra "predator-prey" model are not limit since this system is conser-
vative.

Further development of mathematical biology led to consideration of dif-
ferent models, in which there were found limit cycles.

For example, in 1980 a two-dimensional system of differential equations
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FIGURE 2 Localization of limit cycle in Van der Pol system.

was considered [Odell, 1980], describing another "predator-prey" model

dx
dt

= x[x(1 − x) − y],
dy
dt

= y(x − a), (4)

where x ≥ 0 is the dimensionless population of the prey, y ≥ 0 is the dimen-
sionless population of the predator, and a ≥ 0 is a control parameter. Here for
the value of parameter a close to ac = 1

2 it appears limit cycle. It is considered
localization of limit cycle in system (4) for a = 0.4 (Fig. 3).

Besides, in 1979 a two-dimensional differential system was considered, de-
scribing a model of respiration of a bacterial culture [Fairen & Velarde, 1979]

dx
dt

= B − x − xy
1 + qx2 ,

dy
dt

= A − xy
1 + qx2 , (5)

where x, y are the levels of nutrient and oxygen, respectively, and A, B, q > 0
are parameters. It turned out that for certain values of parameters A, B, q in the
system it can appear a limit cycle. It is considered localization of limit cycle in
system (5) for A = 11, B = 13.4, q = 0.5 (Fig. 4).

Examples of limit cycles in chemistry.
In 1951 periodic oscillations in chemical reactions were first found experi-

mentally by Boris Belousov. Proceeding with these investigations, Anatol Zhabotin-
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FIGURE 3 Localization of limit cycle in "predator-prey" model.

sky discovered new chemical reactions with autooscillations (called Belousov-
Zhabotinsky reactions) and constructed first mathematical models of these reac-
tions.

In 1990 a particularly elegant model of oscillating reaction, the chlorine
dioxide-iodine-malonic acid reaction (the counterpart of famous Belousov-Zha-
botinsky reaction) was proposed and analyzed [Lengyel et al., 1990]. After suit-
able nondimensionalization, the model becomes

dx
dt

= a − x − 4xy
1 + x2 ,

dy
dt

= bx(1 − y
1 + x2 ), (6)

where x and y are the dimensionless concentrations of I− and ClO−
2 . The param-

eters a, b > 0 depend on the empirical rate constants and on the concentrations
assumed for the slow reactants. It turns out that when b < bc = 3a

5 − 25
a , all tra-

jectories are attracted to a stable limit cycle. It is considered localization of limit
cycle in system (6) for a = 10, b = 2 (Fig. 5).

In the fundamental biochemical process called glycolysis (see [Chance et al.,
1973, Goldbeter, 1980] ) living cells obtain energy by breaking down sugar. In
intact yest cells glycolysis can proceed in an oscillatory fashion, with the concen-
trations of various intermediates waxing and waning with a period of several
minutes. A simple model of these oscillations can be described by the following
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FIGURE 4 Localization of limit cycle in model for respiration of a bacterial culture.

simple dimensionless equations

dx
dt

= −x + ay + x2y,
dy
dt

= b − ay − x2y, (7)

where x and y are the concentrations of adenosine diphosphate and fructose-6-

phosphate, and a, b > 0 are kinetic parameters. Let τ = − b4+(2a−1)b2+(a+a2)
a+b2 , then

for parameters a, b in the region, corresponding to τ > 0, we are guaranteed that
the system has a stable limit cycle. It is considered localization of limit cycle in
system (7) for a = 1

16 , b =
√

7
4 (Fig. 6).

Note that in all these models a problem of limit periodical solutions investi-
gation is of great importance since periodical solution means critical state of the
system.

In the above examples the localization of limit cycles is performed with the
help of standard computational procedure. It consist in that the trajectory, going
from small neighborhood of unstable equilibrium, after transient process, is at-
tracted to unique stable limit cycle and "computes" it. However the application
of such procedure to visualization of limit cycles in quadratic systems does not
allow one to find semistable and nested cycles.

In the present work it is considered the development of effective methods
for investigation of limit cycles of two-dimensional dynamical systems and it is
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FIGURE 5 Localization of limit cycle in chlorine dioxide-iodine-malonic acid reaction.

extended the theses [Kuznetsov, 2008, Kudryashova, 2009]. The material of dis-
sertation is organized as follows.

The First Chapter is devoted to computation of Lyapunov quantities and
the analysis of "small" limit cycles. The method of computation of Lyapunov
quantities was proposed first in the works of Poincare [Poincare, 1885] and Lya-
punov [Lyapunov, 1892] for the analysis of local behavior of system in the neigh-
borhood of a complicated equilibrium (two purely imaginary eigenvalues of lin-
ear part of system). The innovative works of Bautin [Bautin, 1949, Bautin, 1952]
are devoted to development of these ideas and the analysis of symbolic expres-
sions of sequential Lyapunov quantities. In these works there was proposed
an effective approach to the construction of nested limit cycles and to obtain-
ing the lower estimate of the number of limit cycles in famous Hilbert 16-th
problem for two-dimensional polynomial systems. These works of Bautin led
to the appearance of a great many of papers and books, devoted to symbolic
computation and analysis of Lyapunov quantities for different types of systems
([Serebryakova, 1959, Schuko, 1968, Lloyd, 1988, Lynch, 2005], et al.). However
substantial progress on the study of general Lyapunov quantities became pos-
sible only in the past decade by virtue of modern computer techniques and the
software tools of symbolic computation. For example, the symbolic expressions
for the first and second Lyapunov quantities were calculated in the 40-50-s of
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FIGURE 6 Localization of limit cycle in glycolysis.

last century [Bautin, 1949, Serebryakova, 1959], while the expression for the third
Lyapunov quantity in general form (in terms of decomposition of right-hand side
of system in the original space) was first computed only in 2008 year and occupies
a few pages [Kuznetsov & Leonov, 20081, Kudryashova, 2009].

In the present work there was obtained first a complete expression for the
fourth Lyapunov quantity in general form, which occupies more than 45 pages.
In addition it was also computed symbolic expressions of 5-th, 6-th, and 7-th Lya-
punov quantities for Lienard system. Note that this equation not only describes
real electrical and mechanical models but also plays important role in the study
of limit cycles of quadratic systems [Cherkas, 1976, Leonov, 1997] and lower es-
timate of possible number of limit cycles in polynomial systems [Christopher &
Lloyd, 1996, Dumortier & Li, 1996, Han, 1999, Lynch, 2005]. The obtaining of
these new expressions of Lyapunov quantities became possible by virtue of the
development of analytical methods of computation of Lyapunov quantities, re-
alization of effective algorithms on their basis, and the application of modern
methods of symbolic computation [Kuznetsov, 2008, Kudryashova, 2009, Leonov
et al., 2011]. The process developed in the work for the computation and analysis
of Lyapunov quantities is applied in the Second Chapter of the thesis to analysis
of limit cycles of quadratic systems, namely, to analysis of domains of coefficients,
corresponding to the existence of different configurations of limit cycles and their
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visualization.
The Second Chapter is devoted to investigation of "large" limit cycles. The

problem of investigation of "large" limit cycles is exceedingly complicated even
for the simplest case of quadratic systems. While "small" limit cycles of quadratic
systems are considered from the middle of 20-th century [Bautin, 1949, Sere-
bryakova, 1959], the quadratic systems with "small" and "large" limit cycles were
found not until much later. For example, in the works [Chen & Wang, 1979, Shi,
1980] it was obtained class of quadratic systems with 3 "small" limit cycles in
the neighborhood of one equilibrium and one "large" limit cycle around another
equilibrium. In the works [Artes et al., 2006, Leonov, 2009] it is given quadratic
systems with two "large" limit cycles. Note that the problem of localization and
visualization of "large" cycles remains unsolved, as before, even in the case of
quadratic systems. Certain analytical and computational methods of investiga-
tion of "large" limit cycles were proposed in the works [Lefschetz, 1957, Blows &
Lloyd, 19841, Perko, 1990, Rousseau, 1993, Blows & Perko, 1994, Cherkas et al.,
2003, Kudryashova et al., 2008, Leonov, 2009].

The reduction used in this work of the quadratic system to the Lienard
system with the discontinuous right-hand side and the development of ideas of
asymptotic integration made it possible to obtain analytical criteria of qualitative
behavior of trajectories for sufficiently large initial data. The obtained analyti-
cal criteria of global behavior of trajectories and the local analysis of Lyapunov
quantities allowed one to investigate the domains of coefficients, corresponding
to the existence of one and two "large" limit cycles in quadratic system. By the
obtained analytical results and computational experiments the domains of coeffi-
cients, corresponding to the existence of three and four "large" limit cycles, were
considered. In addition, visualization was carried out of three and four limit cy-
cles in quadratic system and the computational study of a "cycles dance" (i.e. the
varying of limit cycles configuration under varying of system parameters).

Included articles: The present work is based on more than 15 published
journal papers and reports at international conferences. In these papers, the state-
ments of problems are due to the supervisors, while the development of analyti-
cal methods, computational procedures, algorithms, and computer modeling are
due to the author. Results of the first and second chapters were presented in
joint reports at international conferences [PII, PIV] and partially published in the
articles [PI, PIII], included into Appendix and containing other approaches to
computation of Lyapunov quantities and localization of limit cycles.



1 COMPUTATION OF LYAPUNOV QUANTITIES
AND "SMALL" LIMIT CYCLES

1.1 Introduction

The first part of work is devoted to symbolic computation of Lyapunov quanti-
ties and is based on the surveys [Leonov & Kuznetsova, 2010, Leonov et al., 2011].
A method of computation of Lyapunov quantities (being called also focus val-
ues and Poincare-Lyapunov constants) was proposed at the end of the 19th cen-
tury in the classical works of A. Poincare [Poincare, 1885] and A.M. Lyapunov
[Lyapunov, 1892] for analysis of stability of degenerated focus equilibrium. Note
that a sign of Lyapunov quantities defines winding/unwinding of solutions of
systems in small neighborhoods of equilibrium and stability/instability of equi-
librium.

The development of methods for computation and analysis of Lyapunov
quantities was encouraged by applied engineering problems (such as the study
of oscillations excitation and boundaries of domain of stability) as purely math-
ematical problems (such as center–focus problem, the cyclicity problem, analysis
of dynamical systems stability, and famous Hilbert 16-th problem).

Note that yet in the first half of last century the scholars began to consider
the problem of symbolic computation of Lyapunov quantities, i.e. the search of
symbolic expressions of Lyapunov quantities in terms of coefficients of the right-
hand side of considered dynamical system. However, substantial progress on the
study of Lyapunov quantities became possible only in the past decade by virtue of
the use of modern software tools of symbolic computation. The symbolic expres-
sions for the first and second Lyapunov quantities were obtained in the 40-50-s of
last century by Bautin [Bautin, 1949] and Serebryakova [Serebryakova, 1959] re-
spectively, while the expression for the third Lyapunov quantity in general form
(in terms of decomposition of right-hand side of system in the original space)
has been computed first only in 2008 year [Kuznetsov & Leonov, 20081, Leonov,
Kuznetsov & Kudryashova, 2008, Kudryashova, 2009]. The expression for the
fourth Lyapunov quantity in general form was obtained by the author in 2009
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year and occupies more than 45 pages. The obtaining of expressions for the third
and fourth quantities became possible by virtue of development of analytical
methods for computation of Lyapunov quantities, realization on their basis of
effective algorithms, and applying a modern computational tools.

At present there exist a few methods for computation of Lyapunov quanti-
ties and their computer realizations, which permit one to find Lyapunov quan-
tities in the form of symbolic expressions depending on the coefficients of sys-
tem. These methods are differed by the complexity of realization of algorithms, a
space, in which the computation is made, and the compactness of obtained sym-
bolic expressions [Chow & Hale, 1982, Gasull & Prohens, 1997, Li, 2003, Chavar-
riga & Grau, 2003, Lynch, 2005, Dumortier et al., 2006, Christopher & Li, 2007,
Gine, 2007, Yu & Chen, 2008].

The first method for computation of Lyapunov quantities was proposed in
the works [Poincare, 1885] and [Lyapunov, 1892]. It consists in sequential con-
struction of Lyapunov function, using the integral of linear part of system. The
algorithm of computation of symbolic expressions of Lyapunov quantities, based
on this approach, is described below.

Further the different methods of computation of Lyapunov quantities, us-
ing the reduction of system to normal forms [Yu, 1998, Li, 2003], were devel-
oped. However, in realizing these methods there arises the complexity, connected
with the nonuniqueness of process of construction of system normal form. An-
other approach to the computation of Lyapunov quantities is connected with
determining approximations of solutions of system. For example, in the work
[Lyapunov, 1892] it is used the passage to the polar coordinates and the proce-
dure of sequential construction of approximations of solution.

In the works [Kuznetsov & Leonov, 20081, Kuznetsov & Leonov, 20082,
Leonov et al., 2008] it was proposed new method for computation of Lyapunov
quantities, based on the construction of approximations of solution (in the form of
finite sum in terms of powers of initial datum) in the original Euclidean system of
coordinates and in the time domain. The advantage of this method is ideological
simplicity and visualization power. This approach can also be applied to the so-
lution of problem of determination of isochronous center [Sabatini & Chavarriga,
1999] since it allows one to find the approximation of the return time of trajectory
depending upon initial data. The algorithm of computation of symbolic expres-
sions of Lyapunov quantities, based on this method, is described below.

Often for computational speedup and simplification of finite expressions of
Lyapunov quantities it is used different modifications of the considered above
methods, connected with the transformation of system to complex variables
[Schuko, 1968, Gasull et al., 1997, Li, 2003, Yu & Chen, 2008]. For example, based
on the method of constructing Lyapunov function in complex domain, in 1968
year it was developed, evidently, the first computer program for computation of
Lyapunov quantities [Schuko, 1968].

Note that the computation of symbolic expressions of Lyapunov quantities
can also be reduced to application of recurrent formulas [Lynch, 2005] and the
use of algebraic methods of construction and investigation of special polynomials
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(see, for example, [Romanovskii, 1996]).
In the work it is used two methods for computation of Lyapunov quanti-

ties: classical method of Poincare-Lyapunov and the method for computation of
Lyapunov quantities in Euclidean space and in the time domain. Note that these
methods are distinct from each other in principle. The first method is based on
the construction of Lyapunov function for a system, while the second one on the
search of approximate solution of system. The computation of symbolic expres-
sions of Lyapunov quantities by these two methods permits one to be sure that
the obtained results are true.

1.2 Lyapunov quantities

Following the survey [Leonov et al., 2011], introduce Lyapunov quantities. Con-
sider sufficiently smooth two-dimensional system

dx
dt

= F(x, y),
dy
dt

= G(x, y), (8)

where F(0, 0) = G(0, 0) = 0 (i.e. the point (0, 0) is stationary point of system).
Now we represent system (8) as

dx
dt

= f10x + f01y + f (x, y),

dy
dt

= g10x + g01y + g(x, y),
(9)

where the expansion of functions f and g starts with the terms greater or equal to
the second order.

Suppose that in open neighborhood U of radius RU of the point (x, y) =
(0, 0), the right-hand side of system has continuous partial derivatives of the n-th
order:

f (·, ·), g(·, ·) : R × R → R ∈ Cn(U) (10)

and the following representation

f (x, y) =
n

∑
k+j=2

fkjx
kyj + o

(
(|x| + |y|)n)

= fn(x, y) + o
(
(|x| + |y|)n)

,

g(x, y) =
n

∑
k+j=2

gkjx
kyj + o

(
(|x| + |y|)n)

= gn(x, y) + o
(
(|x| + |y|)n) (11)

is satisfied.
Consider the matrix of the first approximation of system in zero stationary

point:

A(0,0) =

(
f10 f01
g10 g01

)
. (12)
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Introduce the notions

σ = TrA(0,0) = f10 + g01, Δ = det A(0,0) = f10g01 − f01g10

and write out eigenvalues of (12)

λ1,2 = −σ

2
±

√
σ2

4
− Δ.

Let the matrix A(0,0) of the first approximation of system has two purely
imaginary eigenvalues (i.e. σ = 0 and Δ > 0). In this case, without loss of
generality (i.e. there exists a nonsingular linear change of variable), it can be
assumed that

f10 = 0, f01 = −1, g10 = 1, g01 = 0.

Therefore we can consider the following system

dx
dt

= −y + f (x, y),

dy
dt

= x + g(x, y).
(13)

The first approximation of system (13) takes the form

dx
dt

= −y,
dy
dt

= x. (14)

The eigenvalues of matrix of the right-hand side of this system are equal to ±i.
All the trajectories of system (14) are closed and stationary point (0, 0) is called a
center (Fig. 7, a). Let us study the influence of nonlinear terms f (x, y) and g(x, y)
on the behavior of trajectories of system (13) in small neighborhood of stationary
point. Consider, following the method of Poincare, the intersection of trajectory
of system (13) with the straight line x = 0.

At time t = 0 the trajectory
(

x(t, h), y(t, h)
)

is started from the point (0, h)
(h is sufficiently small) (

x(0, h), y(0, h)
)

=
(
0, h

)
. (15)

Denote by T(h) return time of trajectory, which is a time between two successive
intersections of trajectory with the straight line x = 0. Note that for sufficiently
small h return time can be found and it is finite since the right-hand side of sys-
tems (13) and (14) differ by o(|x| + |y|) in the neighborhood of zero. Then

x(T(h), h) = 0 (16)

and y(T(h), h) can sequentially be approximated by a series in terms of powers
of h:

y(T(h), h) = h + L̃2h2 + L̃3h3 + ... (17)

Here the first nonzero coefficient L̃m is called Lyapunov quantity. It determines
stability or instability of stationary point and describes a winding/unwinding
of trajectory (Fig. 7, b). One can show (see, e.g., [Lyapunov, 1892]) that the first
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FIGURE 7 a) Center b) Focus: defenition of Lyapunov quantity.

nonzero coefficient have necessarily odd number m = (2k + 1). The value
L̃2k+1 is called k-th Lyapunov quantity

Lk = L̃2k+1

and the equilibrium is a weak focus of k-th order.
In the case of σ �= 0 for the complex eigenvalues of the first approximation

matrix (12) the notion of Lyapunov quantity is considered similarly. In this case
it is introduced the notion of zero Lyapunov quantity L0 = L̃1 such that

y(T(h), h) = (1 + L̃1)h + o(h).

Note that L̃1 describes exponential increase of solutions of system, being caused
by real parts of eigenvalues (similarly to Lyapunov exponents or characteristic
exponents, see [Leonov & Kuznetsov, 2007]).

Note, following the work of A.M. Lyapunov [Lyapunov, 1892], a similar
procedure for the study of stability can be used for systems of larger dimension
(in the case when a linear system has two purely imaginary roots and the rest of
roots are negative). Certain results on the computation of Lyapunov quantities
for systems of larger dimension can be found, for example, in [Bautin, 1949].

1.3 Classical Poincare-Lyapunov method for Lyapunov quantities
computation

Following the classical works [Poincare, 1885, Lyapunov, 1892], we consider the
method for Lyapunov quantities computation, based on the construction of Lya-
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punov function for system (13). Below there are represented two modifications
of this method (in the original (Euclidean) space and in the complex space).

1.3.1 Computation of Lyapunov quantities in Euclidean space

In the classical method of Poincare-Lyapunov for the computation of symbolic
expressions of Lyapunov quantities, in the neighborhood of zero equilibrium it is
necessary to find Lyapunov function V(x, y) for system (13) in the form

V(x, y) = V2(x, y) + V3(x, y) + ... + Vn+1(x, y). (18)

Here V2(x, y) =
x2+y2

2 and Vk(x, y), k = 3, ..., n + 1, are homogeneous polyno-
mials

Vk(x, y) = ∑
i+j=k

Vi,jx
iyj

with unknown coefficients {Vi,j}i+j=k, i,j�0.
For the derivative of V(x, y) in virtue of system (13) we have

V̇(x, y) =
∂V(x, y)

∂x
(−y +

n

∑
k+j=2

fkjx
kyj) +

∂V(x, y)

∂y
(x +

n

∑
k+j=2

gkjx
kyj)

+ o
(
(|x| + |y|)n+1).

Denoting in the above expression the homogeneous terms of order k by Wk(x, y),
we obtain

V̇(x, y) = W3(x, y) + ... + Wn+1(x, y) + o
(
(|x| + |y|)n+1).

Note that terms of the second degree in V̇(x, y) are canceled out. Then
the equations Wk(x, y) = 0 for k = 2p + 1, where p = 1, ..., and Wk(x, y) =
wk(x2 + y2)p for k = 2p, where p = 2, ... (wk are unknown coefficients) are solved
sequentially.

If for certain k = 2p∗ ≤ n + 1 the relation wk �= 0 is satisfied, then the
quantity 2πw2p∗ is equal to (p∗ − 1)-th Lyapunov quantity [Frommer, 1928] of
system (13).

Detailed justification of this method can be found, for example, in the works
[Lynch, 2005, Leonov & Kuznetsova, 2010].

Below is given a computational algorithm, based on the classical method of
Poincare-Lyapunov in Euclidean space, and a program in Matlab, permitting one
to realize necessary computation.

Algorithm for computation of Lyapunov quantities

Consider system (13). In place of the functions f and g we will regard their ap-
proximate values

fn(x, y) =
n

∑
k+j=2

fkjx
kyj, gn(x, y) =

n

∑
k+j=2

gkjx
kyj, (19)



26

where n is odd (n = 2m + 1). Then we will search Lyapunov function V(x, y) in
the form of polynomial of (n + 1)-th degree. Impose additional requirements on
the coefficients of polynomial:

V2p,2p+2 + V2p+2,2p = 0, V2p,2p = 0, p = 1, 2, ... (20)

the satisfaction of which provides uniqueness of determining the Lyapunov func-
tion V(x, y) (a more detailed consideration of these conditions can be found in the
work [Leonov et al., 2011]). Then homogeneous polynomials of formula (18) take
the form
V2(x, y) = x2+y2

2 ,
V3(x, y) = V3,0x3 + V2,1x2y + V1,2xy2 + V0,3y3,
V4(x, y) = V4,0x4 + V3,1x3y + V1,3xy3 + V0,4y4,
V5(x, y) = V5,0x5 + V4,1x4y + V3,2x3y2 + V2,3x2y3 + V1,4xy4 + V0,5y5,
V6(x, y) = V6,0x6 + V5,1x5y + V4,2x4y2 + V3,3x3y3 − V4,2x2y4 + V1,5xy5 + V0,6y6,
and so on.

For the derivative of V(x, y) in virtue of system (13) we have

V̇(x, y) =
∂V(x, y)

∂x
(−y +

n

∑
k+j=2

fkjx
kyj) +

∂V(x, y)

∂y
(x +

n

∑
k+j=2

gkjx
kyj)

+ o
(
(|x| + |y|)n+1) = ˜̇V(x, y) + o

(
(|x| + |y|)n+1).

In order to find ˜̇V(x, y) we find ∂V(x,y)
∂x and ∂V(x,y)

∂y :

∂V(x, y)

∂x
=

∂V2(x, y)

∂x
+

∂V3(x, y)

∂x
+ ... +

∂Vn+1(x, y)

∂x
=

= x + (3V3,0x2 + 2V2,1xy + V1,2y2) + (4V4,0x3 + 3V3,1x2y + V1,3y3) + ...

∂V(x, y)

∂y
=

∂V2(x, y)

∂y
+

∂V3(x, y)

∂y
+ ... +

∂Vn+1(x, y)

∂y
=

= y + (V2,1x2 + 2V1,2xy + 3V0,3y2) + (V3,1x3 + 3V1,3xy2 + 4V0,4y3) + ...

Then˜̇V(x, y) = (x + 3V3,0x2 + 2V2,1xy + V1,2y2 + ...)(−y + f20x2 + f11xy + f02y2 + ...)+

+ (y + V2,1x2 + 2V1,2xy + 3V0,3y2 + ...)(x + g20x2 + g11xy + g02y2 + ...).
(21)

Each bracket has degree n. It means that the function obtained is a polynomial
of degree 2n. Eliminating all terms, the summary degree of which exceeds n +
1, we obtain a polynomial of degree n + 1, depending only on the coefficients
{Vij}n

i+j=2, { fij}n
i+j=2 and {gij}n

i+j=2, i.e.

˜̇V(x, y, {Vij}n
i+j=2, { fij}n

i+j=2, {gij}n
i+j=2).

Define the function

W(x, y) =
m+1

∑
k=2

w2k(x2 + y2)k, (22)
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where w2k are unknown coefficients. The above function is a polynomial of de-
gree n + 1 in x and y.

Subtracting W(x, y) from ˜̇V(x, y) and equating, in the obtained polynomial,
to zero all the coefficients of all degrees x and y, we get a system, which is al-
ways solvable uniquely [Lynch, 2005]. In this case the first nonzero coefficient of
w2k gives the value of (k − 1)-th Lyapunov quantity up to the constant (Lk−1 =
2πw2k).

Equating to zero the coefficients of t-th summary degree x and y of the poly-
nomial ˜̇V(x, y) − W(x, y), we get a system, which can be represented in matrix
form

ML + P = 0. (23)

Here M is a (t + 1× t + 1) matrix of real numbers, L and P are the columns of size
t + 1, and L consists of Vi,j, where i + j = t, and wt (if t is even). Thus, we have a
representation

L =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Vt,0
Vt−1,1

...
Vp+1,p−1

wt
Vp−1,p+1

...
V1,t−1

V0,t

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
in the case t = 2p, and L =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Vt,0
Vt−1,1

...
Vp+1,p
Vp,p+1

...
V1,t−1
V0,t

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
in the case t = 2p + 1.

Note that condition (20) imposed on coefficients Vi,j makes possible for all t
to compile the column L, involving all unknown coefficients Vi,j, where i + j = t.
Since at t-th step we assume that Vi,j, where i + j < t, already are known, the
column

P( {Vij}t−1
i+j=2, { fij}t−1

i+j=2, {gij}t−1
i+j=2) = P( { fij}t−1

i+j=2, {gij}t−1
i+j=2)

is also known. Solving linear matrix equation (23) with respect to L, we obtain

L = M−1(−P). (24)

If t is odd, then we proceed to (t + 1)-th step, and if even, then we test the ob-
tained value wt. If wt �= 0, then it means that Lyapunov quantity is found, if not,
then we proceed to t + 1-th step.
Note that terms of the second degree in ˜̇V(x, y) are canceled out (see formula
(21)). Writing the expression for ˜̇V(x, y) of 3-th degree, we obtain

x3( f20 + V2,1) + x2y(−3V3,0 + f11 + g20 + 2V1,2)+

+xy2( f02 − 2V2,1 + g11 + 3V0,3) + y3(−V1,2 + g02).

Since the polynomial W(x, y) contains only terms of even degrees, then we
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set equal to zero the coefficients of the third degrees of polynomial, i.e. we get

f20 + V2,1 = 0,

−3V3,0 + f11 + g20 + 2V1,2 = 0,

f02 − 2V2,1 + g11 + 3V0,3 = 0,

−V1,2 + g02 = 0.

(25)

In this case the matrix M and the columns L and P take the form

M =

⎛⎜⎜⎝
0 1 0 0
−3 0 2 0
0 −2 0 3
0 0 −1 0

⎞⎟⎟⎠ ,

L =

⎛⎜⎜⎝
V3,0
V2,1
V1,2
V0,3

⎞⎟⎟⎠ ,

P =

⎛⎜⎜⎝
f20

g20 + f11
f02 + g11

g02

⎞⎟⎟⎠ .

Then we have

L =

⎛⎜⎜⎝
V3,0
V2,1
V1,2
V0,3

⎞⎟⎟⎠ = M−1(−P) =
1
3

⎛⎜⎜⎝
0 −1 0 −2
3 0 0 0
0 0 0 −3
2 0 1 0

⎞⎟⎟⎠
⎛⎜⎜⎝

− f20
−g20 − f11
− f02 − g11

−g02

⎞⎟⎟⎠ .

The solution of the equation is as follows

V3,0 =
1
3
( f11 + 2g02 + g20), V2,1 = − f20, V1,2 = g02, V0,3 = −1

3
( f02 + 2 f20 + g11).

Passing to the next step, we set equal to zero the coefficients of the polynomial˜̇V(x, y) − W(x, y) of the fourth degrees. Then we obtain the following system:

f30 − w4 + V3,1 + V2,1g20 + 3V3,0 f20 = 0,

3V3,0 f11 + 2V1,2g20 + 2V2,1 f20 + g30 − 4V4,0 + f21 + V2,1g11 = 0,

g21 + 3V0,3g20 + V2,1g02 + 2V2,1 f11 + 3V3,0 f02 − 2w4+

+3V1,3 − 3V3,1 + f12 + V1,2 f20 + 2V1,2g11 = 0,

4V0,4 + g12 + f03 + 2V1,2g02 + 3V0,3g11 + V1,2 f11 + 2V2,1 f02 = 0,

3V0,3g02 − w4 + V1,2 f02 + g03 − V1,3 = 0.

(26)



29

Here the matrix M and the columns L and P take the following form

M =

⎛⎜⎜⎜⎜⎝
0 1 −1 0 0
−4 0 0 0 0
0 −3 −2 3 0
0 0 0 0 4
0 0 −1 −1 0

⎞⎟⎟⎟⎟⎠ ,

L =

⎛⎜⎜⎜⎜⎝
V4,0
V3,1
w4
V1,3
V0,4

⎞⎟⎟⎟⎟⎠ ,

P =

⎛⎜⎜⎜⎜⎝
f30 + V2,1g20 + 3V3,0 f20

V2,1g11 + 3V3,0 f11 + 2V1,2g20 + 2V2,1 f20 + f21 + g30
V2,1g02 + V1,2 f20 + 3V3,0 f02 + 2V1,2g11 + 2V2,1 f11 + 3V0,3g20 + g21 + f12

2V2,1 f02 + 3V0,3g11 + V1,2 f11 + g12 + f03 + 2V1,2g02
g03 + 3V0,3g02 + V1,2 f02

⎞⎟⎟⎟⎟⎠ .

Having performed the substitution of the obtained expressions for coefficients
V3,0, V2,1, V1,2, and V0,3 in P and having solved the system (23), we obtain the co-
efficients V4,0, V3,1, w4, V1,3, V0,4. Here the coefficient w4 is equal to the expression

1
8
(3 f30 − 2 f20g20 + f20 f11 + g21 − g20g11 + f02 f11 + 2g02 f02 + f12 − g02g11 + 3g03),

and if w4 is not equal to zero, then 2πw4 is a first Lyapunov quantity of original
system. If w4 = 0, then one have to consider coefficients of greater degrees. The
algorithm is ended when the first nonzero w2k is found, either in putting all w2k
from formula (22) to zero. Note that the putting of all w2k from (22) to zero can
mean that it is necessary to consider more precise approximation of the functions
f (x, y) and g(x, y) than fn(x, y) and gn(x, y), described by formula (19).

Matlab Programming code for computation of Lyapunov quantities

1 %Example of LQ computation for general Lienard system.
2 clear all; syms x y g1_0
3 N=7; %number of Lyapunov quantities
4 NS = 2*N+1;
5 gxy=0;
6 for n=2:NS %form function g
7 gxy=gxy+sym([’g’,int2str(n),’_’,int2str(0)],’real’)*x^n+ ->
8 sym([’g’,int2str(n-1),’_’,int2str(1)],’real’)*x^(n-1)*y;
9 end;

10 %form system of equations
11 dx = -y; dy = g1_0*x+gxy;
12 subs(dy,x,x/sqrt(g1_0));
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13 dy=dy/sqrt(g1_0);
14

15 KVxy_n(1:NS+2,1:NS)=0*x;
16 KVxy_n(1,1) = ’W2’; KVxy_n(2,1) = 1/2; KVxy_n(3,1) = 1/2;
17 Vxy = (1/2)*(x^2+y^2);
18 Wxy=KVxy_n(1,1)*(x^2+y^2);
19

20 for n=3:NS+1 %form V(x,y) and W(x,y)
21 for iy=0:n
22 ix = n - iy;
23 if not ((iy == ix)&&(mod(ix,2) == 0))&&not((iy-ix==2) ->
24 && (mod(iy,2)==0))
25 KVxy_n(iy+1,n-1) = sym([’V’,int2str(ix),’_’,->
26 int2str(iy)],’real’);
27 Vxy = Vxy + KVxy_n(iy+1,n-1)*x^ix*y^iy;
28 else
29 KVxy_n(iy+1,n-1) = sym([’W’,int2str(n)],’real’);
30 Wxy = Wxy+ KVxy_n(iy+1,n-1)*(x^2+y^2)^(n/2);
31 if (iy-ix==2)
32 Vxy = Vxy -KVxy_n(n-1,iy+1) *x^ix*y^iy;
33 end;
34 end;
35 end;
36 end;
37

38 dVxy = simplify(diff(Vxy, x)*dx+diff(Vxy, y)*dy);%form dV(x,y)
39 dVxy_Wxy_n(1:NS,1:NS+2) = 0*x*y; dVxy_Wxy = dVxy-Wxy;
40 for n=2:NS+1 %form dV(x,y)-W(x,y)
41 for iy=0:n
42 ix = n - iy;
43 dVxy_Wxy_n(n-1,iy+1)=simplify(subs((diff(diff((dVxy_Wxy),->
44 x,ix)/factorial(ix),y,iy)/factorial(iy)),[x y],[0 0]));
45 end;
46 end;
47

48 New_KVxy_n(1:NS+2,1:NS) = 0*x;
49 for n=3:NS+1 %define new coefficients of V(x,y)
50 clear M; M(1:n+1,1:n+1) = 0*x;
51 for ix=1: n+1 %form matrix M
52 M(1:n+1,ix) = diff(dVxy_Wxy_n(n-1, 1:n+1),KVxy_n(ix,n-1));
53 end;
54

55 clear P; P(1:n+1,1) =0*x;
56 for ix=1: n+1 %form column P
57 P(ix,1)=-dVxy_Wxy_n(n-1,ix)+M(ix,1:n+1)*KVxy_n(1:n+1,n-1);
58 end; %form column of new coefficients of V(x,y)
59 New_KVxy_n(1:n+1,n-1)= simplify(M^(-1)*P);
60 end;
61

62 L(1:N)=0*x; G(1:N)=0*x; %define L_i and g_2i,1
63 for i=1:N
64 L(i) = New_KVxy_n(i+2+mod(i+1,2),2*i+1);
65 for n= NS+1: -1:4
66 for ix= 0: n-1 %put new coefficients of V(x,y) in L_i
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67 L(i)=subs(L(i),KVxy_n(ix+1,n-2),New_KVxy_n(ix+1,n-2),0);
68 end;
69 end;
70

71 for n=1:i-1 %put previous g_2n,1 in L_i
72 L(i) = subs(L(i),[’g’,num2str(2*n),’_1’],G(n),0);
73 end;
74 L(i) = simplify(L(i));
75 G(i) =solve(L(i),[’g’,num2str(2*i),’_1’]); %define g_2i,1
76 end;

1.3.2 Computation of Lyapunov quantities in complex space

The well-known modification of the Poincare-Lyapunov method is the passage
to the complex variables (see, for example, [Schuko, 1968, Gasull et al., 1997]).
In this case at first the real variables (x, y) are changed to the complex variable
(u, v). Further the method practically repeats the Poincare-Lyapunov method in
Euclidean space. Note that in passing to the complex variables certain symbolic
expressions take more simple forms than in the case of original variables.

Consider system (13). Let us make the change of variables:

u =
x + iy

2
, v =

x − iy
2

. (27)

Then the system takes the form

du
dt

= iu + f̂ (u, v),

dv
dt

= −iv + ĝ(u, v).
(28)

Here f̂ and ĝ are smooth complex-valued functions of the form

f̂ (u, v) =
n

∑
k+j=2

f̂kju
kvj + o

(
(|u| + |v|)n)

,

ĝ(u, v) =
n

∑
k+j=2

ĝkju
kvj + o

(
(|u| + |v|)n)

, f̂kj, ĝkj ∈ C.
(29)

In the neighborhood of zero state we will seek Lyapunov function V(u, v) in the
form

V(u, v) = uv + V3(u, v) + ... + Vn+1(u, v), (30)

where Vq(u, v) are homogeneous polynomials

Vq(u, v) = ∑
k+j=q

Vk,ju
kvj, q = 3, ..., n + 1

with unknown coefficients {Vk,j}k+j=q, k,j�0 ∈ C.
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Note that uv is an integral of the first approximation of the system (28)

du
dt

= iu,
dv
dt

= −iv

since

(uv)′ =
∂(uv)

∂u
(iu) +

∂(uv)

∂v
(−iv) = v(iu) + u(−iv) = 0.

For the derivative of V(u, v) in virtue of system (28) we have

V̇(u, v) =
∂V(u, v)

∂u
(iu +

n

∑
k+j=2

f̂kju
kvj) +

∂V(u, v)

∂v
(−iv +

n

∑
k+j=2

ĝkju
kvj)

+ o
(
(|u| + |v|)n+1).

Denoting in this expression the homogeneous terms of order k by Wk(u, v) and
taking into account that (uv)′ = v f̂ (u, v) + uĝ(u, v) = o

(
(|u| + |v|)2), we obtain

V̇(u, v) = W3(u, v) + ... + Wn+1(u, v) + o
(
(|u| + |v|)n+1) =

= ˜̇V(u, v) + o
(
(|u| + |v|)n+1).

Here the expression W3(u, v) depends only on unknown coefficients of the form
V3

W3(u, v) =
∂V3(u, v)

∂u
(iu) +

∂V3(u, v)

∂v
(−iv).

From the relation
W3(u, v) = 0

it is always possible to express the coefficients of the form V3 by the expansion
coefficients of the functions f̂ and ĝ (see, for example, the work [Schuko, 1968,
Gasull et al., 1997]. Introduce the relation

W4(u, v) = w4(uv)2.

Here w4 is unknown coefficient. From the above relation, coefficient w4 and the
coefficients of the form V4 can always be expressed in terms of coefficients of
the functions f̂ and ĝ. In this case if w4 = 0, we continue the above-mentioned
procedure for k = 5, ..., solving sequentially equations Wk(u, v) = 0 for k = 2p + 1
and Wk(u, v) = wk(uv)p for k = 2p.

If for certain k = 2p∗ ≤ n + 1 the relation wk �= 0 is satisfied, the quantity
2πw2p∗ is equal to (p∗ − 1)-th Lyapunov quantity [Frommer, 1928] of system (28)
and, by that, of system (13) obtained from system (28) by the nonsingular change
of variable.

The form W4(u, v) (and also W6, W8, ...) is similar to the form W4(x, y) (and
also W6, W8, ...) considered previously in describing Poincare-Lyapunov method
in the original coordinates since in virtue of (27) we have

x2 + y2 = uv.

Below is given the computational algorithm, based on the described above
method for computation of Lyapunov quantities, and program in Matlab, permit-
ting one to realize necessary computation.



33

The algorithm for computation of Lyapunov quantities

The algorithm for computation of Lyapunov quantities by the Poincare-Lyapunov
method in complex space repeats practically the algorithm described above. Be-
low is pointed out only certain distinctions of this modification.

In place of the functions f̂ and ĝ from system (28) it is considered their ap-
proximate values

f̂n(u, v) =
n

∑
k+j=2

fkju
kvj, ĝn(u, v) =

n

∑
k+j=2

gkju
kvj, (31)

where n is odd (n = 2m + 1).
On the coefficients of polynomial V(u, v) also additional requirements (20)

are imposed.
The function W(u, v) is as follows

W(u, v) =
m+1

∑
k=2

w2k(uv)k , (32)

where w2k are unknown coefficients. In W(u, v) there are half as many addends
than in W(x, y).

The matrix M, defined from equation (23), has diagonal form, i.e. more
simple form in comparison to the matrix M from the algorithm, described above.

The diagonal elements of this matrix are as follows M(s, s) = (ñ + 1 − 2s)i
(where i is

√−1) for all s ≤ ñ if the size of matrix ñ is even. If ñ is odd, then
the element, placed at the intersection of diagonals, is equal to −1 and the rest of
elements have the same form.

For example, for ñ = 5 and ñ = 6 the matrix M has the form

M5 =

⎛⎜⎜⎜⎜⎝
4i 0 0 0 0
0 2i 0 0 0
0 0 −1 0 0
0 0 0 −2i 0
0 0 0 0 −4i

⎞⎟⎟⎟⎟⎠ ,

M6 =

⎛⎜⎜⎜⎜⎜⎜⎝

5i 0 0 0 0 0
0 3i 0 0 0 0
0 0 i 0 0 0
0 0 0 −i 0 0
0 0 0 0 −3i 0
0 0 0 0 0 −5i

⎞⎟⎟⎟⎟⎟⎟⎠ .

Further, in the same way as in the algorithm described above, linear matrix
equation (23) with respect to L will be obtained.

Then at t-th step of algorithm if t is odd, then one passes to (t + 1)-th step,
if t is even, then one tests the value wt. In this case if wt �= 0, then it means that
Lyapunov quantity is obtained and the algorithm is ended, if wt = 0, then one
passes to (t + 1)-th step.
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Matlab Programming code for computation of Lyapunov quantities

1 %Example of LQ computation for general Lienard system
2 clear all; syms z w x y g1_0 ’real’
3 N=7; %number of Lyapunov quantities
4 NL = 2*N+2;
5

6 gxy=0;
7 for n=2:NL-1 %form function g
8 gxy=gxy+sym([’g’,int2str(n),’_’,int2str(0)],’real’)*x^n->
9 +sym([’g’,int2str(n-1),’_’,int2str(1)],’real’)*x^(n-1)*y;

10 end;
11 %form system of equations
12 dx = -y; dy = g1_0*x+gxy;
13 subs(dy,x,x/sqrt(g1_0));
14 dy=dy/sqrt(g1_0);
15 %pass from (x,y) to the complex variables (z,w)
16 dz=1i*z; dw=-1i*w;
17 dz = (dx-1i*dy)/2; dz = subs(dz,x,(z+w),0); %form dz and dw
18 dz = simplify(subs(dz,y,(z-w)*1i,0)); dz=collect(dz,[w,z]);
19 dw=dw+(dz-1i*z)’;
20

21 Vzw = z*w; KVzw_n(1:NL+1,1:NL-1)=0*z;
22 KVzw_n(2,1)=1; Wzw=z*w; %form V(z,w) and W(z,w)
23 for n=3:NL
24 for iy=0:n
25 ix = n- iy;
26 if not((iy==ix)&&(mod(ix,2)==0))&&not((iy-ix==2)->
27 &&(mod(iy,2)==0))
28 KVzw_n(iy+1,n-1)=sym([’V’,int2str(ix),’_’,int2str(iy)]);
29 Vzw = Vzw + KVzw_n(iy+1,n-1)*z^ix*w^iy;
30 else
31 KVzw_n(iy+1,n-1)= sym([’W’,int2str(n)]);
32 Wzw = Wzw+KVzw_n(iy+1,n-1)*(z*w)^(n/2);
33 if (iy-ix==2)
34 Vzw = Vzw -KVzw_n(n+1-iy,n-1)*z^ix*w^iy;
35 end;
36 end;
37 end;
38 end;
39

40 dVzw=simplify(diff(Vzw,z)*dz + diff(Vzw,w)*dw); %form dV(z,w)
41 dVzw_Wzw_n(1:NL-1,1:NL+1)=0*z; dVzw_Wzw = simplify(dVzw-Wzw);
42 for n=2:NL %form dV(z,w)-W(z,w)
43 for iy=0:n
44 ix = n - iy;
45 dVzw_Wzw_n(n-1,iy+1) = subs((diff(diff(dVzw_Wzw, z, ix)->
46 /factorial(ix),w,iy)/factorial(iy)),[z w], [0 0],0);
47 end;
48 end;
49

50 New_KVzw_n(1:NL+1,1:NL-1) = 0*z; %matrix of new coefficients
51 New_KVzw_n(1,1) = 0; New_KVzw_n(2,1) = 1; New_KVzw_n(3,1) = 0;
52
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53 for n=3:NL %define new coefficients of V(z,w)
54 clear M; M(1:n+1,1:n+1) = 0*z;
55 for ix=1: n+1 %form matrix M
56 if (2*ix-2-n==0) M(ix,ix) = -1;
57 else M(ix,ix) =(-2*ix+2+n)*1i;
58 end
59 end;
60

61 clear P; P(1:n+1,1) =0*z;
62 for ix=1: n+1 %form column P
63 P(ix,1)=-dVzw_Wzw_n(n-1,ix)+M(ix,1:n+1)*KVzw_n(1:n+1,n-1);
64 end; %form column of coefficients of V(z,w)
65 New_KVzw_n(1:n+1,n-1)= simplify(M^(-1)*P);
66 end;
67

68 L(1:N)=0*x; G(1:N)=0*x; %define Lyap. quant. and coeff. g_2j,1
69 for j=1:N
70 L(j) = simplify(New_KVzw_n(j+2+mod(j+1,2),2*j+1));
71 for n= NL: -1:4
72 for ix= 0: n-1 %put new coefficients of V(z,w) in L_j
73 L(j)=subs(L(j),KVzw_n(ix+1,n-2),New_KVzw_n(ix+1,n-2),0);
74 end;
75 L(j) = simplify(L(j));
76 end;
77

78 for n = 1:j-1 %put expressions of the previous g_2n,1 in L_j
79 L(j) = subs(L(j),[’g’,num2str(2*n),’_1’],G(n),0);
80 end;
81 L(j) = factor(expand((L(j))));
82 G(j)=solve(L(j),[’g’,num2str(2*j),’_1’]);%determine g_2j,1
83 end;

1.4 Computation of Lyapunov quantities in Euclidean space and in
the time domain

The method of computation of Lyapunov quantities in Euclidean space and in the
time domain is based on the search of approximate solution of system (13) with
initial data (15).

Following the work [Leonov, Kuznetsov & Kudryashova, 2008], in place of
condition (10) one requires the strengthened condition

f (·, ·), g(·, ·)∈ Cn+1(U), (33)

where U is open neighborhood of radius RU of point (x, y) = (0, 0).
Then for sufficiently small h a solution of system can be represented as

x(t, h) = xhn(t, h) + o(hn) =
n

∑
k=1

x̃hk(t)hk + o(hn),

y(t, h) = yhn(t, h) + o(hn) =
n

∑
k=1

ỹhk(t)hk + o(hn),
(34)
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where o(hn) is a uniformly bounded with respect to t function for sufficiently
small h. Here for determining the coefficients x̃hk(t), ỹhk (t) it is necessary to sub-
stitute the representation of solution (34) in system (13) and to integrate sequen-
tially the obtained differential equations of the corresponding degrees h.

Similarly, the return time T(h) of the first intersection of the solution(
x(t, h), y(t, h)

)
with the half-line {x = 0, y > 0} can be represented as

T(h) = 2π + ΔT(h),

where ΔT(h) =
n
∑

k=1
T̃khk + o(hn) and T̃k = 1

k!
dkT(h)

dhk .

Putting in (34) t = T(h), one can sequentially obtain the coefficients T̃k from
relation (16).

Having defined the crossing time T(h) and using the representation

y(T(h), h) =
n

∑
k=1

ỹkhk + o(hn),

one can sequentially obtain the coefficients ỹk.
If ỹk = 0 for k = 2, .., 2m and ỹ2m+1 �= 0, then ỹ2m+1 is m-th Lyapunov

quantity Lm.
This method and the computational algorithm, based on this method, are

described in detail in the works [Kuznetsov, 2008, Leonov & Kuznetsova, 2010,
Leonov et al., 2011].

Below is given a program in Matlab, permitting one to realize the compu-
tation of Lyapunov quantities in Euclidean space and in time domain. Remark
that this program represents the improvement of the code given in the work
[Kuznetsov, 2008] since it realizes the computation of Lyapunov quantities for
more general case.

Matlab Programming code for the computation of Lyapunov quantities

1 %Example of LQ computation for general Lienard system.
2 clear all; syms x y h t g1_0 ’real’
3 m = 7; %the number of computed Lyapunov quantities
4 NL =2*m+1;%degree of function g
5 gxy=0; %form function g
6 for n=2:NL
7 gxy=gxy+sym([’g’,int2str(n),’_’,int2str(0)],’real’)*x^n+ ->
8 sym([’g’,int2str(n-1),’_’,int2str(1)],’real’)*x^(n-1)*y;
9 end;

10 %set equal to 1 the coefficient of x in the second equation
11 gxy=subs(gxy,x,x/sqrt(g1_0));
12 gxy=gxy/sqrt(g1_0);
13
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14 xt_s(1:NL-1)=0*h; yt_s(1:NL-1)=0*h; xth_s =0*t; yth_s =0*t;
15 for n=1:NL %form x(t) and y(t)
16 xt_s(n) = sym([’xt_’,int2str(n)],’real’);
17 yt_s(n) = sym([’yt_’,int2str(n)],’real’);
18 xth_s = xth_s + xt_s(n)*h^n; yth_s = yth_s+ yt_s(n)*h^n;
19 end
20

21 sT_h_cur = 0;
22 for i = 1:NL-1 %form T(h)
23 sT_h(i,1) = sym([’T’,int2str(i)],’real’);
24 sT_h_cur = sT_h_cur + sT_h(i,1)*h^i;
25 end;
26 ugt(1:NL) = 0*t; xt(1:NL)=0*t; yt(1:NL)=0*t;
27 xt(1)=-sin(t); yt(1)=cos(t); xt_cur=xt(1)*h; yt_cur=yt(1)*h;
28 for i=2:NL %find the expansion of g(t)
29 ugt_s = subs(diff(subs(gxy, [x y], [xth_s ->
30 yth_s]),h,i)/factorial(i),h,0);
31 ugt(i) = subs(ugt_s, [xt_s yt_s], [xt yt]);
32 uIt = diff(ugt(i),t);
33 Iucos=int(cos(t)*uIt,t); Iucos_t0=Iucos - subs(Iucos,t,0);
34 Iusin=int(sin(t)*uIt,t); Iusin_t0=Iusin - subs(Iusin,t,0);
35 ug0 = subs(ugt(i),t,0); %find expansion of x(t) and y(t)
36 xt(i)=simplify(cos(t)*(ug0+Iucos_t0)+Iusin_t0*sin(t)-ugt(i));
37 yt(i)=simplify(sin(t)*(ug0+Iucos_t0)-Iusin_t0*cos(t));
38 xt_cur = xt_cur + xt(i)*h^i; yt_cur = yt_cur + yt(i)*h^i;
39 end;
40

41 xh_cur = subs(xt_cur,t,2*pi); %find x(2pi)
42 for k = 1:NL
43 xh_cur = xh_cur +subs(diff(xt_cur,k,t),t,2*pi)* ->
44 *sT_h_cur^k/factorial(k);
45 end;
46

47 for k = 1:NL %find coefficients of x(2pi)
48 xh(k,1) = subs(diff(xh_cur,k,h)/factorial(k),h,0);
49 end;
50

51 xh_temp = xh; T_cur = 0;
52 for k = 2:NL %find coeff. of T(h) and put them in x(t)
53 T(k-1,1) = solve(xh_temp(k,1),sT_h(k-1,1));
54 T_cur = T_cur + T(k-1,1)*h^(k-1);
55 xh_temp = subs(xh_temp,sT_h(k-1,1),T(k-1,1));
56 end;
57

58 yh_cur = subs(yt_cur,t,2*pi); %find y(2pi)
59 for k = 1:NL
60 yh_cur = yh_cur + subs(diff(yt_cur,k,t),t,2*pi)* ->
61 *T_cur^k/factorial(k);
62 end;
63

64 for k = 1:NL %find coefficients of y(2pi)
65 yh(k,1) = subs(diff(yh_cur,k,h)/factorial(k),h,0);
66 end;
67 yh = factor(yh);
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68

69 for i=1:m % find L_i and g_2i,1
70 L(i) = factor(yh(1+2*i,1));
71 for n=1:i-1 %put previous g_2n,1 in L_i
72 L(i) = subs(L(i),[’g’,num2str(2*n),’_1’],G(n),0);
73 end;
74 L(i) = simplify(L(i));
75 G(i) = solve(L(i),[’g’,num2str(2*i),’_1’]);
76 end;

1.5 Symbolic expressions of Lyapunov quantities

In the previous sections the methods for computation of symbolic expressions of
Lyapunov quantities are described. Note that in despite of the existence of effec-
tive algorithms for computation of these expressions, the problem of determin-
ing Lyapunov quantities is still far from being resolved in the general case. The
reason is in the computational complexity of determining Lyapunov quantities
for systems of high degrees, as the problem of independently putting n first Lya-
punov quantities to zero (see, for example, [Romanovskii, 1993]) that is necessary
for determining of (n + 1)-th quantity.

Below are given certain expressions of Lyapunov quantities (for general
polynomial systems, Lienard systems, and quadratic systems), obtained by the
author. The computation of these quantities was made by two different meth-
ods: classical Poincare-Lyapunov method and the method of computation of Lya-
punov quantities in Euclidean space and in time domain, and it was used modern
programming tools for symbolic computation. The formulas below obtained by
two independent methods coincide. It permits one to be sure that they are true.

1.5.1 Lyapunov quantities of polynomial systems of general form

For the testing of computational technique, used in the work, by this technique it
was obtained the known results for the general symbolic expressions L1 and L2,
obtained in 40-50s of 20th century by N.N. Bautin [Bautin, 1949] and N.N. Sere-
bryakova [Serebryakova, 1959], respectively, and also the symbolic expression L3,
obtained in the year 2008 in the works [Kuznetsov & Leonov, 20081].

Next, within the framework of the present work there were obtained new
results. By the algorithms, based on Poincare-Lyapunov method, the method for
computation of Lyapunov quantities in Euclidean space and in the time domain,
and computational software tool Matlab, for the system of the form (13) it was
computed the fourth Lyapunov quantity of general form:

L4 =
π

259200
(106920g30g02 f11g20g13 + ... − 42525 f30 f70 + 78975 f30g16).

The expression for the fourth Lyapunov quantity occupies over 45 pages and it
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can be found in internet
(http://sites.google.com/site/okuznetsovamath/home/4lyapqu.pdf).

1.5.2 Lyapunov quantities of Lienard system

Wide class of polynomial systems (involving quadratic systems) can be reduced
to the form of Lienard systems, for which the study of Lyapunov quantities is
a more simple problem [Blows & Lloyd, 19842, Christopher & Lloyd, 1996, Du-
mortier & Li, 1996, Christopher & Lynch, 1999, Han, 1999, Lynch, 2005].

In the present work, for the testing, it was repeated the known results for
symbolic expressions of the first four Lyapunov quantities [Leonov, Kuznetsov &
Kudryashova, 2008, Leonov & Kuznetsova, 2009] and then were obtained fifth,
sixth, and seventh Lyapunov quantities of Lienard system [Kuznetsova, 20101],
the symbolic expressions of which are given below.

Consider the right-hand side of system (9) of special form

f10 = 0, f01 = −1, f (x, y) ≡ 0,

g01 = 0, g(x, y) = gx1(x)y + gx0(x),

where
gx1(x) = g11x + g21x2 + ... , gx0(x) = g20x2 + g30x3 + ... .

Then we obtain a general Lienard system

dx
dt

= −y,
dy
dt

= g10x + gx1(x)y + gx0(x). (35)

Here in order to the matrix of the first approximation in zero have two purely
imaginary eigenvalues it is necessary that the following condition g10 > 0 is sat-
isfied.

Since the above methods of the computation of Lyapunov quantities are
used only for systems (35), in which g10 = 1, in system (35) it is necessary to
make the following change of variables (it is realized in all three used in above
programming codes):

t → √
g10t, x → √

g10x.

Then the coefficient of x in the second equation of the system becomes equal to 1.
This change of variables does not change y since

y = −dx
dt

→ −
√

1
g10

dx√
1

g10
dt

= y.

In this case expansion (17) is not changed, which means that the expressions for
Lyapunov quantities in the original and new variable coincide.

The symbolic expressions L1, L2, L3, L4, L5 can be found in the work [Leonov
& Kuznetsova, 2009]. For example, for the first Lyapunov quantity we have
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L1 = π

4(g10)
5/2 (g21 g10 − g11 g20) .

If g21 = g11 g20
g10

, then L1 = 0 and L2 can be obtained. From the condition L2 =

0 the coefficient g41 can be determined. Repeating this procedure for L3, L4, L5
and the coefficients g61, g81, g10 1, for L6 we have

L6 = π

130636800(g10)
33
2

×
(18243225 g2 0 g3 0 g9 1 + 6081075 g5 0 g1 1 g8 0 + 32837805 g3 0

2g4 0 g1 1 g5 0
− 36486450 g2 0 g3 0 g1 1 g9 0 − 4209975 g1 1 g12 0 − 987566580 g2 0

4g3 0
2g1 1 g4 0

+ 4975425 g3 0 g1 1 g10 0 + 313913600 g2 0
9g1 1 g3 0 − 52123500 g2 0

2g5 0 g1 1 g6 0
+ 18243225 g2 0 g1 1 g11 0 − 4378374 g3 0 g4 0

3g1 1 − 31274100 g2 0 g3 0 g4 0 g1 1 g6 0
− 340540200 g2 0

2g3 0
3g1 1 g4 0 + 1230028800 g2 0

7g3 0
2g1 1 + 364864500 g2 0

3g3 0
4g1 1

− 556395840 g2 0
6g3 0 g1 1 g4 0 + 18243225 g2 0 g3 0

5g1 1 + 1245944700 g2 0
5g3 0

3g1 1
− 10945935 g4 0 g5 0

2g1 1 + 151351200 g2 0
3g5 0

2g1 1 − 43783740 g2 0 g4 0
2g1 1 g5 0

− 36486450 g2 0 g3 0 g5 0 g5 1 + 418377960 g2 0
2g3 0 g4 0 g1 1 g5 0

− 20270250 g2 0
2g3 0 g1 1 g8 0 − 15637050 g3 0 g5 0 g1 1 g6 0 − 264864600 g2 0

5g7 1
+ 54729675 g2 0 g3 0 g5 0

2g1 1 − 245675430 g2 0
2g3 0 g4 0 g5 1 − 194594400 g2 0

3g3 0 g7 1
+ 10945935 g3 0 g4 0 g7 1 + 109459350 g2 0

2g4 0 g7 1 + 18243225 g2 0 g5 0 g7 1
+ 100772100 g2 0

2g3 0
2g1 1 g6 0 + 178378200 g2 0

3g3 0 g4 0
2g1 1 + 4378374 g4 0

3g3 1
− 21891870 g3 0 g4 0 g1 1 g7 0 − 743242500 g2 0

3g3 0
2g1 1 g5 0 + 4209975 g12 1

+ 84648564 g2 0 g3 0
2g4 0

2g1 1 + 81081000 g2 0
3g9 1 − 72972900 g2 0 g3 0

3g1 1 g5 0
− 100772100 g2 0

2g3 0 g6 0 g3 1 − 18243225 g2 0 g3 0
2g7 1 − 10945935 g4 0 g9 1

− 1239638400 g2 0
5g3 0 g1 1 g5 0 + 7818525 g3 0

3g1 1 g6 0 + 556395840 g2 0
6g4 0 g3 1

− 1230028800 g2 0
7g3 0 g3 1 + 18243225 g2 0 g9 0 g3 1 + 10945935 g3 0

3g4 0 g3 1
− 178378200 g2 0

3g4 0
2g3 1 − 364864500 g2 0

3g3 0
3g3 1 − 18243225 g2 0 g3 0

4g3 1
− 1245944700 g2 0

5g3 0
2g3 1 + 454053600 g2 0

5g5 0 g3 1 − 470870400 g2 0
7g1 1 g5 0

− 10945935 g3 0
4g1 1 g4 0 − 313913600 g2 0

9g3 1 + 7818525 g6 0 g1 1 g7 0
+ 264864600 g2 0

5g1 1 g7 0 + 43783740 g2 0 g4 0
2g5 1 + 52123500 g2 0

2g6 0 g5 1
+ 7818525 g3 0 g6 0 g5 1 + 299999700 g2 0

3g3 0
2g5 1 + 18243225 g2 0 g7 0 g5 1

+ 18243225 g2 0 g3 0
3g5 1 + 785584800 g2 0

5g3 0 g5 1 − 4975425 g10 0 g3 1
− 18243225 g2 0 g11 1 − 111969000 g2 0

4g6 0 g3 1 − 113513400 g2 0
3g7 0 g3 1

− 7818525 g3 0
2g6 0 g3 1 + 7818525 g5 0 g6 0 g3 1 + 20270250 g2 0

2g8 0 g3 1
+ 6081075 g3 0 g8 0 g3 1 − 18243225 g2 0 g5 0

2g3 1 + 111969000 g2 0
4g3 0 g1 1 g6 0

− 6081075 g8 0 g5 1 + 470870400 g2 0
7g5 1 + 54729675 g2 0 g3 0

2g1 1 g7 0
− 84648564 g2 0 g3 0 g4 0

2g3 1 − 7818525 g6 0 g7 1 + 308107800 g2 0
3g3 0 g1 1 g7 0

− 109459350 g2 0
2g4 0 g1 1 g7 0 − 36486450 g2 0 g5 0 g1 1 g7 0

+ 410810400 g2 0
4g4 0 g1 1 g5 0 − 172702530 g2 0

2g4 0 g5 0 g3 1
+ 987566580 g2 0

4g3 0 g4 0 g3 1 + 340540200 g2 0
2g3 0

2g4 0 g3 1
− 21891870 g3 0 g4 0 g5 0 g3 1 + 54729675 g2 0 g3 0

2g5 0 g3 1
+ 443242800 g2 0

3g3 0 g5 0 g3 1 − 410810400 g2 0
4g4 0 g5 1 − 151351200 g2 0

3g5 0 g5 1
− 10945935 g3 0

2g4 0 g5 1 + 10945935 g4 0 g5 0 g5 1 + 31274100 g2 0 g4 0 g6 0 g3 1
+ 10945935 g4 0 g7 0 g3 1 − 36486450 g2 0 g3 0 g7 0 g3 1 + 10945935 g4 0 g1 1 g9 0
− 81081000 g2 0

3g1 1 g9 0 − 6081075 g3 0
2g1 1 g8 0).

If g12 1 is defined from the equation L6 = 0, then L7 takes the form
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L7 = 1

263363788800(g1 0)
39
2
(−70338578310g2 0g2

4 0g1 1g7 0

+ 1820376558000g7
2 0g7 1 + 10343908575g3 0g4 0g9 1 + 84283699500g2

2 0g2
3 0g1 1g8 0

− 793945152000g6
2 0g3 0g1 1g6 0 + 17239847625g2 0g3 0g11 1

+ 1800776577600g4
2 0g4 0g5 0g3 1 − 132993110250g2

2 0g5 0g6 0g3 1
+ 1024685461800g4

2 0g4 0g1 1g7 0 − 4326563241000g5
2 0g3 0g5 0g3 1

+ 17239847625g2 0g5 0g9 1 − 34479695250g2 0g3 0g9 0g3 1 + 31031725725g2
3 0g4 0g1 1g7 0

+ 10913935032000g7
2 0g2

3 0g3 1 − 980390911500g4
2 0g2

3 0g1 1g6 0
+ 143803315656g2

2 0g3 0g3
4 0g1 1 − 103439085750g2 0g2

3 0g2
5 0g1 1

+ 125432307000g4
2 0g3 0g1 1g8 0 − 4701776625g10 0g5 1 + 710026317000g3

2 0g3 0g5 0g5 1
+ 10343908575g5

3 0g1 1g4 0 − 2157483328000g11
2 0g1 1g3 0 + 3447969525g14 1

− 555761606400g5
2 0g9 1 − 294226732800g2

2 0g4 0g5 0g5 1 + 1585759495320g3
2 0g3 0g2

4 0g3 1
− 7388506125g2

3 0g6 0g5 1 − 376978001400g2
2 0g3 0g4 0g7 1 − 396972576000g4

2 0g6 0g5 1
+ 3097553659200g4

2 0g3 0g4 0g5 1 − 9070477416000g9
2 0g2

3 0g1 1
− 43418875500g2

2 0g5 0g1 1g8 0 − 272006484750g3
2 0g3 0g9 1 + 51719542875g2 0g2

3 0g5 0g5 1
+ 156307951800g2

2 0g4 0g9 1 + 7833275950500g5
2 0g2

3 0g1 1g5 0 − 17239847625g2 0g2
3 0g9 1

− 7388506125g6 0g9 1 + 294226732800g2
2 0g4 0g2

5 0g1 1 − 10048368330g3 0g2
4 0g1 1g6 0

− 17239847625g2 0g13 1 + 5746615875g3
3 0g1 1g8 0 + 108547188750g3

2 0g11 1
+ 31031725725g2

3 0g4 0g5 0g3 1 + 270320810760g2 0g3 0g2
4 0g1 1g5 0

− 130037707800g2 0g3 0g4 0g6 0g3 1 + 17239847625g2 0g11 0g3 1
+ 321810489000g2

2 0g3 0g5 0g1 1g6 0 − 83736402750g2
2 0g6 0g1 1g7 0

− 223479506250g3
2 0g5 0g7 1 + 10343908575g4 0g5 0g7 1 − 10343908575g2

3 0g4 0g7 1
− 3506712709500g5

2 0g2
3 0g5 1 + 220670049600g2 0g2

3 0g2
4 0g3 1

− 357275318400g3
2 0g4 0g6 0g3 1 + 31031725725g3 0g4 0g2

5 0g1 1
− 34479695250g2 0g3 0g5 0g7 1 − 4997257164900g4

2 0g2
3 0g4 0g3 1

− 7388506125g2
5 0g1 1g6 0 + 413756343000g3

2 0g3 0g1 1g9 0
− 41375634300g3

3 0g4 0g1 1g5 0 + 646072867440g3
2 0g2

4 0g1 1g5 0
+ 4144197657600g8

2 0g3 0g1 1g4 0 + 5746615875g3 0g8 0g5 1 − 180060630750g3
2 0g7 0g5 1

+ 10343908575g4 0g7 0g5 1 + 597648051000g2
2 0g3 0g4 0g1 1g7 0 − 10343908575g4 0g11 1

+ 9001158566400g6
2 0g2

3 0g1 1g4 0 − 26051325300g2 0g3 0g4 0g1 1g8 0
+ 4701776625g3 0g10 0g3 1 + 17239847625g2 0g3

5 0g1 1 − 4723292574000g5
2 0g4

3 0g1 1
− 17239847625g2 0g6

3 0g1 1 − 670438518750g3
2 0g5

3 0g1 1 − 1820376558000g7
2 0g1 1g7 0

+ 130037707800g2 0g2
3 0g4 0g1 1g6 0 + 1941079140000g3

2 0g3
3 0g1 1g5 0

+ 86199238125g2 0g4
3 0g1 1g5 0 + 43418875500g2

2 0g8 0g5 1 + 7388506125g5 0g6 0g5 1
+ 17239847625g2 0g1 1g13 0 + 555761606400g5

2 0g1 1g9 0 + 3978426375g3 0g1 1g12 0
− 108547188750g3

2 0g1 1g11 0 + 10343908575g4 0g1 1g11 0 − 141749858250g3
2 0g9 0g3 1

+ 17762267250g2
2 0g10 0g3 1 − 3447969525g1 1g14 0 + 66989122200g2 0g4 0g6 0g5 1

+ 5746615875g5 0g8 0g3 1 + 10343908575g4 0g9 0g3 1 − 17762267250g2
2 0g3 0g1 1g10 0

− 34479695250g2 0g3 0g1 1g11 0 + 11962343250g2 0g2
6 0g3 1 − 18205279092g3 0g3

4 0g3 1
− 1746017713440g5

2 0g3 0g2
4 0g1 1 + 4701776625g5 0g1 1g10 0

− 1585759495320g3
2 0g2

3 0g2
4 0g1 1 + 10343908575g3

3 0g4 0g5 1 − 5746615875g2
3 0g8 0g3 1

+ 814742428500g5
2 0g7 0g3 1 − 996080085000g3

2 0g2
3 0g1 1g7 0

− 68959390500g2 0g3
3 0g1 1g7 0 − 66989122200g2 0g4 0g5 0g1 1g6 0

− 11493231750g3 0g5 0g1 1g8 0 − 125432307000g4
2 0g8 0g3 1 + 7388506125g6 0g7 0g3 1

+ 7388506125g3
3 0g6 0g3 1 − 220670049600g2 0g3

3 0g2
4 0g1 1 − 1227079854000g5

2 0g2
5 0g1 1
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+ 10048368330g2
4 0g6 0g3 1 − 143803315656g2

2 0g3
4 0g3 1 + 9070477416000g9

2 0g3 0g3 1
+ 793945152000g6

2 0g6 0g3 1 + 403540137000g3
2 0g5 0g1 1g7 0

− 712580368500g2
2 0g3

3 0g4 0g3 1 − 3236224992000g9
2 0g5 1

− 111714212610g2 0g2
4 0g5 0g3 1 − 156307951800g2

2 0g4 0g1 1g9 0
− 34479695250g2 0g5 0g1 1g9 0 + 51719542875g2 0g2

3 0g1 1g9 0
− 11962343250g2 0g3 0g2

6 0g1 1 − 646072867440g3
2 0g2

4 0g5 1 − 17239847625g2 0g2
5 0g5 1

− 983309827500g3
2 0g3 0g2

5 0g1 1 − 68959390500g2 0g3
3 0g5 0g3 1

− 1353647295000g3
2 0g2

3 0g5 0g3 1 − 262702440000g2
2 0g3

3 0g1 1g6 0
− 14777012250g3 0g5 0g6 0g3 1 + 396972576000g4

2 0g5 0g1 1g6 0
+ 22165518375g2

3 0g5 0g1 1g6 0 + 4723292574000g5
2 0g3

3 0g3 1 + 17239847625g2 0g5
3 0g3 1

+ 670438518750g3
2 0g4

3 0g3 1 + 551675124000g3
2 0g3 0g7 0g3 1

+ 980390911500g4
2 0g3 0g6 0g3 1 − 5746615875g8 0g7 1 − 4144197657600g8

2 0g4 0g3 1
− 10343908575g4

3 0g4 0g3 1 + 26051325300g2 0g4 0g8 0g3 1
− 1024685461800g4

2 0g4 0g7 1 + 444404961000g3
2 0g2

3 0g7 1 + 17239847625g2 0g3
3 0g7 1

+ 103439085750g2 0g3 0g5 0g1 1g7 0 + 83736402750g2
2 0g6 0g7 1

+ 4997257164900g4
2 0g3

3 0g1 1g4 0 + 712580368500g2
2 0g4

3 0g1 1g4 0
− 6324209892000g7

2 0g3 0g5 1 + 3303693993600g6
2 0g4 0g5 1 + 9378477108g3

4 0g5 1
+ 357275318400g3

2 0g3 0g4 0g1 1g6 0 − 20687817150g3 0g4 0g5 0g5 1
+ 273283510500g3

2 0g2
5 0g3 1 − 10343908575g4 0g2

5 0g3 1 − 587431845000g3
2 0g3

3 0g5 1
− 17239847625g2 0g4

3 0g5 1 − 84283699500g2
2 0g3 0g8 0g3 1

+ 1746017713440g5
2 0g2

4 0g3 1 − 3978426375g12 0g3 1 + 2157483328000g11
2 0g3 1

− 3245221980000g7
2 0g5 0g3 1 − 14777012250g3 0g6 0g1 1g7 0

− 2671537869000g5
2 0g3 0g1 1g7 0 + 17239847625g2 0g7 0g7 1

+ 1856795440500g5
2 0g3 0g7 1 + 7388506125g3 0g6 0g7 1 + 70338578310g2 0g2

4 0g7 1
+ 262702440000g2

2 0g2
3 0g6 0g3 1 − 9001158566400g6

2 0g3 0g4 0g3 1
+ 7388506125g6 0g1 1g9 0 − 10913935032000g7

2 0g3
3 0g1 1 + 5746615875g7 0g1 1g8 0

− 4701776625g2
3 0g1 1g10 0 + 864291027600g2

2 0g3 0g4 0g5 0g3 1
+ 17239847625g2 0g9 0g5 1 + 1227079854000g5

2 0g5 0g5 1
+ 9569431872000g7

2 0g3 0g1 1g5 0 − 3303693993600g6
2 0g4 0g1 1g5 0

− 7388506125g4
3 0g1 1g6 0 − 34479695250g2 0g3 0g7 0g5 1 − 9378477108g3

4 0g1 1g5 0
+ 3236224992000g9

2 0g1 1g5 0 − 20687817150g4 0g5 0g1 1g7 0
− 20687817150g3 0g4 0g1 1g9 0 − 20687817150g3 0g4 0g7 0g3 1
+ 18205279092g2

3 0g3
4 0g1 1 − 220670049600g2

2 0g4 0g7 0g3 1
− 34479695250g2 0g5 0g7 0g3 1 − 1448147200500g2

2 0g2
3 0g4 0g1 1g5 0

− 4898330236800g4
2 0g3 0g4 0g1 1g5 0 − 188817378750g2

2 0g3 0g6 0g5 1
− 158606598150g2 0g3 0g2

4 0g5 1 + 583856172900g2
2 0g2

3 0g4 0g5 1
− 17239847625g2 0g2

7 0g1 1 + 51719542875g2 0g3 0g2
5 0g3 1

+ 51719542875g2 0g2
3 0g7 0g3 1).
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1.5.3 Lyapunov quantities of quadratic system

Let us write the expressions for the first three Lyapunov quantities of the follow-
ing system

dx
dt

= x2 + xy + y,

dy
dt

= a2x2 + b2xy + c2y2 + α2x + β2y.
(36)

These expressions are used for the construction of 1, 2 and 3 "small" limit cycles
around zero equilibrium.

Note that system (36) can be is obtained from the quadratic system of gen-
eral form

dx
dt

= a1x2 + b1xy + c1y2 + α1x + β1y,

dy
dt

= a2x2 + b2xy + c2y2 + α2x + β2y,
(37)

where aj, bj, cj, αj, β j are real numbers (the reduction to this special form is de-
scribed in more detail in [Leonov & Kuznetsova, 2010]).

The first Lyapunov quantity then has the form
L1(0) = −π

4(−α2)
5
2
(α2(b2c2 − 1)− a2(b2 + 2)).

In the case when the conditions

α2 =
a2(2 + b2)

b2c2 − 1
, b2c2 − 1 �= 0

are satisfied we obtain L1(0) = 0 and the second Lyapunov quantity takes the
form

L2(0) =
π(b2 − 3)(b2 c2 − 1)

5
2

24(−a2)
7
2 (2 + b2)

7
2

×

× ((c2b2 + b2 − 2c2)(c2b2 − 1) − a2(c2 − 1)(1 + 2c2)
2).

If condition b2 = 3 is satisfied, we obtain L2(0) = 0 and the third Lyapunov
quantity is as follows

L3(0) =
π
√

5(3c2 − 1)
9
2

500000(−a2)
9
2

(c2 − 2)(4c3
2a2 − 3c2

2 − 3a2c2 − 8c2 − a2 + 3).

It should be noted that the expressions L1 and L2 can be put to zero other-
wise. However, in these cases one will get L3 = 0.

In putting L3 to zero, we obtain L4 = L5 = ... = 0.
The expressions obtained are used for the study of "small" limit cycles of

quadratic systems in the next chapter.

Note that for the perturbations of "small" cycles around a nonzero point it
is necessary to compute in this point the expressions of Lyapunov quantities. For
this we will consider the reduction of system (36) to Lienard system

dx
dt

= y,
dy
dt

= − f (x)y − g(x). (38)
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The reduction to Lienard system is described in more detail in [Leonov & Kuznet-
sova, 2010].

A Lienard system (38) (and, therefore, quadratic system (36)) has equilibria
in all points, for which the condition g(x) = 0 is satisfied. It is known (see, for
example, [Ye, 1986]) that in quadratic system the limit cycles surround only the
equilibria of focus type. In quadratic system it can be less than or equal to two
such equilibria, so the equation

0 = g(x) = ((−a2 + b2 − c2)x4 − (2a2 − b2 + α2 − β2)x3−

− (a2 + 2α2 − β2)x2 − α2x)
|x + 1|2q

(x + 1)3

has only 2 roots (x = 0 and x0 to the left of the line of discontinuity x = −1). In
this case it can be considered limit cycles in the points x = 0 and x0.

The first Lyapunov quantity L1 in the point x0 has the form
L1(x0) = −π(x0 + 1)2c2+4[4a2 + 2α2 − 4β2 + 2a2b2 − 2a2β2 − 2b2β2 + 20a2x0 +

4α2x0 − 12b2x0 − 8β2x0 + 2β2
2c2 + 34a2x0

2 + 24a2x0
3 + 6a2x0

4 + 2α2x0
2 − 30b2x0

2 −
6b2

2x0 − 24b2x0
3 − 6b2x0

4 − 4β2x0
2 + 4β2

2x0 + 24c2x0
2 + 24c2x0

3 + 6c2x0
4 + 2β2

2 −
18b2

2x0
2 − 20b2

2x0
3 − 10b2

2x0
4 − 2b2

2x0
5 + 2β2

2x0
2 − 72c2

2x0
3 − 60c2

2x0
4 − 14c2

2x0
5 +

72c2
3x0

4 − c2
2x0

6 + 42c2
3x0

5 + 5c2
3x0

6 − 28c2
4x0

5 − 8c2
4x0

6 + 4c2
5x0

6 + 24a2c2
2x0

2 +
80a2c2

2x0
3 + 93a2c2

2x0
4 − 16a2c2

3x0
3 + 42a2c2

2x0
5 − 40a2c2

3x0
4 + 5a2c2

2x0
6 − 32a2c2

3x0
5 +

4a2c2
4x0

4 − 8a2c2
3x0

6 + 8a2c2
4x0

5 + 4a2c2
4x0

6 + 21α2c2
2x0

2 + 24α2c2
2x0

3 − 10α2c2
3x0

2 +
9α2c2

2x0
4 − 22α2c2

3x0
3 − 14α2c2

3x0
4 + 4α2c2

4x0
3 − 2α2c2

3x0
5 + 8α2c2

4x0
4 + 4α2c2

4x0
5 +

12b2
2c2x0

2 − 66b2c2
2x0

3 + 31b2
2c2x0

3 − 111b2c2
2x0

4 + 27b2
2c2x0

4 − 51b2c2
2x0

5 +
34b2c2

3x0
4 + 9b2

2c2x0
5 − 6b2c2

2x0
6 + 45b2c2

3x0
5 + b2

2c2x0
6 + 11b2c2

3x0
6 − 6b2c2

4x0
5 −

6b2c2
4x0

6 − 36β2c2
2x0

2 − 12β2
2c2x0

2 − 6β2
2c2

2x0 − 42β2c2
2x0

3 − 10β2
2c2x0

3 − 3β2c2
2x0

4 +
28β2c2

3x0
3 − 2β2

2c2x0
4 + 3β2c2

2x0
5 + 33β2c2

3x0
4 + 5β2c2

3x0
5 − 6β2c2

4x0
4 − 6β2c2

4x0
5 −

2α2b2c2 − 2a2β2c2 + 3α2β2c2 + 10a2b2x0 − 10a2β2x0 − 12a2c2x0 − 6α2c2x0 + 2b2β2x0 +
12β2c2x0 − 9b2

2c2
2x0

3 − 21b2
2c2

2x0
4 − 15b2

2c2
2x0

5 + 2b2
2c2

3x0
4 − 3b2

2c2
2x0

6 + 4b2
2c2

3x0
5 +

2b2
2c2

3x0
6 − 12β2

2c2
2x0

2 − 6β2
2c2

2x0
3 + 2β2

2c2
3x0

2 + 4β2
2c2

3x0
3 + 2β2

2c2
3x0

4 +
3α2β2c2

2 + 20a2b2x0
2 + 20a2b2x0

3 + 10a2b2x0
4 + 2a2b2x0

5 − 20a2β2x0
2 − 20a2β2x0

3 −
10a2β2x0

4 − 2a2β2x0
5 − 54a2c2x0

2 − 84a2c2x0
3 − 55a2c2x0

4 − 14a2c2x0
5 − a2c2x0

6 −
11α2c2x0

2 + 6α2c2
2x0 − 4α2c2x0

3 + α2c2x0
4 + 16b2β2x0

2 + 20b2β2x0
3 + 10b2β2x0

4 +
2b2β2x0

5 + 48b2c2x0
2 + 100b2c2x0

3 + 67b2c2x0
4 + 16b2c2x0

5 + b2c2x0
6 + 6β2c2x0
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2 + 3α2b2c2
2x0 − 5α2b2c2x0
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2x0 +
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2x0
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2x0
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3x0
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3x0
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3x0
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3x0
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3x0
4 −
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2x0
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2 − 6α2β2c2
3x0

3 − 2α2β2c2
3x0

4 −
15b2β2c2
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3x0

5 − 6a2b2c2x0 − 7α2b2c2x0 − 4a2β2c2x0 + 11α2β2c2x0 + 12b2β2c2x0]/[8(α2 +
2a2x0 + 2α2x0 − 2β2x0 + 5a2x0

2 + 4a2x0
3 + a2x0

4 + α2x0
2 − 3b2x0

2 − 4b2x0
3 − b2x0

4 −
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2β2x0
2 + 4c2x0

3 + c2x0
4 − 2c2

2x0
4 − 2α2c2x0 − 2a2c2x0

2 − 4a2c2x0
3 − 2a2c2x0

4 −
4α2c2x0

2 − 2α2c2x0
3 + 2b2c2x0

3 + 2b2c2x0
4 + 2β2c2x0

2 + 2β2c2x0
3)

1
2 (α2 + 2a2x0 +

2α2x0 − 2β2x0 + 5a2x0
2 + 4a2x0

3 + a2x0
4 + α2x0

2 − 3b2x0
2 − 4b2x0

3 − b2x0
4 − 2β2x0

2 +
4c2x0

3 + c2x0
4 − 2c2

2x0
4 − 2α2c2x0 − 2a2c2x0

2 − 4a2c2x0
3 − 2a2c2x0

4 − 4α2c2x0
2 −

2α2c2x0
3 + 2b2c2x0

3 + 2b2c2x0
4 + 2β2c2x0

2 + 2β2c2x0
3)2].

Here β2 is obtained from the condition L0 = 0 and has the form

β2 = −2 x0 + b2 x0 + b2 x0
2 − 2 c2 x0

2 + x0
2

x0 + 1
.

The value x0 is a root of the function g(x) (a solution of 3-d degree equation):

x0 = ((( α2
2(a2−b2+c2)

+
(2a2+α2−b2−β2)

3

27(a2−b2+c2)
3 − (a2+2α2−β2)(2a2+α2−b2−β2)

6(a2−b2+c2)
2 )2 −

− (
(2a2+α2−b2−β2)

2

9(a2−b2+c2)
2 − a2+2α2−β2

3(a2−b2+c2)
)

3
)

1
2 − (2a2+α2−b2−β2)

3

27(a2−b2+c2)
3 − α2

2(a2−b2+c2)
+

+
(a2+2α2−β2)(2a2+α2−b2−β2)

6(a2−b2+c2)
2 )

1
3 − 2a2+α2−b2−β2

3(a2−b2+c2)
+ (

(2a2+α2−b2−β2)
2

9(a2−b2+c2)
2 − a2+2α2−β2

3(a2−b2+c2)
)/

/(((( α2
2(a2−b2+c2)

+
(2a2+α2−b2−β2)

3

27(a2−b2+c2)
3 − (a2+2α2−β2)(2a2+α2−b2−β2)

6(a2−b2+c2)
2 )2 −

− (
(2a2+α2−b2−β2)

2

9(a2−b2+c2)
2 − a2+2α2−β2

3(a2−b2+c2)
)

3
)

1
3 − (2a2+α2−b2−β2)

3

27(a2−b2+c2)
3 − α2

2(a2−b2+c2)
+

+ (a2+2α2−β2)(2a2+α2−b2−β2)

6(a2−b2+c2)
2 )

1
3 ).

1.6 Lyapunov quantities and "small" limit cycles

If L1,...,n−1 = 0 and Ln �= 0, then by use of the well-known Bautin’s technique (see,
for example, [Lynch, 2005]) one can construct in the general case n "small" limit
cycles with the help of small perturbations of coefficients of system [Bautin, 1949,
Bautin, 1952]. By formula (17) the ordinate of solution of considered system can
be presented:

y(T(h), h) = h + L1h3 + L2h5 + ... (39)

Suppose that L1 = 0 and the first nonzero Lyapunov quantity L2 > 0. Following
technique of N.N. Bautin , with the help of small disturbance of coefficients of
considered system one can try for disturbed system the inequalities

L̃1 < 0, L̃2 > 0, |L̃1| << |L̃2|
to be satisfied. Then for sufficiently small initial data h = r0

I the trajectories of the
disturbed system are winded around a stationary point, while for certain initial
data h = r0

I I (r0
I I

>> r0
I) the trajectories of the system are unwinded. Thus,

for these perturbations one can obtain a "small" unstable limit cycle round zero
equilibria.

Similarly, disturbing a few first Lyapunov quantities, in virtue of the small-
ness of perturbations and continuous dependence of solutions on parameter in
the perturbed system one can obtain a few "small" limit cycles.
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For example, for quadratic system this technique permits one to construct
3 "small" limit cycles if the coefficients of system are fitted in such a way that
L1,2 = 0 and L3 �= 0. Recall that if the coefficients are fitted in such a way that
L1,2,3 = 0, then L4,5,... = 0.



2 INVESTIGATION OF "LARGE" LIMIT CYCLES IN
QUADRATIC SYSTEM

2.1 Introduction

The appearance of modern computers permits one to use numerical modeling of
complicated nonlinear dynamical systems and to obtain new information on the
structure of their trajectories. However the possibilities of a "simple" approach,
based on the construction of trajectories by numerical integration of the consid-
ered differential equations, turned out to be highly limited [Arnold, 2005, PIV].
For the analytical investigation of bifurcations of limit cycles there exist diffe-
rent methods such as the investigation of Poincare mapping, the investigation of
Poincare-Mel‘nikov and Abel integrals, and the averaging method. However the
"small" parameters, used for numerical construction of limit cycles on the basis of
these methods, often makes the task of numerical analysis of limit cycles rather
difficult, especially in the case of nested cycles. In the present work the method
of disturbance of Lyapunov quantities together with the method of asymptotical
integration [Leonov, 2009] allow one to obtain the conditions of existence of four
limit cycles in quadratic systems: three large limit cycles in the case of a weak
focus of first order, two large limit cycles in the case of a weak focus of second or-
der, one large limit cycle in the case of a weak focus of third order. The existence
conditions, obtained here, have very simple form and generalize widely known
theorem of Shi [Shi, 1980]. The development of the method of asymptotical in-
tegration permits one to find an example of a quadratic system, for which four
large limit cycles can be computed.

2.2 One and two "large" limit cycles in quadratic system

Consider the reduced form of quadratic system (36). For investigation of large
limit cycles, following [Leonov & Kuznetsova, 2010], one can make use of the
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reduction of quadratic system (36) to Lienard system of special form with discon-
tinuous right-hand side (38), which permits one to apply the method of asymp-
totic integration of trajectories. This method is described in more detail in the
work [Leonov & Kuznetsova, 2010].

Further we give the main results on the existence of large limit cycles, ob-
tained in the present work.

2.2.1 Criteria of existence of one and two large limit cycles

Theorem 1 [Leonov & Kuznetsova, 2010] Suppose that the following conditions on
the coefficients of system (36) are satisfied:

4a2(c2 − 1) > (b2 − 1)2, (40)

b2c2 > 1, (41)

b2 ∈ (1, 3), (42)

c2 ∈ (1/3, 1), (43)

and it is used small disturbance of parameters

β2 ∈ (0, ε)

α2 ∈
(

a2(2 + b2)

b2c2 − 1
,

a2(2 + b2)

b2c2 − 1
+ δ

)
,

(44)

where 0 < ε � δ � 1, then in system (36) there exist 4 limit cycles (2 "small" and 2
"large").

Note that the domain of parameters Ω, defined by these conditions, has
infinite Lebesgue measure. However this domain is small with respect to the
parameters β2 and α2.

In the limit case when b2 = 3, around zero the third "small" cycle is in place
of a "large" cycle. Then, following the line of reasoning in the work [Leonov &
Kuznetsova, 2010], we obtain that system (36) has 4 limit cycles (3 "small" at zero
point and 1 "large" at the point x1 < −1) if conditions (40), (43), (44) are satisfied
and

b2 ∈ (3 − μ, 3). (45)

Here 1 
 μ 
 δ 
 ε ≥ 0.
The domain of undisturbed parameters under the above conditions is two-

dimensional. This domain has the form

{c2 ∈ (1/3, 1), a2(c2 − 1) > 1}. (46)

In Fig. 8 are shown the domain, described by the well-known Shi theorem
[Shi, 1980] (hatched), and the domain (46)(grey). It corresponds to the existence
of one "large" and three "small" limit cycles.

Thus, the domain obtained covers the Shi domain entirely and coincides
with the domain obtained analytically for the same case in the work [Artes & Lli-
bre, 1997]. This confirms the efficiency of the method of asymptotic integration.
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FIGURE 8 Domain of parameters corresponding to the existence of one "large" limit
cycle.

Below are given the illustrations of one "large" limit cycle at the point x1 <

−1 (by green color). In Fig. 9, 10, 11 are shown "large" cycles for quadratic sys-
tems with parameters

α2 =
a2(2 + b2)

b2c2 − 1
, β2 = 0, b2 = 3

and

c2 = 0.5, a2 =
(b2 − 1)2

4(c2 − 1)
− 1;

c2 = 0.7, a2 =
(b2 − 1)2

4(c2 − 1)
− 10;

c2 = 0.9, a2 =
(b2 − 1)2

4(c2 − 1)
− 30,

respectively.
In Fig. 12, 13, 14, 15 are shown 2 "large" cycles in quadratic systems, corre-

sponding to the following coefficients

α2 =
a2(2 + b2)

b2c2 − 1
, β2 = 0, a2 =

(b2 − 1)2

4(c2 − 1)
− 10, c2 =

1
b2

+ 0.1

and
b2 = 2; 1.7; 1.5; 1.3,

respectively.
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FIGURE 9 Visualization of one large limit cycle. c2 = 0.5.
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FIGURE 10 Visualization of one large limit cycle. c2 = 0.7.
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FIGURE 11 Visualization of one large limit cycle. c2 = 0.9.
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FIGURE 12 Visualization of two large limit cycles. b2 = 2.
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FIGURE 13 Visualization of two large limit cycles. b2 = 1.7.
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FIGURE 14 Visualization of two large limit cycles. b2 = 1.5.
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FIGURE 15 Visualization of two large limit cycles. b2 = 1.3.

Here in Fig. 12, 13, 14, 15 are shown, by green color, 1 stable (on the right)
and 1 unstable (on the left) "large" limit cycles. Besides, 2 "small" cycles around
zero point can be obtained by small disturbances of parameters of the system.
The figures show that in the case when the parameter b2 approaches 3 the "large"
cycle on the right gets smaller and becomes "small" limit cycle.

By Theorem 1 the domain of undisturbed coefficients, corresponding to
the existence of four limit cycles, can be represented as {b2 ∈ (1, 3), c2 ∈
( 1

b2
, 1), a2 <

(b2−1)2

4(c2−1)
}. The projection of this domain on the plane (a2, c2) (see

Fig. 16) can be described by the following inequalities {a2 <
(c2−1)

4c2
2

, c2 ∈ (1/3, 1)}.

It means that for each pair of the coefficients (a2, c2) from this domain, one can
construct 4 limit cycles (2 "large" and 2 "small") for certain b2, namely b2, satisfy-
ing the following conditions

1
c2

< b2 < 2
√

m + 1, m = min(1, a2(c2 − 1)).

2.3 Three and four "large" limit cycles in quadratic system

The development of the method of asymptotic integration and the series of nu-
merical experiments permitted one to obtain the domain of coefficients of quadra-
tic system for which 3 "large" and one "small" limit cycles may exist. The different
illustrations of "large" cycles, obtained in numerical experiments, correspond to
different sets of coefficients from the obtained domain and will be given below.
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FIGURE 16 Projection of three-dimensional domain of the existence of two "large" limit
cycles.

The disturbance of one more coefficient of system permits one to obtain
the configuration of four "large" limit cycles. The illustrations, obtained in Mat-
lab, corresponding to this configuration of cycles, demonstrate so-called "cycles
dance". They are shown below.

2.3.1 Existence of three "large" limit cycles in quadratic system

Proceed to consider system (36). Criterion of existence of 2 "small" and 2 "large"
limit cycles was formulated above (see Theorem 1).

In the work [Leonov, 20101] there was formulated the following criterion of
the existence of 1 "small" and 3 "large" limit cycles:

System (36) has 3 "large" limit cycles if it is satisfied the following conditions
α2 = −ε−1, β2 = 0, c2 ∈ (1

3 , 1
2), b2 > a2 + c2, 2c2 ≤ b2 + 1,

4a2(c2 − 1) > (b2 − 1)2, b2c2 < 1, where 1 
 ε ≥ 0.
Besides, 1 "small" limit cycle can be obtained around the origin of coordinates by a

disturbance of β2.

Note that the condition b2c2 < 1, corresponding to that the inequality L1 < 0
is satisfied, is not required.

Recall that L1(0) = −π

4(α2)
5
2
(α2(b2c2 − 1) − a2(b2 + 2)). Here the condition

L1 < 0 is satisfied for either b2c2 < 1, α2 < 0, either b2c2 > 1, α2 < 0, α2 >

a2(2+b2)
b2c2−1 .
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Note also that the condition b2 > a2 + c2 is inessential requirement since it
results from other conditions.

Further in the process of numerical experiments the question was consid-
ered on the possible enlargement of the domain of coefficients (b2, c2), which
correspond to the existence of 3 "large" and 1 "small" limit cycles. According to
these experiments, the conditions 2c2 ≤ b2 + 1 and c2 >

1
3 are necessary. While

the condition c2 >
1
2 is not necessary. In this work it is experimentally obtained

that for c2 < 1 and b2 < 3 three "large" and 1 "small" limit cycles can be found.
The illustrations of cycles, corresponding to the obtained domain, see below.

Thus, new conditions of the existence of 4 limit cycles (3 "large" and 1 "small"),
obtained by means of numerical-analytical approach, can be formulated in the
following way:

System (36) has 3 "large" limit cycles if the following conditions are satisfied:
β2 = 0, c2 ∈ (1

3 , 1), c2 �= 1
2 , b2 < 3, 2c2 ≤ b2 + 1, 4a2(c2 − 1) > (b2 − 1)2, and

either b2c2 < 1, or b2c2 > 1 and a2(2+b2)
b2c2−1 < α2.

Here α2 < 0 and |α2| is sufficiently large. Besides, 1 "small" limit cycle can be obtained
around the origin of coordinates in the case of a disturbance of parameter β2.

The projection of the above described domain of coefficients on the plane
(b2, c2) is shown in Fig. 17.
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FIGURE 17 Projection of four-dimensional domain of the existence of three "large" limit
cycles.

Below are given the illustrations (obtained in the numerical experiments),
corresponding to two "large" cycles around zero point and one "large" cycle to
the left of −1. The illustrations are given for different pairs of coefficients (b2, c2),



56

corresponding to the points lying near the boundaries of domain. The points are
shown in Fig. 17 in green color.

See Fig. 18, 19, 20, 21, 22, 23. In this case the coefficients (a2, α2) were chosen
with provision for all the rest of conditions, and β2 is equal to zero.

2.3.2 Visualization of four "large" limit cycles and "cycles dance"

The numerical experiments result in the additional disturbance of β2 permitting
one to obtain the third "large" cycle (in place of "small" cycle) around zero. For
example [Kuznetsov & Kuznetsova, Leonov, 2011], in Fig. 24, where for the set of
coefficients b2 = 2.2, c2 = 0.7 it is chosen the coefficients a2 = −10, α2 =
a2(2 + b2)

(b2c2 − 1)
+ 5 = −72.777..., β2 = 0, one can observe 3 "large" limit cycles (2

"large" cycles around zero and 1 "large" cycle to the left of −1).
In Fig. 25 for the same set of coefficients choosing β2 = 0.0015, one can

observe 3 "large" cycles around zero and 1 "large" cycle to the left of −1.
In the present work different scenarios of so-called "appearance" and "de-

generacy" of limit cycles were also studied. For this purpose it was considered
"cycles dance", i.e. the varying of configuration of cycles in system for sequen-
tial increasing each of 5 given coefficients. A set of coefficients a2 = −10, b2 =
2, c2 = 0.4, α2 = −1950, β2 = 0.13 were chosen for the original set, which, in ac-
cordance to numerical-analytical investigation, corresponds to the configuration
of four "large" cycles. The following results were obtained: for different coeffi-
cients, the radiuses of possible variation of the value, for which it is observed
configuration of four cycles, are distinct from each other. For example, for c2 it is
approximately 0.002, for a2 approximately 1, for α2 approximately 200. And for
the coefficients b2 and β2, the attempts to increase the value have practically not
met with success and possible values of the coefficients can decrease only: for b2
it is approximately 0.03, for β2 approximately 0.05.

Remark. By reason of necessity to fit the time and the initial data of trajec-
tories, the fulfilling of numerical experiments with visualization of the cycles is
a highly laborious process. At present, by using even sufficiently large step (of
order 0.1), the time, which is necessary for the check of the presence of cycles in
five-dimensional space, is many millions years! This arrives to conclusion that
for investigation of all five-dimensional space of coefficients of quadratic systems
it is necessary to develop analytical methods.

Below are given illustrations which show the varying of limit cycles config-
uration, in which one of the 5 coefficients is increased and the remainder remain
fixed.
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FIGURE 18 Visualization of two "large" limit cycles around zero equilibrium. b2=0.6,
c2=0.4; b2=1, c2=0.4; b2=1.7, c2=0.4.
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FIGURE 19 Visualization of two "large" limit cycles around zero equilibrium. b2=0.4,
c2=0.6 (in lower figure is shown one of the cycles scaled-up).
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FIGURE 20 Visualization of two "large" limit cycles around zero equilibrium. b2=1,
c2=0.9 (in lower figure is shown one of the cycles scaled-up).
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FIGURE 21 Visualization of two "large" limit cycles around zero equilibrium. b2=1.5,
c2=0.9. (in lower figure is shown one of the cycles scaled-up).
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FIGURE 22 Visualization of two "large" limit cycles around zero equilibrium. b2=2.0,
c2=0.9; b2=2.5, c2=0.9.
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FIGURE 23 Visualization of two "large" limit cycles around zero equilibrium. b2=2.9,
c2=0.7; b2=2.9, c2=0.45.
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FIGURE 24 Visualization of three "large" cycles. b2=2.2, c2=0.7, β2 = 0.

FIGURE 25 Visualization of four "large" cycles. b2=2.2, c2=0.7, β2 = 0.0015.
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Varying of the coefficient c2.

The coefficient c2 is varying from 0.395 to 0.405 under the condition that the rest of
coefficients are fixed. For c2 = 0.395 it can be constructed only 1 "large" limit cy-
cle, for c2 = 0.398 to inner cycle it is added 2 more cycles, which are yet preserved
for c2 = 0.401 (but they are already rather close to one another). For c2 = 0.405 it
remains only 1 "large" limit cycle (2 inner cycles disappear). See Fig. 26.

Varying of the coefficient α2.

The coefficient α2 is varying from −2300 to −1750 under the condition that the
rest of coefficients are fixed. For α2 = −1750 it can be constructed only 1 "large"
limit cycle, for α2 = −1800 to inner cycle it is added 2 more limit cycles (all 3
cycles are distinctly observed), for α2 = −2200 3 cycles are yet observed, while
for α2 = −2300 it remains only 1 "large" limit cycle (2 inner cycles disappear). See
Fig. 27.

Varying of the coefficient a2.

The coefficient a2 is varying from −11.1 to −8.6 under the condition that the rest
of coefficients are fixed. For a2 = −11.1 it can be constructed only 1 "large" limit
cycle. For a2 = −11 three cycles (2 outer cycles are added) are observed. For
a2 = −8.9 it is yet preserved the configuration of three cycles. But for a2 = −8.5
it is observed only 1 cycle, the largest of three. See Fig. 28.

Varying of the coefficient b2.

The coefficient b2 is varying from 1.96 to 2.02 under the condition that the rest of
coefficients are fixed. For b2 = 1.96 it is observed only 1 "large" limit cycle. For
b2 = 1.97 it is already observed configuration of three "large" cycles around zero
(2 outer cycles are added) and all 3 cycle are distinctly observed. For b2 = 2.01 it
is yet observed configuration of three "large" cycles around zero, but for b2 = 2.02
it is observed only 1 (outer) "large" limit cycle. See Fig. 29.

Varying of the coefficient β2.

The coefficient β2 is varying from 0.07 to 0.15 under the condition that the rest of
coefficients are fixed. For β2 = 0.07 it is observed only 1 "large" limit cycle. For
β2 = 0.08 it is already observed the configuration of three "large" cycles around
zero (2 outer cycles are added) and all 3 cycles are distinctly observed. For β2 =
0.14 it is yet observed configuration of three "large" cycles around zero (2 inner
cycles are rather close to one another). But for β2 = 0.15 it is already observed
only 1 (outer) "large" limit cycle. See Fig. 30.
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FIGURE 26 "Cycles dance" under the varying of coefficient c2.
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FIGURE 27 "Cycles dance" under the varying of coefficient α2.
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FIGURE 28 "Cycles dance" under the varying of coefficient a2.
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FIGURE 29 "Cycles dance" under the varying of coefficient b2.
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FIGURE 30 "Cycles dance" under the varying of coefficient β2.



70

2.4 Matlab Programming code, used in the work for visualization
of large limit cycles

For the work it was constructed a number of illustrations of "large" limit cycles.
This became possible by virtue of the obtained analytical results and also the
numerical algorithms, constructed on their basis in Matlab.

Below is given a simple function, which realizes the construction of three
"large" limit cycles around zero point in computation software tool Matlab.

1 function f=fcyclesPlot(a1,b1,c1,al1,bt1,a2,b2,c2,al2,bt2, ->
2 x0_1,x0_2,x0_3,x0_4,acc,len1,len2,len3,len4,len5,len6)
3 syms x
4 %create the title of the figure
5 title_coefQs =[’a1=’,num2str(a1),’;b1=’,num2str(b1), ->
6 ’;c1=’,num2str(c1),’;\alpha_1=’,num2str(al1), ->
7 ’;\beta_1=’,num2str(bt1),’;a2=’,num2str(a2),’;b2=’,->
8 num2str(b2),’;c2= ’,num2str(c2),’;\alpha_2=’, ->
9 num2str(al2), ’;\beta_2=’,num2str(bt2)];

10

11 RelTol = acc; AbsTol = acc; InitialStep = acc; %set accuracy
12 options = odeset(’RelTol’,RelTol,’AbsTol’,AbsTol, ->
13 ’InitialStep’,InitialStep, ’NormControl’,’on’);
14 %draw trajectories, defining the location of 3 cycles
15 x0=x0_1;y0=0;[T,XY]=ode45(@fQsys,[0 len1],[x0 y0],options);
16 fPlotTrajectory(XY(:,1),XY(:,2),’red’,’blue’,’green’);
17 hold on; grid on;
18 x0=x0_2;y0=0;[T,XY]=ode45(@fQsys,[0 len2],[x0 y0],options);
19 fPlotTrajectory(XY(:,1),XY(:,2),’red’,’blue’,’green’);
20 hold on; grid on;
21

22 x0=x0_2;y0=0;[T,XY]=ode45(@fQsys,[0 len3],[x0 y0],options);
23 fPlotTrajectory(XY(:,1),XY(:,2),’red’,’blue’,’green’);
24 hold on; grid on;
25 x0=x0_3;y0=0;[T,XY]=ode45(@fQsys,[0 len4],[x0 y0],options);
26 fPlotTrajectory(XY(:,1),XY(:,2),’red’,’blue’,’green’);
27 hold on; grid on;
28

29 x0=x0_3;y0=0;[T,XY]=ode45(@fQsys,[0 len5],[x0 y0],options);
30 fPlotTrajectory(XY(:,1),XY(:,2),’red’,’blue’,’green’ );
31 hold on; grid on;
32 x0=x0_4;y0=0;[T,XY]=ode45(@fQsys,[0 len6],[x0 y0],options);
33 fPlotTrajectory(XY(:,1),XY(:,2),’red’,’blue’,’green’ );
34 hold on; grid on;
35

36 title({title_coefQs})

In this code it is called the functions fQsys and fPlotTrajectory, which are the
following:

1 function f = fPlotTrajectory(X,Y,Color1,Color2,Color3)
2 %length of trajectories
3 lenTr = length(X); lenTr3 = round(lenTr/9);
4 lenColor1 = round(4*lenTr3); lenColor2 = round(7*lenTr3);
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5 %draw trajectory in three colors
6 plot(X(1 :lenColor1),Y(1 :lenColor1),Color1); hold on;
7 plot(X(lenColor1:lenColor2),Y(lenColor1:lenColor2),Color2);
8 hold on;
9 plot(X(lenColor2:length(X)),Y(lenColor2:length(Y)),Color3);

1 function dz = fQsys(t,z) %form system of equations
2 global a1 b1 c1 al1 bt1 a2 b2 c2 al2 bt2
3 dz = zeros(2,1); % z = ( z(1),z(2) ) = (x,y)
4

5 dz(1) = (a1*z(1)^2+b1*z(1)*z(2)+c1*z(2)^2+al1*z(1)+bt1*z(2));
6 dz(2) =(a2*z(1)^2+b2*z(1)*z(2)+c2*z(2)^2+al2*z(1)+bt2*z(2));

For example, for the set of parameters
a1 = 1; b1 = 1; c1 = 0; al1 = 0; bt1 = 1; a2 = −10; b2 = 2.7; c2 = 0.4;

al2 = −437.5; bt2 = 0.003; x0_1 = 1; x0_2 = 3; x0_3 = 5.5; x0_4 = 10;
acc = 1 ∗ 10−6; len1 = 180π; len2 = 380π; len3 = −150π;
len4 = −150π; len5 = 130π; len6 = 80π

the result of the work of function f cyclesPlot is given by the following illustration
(see Fig. 31).

FIGURE 31 Example of the result of programming code work.
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YHTEENVETO (FINNISH SUMMARY)

Tässä väitöskirjassa käsitellään tehokkaita menetelmiä kaksiulotteisten dynaamis-
ten järjestelmien rajasyklien tutkimiseen.

Ensimmäisessä osassa tarkastellaan Lyapunovin arvojen laskemista ja pienten
rajasyklien analysointia. Väitöskirjassa on johdettu ensimmäistä kertaa täydellinen
muoto neljännelle Lyapunovin arvolle. Lisäksi on laskettu Lienardin yhtälön viiden-
nen, kuudennen ja seitsemännen Lyapunovin arvojen symboliset muodot. Lienar-
din yhtälö kuvaa todellisia sekä sähköisiä että mekaanisia malleja, ja L.A. Cherkasin
ja G.A. Leonovin mukaan sillä on tärkeä rooli neliöllisten järjestelmien rajasyklien
sekä polynomisten järjestelmien rajasyklien lukumääräarvioiden tutkimisessa. Ana-
lyyttisten laskentamenetelmien kehittyminen, niiden perusteella luotujen algorit-
mien toteuttaminen sekä modernien symbolisen laskennan ohjelmistojen käyttö
ovat mahdollistaneet näiden uusien Lyapunovin muotojen kehittämisen.

Kehitettyjä Lyapunovin arvojen laskenta- ja analysointimenetelmiä sovelletaan
toisessa osassa käyttäen Bautinin tunnettua tekniikkaa. Erityisesti analysoidaan
ja visualisoidaan niiden kertoimien alueita, jotka vastaavat neliöllisten järjestelmien
rajasyklien olemassaolevia eri konfiguraatioita. Tähän käytetään akateemikko A.N.
Kolmogorovin tehtävää, joka liittyy neliöllisten järjestelmien syklien lokalisointiin
ja muodostamiseen. Neliöllisen järjestelmän muuntaminen Lienardin järjestelmäksi,
jolla on epäjatkuva oikea puoli, sekä G.A. Leonovin ehdottaman asymptoottisen
integrointimenetelmän käyttö mahdollistivat tehokkaat kriteerit ratojen laadullisel-
le käyttäytymiselle riittävän suurilla alkutiedoilla. Kehitetyillä ratojen globaalin
käyttäytymisen analyyttisillä kriteereillä, Lyapunovin arvojen paikallisella analyy-
sillä sekä laskentakokeilla tutkittiin niiden kertoimien alueita, jotka vastaavat
neliöllisen järjestelmän neljän rajasyklin olemassaoloa. Lisäksi väitöskirjassa kehite-
tyt menetelmät mahdollistivat neliöllisten järjestelmien kolmen ja neljän rajasyklin
visualisoinnin sekä "syklien tanssin"laskennallisen tutkimisen.
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