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The use of probabilistic techniques in Analysis has experienced a re-
markable success in the last fifteen years. It turns out, for instance, that
the boundary behaviour of harmonic functions and conformal mappings
is better understood when rephrased in discrete terms.

In a series of influential papers, N.G. Makarov ([Mak89a], [Mak89b],
[Mak85], [Mak87]) proved a number of deep results on the boundary
behaviour of conformal maps, many of them being direct consequences
of properties of the asymptotic behaviour of discrete martingales in the
unit interval.

Still in the eighties, [CWW85], [BKM88], [BM89], [BKM90] used
dyadic martingales, in more or less direct ways, to prove results on the
boundary behaviour of harmonic functions in the upper half-space or in
more general domains. Since then, and specially in the last ten years,
dyadic martingales have shown to be an illuminating tool not only in
boundary behaviour (see [BFLO00], [Can98], [Don01b], [DP99], [GNO01]
and [L1098]) but also in the study of Zygmund measures and Zygmund
functions ([CD96], [Don01a]), regularity of measures ([GNO1], [L.1098],
[L1002]) and, surprisingly, hyperbolic manifolds and Kleinian groups
([BJ95], [BJIT]).

Roughly speaking, it can be said that the main reason why the inter-
play “continuous—discrete” is fruitful relies on the mean value property.
It is well known that harmonic functions are those continuous func-
tions that satisfy a spherical mean value property. Now, if we consider
a dyadic directed tree then, harmonic functions on the tree — that is,
functions satisfying a one-sided mean value property — are canonically
identified with dyadic martingales in [0, 1] (see Chapter 1 for details).
It is then natural to expect some sort of parallelism between the bound-
ary behaviour of harmonic functions and the asymptotic behaviour of
dyadic martingales. Through Chapters 1 and 2 we will see that this
is indeed the case, and sometimes the parallelism is quite direct and
satisfactory.

The author was supported in part by funds of European Erasmus program and
a grant of Ministerio de Educaciéon, Spain.
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In Chapter 1, I have intended to give a brief introduction to dyadic
martingales, with special emphasis in their asymptotic properties. Since
some of the applications in Chapter 2 and Chapter 3 depend on the
upper bound of the Law of the Iterated Logarithm, I have included a
detailed proof in the simplest case. Through Chapter 1, [ have tried to
point out the parallelisms (most of the times only heuristic but illumi-
nating) between the discrete and the continuous setting. The material
is basically self-contained, though sometimes I have preferred to skip
a proof and to give instead a reference. The general approach of the
notes owes much to [Mak89a]. [Shi84] is an exceptional general ref-
erence for the probabilistic part, and [Sto84] is also a good reference
for martingales and limit theorems. Part of the material included in
Chapters 2 and 3 can also be found in the forthcoming [GM]. [BM99] is
a monograph containing advanced topics on martingales and boundary
behaviour.
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These notes originated in a series of lectures that I gave at the
University of Jyvaskyla in June 2001, as part of the Erasmus ex-
change program between the University of Jyvaskyla and the Universi-
tat Autonoma de Barcelona. It is a pleasure for me to thank professor
Pekka Koskela for his invitation and his encouragement to prepare these
notes, during and after my visit. My thanks go also to the Department
of Mathematics of the University of Jyvéskyla for its hospitality, to
professor Stefan Geiss, who took care of the organization of the course
and also to all who participated in the lectures.

The notes were written when I was visiting the University of Michi-
gan during the academic course 2001-2002, funded by a grant of the
Ministerio de Educacién of Spain. The author thanks both institutions
for their support.

SOME COMMENTS ABOUT NOTATION: We refer to [Shi84] for the
basic facts and notation about probability spaces. It will be understood
that any random variable X : Q — R on a probability space (2, G, u)
belongs to L' (). | - | stands for Lebesgue measure in [0,1) or OD.

1. DYADIC MARTINGALES

1.1. Conditional expectation. Let (2, G, u) be a probability space,
X : Q — R a random variable and F C G a og-algebra. We say that
the random variable Y is the conditional expectation of X with respect
to F (denoted Y = E[X/F]) if:

(i) Y is F-measurable,
(ii) [, Xdp = [,Ydu for any F € F.

From the point of view of gambling, the whole o-algebra G can be seen
as the total potential information of the gambler, whereas F can be
seen as the current real information. Then E[X/F] intuitively rep-
resents the “correction” of X provided the accessible information F.
The extreme cases where X is F-measurable and X is independent of
F (that is, X and 1y are independent for any F' € F) correspond,
respectively to the cases where the gambler has all information about
X or has no a priori information about X.

We list below the basic properties of conditional expectation:

(1) Ity = [ Xdp and py = p|F, then E[X/F] = 9% (Radon-
Nikodym derivative). In particular, the conditional expectation
is well defined and unique.

(2) If X is F-measurable (perfect information), then E[X/F] = X.

(3) If X isindependent of F (no a priori information), then E[X/F]| =
fQ X du.
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(4) If {Qx}N_, is a partition of Q and F is the o-algebra generated
by {Qla e 7QN}7 then

N

BX/F] =Y (ﬁ

k=1 %
where £, X du denotes, hereafter, ﬁ [y X dp.
(5) If X and Z are random variables and Z is F-measurable, then

EXZ|F)=Z-FE[X/F] (start by Z = 1p, where F € F).

A BASIC EXAMPLE.
Let 2 =[0,1), 1 a Borel probability measure in [0,1) and denote by

m—1 m n
Dn:{[7,2—n) tm=1,2---,2"}
the family of dyadic intervals of the generation n. Define F, to be
the o-algebra generated by D,. We say that {F,}2°, is the dyadic

filtration. Then, if X :[0,1) — R is a random variable,

E[X/F)= > <][ Xdu> 1.

1,eD, W In

This shows that, in this particular setting, conditional expectation is
just obtained by averaging.

1.2. Martingales and dyadic martingales. An increasing sequence
of o-algebras Fy C F; C Fo C --- C G in a probability space (2,3, i)
is called a filtration.

Given a filtration {F,} and a sequence of random variables (S,)>,
we say that (S, F,) is a martingale if, for all n:

(i) S, is F,-measurable,
(ii)
E[S,/Fn-1] = Sn_1. (1.1)

The definition of martingale not only includes the sequence (S,,), but
also the underlying probability space (€2, G, i) and the filtration {F,}.
Nevertheless, if there is no risk of confusion, we will often omit both G
and {F,} and will only refer to a martingale (S,) in (£, u).

If we think of (S,) as the fortune of a gambler at the instant n of a
game, then condition (i) above expresses the trivial fact that the result
of the game totally determines the state of the fortune at any instant,
while condition (ii) says that the game is “fair” in the sense that the
expected fortune after any trial must be the same that the fortune
before the trial.

If we replace = by > (resp. <) in (1.1) then we say that (S,) is a
submartingale (resp. a supermartingale). Then submartingales (resp.
supermartingales) are models of favorable (resp. unfavorable) games.
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Given a martingale (S,)%,, it is often useful to introduce the in-

crements Xy = Sp — Sg_1, s0 S, = So + > p_ Xi. Now, (S,) is a
martingale iff:

(i) Xy is Fr-measurable,

(it") E[Xk/Fr-1]=0
for all k. Note that (ii’) is expressing now that the “expected gain” at
any time of the game is 0.

BASIC PROPERTIES OF MARTINGALES.
(1) If (S,) is a martingale (resp. submartingale), then

E[Sk/Fu) = Spm (resp. E[Sy/Fu) > Sy ) for all k& > m.

In particular,

/Sndu:/sodu (resp. /Snd/LZ/Sodu>.
0 Q Q 0

(2) If S, = Sp + >_;_, X is a martingale, then the increments are
orthogonal in the sense that

/Xkadu:O (k 4 m).
Q

In particular, if n > m,

[0 sw2dn= [ stau— [ stau
Q Q Q

and, if Sy = 0, then
/Sﬁdu:Z/X,fdu.
0 /0

(3) If (S,) is a martingale and ¢ : R — R is convex, then ¢(S,) is
a submartingale (use Jensen Inequality).

EXAMPLES.

(1) If (X%)p2, is a sequence of independent random variables with
zero mean, and F, is the o-algebra generated by Xi,--- X,
([Shi84]), then S,, = >",_, X} is a martingale.

(2) (Dyadic martingales)

As in the basic example in Section 1.1, take Q = [0,1), u
a Borel probability in [0,1), D,, the family of dyadic intervals
of the generation n and F, the o-algebra generated by D,.
Then (S,)%, is a dyadic martingale in ([0, 1), p) if (S, F,) is
a martingale, that is, for all n:

(i) (Sy) is constant on any I, € D,,
(i) Sp_1|lnoy = JKI,H S, du for any I,,_y € D,_;.
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If I', 12 € D, are the dyadic “children” of I,,_; and S} =

n>-n

Sp|It (i = 1,2), then (ii) above is equivalent to
Sp 1|1 = ST+ S?|12. (1.2)

Dyadic submartingales and supermartingales are defined in the
same way. In terms of the increments, then S,, = So+ >, _; Xj
is a dyadic martingale iff:

(i) Xy is constant on any Ij, € Dy,

(ii)
Xpdp=0 forany I,_; € Dy_;. (1.3)

Iy
In the special case that p = Lebesgue measure in [0, 1), then
(1.2) and (1.3) reduce to

1
Sn71|jn71 = 5(5% + STZL) and (14)
X, + X =0, (1.5)

where X; = S! — Si_i. In particular, X7 is constant on any
Iy, 1 € Dy, that is, Fj_1-measurable.

(3) (Rademacher martingale)

Let (Xj)%2, be the Rademacher system in [0, 1), that is, X
alternates +1 and —1 on the dyadic intervals of the generation
k. For instance, X1 = 1[0,1/2) — 1[1/271), X2 = 1[0,1/4)U[1/2,3/4) —
171/4,1/2)u3/4,1) and so on. Then (X;)p2, are independent, iden-
tically distributed random variables with zero mean and vari-
ance one. In particular, S, = > 7, X}, is a dyadic martingale
n ([0,1),]-]). We can interpret S,, as the fortune , after n trials,
of a gambler who wins or loses one unit with probability % at
each trial. Also, S, can be thought as the position, at the n,
of a random traveller starting from the origin and moving one
unit left or right with probability 1 (usual random walk).

(4) Let f € L'0,1). If I,, € Dy, set Sy|I, = f; f(v)dr. Then,
(Sp)n is a dyadic martingale in ([0,1), ] |). It is easy to check
that S, = E[f/F,].

(5) The following generalization of the example above will be useful
later. Let (fx) € L'[0,1) and suppose that for any I, € D,,
the limit

k—00

S, = lim ]{ folw) do (1.6)

exists and is finite. Then if we define S, |I,, = St,, (Sn)n is also
a dyadic martingale in ([0, 1), |- |).
REMARKS.

(1) If p = Lebesgue measure, (1.4) says that the value of S, ;
at any dyadic interval of the generation n — 1 is the arithmetic
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mean of S, at its dyadic children of the generation n. Then (1.4)
must be seen as a discrete version of the mean value property
of harmonic functions and it is, of course, responsible of many
of the analogies between harmonic functions and martingales.
Exactly in the same way, there is a natural heuristic identifica-
tion between subharmonic (resp. superharmonic) functions and
submartingales (resp. supermartingales).

(2) There is a graphic interpretation of dyadic martingales which
is often helpful. Suppose that (S,) is a dyadic martingale in
([0,1),]-1]). Associated to (S,) we construct a directed tree as
follows: the original node is chosen to be the point (0,Sj) in
the plane and, once the point (n — 1, S,_1) has been selected,
then we add the points (n,S}), (n,S2) where S} S? are as in
(1.4).

In this way we produce a directed dyadic tree, the original
node being (0, Sp), such that the vertical coordinates of the
nodes at each level n inform us about the values of S, (see
Fig. 1).

1.3. Quadratic characteristic. Let S, = ZZZI X, be a martingale
in (Q,p). Assume w.l.o.g. that Sp = 0. Then

(Sha = ZE[XE/}—kfl]

is called the Quadratic characteristic of (S,). Observe that
(i) (S), is F,_1-measurable

i)
[hau= [ S xtan= [ stan (1.7)

k=1
where the definition and the orthogonality property (2) in Section 1.2
have been used in (ii).

B+ e ER B om o

FIGURE 1
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EXAMPLES.
(1) If (S,) is dyadic martingale in ([0,1), ), then
EIXY/Fl) = f  XEdy (18)
Tp—1()

n

(1) 1\2 (i) 2\2

S)n(z) = [7)( )+ ————(Xp)(x)|, (1.9
where {I;(z)} are the dyadic intervals containing z, I}, I? are
the dyadic children of I _;(z) and X} = X|I;. In particular,
if p is Lebesgue measure, then

(S), = ix,f. (1.10)

(2) If (X§)52, are independent, identically distributed random vari-
ables with zero mean, variance 1, Fj is the o-algebra generated
by Xi,..., Xy, and S, = >, _, ax Xy, with a, € R, then

(Shn = _ag.

REMARKS.

(1) Sequences (S,) such that S,, is F,,_j-measurable for all n play
an important role in Martingale Theory. They are usually called
predictable sequences.

(2) Sometimes it is instructive to look at the quadratic character-
istic as a sort of intrinsic random time associated to the mar-
tingale. For instance, if | Xj| =1 for all &, then (S),, = n.

(3) The quadratic characteristic is a very important quantity re-
lated to a martingale, in the sense that it determines most of
its asymptotic behavior, as we will see in the next sections. It
can be understood as a discrete counterpart of the area function
in Harmonic Analysis. If u is defined in R?} and ¢ > 0, then the
t-truncated area function of u at ro € R*! is defined (in the
simplest formulation) by:

(Spu) (o) = / v "Vuldxy ... dr,_dy,

T't(zo)
where
Ft(x()) = {(xay) HERUES Rnil? |l' - x0| <y,t<y< 1}
Then, for small ¢,

(Syu) (o) x][ Y’ |Vul dzy ... dv, dy.

T'¢(zo0)
At this point, it should be mentioned that it is often useful to
think in the hyperbolic gradient y|Vu| in the upper half-space
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as a continuous analogue of the increments |Xj|, where y and
k are related by y ~ 27%. These observations explain why it is
convenient to see the area function as a continuous counterpart
of the quadratic characteristic.

1.4. Stopping times. Let {F,} be a filtration in the probability space
(2,G, p). Then

7:Q—{0,1,2,...} U{oo}
is called an stopping time if {r =n} € F, for all n.

ExAMPLE. Typical examples of stopping times are provided by bar-
riers: let M € R and (S,) be any sequence of random variables such
that S,, is F,,-measurable for all n. Define 7 by:

() =n< So(x) < M,...,Sp_1(x) < M,S,(z) > M
7(x) = 00 & sup S, (z) < M.

Then 7 is a stopping time.

Suppose now that S, = >/ | X} is any random sequence, with X}
being Fi-measurable for all k£, and 7 is an stopping time. Then the
stopped sequence (S7) is defined by

S; (SL‘) = Smin{T,n} (ﬁ)
Since
52 - 1271 = (Sk - Sk—l)l{rzk},
we get the representation

ST = Z 1ok Xk (1.11)
k=1

The following proposition says that the martingale structure is pre-
served by stopping times.

Proposition 1.1. If (S,) is a martingale and T is any stopping time,
then the stopped sequence (ST) is also a martingale.

Proof. Note that {7 > k} is Fj- measurable. Combine (1.11) with this
observation. O

REMARK. It is instructive to compare stopping time techniques with
the so called “localization techniques” in Function Theory. Here is an
example: suppose that u is harmonic in the unit disc D, M € R and
G is a non-empty component of the set {u < M}. Then G is simply
connected by the Maximum Principle and if ¢ is a conformal map from
D onto G, then v = uoy is harmonic in D and supv = M. Thus, if (S,)
is a martingale, v can be seen as a continuous version of the stopped
martingale (S7), where 7 is the stopping time corresponding to the
upper barrier M, as in the example above.
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1.5. The Basic Convergence Theorem.

Theorem 1.1 (Doob). Let 1 < p < oo. If (S,) is a martingale in
(Q, i) such that

sup/ |SnlP dp < oo, (1.12)
n Jo

then lim,, S,,(x) exists and is finite for p— a.e. x € .

REMARKS.

(1) By Holder’s inequality, the result follows in the range p > pg

provided it is proved for p = py. This shows that it is enough to
take p = 1 in Theorem 1.1. Nevertheless, the proof given below
exploits the orthogonality and works for p = 2 (and, therefore,
for p > 2). In the general case p = 1, most of the proofs use
the “upcrossing inequalities” technique, a combinatorial trick
controlling the oscillation ([Shi84], [Sto84]).

(2) Theorem 1.1 still holds if “martingale” is replaced by “sub-

martingale”.

(3) The class of martingales satisfying (1.12) can be seen as the

discrete analogue of the harmonic Hardy class H”, consisting of
all harmonic functions in the unit ball B such that

sup lu(ré)|P d§ < oo. (1.13)
0<r<1 JoB
Therefore, Theorem 1.1 corresponds to the fact that each func-
tion in H? has finite radial limits a.e. on OB.

Lemma 1.1 (Kolmogorov inequality). Let S, = >, _, X; be a mar-
tingale in (2, u), with Sy = 0. Then, for any e > 0,

1
>ep < — [ S2dpu.
ol = ep < % [ stan

Proof. Define the stopping time 7 by:

T(x) =n<|Si1(z) <e,...,|S 1) <& |Su(z)] > €
7(x) = 00 & sup |Sy(x)| < e.

Observe that

{ max [Sy| > g} = {r <nl.

1<k<n

Let (S7) be the stopped martingale. Then, by (1.11) and orthogonality
(Property (2), Section 1.2):

/(S;)2d:u:/21{72k}de,U§/Zde/L:/Szd,u.
0 Qk:l Qk:l Q

Thus,

e?p{r <n} < /

{r=n}

(S0 dn < [ S2dn
Q
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which proves the lemma. O

Proof of Theorem 1.1 (p=2).
Note, by Properties (1) and (3) in Section 1.2 that (S?) is a submartin-
gale and the sequence fQ S? dy is non-decreasing. Let

M:lim/Szdu<oo.
" Ja

Since
{ﬂlimsn} U ﬂ {sup|5k—5 | > = }
" j=1m=1 ‘7

it is enough to prove that

m—00

u{sup |Sk — S| > 5} — 0
k>m
for any € > 0. Set
Apm(e) = { sup |Sk — S| > 6}
m<k<n

and
An(e) = {sup |Sk — S| > 5} .
k>n

Then A, ,(¢) T Am(e) as n — oo. Let Ty, = Sy — S Since (T3)%2,
is a martingale (with respect to the filtration {F,,1x}3,), then by
Lemma 1.1 and Property (2), Section 1.2:

W Anm(e)) < i/(s — S)dp

([ st [ ) <& (- [ )

which shows that

11(An(e)) S%( /52 du)ﬂ;;()-
O

Corollary 1.1 (Fatou theorem for martingales.). Let (S,) be a mar-
tingale in (Q,pu) and C € R. Ifinf S, > C (resp. sup S, < C) p-a.e.
then lim, S, (x) exists and is finite p-a.e. x € Q. In particular, any
non-negative martingale converges ji-a.e.

Proof. Suppose that C' = 0 and S, > 0. Then [, [S,|du = [, Sndpu,
which is independent of n by property (1), section 1.2. This shows that
Corollary 1.1 follows from Theorem 1.1 with p = 1. O
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Corollary 1.1 suggests the following definition. If (S,) is a martingale
in (Q, u) we define its Fatou set F(S) as:

F(S) = {x € Q : lim S, exists and is finite } :

The following definition will also be useful in these notes. We say that
the martingale S,, = Sy + 22:1 X}, has uniformly bounded increments
if sup,, | Xy < C < oc.

Theorem 1.2. Let (S,) be a martingale in (Q, u), with uniformly
bounded increments. Then

F(S) = {@sn < +oo} - {li_rnSn > —oo},

where the identities must be understood ji-a.e.

Proof. Fix M > 0. It is enough to show that {sup, S, < M} C F(S5)
p-a.e. Define the stopping time 7 by

() =n< Si(z) < M,...,Sp1(x) < M,S,(z) >M
7(x) =00 & sup S, (v) < M

and let (S7) be the stopped martingale. Then, by construction, S =
Sy on {sup,, S, < M}. Since ST < M+C' (here is where the assumption
on the increments is used), then by Corollary 1.1, (S7) converges p-a.e.
and in particular (S,) converges p-a.e. on the set {sup, S, < M}. O

Corollary 1.2. Let (S,) be a martingale in (2, p) with uniformly
bounded increments. Then the following dichotomy result holds:

Q=F(S)u {msn:+oo,li_m5n: —oo}UN,

n

where ((N) = 0. In particular,
1 {liann = —l—oo} =l {liTanSn = —oo}
= u({TmiS.| < o} \ F(5)) =0

REMARK.

Corollary 1.1 is the martingale version of the classical Fatou theorem
on the existence of radial limits for non-negative harmonic functions in
the unit disc or the unit ball. Corollary 1.2 as well is the martingale
counterpart of the “local Fatou-type” results for harmonic functions in
the ball or the upper half-space. If u is harmonic in R’} and we denote
by F(u) the Fatou set of u, that is, the set of all z € R*™! such that u
has finite non-tangential limit at z, then ([Ste70]):

R = F(u)U {x e R"™" : limu(z) = +oo, limu(z) = —oo} UN,

z2<x 2
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where z<tx denotes non-tangential approach and N has (n—1)-Lebesgue
measure zero.

Corollary 1.2 has also nice probabilistic interpretations: when see-
ing (S,,) as the partial states of a gambler’s fortune, it says that, with
probability 1, the asymptotic behaviour of the fortune is, either very
regular or completely oscillatory, provided that the bets are uniformly
bounded. In terms of one-dimensional random walks with uniformly
bounded steps then, either the asymptotic position of the random trav-
eller is stationary (convergent behaviour) or totally oscillatory (recur-
rent behaviour).

1.6. Limit Theorems vs. Quadratic Characteristic. Let 5, =
So+ > p_, Xi be a martingale in (Q, u) and (S), = >__, E[X?/Fr-1]
its quadratic characteristic. Since (S), is non-decreasing, we will de-
note (S)s = lim, (S),. In this section we will show that the asymptotic
behaviour of a martingale is closely related to its quadratic character-
istic.
Theorem 1.3. Let (S,) be a martingale in (0, ). Then

() {(Sn)ew < 00} C F(S) p-a.e.

(b) If, in addition, (S,) has uniformly bounded increments, then

{<Sn>oo < OO} = F(S) H-a.e.

Proof. (a) Fix M > 0. It is enough to prove {(S),, < M} C F(S5)
p-a.e. Assume w.l.o.g. that Sy = 0. We define the following stopping
time 7 by:

T(x) =n< (S)i(z) < M,....,(S)u(x) < M,(S)pi1(z) > M
T(x) = 00 & (S)so(x) < M.

Note that, since (S),, is predictable, then 7 is an stopping time. The
important fact is that if (S7) is the stopped martingale, then (S7), <
M. Now, by (1.7),

[ [ (du<

so by Theorem 1.1, (ST) converges p-a.e. In particular, lim, S, =
lim,, ST exists on {7 = 0o} = {(S)s < M}. This proves (a).
(b) Analogously, it is enough to show that

{s:p 5] < } C {(8)w < o0} prae.

for fixed a > 0, by Corollary 1.2. Now, consider the stopping time

() =n< S <a,...,|9 1] <a,|Su| > a
7(x) = 00 < sup |S,| < a.
n
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Then |S7| < a + C, provided supy, |Sk — Sk—1| < C, where (S]) is the
stopped martingale. By (1.7),

[ mdu= [ (577 du< (a0
0 Q
so by monotone convergence
/(ST>OO dp < (a+b)? and (S7), < 00 p-a.e.
Q
Since (S™)oo = () ON

{r=00} = {sup |Sn| < a} ,
it follows that
{sup 5] < } C {{8)oo < o0}

p-a.e., which proves (b). O

Corollary 1.3. Let (S,) be a martingale in (2, p) with uniformly
bounded increments. Then

Q={(5 < oo}U{mSn :—l—oo,li_mSn:—oo} UN,

n

where j(N) = 0.

From Theorem 1.3, Corollary 1.2 and Example (2) in Section 1.3, we
get:

Corollary 1.4 (Kolmogorov, Khinchin). Let (X;)3, be independent,
identically distributed random variables with zero mean and finite vari-
ance. Let (ag)32, be a bounded real sequence. Then, if S, = > _, ax Xk,

o0
E ai < 00 & (S,) converges a.e.,

REMARK.

Theorem 1.3 and its consequences are the martingale counterpart of
a group of deep results in Harmonic Analysis connecting the bound-
ary behaviour of harmonic functions to their area function ([Cal50b],
[Cal50a], [MZ38], [Spe43], [Ste61]). Let u be harmonic in R? and let
F(u) be its Fatou set, as in remark in Section 1.5. Then (see [Ste70]):

F(u) = {Sou < oo} a.e.,

where (Spu)(z) = lim;,o(S;u)(x), Siu being the truncated area func-
tion introduced at Remark (3) in Section 1.3.
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1.7. The Law of the Iterated Logarithm (LIL). We saw in Sec-
tion 1.6 that a martingale (S,) behaves asymptotically well on the set
{(S)eo < 00} while, in the presence of boundedness restrictions on the
increments, its behaviour is quite pathological on the set {(S). = c0};
in particular is unbounded p-a.e. on this set. But, what can be said
about the size of |S,| on {(S) = co}? The precise answer is given
by the Law of the Iterated Logarithm. In order to give a more accessi-
ble approach, we will only prove the upper bound, in the case where
2 =[0,1) and pu = Lebesgue measure.

Theorem 1.4 (Law of the iterated logarithm). Let (S), be a dyadic
martingale in ([0,1),]-]). Then

(a) (Upper bound)

— s
n \/2<S>nloglog(5>n
a.e. on {(S)s = 00}.

(b) (Lower bound) If, in addition, (S,) has uniformly bounded in-
crements,

<1

lim [5n]
S V2(5) loglog(S).

a.e. on {(S)s = 00}.

Corollary 1.5. If S,, = Sy + > ,_, Xk is a dyadic martingale in
([0,1),[-]) and supy [ Xi| < € < 0o, then

|Snl
“ \/2 Ynloglog(S),

a.e. on {(S)s = 00}. In particular,

=1

= |5
lim———— < v2C
lglxmloglogn < V2

a.e. in [0,1).

We will only give the proof of (a) here. We have mostly followed
[Mak89a]. See also [Mak89a] for the proof of (b). The key property is
the following:

Proposition 1.2. Let (S,) be a dyadic martingale in ([0, 1), |- ), with

So=0. Then
1
/ eSn=3(Sn g <1.
0
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Proof. By (1.10), (S), =Y ;_, X2. Fix I,y € D,,_;. Then

In—1

In—l

< (S L)L) = [ e

In—1

the inequality being a consequence of the inequality %(exqte”) < e%’”z,
which holds fo any x € R. Now, adding up over all I,_y € D,,_; we

get:
1 1 1 1
/ 52 (Sn d:vg/ eSn-172{5n-1 ..
0 0

1 1
/ eSn=3(S)n g < / e dr = 1.
0 0

Lemma 1.2. Let (S,) be a dyadic martingale in ([0,1),|-]), with Sy =
0. Then, for M, N > 0,

So, iterating:

O

2

{z €[0,1) : I eEN, S,(z) > M, (S)p(x) < N} < e 2v.
Proof. Let
A={z€]0,1) : IneN, S,(z) > M, (S),(z) < N}.
We define the stopping time 7 by,
T(x)=n& S <M,....S, 1 <M, S,>M
7(x) =00 & sup S, < M.
Observe that if x € A and ny(z) = 7(x) < oo, then S, (z) > M, and
(SYno(z) < N. In particular
Si(2) > M, and (87}, (2) = (S)no(2) < (S)a(x) < N

for all n > ny.
Now, fix ¢ > 0 and apply Proposition 1.2 to the martingale (¢S7).
Then:

1 .
0 A

By the preceding comments,

2 2
Sp—t (S )n () > 6tMJ?N

lim e’
n

whenever = € A so, by Fatou’s lemma:
2
1> etM—%N|A|

and the result follows by choosing t = % 0J
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Now, the upper bound of the LIL easily follows from Lemma 1.2:
Proof of theorem 1.4(a).
Fix £ > 0 and set

Ap={z : In, (1 +)F <(S).(2) < (1 +e)FF,
Sn(z) > (14 €)/2(S)n(2) loglog(S),(z) }.
It is enough to show that

|{z : x € Ay, for infinitely many k’s}| = 0.
From Lemma 1.2 with

M = (1+¢)y/2(1 + )k loglog(1l + £)k and N = (1 4 ¢)**!,

we get |Ag| < Igl(i)g so the result follows from the standard Borel-
Cantelli argument. O

REMARKS.

(1) The proof of Proposition 1.2 and Lemma 1.2 show that only the
fact, that e!Sn=<*(S)n ig a supermartingale, for ¢ > 0 and some
fixed constant ¢ > 0, is needed to get an upper bound of the
LIL.

(2) Lemma 1.2 is the martingale version of the so called “good-\”
inequalities in Harmonic Analysis.

(3) Theorem 1.4 is valid for abstract martingales with uniformly
bounded increments ([Sto64], [Sto84]).

Theorem 1.5. Let (S,,) be a dyadic martingale in (€2, 1) with uniformly
bounded increments. Then

lim [5nl
n \/2(S),loglog(S)y,

p-a.e. on the set {{S)s = 00}.

=1

In general, the proof of the LIL in the abstract setting also uses
exponential inequalities but requires restrictions on the size of the in-
crements, stronger in the case of the lower bound ([Sto64], [Sto84]).
In some specific situations, such restrictions can be dropped from the
upper bound (Theorem 1.4(a) is such an example; we will see another
one at the end of Chapter 3).

Note that Corollary 1.5 gives a substantial improvement of the triv-
ial global bound S,, = O(n).

2. DYADIC MARTINGALES, BLOCH FUNCTIONS AND CONFORMAL
MAPPINGS

2.1. Bloch functions and conformal mappings. Let f be analytic
in the unit disc D (resp. the upper half-plane R? ). We say that f is a
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Bloch function (f € B(D), resp. f € B(RY)) if

sup(1 — [2*)[f'(2)] = | flls < o0
z€D

(resp. sup Tm 2['(2)| = [|f}5 < o0 ).
zERi
Analogously, a harmonic function u in D (resp. ]Ri) is said to be Bloch
(ue By(D) or u € B,(R%)) if

Sug(l = 2)IVu(2)| = [lulls <
K1S

(resp. sup Im z|Vu(z)| = ||u|lp < o0 ).
z€RZ
Since |f'| = |Vu]| for any analytic function f such that Re f = u or
Im f = u, it follows that f is Bloch iff Re f,Im f are Bloch and all of
them have the same norm.

It is easy to see that the definitions in D and R% are equivalent
via Mobius transformation. Since computations are often easier in the
upper half-plane, in most of this section we will work in the upper half
plane and, occasionally, the corresponding results will be also stated in
the unit disc.

The main properties of harmonic Bloch functions are summarized in
the following proposition. We recall tha|t ‘the hyperbolic metric in R%

ds

is the metric with length element ds = {— .

Proposition 2.1. Let u € B,(R%). Then
(a) For any Mdbius transformation g € Aut(R2), uo g € B(R?)
and ||u o gl|p = ||ul|B, that is, By, is conformally invariant.
(b) For any z, w € R%,
|u(2) — w(w)| < |Jul|pdn(z, w),
where dj, denotes hyperbolic metric in R%, that is, u : (R%,d),) —

R s Lipschitz. In particular, if R C Rﬁ_ has hyperbolic diameter
at most d, then 08¢ u < |ul|pd.

(c) |u(z, )| < Ju(z, 1)| + Jullplog ;.
(d) If I C R is any interval and

i = {n saen By <in}.

then ;/Qf(cl)u < C||lu||g for some absolute constant C.
() Ifrp €R, 0 << 7/2 and
Cua={(2,9) ¢ [0 = 20| < ytga, 270D <y <277},

then 05C U < C||ul|g for some absolute constant C'.

n,0
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Proof. (a) If f is analytic in R, with Re f = u, then

IV(uog)(2)l =1(f9)(2) = (g(z)]lg' ()]
= [Vu(g(2))llg'(2)]

and the result follows from the hypothesis together with the identity
|¢'(2)| Im z = Im g(z) which holds for any g € Aut(R? ).

(b) From (a) and the fact that Mdbius transformations are isometries
in the hyperbolic metric ([Pom92], chap. 1, section 1.2), we can assume
that z = 4,w =1y, y > 0. The result then follows by integration.

(c) immediate from integration.

(d), (e) follow from (b) and the fact that 7% (I) and C,, have hy-
perbolic diameter bounded by some fixed absolute constant. 0]

There is a close connection between Bloch functions and conformal
mappings.

Theorem 2.1. Let f : RE — C be conformal. Then

<6

f”(Z)
f'(z)

Imz‘

In particular, log f' € B(R2), log|f'], Arg f' € B(R) and ||log f'||5 <
6. Conversely, if b € B(R%) and ||bl|p < 1, then there is a conformal
map f:R% — C such that b =log f'. Both constants 6 and 1 are best
possible. (See [Pom92], Proposition 4.1 for the proof).

REMARK. Note that by (e) in Proposition 2.1, the non-tangential
boundary behaviour of any Bloch function is the same, up to a bounded
error, than its vertical boundary behaviour.

2.2. Applications to the boundary behaviour of Bloch func-
tions and conformal mappings. Suppose that u € B;,(R%) and we
fix an interval in R, that will be assumed to be the unit interval [0, 1].
We will see in this section that it is possible to associate to u a dyadic
martingale in ([0, 1), |-|) in such a way that the boundary behaviour of
u turns out to be essentially equivalent to the asymptotic behaviour of
the martingale, so that many questions on the boundary behaviour of u
can be directly reformulated in terms of martingale. The key property
of Bloch functions needed for such reduction is given by the following.

Proposition 2.2. Let u € B(R%), I = [a,b], | =b— a. Then

(a) lim._ flu(x,&“) dx = S; exists and is finite.
(b) There are absolute constants Cy,C > 0 such that

][(u(x,e) —ulz, 1)) dz| < Cyllulls (2.1)

I

and, in particular, |S; —u(z, )| < C||u||p for each z € I.
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Proof. Fix e, 0 <e <l and let R =1 x [¢,l]. By Green’s theorem

0
du _.

3R3n
ou ou Lo L ow
Pz, eVdr — | Za,1)d oy)dy— | La,y)d
[ [ =| [ Fomas- [ Fenay
Yd [
< 2flulls / Y | log L.
e Y €

Therefore, if ¢(y) = [, u(z,y) dz, last inequality shows that

SO

[
' ()] < 1" (D] + 2||“||B10g§a

thus ¢’ € L'(0,1), which implies (a).
To prove (b), note that it is enough to prove (2.1), by proposition

2.1 (d). But, by (a):
/: #'(v) dy‘ < /El <|<Pl(l)|+2“u”310gé> a

[
l
< 1O+ 2lulls / log
0

ou |
/Ia—y(x,l) iz l+2l||u||3/0 log-, i

|
< <1+2/ log?dt> |ul| sl
0
REMARK 1.

Inequality (2.1) can be seen as a weak BMO-type inequality for Bloch
functions. It should be pointed out that Bloch functions do not have,
in general, radial limits.

Suppose now that we restrict our attention to a fixed interval, say
[0,1]. Then, by example (5) in Section 1.2, the assignment

lo(e) — (D] =

<

O

S]n = l]_r)% . U(l‘,g) dx

defines a dyadic martingale (S,) in ([0,1),]- ).
Proposition 2.3. If u € B,(R%), there is a dyadic martingale (S,) in
([0,1),|-|) such that
(a) [Sn(2) —u(z,y)| < C|lul|p, for any v € [0,1) and 2=+ < ¢ <
27",
(b) sup,, |Sp—Sn—1| < 2C||u||g, that is, (S,) has uniformly bounded
increments.

Here C is some absolute constant.
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Proof. (a) follows from Proposition 2.2 and Proposition 2.1 (d). To
prove (b), note that, by (a)

|Sn () = Sna ()] < [Sn(2) —ul@,27")] + |u(z,27") = Spa(7)]
< 2C|ul|

OJ

REMARK 2.

If u, (Sy) are as in Proposition 2.3, then (S,,) pointwise approximates
the vertical behaviour of u (thus also its non-tangential behaviour, by
the remark at the end of section 2.1) up to a bounded error term.
Therefore, any statement on the vertical (or non-tangential) boundary
behaviour of u stable up to a bounded error is equivalent to the corre-
sponding statement for the boundary behaviour of the martingale. In
particular,

{x €[0,1) : limu(2)| < oo} - {x €[0,1) : T[S, ()] < oo},

{:E €1[0,1) : limu(z) = oo} = {1‘ €1[0,1) : 12135,,(@ = oo}

z<x

If we apply the LIL to the martingale (S,,) and use Proposition 2.3
we get the following substantial improvement of the pointwise growth
estimate given by Proposition 2.1, (c).

Theorem 2.2 (Law of the Iterated Logarithm for Bloch functions). If
u € By(R2), then

Ju(z, y)|
\/log i log log logi

for a.e. x € R, where C' is some absolute constant.

lim

< Cllulls

Corollary 2.1 (Law of the iterated logarithm for conformal map-
pings). If f: R — C is conformal, then

— Jlogl7'a + i)
im
y=0 \/log i log log log é

for a.e. x € R, where C' is some absolute constant.

<C

Theorem 2.3. Let u € B,(D). Then
i0
Tim |u(re’)|
rot \/log —logloglog

for a.e. € € OD.

< Cllulls
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Corollary 2.2. If f: D — C s conformal,

! 0
Tim |10g|f (7“6 )||

<C
r=t \/log = logloglog -

for a.e. € € OD.

REMARK 3.

Theorem 2.3 is due to Makarov ([Mak85]), see also [Mak89a], [GM],
[Lyo90] and [Pom92]. An extension of inequality (2.1) in Lipschitz do-
mains with the corresponding applications to boundary behaviour, also
from a martingale point of view, can be found in [L1098]. [BKMS88],
[BKM90], [BM89] and [BM99] contain additional material on the Law
of the Iterated Logarithm. See [BFLO00], [GKO01] and [GKLNO1] for
more recent related results.

3. EXCEPTIONAL SETS, MARTINGALES AND MEASURES

3.1. Hausdorff measures. Hausdoff measures and contents are of-
ten used in Analysis to distinguish the size of small sets (of Lebesgue
measure zero).

Let ¥ : [0,+00) — [0,+00) be continuous, increasing, such that
U(0) = 0. We call such functions measure functions.
Let £ C RV, and ¥ a measure function. The Hausdorff U-content of
E is defined by

My (E) =inf > U(diam Q),
k

where the infimum is taken over the coverings {Q} of E by cubes.
The Hausdorff V-measure of E is
Ay =supinf » T(diam ,
1 5>Ig ; ( Q)
where now the infimum is taken over all coverings {Q} of E by cubes
with diam @ < 9.
Specially important are the choices ¥(t) = t* 0 < o < N, in
which case we just write M,(E) and A,(F). Observe that My is just

Lebesgue outer content.
The Hausdorff dimension of E is defined by

dimFE =inf{a € [0, N] : M,(E)=0}.

log 2

Tog3 and the snowflake

As an example, the usual Cantor set has dimension

curve has dimension }ggg (see [Fal85]).

Proposition 3.1. (a) My(E) =0 iff Ag(E) = 0.
(b) If @, < Wy, then My, < My, If im0t < oo, then
My, (E) > 0 whenever My(E) > 0.
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(¢) If im0 22 < 0o and My(E) > 0, then dim E > a.

o

Since, by (a) My, A are null simultaneously, My is more used in
Analysis because it has the advantage that it is finite on bounded sets.

Hausdorff measures will appear in the rest of the chapter in two
situations: to obtain fine estimates on the size of some exceptional
sets of Lebesgue measure zero arising from the boundary behaviour of
Bloch functions and also when comparing a given measure to Hausdorff
measures.

3.2. Exceptional sets. We saw in Section 1.5 (see Corollary 1.2) that
martingales with uniformly bounded increments exhibit a dichotomy-
type behaviour implying that sets like

{nglsn - j:oo} , {@54 < oo} \ F(S)

have measure zero. Now, we can ask about the size of these sets,
in terms of Hausdorff dimension. The following theorems ([Mak89a],

[Mak89b]) give an extaordinarily precise answer to that question. We
refer to [Mak89al], [GM] and [L1098] for the proofs.

Theorem 3.1. Let (S,) be a dyadic martingale in ([0,1),] - |), with
uniformly bounded increments. Then, for any interval I C [0,1), either

IF(S)NI|> 0 or My ({liT{nSn - :l:oo} N 1) >0,

where V(t) = t\/log%loglog log%. If this second possibility occurs
then, in particular, dim ({lim, S,, = oo} NI) = 1. Furthermore, the
measure function U is sharp.

Theorem 3.2. Let (S,) be a dyadic martingale in ([0,1),] - |) with
uniformly bounded increments. Then for any interval I C [0,1), either

|F(S)NI|>0 or dim <{sup|5n| < oo} ﬂ[) = 1.
The result is best possible in the sense that “dimension one” cannot be
replaced by My > 0, where U(t) = o(t¥) for any 0 < a < 1.

The corresponding translations in terms of Bloch functions follow
from Proposition 2.3. We recall that F'(u) denotes the Fatou set of w.

Theorem 3.3. Let u € B,(RY). Then, for any interval I C R, either
IF(u)N 1] >0 or My ({x eR : limu(z) = ioo} N I) >0,
z4x

where ¥ is as in Theorem 3.1. In particular, if the second possibility
occurs, then

dim ({x €R : limu(z) = :l:oo} ﬂ[) = 1.

z<x
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Theorem 3.4. Let u € B),(R%). Then, for any interval I C R, either
|F(u) N I| >0 or dim ({xER : @|u(z)| <oo} ﬂ[) =1

Again, counterexamples showing that that Theorems 3.3, 3.4 are
sharp can be obtained from the martingale counterexamples.

Theorem 3.3 solved a problem that had challenged many analysts
for a long time: the angular derivative problem. Let f : R — C be
conformal. Suppose that f has a finite non-tangential limit f(x) at
x € R. Then we say that f has an angular derivative at z if the limit

) - )
24T zZ—T
exists (possibly co). By [Pom92], Proposition 4.7, f has a finite angular

derivative at x iff f’ has the same non-tangential limit at x.
From Theorem 3.3 we get ([Mak89b)):

Theorem 3.5. Let f : R2 — C be conformal. Then f has a finite
angular derivative on a set E C R with My (E) > 0, where ¥ is as in
Theorem 3.1.

Proof. We restrict our attention to [0,1). Approximate u = log|f’| by
a dyadic martingale (S,) in [0,1), as in Section 2.2. If |F/(S)| > 0, then
by Proposition 2.3,

Hx  Tim Ju(2)] < oo}‘ >0

2z

so by the local Fatou theorem for analytic functions (see [K0098]) it
follows that f’ has finite non-tangential limit, hence f has finite angular

derivative on a set of positive measure.
If |F(S)] = 0 then by Theorem 3.1,

My {1im 8, = —o0} >0,
so, by Proposition 2.3,
My {x; limu(z) = —oo} > 0,

z4x
thus
My {z : f' has non-tangential limit 0} > 0.
Since f has a finite non-tangential limit at any point at which f’ does,
the result follows. O]

REMARKS.

(1) Theorems 3.3 and 3.4 have been extended to the case of Bloch
harmonic functions in Lipschitz domains ([L1098]). The proof
also uses dyadic martingales, the key for the reduction being
an appropriate version on inequality (2.1) in terms of harmonic
measure.
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(2) Makarov actually proved Theorem 3.4 for analytic Bloch func-
tions, which is an stronger result. See [Don01b] and [Roh93] for
further refinements in the analytic case.

3.3. Comparison of measures. Many problems in Analysis lead to
the following situation: we are given a set E with u(E) > 0, where p is
some measure intrinsically associated to the problem and we ask how
large E is, in terms of the ambient space, for instance what can be said
about its Hausdorff dimension. Then one would like to compare p with
a Hausdorff measure.

Let 4 be a positive Borel measure in RY and ¥ a measure function.
We say that p is absolutely continuous with respect to Hausdorff W-
measure (denoted p < Ay) if

W(E) > 0= My(E) > 0. (3.1)

To check (3.1) always requires a control of the py-measures of cubes in
terms of their diameters. If, for instance, we have the following global
control

Q) < CU(diam Q)

for any cube @ then y < Ay is automatically satisfied. However, a
local control is enough to get the same conclusion. As in the one-
dimensional case, let

N
mi—l m; . -
Dn:{H[ o ,2—n>.mi€Z,z—1,...,N}

i=1
be the family of dyadic cubes of the generation n in R¥. For z € RV,
let @,(x) be the only cube in D,, containing x.

Proposition 3.2. If

lim < 00

2 (diam Qn (2))
for p-a.e. x, then p < Ag.

Proof. Choose E with u(E) > 0. It is enough to assume that

1(@n(x)) < MY (diam Qn(z))

for all x € F, all n and some M > 0. Suppose that £ C UpQ} where
Q). are cubes. Fix such a (J; and let n € N be such that

27" < diam Q) < 9=(n=1),
Then @y, is covered by, at most, 2V cubes Q},--- ,Q%" € D,, and
QL :j=1,....2" k=1,2,...}

is a covering of E by dyadic cubes. It can also be assumed that QiﬂE #*
@ for all k£, 7 so

T(diam Q) > M~ 1u(QY).
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Then,

oo 2"
> U(diam Q) > 27" Y U(diam Q) > M~'27Vu(E)

k=1 k=1 j=1
which shows that My (E) > 0. O

o0

We list now some remarkable situations where comparison of mea-
sures arises.
EXAMPLES.

(1) (Zygmund measures).
A positive measure in R is a Zygmund measure if there is C' > 0
such that
(1) = ()] < C|I| (3.2)
for any two adjacent intervals I, 1" C R with the same length.
From (3.2) it is easy to get the global estimate p(I) < C4|I|log |—}|

which implies < Ay,, where U,(¢) = tlogt. However,
the optimal result ([Mak89b]) asserts that p < Ay, where

U(t) = t\/log Tlogloglog  and this measure function is sharp.
The idea behind this result can be described briefly as follows.
_ p()

Let us restrict to the unit interval. Then S; = T defines a

dyadic martingale in ([0, 1), |- |) with uniformly bounded incre-
ments so, by Corollary 1.5, S,, = O(y/nloglogn) a.e. Actually,
the stronger estimate S,, = O(y/nloglogn) p-a.e. also holds
and this (which is the difficult part of the proof) implies the
result.

(2) (Harmonic measure).

Let Q C C be a Jordan domain and f : D — 2 a Riemann
mapping, with f(0) = 2z, € Q. By Caratheodory’s Theorem
([Pom92], Theorem 2.6), f extends to a homeomorphism be-
tween D and Q. If E C 09, we define the harmonic measure of
E, in Q, from z by w(F, zp,Q2) = %}TE)', that is, the value at
2o of the solution to the Dirichlet problem in €2 with boundary
values 15 on 9Q. Then w(-, 29,2) is a Borel probability mea-
sure in 0€), called the harmonic measure with base point zy. A
lot of remarkable results in classical Complex Analysis rely on
harmonic measure estimates on special domains (see [Fuc67],
[Nev70], [Bae88]).

One of the most challenging problems in Geometric Function
Theory during the last thirty years has been to try to figure
out the geometric structure of harmonic measure in plane or
higher dimensional domains. In other words, how big are sets
of positive harmonic measure in terms of Hausdorff measures?
Or, in the language introduced above; for which ¥’s is it true
that w < Ay? We discuss this problem in the next section.
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(3) (Distortion of homeomorpisms of the real line).

Let g : R — R be an increasing homeomorphism and p, the
Lebesgue-Stieltjes measure associated to g, that is, p,(E) =
|g(E)|. Increasing version of the Cantor function show that g
can be singular, that is, can map a set of zero length onto a set of
positive length. Therefore this shows that, in general, p1, & A;.
The situation can be worse. We say that g is quasi-symmetric
if there is M > 0 such that

oo+t~ o) _

g(z) —g(z —1)

for all x € R, and ¢ > 0. In [BA56] it was shown that quasi-
symmetric homeomorphisms are exactly those which can be
quasi-conformally extended to ]Ri. It was also proved there
that there are singular quasi-symmetric homeomorphisms, so
it is still possible that p, & A; even if g is quasi-symmetric.
This suggests the question of how much can g expand, that is,
how large must £ C R be if we know that |g(E)| > 07 In
terms of Hausdorff measures, this is equivalent to ask whether
1y < Ay for some measure function ¥. We will come back to
this problem in Section 3.5.

M <

3.4. On the size of harmonic measure. As in example (2) in Sec-
tion 3.3, let {2 be a Jordan domain and suppose that one seeks estimates
of the form w <« Ay where w is harmonic measure in 2 from some fixed
base point in €.

If 092 is rectifiable, then by a result of Riesz ([Pom92], Theorem 6.8),
f € H'(D), where f : D — Q is a Riemann mapping and w, A;|0 are
mutually absolutely continuous, that is, w(E) > 0 iff M (E) > 0.

However, if 02 is non-rectifiable, it is not necessarily true that w <
A1]0Q ([Lav63]). It may even happen that w(E) = 1 but M;(E) =0
for some E C 012, so the conformal mapping can compress a set of full
length in 0D into a set of zero length ([MP73], see also [Pom92], Section
6.5). In fact, this pathological behaviour is typical from domains with
fractal boundary.

Therefore, the next step is to ask whether a conformal mapping can
compress much further, or, for which o’s, with 0 < a < 1, it is true
that w < A7

Suppose that Q@ C C is a Jordan domain, 2z, € Q, d = dist(2g, )
and 0 < r < g. Let £ C 092 with diam E' = r. Assume that 0 € F,
20 € R, d < z. Then E C D = {2z : |z| < r} and if p is the
component of Q\ D containing z, then, by the Maximum Principle,
w(F, 29, Q) < w(0D, zp,€). Again by the Maximum Principle we can

assume that 0D N 0 consists on one single arc .J. If T(z) = ~ and

T(20) = zp, () = Q, T(0Q\0D) = v and T(J) = J' then Q' C D,
' is some arc in I joining two points of D (possibly the same) and
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separating 2 from 0, and J' = 9Q \ v = 02 N oD. By conformal
invariance, w(9D, 29, Q) = w(J', 25, ).

From the Beurling-Carleman-Milloux estimate ([Nev70]), the last
harmonic measure does not exceed

4 4
w([-1,0], 25, D\ [-1,0]) = — arctan y/2{ < — arctan \/g
T T
Therefore, we have proved the global estimate
w(FE, z0,Q) < C(z0,Q2)Vdiam E
which implies w < A%.

An important advance was obtained by Carleson [Car73], who proved
that w < A1, for some £ > 0. Kaufman and Wu ([KW82]) showed

that there are Jordan domains such that w 4« Ay, where U(t) =
texp{Cy/log 1} for any C' > 0. The final achievement is due to

Makarov ([Mak85]), who proved the following astonishingly precise re-
sult:

Theorem 3.6. There is some absolute constant C > 0 such that w <

Aw, where
1 1
U(t) =texp {C’\/log 7 logloglog ;} :

Furthermore, U is sharp, up to the value of C.

We will give the proof of the first statement in Theorem 3.6 in the
specific case where 0f2 is a quasicircle. We say that a Jordan curve .J
is a quasicircle if there is a constant M > 1 such that if a,b € J, then
diam J(a,b) < M|a — b| where J(a,b) is the subarc of J with smallest
diameter joining a,b. A Jordan domain bounded by a quasicircle is
called a quasidisc.

Proof of Theorem 3.6 for quasidiscs.
Let f : D — Q be conformal. Let A C D, with |A] > 0. By
Corollary 2.2,
_ 1 / 0
o [log| (e
ol \/logl—ir logloglog T

for a.e. € € 0D and some absolute constant C' > 1.
Choose A" C A, with |A’| > 0 and 7y, 0 < 7y < 1 such that

<(C <o

. 1 1
If'(re®)| > exp {—20\/10g T loglog log - r} (3.3)

whenever ¢ € A', and ry < r < 1.
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By [Pom92], Proposition 4.19 or Theorem 4.20, there is an absolute
constant K > 1 such that if I C 0D is any arc and

zeT(I):{( —%)ew:ewe[},

1711 f'(2)] < K diam f(I) (3.4)
(note that the quasidisc property is not needed here).

Now, let 6p = (KM) '2r(1 — ro) minj, <., |f'(z)|, where M is the
quasicircle constant. Cover f(A’) by open squares {Qy} of diameters
{6k}, with o), < dp, and such that QN f(A") # & for all k. Denote by Jj
the maximal subarc of 9 intersecting Dy, and set I, = f~'(J}). Then,
by construction, A’ C Uyl and A’ NI, # @ for all k. If €% € A'N I},

let
2= |1-— e e ¢ T(I).
2m
By the quasicircle property and (3.4) we get:
Tl f'(21)| < K diam J, < KM < 2m(1 —rg) min |f'(2)]  (3.5)

|z|<ro

then

which implies that |I}| < 27 (1 — ro) and |zg| > ro.
Now, if ¥ is any measure function, we get from (3.3) and (3.5):

DU = ) ((EM) I (24)])

27 2
> Z\IJ < (KM) YIL| exp {—2(]\/Iog 7 log loglog |I7T| })

and if we choose ¥(t) = texp{20\/log%logloglog%}, it is easily

shown that the right term in (3.6) is bounded below by C(M) )", | 1|
for some C'(M) > 0. Then

pr(sk>c Z|Ik|>0 )|A'| > 0,

(3.6)

which proves that Ag(f(A)) > Aq,(f(A')) > 0. O

REMARKS.

(1) Quasidiscs with fractal boundary actually provide examples for
the sharpness part in Theorem 3.6. See [Mak89a] for further
details.

(2) Theorem 3.6 is a compression result in the sense that w must
“live” on sets of Hausdorff dimension at least 1, so the con-
formal mapping cannot compress more than this. In fact, the
corresponding expansion result, that is, that w must live on
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subsets of dimension at most 1 is also true, even in non-simply
connected plane domains ([JW88]).

3.5. Regularity of measures in terms of their doubling proper-
ties. This section describes some recent results that show how dyadic
martingales can be applied to the study of regularity of measures in
terms of their multiplicative properties.

Let u be a positive, finite measure in [0,1). Then S; = % defines
a dyadic martingale in ([0, 1), |- |) such that

pln) — p(ly)
21,

where I,,, I} are sibling dyadic intervals of the generation n. As it was
pointed out in example (1) in Section 3.3, this explains why dyadic
martingales are well suited to study additive properties of measures.
On the other hand, in the rest of the section we will be concerned
with the multiplicative or doubling properties of a measure.
If 14 is a positive, locally finite Borel measure in R we say that p is
doubling if there is some constant M > 1 such that

Sn - Snfl -

(')
for any two adjacent intervals of the same length. This is equivalent to
say that thereis §, 0 < 9 < %, such that

un

p(J) —
where J C R is any interval and I C .J is either one of the left or right
half-intervals in which J is divided.

Now, for a finite positive Borel measure u in [0, 1), we say that u is
dyadic doubling if there is 4, 0 < 6 < % such that

o
plJ) —
whenever J € D,,_y and I C J, I € D,,.

Note that “doubling” is stronger than “dyadic doubling”. Examples
of dyadic doubling measures which are not doubling will appear later
in this section.

The application of dyadic martingales to the study of multiplicative
properties of measures started in [GNO1] with the following observa-
tion: since the multiplicative properties of a given measure p are better
captured by Z; = log %, which is no longer a dyadic martingale, one
could try to approximate Z; by a dyadic martingale and hope that this
approximation gives useful information about Z;.

From this principle, the authors proved in [GNO1] a number of re-
markable results on the regularity of doubling measures in RY, with




DISCRETE MARTINGALES AND APPLICATIONS TO ANALYSIS 31

applications to the boundary behaviour of harmonic and analytic func-
tions. The approximation procedure in the one-dimensional case can
be briefly described as follows (Lemma 2.1 in [GNO1]). Let p be a pos-
itive, finite measure in [0,1). Then there is a dyadic martingale (.S,)
in ([0,1),] -]) and a non-negative, non-decreasing sequence of func-
tions (P,) in [0,1), which is predictable (each P, is constant on any
I, 1 € D, ;) such that

I
log M|([ |) =5, —P,

for any I,, € D,,. Furthermore, if i is dyadic doubling,
(S)n(x) =< A7 (1)(2),
Pu(x) < A (p) (),

- L) 1\°
Ai x) = ( M( i - _> )
(1) () ; W) 2
{I;(x)} are the dyadic intervals containing = and the comparison con-
stants only depend on the doubling constant of . Then (S, (z)) con-
verges (and so does P,(z)) a.e. x on {A% (u) < oo} by Theorem 1.3
and, on the other hand, by the LIL (Theorem 1.4) applied to (S,),

Sn = O(V/(S)nloglog(S),) = o(Py)

a.e. on {A% (u) = oo}.
The following is a one-dimensional restatement of some results in

[GNO1]:

Theorem 3.7 ([GNO1], Theorem 1.1). Let p be a positive dyadic dou-
bling measure in [0,1), and let p = fdx + pg be its decomposition into
absolutely continuous and singular part. Then
(a) The sets {x : f(x) > 0} and {z : A% (u)(x) < oo} can only
differ in a set of Lebesque measure zero
(b) w is singular iff A% (n)(x) = oo for a.e. (Lebesgue) z € [0, 1)
(¢) There is an absolute constant C > 0 such that exp (C A2 (1))
L0, 1] implies p < A;.

where

S

After that, [GNO1] moves into a group of deep results relating the
boundary behaviour of the Poisson integral of a positive measure in the
upper half-space to the so called multiplicative area function which is
the usual area function of logu, instead of w.

The rest of the section is devoted to describe some recent results on
the regularity of measures contained in [LN02]. Let p be a positive,
finite Borel measure in [0, 1), not necessarily dyadic doubling. For each
keN, let

(1)
p(Ig—1)’
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where the infimum runs over all dyadic intervals I,_; € Dj_; and
I C I_1, I}, € Di. Then 0 < 9, < % 0 informs about the dyadic
doubling properties of y at scale k so it is natural to expect that the
smaller the d;s are, the more singular x is. In particular, p is dyadic
doubling iff inf}, §;, > 0.

A natural question is:

Given the sequence (dy), how can we get comparison
estimates like 1 < Ay for some measure function de-
pending on the sequence (d)?

The starting point in [LN02] is, somehow, dual to the followed in
[GNO1] for now one would like to approximate log% by a dyadic
martingale with respect to the measure p itself.

An important role in the explanations which follow will be played
by the entropy. We recall that if 0 < A < 1, then the entropy of the
distribution {), 1 — A} is defined by h(A) = Alog 5 + (1 — A)log 5.
Then 0 < h(A) < log2, with h(A) =0 iff A =0 or 1 and h(\) = log?2
iff A = 1

Entropy has a nice interpretation in Information Theory; it measures
the expected information (in terms of surprise) associated to the prob-
ability distribution {A, 1 — A\}. The maximal entropy corresponds to
the case A = 1 (maximal uncertainty) and the minimal entropy corre-
sponds to A = 0 or A =1 (no, surprise, deterministic). See [App96] for
more details and interesting historical comments.

Let us come back now to the measure p. We will write, hereafter,

I
(k-1 (2))
The following is Proposition 3.1. in [LN02].
Proposition 3.3. Let o be a Borel probability measure in [0,1). Then

there is a dyadic martingale (S,) in ([0,1), 1) and a non-negative, non-
decreasing predictable sequence (P,) such that

u(l,)
log AR Sp + Py.
In fact,
. - )\k(l')
k=1

Pu(x) = nlog2 — Hy(2),

where Hy(x) = Y p_, h(Ax(x)), h(Ng) being the entropy associated to
e

Corollary 3.1. If u, (S,), H, are as above, then
p(In(x)) = exp {Su(z) — Hu(x)} . (3.8)
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Corollary 3.2. The quadratic characteristic of (Sy,) is given by

Z)\k 1_)\k ))lOgZ%

Hereafter, we will refer to H, as the entropy term in (3.8). Note
that the better the doubling properties of y are (that is, the bigger the
Jr’s are), the bigger the entropy is. This is confirmed by the following
result, which is a counterpart of statements (a), (b) in Theorem 3.7.

Theorem 3.8.
(a) p is singular iff lim,(nlog2 — Hy,(x)) = oo p-a.e.,

(b) p is absolutely continuous iff lim,(nlog2 — H,(z)) < co p-a.e.

Before continuing with the general case, we will describe an impor-
tant class of dyadic doubling measures that are extremal for the type
of problems we are interested in. See [Mak86], [Bou93] for applications
of the construction in Geometric Function Theory.

ExaMPLE. Fix 0 < § < % Suppose that we give mass 1 — 0
to the interval [0,1) and mass ¢ to the interval [$,1). Iterating this
pattern, we can construct a probability measure js in [0, 1) such that,

if I,y € Dp_1, In—1 = I, UL where I ,I7 € D, are the left and

n n’n

right dyadic children on In—l; then
pL,) = (1= 0)pu(ln-),
(L) = 6u(l, 1) (see [Shi84], page 152).
We can explicitly compute (S),, and Hp:
J

() = nd(1— 6)log? -,

1 1
Hn—n<5log5+(1—5)log1_5> = nh(9).

Note also that, by Proposition 3.3, sup,, |S, — S,_1| < C(J) < 00 so
(Sp) ha uniformly bounded increments. By Theorem 1.5, we get:

T 1| B e O (3.9)

ps-a.e. Now, from Proposition 3.3, (3.8) and (3.9) we can derive some
interesting consequences. Let a(d) = % Then:

() .

ps(In())

|Tn ()|
as soon as 0 # % This shows that pus is singular if 0 < § < %
(Of course, jiy = Lebesgue measure. )

= exp {Sn(z) — n(1 — a(8))} == oo p-ae. x,
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Tim p15(Ln ()
n 27 exp {Cy/nloglogn}

Therefore, by Proposition 3.2, 15 < Ay,, where

< 00 pi-a.e. T.

1 1
Ws(t) = 9 exp {C’\/log n loglog log ;} . (3.10)

In particular, j15 < Ay s5)—. for any e > 0. Note also that p; is
not doubling.

Essentially the same procedure works if u is dyadic doubling for in
this case, there is §, 0 < § < % such that A\g(x) > 0 > 6, all k, all
z €10,1) and

(SY, = O(n), H, > nh(9), |S, — Sn_1] = O(1),
so, using the LIL (Theorem 1.5) in the same way we get:

Corollary 3.3. Let p be a dyadic doubling measure in [0,1), with

infy 6, > 6 > 0, for some 0 < & < L. Then p < Ay,, where U

is given by (3.10). In particular, p < Aoi)—- for any € > 0. Here

a(d) = ﬁ)(gog is the normalized entropy associated to §.

The assertion 1 < Ay 5)—. in Corollary 3.3 had already been proved
by Heurteaux ([Heu95], [Heu98]).

The general (non-doubling) situation requires more work. When
trying to run the argument above, two different questions arise:

(a) Is there an upper bound of the LIL for the martingale (S,,) in
(3.8)7

(b) Assuming that (a) has been achieved, under what conditions is
it true that \/(S), loglog(S), = o(H,)?

First, it should be pointed out why question (a) is meaningful. Recall
from remark (3) at Section 1.7 that, for general martingales, the LIL
(even the upper bound) requires some restrictions on the increments.
But, unless y is dyadic doubling, the martingale (S,,) in (3.8) does not
have uniformly bounded increments and the growth restrictions needed
for applying the general LIL would be quite unpleasant here. It turns
out that, if the martingale (S,,) is related to u as in (3.8), it is possible
to drop any assumption on the increments in order to get a one-sided
upper bound.

Theorem 3.9. Let p be a probability measure in [0,1) and (S,) the
martingale associated to pu as in (3.8). Then

Tm Sn <1

n \/2<S>nloglog<5>n -
p-a.e. on {{S), = oo}.
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To prove Theorem 3.9 it is enough to check that eS» 25l is a
supermartingale in ([0,1), 1) (see Remark (1) in Section 1.7). This is
seen to be equivalent to the following elementary inequality

Ael Vg 25 4 (1-— )\)et)‘log% < exp {%t2)\(1 — ) log? ?} ,

where 0 < A < 1, ¢ > 0. In the higher dimensional case, we were
able to prove an analogous, though more involved, inequality, with %
replaced by some dimensional constant (Lemma 3.3 in [LN02]).

Regarding question (b), it should also be remarked that some restric-
tion on the sequence (d;) must be required in order to get p < Ay for
some measure function ¥. For instance, this is impossible for any ¥ if
v has atoms, which can happen if ), 6, < oo (imitate the construction
of 115 in the example with variable d;’s).

According to Theorem 3.9, to control (S,) by H, requires first to
control (S), by H,.

Lemma 3.1.

(S)n, < CH,log <n10g2>

n

for some absolute constant C.
Now, Theorem 3.9, Theorem 1.3 and Lemma 3.1 give:

Corollary 3.4. There is an absolute constant C' > 0 such that

Tm Sn <c

" \/Hn log (2"}11—052) log log (Hn log (%—?2))

p-a.e. on {lim, H, = co}.

Now the final step is to show that the square root in Corollary 3.4
is small compared to H,, as soon as H, is big enough (which can be
accomplished if the d;’s are not too small). This is also elementary.

Lemma 3.2. Assume that

li Hy
im =
n (logn)(logloglogn)
Then
2nlog?2 2nlog 2
\/Hn log < n[;jlg ) loglog <Hn log < n[;lg )) = o(H,)
as n — oo.

Now we are ready to state the main results in [LN02]:
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Theorem 3.10. Suppose that

Y py Ox log i B
(logn)(logloglogn)
Then p < Ay for any measure function ¥ such that
v(2T") =

= exp {C\/An log <2n:10g2> loglog (An log <2n:10g2>> — An} ,

where A, =Y 1_ h(0;) and C is some absolute constant.

lim
n

Note that if §; > 4, then A,, > nh(d) and we recover Corollary 3.3.
In fact, only a control of §; at many scales is needed.

Corollary 3.5. Suppose that 0, > 0 > 0 for allk € A C N. Then
(a) If A has density 1, that is, lim,, 7#(A2[1’”D =1, then p < Ay5)—c
for any £ > 0.
AN[1,n])

b) If A has positive lower density, that is li_rn#( > 0, then
( p y? 7 n J

<K Ag for some > 0.

While one of the main motivations in [LN02] was to obtain regu-
larity estimates for measures which are not necessarily doubling, it
turns out that the same techniques give also new results for measures
with good doubling behaviour. We say that p is dyadic symmetric if
o — % as k — oo. Symmetric measures (which can be seen as mul-
tiplicative counterparts of Zygmund measures) have received special
attention recently ([AANT9], [Can98], [DN02]) because of their inter-
esting connections with Function Theory. The first regularity result on
symmetric measures goes back to Carleson [Car67] who proved (with
our notation), that if -, (3 — 5k)2 < oo, then p < A;. Note that
Theorem 3.7 (¢) provides a substantial improvement.

In the dyadic symmetric case we get from Proposition 3.3, Corol-

lary 3.2:
n 1 2
(S)nxz<§—6k> ,
k=1
n 1 2
H, <xnlog2 -0 ) .
-0(%(3-4))

Theorem 3.11. If i is dyadic symmetric then yu < Ay, where U is
any measure function such that

W2 = 2" exp {okz: (% _ 5k>2}

for some absolute constant C' > 0.
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Now all these results can be applied to the distortion of homeomor-
phisms on the real line. Recall that if g : R — R is an increasing home-
omorphisms we denote by p, its Lebesgue-Stieltjes measure. Note that
[ty is doubling iff ¢ is quasi-symmetric. In general, suppose that

t) —
(M(t))—l S g(l‘+ ) g(l’) S M(t)
g9(x) =gz —1)
for some M (t) > 1 which is assumed to be monotone (the case M (t) 1
oo as t | 0 is allowed). Then:

Corollary 3.6. There is an absolute constant C' > 0 such that
(a) If M(t) < M then py < Ay,,, where

1 1
Uy (t) =t exp {C\/log p log log log ;}

log2
(b) If
1 log M(S) dS
. ft M(S) 'S o
lim T T~ = 00,
t— 0 (loglog ) (loglogloglog +)

then py < Ay, where

) o {0 [ E85)

() If M(t) L 1 as t 10, (ug is symmetric) then p, < Ay, where

U(t) = texp{C/tl(M(S) - 1)2%}.

REMARKS.

(1) Corollary 3.6 (b) can be rephrased in terms of harmonic mea-
sure of the operator obtained as a pull back of the Laplacian
with the Beurling—Ahlfors extension of g. The lack of general
existence and uniqueness results for such degenerate operators
is the responsible of the one-sided formulation.

(2) The use of martingales in the study of fine properties of mea-
sures has been recently used in [L1002], where some questions
in Geometric Function Theory motivated the construction of a
special class of singular doubling measures in R .
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