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ABSTRACT

Kalvine, Viktor

Scattering and point spectra for elliptic systems in domains with cylindrical ends
Jyvaskyla: University of Jyvaskyla, 2004, 82 p.

(Jyvéaskyld Studies in Computing

ISSN 1456-5390; 41)

ISBN 951-39-1928-5

Diss.

In the present work we consider a class of dissipative and self-adjoint elliptic prob-
lems for systems of differential equations of arbitrary order in domains with finitely
many cylindrical ends. One can treat the cylindrical ends as waveguides and intro-
duce families of incoming and outgoing “waves.” The amplitudes of these waves
may grow with exponential rate at infinity. Taking into account finitely many
waves, we introduce (augmented) scattering matrices. The scattering matrices
turn out to be of use in many applications. In particular, such effects as surface
waves in diffraction gratings, trapped water waves in channels, and bound states in
quantum waveguides can be characterized in terms of the matrices. We suggest and
justify a numerical method for the computation of the matrices. The results allow
to study acoustic and electromagnetic diffraction gratings, quantum waveguides,
various problems in elasticity and hydrodynamics.

Keywords: elliptic problems, scattering matrix, augmented scattering matrix,
radiation conditions, cylindrical ends, cylindrical outlets, approximation solution,
surface waves, trapped modes.
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1 Introduction and main results

1.1 Introduction

We consider a class of dissipative and self-adjoint elliptic problems for systems
of differential equations of arbitrary order in domains with finitely many cylindrical
ends. Under certain assumptions on the coefficients of the problem one can treat
the cylindrical ends as waveguides and introduce incoming and outgoing “waves”.
The amplitudes of such waves can grow with power or even exponential rate at
infinity. Owing to the classification of waves, the boundary value problems admit
well-posed statements with intrinsic radiation conditions; in connection with this
the scattering matrices appear. These matrices can take into account not only
the oscillating modes but also finitely many modes with growing amplitudes. The
norm of such a matrix turns out to be less or equal to one; the scattering matrix
of a formally self-adjoint problem is unitary. In terms of scattering matrices one
can find the number of linearly independent solutions to the homogeneous problem
decreasing at infinity with a given rate.

We suggest and justify a numerical method for computing such scattering ma-
trices. The computation of a row of scattering matrix reduces to the minimization
of a quadratic functional. We cut off the cylindrical ends at a finite distance R.
Then we use the optimization of the mentioned functional to match a solution in
the truncated domain to a predetermined combination of waves at the truncation
boundary. At this part of the boundary we set a condition of the impedance type.
To obtain the functional, we numerically solve auxiliary boundary value problems
in the truncated domain. The minimizer of the quadratic functional tends expo-
nentially to the corresponding row of the scattering matrix as R goes to infinity.
We emphasize that the method is developed for augmented scattering matrices
which take into account finitely many waves with growing amplitudes.

In applications, the obtained results allow to include into consideration, in
particular, acoustic and electromagnetic diffraction gratings, quantum waveguides,
various problems in elasticity and hydrodynamics. In the “classical” situation,
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where the Sommerfeld or Mandelstam radiation principles can be employed, the
above conception of the waves coincides with that in the principles, and the scat-
tering matrix coincides with the classical one. The augmented scattering matrices
turn out to be of use in different applications. For example, such effects as surface
waves in diffraction gratings, trapped water waves in channels, and bound states
in quantum waveguides can be characterized in terms of augmented scattering ma-
trices.

Let G C R" be a domain with cylindrical ends; this means that outside
of a large ball the domain GG coincides with the union of semi-infinite cylinders
I, ... ,Hf . The boundary 0G of G is smooth. In the domain G we consider
the general elliptic boundary value problems {L(x, D, ), B(z,D,))} with matrix
L(x,D,) of differential equations and matrix B(z, D,) of boundary conditions.
The operator {L, B} is assumed to be dissipative. In particular, operators that
are self-adjoint with respect to the Green formula are dissipative. The coefficients
of differential operators stabilize at infinity with exponential rate to functions that
are constant along the axis of the cylinder Hi, 7 =1,...,N. The limit bound-
ary value problem in the infinite cylinder IV is supposed to be self-adjoint with
respect to the Green formula. This allows us to extract by a known method
(cf. [1]-[5]) two families of asymptotic solutions to the homogeneous equations
{L(z,D,), B(z,D,)}u(x) = 0 in the semicylinders I , ... II¥. One of these fami-
lies plays the role of incoming waves, whereas the other consists of outgoing waves.
The families can contain not only bounded asymptotic solutions but also those
growing exponentially in amplitude at infinity. Taking into account a finite num-
ber of the waves, one can introduce the (augmented) scattering matrices. If the
problem is not strictly dissipative then the norm of the scattering matrix is less
or equal to one, and the number of linearly independent solutions to the homoge-
neous problem that decrease at infinity with a given rate can be found in terms of
the scattering matrices (existence criterion for the point spectrum). In the case of
strictly dissipative problem, the norm of the scattering matrix is strictly less then
one, and there are no decreasing solutions to the homogeneous problem. We discuss
the problem statement with the so-called radiation conditions. This is a way of
choosing solutions (possibly with a certain arbitrariness). The intrinsic radiation
conditions (only outgoing “waves” occur in asymptotic formulas for solutions) can
be applied anyway. Other admissible radiation conditions for the problem under
consideration are connected with the intrinsic ones via scattering matrices.

For formally self-adjoint problems, similar results were obtained in [1]-[5].
The general self-adjoint elliptic systems with “impedance” boundary conditions
were considered in [6], where, in particular, properties of scattering matrices were
discussed. All these topics are studied in the first part of the thesis; here we follow
the paper [7].

The second part of the work is devoted to the method for numerical computa-
tion of the augmented scattering matrices. This method was originally suggested
for acoustic and electromagnetic non-absorbing diffraction gratings in [8] and there
was given an outline of the justification of the method. A numerical implemen-
tation was employed in [8, 9] to detect families of surface waves in a number of
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diffraction gratings. In [6, 10, 11] the method was developed for general elliptic
formally self-adjoint boundary value problems in domains with cylindrical ends,
some examples of numerical realization can be found in [11, 12]. In the thesis we
present and justify the method for computing scattering matrices to the arbitrary
dissipative and self-adjoint elliptic problems; this part of the thesis is based on the
paper [13]. We give a detailed proof of the convergence of the method. In particu-
lar, an essential part of the proof is new for the problems considered in [8, 9]. Let
us describe the method.

First we assume that the homogeneous problem {L(x, D,.), B(z, D,)}u(z) =0
in the domain G has no nontrivial solutions that exponentially decrease at infinity.
To compute a scattering matrix means to find the asymptotics of some solutions
to the homogeneous problem that, in general, exponentially grow as |z| — oo.
(Emphasize that the method is developed not only for the “classical” scattering
matrices but also for the “augmented” matrices, which take into account finitely
many waves with growing amplitudes.) To this end we cut off the cylindrical ends
of ITL, ..., IIY at a finite distance R. Thus, we obtain the bounded domain G*.
As an approximation of a solution Y to the problem in the domain G we choose
a solution Y% to the problem in G such that Y satisfies some special boundary
conditions with unknown numerical coefficients on the truncation boundary. To
compute the coefficients, we construct a quadratic functional J®. As coefficients
we take the components of the minimizer of the functional J¥. We prove that the
minimizer tends exponentially to a row of the scattering matrix as R — +oo.

Now, instead of the above assumption, we suppose that the problem
{L(z,D,), B(x, D;)}u(z) = 0 in the domain G may have nontrivial solutions that
exponentially decrease at infinity. In this case, we can assert that the method
converges exponentially provided that these nontrivial solutions decrease “not too
rapidly”. These additional requirements may be caused not by the method for com-
puting scattering matrices itself but by the way of justification of the convergence
of this method. Nevertheless, in the papers [6, 8, 9, 10, 11] it is necessary to assume
that there are no nontrivial decreasing solutions to the homogeneous problem. Or,
allowing such solutions vanishing exponentially at infinity, we should require, as
above, that such solutions decrease “not too rapidly.” One of applications of the
method is the search of the point spectrum of the operator {L(z, D,)—p, B(x, D,)}
with spectral parameter u; see [8, 9, 11]. This is based on the above-mentioned
existence criterion for the point spectrum.

In Chapter 2 we study the dissipative problems. In particular, we define
the (augmented) scattering matrices. Such matrices were already used to study
self-adjoint elliptic problems. The matrices were introduced in [1], [2], and [4] for
self-adjoint boundary value problems in a cone. In [1], [2], and [4], an existence
criterion for nontrivial solutions to the homogeneous problem was obtained in terms
of scattering matrices provided that the behavior of the solutions in a neighborhood
of the vertex of the cone is prescribed. These results can be easily adapted for
the self-adjoint problems in domains with cylindrical ends [5], [15]. The above-
mentioned criterion becomes the existence criterion for the point spectrum of the
corresponding problems (trapped modes in waveguides, surface waves in diffraction
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gratings). In [15] and [16], this criterion was used to prove the existence of surface
waves for some diffraction gratings described by the Helmholtz equation (cf. also
[5]).

For a dissipative problem, the norm of the matrices is less or equal to one.
Although the fact could be expected from an analogy to the classical situation, we
have to prove this all the same; recall that we deal with the “nonclassical” scattering
matrices and the waves involved may grow in the amplitude. In definition and in
the study of the scattering matrices, the relative index formula for the Fredholm
operator of the boundary value problem in weighted function spaces plays a crucial
role (the operator of the problem acts in weighted spaces; as usual by the relative
index is meant the difference between the indices of the operator in the two distinct
weight spaces). The dissipation allows us to obtain some additional information
about asymptotics of the elements in the kernel.

We study the well-posed statements of boundary value problems with “radia-
tion conditions”: in the domain of the operator of the problem only functions with
special asymptotics are admissible. For example, this approach is reasonable if the
statement of problem in the standard weighted space scales does not lead to the
unique solvability (see e.g. [1, 2]). Furthermore, the results are used in Chapter 3,
where we justify the method for the computation of scattering matrices.

A substantial step in the justification of the method consists in obtaining an
approximate solution to the problem in the truncated domain G¥ for large R. We
find the approximate solution compounded of solutions to ”limit problems”. In
other words, we employ the compound expansion method (see [17]). The roles of
the limit problems are played by the initial boundary value problem in the domain
G and some problems in the semi-infinite cylinders I, ... LIV, I all the limit
problems are uniquely solvable in certain classes of functions exponentially decaying
at infinity, then the applicability of the compound expansion method is provided by
Theorem 5.6.3 in [17]. However, generally the problem in G can have a nontrivial
kernel and (or) a nontrivial cokernel, and other limit problems can have nontrivial
cokernels. Such a situation occurs, for instance, in the theory of diffraction gratings
(the Helmholtz equation with large wave number k). Another example is given by
the Stokes system (see [18] where the compound expansions method was used and
an estimate for the norm of the inverse operator of the problem in G¥ was obtained
as R — +00). The compound expansions method is applicable provided that the
nontrivial solutions to the homogeneous problem in GG decrease “not too rapidly”,
and some system of linear algebraic equations is solvable. (That is why we are
forced to require that these solutions decrease “not too rapidly”.) The solvability
of the system requires a special investigation. The matrix of the system is expressed
in terms of scattering matrices of the limit problems. On the truncation boundaries
of the domain G*, we set “impedance”-like boundary conditions. Owing to this
fact, the limit problems in the semicylinders IT%, . .., 1Y turn out to be strictly
dissipative and the norms of the corresponding scattering matrices are strictly less
than 1. The norm of the scattering matrix of the problem in the domain G does
not exceed 1. This implies that the determinant of the above-mentioned algebraic
system does not vanish. We construct an approximate solution to the problem in
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G and prove an estimate for the norm of the inverse operator of the problem in
GT as R — +o00o. Note that this part of the proof is new for the Helmholtz equation
as well (the corresponding assertion in [8] was given without proof).

The remaining part of the proof is an adaption of the scheme suggested in
[8]. We show that the quadratic functional J# does not degenerate for any R <
00. (Recall that the computation of a row of scattering matrix reduces to the
minimization of J%.) There exists a unique minimizer a(R). The minimal value
J%(a(R)) decreases exponentially as R — +oo. Having obtained this information
and taking account of the asymptotic behavior of the waves, we verify that the
difference between a(R) and the corresponding row of the scattering matrix is of
order O(exp(—¢R)) with certain positive € as R — +00.

In Appendix we develop an approach that allows us to extend the theory
of elliptic problems in domains with cylindrical ends, well-developed earlier for
the case of exponentially stabilizing coefficients (see e.g. [1, 2]), to the case of
slowly stabilizing coefficients. These results are obtained in collaboration with
Pekka Neittaanmaki and Boris A. Plamenevskii and published for the first time.
Some results for a class of formally self-adjoint problems with slowly stabilizing
coefficients were presented in [14] without proofs. The approach announced in [14]
was developed in [25], where the formally self-adjoint problems were studied.

1.2 Main results

Here we cite some results of the thesis. Consider an elliptic boundary value
problem
Lz, Dy)u(z) = f(z), x€G,

B(z, D)u(x) = g(x), =€ IG, (L)

where k X k-matrix L = ||L;;]| and m x k-matrix B = ||By;|| consist of differential
operators; moreover, ord L;; = 7;+7; and ord By; = max 7,4+-0,+7;, i+ - +7, = m.
As usual, 7; and o, are integers appearing in the definition of an elliptic problem
in the sense of Petrovskii, 7; > 0, and o, < 0; see e.g. [21]. Let the Green formula

(Lu,v)e + (Bu, Qu)oe — (u, Lv)g — (Qu, Biv)se =0
be valid for all u,v € C*(G). Here, Q, B,, and Q, are some m x k-matrices of
differential operators, L, is the formally adjoint operator of L. We denote by (-, )g
and (-,+)sg the inner product in the spaces Ls(G) and Ly (OG) respectively. Let
the problem (1.1) be dissipative in the following sense:

Im{(Lu,u)G -+ (Bu, Qu)ag} >0 Yue CSO(G)

We assume that in every semicylinder I, = {(y",t") : y" € Q",t" > 0}, the
coefficients of the operators L(y",t", Dy, Dyr) and L. (y",t", D,r, Dyr) stabilize to
the coefficients of a limit operator L"(y", D,r, D;») at an exponential rate as t" —
+00. The operators B and B, stabilize to B” (Q and Q, stabilize to Q") in the
same manner as L stabilizes to L". The limit operator {L", B"} in the cylinder
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" = " x R is formally self-adjoint, » = 1,..., N. In the cross-section " of
II" we define the operator pencil C 3 X — A"(\) = {L"(y, Dy, \), B"(y, D, \) }.
The spectrum of A" consists of normal eigenvalues and is symmetric about the real
axis. The total algebraic multiplicity of the eigenvalues of the pencil in the strip
{A € C: |ImA\| < v} is always even and will be denoted by 2M". As is known
[1]-[5], in the space of solutions to the homogeneous problem {L", B"}u = 0 in the
cylinder II" such that |u(y”,t")| < Cexp(y]t"]), there exists a basis u]i satisfying

¢ (xu;, xup) = Fide, ¢ (xuj,xuf) =0,  j k=12 M}
here y € C®(R), x(t") =1 for t" > 2 and x(t") =0 for t" < 1, and
q (u,v) = (L"u,v)r + (B u, Q"0)snr — (u, L'v)nr + (Q"u, B™v)anyr

(see e.g. [5]). We introduce a through numeration in the union of such bases, first
indicating the elements of a basis in II! and then in II12, 113, ... II", and obtain
the set of functions yui, yus,..., xui, where M = M' + .- + MY, We extend
Xu;-t, j=1,..., M by zero to the domain G. The elements Xu;-F (Xu]_) are called
incoming (outgoing) waves.

Theorem 1.1. Let v > 0 and let 2M be the total algebraic multiplicity of the
eigenvalues of the pencils AL, A2, ... AN in the strip {\ € C: |Im \| < v}. Denote
by K(~y) the linear space of all solutions to the homogeneous (dissipative) problem
(1.1) satisfying u(z) = O(exp(v|z])) as |z| — oo. In the space K(vy) there exists a
basis Y1,Ys, ..., Yy modulo K(—~) such that

M

V(o) = uf + 3 Sy +Olexp(—rll),  j=1L...M,  (12)
k=1

as |z| — co. The norm of the matriz S = ||Sjk||}5—, is less or equal to one.

The matrix S is called the (augmented) scattering matrix (corresponding to
7). Generally speaking, the M x M scattering matrix S(v) is not a block of the
M' x M’ matrix S(v') for v/ > v and M’ > M. If the operator {L, B} of the
problem (1.1) is formally self-adjoint then the scattering matrix S is unitary (see
[1]-[5]).-

The following theorem describes the statement of dissipative problem with
intrinsic radiation conditions. Here, for simplicity, we assume that the right-hand
side { f, g} of the problem (1.1) consists of smooth functions with compact supports;
Theorem 2.16 contains a general assertion.

Theorem 1.2. Suppose that
i. v >0 and the line {\ € C: Im X =~} is free from the eigenvalues of the pencils
AL AN
ii. the set {Zy,...Zy} consists of all linearly independent solutions to the problem
Li(z,D,)z(z) =0, z€G,
B.(z,D,)z(x) =0, x€IG,
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satisfying Z;(z) = O(e™*l), 2 € G;
iii. the right-hand side {f, g}, where f € C*°(G) and g € C°(0G), satisfies

(vaj)G+(97QX])8G:07 j:177d
Then there ezists a solution to the problem (1.1) such that
u(x) = ayuy () + aguy () + - -+ 4+ apuy, () + O(e 7)), = € G,

where
aj =—i(f,Z;)a —i(9,.9%)oc, j=1,..., M.

The solution u, u(x) = O(e*), is determined up to a solution v to the homogeneous
problem (1.1) such that v(z) = O(e™ ).

Now we formulate the method for computing scattering matrices. We intro-
duce the sets

= {(y,#) el : ¥ > R}, G"=G\UY "

for large R. Then 0GT\ G =Tt = U, '™ where I = {(y",t") € I" : " = R}.
In addition to the above assumptions we suppose that the operator {L, B} differs
from a formally self-adjoint operator only on a compact set in G (in other words
L.(x,D,)=L(x,D,), Bi(z,D,) = B(z,D,) and Q,(x, D,) = Qz, D,) for |z| > R
with some large R). The scheme can be applied (with obvious modifications) to
some other classes of dissipative operators (for example, to operators of the form
L + q, where L = L, and ¢ is the operator of multiplication by a complex-valued
function ¢ that exponentially decreases at infinity). We have

(LU, ’U)GR + (BU, QU)agR\FR + (Nu, @U)FR
= (u,L.v)gr + (u, Buv)serre + (Du, Nv)rr, (1.3)

where D and N stand for m x k-matrices of differential operators, D being a
Dirichlet system (cf. [21]). As an example of the Dirichlet system we can take the
matrix consisting of m rows of the form e 0" where j =1,...,k,h=0,...,7,—1,
e = (614,...,0k;), and v is the outward normal to I'. If in particular k = 1,
then D is the usual Dirichlet system of order 7 (see [26]-[29]).

Consider the boundary value problem in the truncated domain G*#:

L(z, D)X = 0, z¢eG~,
B(z, D)X = 0, x€dGH\TH, (1.4)

M
(N+i¢D)X} = (N+ z{@)(uf + Zaw}), zelf,
j=1

where ¢ € R\ {0}, the complex numbers ay, ..., ays are arbitrary, and the operators
D and N are the same as in formula (1.3).
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As an approximation of the row (Sg, Se, ..., Senr) of the scattering matrix
S = S(v), we take the minimizer a°(R) = (a{(R),...,a%;(R)) of the functional

2
)

TRy, .. an) = HD(x{f —uf =Y aju;)(, R); Lo(T) (1.5)

where X (-, R) is the trace on I'® of the solution to the problem (3.6) depending
on (ay,as,...,ay).

Let us explain the origin of the problem (1.4). It is obvious that the solution
Y, to the homogeneous problem (1.1) satisfies the first two equations in (1.4). Since
the asymptotic equality (1.2) can be differentiated, we have

M
(N +iCD)Y; = (N + (D) (ug +y aju;) +O(e )
j=1

for a; = Sy, i.e. the function Y} leaves an exponentially small discrepancy in the
last equation of (1.4). Therefore, one can expect that a? — 5;; with exponential
rateas R - ooand j=1,..., M.

The following theorem justifies the above method:

Theorem 1.3. Let { be a fized positive number and let the homogeneous problem
(1.1) have no nontrivial solutions that exponentially decrease at infinity. Then for
any R > Ry there exists a unique vector

a’(R) = (ai(R), ..., ay(R))
minimizing the functional Jf in (1.5). The inequalities
|a§-)(R) — 81| < C(e) exp(—eR)
hold for j = 1,..., M with a positive € and a constant C(e) independent of R.

A more general assertion (that includes the case of existence of exponentially
decreasing solutions to the homogeneous problem (1.1)) is given in Theorem 3.21.

1.3 Numerical detection of trapped modes

As was mentioned in Introduction, one of the possible applications of (aug-
mented) scattering matrices concerns the use of the existence criterion for expo-
nentially decreasing solutions. Let us discuss this in detail. Let 0 < v < 4/, and let

the waves uy,,,...,uy, be chosen in such a way that u +u; = O(exp —v|z|),
j = M+1,...,M" (such a choice is possible; cf., for example, [5]). To con-
struct S(7') we complete the set {uf,...,u3;} with the waves uyy,,...,uy, and

the set {Y7,..., Yy} with the solutions Yy i1,...,Yar. In the general case, S(v)
does not coincide with the block of the matrix S(7’). Denote by N(v) (N(') re-
spectively) the dimension of the space of solutions u to the homogeneous problem
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(1.1) satisfying the estimate u(z) = O(exp(—7|z|)) (u(z) = O(exp(—7'|x|)) respec-
tively) as |z| — oco. We write the scattering M’ x M’-matrix S(7’) in the form
S(') = 1S llij=1,2, where the block S(a9 is of size (M' — M) x (M’ — M). Then
we have

N() = N(7/) = dim ker (Sp) — 1), (L.6)

where the right-hand side is equal to the dimension of the eigenspace of S22
corresponding to the eigenvalue 1.

We now explain the equality (1.6). Suppose that there exist M and M’ such
that N(v)—N(7') > 0. Then there exists a solution u to the homogeneous problem
(1.1) such that u(x) = O(exp(—v|z|)) as |z| — oo, and the estimate u(z) =
O(exp(—+'|z|)) is not valid. Thus, formula (1.6) yields not only the existence of a
nontrivial solution u but also some information about the behavior of this solution
at infinity.

Here, as an example, we implement our method to detect a Neumann trapped
mode for the Helmholtz equation in a plane domain with two cylindrical ends.

Let G consist of the points (z,y) € R? satisfying the inequalities

ly| <dy/2  for  xz € (—o00,—0.5),
|y| < (dg — dl)ZE/Q + (dg + dl)/4 for x e [—05, 05]7
ly| < dy/2  for  x € (0.5, +00),

where d; and dy are the widths of the left and right outlets, and dy > d;. In the
domain G we also put a circle hole B, of radius r < d;/2, centered at the point
(0,0). Let us consider the problem

(A+EHu(r,y) =0, (2,9) € G\ By %(x,y) =0, (z,y)€0GUIB,, (1.7)
where v is the outward normal to 0G U 0B,.

We look for a wavenumber k for which there exists an exponentially decaying
solution to the problem (1.7), see Fig. 1 and Fig. 2. In particular, in the case
d; = dy, the results obtained are in good agreement with those in [19]. To solve the
auxiliary problems in the truncated domain G¥ we employ finite element technique.
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1.6

15F N B

07 ! ! ! ! ! ! ! ! !
2 2.2 24 2.6 2.8 3 3.2 3.4 3.6 3.8 4

FIGURE 1: Trapped modes for = 0.8 (solid line) and r = 0.5 (dashed line) while

d; = 2, wavenumber k£ and width dy are variable. The dash-dot line corresponds
to the threshold 7/ds.
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F1GURE 2: Trapped mode for dy = 2, do = 3, r = 0.8, and the wavenumber
k = 0.988.



2 Dissipative and accretive problems, scattering
matrices, and radiation conditions

This chapter contains a scattering theory of dissipative elliptic systems. The
operator {L, B} of the problem is supposed to be dissipative (or accretive) in
the sense of Definition 2.1 below. The operator acts in weighted spaces of func-
tions exponentially growing at infinity. Thanks to the dissipativity one can ob-
tain some additional information about asymptotics of the elements in the kernel
(Lemma 2.10). This allows to prove a relation for the dimensions of the kernel and
cokernel of the operator of the problem (Proposition 2.9). Then we prove the exis-
tence of a special basis in the kernel of the operator of the problem and thereby we
introduce (augmented) scattering matrices (Proposition 2.11 and Definition 2.12).
Proposition 2.13 asserts that the matrices are contractions. In terms of matrices we
compute the number of linearly independent solutions to the homogeneous problem
with a given behavior at infinity (Proposition 2.14).

In Sec. 3, we discuss the statement of a problem with radiation conditions: the
domain of the operator contains only functions with special asymptotics (Theorem
2.16). The natural radiation conditions (the solution mainly consists of outgoing
waves for dissipative waves and of incoming waves for accretive ones) can be utilized
in every case. To verify whether given radiation conditions can be used, it is
required to know the scattering matrix (cf. Proposition 2.17). As is shown in
Sec. 4, the dissipative problem with intrinsic radiation conditions is associated
with the maximal extension of a dissipative operator. The chapter is based on the

paper [7].

2.1 Statement of the Problem. Preliminaries

2.1.1 Domain and boundary value problem.

We denote by II", » = 1,..., N, the cylinder in R"*! with cross-section Q.
In 1", we introduce the Cartesian coordinates (y",t") so that II" = {(y",t") : y" €
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Q" t" € R}. We suppose that the cross-section Q" is a domain in R” with compact
closure Q' and smooth boundary 9. Assume that the domain G in R**! has
smooth boundary 0G and, outside a ball of sufficiently large radius, coincides with
the union I} U... UTIY of disjoint semicylinders IT", = {(y",¢") € II",¢" > 0},
In the domain G, we consider the elliptic boundary value problem
Lz, Dou(z) = f(z), z€G,
B(z, D, )u(x) = g(z), =€ IG,

where k x k-matrix £ = ||L;;]| and m x k-matrix B = ||B,;|| consist of differential
operators; moreover, ord L;; = 7,4 7;, ord By; = max 7, +0,+7;, and 7+ - -+ 73, =
m, where 7; > 0 and o, < 0.

We assume that for u,v € C2°(G) the Green formula holds:

(Lu,v)g + (Bu, Qu)ag — (u, Lyv)a — (Quu, Bov)oe = 0. (2.2)

Here, Q, B,, and Q, are some m X k-matrices of differential operators, L, is the
formally adjoint operator of L. We denote by (-,)¢ and (+,-)s¢ the inner product
in the spaces Lo(G) and Lo(0G) respectively. We assume that the coefficients of
all the operators are smooth and the operator {L,, B.} is elliptic.

We equip an operator with superscript r if it is written in the coordinates
(y",t") inside the semicylinder II",. Assume that there exist matrices L", B", and

(2.1)

Q",r=1,..., N, of differential operators whose coefficients are smooth in Q" and
are constant with respect to t"; moreover, the coefficients of the differences L™ — L,
B'—B", Q"—Q",and LT —L", B, — B", Q7 — Q" together with all their derivatives,
decrease like O(exp(—dt")), d > 0, as t" — +o0.

Among all operators {L, B} of the problem (2.1), we extract classes of dissi-
pative and accretive operators in accordance with the following definition.

Definition 2.1. The operator {L, B} is said to be dissipative if for all u € C°(G)
Im{(Lu,u)g + (Bu,Qu)sc} = 0 (2.3)

and accretive if the sign < is realized in (2.8) instead of >.

Remark 2.2. The self-adjoint Green formula

(Lv,w)g + (Bv, Quw)ag — (v, Lw)g — (W, Bw)ag =0, v,w € C(G), (2.4)
holds if and only if
for allu € C®(G). Indeed, from (2.5) we get

(Lu,u)g + (Bu, Qu)ag — (u, Lu)g — (Qu, Bu)sg =0, u € C2(G). (2.6)
Substituting v+iw, v—iw, v+w, and v—w foru in (2.6) and using the polarization
identity
(Lv,w)g = 1/H(L(v +w), (v+w))e — (L(v —w), (v —w))e
+i(L(v +iw), (v + w))g — i (L(v —iw), (v —iw))g}

(and the similar expressions for (Bv, Qw)sq, (v, Lw)q, and (Qu, Bw)ag ), we arrive
at (2.4). The converse assertion follows from (2.4) immediately.
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2.1.2 Function spaces

Denote by eg, 3 € R, a smooth positive function in G that is equal to exp 5t"
in the semicylinder II'_. Introduce the space Wg(G) as the completion of the set

C(G) in the norm
lu; WE(G)II = llegus H(G)],

where H*(G) is a Sobolev space. Let Wéil/Q(ﬁG) be the trace space on dG of
functions in W§(G). We set

k
DEW(G) = [[ W5 ™ (@),
j=1

k m
REW(G) = [[wh (@) < [[ws ™ "(06),
=1

q=1
where 7 = max{7;} and ¢ > 7. By the assumptions in subsection 2.1, we have
ord L;; = ord Lj; = ord L.y,
ord B,; = ord B[j = ord B,;.
The following mappings are continuous:

A(B) = {L, B} : DGW(G) — RZW(G), (2.8)
A(B) = {L., B.} : DEW(G) — REW(G).

2.1.3 Operator pencils
From the equality (2.2) we obtain the Green formula in the cylinder I1":
(L"u,v)r + (B™u, Q") = (u, L™v)r + (Q"u, B™v)anrr, (2.10)
where u,v € C2° (ﬁr), r=1,...,N. We consider the formally self-adjoint operator
A" (Dy) = {L"(y, Dy, Dy), B"(y, Dy, D)},
where (y,t) = (y",t") € II". Introduce the operator pencil
CoA—=A"(\)={L"(y, Dy, \),B"(y, Dy, \)} (2.11)

in the domain €2". The spectrum of the pencil 2" consists of normal eigenvalues and
is symmetric with respect to the real axis. Each strip {A € C: |[Im\| < h < oo}
contains at most finitely many eigenvalues.

Proposition 2.3 (see [1], [2]). The operator (2.8) of the problem (2.1) is a Fred-
holm operator if and only if the line R+ i3 = {\ € C: Im X = 3} is free from the
spectra of the pencils A", r=1,..., N.
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We denote by A_0,...,\,, o = 0, all real eigenvalues of the pencil A" (if
the number of real eigenvalues is even, then \q is absent). We enumerate nonreal
eigenvalues so that

0<ImAoy <ImAs <. ..

and A\, = A_,, where v =%+ 1,° +2,.... Suppose that
{gp(yo’j), . ,gol(,”f”_l’j);j =1,...,J, :=dimkerA"(\,)}

is a canonical system of Jordan chains of the pencil 2" corresponding to the eigen-

value \,. Here, <pl(,o’j) is an eigenvector and (p,(}’j)’ o ’(ID(V%]'V_Lj)

tors [1],[2], [20]. The functions

are associated vec-

g

iy _ 1y o
a7 (y,6) = explid) 3 i (it) 6 ), (212
=0
where 0 =0, ..., 5, — 1, satisfy the homogeneous problem

L"(y, Dy, Dy)v(y,t) =0, (y,t) €I,
B"(y, Dy, Dy)v(y,t) =0, (y,t) € OII".

(2.13)

We introduce the form
q"(u,v) = (L"u,v)pr + (B"u, Q") onr — (u, L'v)pr — (Q"uy B™0)gnr. (2.14)

If u,v € C(IT'), then ¢"(u,v) = 0 in view of (2.10). Let x € C™(R), x(t) = 1 for
t >2and x(t) = 0 for t < 1. The form ¢" is extended to the pairs {xu'"", yu\"™},
and the following assertion holds.

Proposition 2.4 (see [1],[2]). Jordan chains {gpl(,a’j)} can be chosen in such a
way that for any cut-off function x (x € C®(R), x(t) =1 fort > 2 and x(t) =0

fort < 1) the following conditions are satisfied.

L. If |v|, |p| > vo, then qT(Xu,(fT’j), Xuff’p)) = 10_1,10j 05, —1—0yr-

2. If ||, |ul < wo, then ¢ (xul™”, yull?") = F00y,.05p05¢;, —1—or, Where the
choice of the sign depends on v and j (but it cannot be chosen arbitrarily).

3. If [v] < vy and |p| > vy, then q’"(XuSU’j),Xu,(f’p)) = 0 for arbitrary choice of

Jordan chains and for any superscripts.

2.1.4 The space of waves

We extend by zero the functions Xu,(f’j ) defined (cf. Sec. 1.3) in the semicylin-
der II’, to the domain G. Consider the form

q(u,v) = (Lu,v)g + (Bu, Qu)ag — (u, L.v)e — (Qu, B.v)sg. (2.15)
As was shown in [1],[2], the equality ¢(xul™”, xulT™) = ¢"(xul™”, yulT?) is valid
if the corresponding eigenvalues ), and A, of the pencil 2" belong to the strip
{N € C: |ImA\|l < v}, where v < /2 (the parameter § is responsible for the
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stabilization rate of the coefficients of the operator; cf. Sec. 1.1). As is known
[1],]2],[4], the total algebraic multiplicity of all the eigenvalues of the pencil that
belong to the strip is even. We denote it by 2M"(= 2M7). Let WI(G) be the

linear span of functions representable in the form Xul(,a’j )+ w, where w € @gW(G)
and |Im\,| < v < 6/2. We define the space of waves W, (G) with the indefinite
metric p(u,v) := ig(u,v) as the lineal spanned by the spaces W(G), ..., WI'(G).
It is obvious that p(u,v) = p(v,u) and p(u,u) € R.

The quantity p(u,u) plays the role of the total energy flow transferred by the
wave u through the infinitely far cross-sections of cylindrical ends. Positive vectors
(i.e., such that p(u,u) > 0) are called incoming waves, whereas negative vectors
(p(u,v) < 0) are said to be outgoing waves. The space W,(G) is degenerate in
the sense that p(u,v) = 0 for any u € DIW(G) and v € W,(G). (Indeed, the
Green formula (2.2) can be extended by continuity to functions u € DLW (G) and
v e D W(G); it is clear that W,(G) C D W(G).) For the quotient space

W, (G )/DZ (@) of dimension 2M, M = M'+...+ M?" one can choose the basis
(ct. [L1-5)

+ + = -
UL oo Uy U e Uy (2.16)

such that
pujy ur) = +0,;, plup,ul) =0, hj=1,... M. (2.17)

The space W, (G) is represented as the p-orthogonal direct sum

W, (G) = ST[+]S™[HDLW(G), (2.18)
where ST and S~ are the linear spans of the functions uy,...,u}, and uy, ..., uy,
respectively. The decomposition (2.18) and the choice of the bases (2.16), (2.17)
are not unique.

To conclude the section, we formulate the following assertion.

Proposition 2.5 (see [1],[2]). Let 0 < v < §/2, and let the line R + iy = {\ €
C : Im X = v} be free from the spectra of the pencils A", r = 1,...,N. For any

solution u € D*_W(G) to the homogeneous problem (2.1) the following inclusion
holds:

M
u— Y (auf +bju;) € DIW(G) (2.19)
7=1

with some complex coefficients a; and b;, 7 = 1,...,M. (In other words, any

element of ker A(—7) of the operator (2.8) belongs to the space of waves W (G).)

2.2 Dissipative and Accretive Problems

2.2.1 Properties of the operator {L, B}

Let us also use another definition of a dissipative operator.
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Definition 2.6. An operator {£, B} is said to be dissipative if for all u € C>°(G)
L—-L, B—-B, 9Q+9Q, B+B, Q-Q,
—u,u | + —U, U — U, —U >0
21 G 21 2 e 2 21 Py

and accretive if the the left-hand side is nonpositive.

Proposition 2.7. 1. The definitions 2.1 and 3.1 are equivalent.
2. An operator {L, B} is dissipative (accretive) if and only if the adjoint
operator with respect to the Green formula (2.2) {L., B.} is accretive (dissipative).
3. On elements u of the space of waves W.(G), we have

1 L—-L,
Im{(Lu,u)g + (Bu, Qu)sc} = —Ep(u, u) + ( 5 W u)
e

N (B —.B*u’ Q+ Q*u) B (B +B*u’ Q —.Q*u) ‘ (2.21)
21 2 oG 2 21 aG

4. The inequality (2.20) is extended by continuity from the set C°(G) to the
space D W(G) (D W,(G)).

Proof. Assertions 1-3 immediately follow from definitions and the Green
formula (2.2). We prove assertion 4.

The coefficients of the operators L — L,, B — B,, and Q — Q, decrease, to-
gether with all their derivatives, like O(exp(—d|z|)) as |x| — oo. Consequently, the
following mappings are continuous:

{L - L., B-B.}:DLW(G) — Ri_W(G),

2.22
{Q o Q*} . ‘DZ_,V HW€+T+0LI+1/2 8G) ( )

where
orquj :Orquj = —Orqui+Ti+Tj —1 =T; —0¢q — T — 1

in view of the assumptions in Sec. 1.1. We recall that 0 < v < §/2. Let u € C=(G).
Each inner product on the left-hand side of the inequality (2.20) is estimated in
terms of ||u; D W (G)|| (it suffices to use Cauchy-Bunyakowski-Schwarz inequality
and take into account the continuity of the mappings (2.22)). To complete the
proof, we complete the set C2°(G) with respect to the norm of the space D W (G).
O

Corollary 2.8. 1. Let the operator {£, B} of the problem (2.1) be dissipative. Then
{L, B} is dissipative on “nonincoming” waves in the sense that the inequality (2.3)
holds on the set {u € W.(G) : p(u,u) < 0}.

2. Let the operator {L, B} be accretive. Then {L,B} is accretive on “non-
outgoing” waves and the inequality (2.3) holds on {u € W,(G) : p(u,u) = 0} with
the sign > replaced by <.
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2.2.2 The kernel of the operator A(—7). Scattering matrices

We first establish the relation (2.23) for the dimensions of the kernel and
cokernel of the operator (2.8). Then we prove the existence of special bases modulo
‘DﬁW(G) in the space ker A(—<) and thereby we introduce the scattering matrices
S and T (cf. Proposition 2.11). In Proposition 2.13, we show that the matrices
G and ¥ are contractions. One can express in terms of the matrices G and ¥ the
dependence of the dimension of ker A(y) on the parameter v (cf. Proposition 2.28).
Finally, we clarify how scattering matrices of adjoint operators with respect to the
Green formula (2.2) are connected (cf. Proposition 2.29). The arguments of this
section are close to those in [6].

Proposition 2.9. Let 0 < v < 6/2, and let the line R+ iy be free from the spectra
of the pencils AL, ... AN in (2.11). We assume that the operator {L, B} of the
problem (2.1) is dissipative or accretive. Then

dim ker A(—7) — dim ker A(y) = dim coker A(y) — dim coker A(—~) = M, (2.23)

where 2M s the total algebraic multiplicity of all eigenvalues of the pencils
AL AN in the strip {\ € C: |Im \| < 7}.

We start by proving the following assertion.

Lemma 2.10. Let the assumptions of Proposition 2.9 be valid, and let, for defi-
niteness, the operator {L, B} be dissipative. The following assertions hold.

1. For any u € ker A(—~) the inequality p(u,w) = 0 holds.

2. For any u € ker A, (—7) the inequality p(u,u) < 0 holds.

3. If
M
u € ker A(—7y), u-— Zajuj_ € DQW(G) (2.24)
j=1
with some complex coefficients a;, then a; = ay = ... =ay =0, u € ker A(7).
4. If
M
u € ker A (—7), u-— Z bjul € DiW(G) (2.25)
j=1
with some b; € C, then by =by = ... =by =0, u € ker A, (7).

Proof. 1. We note that for u € ker A(—v) (C W,(G)) the (indefinite) metric
p(u,u) is well defined. By Proposition 2.7, the equality (2.21) holds. Assume the
contrary: u € ker A(—y), p(u,u) < 0. Then the left-hand side of the equality
(2.21) vanishes, whereas the right-hand side is strictly positive. Indeed, it suffices
to note that the estimate (2.20) holds (cf. assertions 1 and 4 of Proposition 2.7).
We arrive at a contradiction, which proves assertion 1. The proof of assertion 2 is
similar.
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3. Let (2.24) hold. We compute p(u,u). We use the equality (2.17) and the
fact that the lineal D! (G) is p-orthogonal to the space W, (G). We have

M M M
o) = o S ie. Yy ) = = D lasf (2:20
k=1 j=1 =1

By assertion 1, we have the inequality p(u,u) > 0. From (2.26) it follows that
ar=as=...=ay = 0. Hence

ue DIW(G), u€kerA(y).

Assertion 3 is proved. Assertion 4 is proved in a similar way. O

Proof of Proposition 2.9. We consider, for example, the case of a dissipative
operator {£L, B}. From Proposition 2.5 we have

7 := dim ker A(—7) — dim ker A(y) < 2M.

We show that 7 < M. If 7 > M, then there is an element u ¢ ker A(7) satisfying
the inclusions (2.24). We obtain a contradiction with assertion 3 of Lemma 2.10.
Similarly, using assertion 4 of Lemma 2.10, one can show that

T, := dim ker A, (—7v) — dim ker A, (v) < M.

As usual, the cokernel of the operator is described in terms of the kernel of

the adjoint operator with respect to the Green formula (cf., for example, [1],]2]).
We have

dim ker A, (—v) = dim coker A(),

2.27
dim ker A, (y) = dim coker A(—7). (227)

By (2.27), to complete the proof it remains to exclude the possibility 7 < M or
T« < M. For this purpose, we consider the index

Ind A(y) = dimker A(y) — dim coker A(7)
of the operator A(7). As is known [1],[2],
Ind A(—7) — Ind A(~) = 2M.
We write the left-hand side of the last equality in the form
(dim ker A(—v) — dim ker A(y)) + (dim coker A(y) — dim coker A(—7)) = 7 + 7.
Thus, we have 7+ 7, = 2M, 7 < M, and 7, < M. But, in this case, 7 = 7, = M.

To consider the case of an accretive {L, B}, it suffices to exchange the roles
of the operators {£, B} and {L., B.} (cf. assertion 2 of Proposition 2.7). O
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Proposition 2.11. Let 0 < vy < §/2, and let the line R + i7y be free of the spectra
of the pencils A, ... AN,

1. If the operator {L, B} is dissipative, then the space ker A(—~) possesses a
basis Zy, ..., Zy modulo DLW (G) such that

M
j=1

2. If the operator {L,B} is accretive, then the space ker A(—7) possesses a
basis X1,. .., Xy modulo DEW(G) such that

M
=1

Proof. Let an operator {L, B} be dissipative or accretive. By Propositions
2.9 and 2.5, the space ker A(—+) possesses a basis Y;,..., Yy modulo "DQW(G)
such that
M

Vi = (agjuf +bgu;) € DEW(G), k=1,...,M, (2.30)

Jj=1

with some complex coefficients ay; and by;.

To prove assertion 1, it suffices to show that rank [lax;||y),—; = M, if {L, B}
is dissipative.

Assume the contrary: rank [lag|[z’;,—; < M. Then there exists a linear com-
bination u = ¢;Y] + ... 4+ ¢y Y such that u & ker A() and the inclusions (2.24)
hold. We arrive at a contradiction with assertion 3 of Lemma 2.10. Assertion 1 is
proved.

Assertion 2 is proved in a similar way. Let the operator {L, B} be accretive,
and let rank [|by;l[z’;—; < M. There exists a linear combination u = ¢1Y; + ... +
ey Y such that u & ker A(7) and the inclusions (2.25) hold with A.(—7) replaced
by A(—v) and A.(v) replaced by A(7).

To arrive at a contradiction, it suffices to formulate assertion 4 of Lemma
2.10 in terms of the operators A(y) and A(—7), where {L, B} is accretive. Thus,
rank ||by;[|lx—; = M, and assertion 2 is proved. O

Definition 2.12. The matrices & = ||&y;|l)",—; and T = ||y, from Proposi-
tion 2.11 are called scattering matrices.

Proposition 2.13. The scattering matrices & and T are contractions.

Proof. Let {L,B} be a dissipative operator. We denote by Zi,..., Zy the
basis from Proposition 2.11. We set ©w = a1 21 + ... + oy Zay, where a € CM and
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lo; CM || = 1. We compute p(u, u). We have
o o Sonfut s} St + 5 )
=1+ p< Z( Xk:ak%) u; Z( zm:amsmg) ug> =1—[ja%; CM|2 (2.31)

l

(cf. (2.26) from the proof of Lemma 2.10). It is clear that v € ker A(—v). By
assertion 1 of Lemma 2.10, we have p(u,u) > 0. Together with (2.31), this leads
to the estimate ||aT; CM|| < 1.

Similarly, one can prove that the matrix G is a contraction. 0

Proposition 2.14. Let 0 < v < 4 < §/2, and let the lines R + iy and R + i~/
be free from the spectra of the pencils A1, ... AN. We construct the basis (2.16),
(2.17) by parameter v and complete it to the baszs {ui}M (corresponding to ~') so
that uf +u; € DEW(G) for s = M +1,...,M" and the relations (2.17) hold for
h,j=1,..., M’ (cf., for example, [5]). If {L, B} is dissipative, then

dim ker A(7) — dimker A(v') = dim ker(T*? — I),
and if {L, B} is accretive, then
dim ker A(7y) — dim ker A(y') = dim ker(&*? — I).

Here, T** and &%? denote (M’ — M) x (M' — M)-submatrices of the scattering
matrices T = || T (V) |lke=12 and & = ||&"(7)||x.e=12 respectively.

Proof. In fact, the proof is contained in [5], where similar arguments are
given for problems that are self-adjoint relative to the Green formulas. In the case
of a dissipative operator {L, B}, we use the contraction matrix T instead of the
unitary scattering matrix S. If the operator is accretive, the same arguments are
valid for the matrix &. O

Proposition 2.15. Let the assumptions of Proposition 2.11 hold.

1. If the operator {L,B} is dissipative, then in ker A.(—v) of the operator
(2.9) there exists a basis X1, ..., Xy modulo DLW (G) satisfying (2.29); moreover,
G =T, where ¥ s the scattering matriz from Proposition 2.11.

2. If the operator {L, B} is accretive, then in the space ker A, (—7y) there exists
a basis Zi, ..., Zy modulo @ﬁW(G) satisfying the relation (2.28); moreover, T =
&*, where & 1is the scattering matriz from Proposition 2.11.

Proof. 1. The existence of a basis of the form (2.29) modulo D{W(G) for
the subspace ker A,(—7) follows from the Proposition 2.11 and the fact that the
operator {L., B,} is accretive. We prove that & = T*. Let a, 3 € CM. Tt is clear
that

> apZi €kerA(—y), D BeXo € ker Au(—).
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Therefore,

p( >, Zﬁm) =0.

On the other hand, by (2.28), (2.29), and (2.17), we have

P( Z Ly, Z @Xz) = P( Z ay, (UZ + Z Tkjuj_) ; Z Be (UZ + Z GthZ))
K ¢ k j ¢ h

= Z i 5eS — Z OékBeTu = (6" = %), B)cnm.
Kt ot

Thus, for any «, 3 € CM we have (a(&* — %), 3)cm = 0. Therefore, T = &*. The

proof of assertion 2 is similar. O

2.3 Problem with Radiation Conditions

As above, we suppose that the line R+ is free from the spectra of the pencils
A, AY and 0 < v < §/2. Denote by W, (G) the space of waves (2.18). Now,
for the quotient space W, (G) /DLW (G) we take an arbitrary basis uy, us, . . ., uans.
We consider the restriction A of the operator A(—v) in (2.8) to the subspace
b+ DLW (G), where b is the linear span of the functions uy, ..., uy (cf. (2.18)).
The mapping A : h[-+H] DLW (G) — REW(G) is continuous.

Theorem 2.16. Suppose that the operator {L, B} of the problem (2.1) is dissipative
or accretive, my,...,nr, is a basis of the kernel ker A.(v) of the operator (2.9),
and the right-hand side {f,g} € JQ?YW(G) satisfies the orthogonality conditions
(fimj)e + (9,9m)oc =0, j=1,...,T.. We assume that for the space ker A,.(—7)
one can choose a basis Vi, ..., Vi modulo DQW(G) that is compatible with the basis
Ui, ..., usp for the quotient space WV(G)/QQW(G) in the following sense:

p(uj, Vi) =0k, k,j=1,....,M. (2.32)

Then the following assertions hold.

1. There exists a unique up to an arbitrary element of ker A(7y) solution u €
b[+] DLW (G) to the problem (2.1).
2. The following inclusion holds:

V=EU— a1Up — AUy — ... — QppUpp € D,‘;W(G), (2.33)

where a; = Z(fa%)G +Z<g7 QV})@G: ] = 17 .. ‘JM'

3. The solution u satisfies the inequality

[o; DEW(G)|| + |aa| + |az| + ... + land| < C({S, g} REW (G| + lleyv; Lo(G)])).-
(2.34)

4. Let ¢y, ...,Cr be a basis for ker A(vy). The solution u satisfying the addi-
tional conditions (u,(j)e = 0, j = 1,...,T, is unique and satisfies the estimate
(2.34) with the right-hand side replaced by the expression ||{f, g}; REW (G)].
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Proof. The operator A(—7) is a Fredholm operator (cf. Proposition 2.3).
Therefore, the orthogonality conditions (f,n;)ac + (9,9nj)ec = 0, j = 1,..., T},
provide the existence of a solution u € D*_ W (G) to the problem (2.1). By Propo-
sition 2.9, the equalities (2.23) hold. Suppose that {Uy, ..., Uy} is a basis modulo
DLW (G) for ker A(—v) and {C1,...,{r} is a basis for ker A(y). A general solution
to the problem has the form

M T
w=u'+Y Ui+ Y dily, (2.35)
j=1 k=1

where u” is some special solution in the space of waves W., (@), whereas the con-

stants ¢; and dj, are arbitrary. The relation (2.33) can be provided by the choice of
constants ¢, ..., cy. Indeed, in the opposite case, there are constants Ay, ..., Ay
and C,...,C)s such that

M M
ZAjUj — Z CjUj € DgW(G), (236)
j=1 j=1

moreover, [A;|+ ...+ |Ay| > 0. It is clear that

M
> AU; € ker A(—7)

=1
and

M
p(ZAjUj,vk> =0, k=1,...,M. (2.37)
j=1

On the other hand, the inclusion (2.36) and relation (2.32) imply

M M
p(ZA]Uka) :p(ZC]u],Vk> :Ck, k’:L,M, (238)
j=1 j=1

where we used the p-orthogonality of W, (G) and DLW (G). Together with (2.37),
this yields the equalities Cy = Cy = ... = () = 0, which contradicts the linear
independence of Uy, ..., Uy modulo DQW(G).

Thus, we have established the inclusion (2.33) with some constants a;. As-

sertion 1 is proved. To obtain explicit formulas for the coefficients a;, we compute
p(u, V;). As in the case (2.38), we find

M
p(u, V) —p(Zakuk,Vj> =a;, j=1,...,M.
k=1

It remains to note that p(u,V;) = iq(u,V;) = i(f,V;)a +i(g,QV;)ac. Assertion 2
is proved.
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Finally, assertions 3 and 4 are direct consequence of the formulas for a; (for
details we refer to [1, Remark 3.2.2] ). O

Inclusions of the form (2.33) are usually called radiation conditions. In the
classical case, such a definition agrees with the Sommerfeld and Mandelstam princi-
ples (energy radiation). By Theorem 2.16, to list all possible radiation conditions is
the same as to list all the bases uy, . . ., uzps for the quotient space W, (G) /DLW (G)
and bases V4, ..., Vay modulo DLW (G) for the subspace ker A, (—v) compatible in
the sense of (2.32).

Proposition 2.17. Suppose that the operator {L, B} of the problem (2.1) is dissi-
pative and for the quotient space W.(G) /DLW (G) the basis (2.16), (2.17) is taken.
Let {X1,...,Xum} be a set of solutions to the homogeneous problem {L., B.}v =0
satisfying the inclusions (2.29). Then the following assertions hold.

1. If R is arbitrary and S is an invertible operator in CM, then

kama

( ol +ZRJ,,{u +26m })

where j,k =1,..., M, satisfy the condition (2.32).

2. If a basis V1, ..., Vi modulo DQW(G) for the space ker A, (—~) and a basis
U, ..., Uz for the quotient space WV(G)/DfYW(G) satisfy (2.32), then there exist
operators R and S such that the equalities (2.39) hold.

(2.39)

Mi HME

m=1

Proof. Assertion 1 is established by direct computations of the left-hand
side of the equalities (2.32) on the elements (2.39). Let us prove assertion 2.
Since Vi, ..., Vyr and Xq,..., X, are bases for the same space of solutions to the
homogeneous problem {L,,B.}v = 0, we obtain the first equality in (2.39) with
some invertible matrix S. (The existence of the basis X7, ..., X/ is guaranteed by
Propositions 2.7 and 2.11.) We set

M
uj = E SimUy,-
m=1

It is easy to see that p(u;, Vi) = 0j, k,j = 1,..., M. Suppose that p(w;, Vi) = dy;
for some wy, ..., wy. Then p(u; —w;, Vi) =0 for all j,k=1,..., M. In particular,

ZRJp{u +ZG,,Z } (2.40)

where R is some matrix. Indeed, the sums w} +3 &.u; yield asymptotic formulas
for the elements Z, of the basis Zi,.. ZM modulo @EW(G) for the subspace
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ker A(—7) (cf. Proposition 2.15) and the following equalities hold:

(u +ZGW, ) p(Zy, Vi) =0, pk=1,... M.

The quotient space W, (G)/D, W (G) has dimension 2M. Therefore, the arbitrari-
ness is exhausted by the equality (2.40). O

Remark 2.18. If the operator {L, B} of the problem (2.1) is accretive, then all the
collections {Vi,...,Vir} and {uy, ..., uap} that are compatible in the sense (4.1)
are defined by the transformations (2.39) with X,, replaced by Z,, and &* replaced
by TF. Here, {Z1,...,Zy} is a family of solutions to the problem {L,, B.}v =0
such that the inclusions (2.28) hold (such a family exists in view of Proposition
2.11). The proof is the same as that of Proposition 2.17.

Remark 2.19. If the operator {L, B} of the problem (2.1) is dissipative and

M
u]:ZSjmu;l, j=1,..., M,

where S is some invertible matrix, then the existence of a compatible in the sense
(2.82) basis Vi, ..., Vi modulo DLW (G) for the space ker A, (—) is guaranteed by
Propositions 2.17, 2.11 and assertion 2 of Proposition 2.7. Similarly, if {L, B} is
accretive and

M
uj:ZSjmu:;, j=1..., M,

where S 1s some nonsingular matriz, then there exist Vi, ..., Vi, compatible in the
sense (4.1) (cf. Remark 2.18 and Propositions 2.11, 2.7). Theorem 2.16 justifies
the statement of the problem (2.1) with the radiation conditions (2.33). In the
general case, in order to verify the existence of suitable Vi, ..., Vay, it is necessary
to know the scattering matrix.

2.4 Dissipative Operators in Spaces with Weight Norm
2.4.1 Relationship with the classical definition of a dissipative operator.
The adjoint operator

Here we assume that the elliptic system {£,B} is homogeneous. In other
words, 71 = 7y = ... = 7, = 7 and DLW(G) = 1, W27(G). With the problem

(2.1) we associate an operator M with the domain
DM) ={ue @iW(G) : B(z, Dy)u(z) =0,z € 0G}
that acts in the Hilbert space

2(Gse_y) H I/VE7
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by the formula
(Mu)(z) = e, (2)*L(z, Dy)u(x). (2.41)
We denote by (-,-)_, the inner product

(u,v)_y = /e,y(a:)Qu(x)@dx (2.42)

in the space Ly(G;e_,).

Proposition 2.20. Suppose that the operator of the problem (2.1) is dissipative in
accordance with Definition 2.1 and the line R + iy does not contain the spectra of
the pencils A, ..., AN and 0 <y < §/2. Then the following assertions hold.

1. The operator M is closed.

2. For elements u € D(M) the following estimate holds:

Im(Mu,u)—y =0 (2.43)

(in other words, the operator M is dissipative in the classical sense).
3. The following equality holds:

ker M = ker A(7),

where A(7) is the operator (2.8).
4. For the coker M one can choose a basis X1, ..., Xy modulo DéW(G) such
that the inclusions (2.29) hold.

Proof. Let us check that the operator M is closed. Let {w’} and {F7} be
sequences convergent in Ly(G;e_.), and let w? € D(M) and Mw’ = F7. By (2.41),
the function w’ satisfies the problem (2.1) with the right-hand side {f7,¢’} =
{e?,37,0}. The estimate (2.34) (where v = w’, a; = a; = ... = ay = 0 and
{f,9} = {/7,0}) and the convergence of the sequence {f’} in Ly(G;e,) imply the
convergence of {w’} in DLW (G). Therefore, u = limw’ € D(M) and Mu = lim F7.
Assertion 1 is proved.

Let us prove assertion 2. We consider (2.41), (2.42) and write the equality

Im(Mu, u)—y = Im{(Lu, u)g + (Bu, Qu)oc } (2.44)

for u € D(M). By Corollary 2.8, the inequality (2.3) holds for functions in the
set {u € W,(G) : p(u,u) > 0} D D(M). Together with (2.44), this leads to the
estimate (2.43).

The proof of assertion 3 is obvious, and assertion 4 is a direct consequence of
Proposition 2.11. O

Proposition 2.21. The operator M*, adjoint to M in the space Ly(Gie_s), is
defined on the set

DM*) = {v € W,(G) : B.(z,D,)v(x) =0,z € 0G} (2.45)
and acts by the formula

(M*v)(z) = e, (2)*L(z, Dy)u(x). (2.46)
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Proof. Consider the equality (2.15). Let u € D(M)(C D{W(G)), and let
v € DM*)(C W,(G)). Then ¢q(u,v) =0 and

(Mu,v)_y = (u, M) _,. (2.47)
It remains to show that if for v, h € Ly(G;e_)
(Mu,v)_y = (u,h)—y YV ueDM), (2.48)

then v € D(M*) and M*v = h.

Let (1,...,(r be a basis for the space ker M = ker A(~y). By (2.48), we have
(¢j,h)—y =0, j = 1,...,T. Therefore, there exists a solution v’ to the problem
{L., B.}v" = {€* h,0} in the space of waves W, (G). We have

(), = (1, M)y = (M, o).
Together with (2.48), this leads to the relation
(Mu,v —2v")_, =0 YV ue DM).
Consequently, v — v" € coker M C W,(G) and the function v belongs to the set
(2.45). We note that M*v = M*v' = h. O
2.4.2 Maximal extension of a dissipative operator

We extend the dissipative operator M from Sec. 4.1 by adjoining representa-
tives of waves to the domain. Suppose that the assumptions of Theorem 2.16 hold
and u; = Uy, ug = Uy,..., Uy = Uy, h =S~ (then the relations (2.32) automati-
cally hold; cf. Remark 2.19). With the problem (2.1) with the radiation conditions
(2.33) we associate an operator M with the domain

DM) ={u:ueSsS” [—i—]DiW(G), B(z, Dy)u(z) =0,z € 0G} (2.49)

that acts by formula (2.41) with M replaced by M. We recall that the parameter
7y is chosen in such a way that the line R+ is free from the spectra of the pencils
AL .. AN, We also recall that A(vy) and A.(7y) denote the operators (2.8) and
(2.9) respectively.

Proposition 2.22. The closed operator M is dissipative (i.e., Im(Mu,u)_, > 0
for all uw € D(M)); moreover, ker Ml = ker M = ker A(y) and coker Ml = ker A, (7).

Proof. The fact that the operator is dissipative is established in the same
way as in Proposition 2.20. The remaining assertions follow from Theorem 2.32.0]

Proposition 2.23. The operator M*, adjoint to M in the space Ly(G;e_,), is
defined on the set

DM*) = {v:v e STHDW(G), B.(x, D,)u(z) = 0,z € G}

and acts by formula (2.46) with M* replaced by M*. The operator M* is accretive
(i.e., Im(M*v,v)_, <0 for all v € D(M?*)).
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Proof. The operator M* is accretive. By Corollary 2.8, we have
Im(M*v, v)_y = Im{(L,v,v)e + (B.v, Quv)ac} < 0

for v € D(M*)(C {v: v e W,(G), p(v,v) = 0}). The proof of the fact that M* is
the adjoint of M is almost the same as the proof of Proposition 2.21. We only note
that

(i) p(u,v) =0 for u € D(M) and v € D(M*) (cf. (2.18));

(i) a solution v’ € ST[+]D{W(G) to the problem

{L., B, }v" ={e’ h,0}
exists in view of Theorem 2.16. O

Corollary 2.24. The operator M is mazimally dissipative.



3 On the method for computing scattering ma-
trices

The structure of this chapter is the following. The statement of the prob-
lem and preliminaries are given in Section 3.1. In particular, we discuss in detail
the method for computing scattering matrices. In Section 3.2, we study auxiliary
problems in the truncated domain G¥, the limit problems in the domain G' and
semi-infinite cylinders Hi, and scattering matrices for these limit problems. In Sec-
tion 3.3 an approximation solution to the problem in the domain G* is constructed
and an estimate for the norm of the inverse operator of the problem is given. The
convergence of the method for computing scattering matrices is established in Sec-
tion 3.4. In Section 3.5, we briefly discuss applications of the method to problems
with spectral parameter.

We rely heavily on the theory of dissipative problems as developed in Chap-
ter 2 and the notions used there in. This chapter is based on the paper [14].

3.1 Statement of the Problem. Preliminaries

3.1.1 Boundary value problem

Let us recall some of the notation. We denote by II", » = 1,..., N, the
cylinder in R™*! with cross-section €". In II", we introduce the Cartesian coordi-
nates (y",t") so that II" = {(y",t") : y" € Q",t" € R}. We assume that Q" is a
domain in R” with compact closure Q' and smooth boundary Q. Suppose that
the domain G in R"** coincides with the union It U--- UIIY of the semicylinders
I = {(y",t") € II" : t" > 0} outside a ball By of sufficiently large radius R,
the semicylinders II’. do not intersect, and the boundary 0G of the domain G is
smooth. We consider the elliptic boundary value problem

F(x), =e€q,
S(x), = €0G,

L(z, Dy)u(x)
B(z, D,)u(x)

(3.1)
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where L = ||[L;;]| and B = || B,;|| are k& x k- and m X k-matrices of differential
operators; moreover ord L;; = 7; + 7; and ord B,; = max7; + o4 + 7;, where 7; and
og4 are integers, 7; > 0, and 7 +- - -+ 7, = m. It is assumed that the Green formula

(Lu,v)e + (Bu, Qu)og — (u, Liv)e — (u, Bov)age =0 (3.2)

holds for u,v € C2°(G) and the operator {L, B} of the problem (3.1) is dissipative
in the sense of Definition 2.1, i.e.

Im{(Lu,u)e + (Bu, Qu)oc} =20 Vu e CZ(G). (3.3)

Here, Q, B,, and Q, are some m X k-matrices of differential operators, L, is the
formally adjoint to L. The coefficients of all the operators are assumed to be
smooth, and the operator {L,, B.} is elliptic.

In addition to the assumptions of the previous chapter we suppose that the
operator {L, B} differs from a formally self-adjoint operator only on a compact set
in G. In other words, L, (x, D,) = L(x, D,), B.(z, D,) = B(x, D,) and Q.(x, D,) =
Q(z, D,) outside a fixed compact set. The scheme below can be applied (with
obvious modifications) to some other classes of dissipative operators (for example,
to operators of the form £+¢, where L = L, and ¢ is the operator of multiplication
by a complex-valued function g that exponentially decreases at infinity).

We write the superscript r at £, B, and other operators if they are written
in the coordinates (y",t") inside the semicylinder II",. It is supposed that there
exist matrices L", B",QQ", r =1,..., N, of differential operators with smooth in QO
and constant over t" coefficients such that the coefficients of differences L™ — L,
BT — B", Q" — Q" together with all the derivatives are of order O(exp(—dt")) with
some ¢ > 0 as t" — +o0.

3.1.2 Method for computing scattering matrices

Let 0 < v < §/2, and let the total algebraic multiplicity of eigenvalues of the
pencils A%, ... AN in the strip {A € C : |Im\| < v} be equal to 2M > 0; see
section 2.1.3. Suppose that the line {\ € C: Im A = 7} is free from the spectrum
of the pencils. As was shown in the previous chapter, in the space of solutions u
to the homogeneous problem (3.1) satisfying the estimate u(x) = O(expy|z|) as

r — o0, there exist elements Y7, ..., Y, such that
M
V(@) = uf(z) + Y Sjuy (x) + O(e ), (3.4)
k=1

see Proposition 2.11. By Proposition 2.13 the scattering matrix S = S(v) =
1Sjk]l k=1 is a contraction. In the self-adjoint case, the scattering matrix is unitary.
The amplitudes of waves uji may grow with exponential rate at infinity. However,
if the strip {\ € C: |Im A\| < v} contains only simple real eigenvalues of the pencils
then our definition of s-matrix coincides with the classical one.

We introduce the sets

R = {(y,#) el : ¥ > R}, G"=G\UY "
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for large R. Then 0G®\ 0G = T'f = U, I'™E, where "% = {(y",t") € II" : " = R}.
Recall that the operator {L, B} is self—adjomt outside some compact set. Therefore,
for large R we have

(Lu,v)gr + (Bu,Q)ser\rr + (Nu, Dv)rr
= (u,L.v)gr + (u, Buv)serre + (Du, Nv)rr, (3.5)

where D and N stand for m x k-matrices of differential operators, D being a
Dirichlet system (cf. [21]). As an example of the Dirichlet system we can take the
matrix consisting of m rows of the form e")9" where j =1,...,k, h =0,... T —1,
D = (614,--.,0k;), and v is the outward normal to T'%.

We look for the I-th row (Sp,..., ) of the scattering matrix S(= S(7v)).
As an approximation of the row we take a vector minimizing some quadratic func-
tional. To construct the functional, we introduce the boundary value problem in
the truncated domain GF:

L(z,D,)XE = 0, zeGE
B(x, D)X = 0, x€dGF\TE (3.6)

M
(N +iCD)XE = (N+ igﬂa)(uf + Zaju;>, z e IR,
j=1

where ¢ € R\ {0}, the complex numbers ay, ..., ays are arbitrary, and the operators
D and N are the same as in formula (3.5).
As an approximation of the row (S,...,S;) it is natural to take the mini-

mizer a’(R) = (a{(R),...,a%(R)) of the functional

TR, ... an) = HD(DCZR— Zaj ); Lo(IF) (

(3.7)

where X/ is a solution to the problem (3.6) (for motivation see Introduction). One
can expect that a(; — S;; with exponential rate as R — oo and j =1,..., M. In
order to explicitly write the dependence of X on the parameters aj, ..., ay, we
consider the auxiliary problems

L(az‘,Dm)vj-[ =0, zeGf,
B(z,D;)v; =0, xz€dG\TI", (3.8)
(N—i—i(ﬂ))v (N—i—z(@) , xeT® j=1,... M.

Then X/ can be expressed in terms of the solutions vi = U  to the problem (3.8).

We have X[t = vhR + Z] a;v; . Introduce M x M- matrlces € and F, where
&5 = (D(vi —ui), D(vj —u;))rr,

)

e Y (3.9)
Fii = (D(v] =), D(v; —uj))re.

Besides, we put
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We write the functional (3.7) in the form
J(a) = (a€f a) + 2Re (F,a) + GfY,

where 7 is the I-th row of the matrix % and (-, -) is the inner product in CM. Then
the minimum is attained at the vector a® (row) satisfying the system a’(R)EF +
FE = 0. For an approximation S of the scattering matrix S we can take the
solution to the equation SRER + FR = (.

In the above scheme, we mean that the problem (3.8) is uniquely solvable for
¢ € R\ {0} and large R. Moreover, to justify the algorithm, it is necessary to show
that the matrix €7 is nonsingular and the minimizer a°(R) of the functional J}
tends to the row (S, ..., i) of the scattering matrix as R — oo.

3.2 Problems in G*. Limit Problems

We discuss the solvability of the problem

L(z, Dy)u(z) = f(z), z¢€GE,
B(x, Dy)u(z) = g(z), x € 0GR \TH, (3.10)
(N(z, D,) +i¢D(z, D,))u(z) = h(z), =x¢cTIFf,

where ¢ € R\ 0. With the problem (3.10) we associate “limit” problems that will
be studied in this section.
3.2.1 On the unique solvability of the problem in G

From the equality (3.5) we obtain the Green formula

(LU, U)GR + (BU, QU)BGR\FR + ((N + ZCD)U, 'DU)FR
= (u, Luv)gr + (A, B.v)sgryrr + (Du, (N —i¢D)v)rr (3.11)

for the problem (3.10). If w is a solution to the homogeneous problem (3.10), then,
substituting u = v = w into (3.11), we have

—2iC||(Dw; Ly(PH)|| = (w, Lyw)gr + (Quw, Baw)ggr\re- (3.12)

Since the operator {L, B} is dissipative (cf. (3.3)), taking into account the Green
formula (3.2), we obtain the inequality

Im{(u, L,u)g + (Quu, Byaw)agt =0 VYu € C2(G). (3.13)

Since L = L,, B = B, and Q = Q, outside some compact set, the integration in
the inner products in (3.13) is extended only over this compact set. This yields the
inequality

Im{(w, L,w)gr + (Qw, Bow)ggmrr} = 0. (3.14)



41

For ¢ > 0 from (3.12) and (3.14) it follows that
D(x, D )w(z) =0, = eIk (3.15)

An assertion like the Holmgren theorem, together with the conditions (3.15), pro-
vides the uniqueness of a solution to the problem (3.10). It is obvious that the
same arguments are valid for the adjoint problem relative to the Green formula
(3.11), which allows us to establish the solvability of the problem (3.10).

The boundary of the domain G# contains edges OI'. Therefore, one has to
use either generalized statement of the problem or proper weighted function spaces.
The implementation of such a plan is a part of the well-developed theory of elliptic
boundary value problems. Further, restricting ourselves to the above remarks, we
postulate the unique solvability of the problem (3.10). Let V(G®) and W(G¥%)
be function spaces where the operator A#® of the problem (3.10) implements an
isomorphism

AR V(GR) — W(GH). (3.16)

The procedure of constructing such spaces is well understood in the theory of elliptic
problems in domains with piecewise smooth boundary (cf. [1], [2]). The required
spaces (generally speaking, with weight norms) exist for all classical problems in
mathematical physics. We give two examples.

Example 3.1. We specify the spaces V(G*®) and W(G?) for the problem
(A+ EHu(z) = F(z), =€,
u(z) = G(x), =€ IG.
Define the space Vj(G") as the completion of the set C§° (GE\ OI'") in the norm

1/2
o VEGD)I = (3 llo™ el s La(GR)12)

la|<t

where B € R, ¢ = 0,1,..., and p is a smooth positive function on GE \ ot
coinciding with the distance function from the edge OI'® in a neighborhood of
Or™E. We denote by V;H/z(@G’R\FR) and V;H/Q(FR) the trace spaces on IGF\ T

and on I'? of functions in VgH(GR). Consider the operator
AR(B;C) : VE(GR) — VI(GR) x V290G \ TR) x V(DR (3.17)
of the problem
(A + E)u(z) = f(x), =€ GE,
u(z) = g(x), =€ dG®\TF, (3.18)
(0, +iQ)u(z) = h(z), €Tk,

where v is the outward normal. If u is a solution to the homogeneous problem
(3.18), then from the Green formula

(A+E)v,w)gr + (v,0,w)agr\rr + (9, + i)v, w)rr
= (v,(A+EHw)gr + (O, w)ggrrr + (v, (0, — iQ)w)rr
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for v = w = u we find
u(r) =0, zelk (3.19)

By the Holmgren theorem, together with the conditions (3.19), the equality
ker A%(3;¢) = 0 holds. The same arguments are valid for the adjoint problem.
Therefore, ker A%(2 — 3; —() = 0. If the number |3 — 1| is sufficiently small, then
the operator (3.17) is a Fredholm operator; moreover, coker A%(3;¢) = {(u, d,u) :
u € ker AR(2 — 8; =)} (cf., for example, [1], [2]). Thus, if |3 — 1| is sufficiently
small, then the mapping (3.17) is an isomorphism.

Example 3.2. We give an example of truncated domain with smooth boundary.
Consider the Neumann problem

Lz, Dy)u(x) = F(x),z € G,
N(z, Dy)u(z) = G(x),z € 0G.

Denote by II"% a domain with smooth boundary such that
{(y t") el " <RYCI"R c{(y,t") ell" : " < R+1}.
Let G be the same domain as in (3.1). We set
GF=GRUN {(y,t") e I"F ¢" > R}.

We choose a cut-off function x on OGPE such that supp x C U, 0L \ OG® and
mes supp x > 0.
The role of the problem (3.10) is played by the problem

L(x, D)u(z) = f(z), zeGE,

- (3.20)
(N(z, D) +iCxD(w, D,))u(x) = g(x), « € IG",
in a bounded domain with smooth boundary. The Green formula holds:
(Lu,v)ar + (N +iCxD)u, Dv)yar = (u, Lv)gr + (Du, (N — i{xD)v) y6r-
Now we can set
~ k ~
V(&™) =[] (@),
! i (3.21)
W(éR) _ HHKij (éR) x HHﬁfﬂ-fahflﬂ(aéR),
j=1 h=1
where 7 = max{7,..., 7}, ord Nj; = o), + 7+ 7; and ¢ > 7. From (3.21) it

follows that the solution to the homogeneous problem (3.20) satisfies the equation
xD(z, D, )u(z) = 0 on OGE. As {L, B} one can take, among others, the operator
{E(D,) + k* N(z, D,)}in elasticity theory. Here,

E(D,) = —pVy Vo — (A4 1) VoV
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is the Lamé system with parameters A and p, N(z, D,)u(z) := o(u;x)v(z), and
o(u; x) is the stress tensor,

Ou; | Ou

oi(u; ) =p <(’91’k + 8_%) + XV, - .

The operator B B
AR V(G — W(GH) (3.22)

is Fredholm. The Holmgren theorem implies the uniqueness of a solution to the
problem (3.20) and to the adjoint problem. The mapping (3.22) is an isomorphism.

3.2.2 Limit problems

To estimate the norm of the inverse operator (Af)~1 we use the compound
expansion method. For this purpose we introduce and study the limit problems
in the domain G and semicylinders I, r = 1,..., N, where II"" = {(y",t") €
I",¢t" < R}. The role of the limit problem in G is played by the problem (3.1).
The limit problem in II"™° is as follows:

Lr(ya DyaDt>u(y7t) = FT(y7t)7 (yat) € HEO)
B'(y, Dy, Di)u(y,t) = G"(y,1), (y,t) € o2\ T"°, (3.23)
(N"(y, Dy) 4+ i¢D"(y, Dy))u(y, t)|e=0 = H"(y), y € Q"
We denote by N” and D" the limit operators for N and D. The operators N and
D stabilize to N” and D" (in the same sense as L to L") as  — oo in II".

We note that in Example 3.2, instead of (3.23), we have a problem in the
domain II"" = {(y",#" + R) € II"*} with smooth boundary.

3.2.3 Limit problems in semicylinders

In this subsection, we assume that a number » = 1,..., N is fixed and omit
the corresponding subscripts in the notation "%, T8 ete. The spaces V(II_) and
W(IL_) satisfy the following conditions. We set

[[us Vo () = e —yu; VTL ]|

and
I{E, G HE W, ()| = [le— {F. G, H}; W(IL) |,

where e_., : (y,t) — e_,(y,t) = exp (—7t). The operator
A, €) + Vy(T1) — W (IL) (3.24)

of the problem (3.23) is a Fredholm operator if and only if the line R 4 iy =
{AN € C: ImA\ = ~} is free from the spectrum of the operator pencil A(\) =

{L(y, Dy, A), B(y, Dy, A)} (ct. [1],[2]).

Proposition 3.3. For any real { # 0 the problem (3.23) has at most one solution
in the space V., (I1_), where v > 0.
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Proof. The Green formula

(Lu, v)rn_ + (Bu, Qu)or_\r + (N +i¢D)u, Dv)r

— (u, Lo)n_ — (Qu, B’U)ani\p — (Du, (N — i¢D)v)p = 0 (3.25)

holds for all u,v € V (II_), v > 0. If a function v € V,(II_) satisfies the ho-
mogeneous problem (3.23), then formula (3.25) with v = u implies the equality
D(y, D;)u(y,t) = 0 on I'. Using the Holmgren theorem, we complete the proof. [

Proposition 3.4. Let v < 0, and let the line R + iy be free from the spectrum
of the pencil A. Then for any right-hand side {F,G,H} € W, (II_) the problem
(3.23) has a solution in the space V. (I1_).

Proof. The problem adjoint with respect to the Green formula (3.24) is given
by the equation (3.23) with (¢ replaced by —(. By Proposition 3.3, the kernel of
this problem in the space V_,(II_), v < 0, is trivial. Since the operator (3.24) is
Fredholm, it follows that its range coincide with the space W.,(I1_). O

To the problem (3.23) there corresponds the operator pencil (2.11). Therefore
the asymptotics of solutions can be expressed in terms of the functions (2.12).
Introduce the form

p(ua U) I:(LU, U)H_ + (Bu7 QU)BH,\F + (Nua DU)F
— (u, Lv)n_ — (Qu, Bv)sr_\r — (Du, Nv)p,

which coincides with the left-hand side of (3.25). This enables us to classify the
waves as incoming and outgoing in the same way as in the case of the problem
(3.1); see section 2.1.4. Denote by W the linear span of the functions u? (o0 =
0,...,2¢5, — 1;j=1,...,J,) given in (2.12) and corresponding to the eigenvalues
Ay .-, Ay of the pencil 2 in the strip {A € C : [ImA| < v}. Let the total
algebraic multiplicity of A_,,..., A, be equal to 2M. In the space W we choose

the basis
_l’_

(O A P U (3.26)
consisting of incoming and outgoing waves, i.e.
p(vi Vi) = Fidy p(v; Fuf)=0, jh=1,...,M. (3.27)

Proposition 3.5. Let v > 0 and ( > 0. Suppose that either

u € ker A(—~, — and u — Za]v eV, (II.) (3.28)

or

u € ker A(—7, and u — Zb vy € Vo (I), (3.29)

where a; and b; are some complex coeﬂiczents. Then u = 0.
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Proof. Let, for example, the assumption (3.28) be satisfied. Let us compute
the value p(u,w). Taking into account (3.27) and the second inclusion in (3.28), we

find
M M M
= p( Z a;vy, Z ajv;-r) =—i Z |a;]?. (3.30)
=1 =1 =1

The first inclusion in (3.28) implies the equality
p(u,u) = —(Du, 2i¢Du)r = 2i¢||Du; Ly () || (3.31)

Comparing (3.30) and (3.31), we arrive at the relation

M

2| Du; Ly(D)[* = =) |,

J=1

where ¢ > 0. Consequently, a; = 0 and v € V. (II_). This means v = 0 by
Proposition 3.3.

In the case of the assumption (3.29), the assertion is proved in a similar
way. O

Proposition 3.6. Suppose that v > 0, the line R + iy be free from the spectrum
of the pencil A, and the strip {\ € C : |ImA| < 7} contains the eigenvalues
Au, .-y Ay of the pencil A. The following assertions hold.

1. dimker A(—~v,() = M for ¢ # 0, where 2M is the total algebraic multi-
plicity of A_,, ..., \,.

2. For an arbitrary basis Z1,. .., Zy for the space ker A(—~, () we have

M

Zp =Y agvf Z biju; € Vo (I1) (3.32)

j=1
with some complex coefficients ay; and by;. Moreover,

rank a =M for ( >0,
rank b=M for (<0,

where a = [lay; ||2=, and b= |[brs|l—;-

Proof. Any solution Z € V_,(II_) to the homogeneous problem (3.23) satis-

fies the inclusion y
Z — Z a;v; Z bjv; € V,(IL).

Taking into account Prop051t10n 3.3, we arrive at the inequality dim ker A(—, () <
2M, the representation (3.32) holds for any basis 71, ..., Zy.

Let us show that 75 = dimker A(—v,F¢() < M (for ¢ > 0). In the case

* > M, there is an element u # 0 satisfying the relations (3.28), which contradicts



46

to Proposition 3.5. The case 7= > M can be treated in a similar manner with (3.29)
instead of (3.28).

It remains to eliminate the inequalities 77 < M and 7~ < M. For this purpose
we consider the index Ind A(~, ¢) of the operator A(y, (). We have

Ind A(y,{) = dimker A(y,() — dim coker A(~, ()
= dimker A(v, () — dimker A(—~, —()
= —dimker A(—v, —() (3.33)

since dim ker A(y, () = 0 by Proposition 3.3. Moreover,

Ind A(—7,() = dimker A(—v,() — dimker A(y, —()
= dimker A(—, (). (3.34)

As is known, Ind A(v, () = Ind A(—v,{) —2M (cf. [1], [2]). From (3.33) and (3.34)
we find
dim ker A(—~, () + dim ker A(—v, —() = 2M.

As was shown, each term on the left-hand side does not exceed M. Therefore each
of them is equal to M. The first assertion of the proposition is proved.

Suppose that ( > 0 and rank a < M. Then there exists a nonzero element
u satisfying the inclusions (3.29), which contradicts Proposition 3.5. The equality
rank a = M is proved. In a similar way, one can prove that rank b = M for

¢ <0. O

Corollary 3.7. Let ( > 0. For the space ker A(—~,() there exists a basis
Z1, ..., 2y such that

M
Z, - ( e sjkv,;> € V. (IL). (3.35)
k=1
In the case ( < 0, there exists a basis Xq,..., Xy such that
M
X; = (07 + Y St ) € V,(IL). (3.36)
k=1
Definition 3.8. The matrices & = [|&yll)"_, and T = || Zy;llp',=; are called

scattering matrices.
Proposition 3.9. The matrices
6 = [|Gkillig=1, T =Tkl
are contractions such that
laSllew <1, [laFlew <1

for any row a € CM | ||afjem = 1.
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Proof. Let ¢ < 0, and let Xi,..., X be the basis (3.36). We set u =
S ap Xy € ker A(—, () for a € CM | ||a||cm = 1. We have

plu,u) = p< Z ap{vy + Z Siiv; ), Z apmiv, + Z Gmgvj}>
k 7 m V4
=i+p( Y i), (X annef ) =i~ illasu.
k l m

J
Moreover, formula (3.31) holds with ¢ replaced by —(. We obtain the equality
1 — [la&|[za = —2¢|[Du; Ly(T) %

If D(y, D¢)u(y,t) = 0on I', then u = 0, which contradicts the condition ||a[car = 1.
Therefore, 1 — |[aG||2,, > 0 for all @« € CM, ||acm = 1.
Similarly, we can verify that T is a contraction for ¢ > 0. O]
To conclude this subsection, we prove the existence of a unique solution to
the problem (3.23) satisfying the radiation conditions. This result will be used in
the following subsection for constructing an approximate solution to the problem
(3.10) in G™.

Proposition 3.10. 1. Suppose that the assumptions of Proposition 3.6 hold,
{F,G,H} € W,(II_), and ( < 0. Then there exists a unique solution u to the
problem (3.23) satisfying the inclusion

u— Y ap; € V() (3.37)
1<G<M
with some coefficients a; € C. The following inequality holds:
w= > Vo) + Y oyl SCIR.GHE WL (338)

ISisM ISisM

In the case ¢ > 0, formula (3.37) is replaced with the inclusion
u— Y by € V,(IL), (3.39)

1M

the inequality (3.38) holds for b; and vy instead of a; and U;_; here a; and b; are
some complex coefficients, j =1,..., M.

2. If the pencil A has no real eigenvalues, then for sufficiently small v the
operator (3.24) implements an isomorphism.

Proof. Let, for example, ( < 0. By Proposition 3.4, there exists a solution
u € V_,(II_) to the problem (3.23). Since {F,G, H} € W, (I_), we have

u— Y (dfv] +d;vy) €V, (1)

1M

with some d,d; € C (cf. [1],[2]). By Corollary 3.7, the function u + ¢;X; +
-+ + ey Xy is a solution to the same problem for any ¢; € C. We set ¢; = —d;
for j = 1,..., M. Taking into account (3.36), we obtain (3.37) with coefficients
a; = dj — > d; Syj, where j = 1,..., M. This proves the existence of a solution.

Proposition 3.5 yields the uniqueness. Il
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3.2.4 On the limit problem (3.1)

Let eg be a smooth positive function on G, equal to exp(Bt") in ﬁ: We
equip the space W(G) of functions in G with the norm |[leg-; H(G)|| and denote

by Wé_l/Q(QG) the space of traces on dG of functions in W;(G). Replacing G
and H with G and Wj in (3.21) (and using the notation o), = ord By; — 7 — 75), we
introduce the spaces Vg(G) and Ws(G) of vector-valued functions. As is known
[1], [2], the continuous operator

A(B) ={L, B} : V5(G) — Wy(G)

of the problem (3.1) is a Fredholm operator if and only if the line R + i/ is free
from the spectrum of the pencils 2!, ... AY; moreover, coker A(3) = {(u, Qu) :
u € ker A,(—/()}, where Q is defined by formula (3.2) and the operator

Au(=0) = {Ls, B} : V_5(G) = W_4(G)

is adjoint to A(() with respect to the Green formula (3.2).

Recall that the functions Y;, ..., Yy, (cf. (3.4)) make up the basis in ker A(—7)
modulo V., (G). By virtue of Proposition 2.15 there exists a basis Yi,..., Y.y, in
the space ker A, (—v) modulo V. (G) such that

M
Y — (u,;+25;ju;) eV(G), k=1,... M (3.40)
j=1

moreover, the matrix S* is adjoint to the scattering matrix S from (3.4) and is a
contraction. As was mentioned in the beginning of this chapter, we will assume
that

dimker A(y) =0, dimkerA.(y)=0 (3.41)

for some v < §/2, where the number § is responsible for the stabilization rate of
coefficients. Under this assumption, it is clear that the functions (3.4) and (3.40)
form bases of the spaces ker A(—~) and ker A,(—~) respectively. We note that the
conditions (3.41) are satisfied, for example, if ker A(y) = 0 and ker A.(7y') = 0 for
some number 7' < 6/2. To see this, it suffices to apply Proposition 2.14 to the
original problem and to the formally adjoint problem taking into account that their
scattering matrices are mutually adjoint.

The problem (3.1) with the right-hand side {F,5} € W.(G) is (uniquely)
solvable in the space V., (G) if and only if

(377 Y:kk)G + (97 QY;I{)BG =0, k= L..., M. (342)

3.3 Estimate on the Norm of the Inverse Operator of Prob-
lem (3.10)

The estimate is based on the construction of an approximate solution sat-
isfying the problem (3.10) with a discrepancy decaying exponentially as R — oo.
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Such a solution can be obtained by the compound expansion method (cf. [17]): the
approximate solution is “composed” from solutions to the limit problems (3.1) and
(3.23) in the domain G and in the semicylinders 1Y r =1,...,N. This scheme
is standard, one should only check its availability.

We assume that the strip {A € C : |Im A\| < v} contains some eigenvalues of
the pencils !, ..., AN, If this strip is free from the spectrum of the pencils, then
the arguments below can be modified in an obvious way.

Constructing an approximate solution, we obtain a linear algebraic system.
The method can be applied if this system is solvable. The matrix of the system is
expressed in terms of the scattering matrices of the limit problems. The norm of the
scattering matrix of the problem (3.1) in the domain G does not exceed 1, whereas
the norms of the scattering matrices of the problems (3.23) in the semicylinders
IT"° are strictly less than 1. Owing to this fact, the determinant of the system
differs from zero.

3.3.1 Constructing an approximate solution

The procedure comprises of several steps.

1) Calculation of right-hand sides of the limit problems in semicylinders. For
a given right-hand side of the problem (3.10) in G we find the right-hand sides of
the limit problems in the semicylinders.

2) Solving of the problems (3.23) with determined right-hand sides. The
problems are considered in the spaces V_W(HEO) with v > 0, where the operator
A" (=7,C) (cf. (3.24)) has kernel of dimension M" (Proposition 3.16).

3) Calculation of right-hand side of the problem (3.1) in the domain G.

4) Verification of the solvability of the problem (3.1) in the class V,(G) of
functions exponentially decaying at infinity. (Since dimker A"(—v,{) = M" and
M = M'+---4+ MY it is possible to find the right-hand side at the previous step
so that the conditions (3.42) are satisfied and the problem is solvable.)

Let us implement this plan.

1) The right-hand sides of the problems in semicylinders. In the cylinder 11",
we introduce the shift operator (Ugu)(y", ") = u(y’,t" — R). Let pr € C®(GR),
pr(z) =1 for z € G2 and pgr(z) = 0 for z € GF\ G*~1. We choose the right-
hand side {F",G", H"} of the problem (3.23) in such a way that H" = h|["™". The
function F” coincides with Uz (1 — pg)f on the set {(y",t") € II"°,#" > —2} and
vanishes on the remaining part of the semicylinder IT"°. The function G coincides
with U (1 — pr)g on {(y", ") € 9I"° \ "0 ¢" > —2} and vanishes outside this
set.

2) Solution of the problems in semicylinders. In Subsection 2.3, we introduced
the waves {v;’i M in I r=1,...,N (cf. (3.26)), bases {X7}L, and {Z]}1)
in ker A"(—~, () (here, ( < 0), and scattering matrices &", ¥" (cf. Corollary 3.7).
It is convenient to enumerate the elements of set Ur{v;’i }j]‘irl in such a way that the

waves v, ..., U;@l correspond to the semicylinder IT" and the waves {v]i cjEM}
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with subscripts from the set

r—1 r—1 r—1
E)JZT:{ZM’“+1,ZM’“+2,...,ZM’“+MT}, (3.43)

k=1 k=1 k=1
correspond to the semicylinder Y r=1,...,N. We also enumerate elements of

the sets U, {X7}}1} and U,{Z]}}L] in such a way that

Xy, € ker A7(—v, —(),  Xj — (v,j +Y Sgev;) eV, ("%, ke,

e (3.44)
r 7,0 r
Zi € ker A(—, (), Zk—<vk+§ ’JI'MW)EV ("), ke o,
Lemr

where ( >0, r=1,..., N, and

S = diag{&', &2,...,&"},

3.45
T = diag{%"', %%,..., 3V} (3.45)

(cf. (3.44), (3.35), and (3.36)). It is clear that the set {UrZ; : j € 9"} for ¢ > 0
({UrX; : j € M"} for ¢ < 0) forms a basis in the kernel of the shifted limit problem

L' (y, Dy, D)u(y,t) = (UgF")(y,t), (y,t) € "7,
B'(y, D,, D )u(y,t) = (UrG")(y,t), (y,t) € oII"F\ I, (3.46)
(N"(y, Dy) +iCD"(y, Dy))u(y, t)|i=r = H"(t), y €,

in the space V_(II"") equipped with the norm ||-; V_ ( nh
For the same kernel we choose the basis {ZJR ] eM
{X]:j e M} if ¢ <0); moreover,

)| = UR" V-, (0]
"} if ¢ > 0 (the basis

i~ (of + Y They) e v,(™), jeor,
hexr (3.47)
R _ <v +y S]kvk> v, (IR, e,

keomr

where the block-diagonal M x M-matrices T and S¥ consist of the scattering
matrices T % and &™ of the shifted limit problems (3.46) (as in the case of (3.45)).
To prove the existence of such bases, it suffices to repeat the arguments from
Subsection 2.3 replacing (3.23) with (3.46). The bases {Zf: j € M}, {X[F: j €
"} and the matrices T &™% depend on R. The norms [|T"%|| and |G| are
less than 1 for all R.

Let, for example, ¢ > 0. The general solution w" € V,,V(HZD) to the limit
problem (3.23) with the right-hand side {F",G", H"} admits the representation

w'=u"+ Z c;U 1ZJR, (3.48)
jemr
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where the coefficients ¢; are arbitrary and the partial solution u” € V_ (TI"")
satisfies the condition (3.39), which takes the form

u' = Y by €V, (IT7) (3.49)

kemr

due to the new enumeration of the waves.

3) A right-hand side for the limit problem (3.1) in the domain G. Introduce
a cut-off function ng € C*°(R) such that ng(t) = 0 for ¢ < R/2 and ng(t) = 1 for
t > R/2+41. We clarify the contribution of the function w" from (3.48) to the right-
hand side of the problem (3.10). We extend the restriction (nzUzw”)|(GF N 1I"")
by zero to G and preserve the same notation for the extension. We have

{L,B}Y (rUpw") =Y {L",B"}nr (URUT + > CjZ;R> (3.50)

jemr

(the right-hand side is assumed to be given on G x {0GF\T'%} since supp nrUgu" C
GENIIT).

Denote by {F, G} the vector {f, g} minus the right-hand side of the equality
(3.50), where f and g are taken from (3.10). Suppose that the function {F, G}
is extended to the domain G; moreover, {F,G} € W,(G). If the problem (3.1)
with the right-hand side {F, G} has a solution Y € V,(G), then the sum Y +
S nrUrw" satisfies the problem (3.10), perhaps, except for the equation on I'Z.
The discrepancy on I' exponentially decreases as R — oo. The above solution
Y exists only if the orthogonality conditions (3.42) are satisfied. We intend to
provide the validity of these conditions by an appropriate choice of the coefficients
c1,...,cp. To simplify the linear algebraic system for {c;}, we eliminate from
{F, G} some “nonessential” terms such that the new approximate solution

Y=Y+ nrUrw" (3.51)

leaves an exponentially decaying (as R — oo) discrepancy not only in the third
equation of (3.10) but also in the first and second equations. In Proposition 3.11, we
estimate the eliminated terms. Recall that eg denotes a smooth positive function
on G that coincides with z = (y", ") — exp(3t") in 1T, for r =1,..., N.

Proposition 3.11. Suppose that the assumptions of Proposition 3.6 are satisfied
and

ImA , <ImA_,;; <--- < ImA,.

Let u” € V_(TII"") be the solution to the problem (3.23) (with ¢ > 0) subjected to
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the condition (3.49) and let the set {ZF, j € 9"} be the bases (3.47). Then

s {87, B, 0yl (u" — 37 bev ) — esUnlF7, G, 01 W(GH)|

Lemr
< Cexp(—pR)|{F",G" H"}; W, ()], (3.52)
ester, B 00mn (28 —of = 37 TR )sW(GH|
keomr
< Cexp(—pR +Im A\, R)R* !, (3.53)

where p = (v — £)/2 > 0 and s denotes the length of the longest Jordan chain
among those corresponding to the eigenvalues {\ : Im X =Im A\, } of the pencil A".
In the case ¢ <0, we have (3.52) and (3.53) with b;, v, vy, Z[, T" replaced

with aj, v;, U;_, XJR, ST respectively.

Proof. We have

(L7, B InrUpu” = nr{L", B"}Uru" + [{L", B"}, nr]Uru"
= (LT — LT, B" — B gt + Up{F", G} + [{L7, B}, nalUru’.  (3.54)

Recall that {L",B"}v; = 0 for j € 9". Hence

{87 B} nnlUnu” = &7 B} U (w7 = 3 by

Lemr

+{L7, B nrUr > bevy, — np{l" — L', B" = B"}Ug > _ b, . (3.55)
Lemr Lemr

The coefficients of the operator ng{L" — L",B" — B"} are decreasing of order
O(e™%%/2) as R — +4o0. Further,

HeﬂnR{U L', B~ B, 0}Ux (u -y bw[);W(GR)H
Lemr

u’ — Z bgv[;Vy(HEO)H

Lemr

< CePR2(Fr G H 1 W, (TT70)|) (3.56)

< Ce(ﬁ—d)Rﬂ‘

(at the last step, we used the inequality from Proposition 3.10).

We estimate the first term on the right-hand side of (3.55). The supports of
the coefficients of the operator [{L", B"}, ng] are located inside the set {(y",t") €
II": R/2 <t" < R/2+ 1}. Using the inequality from Proposition 3.10, we find

Heﬁ[{ﬁ‘ragr7 0}7 nR]UR (ur - Z bgU[) ) W(GR) H
Lemr
o= 3 b V()
Lemr
< Ce(ﬁ—W)R/Qu{Fr, GT, HT}; WW(HEO)H (357)

< CelB-1E/2
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By (3.54)—(3.57), we obtain (3.52), where p = 1/2min{y — 3,6 — 8} = (v — 5)/2.
We proceed by proving the estimate (3.53). We set

28 =Z% - v Z Thovy,, JjeM. (3.58)
ke

We have 27 € V,(IT"") (cf. (3.47)). Note that

{L", BT}<U + Z Tjkvk) = 0.

keomr
We have
L7, Bzl = {87, B a(vf + > Thop)
keomr
+{L" = L",B" — B"}nrZf + [{L",B"}, ]2} (3.59)

To repeat the arguments used in (3.56) and (3.57), it is necessary to estimate the
norm || Zf; V,(IT"")|| as R — +o00. For this purpose we note that the function 2
satisfies the problem (3.46), where F" =0, G" = 0, and H" = (N" + 7JCD7")(U;r +
Y ke ’]I‘fkvk’). The operator of the problem (3.46) is a Fredholm operator, its
kernel in the space V., (II"") is trivial (Proposition 3.3). Consequently,

|25 v, ()| < H{o 0, (N" +i¢D") (v + Z Tjkvk>};W~,(HER)‘, (3.60)

where the constant c is independent of R. We emphasize that the waves ij are

linear combinations (with coefficients independent of R) of the functions (2.12) and
the norm of the matrix T is less than 1 for all R > 0. Therefore, the right-hand
side of (3.60) does not exceed C exp(Im A\, R)R*~! (here, A\, and s are the same as
in the formulation of the proposition). Repeating the arguments used in the proof
of the estimate (3.52), we find

lesg{L"—L", B"—B",0}nrZ W(G™)| < cexp((6—0)R/2+Im A, R)R*". (3.61)

Moreover,
les[{L7, B, 0}, ng 2 W(GT)| < cel VB2 |27 v, (121
<cexp((B—6)R/2+Im N\, R)R* . (3.62)
The inequalities (3.59), (3.61), and (3.62) lead to the estimate (3.53). O

In the case ¢ > 0, for the right-hand side of the limit problem (3.1) we take

(5.9} = pr{f. 0} — {L, B}ZnR( > bilUrvy + Z (v + Z Ther))

Lemr
(3.63)
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where the function pgr{f, g} is extended by zero to the set G x OG. Necessary
modifications in the case ¢ < 0 are listed in Proposition 3.11.

4) Solvability of the problem (3.1) in the class V., (G). (Verification of the
orthogonality conditions (3.42) for the right-hand side (3.63).) Substituting (3.63)
into (3.42), we obtain the following system for the constants ¢y, ..., cp:

<Z'0R dog (U + T;k”k) ) = (prf,Yid)e + (PrY, QYir)oc

= jemr keomr
N
~a( Yo Y bUnep Yar), £=1, M (3.64)
r=1 keomr

the definition and properties of the form ¢ are given in Subsection 2.1.4. By (3.40),
the system (3.64) can be written in the form

Q<ZN:77R Z CJ(U + Z Tkvlc) Uy +ZSem m> (prf Yed)a

=1 jear ke
(PR97 QY;E oG — q( ZUR Z kaRvk 7U’£ + Z Sfm m) (365)
r=1 keomr

In the case ( < 0, instead of (3.65) we obtain the system

Q<i77RZCJ(U +ZSkvk> Uy +ZS€m m) (Prf,Yer)a

r=1  jemr keomr
N
+(prg, QYir)oc — Q< > e Y alUsrvf g + Z SZmU;FL)a (3.66)
r=1 keomr m=1
where ¢ = 1,..., M. Thus, to verify if the compound expansion method can be

used, it suffices to check the solvability of the systems (3.65) and (3.66) for the
coefficients ¢y, ..., cp.

Recall that the wave uf in 11, is defined by the equality ujt = ij-t, where
w? is a linear combination of the functions (2.12) and x is a cut-off function. The
bases {wi} and {vi} were introduced independently. Now, to compute the left-
hand sides of the equahtles (3.65) and (3.66), we choose consistently {wi} and
{vi} Namely, let w be chosen in such a way that w = v;. Then the left hand
side of (3.65) takes the form

N M
q( ZnR Z ¢ ( uy + Z T]kuk> u, + Z SZmufn> (3.67)
r=1 JeEM" kemr m=1

From the Green formula (3.2) it follows that the value of the expression (3.67)
remains unchanged if we omit the cut-off function ng. By (2.17) (where p = iq) we
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have

N M M M
q( Z Z c]-< u; + Z Tﬁu?),u[ + Z S;mu:;) =icy — iZSngchﬁ;.
m=1 k=1 j=1

r=1 jemr ke
(3.68)

Comparing (3.65) and (3.68), we arrive at a linear system relative to the constants
¢; = ¢;(R) in the case ¢ > 0:

i(cr, ... en)(I — TES) = H, (3.69)

where the row H = (H;(R),... ,Hy(R)) is composed of the values of the right-
hand side of (3.65) for £ = 1,..., M. For ( < 0 we obtain, instead of (3.69), the
system

i(cr,. .., car)(S® —8) =H. (3.70)

The norms of the matrices S® and T* are less than 1 (it suffices to note that the
norms of the blocks &™# and T"f of the block-diagonal matrices S and T# are
less than 1 for R < oo, cf. Proposition 3.9). The norm of the scattering matrix S
does not exceed 1. Therefore, the matrix I — T#S is nonsingular for all R < oo.
In the general case, we can say nothing about the matrix S® — S. For example,
if the matrix S turns out to be unitary, then det(S® — S) # 0 (in particular, the
scattering matrix of the self-adjoint problem is unitary, cf. [1]-[5]). If the limit
problem (3.1) coincides with the problem (3.23) after the replacement of ¢ with —(
(¢ < 0), then S — S = 0. Thus, we have proved the following assertion.

Proposition 3.12. The determinant of the system (3.69) does not vanish, and
there ezists a solution Y € V., (G) to the problem (3.1) with the right-hand side
(3.63), where the coefficients c1, ..., cy satisfy Eq. (3.69). Therefore, the compound
expansions method can be used in the case ¢ > 0.

Thus, we have obtained an approximate solution (3.51) to the problem (3.10)
with the right-hand side {f, g, h} and positive (. In the case { < 0, the coefficients
1, .. .,cy in formula (3.63), where the replacements have been made in accordance
with Proposition 3.11, must satisfy the system (3.70) whose determinant may van-
ish. We do not know if the compound expansions method can be used in this case.
In order to estimate the discrepancies left in Eqs. (3.10), we study the behavior of
solution (¢1(R),...,cap(R)) to the system (3.69) as R — oo.

3.3.2 The behavior of the solution (¢;(R),...,cy(R)) to the system (3.69)
as R — +oo

We estimate the norm of the inverse operator (I — T#S)™! and the norm of
the right-hand side ||H(R)|| of the system (3.69) as R — +oo. Thereby we estimate
the vector (¢1(R),...,cu(R)).

We first assume that the strip {A € C: |Im A| < v} contains only simple real
eigenvalues of the pencils.
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Proposition 3.13. Let the strip {A € C : |Im | < v} contain only simple real
eigenvalues of the pencils AL, ..., AN . Then the solution

(c1(R),...,cu(R))
to the system (3.69) for ¢ > 0 admits the estimate
et (R) + - + e (R)] < Cll{esf, esg, h}; W(GT)]|
with any B € (0,7).

Proof. Denote by A\, ..., A}, the eigenvalues of the pencils 2, ... AV cor-
responding to the i 1nc0m1ng waves v) (y,t) = exp(iXt)g;(y), (y,t) € II", j € M".
Let AT, ..., Ay, correspond to outgomg waves v; (¥, t) = exp(i); t)goj( ) (the defini-
tion of the set 9" see in (3.43)). It is clear that URU = exp(— z/\ R) . Introduce
the matrices

V}-{ _ diag{e‘“fR, o e—i)\X{R}’ Vi = diag{e_“fR, o e—u;ﬂ}‘
By (3.44) and (3.47), we find
T" = (V5 )'T°Vj .

Recall that | TO|| < 1 (cf. (3.45) and Proposition 3.9) and ||S|| < 1. The following
inequality holds:
(I —TES)™Y| < C < 0.

We estimate the right-hand side of the system (3.69). We have

|Hﬂ ‘ (ZnR Z b € MkRUk’“Z +ZS€m m)‘

r=1 keomr

M
+l(on s, Y0l + l(ong, QY0 < C(([Heaf eag, 01 WG+ Y I0l) - (371)
k=1

(the form ¢ is immediately computed as in (3.68)). Taking into account Proposition
3.10 and the fact that supp {F",G", H"} is bounded and is independent of R, we
find

D 1ol S CILE™ G7 HT ) WL (20| < CI{FT, G H 3 Wo(I20))|
< CI{f.9.hE W(GH)| < Cl{esf epg, h}; W(GT)]I. (3.72)
Now, formulas (3.71) and (3.72) lead to the estimate

IE]| < Clli{esf, esg, h}; W(GT), (3.73)

where the constant C' is independent of R. n
In the general case, the following assertion holds.
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Proposition 3.14. The solution (c¢i(R),...,ca(R)) to the system (3.69) satisfies
the estimate

les(R)| + -+ lear(R)] < cexp{3RR}R**|[{esf, es9, h}; W(GT)I|.  (3.74)

Here, X = Tm Apax () and Amax(7y) is the eigenvalue with the largest imaginary part
amonyg all the eigenvalues of the pencils AL, ... AN in the strip {\ € C: |Im )| <
v} and > denotes the number of elements of the longest Jordan chain corresponding
to the eigenvalues located on the line {\ : Im A = R}. Finally, 8 € (R, 7).

Proof. We first assume that the strip {A € C |Im \| < 7} contains a single
eigenvalue of the pencil; moreover, it is an eigenvalue of the pencil 2. Since the
spectrum is symmetric, this eigenvalue is real. We assume that there is a unique
Jordan chain {©©, ... @™~ D} corresponding to this eigenvalue. Under these
assumptions, the matrix T coincides with the block TH.

We estimate the norm of the inverse matrix of the system (3.69). We outline
a further consideration. Let the functions 7], ..., Z;, satisfy the inclusions (3.35)
and form a basis for the space of solutions to the homogeneous problem (3.23) in
1'%, As above, (Urp)(t) = p(t — R). It is clear that

UrZy ~ Upvt + Y T Ugvy (3.75)
J

(i.e. the left-hand side coincides with the right-hand side up to a summand in
V_,(IT1~); in the sequel, the notation ~ is understood in the same sense). The
collection {UrZ!}M | forms a basis for the space of solutions to the homogeneous
problem (3.46); moreover,

M
UrZy =Y an(RZ", n=1,... M, (3.76)
j=1

where Z ]1 H are solutions to the same problem with asymptotics

ZpTof 4y (3.77)
By (3.77), we have
M M M
> an(R)ZP ~ Y oy (R)(0f + > Ty, (3.78)
j=1 Jj=1 k=1

The functions Uzv;" and Ugv,, are linearly expressed in terms of v; moreover, the
role of coefficients are played by polynomials in R. We write formula (3.75) in the
form

UrZy ~ Y Pu(R)of + Y Que(R)vy, (3.79)
k k
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where P,;(R) and Q,x(R) are some polynomials. From formulas (3.76)—(3.79) it
follows that

M M M
Z Pou(R)v; + Z Quni(R)vy, ~ Z i (R)(v) + Z 16Rv[
k=1 k=1 j=1

The vectors {a,(R) = (an1(R),...,anm(R)) :n=1,..., M} in (3.76) are linearly
independent for all finite R. Therefore, to estimate the norm

1,R
”gl,RH = sup HO/Z H
o ol
as R — 400, we can represent the vector a € C™ in the form a = > a"«,,. Since
O = Pup and (a, T, = Qi the right-hand side of the equality (3.80) as
R — +00 behaves itself as the ratio of two polynomials in R. To prove the relation
(1—||ZVE)~! = O(R") as R — +oo with some v > 0, it suffices to find a vector
a = a(R) such that ||[aTVE||/|la|l — 1 (recall that ||TH|| < 1 for all R < o0).

This leads to the estimate

I(Z = TS)™ < (= IT*I) ™" < eR”

(3.80)

for the inverse matrix of the system (3.69). Now, we follow the above scheme.

To express Urv; and Urv;, in terms of {vi"}, we represent the waves as linear
combinations of the functions (2.12). By the above assumptions, the canonical
system of Jordan chains contains only one chain {¢;... ¢*" 1}, The functions
(2.12) have the form

g

1
u'@ (y,t) = exp(i\t) E 7 — (i)' O(y), o=0,...,2m—1. (3.81)
=0

As is known [1], [2], a Jordan chain can be chosen in such a way that
p(u' u ) = +ibgn 1 rq (3.82)
We set
VE = 2712 (D) £ M)y (3.83)
where n =1,..., M and M = m. By (3.82), we have p(V;", V") = £idy, (the sign
is the same as in (3.82)) and p(V,~, V,,) = Fidy, (the sign is opposite to the sign in
(3.82)). We set vt = V. if we have the sign “—” in (3.82) (for k = n) and v;; =V~
if we have the sign “+” in (3.82). Finally, v, = V= (v, = V,I respectively) if
the sign “+7 (“=” respectively) takes place in (3.82) Thus, {v;"}M | consists of
incoming waves and {v, }* | consists of outgoing waves. Recalling (3.81), we find

(Upu@)(y,t) = exp(iA(t — R Zg, “=O(y)

= exp(—i)\R)exp(i)\t)Z(_U‘%) Y (zt?”
= exp(—iAR) Z %u(”_k)(y, t).
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Let, for example, v/ = V" and v, = V.~ for n = 1,..., M (otherwise, obvious
modlﬁcatlons of the formulas are requ1red) By (3.83),

o (—iR)*
Upvt =271/2 exp(—i)\R)( Z Tu(”_k_l)(y, t)

—iR)F
+ ) ( ]f) u@M—”—k)(y,t)). (3.84)

We note that
u(n_l)—2_1/2(v++'l};)7 /]7/:1’,_'7]\47
u = 27V (ofy = Vo), =M1, 2M

Now, we rewrite (3.84) in the form

M—n

n—1 . .
1 , (—iR)* B (—iR)* _
URU: = § eXp<_2)\R)< Z k! (U;—k + Un—k) + Z k! (U:-‘rk - Un—l—k)
! prd !
2M—n
(—iR)"
+ Z T( oM -—n—kt1 T V2 —n— k—i—l))
k=M-—n-+1 ’

- %exp(—i)\R) (Z %(v; SN EDY %(U; —vy)
k=1 k=n
+ z; 2M2f nm_; L o). (3.85)

Substituting (3.85) into (3.75), we arrive at the relation

1 , L (—iR)" L (—iR)F "
UpZ! = = exp( MR){Z ((nf)k:'vlj + Z %v;

k=1

M M . :
Ll —iRP S IR
D re R E G- T
=J
(RPN (R iR
;(2M—j—k+1)!v’“>+; (n— k)l * ; (k—n)l *

( ’LR)QM n—k+1

L (iR SN (—iR)FT
@M —n—k+ 1" +Z <; G—k) +}; =)

(;A;ilj)j —_;_+ 1Yk )} (3.86)

Eq:

i
I

M=

e
Il

1

From (3.76), (3.78), and (3.86) it follows that the right-hand side of (3.78)
differs from the right-hand side of (3.86) by a summand in V_ (IT%).
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It remains to find a vector a such that [T E||/||al| — 1 as R — co. Let
a=a; = (a1,...,a1y). By (3.86), the coefficient at R**~! in ay; is equal to
exp(—iAR)(1 — %1,)/2(2M — 1)!. Since ||T'|| < 1, this coefficient does not vanish.
Using (3.86) again, we see that the coefficient at the same power R*~1 in the
component (a;TV?); of the vector a;TVE = ((a; THE), ..., (g THE) ) coincides
with the coefficient obtained for a;;. We have ||y T4 /||ay]| — 1 as R — oo and

(1= T~ = or™ ).

For simple eigenvalues an estimate for the right-hand side H = H(R) of the
system (3.69) is obtained via the inequality (3.73). In the case of multiple eigenval-
ues, one can use formula (3.85) in order to obtain the following inequalities instead
of (3.71) — (3.73):

HY| < [(prf, Ye)al + [(prg: Yed)oc| + CRZ > byl

1<k<M

< CR|{enf, eag, hY; W(GR)]. (3.87)

Thus, the estimate (3.74) is proved in the case where the strip {A € C : [Im A\| < v}
contains a single eigenvalue of the pencils and this eigenvalue is real. In the case
of several real eigenvalues, the necessary modifications are obvious.

Now, we assume that the strip {\ € C : |Im | < v} can contain nonreal
eigenvalues of the pencils 2!, ..., AY. For the sake of simplicity, we consider the
case where only the eigenvalues A\; and A_;(= A; € R) of the pencil ' lie in the
strip. Assume that with A; (and, consequently, with A_;) only one Jordan chain is
associated. We argue as above (cf. formulas (3.75)—(3.80) and comments), but the
coefficients in the expressions of Upv in terms of v, as well as P, (R) and Q. (R),
are not polynomials. We describe the necessary modifications. Let a Jordan chain
be chosen in such a way that

where u{”) are the functions in (2.12) (the subscript j is omitted); cf. [1]-[5].

Introduce 2M (= 23¢) waves by the equalities

+_ 2’1/2(u§”_1) . (M—n))’

vt u'’y v =272 MY =1, M

Instead of (3.85), we have

1 . n iR n—~ ZR {—n
O 3 e D o ) L
=1 '
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Substituting (3.88) into (3.75), we obtain the relation
UrZ, ~ %{e_iAlRZn: —(_ni]j);_!g (vf + ;)
,ZMRZ —iR) = ” U[)
+§:Tilj< _MlRZ ZR - (v + ;)
j=1
- —MZ ZR 7 —U;))}. (3.89)

Let, for example, \; = Apax. By (3.89), the coefficient at
exp(—i\ R)(—iR)M /(M — 1)!

in ap and (aMTLR)l is equal to 1 + T}V[M and does not vanish. Therefore,
| THE|| /||aq|| — 1 as R — oo and

(L= IFVE)) ™" = O(exp{2RR}R*™).
Instead of (3.87), we have
|| < C exp{RR}R*|[{esf, esg, h}; W(GT)].

The proposition is proved. Il

3.3.3 Example

Let P be a “half-plane” in R? with smooth periodic boundary 9P, i.e., x =
(x1,22) € OP if and only if (z1 + 27, z5) € 0P. We assume that 0P C {z €
2. |wy| < a} for some positive a. Let G = {x € P : (71, 22),|r1] < 7} be the
“periodicity cell.” We set T* = {z € P: 2z, = 7} and T° = G\ {TTUT " }.
Instead of (x1,x9) in G, we write (y,t).
Consider the Helmholtz equation

(A+K)u(y,t) =0, (y,t) €G, (3.90)
with the quasiperiodicity condition
Fu(m,t) =™ u(—m,t), (£r,t)el*, =01, (3.91)

and the boundary condition
Bu(y,t) =0, (y,t) € Lo; (3.92)

here, k and « are real parameters, ) = &7 /dy’, and B is an operator with smooth
coefficients such that ord B < 1 and the boundary value problem (3.90)—(3.92) is
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elliptic and formally self-adjoint. As is known, such a problem appears in the theory
of diffraction gratings. We derive an explicit formulas for waves and scattering
matrices G and TF which were discussed in Subsection 3.1.

In the interval —m < y < m, we introduce the operator pencil A — 2A(\) =
{d?/dy* + (k* — A\?)} for functions v satisfying the quasiperiodicity condition
do(r) = ™*0v(—n), j = 0,1. The spectrum of the pencil 2 consists of eigen-
values £(k? — (n+a)?)Y2 forn = 0,41,.... As above, we denote by A_,0, ..., Ao,
where % > 0, all the real eigenvalues of the pencil 2(; moreover, A_,0 < A_ 041 <

- < Ao, Ao = 0 and )\ are absent if zero is an eigenvalue. We enumerate nonreal
eigenvalues in such a way that 0 < Im A0, <ImA,0,0 < ... and A, = A_,, where
v=1"4+1,0°+2,.... The eigenvalue Ay, = £(k* — (n + a)?)/2, v £ 0, is simple
and the eigenvector ¢4, ¢, (y) = exp(i(n + a)y) corresponds to this eigenvalue.

The eigenvalue \g = 0 appears in the case k* = (n+«)? and has algebraic mul-
tiplicity 2. With this eigenvalue we associate the eigenvector ¢ and the adjoined
vector g, ©5(y) = exp(i(n + a)y), i(y) = 0. We set

uy(y, 1) = (x| A )" exp(id ) (y), v = -, v #0,
uy(y,t) = —i(4n |2 )72 exp(idt)pu(y), v < —w, (3.93)
¢

ugly, t) = (2m) " 200(y),  ugly, 1) = —i(2m) P te(y)

(cf. (2.12)). The functions (3.93) satisfy the homogeneous Helmholtz equation in
the strip {(y,t) € R? : —7 < y < 7} and the quasiperiodicity condition. Moreover,
these functions satisfy the relations in Proposition 2.4, where for ¢" we take the
form

q(u,v) = (A + E*)u,v)g + (Bu, Q)r, — (u, (A + k*)v)e — (Qu, Bo)r,.  (3.94)

We introduce incoming and outgoing waves {u}. We first introduce the functions

~1/2
wE =uy,, 0<v<y wi=2 /(u,,:Fu_l,), v > 1,

wE = 272 () F ub).

Take x € C*(R) such that x(t) =1 for ¢t > C + 1 and x(t) = 0 for ¢t < C, where
the constant C' is chosen in such a way that x(t) = 0 for (y,t) € I's. The waves
ut = ywE satisfy the conditions (2.17) with p = iq (g is given by (3.94)).

The role of the problem (3.10) in the bounded domain G* is played by the
problem

(A +k)u(r) = f(z), =€GH,
BU( ) =g(z), €Ty,

u(r,t) = QWiaé?Zu(—w,t), r = (£m,t) e I*NGE,
(&HC) (y,t) = h(y, 1), «=(y,t)el"

For f € Ly(GF), g € HTy), where 1 = 3/2 —ord B, and h € HY?(T'F) there
exists a unique solution u € H*(T'") to the problem (3.95) (cf., for example, [22]).

(3.95)
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The functional (3.7) takes the form

M
J (a1, ... ay) = Hf)Cf —uf — Zaju;; Ly(TH)

J=1

2
9

where X[ is a solution to the problem (3.95) with the right-hand side

{0, 0, (8; + iC) (u,j + i ajuj—> }

Instead of (3.46), we have

(A + E)u(z) = f(z), =z eIl
Hu(m,t) = ™ Ou(—m,t), == (xmt)ecdl*\T" (3.96)
(0 +iQuly,t) = h(y), == (y,t) el

Suppose that the strip {\ € C: |[Im A| < v} contains only real eigenvalues of the
pencil A. The total algebraic multiplicity of all such numbers is denoted by 27'.
For the problem (3.96) it is easy to compute explicitly the T’ x T-matrices &% and
TR, Indeed, assume that )y does not belong to the spectrum of the pencil 2 and
T = vy. Note that

T
_|_
>

(0 +iQ)w, |pr = ¢ — /\VemuR(at +iQw, |pr, v =1,... 1. (3.97)
Therefore, the functions
A o
XE=wh — g+)\ MRy v =1,...,T,
- )\” ‘ (3.98)
7B =, — <+_)\z/€—2z,\wa;r7 v=1,....T,

are solutions to the homogeneous problem (3.96). We choose the basis (3.26) in
such a way that v = wF. Comparing (3.47) with the first row in (3.98), we find

. MAC oinr A2+C oy AT +C o
G" = dia <—62”‘1R, el O QMATR ) 3.99
W=t ¢ Ar—¢ (399

Similarly, we introduce the equality

(MG ok A2 C AT —C
R _ d M TS 2iR 2iA2 R o 2iAT R ) 1
* AN Mot C” AR VI (3100)

If there is the zero eigenvalue of the pencil 2 then, in addition to the equalities
(3.97), we have

i+iC — (R

(0y + iQ)wy |rr = m

(0 + iQ)wy |pr.
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Then T'=1y+ 1 and

& = diag (Z +z:§ - gR, all JrCemlR, - Ar +Ce%’\TR> ,

i —iC—CR A —¢ Ar — ¢ (3.101)
TR _ diag (i—iC—CR A1 —Ce_wlR >\T_<€—2i>\TR>

i+ —CR M ¢ RERED W :

Let the strip {A € C : |Im\| < 7} contain some imaginary eigenvalues of
the pencil 2. The total algebraic multiplicity of these eigenvalues in the strip is
denoted by 2M. For v > vy we have

i\ + Qe + (A, = ¢)
i(Ay + Qer i — (A, = ()

Therefore, the scattering M x M-matrices G and T are diagonal. If zero is not
an eigenvalue of the pencil 2, then the first 1, diagonal entries of the matrix G
are the same as in formula (3.99), where 7' = 14 (or the same as on the right-hand
side of the first equality in (3.101), where T' = 1, if zero is an eigenvalue of the
pencil). From (3.102) it follows that the remaining diagonal entries of &% are as
follows:

)\l,0+1 — C + i<)‘uo+1 + C)eQiAuoﬂR Ay — C + Z()\M + <>62i/\MR
Mt = € = 10w+ QP Xy = = iy + )R

Similarly, using (3.100) and the second row in (3.101), we can construct the matrix
TR its diagonal entries corresponding to the waves Uyoi1s - - -5 Uy are obtained from
(3.103) by replacing the fractions with the inverse ones.

By the inequalities A\, > 0, v = 1,..., 1y, the norm of the matrix (3.99) does
not exceed ¢ < 1 for all R and ( < 0, the number ¢ is independent of R. The same
assertion is true for the matrix (3.100) for ¢ > 0 (instead of ¢ < 0).

From the formulas obtained we see that if the strip {A € C : [Im )| < ~}
contains multiple and (or) imaginary eigenvalues of the pencil 2, then the norm of
the matrix &% is less than 1 only for finite values of R and tends to 1 as R — oo
and ¢ < 0; the same is true for the matrix T in the case ¢ > 0.

(0 + iQ)wy |rr =

(8, +iC)w | or. (3.102)

(3.103)

3.3.4 Estimating the discrepancy of the approximate solution to the
problem (3.10).

We prove the following assertion.

Proposition 3.15. Let v be such that the following conditions hold:

1) dimker A(v) = dimker A.(y) =0,

2) 0/2 >~ > 11X (here, X = X(v), ¢f. Proposition 3.14),

3) the line R + iy is free from the spectrum of the pencils AL, ... AN,

Then for ¢ > 0 the function (3.51) is an approximate solution to the problem
(3.10) in the sense that for B € (3R, — 8X) the following estimate holds:

I{esL, esB, N + i¢D}Y" — {esf, esg, h}; W(GT)|

’ (3.104)
< ce"|{esf, eag, R} W(GH),
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where p > 0.

Remark 3.16. Let us explain the assumptions of Proposition 3.15, for example,
in the case of self-adjoint problems under the assumption that the domain G has a
single end at infinity, 11, .

The number v satisfying the assumptions of Proposition 3.15 can be chosen in
the case where all the nontrivial solutions to the homogenous problem {L, Blu =0
in the domain G decrease at infinity not too rapidly. In the best situation, where
there are no nontrivial decreasing solutions, we set N = Im Ay = 0. The assump-
tions of Proposition 3.15 are satisfied for sufficiently small positive .

Let uy, ..., up be all linearly independent decreasing solutions to the homoge-
neous problem

uj(y,t) = NPy, t) + o(exp — Im \jt),

where (y,t) € I, t — 400, and P;(y,t) is a nonzero polynomial in t whose
coefficients depend on y. Let ImAp > ImA\;, 5 =1,...,T — 1. The parameter vy
satisfying the conditions of Proposition 3.15 can be found provided that there exists
an eigenvalue \pax of the pencil A such that Im Ay = Im Ay and the inequality
Im A > 11Im Ap.x holds for all those eigenvalues A of 2 that are located above the
line {v € C:Imv =N}, X = Im A\

Proof of Proposition 3.15. Recall that (cf. Subsection 3.1) the discrepancy
{F, 6, 9} of the function (3.51) in the problem (3.10) satisfies

5.6} = {83} na(Un(v = Y by

teamr
+ 3 (2R v = 3 The)) - Y Un{FTLGT),
jeamr ke r (3.105)

H=Y (N =N +i((D" - D)) (URu’” +3 cjzf)
T + (N +i¢D)Y on T'E
By Propositions 3.11 and 3.14, we have
les{.®, 0 W(GH)||
< Ce IR exp (URRY (R |{e f. eg, by W(GH)).

We now turn to (3.105). The strip {A € C : § < Im\ < v} is free from the
spectrum of the pencils A!, ... AN, Hence the operator A(f3) has the bounded left
inverse operator (ker A(y) = ker A(() and coker A(y) = coker A(B); cf. [1],[2])
and Y € Vi(G). The following estimates hold:

10, 0, N+i¢D}YY; W(GT)|| < ce™|[9; V(G| < ce™™|{F, G} Ws(G)l|. (3.106)
Now, (3.63), (3.85), (3.88) and Proposition 3.14 lead to the estimate
{3, S} W(G)ll < Cexp{3RRIE= 2| {esf, eag, KEWGH).  (3.107)
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Repeating the arguments of the proof of Proposition 3.11, we obtain the inequality

H{o 0.3 (N = N +i¢(D" — D)) (URuT +y cj(R)Z]R)}H
r jemr
< ce P exp{ARRY(R*)*|{esf, epg, h}; W(GH)]].

We can assume that the number p in the estimate (3.104) is positive provided that
(v —0)/2—=4X >0 and § — 3R > 0. Since v > 11X, both these conditions can be
satisfied in view of the choice of (5. O

3.3.5 Estimating the norm of the inverse operator (A%)~! of problem
(3.10) as R — o©

Let ¢ > 0, and let the operator T : W(G%) — V(G®) associate with the triple
{f,g,h} an approximate solution Y to the problem (3.10), cf. (3.51). We consider
the composition AZY : W(G®) — W(GE). We set

I{f, 9. h};sW(G™ B)| := [{eaf, esg, h}; W(GT)]|

for elements in W(G¥). It is clear that for a fixed R the norms [|-; W(G®)|| and
|-; W(GE; B)|| are equivalent. Let the assumptions of Proposition 3.15 be satisfied.
By this proposition, for ( > 0 and R > Ry we have

|1 — ARY;W(G™; 8) — W(GT; B)|| < Ce ™,

where the constant C' is independent of R and g > 0. Therefore, for sufficiently
large R the norm of the continuous mapping

(AR W(GE; B) — W(GH; B)

is uniformly bounded with respect to R. The operator (3.16) is invertible for ¢ > 0.
Hence there exists Y71, Tt is clear that (A%)~! = T(A"T)~!. Denote by W(G*),
the subspace of W(GF) formed by triples {0,0,h}. Let (A%);* be the restriction
of (Af)~1 to W(GH),.

Theorem 3.17. Let the assumptions of Proposition 3.15 be satisfied. Then for
¢ > 0 and sufficiently large R the following estimate holds:

1A% W(GT)o — V(GT)I| < Cexp{4RR}R™?, (3.108)

where the constant C' is independent of R and the numbers N and s are the same
as i Proposition 3.14.

If for some number v € (0,8/2) conditions 1 and 3 of Proposition 3.15 are
satisfied and the strip {\ € C : |Im A| < v} does not contain the spectrum of the
pencils AL, ... AN, then for ¢ > 0 and sufficiently large R the following estimate
holds:

I(AF)g 5 W(GH) — V(GH)| < C,

where C' is independent of R (cf. [17, Theorem 5.6.3]).
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Proof. Let us prove the inequality (3.108). We have

I(A%)g s W(GT)o — V(GT)|
< T W(GT; B) — VIGTHIATT)™H W(GT) — W(GT; 8| (3.109)
< O T W(GH; B) — V(GH)]].

It remains to estimate the norm of the operator Y. Using (3.51), (3.106), (3.107)
and the inequality
19 VG < 1195 V(GD,

we obtain the estimate

19: V(G| < Cexp{3RRHR*[I{/, 9, h}; W(G"; B)]I.
Moreover, using (3.48) and (3.49), we find

HZnRURw V(@) < HZch] )21 v(GR|

+Z<

Consider the first term on the right-hand side. The coefficients c; were estimated
in Proposition 3.14. To estimate ZJ*, we use (3.58), (3.60) and the arguments after
formula (3.60). For j € M" we ﬁnd

InrZ 85 (G < (v + Zwk) )| + 128 v

< C’exp{NR}R”. (3.111)

ur —va V(119 H+HanUijvj,VGR H) (3.110)

Thus,

| 2 e (R)Z:V(GH)| < Cexp(aNRYR™ | {f.9.hy: WG B). (3112

The estimate

< C|{f. g, h}; W(GT™; )] (3.113)

for the second term in (3.110) is verified with the help of Proposition 3.10 and the
same arguments as in (3.72). Finally, we estimate the last term

H Z nRUijvj_;V(GR)H < Cexp{RR}R* Z |b; ]
jemr jemr
< Cexp{RRYR||{f, g,h}; W(GT; B)|| (3.114)
(we again used (3.72)). From (3.51), (3.109)-(3.114) we obtain the inequality
105 W(G™; 8) — V(GT)|| < Cexp{4RR} R

which, together with (3.109), yields (3.108). O

u" — Z bjvs s Vo ( (I1"°)
jemr
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3.4 Justification of the Algorithm for Computing Scatter-
ing Matrices

To justify the method, it remains to verify the nonsingularity of the matrix
&M (cf. (3.9)) and stabilization of the vector a(R) minimizing the functional (3.7)
to the row of the scattering matrix S as R — oo.

Proposition 3.18. The matriz E® in formula (3.9) is nonsingular for all R > R°.

Proof. Suppose that the assertion fails. Then for any R° there is a number
R > R such that the matrix €7 is singular and the functions U := Y~ c;u; and
V=) cjvu; satisfy the equality

DU =DV on I'F, (3.115)

where v} are solutions to the problems (3.8), ¢ = (c1,...,car), and [c| = 1. We use
the equation on I'"t from (3.8). We have

NU =NV on TI'* (3.116)

In the Green formula (3.5), we set u = v = V. Taking into account the first two
equations in (3.8), the inequality (3.14) for w = v}, and the equalities (3.115),
(3.116), we find

Im{(NU, DW)rr — (DU, NU)rr} > 0. (3.117)

On the other hand, since the coefficients of the operators N — N" and D — D"
decrease as O(exp(—dt")) in I, and U = O(exp(yt")) as t" — oo and vy < §/2, we
have

N
(NU, DW)rr — (DUNU)prn = > {(N"U, D" Wprn — (DU N"Wprr} + o(1)

r=1

(3.118)
as R — oo. A direct computation shows that
N M
> {(NUD WUprw — (D"UNWprn} = =i » e = —i. (3.119)

r=1 Jj=1

From (3.117), (3.118), and (3.119) it follows that —1 > o(1). A contradiction

obtained completes the proof. n
Recall that R(v) = Im A\yax(7), where A\ax(7y) is the eigenvalue of the pencils

AL ... AN in the strip {\ € C : |Im A| < v} with the maximal imaginary part.

Proposition 3.19. Suppose that for some number ' the assumptions of Proposi-
tion 3.15 are satisfied and the parameter ¢ in the problem (3.10) is positive. Assume
that the vector a(R) = (a1(R),...,an(R)) is a minimizer of the functional JE in
(3.7). The following assertions hold.
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1. The following estimate holds:
Jn(a(R)) = O(exp{—2AR}), R — oo,

with any A € (0, — 4R(v")), where v is the number taken from formula (3.4).
2. If v > () +4X(v'), then for all R > Ry the components of the vector a(R)
are uniformly bounded,

la;(R)| < const < oo, j=1,...,M.

Proof. 1. Denote by Y% the solution to the problem (3.6), where for a;,
j =1,...,M, we take the entries S,,; of the scattering matrix S = S(v) of the
problem (3.1). Since we can differentiate (3.4), we have

(N +i¢D)(Y,F - V,,)|pr = O(e™ ).
By Theorem 3.17, we find

1DV = Yiu)s La(TH)| < ellY = Vs VG|
<AD IO, 0,N +iCDHY T = Yin); W(GT)|| < ce™ .

Together with (3.4), this leads to the estimate
JE(S HD(YR (u —l—ZSm]u )) Lo( FR)H < ce AR

where the constant ¢ is independent of R. Tt remains to note that J%(a(R)) <
JI(S,,). Assertion 1 is proved.

2. Let Z& be the solution to the problem (3.6) corresponding to the vector
a(R) = (ay(R),...,ap(R)). In the Green formula (3.5), we set u = v = Z*. We
have

Im{(NZE DZE)rr — (DZE, NZE) s} > 0. (3.120)

By Assertion 1, we have
H@(Zﬁ - (u; +3 ajuj.—)) : LQ(FR)H — O(e*8), R — oo (3.121)

Since

M
(N +iCD)Z 8 rn = (N +i¢D) (uwf, + 3 aju; ) les,
j=1
from (3.121) we find
M
HN(Z,EL — (uh > agu;))s LQ(FR)H = OB (3.122)
j=1
as R — oo. Using (3.121) and (3.122), we reduce (3.120) to the form

tn{ (N, D) — (Do, Npwlen} +0(e) (3 Jas (R +1) 2 0,



70

M

where ¢ = 7 — X(vy) — 4X(¥') and ¢,, = v}, + > a,u, . Taking into account the
n=1

stabilization of the coefficients of the operators N and D, we obtain the inequality

+ O(e’ER)< > lay(R)P + 1) > 0.

Here, the sum over r is immediately calculated and is equal to i —iy_|a,|*. Thus,

M
D g (R)P =140, R— oo, (3.123)
j=1

where ¢ > 0. O

Remark 3.20. If the domain G has more than one end at infinity, we can weaken
the restriction v > R(y) + 4X(Y') by defining the parameter € in (3.123) for each

of the semicylinders IIL | ... [ TIY. Namely, let Al be an eigenvalue of the pencil

A" such that Im A < Im X < v for all eigenvalues X of the pencil A" in the strip
{AeC:|Im\ <~v}. Wesete” =min{Im(A—\,,..) : Im A\ >~}. Forein (3.123)
we can take the number

e <&’ = minmin{e",§/2 — A\, } — 4R(¥). (3.124)

As above, the number ¢ characterizes the stabilization rate of the coefficients of the
problem (3.1) (cf. Subsection 1.1).

We pass to the proof of the main result.
Theorem 3.21. Let ( > 0, and let the number ~ in (3.4) satisfy the following

conditions:

1) there exists a number " < v such that dimker A(y') = dimker A, (7") = 0,
the line R+iv' is free from the spectrum of the pencils A, ... AN and v" > 11R(y/),

2) 7 = R(y) —4R(v) > 0.
Then for all R > Ry there exists a unique vector
a(R) = (a1(R),...,am(R))
that minimizes the functional JI* in (3.7). The following estimates hold:
la;(R) — Si| < C(e)exp(—eR), j=1,...,M,

where € > 0 satisfies (3.124) and the constant C(e) is independent of R.

If the homogeneous problem has no nontrivial decreasing solutions, then the
conditions 1 and 2 are automatically satisfied for sufficiently small v > 0, R(vy) =
0.

Condition 2 follows from 1 if v/ = ~.
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Proof. As above, we denote by ZZ a solution to the problem (3.6) corre-
sponding to (ai(R),...,ayn(R)). Recall that Y;, has the asymptotic behavior (3.4)
and satisfies the homogeneous problem (3.1). We substitute u = v = U,,, where
Un = Y,, — ZE into the Green formula (3.5). Since U, satisfies the first two
equations in (3.6), we have

Im{(NU,,,, DU,,)rr — (DU,,, NU,,)rr} = 0. (3.125)
We set
M M
Pm =uh + Y an(R)uy, = uf+ > Spnu, (3.126)
n=1 n=1

and write U,, in the form
Un=Ym — Zﬁ = (Ym - wm) + (wm - Som) + (‘Pm - Zﬁ)

We note that (Y, — ¥u)|rr = O(exp(—7R)) in view of (3.4). Taking into account
the estimates (3.121), (3.122) and Proposition 3.19, we can pass from (3.125) to
the inequality

Im{(N(wm - Spm)a ‘D("vbm - Spm))FR
- ((D(qu)m - Spm)a N(¢m - me))FR} > O(exp<_5R))
with the same ¢ as in Remark 3.20. The coefficients of the operators N — N”

and D — D" decrease in the semicylinder I} as O(exp(—dt")), where 6 > 27.
Consequently, (3.127) implies the estimate

(3.127)

Im N (U — Om)s D (Y — O ) ) prr
{;« (Ym = Pm), D" (U = ¢m) 5199

~ (D" (Y = o). N (U — ) ror | > Olexp(—<R)).

M

Here, the left-hand side is immediately calculated and is equal to (— > |a,(R) —
n=1

Smn|?) (it suffices to use the representations (3.126) and the definition of the waves

uf) Finally, we have

Z |an(R) = Spn|* = O(exp(—<R)).

The theorem is proved. Il

3.5 Operators Depending on Parameter

We now turn to formally self-adjoint problems {L(z, D,) — u, B(x, D,)} with
parameter p. A number p is an eigenvalue of the operator {L, B} if there exists
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a function u in Ly(G) that is smooth in G and satisfies the homogeneous problem
{L(z,D,) — p,B(x, D,)}u(x) = 0. The authors do not know if eigenvalues can
accumulate at a finite distance under our assumptions on the operator {L, B} (the
coefficients stabilize at infinity at exponential rate). However, from [14] (where the
operators {L, B} are considered under less rigid assumptions on the stabilization of
the coefficients) it follows that accumulation points can be only “threshold” values
of the parameter . We give some consequences of the results of [14]. For the sake
of simplicity, we assume that the domain G has a single end at infinity, I1,. The
number pi is said to be threshold for the operator {L, B} if there exists a sequence
{pr} C R, p — po, and a sequence {A(ux)} C C such that

(a) A(ug) is an eigenvalue of the pencil A — A(A\; ) := {L(\) — pu, B(A)},
(b) Im A(u) > 0,

(¢) Im A(px) — 0 as k — oo.

1) Eigenvalues of the operator {£, B} can accumulate only in a neighborhood
of the thresholds and at infinity.

2) Let pp be an accumulation point of the sequence {u} of eigenvalues of the
operator {L,B}. Then for py, where k is sufficiently large, there exist numbers
Ak = A(u) satisfying conditions (a)—(c) of the definition of a threshold.

3) For the sake of simplicity, we additionally assume that the sequence Ay
possessing the above properties is unique for a given sequence of eigenvalues fi.
Then the eigenfunction u; corresponding to the eigenvalues py admits the following
representation in II:

u(y, t) = e Po(y, t) + o(exp{—Im Ayt})

as t — +oo. Here, Py(y,t) denotes a nonzero polynomial in ¢ whose coefficients
depend on y.

We say that p € R is a number of the first kind if the operator {L — u, B}
satisfies the assumptions of Theorem 3.21 (cf. also Remark 3.16); otherwise, u
is called a number of the second kind. In particular, p is a number of the first
kind if there are no nontrivial decreasing solutions to the homogeneous problem
{L — pu,B}u = 0. By Theorem 3.21, the method converges at a point of the first
kind.

Let po be a threshold value of the operator {L,B}. If ug is a number of
the first (second) kind, there exists a neighborhood of the point g (a punctured
neighborhood of 1) containing only numbers of the first kind. Therefore, numbers
of the second kind can accumulate only at infinity.



4 Appendix: Elliptic problems with slowly sta-
bilizing characteristics

In domain G C R™"! with finitely many cylindrical ends we consider general
elliptic boundary value problems. As x — oo, x € G, the coefficients of the problem
tend to limits too slow to allow obtaining an asymptotic of solution at infinity.
Using the results of the paper [23] (see also [24, Section 8.5]), one can get some
“structure” of solutions to the problem: far from the origin a solution is represented
as a linear combination of functional series plus a remainder. The coefficients in
the linear combination remain unknown. Here we suggest an approach that allows
to derive the expressions for the coefficients in the structure of solutions. This
enables one to extend the theory of elliptic problems in domains with cylindrical
ends, well-developed earlier for the case of exponentially stabilizing coefficients
(see e.g. [1, 2, 24]), to the case of slowly stabilizing coefficients. These results
are obtained in collaboration with Pekka Neittaanmaki and Boris A. Plamenevskii
and published for the first time. Some results for a class of formally self-adjoint
problems with slowly stabilizing coefficients were announced in [14]. The formally
self-adjoint problems were studied in [25].

4.1 Statement of the problem and preliminaries

Let us recall some of the notation. We denote by G € R"*! a domain with
smooth boundary G coinciding, outside a large ball, with the union ITL U---UTIY
of non-overlapping semicylinders; here I, = {(y",t") : y" € Q",¢" > 0}, (y",t") are
local coordinates, and the section 2" is a bounded domain in R".

In domain G we consider the elliptic boundary value problem

L(z, Da)u(z) = f(z), =€G,

B(z, D)u(x) = g(x), =€ IG, (4.1)

where L = ||L;;|| and B = ||B;|| are k x k and m x k matrices of differential
operators respectively, and ord L;; = s, +t;, ord By; = 04 +1;, 2m = sy +t1 +- -+
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sk +tg. (As usual, s;, t;, and o, are the integers appearing in the definition of an
elliptic problem in the sense of Douglis-Nirenberg.)

Let {L", B"} be the operator of a problem in the cylinder II" = Q" x R with
coefficients independent of ¢", ord L}; = ord L;;, and ord Bj; = ord B,;. We denote
by W(II") the space with norm |leg-; H*(II")||, where H*(II") is the Sobolev space,
eg: (y",t") — expft", and f € R. Set

k
DEW(G) = [[ W5 ™ (G),
j=1
. - (4.2)
—S; Z—Uq—l 2
REW(G) = [ wh () x [ ws ™ *(06),
=1 q=1

where ¢ > max{—t;, s;,0, 4+ 1}. The map {L", B"} : D4W(G) — REW(G) is con-
tinuous. The coefficients of {£, B} are supposed to be smooth in G and stabilizing
at infinity in the sense that

Tim [lnr({2,BY — {L", B'}); D(II") — RE () =0, (43)

where np(t") = n(t"—=T),n € C*°(R), n(t") =0 for t" < 1, and n(t") = 1 for t" > 2.
In particular it follows that the operator

A(B) = (£, B} : DY(G) — RH(C)

is continuous, the spaces D5(G) and R5(G) being defined by (4.2) with II" replaced
by G; the space W(G) is endowed with the norm [eg; HY(G)|, where ez is a
smooth positive function in G equal to exp 8" in II", r = 1,..., N. We suppose
that the operators {L", B"} are elliptic. Let the Green formula

(Lu,v)e + (Bu, Qu)oe — (u, Lv)g — (L, Biv)sg =0 (4.4)

be valid for all u,v € C°(G); here L, is the operator formally adjoint to £, while
Q, Q,, and B, are certain m x k matrices of differential operators, ord B, ; = s;+pq,
ordQ,,; = t; — pg — 1, and ord Q;; = s; — 0, — 1. We assume that the problem
{L,, B.} adjoint to {L,B} with respect to the Green formula (4.4) has all the
properties of the problem (4.1). The correspondent limit operators will be denoted
by {L%, BI}, r =1,..., N. In particular the coefficients of {L,, B,} are stabilizing
at infinity in the sense that

Tim [lnr({£.,B.} — {0, B} DY), — RE(IT).[ =0, (45)

where

DLW (1), = [ [ Wi (1),

=1

W) x [ we % om)

1 q=1

I

REW (1),

J
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with ¢ > max{t;, —s;, p, + 1}.
Introduce the operator pencil

CoA—=A"(\)={L"(y, Dy, \), B"(y, Dy, \)} (4.6)

in the domain Q". It is known [30] that the spectrum of the pencil A" consists of
normal eigenvalues, which are located on the set {A € C: |ReA| < ¢|/Im \|} with
finitely many exceptions. From now on we choose a certain r and do not indicate
it in notation. Let

{0, gl =1, = dimker 0T(0)}

be a canonical system of Jordan chains of the pencil 2l corresponding to the eigen-

value \,. Here, gpl(,o’j ) is an eigenvector and go(yl’j ), e ,gpl(,%j”_l’] ) are associated vec-
tors [1],[2], [20]. The functions
iy , 1 Y
w7 (y, 1) = exp(idt) D 5 (it) 7" (y), (4.7)
=0
where 0 =0, ..., 5, — 1, satisfy the homogeneous problem

{L(va?ﬁDt)?B(y7Dy7Dt)}u<y7t) :07 (y7t) e IL
Proposition 4.1 (see [1, 2]). The map
A(B) = {L, B} : DG(IT) — RE(IT) (4.8)

is an isomorphism if and only if the line R + i35 = {\ € C:Im X\ = 3} is free from
the spectrum of the pencil .

In the cylinder II the Green formula
(Lu,v)g + (Bu, Qu)an — (u, Lyv)y — (Quu, Byv)on = 0 (4.9)

holds for u,v € C®(II). For the limit operator {L., B.} we define the pencil
A= 20, (N), A(N) = {L.(y, Dy, N), Bi(y, Dy, A) }. If A, is an eigenvalue of 2 then
A, is an eigenvalue of the pencil 2,. Moreover, dim ker 2A(\,) = dimker m*(X,,),
and the partial zero multiplicities of the eigenvalues are coincident; see [1, 2].
Let {w,(,o’j), o 7%(/%]-”71,]');]. =1,...,J,} be the canonical system of Jordan chains
of the pencil 2,. We introduce the solutions v57 to the homogeneous problem
{L, B.}v =0 in II by the formula (4.7), where u, ¢, and A, are replaced by v, 1,
and ), respectively.

Denote by ¢(u,v) the left-hand side of (4.9). As is known [1, 2] the chains

{¢£U’j )} can be chosen such that the relations

q(xu(y"’j), le(]’p)) = 10,0050 —7—1,0 (4.10)

are fulfilled, where 0 is the Kronecker symbol, and y € C*(R), x(¢) =0 for t < 0
and x(t) = 1 for t > 1. Emphasize that the left-hand side of (4.10) does not depend
on the choice of y in view of (4.9).
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4.2 Structure of solutions to the model problem in a cylin-
der, formulas for the coefficients

Let {£r,Br} and {Lr,,Br,} be differential operators depending on the pa-
rameter 1" such that the following conditions are satisfied: (i) operator {£r, B}
(operator {Lr,,Br,}) coincides with {L, B} (with {L., B.}) on the set {(y,t) €
I:t>T+3} and with {L, B} (with {L,, B.}) on the set {(y,t) € 1 : t < T}; (ii)
the norms || Ap; Dy(IT) — RG(M)|| and [|Ap,; Dy(IT), — RE(ID).|| of the operators

Ap={L,BY —{&r.Bs}, Ar, ={L.,B.} - {€r,, B} (4.11)

tend to zero as T — +oo; (iii) for u,v € C>°(II) and sufficiently large T the Green
Formula

(Lru,v)n + (Bru, Qrv)on — (u, £r,0)n — (Qr.u, Br,v)an = 0 (4.12)

holds, where Q7 and Q7. are some m X k-matrices of differential operators such
that Qr (Qr,) coincides with Q (with Q,) on the set {(y,t) € Il : ¢ > T + 3} and
with @ (with Q) on the set {(y,t) € II:t < T}.

In particular, if sy = s = .-+ = s = 0 and the matrix B of boundary
conditions is t-normal (see e.g. [21]) then the Green formula (4.4) is fulfilled, the
existence of the operators {£r, Br} and {Lr,, B, } is guarantied by the following
(rather strong) stabilization conditions:

Jim (€7 =17 CA) [ =0, v] +p <1,

. 4 14 ') (4‘13)
i [l (b = b RO x RN =0, ]+ p < oy + 75,

where ;] and b} are the coefficients of the operators

Lij(y,t, Dy, D) = Y (M (y,t)DIDY,

[n]+p<T;

BQJ'(y?taDyaDt) = Z bgf(y,t)DZD#,

[nl+u<Log+;

and I}, b} are the correspondent limit coefficients. The formally self-adjoint
problems under the stabilization conditions (4.13) are studied in [25]; the standard
method for the Green formula construction permits one to get needed {£7,B7}
and {£r,,Br,} in the nonself-adjoint case (see e.g. [26, 27, 28, 29]). We do not
describe the conditions ensuring the existence of {£7,Br} and {£r,,Br.} in a
more general situation. In what follows we suppose that such operators exist (and
the above conditions (i)—(iii) are fulfilled). If the initial problem (4.1) is formally
self-adjoint (i.e. L = L,, B = B,, and Q = Q,) then we assume in addition that
the operator {Lr,Br} is formally self-adjoint.
In the cylinder IT we consider the model problem

ST(ya ta Dya Dt)u(y7 t) = 3(97 t)a (ya t) € Ha

%T(y, t, Dy, Dt)u(y, t) = ®<y7 t)7 (y7 t) e OI1. (414)
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Proposition 4.2. Let the line R 4 i3 contains no eigenvalues of the pencil 2.
Then for sufficiently large T the operator {£r,Br} : DH(II) — RE(ID) of the
problem (4.14) implements an isomorphism.

Proof. Since the norm of the operator At tends to zero as T" — 400, the assertion

follows from Proposition 4.1. O]
For every eigenvalue A, of 2 we choose a real number «,, such that the strip

a, <Im A <ImJ, is free from the spectrum of 2. For sufficiently large T" we set

A7) =)+ 3 (Ale) Ay, (115)
q=1

where the functions u(”?) are given in (4.7). Let us discuss the equality (4.15).

Note that 77T_2u]j~E € @lau(H) and ATqu = ATnT_guf The norm of operator

A(oy) M Ap D (IT) — DL (1) is small. The series Y 02 (A(a,) 7 Ag)?u; con-
verges in the norm of D!, (II). Consequently,

200 = @) mod D!, (ID). (4.16)

The functions 2”7 do not depend on the choice of ay: indeed, Ale)™{F,G} =
A(B) Y F,G} provided that the strip « < Im A < 3 is free from the spectrum of
the pencil 2 and {F,G} € R.(IT) N RG(II) (see e.g. [2, Proposition 3.1.4]).

The next assertion is a version of Theorem 6.2 from [23]; see also [24, Theorem
8.5.7].

Theorem 4.3. (i) The functions 277 defined by (4.15) are linearly independent
solutions to the homogeneous problem (4.14).

(i) Assume that 3 > v and the lines R + i3 and R + i~y contain no eigenvalues of
the pencil A. Let Ay, ..., Ay be all the eigenvalues of A in the strip {A € C: vy <
Im X < 3}. Then a solution u € D (II) to the problem (4.18) with right-hand side
{,8} € RG(I) N RE(IL) admits the representation

M J, 1
u = Z Z Z doD Zod) 4y, (4.17)
v=1 j=1 o0=0

where v 1s a solution to the same problem in @lﬁ(H), and d7 are some complex
coefficients.

Define the solution 0" to the homogeneous problem {£7,,Br,}v =0 in II

by the formula

wlo ) = vl7D 1N (A (—1) T Ar,) 0D (4.18)
qg=1
where A,(8) = {L., B.} : D(II), — R(ID),, and 7, is such a number that the
strip 7, <Im A < Im )\, is free from the spectrum of 2, (Xl, is an eigenvalue of 2L,).
Denote by pr(u,v) the left-hand side of the Green formula (4.12).
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Lemma 4.4. Let the functions u” and v in (4.15) and (4.18) be subjected to
the conditions (4.10). Then

pT(XZST’j)a Xw,(fp)) - Z.5,11,1/6]',;05%1)#—7'—1,(77 (419)

where x € C®(R), x(t) =0 fort <0 and x(t) =1 fort > 1. The equalities (4.19)
do not depend on the choice of x.

Proof. First we prove that pr(xz"", yw{™") = 0 if Im(\, + A,.) # 0.

Let Im()\, + A,) > 0. In this case one can choose the numbers a, and 7,
in (4.15) and (4.18) such that a, + 7, > 0. It is easy to see that a7 e
DZ_TH(H) and Xpr) e D -, ()« Since the Green formula (4.12) can be ex-

tended by continuity to the functlons u € D o, () and v € DL 7, (I, we have
pr(xa™ xwi?) = 0. B

Let us consider the case Im(\,+A,) < 0. We choose 3, and 3, such that 3, >
Im A, 3, >ImM,, and 3, + B, < 0. Then the inclusions (1 — )z () ¢ pl 5, (IT)
and (1 — x)w, (re) ¢ pt 5, (1), are fulfilled; see (4.16). For u := (1 — x) 1(,”) and

v = (1 —x)w, (T ?) the Green formula (4.12) holds. This implies

pr((1=x)27, (1 = x)wi?) = 0. (4.20)
Using the equality pr(zv (9) w,(f ?)) = 0 and the Green formula (4.12), we transform

the left-hand side of (4.20). We have

pr((1=x)27, (1= x)w™?) = pr((1 = )27 wi?) = —pr(x27, xwi™?).

(4.21)
Thus pT(le(, ),Xw,(fp)) =0 if Im(\ ,,_+X ) #
Now we suppose that Im(X, + X,) = 0. It is easily seen that
Dg_m(ﬂ) 5 (1—x)2) = (1 - y)ul"  mod Diy(l‘[),
DL, (). 3 (1 - xuf® = (L—xpf?  mod D', (1),
From these relations it follows that
g((1=x)z57, (1= x)w?) = g((1 = x)ui?, (1 =)o) (4.22)

Owing to the equality g(ul™? vy = 0, the right-hand side of (4.22) is equal to

—q(xu,(, ), XU/S ). Taking into account (4.10), we have

Q((l - X)Zz(za7j)a (1 - X)w;(:’p)) = _Z.(S/'L7V5j7p6%pp,_7_l,0‘ (423)

Note that the left-hand side of (4.23) coincides with the left-hand side of (4.21)
(because every differential operator in (4.12) coincides with correspondent operator

from (4.9) on the support of (1—y)z"?)). The equalities (4.19) are readily apparent
from (4.23) and (4.21). O
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Corollary 4.5. The coefficients d? in (4.17) can be found by the formula

A7) = —i{(F,wl Ny (8, Qrwl T T Y on), v=1,..., M, (4.24)

where w74 s defined by (4.18), and Qr is the same as in the Green formula
(4.12).
Proof. Due to the equality {£r,, %T*}w;(/%j”_a_l’j) =0 we get

(w7 )+ (&, Qrwf = )on = p(u, w77, (4.25)

where w is from (4.17). The inclusions (1 —X)w,(,%j”fafl’j) € D! (1), and u € DI (M)

(%jy—U—l,j)

imply pr(u, (1 —x)wy ) = 0; here x is the same as in Lemma 4.4. Together
with (4.17) this allows us to write the right-hand side of (4.25) in the form

M J
pr(3 D0 3 a4 vyl

Note that pr(v, xYws® 7 ") = 0 as far as v € DY(II) and xwo ) ¢ D4(II)...
Finally we have

(F, w1 4+ (&, Qw01 oy

(300 2 e ufee)
J\_J Ju %ju_—

1
— pT(Z Z Z dl(/a’j) XZ,EU’j)a le(/%jrafl,j)).

v=1 j=1 o0=0

By applying Lemma 4.4, we complete the proof. O

As was mentioned in the beginning of Appendix, the results of Theorem 4.3,
Lemma 4.4, and Corollary 4.5 allow us to extend the theory of elliptic problems
with exponentially stabilizing coefficients (see e.g. [1, 2]) to the case of stabilization
in the sense of (4.3), (4.5). The idea is to use the structure of solutions (4.17) and
the formulas for the coefficients (4.24) instead of the asymptotic representations
and the corresponding formulas for the coefficients in the asymptotics. Thus all
the assertions and their proofs from [1, 2| can be easily adapted for the problems
with slowly stabilizing coefficients.
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